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1 Introduction

The space of low-energy EFTs is highly constrained by unitarity, locality, and causality [1].
Imposing these general requirements allows one to bound, for example, the Wilson coef-
ficients of higher-derivative operators and rule out a whole swathe of theories as being
inconsistent. For instance, the optical theorem on the scattering amplitude in the forward
limit leads to a variety of positivity bounds on the Wilson coefficients. Recent devel-
opments reveal that the infinite tower of higher-dimension operators must lie inside the
EFThedron [2–4].

The Swampland program [5] (see [6–9] for recent reviews) takes this one step further
by aiming to understand the nontrivial imprints that quantum gravity has on low-energy
physics. There are many conjectures such as the Weak Gravity Conjecture [10], Distance
Conjecture [11], and so forth. It is desirable to provide explanations for these conjectures.

It is natural to utilize the technique of the positivity bound to explain the Swampland
conjectures. This idea is particularly useful to demonstrate the Weak Gravity Conjecture,
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which states the existence of the state where the charge is larger than the mass.1 The
certain positivity condition on the four derivative operators means that the Weak Gravity
Conjecture is realized by the nearly extremal black holes [15–24]. However, in contrast
to the non-gravitational case, it is difficult to obtain positivity bounds for gravitational
amplitudes. The main obstruction comes from the existence of the massless graviton,
which leads to the t-channel pole at t = 0. Because of this, one cannot directly take the
forward limit, t → 0, where the optical theorem is applicable. Ref. [25] bypasses this
difficulty2 by assuming a Regge form for the amplitude at high energy, and shows that the
gravitational amplitude satisfies an approximate positivity bound.3 The Regge amplitude
means that, for s → ∞ with fixed t < 0, the amplitude A satisfies lims→∞A/s2 = 0.4
This assumption is mainly motivated by the behavior of the Virasoro-Shapiro or heterotic
string amplitude in tree-level string theory. Moreover, other amplitudes satisfying Regge
boundedness and the IR consistency conditions such as unitarity have been found [30, 31].

Recently, the gravitational positivity bound at the one-loop level has been used to spec-
ulate new Swampland conjectures. It was argued in ref. [32] that for scalar QED coupled
to Einstein gravity, the gravitational positivity bounds provide a nontrivial relationship
between the EFT cut-off Λ and the scalar’s mass m and charge e,

Λ .
√
emMPl , (1.1)

assuming that the massless graviton t-channel pole may be discarded.5 Here MPl is the
reduced Planck mass. This scale is much smaller than expected and is even parametrically
smaller than that provided by the magnetic Weak Gravity Conjecture [10],

Λ . eMPl , (1.2)

when the scalar is light, m� eMPl. A similar technique is used to obtain the cut-off scale
of the Standard Model [33] and dark photon model [34] as well as constraining the shape
of the scalar potential [35].

As stressed in ref. [32], the bound (1.1) does not hold if the graviton t-channel pole can
not be discarded. This is roughly equivalent to the question of whether we can neglect the
contributions from the Regge states or not. This is because, in addition to canceling the
t-channel pole, the Regge states can contribute a subleading O(t0s2) term to the amplitude
which has a nontrivial effect on the positivity bounds in the low-energy EFT [25]. Ref. [36]
(and very recently [37] in the case of the graviton-graviton scattering) argues that the

1In addition to the Weak Gravity Conjecture, the S-matrix bootstrap has been used to obtain a lower
bound on the coefficient of the higher-derivative operators [12–14].

2Another direction to study the gravitational positivity bound is to work with a fixed, finite impact
parameter [26], which works for d ≥ 5.

3See also ref. [17] for the schematic idea of the approximate positivity bound.
4The argument based on the causality [2] indicates lims→∞A/s2 = (finite), though it is hard to say that

the finite value is zero. The chaos bound [27, 28] leads to the same conclusion. It is also argued that the
Regge boundedness for d ≥ 5 follows from the reasonable assumptions in ref. [29].

5The bound is still valid after taking into account the effect of the t-channel pole [25, 33] as long as we
assume the Reggeized amplitude motivated by the tree-level string theory. See section 2.2 and section 4.1
for the detail.
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contributions from the Regge states can not be neglected for the graviton-photon scattering.
Given an IR amplitude, sum rules indicate that the amplitude from Regge states alters the
argument which leads to eq. (1.1).6 Moreover, in this paper, we provide a counterexample
of the supersymmetric version of eq. (1.1) assuming the IR consistency and the Regge
boundedness of the amplitude. This is an independent argument that graviton t -channel
pole can not be neglected in the case of photon-photon amplitude.

If this is the case, then it is likely that the high energy Regge amplitude contains
the light mass parameter m2 in the denominator of the prefactor.7 However, since it is
expected that the Reggeization occurs due to the effect of the heavy higher spin states, it is
not obvious why the amplitude with the light mass parameter appears. In this article, we
demonstrate that this can be understood by accounting for 1-loop effects on the amplitude
from t-channel exchange of Regge states.

We also study the properties of ‘deformed’ tree-level gravitational amplitudes. A sub-
leading O(t0s2) term to the amplitude is computed, which has an impact on the positivity
bounds.

The remainder of this article is organized as follows. In section 2 we review the
positivity bounds for 2-to-2 photon scattering in non-gravitational theories and how, when
minimally coupled to Einstein gravity, the resulting t-channel pole is canceled by Reggeiza-
tion. In section 3 we analyze the properties of ‘deformed’ tree-level gravitational amplitudes
which have been recently proposed. These amplitudes satisfy the IR consistency conditions,
and we study the implications of these amplitudes on the positivity bound. In section 4
we consider the subleading, 1-loop contributions to scalar QED and show that the Regge
states lead to a nonzero correction in the forward limit, t → 0, assuming that the branch
cut structure associated with the exchange of the graviton and higher spin particles is
reflected in the Regge amplitude. We conclude with a discussion in section 5.

2 Positivity bounds at tree level

In this section we review how gravitational positivity bounds may be extracted in the
forward limit t → 0− despite the presence of the t-channel pole coming from graviton
exchange. Reggeization of the gravitational amplitudes provides a mechanism for canceling
the s2/t term that appears in Einstein gravity. After carefully subtracting such divergent
terms, dispersive sum rules allow one to derive positivity bounds on the remaining finite
terms which are calculable in a low-energy EFT.

We will focus on the fixed-t scattering of two photons where all incoming and outgoing
particles have + helicity. The amplitudes can be written in terms of the usual Mandelstam
variables s, t, u which satisfy s + t + u = 0. Later in section 4.3, for concreteness, we will

6See also ref. [38] for the study of the Regge amplitude including the effect of the graviton loop. Ref. [25]
puts the bound on the form of the Regge amplitude by using the finite energy sum rule and IR part of null
constraints.

7Another option is that the Regge tower is light, but we will argue that this option is unlikely (at least
for some cases) given our counterexample.
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consider scalar QED coupled to Einstein gravity in 4d, for which the quadratic action is

S =
∫

d4x
√
−g

(
M2

Pl
2 R− 1

4FµνF
µν −Dµφ

†Dµφ−m2φ†φ

)
, (2.1)

where the mostly-plus notation is adopted. See section A for more details on our conven-
tions and notation.

2.1 Review: (non-)gravitational positivity bounds

Let us begin by recalling the usual argument which allows one to derive positivity bounds
in EFTs, taking care of the difference between the non-gravitational and gravitational
amplitudes. Along the way we note the points where the argument cannot immediately be
adopted for theories coupled to Einstein gravity.

In discussing dispersion relations we make the usual Regge-boundedness assumption
on the high-energy behavior of the amplitude:

lim
|s|→∞
t<0 fixed

A(s, t)
s2 = 0 . (2.2)

For the non-gravitational case, this is guaranteed by the Froissart theorem [39, 40] in a
gapped theory. For the gravitational case, this is of course violated by tree-level graviton
exchanged, but satisfied when the graviton is Reggeized, as we will consider below. We
also assume that A is crossing symmetric and holomorphic in s, except for poles and cuts
along the real axis.

Start with the identity

A(s, t) = s2
∮
γ

ds′
2πi

A(s′, t)
(s′ − s)s′2 , (2.3)

where γ is any contour encircling s within which A is holomorphic. This integration contour
can be deformed into a circle C∞ at |s′| → ∞, contours C± around any poles and branch
cuts on the positive and negative real axes, and a contour ε which encircles the pole at
s = 0 (see figure 1):

A(s, t) = s2
(∫
C∞

+
∫
C+

+
∫
C−
−
∮
ε

)
ds′
2πi

A(s′, t)
(s′ − s)s′2 . (2.4)

The circle at infinity has vanishing contribution thanks to eq. (2.2). In the presence of
gravity, A(s, t) may be expanded as

A(s, t) = a−1(t)
s

+ a0(t) + a1(t)s+ · · · (2.5)

around the origin: note that the first term is absent without gravity. By substituting this
into eq. (2.4), the pole at the origin gives rise to

−s2
∮
ε

ds′
2πi

A(s′, t)
(s′ − s)s′2 = a−1(t)

s
+ a0(t) + a1(t)s . (2.6)
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s

γ

C∞

ε
C+C−

Figure 1. Analytic structure of A and the contour deformation of γ into C∞ + C+ + C− − ε.

This means that the scattering amplitude A can be written as8

A(s, t, u) = a−1
s

+ a0 + a1s+ s2

π

∫ ∞
0

ds′ DiscsA(s′, t, u′)
s′2(s′ − s) + u2

π

∫ ∞
0

du′ DiscuA(s′, t, u′)
u′2(u′ − u) ,

(2.7)
where the discontinuities Discs and Discu on the real axis are defined by9

2iDiscsA(s, t, u) := A(s+ iε, t, u)−A(s− iε, t, u) ,
2iDiscuA(s, t, u) := A(s, t, u+ iε)−A(s, t, u− iε) .

(2.8)

By comparing s2 terms around s = 0 in (2.7), we obtain

∂2
s Ã(0, t,−t) = 1

π

∫ ∞
0

ds′ DiscsA(s′, t, u′)
s′3

+ 1
π

∫ ∞
0

du′ DiscuA(s′, t, u′)
(u′ + t)3 (2.9)

where we have defined
Ã := A− a−1

s
. (2.10)

This is an amplitude where the graviton s-channel pole is subtracted.
In the forward limit, the right-hand side of eq. (2.9) must be non-negative by unitarity.

This immediately gives the following positivity bounds,

∂2
sA(0, 0, 0) ≥ 0 , (2.11)

which directly constrain the space of allowed EFTs. We can obtain stronger bounds by
extracting the portion of the integrals along the cuts which are calculable at low energies.
In order to do this, introduce Λ as the EFT cut-off and write

DiscsA(s′, t, u′) = DiscsAIR(s′, t, u′) θ(Λ2 − s) + DiscsAUV(s′, t, u′) θ(s− Λ2) ,
DiscuA(s′, t, u′) = DiscuAIR(s′, t, u′) θ(Λ2 − s) + DiscuAUV(s′, t, u′) θ(s− Λ2) .

(2.12)

8See ref. [41] for manifestly crossing symmetric dispersion relations.
9The discontinuity is related to the imaginary part by DiscsA(s, t, u) = 2i ImA(s+ iε, t, u).
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Eq. (2.9) now becomes

∂2
s Ã(0, t,−t)− 2

π

∫ Λ2

0
ds′ DiscsAIR(s′, t, u′)

s′3
− 2
π

∫ Λ2

0
du′ DiscuAIR(s′, t, u′)

(u′ + t)3

= 2
π

∫ ∞
Λ2

ds′ DiscsAUV(s′, t, u′)
s′3

+ 2
π

∫ ∞
Λ2

du′ DiscuAUV(s′, t, u′)
(u′ + t)3 ,

(2.13)

where again the right-hand side is non-negative by unitarity in the forward limit. Without
gravity there is no obstacle to taking t → 0, in which case the improved positivity bound
reads [42–44]

∂2
s Ã(0, 0, 0)− 2

π

∫ Λ2

0
ds′ DiscsAIR(s′, 0, u′)

s′3
− 2
π

∫ Λ2

0
du′ DiscuAIR(s′, 0, u′)

u′3
≥ 0 . (2.14)

By design everything here depends only on low-energy data and constrains the space of
allowed EFTs, e.g. through constraining the Wilson coefficients of higher-derivative oper-
ators. One possibility is that the above equation provides an upper bound on Λ, the scale
where new physics must appear to maintain unitarity.

2.2 Cancellation of the t-channel pole in gravitational amplitudes

For gravitational systems the argument which leads to eq. (2.14) needs re-evaluating; more
care is needed when graviton exchange is included because of the contribution

Atree
grav ∼ −

s2

M2
Plt

(2.15)

which renders ∂2
s Ã(0, 0, 0) ill-defined. Of course this means that the integrals on the right-

hand side of (2.9) must diverge for t → 0− as well. In the literatures, there are two ways
to deal with the graviton t-pole:

1. Subtracting the graviton t-pole assuming that the amplitude is Reggeized at the high
energy [25].

2. Studying the gravitational positivity bound with a finite impact parameter [26, 45, 46].

We focus on the first approach in this paper,10 which was fleshed out in ref. [25]; we assume
that at energies well above the scale M∗ the amplitude is Reggeized,

lim
|s|�M2

∗
t<0 fixed

DiscsA(s, t) = f(t) s2+α′t

M2
PlM

2α′t
∗
≈ ftree(t)

s2+α′t

M2
PlM

2α′t
∗

=: DiscsAtree
Regge(s, t) , (2.16)

where α′ provides the slope of the Regge trajectory, f(t) is a function of t whcih has mass
dimension −2. Here we have made the tree-level approximation of a UV theory, f ≈ ftree.

10As for the second approach, the bound on the Wilson coefficients is obtained up to an infrared loga-
rithm [45]. The implications on the black hole weak gravity conjecture are investigated in ref. [47].
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This is what happens in string theory, for example, with M2
∗ ≈ M2

s = α′−1. Substituting
this limiting expression into the dispersive integral gives∫ ∞

M2
∗

ds′ DiscsA(s′, t)
s′3

≈
∫ ∞
M2
∗

ds′ DiscuA(u′, t)
(u′ + t)3 ≈ −ftree(t)

M2
Plα
′t

= −ftree(0)
M2

Plα
′t
− f ′tree(0)

M2
Plα
′ + · · · .

(2.17)
As long as ftree(0) ∼ α′ is chosen appropriately, this divergent UV contribution to the
dispersion relation cancels the t-channel pole in the IR. After the cancellation, the Regge
contribution to DiscA need not be positive. For example, since at tree-level in string theory
the function ftree(t) only depends on the dimensionful parameter α′, a certain amount of
negativity is allowed:∫ ∞

M2
∗

ds′ DiscsA(s′, t)
s′3

≈ − 1
M2

Plt
−O(1) α′

M2
Pl

+O(t) . (2.18)

The size of this negative O(t0) term is crucial in discussing the possibility that (nearly)
extremal black holes satisfy the Weak Gravity Conjecture [10, 17, 19, 22, 23].

By substituting the tree-level Regge amplitude into the dispersion relation, we obtain

∂2
s∆A(0, t,−t)− 2

π

∫ Λ2

0
ds′ DiscsAIR(s′, t, u′)

s′3
− 2
π

∫ Λ2

0
du′ DiscuAIR(s′, t, u′)

(u′ + t)3

= 2
π

(∫ M2
∗

Λ2
ds′ DiscsAUV(s′, t, u′)

s′3
+
∫ M2

∗

Λ2
du′ DiscuAUV(s′, t, u′)

(u′ + t)3

)

+ 2
π

(∫ ∞
M2
∗

ds′ Discs ∆AUV(s′, t, u′)
s′3

+
∫ ∞
M2
∗

du′ Discu ∆AUV(s′, t, u′)
(u′ + t)3

)
− 2f ′tree(t)

M2
Plα
′ ,

(2.19)
where

∆A := Ã − Atree
grav , ∆AUV := AUV −Atree

Regge . (2.20)

Everything is now manifestly finite for t → 0−. In addition, the second line of eq. (2.19)
is positive in this limit by unitarity and in the third line the terms in parentheses are
negligible. The final term is Planck-suppressed, but is negative. In cases where ftree(t) =
α′ftree(α′t), the last term can be estimated as

−2f ′tree(0)
M2

Plα
′ = −O

(
α′

M2
Pl

)
(2.21)

for t → 0. The assumption here indicates that only the string scale appears in s → ∞,
which looks reasonable, and this is indeed the case for the Veneziano-Shapiro amplitude
in string theory. To summarize, the approximate gravitational positivity bound at tree
level is

∂2
s∆A(0, 0, 0)− 2

π

∫ Λ2

0
ds′ DiscsAIR(s′, 0, u′)

s′3
− 2
π

∫ Λ2

0
du′ DiscuAIR(s′, 0, u′)

u′3
≥ −O

(
α′

M2
Pl

)
.

(2.22)

In section 3 we will see two examples of Reggeized tree-level amplitudes for which f ′tree(0)
is calculable and allows for the slight negativity argued for above. More generally, we argue
in section 4 that loop effects will generate such a term.
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3 Modified amplitudes

Before discussing one-loop amplitudes, we discuss two explicit examples of Reggeized tree-
level amplitudes where the negative O(t0s2) contribution appears from the Regge states.
Explicitly, we discuss the deformed Virasoro-Shapiro amplitude identified recently in [2]
and the Coon amplitude [31, 48–52], which is a q-deformation of the Veneziano amplitude
(recently generalized in [30]).

3.1 Virasoro-Shapiro amplitude

As a typical example of Regge-behaved amplitudes in the asymptotic limit, let us consider
the Virasoro-Shapiro amplitude which is identified with a 2-to-2 scattering of massless
(gauge neutral) bosons in closed string theory. In ref. [25], this amplitude has been studied
in order to check the cancellation of the t-channel graviton exchange and the violation of
strict positivity. In this subsection, we will discuss how the Virasoro-Shapiro amplitude
gives the O(t−1) term, but a O(t0) term does not appear (see ref. [25] for more detail).
Next, we will show that the deformation of the Virasoro-Shapiro amplitude considered
in ref. [2], which maintains the power law for s in the Regge limit, leads to a negative
O(t0) term.

The Virasoro-Shapiro amplitude is given by the following form:

A(s, t) = −K(s, t) Γ(−α(s))Γ(−α(t))Γ(−α(u))
Γ(1 + α(s))Γ(1 + α(t))Γ(1 + α(u))

∣∣∣∣
u=−s−t

, (3.1)

where K(s, t) is a kinematic factor and α(x) = α′x/4. For simplicity, we restrict our
attention to the following form of K(s, t):

K(s, t) = P
(
s2t2 + t2u2 + s2u2

)
, (3.2)

where P is a positive constant. By using the Stirling formula, Γ(z) ∼
√

2π zz− 1
2 e−z, one

can easily see that the asymptotic behavior of A(s, t) is

A(s, t) ∼ FVS(t)α(s)2α(t)+2 , (3.3)

where

FVS(t) = P

( 4
α′

)4
eπiα(t) Γ(−α(t))

Γ(1 + α(t)) . (3.4)

Note that FVS(t) has poles on the real axis at α(t) = n with n ≥ 0. The residue in the
t-plane is

Res
α(t)=n

A(s, t) = −K
(
s,

4n
α′

)( Γ(n+ α(s))
n!Γ(1 + α(s))

)2
= −K

(
s,

4n
α′

) 1
(n!)2

n−1∏
j=1

(α(s) + j)2 .

(3.5)
It is clear that the residue at α(t) = n is a polynomial in s of order 2n+2, and, in particular
at t = 0, the residue is

−64Ps2

α′3
. (3.6)
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The pole expansion in the t- and u-channel is thus given by

A(s, t) = − 4
α′

∞∑
n=0

(
(α(s) + 1)n−1

n!

)2 [
K
(
s, 4nα′−1)

t− 4nα′−1 − K
(
s,−s− 4nα′−1)
t+ s+ 4nα′−1

]
, (3.7)

where we have used the Pochhammer symbol defined as

(x)m := Γ(x+m)
Γ(x) =

m−1∏
j=0

(x+ j) . (3.8)

For s→ ±i∞, in particular, the leading contribution from t-channel poles is

A(s, t) ∼ −P
( 4
α′

)5 ∞∑
n=0

1
(n!)2

α(s)2n+2

t− 4nα′−1 . (3.9)

Note that this expression as an infinite sum coincides with the Regge behavior (3.3) with
t-channel poles expanded since FVS(t) can be expressed as

FVS(t) = −P
( 4
α′

)5 ∞∑
n=0

1
(n!)2

1
t− 4nα′−1 . (3.10)

By using (3.5) with s↔ t crossing symmetry, we find

DiscsA(s, t) = −
∞∑
n=0

δ(α(s)− n) Res
α(s)=n

A(s, t)

= 4
α′

∞∑
n=0

K

(4n
α′
, t

)((α(t) + 1)n−1
n!

)2

δ(s− 4nα′−1) ,
(3.11)

and then the integral that we would like to evaluate is∫ ∞
Λ2

ds′ DiscsA(s′, t)
s′3

= 16P
α′2

∞∑
n=1

1
n

(
(α(t) + 1)n−1

(n− 1)!

)2

+O(t)

= −32P
α′3t

+O(t) ,
(3.12)

where we assume 1/α′ > Λ2. The first term on the right-hand side must ensure the
cancellation of the graviton t-channel pole, and hence we find

32P
α′3
∼M−2

Pl . (3.13)

Note that we do not obtain any O(t0) contributions from the Virasoro-Shapiro ampli-
tude (3.1).

Let us next consider the following deformation:

A(s, t)→ A(s, t) + δA(s, t) , (3.14)

where δA is defined as

δA(s, t) = −εK(s, t)Γ(1− α(s))Γ(1− α(t))Γ(1− α(u))
Γ(2 + α(s))Γ(2 + α(t))Γ(2 + α(u)) . (3.15)

– 9 –
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The positivity of residues requires that the deformation parameter should be bounded as
0 ≤ ε ≤ 1 [2]. Note that δA can be expressed in terms of A as follows:

δA(s, t) = ε
α(s)α(t)α(u)

(1 + α(s))(1 + α(t))(1 + α(u))A(s, t) . (3.16)

It is hence straightforward to see the Regge behavior of δA(s, t) is

δA(s, t) ∼ F̃VS(t)α(s)2α(t)+2 , (3.17)

where

F̃VS(t) = ε
α(t)

1 + α(t)FVS(t) = εP

( 4
α′

)4
eπiα(t) Γ(1− α(t))

Γ(2 + α(t)) . (3.18)

Note that δA has the same soft behavior as A in the high energy region with t < 0, but
the first t-channel pole appears at α(t) = 1 rather than at t = 0, which corresponds to the
exchange of a massive particle with spin 4. The residue of δA is

Res
α(s)=n

δA(s, t) = K

(4n
α′
, t

) (α(t))n−1 (α(t) + 2)n−1
(n− 1)!(n+ 1)! , (3.19)

and the integral is evaluated as

∫ ∞
Λ2

ds′ Discs δA(s′, t)
s′3

= −16εP
α′2

∞∑
n=0

(n+ 1) (α(t))n (α(t) + 2)n
n!(n+ 2)! +O(t)

= −8εP
α′2

2F3 (2, α(t), α(t) + 2; 1, 3; 1) +O(t)

= −8εP
α′2

+O(t) .

(3.20)

We can thus obtain the O(t0) negative term by deforming the Virasoro-Shapiro amplitude
by δA defined in (3.15). One can also obtain the same result by using (3.12) and (3.17):

∫ ∞
Λ2

ds′ DiscsA(s′, t)
s′3

∼ ε α(t)
1 + α(t)

∫ ∞
Λ2

ds′ DiscsA(s′, t)
s′3

= −8εP
α′2

+O(t) .
(3.21)

From (3.13) and the bound on ε, we find the bound on this negative contribution:

8εP
α′2

.
α′

M2
Pl
. (3.22)

This bound on the negativity is consistent with the recent paper [53], in which constraints
on Regge amplitudes are considered by using the finite-energy sum rules and IR part of
the null constraints.

– 10 –
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× × × × ×××××××××
µ2 m2

∗

Figure 2. Schematic spectrum for the Coon amplitude with δ = 0. Massive states begin at
m2

1 = µ2 and have an accumulation point at m2
∗ = µ2

1−q where a branch cut begins.

3.2 Coon amplitude

The Coon amplitude [48] is a q-deformation of the Veneziano amplitude which enjoys
many of the same UV properties [31, 49–51] but has some unusual features, most notably a
spectrum with nonlinear Regge trajectories and an accumulation point below which there
are infinitely many states. Despite some similarities with open string scattering in AdS [52],
to date the Coon amplitude has no known worldsheet origin. Indeed, the unitarity of the
Coon amplitude has recently been called into question [54]. Nevertheless, we take it as a
well-studied amplitude and use it as a building block in a crossing-symmetric amplitude
featuring both Regge behavior and a t-channel pole characteristic of graviton exchange.

The Coon amplitude has the following product representation,11

Aq(s, t) = g2(1− q) exp
( log σ log τ

log q

) ∞∏
n=0

(στ − qn)(1− qn+1)
(σ − qn)(τ − qn) , (3.23)

where g is some coupling constant, q ∈ (0, 1) and σ, τ are related to the usual Mandelstam
variables as

σ = 1 + (q − 1)
(
s

µ2 − δ
)
, τ = 1 + (q − 1)

(
t

µ2 − δ
)
. (3.24)

The spectrum is quickly identified to be

m2
n = µ2(δ + [n]q) , [n]q := 1− qn

1− q , (3.25)

with an accumulation point for large n:

m2
n

n→∞−−−→ m2
∗ := µ2

(
δ + 1

1− q

)
. (3.26)

There is a cut from the log σ factor which extends from the branch point at s = m2
∗ out

to infinity: see figure 2 for a sketch. Going forward we take δ = 0 so that the spectrum
contains massless states.

At low energies, s, t, u� µ2, one finds

Aq(s, t) ≈ −g2µ2
(1
s

+ 1
t

)
, (3.27)

so that the crossing-symmetric combination

Ãq(s, t) = (s2 + t2 + u2)
[
Aq(s, t) +Aq(t, u) +Aq(u, s)

]
(3.28)

11The Veneziano amplitude is recovered in the limit q → 1−.
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at low energies features the t-channel pole characteristic of tree-level graviton exchange:

Ãq(s, t) ≈ g2µ2 (s2 + t2 + u2)2

stu
t→0−−→ −4g2µ2 s

2

t
. (3.29)

In the Regge limit the Coon amplitude takes the form

Aq(s, t) −→ g2(1− q)σ
log τ
log q

∞∏
n=0

1− qn+1

1− qn

τ

≈ fq(t)
(
− s

m2
∗

) log τ
log q

(3.30)

and so

Ãq(s, t) −→ f̃q(t)
(
− s

m2
∗

)2+ log τ
log q

, (3.31)

which marginally satisfies eq. (2.2) for t < 0 (τ > 1) since log q is negative. The contour
integral around the positive real-s axis splits into a sum over poles and an integral along
the branch cut:∫ ∞

µ2
ds′ DiscsAq(s′, t)

s′3
= −π

∞∑
k=1

1
m6
k

Res
s=m2

k

Aq(s, t) +
∫ ∞
m2
∗

ds′ DiscsAq(s′, t)
s′3

. (3.32)

The residues are polynomial in t,

Res
s=m2

k

Aq(s, t) = g2µ2qk
k−1∏
n=0

τ − qn−k

1− qn−k
t→0−−→ g2µ2qk , (3.33)

and the sum over k gives a finite contribution for t → 0. In contrast, the integral over
the branch cut diverges for t → 0 and cancels the t-channel pole. The range s > m2

∗
corresponds to σ < 0, so we have

DiscsAq(s, t) = −g2(1− q)(−σ)
log τ
log q sin

(
π

log τ
log q

) ∞∏
n=0

(στ − qn)(1− qn+1)
(σ − qn)(τ − qn)

= g2(1− q)(−σ)
log τ
log q sin

(
π

log τ
log q

) (στ − 1)
(σ − 1) t

µ2

∞∏
n=1

(στ − qn)(1− qn+1)
(σ − qn)(τ − qn)

= −πg2(−σ)−
1−q
log q

t
µ2 1− q

log q
[
1 +O(t)

]
(3.34)

and thus
Discs Ãq(s′, t)

(s′)3 ≈ −2πg2µ2
(
s′

µ2

)−1− 1−q
log q

t
µ2 1− q

log q
[
1 +O(t)

]
(3.35)

gives

∫ ∞
m2
∗

ds′ Discs Ãq(s′, t)
(s′)3 ≈ −2πg2µ−2 1− q

log q
[
1 +O(t)

] ∫ ∞
m2
∗

ds′
(
s′

µ2

)−1− 1−q
log q

t
µ2

= −2πg2µ2

t

[
1 +O(t)

] (3.36)

This leading 1/t behavior exactly cancels the t-channel pole of eq. (3.29) in the dispersion
relations. Here the details of the cancellation are somewhat different, however, since the
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sum over poles does not generate a 1/t contribution despite there being an infinite number of
states. Knowing the contributions from poles and the branch cut must exactly compensate
for the massless state, the O(t0) can be shown to be nonzero,

4g2µ2
(
−1
t

+ 1− q
µ2 +O(t)

)
, (3.37)

providing another example where a Reggeized amplitude leaves a finite contribution after
canceling the 1/t divergence. We emphasize, however, that although Ãq(s, t) as introduced
in eq. (3.28) has the features we argue for generally, it is not known if this amplitude arises
in a fully-consistent gravitational theory.

4 Positivity bounds at one loop

In this section, we first see how the positivity bound at the one-loop level leads to an
apparent puzzle that the cut-off scale of the theory is extremely low, under the assumption
that the graviton t-channel pole is neglected. Then, we propose how the Reggeization
extends to one-loop level.

4.1 Small cut-off scale

Suppose that the approximate gravitational positivity bound (2.22) at tree-level is cor-
rect even at the one-loop level. Then, ref. [32] found that the left-hand side of (2.22) is
computed as

∂2
s∆A(0, 0, 0)− 2

π

∫ Λ2

0
ds′ DiscsAIR(s′, 0, u′)

s′3
− 2
π

∫ Λ2

0
du′ DiscuAIR(s′, 0, u′)

u′3

≈ e4

4π2Λ4 −
e2

180π2m2M2
Pl
. (4.1)

Note that the second term in the second line corresponds to a gravitational diagram while
the first term corresponds to a non-gravitational diagram. Then, using (2.22), we obtain

e4

4π2Λ4 −
e2

180π2m2M2
Pl
≥ −O

(
α′

M2
Pl

)
, (4.2)

which leads to the upper bound on Λ:

Λ .
√
emMPl , for m2 � e2α′−1 . (4.3)

Similar results are reported for the Standard Model [33] and the dark photon model [34].
In particular, using this argument, it is argued that almost all parameter regions of the
dark photon model are excluded [34].

Note that even if a higher-dimensional term is added to quadratic action (2.1), there
is no change in the positivity bound (4.3). For example, we can consider the additional
term with mass dimension six,

S6 =
∫

d4x
√
−g c

Λ2φ
†φFµνF

µν , (4.4)
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𝑘 𝑘′

𝑝⃗′
𝛼𝛽

𝛾𝛿

𝜈𝜇

𝑝⃗

𝑘 𝑘′

𝜈𝜇

𝑝⃗′ 𝑝⃗

Figure 3. A star vertex in the right diagram is a new vertex from eq. (4.4). We consider new
diagrams obtained by replacing the left diagram with the right one.

where c is a constant. A new vertex (figure 3) and diagrams arise from eq. (4.4), but we
can confirm that their contributions to the left-hand side of (2.22) cancel out.

Originally, the bound (4.3) is derived by assuming that the graviton t-channel pole
can be discarded, which is almost equivalent to the approximately gravitational positivity
bound (2.22) at tree-level. After that, it turns out that in the case of graviton-photon [36]
and graviton-graviton [37] scatterings, the t-channel pole can not be neglected. This implies
that the one-loop Regge amplitude cancels the negative contribution corresponding to the
graviton exchange.

In the following, as an independent argument for the importance of the contribution
from the Regge states, we provide a counterexample of eq. (4.3) in string theory, assuming
that the inequality similar to eq. (4.3) holds in the case of 4d N = 2 theory. Let us take
type IIB theory compactified on Calabi-Yau threefold.12 The number of supersymmetry
is reduced from 32 to 8, and then the resultant 4d theory has N = 2 supersymmetry.
The theory has a h2,1 number of U(1) gauge symmetries corresponding to the dimensional
reduction of 10d Ramond-Ramond 4-form field, where h2,1 is the Hodge number of the
Calabi-Yau threefold. On top of that, there are h1,1 +1 number of neutral hypermultiplets,
which are not important in our context. A part of the moduli space is parameterized by the
VEV of the scalar partner of U(1) gauge field. In general, this moduli space has a conifold
singularity, where the D3-brane wrapping on the internal cycle becomes massless [55].
In the 4d language, this massless particle is a 4d N = 2 hypermultiplet charged under
U(1), since D3-brane is charged under Ramond-Ramond 4-form in 10d. By choosing the
VEV slightly away from the conifold point, we have an electron (charged hypermultiplet)
with an arbitrarily small mass. In contrast, the mass of the other heavy states, which is
interpreted as the cutoff scale, is finite.13 This is a counterexample to the eq. (4.3) because
the right-hand side of the inequality becomes arbitrarily small. Therefore, we arrive at the
conclusion that the Regge amplitude cancels the negative contribution even in the case of
photon-photon scattering. This counterexample also shows that the negative contribution

12We can also consider the IIA mirror dual.
13When the distance to the singularity is finite, only a finite number of the state becomes massless. On

the other hand, an infinite number of states become massless for an infinite distance, as dictated by the
Distance Conjecture.
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would not be canceled by modifying the Regge slope 2 + α′t, but by the modification of
the prefactor f(t) (cf. eq. (2.16)) at the loop level. This is because the tower of higher spin
states does not become massless at the conifold point. This is a novel point compared with
the argument based on sum rules.

4.2 Reggeization at the loop level

In the previous section, we first argue that the bound (4.3) follows from the gravita-
tional positivity bound (2.22). Then, we argue that the bound contradicts with the well-
established string theory vacua. This indicates that the derivation of eq. (4.3) in section 2.2
should be revisited.

In the following, we argue that the Regge amplitude at the loop level changes the
argument leading to eq. (4.3). In eq. (2.16), we have used f ≈ ftree. Instead, if we keep
the quantum correction f = ftree + floop, then the term

−
2f ′loop(t)
M2

Plα
′ (4.5)

is added to the right-hand side of eq. (2.19). By comparing this with eq. (4.1), we observe
that if the term (4.5) cancels the negative contribution corresponding to the graviton
exchange, then it helps with positivity. This is a resolution of the contradiction in the
previous section. Naively, the cancellation between eq. (4.5) and −e2/(180π2m2M2

Pl) is
unlikely because the UV Regge amplitude should “know” the IR mass scale m. However,
here we propose the generalization of the Regge amplitude to the one-loop level, which
realizes the cancellation naturally.

At the tree level, we have assumed the Reggeization

A → Ftree(t)
s2+α′t

M2
PlM

2α′t
∗

(4.6)

for fixed t and large s. Here Ftree has mass dimension −2, and the relation with ftree in
eq. (2.16) is Ftree sin(α′t) = ftree. This is expected to happen by the exchange of the higher
spin particles. Given this interpretation, the important requirement to the behavior of
Ftree(t) is that

• Ftree(t) must have poles at t = nα′−1 where n = 0, 1, . . .. Therefore, Ftree(t) is
written as

Ftree(t) = f0
t

+ f1
t− α′−1 + f2

t− 2α′−1 + · · · , (4.7)

where fi is a constant. Since each residue of the pole must be positive, we obtain
fi > 0. The presence of the pole at t = 0 is crucial to maintain the positivity bound
at the tree-level. Because of the poles, the amplitude at t = nα′−1 is dominated by
the diagram corresponding to the exchange of the particle of the mass nα′−1.
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Next, we have to impose an extra requirement at the one-loop level. We denote the
amplitude as

A →
[
Ftree(t) + Floop(t)

] s2+α′t

M2
PlM

2α′t
∗

. (4.8)

At the one-loop level, contributing diagrams include those with a loop of light particles and
tree-level exchange of higher spin particles (see section 4.3). Importantly, these diagrams
have a branch cut starting from t = 4m2 corresponding to particle production.

• At the one-loop level, the branch cut must appear at t = 4m2. Floop is written as

Floop(t) = f̃0L0(t,m2) + f̃1α
′−1

t− α′−1L1(t,m2) + f̃2α
′−1

t− 2α′−1L2(t,m2) + · · · , (4.9)

where Li(t,m2) is a loop function that contains the branch cut starting from t = 4m2

(see section 4.3 for the detail), and has an expansion

Li(t,m2) =
∞∑
j=1

l
(i)
j

m2

(
t

m2

)j−1
, (4.10)

up to log(m2). Here lj is a dimensionless constant. On top of the branch cut, there
exist poles at t = kα′ where k = 1, 2, . . ..

Now we discuss the implications of the Regge amplitude on the dispersion relation. The
contribution from eq. (4.9) is∫ ∞

M2
∗

ds′ DiscA(s′, t)
s′3

∼ sin(α′t)
α′t

(
f̃0L0(t,m2) + f̃1 t

t− α′−1L1(t,m2) + f̃2 t

t− 2α′−1L2(t,m2) + · · ·
)
. (4.11)

For t → 0, by choosing f̃i = O(α′) appropriately, the inequality (2.19) contains a finite
contribution from the one-loop diagrams with higher-spin spins exchanged. In particu-
lar, the positivity bounds for scalar QED can be satisfied without requiring an unusually
low cut-off.

4.3 An argument for the form of Floop

In this section we provide an explanation for eq. (4.9) by estimating the t-channel exchange
diagrams of figure 4, where the double line is either the graviton or the higher spin particles
(see also the caption). We show that this class of diagrams leads to the contribution where
the light mass parameter m2 shows up in the denominator. In appendix B, we argue that
the other diagrams do not exhibit this feature by the power counting argument. The loop
integral in figure 4 is (see appendix A for the notation)

g1g2
M2L−2

∫ d4p

(2π)4
1

p2 −m2
1

(p+ k1)2 −m2
1

(p+ k1 + k3)2 −m2 (2p+ k1)µ(2p+ 2k1 + k3)ν

× (pρ1 · · · pρn1 )
(
(p+ k1 + k3)σ1 · · · (p+ k1 + k3)σn2

)
, (4.12)
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Figure 4. The one-loop diagrams corresponding to the t-channel exchange of the graviton and the
higher spin particles. The solid, wavy, double solid, and double wavy lines correspond to the scalar,
graviton, photon, and higher spin particles, respectively. These produce the branch cut starting
from t = 4m2.

where the second line comes from the interaction between φ and higher spin-L particle
Φα1···αL ,

g1
ML−1 Φα1···αL∂

α1 · · · ∂αiφ∂αi+1 · · · ∂αLφ , (4.13)

and n1 + n2 = L with M and g1 being the mass and coupling of Φα1···αL . Note that the
coupling between the photon and Φα1···αL is schematically given by

g2
ML−1 Φβ1···βL∂

β3···βmF β1µ∂βm+1···βLF β2
µ, (4.14)

where g2 is the coupling constant. By introducing Feynman parameters, we obtain

g1g2
M2L−2

∫ d4l

8π4

∫ 1

0
dy
∫ 1−y

0
dx (2l + (1−2x−2y)k1 − 2yk3)µ(2l + 2(1−x−y)k1 + (1−2y)k3)ν

[l2 −m2 + y(1− x− y)t]3

×
(
(l − (x+ y)k1 − yk3)ρ1 · · · (l − (x+ y)k1 − yk3)ρn1

)
×
(
(l + (1− x− y)k1 + (1− y)k3)σ1 · · · (l + (1− x− y)k1 + (1− y)k3)σn2

)
(4.15)

where l = p+ (x+ y)k1 + yk3.
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In the following, we concentrate on the term which contains the light mass parameter
m2 in the denominator for t → 0. From a power-counting argument, this corresponds to
the terms where the numerator does not contain l:

g1g2
M2L−2

∫ d4l

8π4

∫ 1

0
dy
∫ 1−y

0
dx ((1− 2x− 2y)k1 − 2yk3)µ(2(1− x− y)k1 + (1− 2y)k3)ν

[l2 −m2 + y(1− x− y)t]3

×
(
(−(x+ y)k1 − yk3)ρ1 · · · (−(x+ y)k1 − yk3)ρn1

)
×
(
((1− x− y)k1 + (1− y)k3)σ1 · · · ((1− x− y)k1 + (1− y)k3)σn2

)
. (4.16)

The structure of the cut becomes clear by integrating over l, x and y. We obtain the
following expression:∫ 1

0
dy
∫ 1−y

0
dx
∫ d4l

8π4
1

[l2 −m2 + y(1− x− y)t]3

= −i
∫ 1

0
dy
∫ 1−y

0
dx
∫ ddlE

8π4
1

[l2E +m2 − y(1− x− y)t]3

= −i
∫ 1

0
dy
∫ 1−y

0
dx 1

16π2
1

m2 − y(1− x− y)t

= − i
t

Li2
(

2
√
t√

t −
√
t− 4m2

)
− i

t
Li2

(
2
√
t√

t +
√
t− 4m2

)
, (4.17)

where Li is the polylogarithm function.14 Here for simplicity, we ignore x and y dependence
in the numerator, but the structure of the branch cut does not change. The eq. (4.17) has
a small-t expansion of the form (4.10)

− i

t
Li2

(
2
√
t√

t −
√
t− 4m2

)
− i

t
Li2

(
2
√
t√

t +
√
t− 4m2

)

= −i
(

1
2m2 + t

24m4 + t2

180m6 + · · ·
)
.

(4.18)

We write eq. (4.16) in the following schematic way:

(4.16) = (k1 + #k3)µ(k1 + #k3)ν · · · (k1 + #k3)σn2FL−2(t,m2) , (4.19)

where FL−2(t,m2) is defined by

FL−2(t,m2) =(−1)n1

∫ d4l

8π4

∫ 1

0
dy
∫ 1−y

0
dx 2(1− x− y)(1−2x− 2y)(x+ y)n1(1−x− y)n2

[l2 −m2 + y(1− x− y)t]3 .

(4.20)

The indices µ and ν are contracted with the external polarizations εµ1 and εν3 . This gives a
factor

(k1 + #k3)µ(k1 + #k3)νε1µε3ν ∼
tu

s
→ t , for s→∞ (4.21)

14Note that eq. (4.17) is finite at t = 4m2.
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Other indexes are contracted with k2, k4, ε2 or ε4. For large s, this contribution behaves as
sL. Multiplying the propagator of the higher spin particle, we obtain

figure 4 = g1g2
M2L−2

sLt

t−M2FL−2(t,m2) (4.22)

for large s. Suppose that the mass M and the spin L of the particle are given by

M2 = kα′−1 , L = 2 + k , k = 0, 1, 2, . . . , (4.23)

as usual in the graviton Regge tower. Then, the amplitude is

g1g2
M2L−2

s2+kt

t− kα′−1Fk(t,m
2) . (4.24)

When we take t→ kα′−1, we expect that the contribution from the exchange of spin 2 + k

particle dominates. This reproduces eq. (4.9).
We would like to explain an idea why the summation of the t-channel diagram leads

to the Reggeized amplitude. At the tree-level, the t-channel amplitude is

s2

M2
Plt

+ g2
2
s3α′2

t− α′−1 + g2
2

s4α′3

t− 2α′−1 + · · · . (4.25)

After an appropriate analytic continuation, we obtain s2+α′t/(M2
Plt) for fixed t.15 Similarly,

at the one-loop level, the amplitude is(
s2

M2
Pl

+ g1g2
s3t α′2

t− α′−1 + g1g2
s4t α′3

t− 2α′−1 + · · ·
)
F (t,m2) , (4.26)

from eq. (4.24). Here we have assumed that all Fk are the same order of magnitude, and
have defined F := Fk. Since the expression in the parenthesis is the same form as the tree-
level t-channel amplitude, it is natural to expect that this is also Reggeized as s2+α′t/M2

Pl
for fixed t. In fact, the formal summation of the t-channel diagram leads to

s2

M2
Pl

+ g1g2

∞∑
n=1

s2t α′

t− nα′−1 (α′s)n = s2

M2
Pl
− g1g2

(
α′s
)3
tΦ(α′s, 1, 1− α′t) , (4.27)

where Φ is the Lerch zeta function. By expanding around t = 0, we obtain

−
(
α′s
)3
tΦ(α′s, 1, 1− α′t) = −α′s2

∞∑
n=1

(
α′t
)n Lin(α′s)→ α′s2

∞∑
n=1

(α′t log(α′s))n

n! , (4.28)

for α′s� 1. Here we have used

Lin(α′s) = −(log(α′s))n

n! +O
((

log(α′s)
)n−1

)
, for α′s� 1 . (4.29)

15See eq. (3.7) and appendix C for the detail.
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Now, assuming that g1g2α
′ = M−2

Pl , we obtain

s2

M2
Pl

+ g1g2

∞∑
n=1

s2t α′

t− nα′−1 (sα′)n → s2

M2
Pl

+ g1g2α
′s2

∞∑
n=1

(α′t log(α′s))n

n!

= s2

M2
Pl
eα
′t log(α′s) = s2+α′t

M2
Pl
α′α

′t . (4.30)

As a result, we obtain

s2+α′t

M2
Pl
α′α

′tF (t,m2) . (4.31)

This is nothing but our proposal (4.9) for small t. Although we are not able to compute
the numerical factor of each diagram,16 this illustrates the idea of how Reggeization occurs,
and how the parametrically large prefactor appears.

5 Discussion

In this paper, we have studied the gravitational positivity bound at the one-loop level. We
first reviewed the gravitational positivity bound at the tree-level, where the t-channel pole
corresponding to the graviton exchange can be canceled by assuming Regge behavior for the
amplitude at high energy. Next, we saw two examples of unitary, Reggeized gravitational
amplitudes for which the potentially negative finite contribution to the positivity bounds
can be found. Finally, we moved to the features of Reggeized amplitudes at one loop.
It is known that the one-loop EFT amplitude leads to the parametrically large negative
contribution to the positivity bound. We argued for a form of the Reggeized amplitude at
the one-loop level based on the analytic structure of the t-channel exchange diagram of the
graviton and the higher spin particles in the Regge tower. We also provide an argument
that the graviton t-channel pole can not be neglected by showing a counterexample to
eq. (1.1) in string theory. These results are consistent with refs. [36–38].

As a future direction, we may consider a string theory setup to explicitly check the
form of the amplitude at the one-loop of the matter fields. Ideally, we want to analyze
the amplitude in the Calabi-Yau compactification near the conifold point, but this is hard.
Instead, we may consider the compactifications on the flat background. For instance, we
may take the non-supersymmetric SO(16) × SO(16) heterotic string and compactify it
on T 6.17 In 10d there are fermions whose representation is (16,16) + (128,1) + (1,128)
under SO(16)×SO(16). These will become Dirac fermions in 4d after compactification. By
turning on a VEV for the Wilson lines, the gauge symmetry is broken from SO(16)×SO(16)
to U(1)16.18 Then the (16,16) fermions have charge(

1, 0, . . . , 0︸ ︷︷ ︸
U(1)8

, 1, 0, . . . , 0︸ ︷︷ ︸
U(1)8

)
(5.1)

16In general, n-dependent coefficient appears in the summation. Moreover, the couplings g1,2 can depend
on n. It is interesting to study the condition to realize the Reggeized amplitude.

17We can consider the same setup for the supersymmetric heterotic string theory.
18In addition, there are KK and winding U(1)s, but these are not important here.
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(and its permutations) under U(1)16. Similarly, (128,1) has charge(
±1

2 , . . . ,±
1
2︸ ︷︷ ︸

U(1)8

, 0, . . . , 0︸ ︷︷ ︸
U(1)8

)
. (5.2)

These fermions receive masses from the Wilson line, and the masses are chosen to be
arbitrary values. This setup is close to the non-supersymmetric QED coupled with light
matters, and loops of these fermions may give a negative contribution to the coefficient of
s2. On the other hand, the typical mass of the higher-spin particles is always the string
scale, independent of the VEV of the Wilson line. It is an interesting task to compute the
one-loop string amplitude at O(M−2

Pl ) in this setup to check the details of our proposal in
section (4.2).
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A Notation

We follow the notation in ref. [32]. We consider the scattering γ1γ2 → γ3γ4. The momenta
kµ1,2,3,4 are parametrized as (all-ingoing notation)

kµ1 = (k, 0, 0, k) , kµ2 = (k, 0, 0,−k) ,
kµ3 = −(k, k sin θ, 0, k cos θ) , kµ4 = −(k,−k sin θ, 0,−k cos θ) (A.1)

We define εµ1,2,3,4 as a polarization vector of the external photon. The ± polarization
corresponds to

εµ1 (±) = 1√
2

(0, 1,±1, 0) , εµ2 (±) = 1√
2

(0,−1,±1, 0) ,

εµ3 (±) = 1√
2

(0, cos θ,±i,− sin θ) , εµ4 (±) = 1√
2

(0, cos θ,±i,± sin θ) . (A.2)

In all-ingoing notation, the amplitude is written as

A(h1, h2, h3, h4; k1, k2, k3, k4) = εµ1 (h1)εν2(h2)εα3 (h3)εβ4 (h4)Aµναβ(k1, k2, k3, k4) , (A.3)

where h1,2,3,4 = ±1 is the helicity of the external photons in all-incoming notation. εij is
defined as

εij := εi · εj (A.4)

Explicitly, we obtain

ε12 = −1
2 −

h1h2
2 , ε13 = −h1h3

2 + 1
2 + t

s
, ε14 = −h1h4

2 − 1
2 −

t

s
,

ε34 = −1
2 −

h3h4
2 , ε24 = −h2h4

2 + 1
2 + t

s
, ε23 = −h2h3

2 − 1
2 −

t

s
, (A.5)

– 21 –



J
H
E
P
0
5
(
2
0
2
3
)
0
7
6

𝑘! 𝑘"

𝑘# 𝑘$

𝑝⃗

𝛼𝛽

𝛾𝛿

𝜈

𝜌

𝜇

𝜎

𝑘! 𝑘"

𝑘# 𝑘$

𝑝⃗
𝛼𝛽

𝛾𝛿

𝜈

𝜌

𝜇

𝜎

𝑘! 𝑘"

𝑘# 𝑘$

𝑝⃗

𝛼𝛽

𝛾𝛿

𝜈

𝜌

𝜇

𝜎

Figure 5. The diagrams whose contribution does not contain the light mass parameter m2 in the
denominator for t→ 0.

The inner products between external momenta and polarizations are

k1 · ε3 = k3 · ε1 = k2 · ε4 = k4 · ε2 = −
√
tu√
2s

,

k1 · ε4 = k4 · ε1 = k2 · ε3 = k3 · ε2 =
√
tu√
2s

,

(others) = 0 . (A.6)

The inner products among external momenta are

k1 · k2 = k3 · k4 = s/2 , k1 · k3 = k2 · k4 = t/2 ,
k1 · k4 = k2 · k3 = u/2 , k2

1 = k2
2 = k2

3 = 0 . (A.7)

where (s, t, u) are the Mandelstam variables:

s = (k1 + k2)2 = 2k1 · k2, t = (k1 + k3)2 = 2k1 · k3, u = (k1 + k4)2 = 2k1 · k4 . (A.8)

B Unimportant diagrams

In the main text, we have considered the diagrams in figure 4. However, there are other
diagrams in figure 5, which are potentially relevant. These diagrams are not relevant to us
because these contributions do not contain the light mass parameter m2 in the denominator
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for t→ 0. This can be seen from the power counting of the loop integral. All the diagrams
in figures 5 contain two scalar propagators, which scale as p−4, where p is the loop integral.
Therefore, after integrating over p, we get log(m2) at most. The derivative interaction at
the vertex does not change the conclusion because it changes the scaling of the integrand
as p−4+n where n ≥ 0.

C Reggeization at the tree-level

In this appendix, we show how the tree-level amplitude is Reggeized starting from the pole
expansion (3.7), along the line with the end of section 4.19 In the following, we assume the
limit s→ ±i∞.20 For large s, eq. (3.7) is written as

A(s, t) ∼ −4Ps4

α′

∞∑
n=0

1
(n!)2

(
α′s

4

)2n−2 ( 1
t− 4nα′−1 −

1
t+ s+ 4nα′−1

)

= −64Ps2

α′3

[(1
t
− 1
t+ s

)
+
∞∑
n=1

1
(n!)2

(
α′s

4

)2n ( 1
t− 4nα′−1 −

1
t+ s+ 4nα′−1

)]
.

(C.1)

We expand the second term around t = 0, and then perform the summation from n = 1 to
n =∞. By keeping the leading term for s→∞ in each order of t, we obtain

∞∑
n=1

1
(n!)2

(
α′s

4

)2n( 1
t− 4nα′−1 −

1
t+ s+ 4nα′−1

)
∼ α′

4

∞∑
m=1

1
m!

(
α′t

4

)m−1(
log
(
α′2s2

16

))m
.

(C.2)

By substituting this into eq. (C.1), we obtain the Reggeized amplitude:

A(s, t) ∼ −16Ps2

α′2

∞∑
m=0

1
m!

(
α′t

4

)m−1(
log

(
α′2s2

16

))m
+ 64Ps2

α′3(t+ s)

= −64Ps2

α′3

(
α′2s2

16

)α′t/4
+ 64Ps2

α′3(t+ s) . (C.3)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP3 supports
the goals of the International Year of Basic Sciences for Sustainable Development.

19Of course, we know the full expression (3.1). It is easy to show the Regge behavior from eq. (3.1).
Nevertheless, it is instructive to see how the same result emerges from the pole expansion.

20The argument is not valid for other directions in s-plane.
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