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1 Introduction

Flavor symmetry, as a powerful tool to analyze heavy meson and baryon weak decays, has
been extensively studied in literature [1-67]. It leads to linear relations between amplitudes
of some hadronic processes, known as flavor sum rules. Isospin symmetry is the most precise
flavor symmetry. Isospin breaking is naively expected as 6; ~ (m, — mgq)/Aqcp ~ 1%,
while V /U-spin breaking is dy,; >~ ms/Aqcep ~ 30%. Isospin sum rules could provide
knowledge on unmeasured channels and be used to extract useful information of hadronic
dynamics. For instance, the isospin sum rule of B — 7x system is critical in the Gronau-
London method [68] of determining the Cabibbo-Kobayashi-Maskawa (CKM) quark mixing
parameter o = Arg[ViaViy/VudVi]-

Flavor sum rules are usually found by observing decay amplitudes expressed by the
Wigner-Eckhart invariants [69, 70]. For example, the isospin sum rule of B — 77 system
is derived from the isospin decompositions of B~ — w7, B & 7t and BY — #0070
modes. A useful method for generating SU(3) sum rules for charm meson decays without
the Wigner-Eckhart invariants was proposed in [71]. The effective Hamiltonian of charm
quark decay is invariant under operators 7_ and S, which allows us to generate SU(3)
sum rules through several master formulas. This approach has been extended to singly
and doubly charmed baryon decays [72]. However, T_ is a linear combination of isospin
and V-spin operators and S is a linear combination of three U-spin operators. Isospin sum
rules cannot be generated by 7_ and S.

In this work, we propose an approach to generate isospin sum rules by a series of
isospin lowering operators I"™. Isospin sum rules are derived though several master formulas.
Taking the nonleptonic decays of D and B mesons as examples, our method is shown in



detail. The V- and U-spin sum rules can also be derived in a similar algorithm by replacing
I" with V™ and U"™. This approach could be easily applied to other decay modes such as
heavy baryon decays, multi-body decays, etc. It provides a systematic way to analyze
flavor symmetry in ¢- and b-hadron decays.

The rest of this paper is structured as follows. In section 2, the D — PP modes
are selected as examples to introduce the theoretical framework of generating isospin sum
rules. The isospin sum rules of B meson decays are discussed in section 3. Section 4 is a
short summary. And the V- and U-spin sum rules are investigated in appendices A and B,
respectively.

2 Isospin sum rules in the D — PP decays

In this section, we present our theoretical framework for generating isospin sum rules,
taking the nonleptonic D meson decays as examples. The decays of charm quark are
classified as Cabibbo-favored (CF), singly Cabibbo-suppressed (SCS), and doubly Cabibbo-
suppressed (DCS) decays. The flavor structures of CF, SCS and DCS decays are ¢ — sdu,
c— dJu/ ssu, ¢ — dsu, respectively. For CF decay, isospin and its third component change
as AI =1, Al = 1. For SCS decay, isospin and its third component change as AI = 3/2
or 1/2, AI3 =1/2. And for DCS decay, isospin and its third component change as Al =1
or 0, Al3 = 0. There exists a basis in which isospin sum rules involve only CF, SCS or
DCS decays respectively.
The effective Hamiltonian of charm quark decay in the Standard Model (SM) is [73]

2
Z cql uqz (Z Cl(:u)o ( ) Vub (ZC + CSQ( )OSQ(M))]

q=d,s i=1
+ h.c., (2.1)

where the tree operators are

O1 = (8aq28)v—a(q18ca)v—Aa, Oz = (Uaq2a)v—a(q18¢8)V—A, (2.2)

with «, 8 being color indices. The QCD penguin operators are

O3 = (taCa)v-a Y (T5q5)v-a; Os = (tacg)v—a Y (@sa0)v—a
q'=u,d,s q'=u,d,s

Os = (taCa)v-a Y (Bsas)veas  Os = (tacg)v-a Y (Tsq0)via- (23)
q¢'=u,d,s q'=u,d,s

The chromomagnetic penguin operator is

Ogg mcuaawj(l + ’75) gﬁGa‘uyclg, (2.4)
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which can be included into the penguin operators [74-76]. In the SU(3) picture, the effective
[

Hamiltonian of charm quark decay is written as [62]

3 3
Her= D H'OY = > H!(@a)(@ o) (2.5)
i,j,k=1 i,5,k=1



The coefficient matrix H is obtained from the map (uq1)(gac) — Vi, Vug, for current-
current operators and (¢'q’)(uc) — —V;V,p for penguin operators. Since ¢; and g2 could
be d or s quark and ¢’ could be u, d or s quark according to eq. (2.1), the non-zero H,’

induced by tree and penguin operators include
{H(O) V* s Vuds {H(O)}%Q = chivuda {H(O) 3 = ‘/cfsvusa {H(O)}éQ = VZZlVUS?
{HON! = —ViVip, {(HWE = ViV, {HWY = ViV, (2.6)

where superscripts (0) and (1) are used to differentiate the tree and penguin contributions.

The light pseudoscalar meson state is expressed as |Pa) = (Pa)j|Pj), in which |Pj)
is the quark composition |P}) = [¢;q;) and (P,) is the coefficient matrix. In the SU(3)
picture, the pseudoscalar meson octet |Pg) is expressed as

i+ Sl 1) )
|Ps) = ™), Z5Im0) + Jelns),  1K?) : (2.7)
1K), &), —v/2/3[ns)
The charmed meson state is expressed as |D,) = (|D°), |DT), |D})). The decay amplitude
of D, — P, Pg mode can be constructed as

A(Dy = PoPp) = (Pa PﬁIHeﬂ\D >
—Z Py); (P [H{ O ||(D-)i| Dy)

Z (PR P2OJFIDi) x (Po)p (Ps)iHY" (Dy);
—ZX w)ay (2.8)

According to the Wigner-Eckhart theorem [69, 70], X, = (P,?LPﬂOlj *1D;) is the reduced
matrix element that is independent of «, § and . All information about initial/final states
is absorbed into the Clebsch-Gordan (CG) coefficient (C,)agy = (Pa)ﬁl(Pg);?Hljk(D,y)i.

In general, the flavor sum rules are derived by writing decay amplitudes and combining
several modes to form a polygon in the complex plane. However, this method is laborious
and unsystematic. The authors of ref. [71] proposed an approach to generate flavor sum
rules for charmed meson decays without the Wigner-Eckhart invariants. The idea is that
if there is an operator T' under which TH = 0, it follows that

(PuPalTHes|D:) = X (PRPEIO7 D) x (P (P (TED{ (D) = 0. (29)
w
Operator T' can be applied to the initial/final states rather than the effective Hamiltonian.
Then the Lh.s. of eq. (2.9) is turned into a sum of several decay amplitudes and eq. (2.9)
becomes a flavor sum rule.

It is found in ref. [71] that the effective Hamiltonian is invariant under 7 and S, i.e.,

T_H =0,S5SH =0. T_ and S are expressed as [71]

000 00 0
T_=1100 and S=[0-\1], (2.10)
200 0 —A\2 )\



where A is a Wolfenstein parameter given by A ~ 0.225 [77]. S is a linear combination of
U-spin operators and 7_ is a linear combination of isospin and V'-spin operators,

S=-NU3—NU_4+U,, T_ =1 +\V_. (2.11)

The SU(3) sum rules generated by S and T_ are U-spin sum rules and combinations
of isospin and V-spin sum rules, respectively. Besides, the premise of T_H = 0 and
SH = 0 is that the CKM matrix elements in charm decay are approximated to be V4 =~ 1,
Vs = A, Veg = =\, Vg &= 1. If the next order correction is included in the Wolfenstein
parametrization, we have T_H # 0 and SH # 0. So the SU(3) sum rules generated though
S and T_ dependent on the Wolfenstein approximation of the CKM matrix elements in
charm sector. S and 7_ cannot be used to construct SU(3) sum rules of b-hadron decay.
The three operators associated with isospin are I3, I1 and I_. In this work, we try to
establish the master formulas of isospin sum rules through the isospin lowering operator

I_, where I_ is expressed as
000

I_=|100]. (2.12)
000

To achieve this goal, we decompose the four-quark operator Ozj to SU(3) irreducible rep-
resentations, 3@ 3 ® 3 = 3, & 3; ® 6 @ 15. The explicit decomposition is [71]

i 1 i L i~ i (3 i 1 i i3
0 = LO08)I +5 6310(6)1k+5;(80(3t) —L0(3,) )+5k(

203, - ;0(3t)j>. (2.13)

According to the map rule below eq. (2.5), the non-zero coefficients corresponding to the
tree operators include

{HO6)}oo==2VVaa,  {HO(6)}os=(ViiVua—ViiVas), {HO(6)}35=2 qus,
{H(O () MW =2V Vig+ViVis),  {HO(15)} 3 =4V Vg {HO) (15)} 12 =4V} Vs,
{HO(15)} =3V Vua—ViiVus,  {HO(15)}3° =3V;;Vus—vcdvud,

{HO (3)} =ViiVua+ Ve Vas. (2.14)

The non-zero coefficients corresponding to the penguin operators include

{(HYEBN = -ViV,  {HDE)} = -3VjVa. (2.15)
The 6 representation can be written in matrix form as [H©) (6)]; = [HO)(6)];; with
0 0 0
HOG)=[0 —2ViVue  (ViVia—ViVis) |- (2.16)

(V Vud ‘/(;;Vus) 2 ctlvus
Under the isospin lowering operator I_, [H(®)(6)] is transformed as

I [HO®@)]=1_-[HO®)]+1 - [HY®)]" =0, (2.17)



where symbol “-” represents the dot product of two matrices and superscript 1" represents
the transposition of matrix. The three 3-dimensional presentations are written in matrix

form as
[HO(3))] = (VigVad + ViiVas, 0, 0), (2.18)
[HY(30)] = (V3 Vi, 0, 0), (2.19)
[HD(3,)] = (=3V3Via, 0, 0). (2.20)

Under the isospin lowering operator I_, [H(1)(3, )] are transformed as
I [HOD(3,,)] = [HOD(3,,)] - 1 =0, (2.21)

One can find [H(®)(6)] and [H(*1) (3, )] are zero under I—. The 15 representation is written
in matrix form as {[H(O)(15)]i}§? = [HO(15)]} with

—2 (VcTiVud + ‘/czvuS) 0 0
[HO(15)], = 0 BVAVaa = ViVas)  4ViVia , (2.22)
0 4 Vctivus (3 chvus - Vctlvud)
0 00
[HO(15)]y = | (BVEVaa — ViVus) 00 |, (2.23)
4V Vs 00
0 00
[HO(15)]5 = AV Vi 00]. (2.24)

(3 VesVus = VigVua) 00
The tensor transformation law of [H(®)(15)] under I_ is

{1 [HO5)i}; = 2{[HV(15)] - I-}}) — {I- - [HO(15)]:}}. (2.25)
Under the isospin lowering operator I_, [H(®)(15)]a 3 are zero but [H(%)(15)]; is non-zero,

0 00
LHO15)3=0, I [HO15)1 = | 8V 5V 00 | #0. (2.26)
8V Vs 00

Thereby, the isospin lowering operator I_ cannot be used to construct flavor sum rules
directly like T and S.

Notice the matrix I_[H®(15)]; does not include V}V,;. By combining with
egs. (2.17), (2.21) and (2.26), it is found that the Hamiltonian of CF decay is zero un-
der I_, i.e., I_Hcp = 0. Observe that the matrix I_[H®)(15)]; is invariant under I_,

IP[HO15)], = I_{I_[H®(15)];} = 0. (2.27)

So the Hamiltonian of SCS and DCS decays is zero under 12, i.e., I? Hscspes = 0. In
fact, we can define a series of operators I”. The Hamiltonian of charm quark decay is zero



under I” if n > 2 since I_0 = 0. If the operator T in eq. (2.9) is replaced by I", eq. (2.9)
will be an abstract isospin sum rule,

m

(PaPs|I" Het| Dy) = 3 (PR YO Di) x (Pa)y(Pp); (I HDI*(D); = 0. (2.28)
The derivation of egs. (2.17), (2.21), (2.26) and (2.27) does not involve the values of CKM
matrix elements. So the isospin sum rules generated from eq. (2.28) do not rely on any
approximation of the CKM matrix.
The abstract isospin sum rule (2.28) becomes explicit isospin sum rules by applying
I™ to initial/final states and computing the coefficients expanded by initial/final states as
bases [72]. Under the isospin lowering operator I_, we have

I-|Dy) = Y [Da)(DalI-|Dy) = Y (DY [I-];(D Z{ [p}51Da).  (2:29)
[I_]p is the coefficient matrix of I_|D,) expanded by |D,), which is derived to be
000
Ilp=|100]. (2.30)
000

The isospin lowering operator I_ acting on a pseudoscalar meson octet is a commutator,

I ([Psla| = [I-, ([Pslal] = I - ([Ps]al = ([Psal - I-
=D To{[1-, [Psa] - [R5 H([Px]s] = Z{ 1 Yo [Pslsl, (2.31)
8

where [I_]p, is coeflicient matrix of commutator [I_, ([Ps]s|] expanded by ([FPs]g|. If we
define pseudoscalar meson octet as

_ —0 _
([Pls] = (a1, (@] o), (KL (KO (R (L (s, (232
we get
0 0 000 0 O00O
—/2 0000 0 00
0 v2000 0 00
0 0 000 0 0O
I = 2.33
-]ry 0 00100 00 (2.33)
0 0 000 0 0O
0 0 000-100
0 0 000 0 0O
With the matrices [I_]p and [I_]p,, the sum of decay amplitudes generated by I_ is
written as
Suml_[v,a,B Z { ~IpctaAysus +{lI ]Ps}l,é-Av%au + {[I—]D}g-/‘luaaﬂ} - (234)
m



Since the effective Hamiltonian of CF decay is invariant under I_, Suml_ [y, «, 3] is
zero if it is a sum of amplitudes of several CF decay channels. An isospin sum rule is gener-
ated via eq. (2.34) if appropriate «, 5 and y are selected. I_ is the isospin lowering operator.
I_ acting on the final/initial state lowers/arises I3 by one. Then «, /3 can be chosen as the
states with the maximal I3, and « can be chosen as the state with the minimal I5. In the
D — PP decays, the choice of {~,a, 8} = {D°, 7r+,FO} generates an isospin sum rule as

SumlI_ [D°, 7+, K’ = —v2 AD" — 1°K") — A(D° —» 77K ™) + A(DT = 7t K") = 0.

(2.35)
For the SCS and DCS decays, equation IEHSCS’DCS = ( indicates that the isospin sum
rules are obtained by acting /_ on the final and initial states twice. Specifically, the
isospin sum rule of singly Cabibbo-suppressed D — 77 system is generated by I? with

{’77 «, 6} = {DO, 7T+7 7T+}7
SumI?[D° 7t 7t )=—v2SumI_[D° 7" 7% —v2SumI_[D°n° x|+ SumlI_[DT xt 7]
=4[A(D° - 7)) - A(D° =7t 77 ) —V2A(DT =7 70)] =0. (2.36)

The isospin rum rule of doubly Cabibbo-suppressed D — K7 decays is generated by I?
with {v,a, 8} = {D° 7t K*},

SumI? [D°nt KT)=SumlI_[D°x ", K° —v2SumI_[D° =% K*|+Suml_[D" n" K]
=2[V2AD° ="K+ AD° =7 KT)
+V2A(DY 7K~ A(DT =7t K%)] =0. (2.37)

The three isospin sum rules derived from I_ and I? are consistent with the results given
by ref. [71].

From above analysis, it is found that the isospin sum rules are obtained by applying
I™ to the initial/final states if the effective Hamiltonian is invariant under ™. Isospin sum
rules can also be generated by isospin raising operators I'. The results are the same as
the ones derived from I™. One should note that not arbitrary choices of {~,«, 3} and I"
generate isospin sum rules. There are two requirements for {7, «, 5} and I"™. Firstly, the
choices of {7, a, 5} and I"™ should be associated with physical amplitudes. For example, the
choice of {v,a, B} = {D, 7['+,F0} and I_ cannot generate an isospin sum rule. It because
that 7_ is a QED charge lowering operator and then I_ acting on {D+,7r+,?0} cannot
derive charge preserving decay amplitudes. The choice of {v,a, 3} = {D", KT, K*} and
I? cannot generate an isospin sum rule since /_ does not change strangeness and AS = —2
amplitudes are forbidden in charm decay. Secondly, the isospin sum rule is generated by
I"™ only if n > 1 for CF decay and n > 2 for SCS and DCS decays. For example, the sum of
amplitudes derived by the choice of {v,a, 8} = {D", K +,FO} and I_ is not zero because
it is a sum of SCS amplitudes and I_Hgcg # 0,

SumI_[D°, K+ K] = A(D° —» K'K") — A(D° - K*K~) + A(DT — KtK") £ 0.
(2.38)
The change of strangeness in CF, SCS, DCS transitions are AS = —1, 0 and 1,
respectively. I™ cannot change strangeness, then we can distinguish the three decay modes



though AS in v — af. Considering that I_ is a QED charge lowering operator, we
conclude the selection rule of {~, «, 5}. The choice of {v, «, 5} corresponding to a AQ =1
and AS = —1 amplitude produces an isospin sum rule of CF mode. The choice of {~, o, 5}
corresponding to a AQ = 2 and AS = 0 amplitude produces an isospin sum rule of SCS
mode. And the choice of {7, «, 3} corresponding to a AQ = 2 and AS = 1 amplitude
produces an isospin sum rule of DCS mode. For other choices, no sum rule is generated.
In the D — PP decays, there are only four choices of {v, a, 8} satisfying above selection
rule, {7, o, B} = {DO, 7+ K"}, {DO, xt a+}, {D°,nt, K+} and {DF, «+ 7} The first
three choices generate the isospin sum rules (2.35)~(2.37) respectively. And the choice of
{~,a,8} ={DF, 7", 7"} generates an isospin sum rule as

SumlI_ [Df, 77, 77 = —2v2 A(D} — 777%) = 0. (2.39)

The approach for generating isospin sum rules can be extended to other decay modes
such as B meson decays, heavy baryon decays, multi-body decays, etc. It provides a
programmatic way to derive isospin sum rules for heavy hadron decays. In the next section,
the applications of our method in the B — DP and B — PP decays are discussed. For the
isospin sum rules of other heavy hadron decays and the phenomenological discussions, we
will leave them in the future work. In addition, the V- and U-spin sum rules are derived
by V" and U™ operators with D — PP, B — DP and B — PP decays as examples in
appendices A and B.

3 Isospin sum rules in the B meson decays

3.1 Isospin sum rules in the B — DP decays

The effective Hamiltonian of b — cuq transition is given by [73]

GF Z VC(,V* Cl 01( )+CQ(ILL)OQ(/,L)]+h.C., (3.1)
q d,s

where the tree operators are

O1 = (qaug)v—a(cgba)v—a, Oz = (Gatta)v—a(cgbg)v—a. (3.2)

In the SU(3) picture, O;- is decomposed into irreducible representations as 3 ® 3 = 8 @ 1.
The non-zero CKM components include

{(HO@) = VoV,  {HO®) =VaVi. (33)
H©O (8) is written in matrix form as

0 Ve Vi Ve Vi
HO®))=[0 o0 0o |. (3.4)
0 0 0



Under 1", [H(0)(8)] is transformed as

IHO®) =1 [HO@®) - [HO@®)] 1= 0 VaVi VaVi | (3.5)
0 0 0
0 00
EHO@®) =1 {I-[HY@)]} = | —2V4V,5 00 |, (3.6)
0 00
PHO®) = I{I{I_[HO(8)]}} = 0. (3.7)

The effective Hamiltonian of b — cud (b — cus) transition is zero under I™ with n > 3
(n > 2). So the isospin sum rules of b — cud (b — cus) transition can be generated by I™
ifn>3(n>2).

Under the isospin lowering operator I_, [I_|5 = [I_|p if the B meson anti-triplet
is defined as |B,) = (|B7), |§0>, \§2>) The sum of decay amplitudes generated from
Eﬂ, — Do Pg under I_ is

Sum_ .0, 8) = 3 [ITHYeAs s + {0 Yo As o + {5} Ausas] . (3.8)

The transposition of matrix [I_]p is arisen from the initial-final transformation of D meson
anti-triplet. With eq. (3.8), isospin sum rules in the B — DP modes are derived to be

SumI®[B~,DT nt]= Sum[2[B_,DO,WJ“]—ﬂSumIE[B_,D+,7TO]—|—SumIE[EO,D+,7T+]
=2v28umI_[B~,D° n°|—2SumI_[B~,D*" x|
—2SumI_[EO,DO,WW—ZﬂSumL[EO,DJF,WO]
=6[A(B~ =D )+v2A(B = D7)~ AB’ > D r )] =0,  (3.9)

SumI2[B~,.D* K'|=—SumlI_[B~,D° K’|—SumI_[B~,D* K~ |+SumI_[B’,D* K’
=2[A(B~—D°K")-A(B’ %DOKO)—A(FO%DJFK_)]:O, (3.10)

SumlI?[BY,D* xt)=—SumlI_[B.,D° xt]—v2SumI_[B.,D x°]
=2[V2A(BY— D7) —A(B) - DT )] =0. (3.11)

3.2 Isospin sum rules in the B — PP decays

The effective Hamiltonian of b — uug transition is given by [73]

2 2
Hegr Z [ Vg (Z Cf(#)O?(u)) + Vi Veq (Z Cf(u)Of(u)ﬂ (3.12)
i=1 =1

q d,s
Gp 10
-7 > thth’; (Z Ci(1)Oi(1t) + Cry (1) O7 (1) + CSg(N)OSQ(N)> + h.c..
q=d,s 1=3
The tree operators are
OF = (Gaug)v-a(tgha)v-a4, O3 = (Gata)v—altgbg)v_a,
O7 = (Gacs)v—a(Csba)v—a, 05 = (GaCa)v-a(Cabg)v—a. (3.13)



The QCD penguin operators are

O3 = (qaba)v—a Y (T5d5)v-a, Os = (qabp)v—a Y. (Tsdh)v-a,

q¢'=u,d,s q'=u,d,s
Os = (qaba)v—a Y (T5a5)v+a, O6 = (Gabp)v—a Y (Tsd))v+a- (3.14)
q'=u,d,s q'=u,d,s
The QED penguin operators are
. 3 _ 7 . 3 -
O7 = §(Qaba)V—A Z eq’(QﬁQﬁ)V+Aa Os = §(QQbﬁ>V—A Z eq’(Qﬁqa)V—l—A7
q'=u,d,s q'=u,d,s
3, _ 3,_ _
Oy = §(Qaba)VfA > eg(@sas)v—a, O = i(quﬂ)VfA > eq(@3qh)v-a. (3.15)
q'=u,d,s q'=u,d,s
The electromagnetic penguin and chromomagnetic penguin operators are
€ = 17
O?’y = @mb%xauu(l + VB)FH ba,
Oy = %mb%aw(l +95) T5 G bs. (3.16)
In the SU(3) picture, the coefficient matrices induced by Of, are
0 - Ubvzjs VUbVJd
(HOG) = | ~VaVi, 0 0 |, (3.17)
VbV 0 0
0 3V Vi 3V Vi
[HOYA5)) =10 0 0 : (3.18)
0 O 0
3V Vi 0 0
[HOW(15)], = 0 —2VVi —Vi Vi (3.19)
0 0 ViV
3V Vs 0 0
[HOW(15)]3 = 0 —VuVy 0 (3.20)
0 ViV —2Vip Vi
[HOW (31)] = (0, VipViig, ViV )- (3.21)
The coefficient matrix induced by Of 5 is
[H*I(30] = (0, VaVig, VaVis)- (3.22)
The coeflicient matrices induced by penguin operators are
[HYE)] = (0, ~VaVia, —VaVit),  [HYE)] = (0, —3VaVia, —3VaVii). (3.23)

One can find all the 3-dimensional presentations have the structure of [H(3)] = (0, a, b).

~10 -



Under the operators I, [HO%)(6)], [H(*®(15)];, [H(3)] are transformed as

0 0 0
PIHOW®) = 1 {I_[HO®)} = I_ | 0 =2V, V5 2V, Ve | =0, (3.24)
0 0 0
6V Ve, 0 0
PHOY15), =1 {1 {I_[HOWa5)}} =1_{1_ 0 —5VipViE, —4Vi Vi
0 00
=1_| =16V,V* 00 | =0, (3.25)
0 00
0 00
PHOYA5)), = I {I_[HOY15))s} = I_ | =5V V5,00 | =0, (3.26)
0 00
0 00
PP[HOW5))3 = I_{I_[HOW15)3} =I_ | —4Vyw,Vi 00 | =0, (3.27)
PPHB) =1 {I_[HB3)]}=1I_(a00)=0. (3.28)

The isospin sum rules of b — wud (b — wus) transition can be generated by I"™ in the case
of n >3 (n > 2). The sum of decay amplitudes generated from B, — P, Pz under I_ is

SumI_ [y,o0. 8] = 3 [{I-p oAy s + (U] YAy + ()} A pas] - (3:29)

With eq. (3.29), the isospin sum rules of B — PP modes are derived to be

SumI? B~ nt nt|=—v2SumI? B~ 7’ n")|—v2SumI?[B~ x* 7%+ SumIl? [EO,W+,7T+]
=—2SumI_[B~ nt " |4+4SumI_[B~ ,7° 7 —2SumI_[B~ m~ "]
—2v/2SumlI [Eoﬂﬁﬂro} —2v/2SumlI [Eo,ﬂo,ﬂﬂ
=12[V2AB~ = )+ AB =770 —AB st a)]=0,  (3.30)
SumI2[B~ 7t K |=—v2SumI_[B~ 7% K'|—SumI_[B~ " K~ |+SumI_[B’ x+ K]
=2[V2A(B~ 'K )~ A(B~ =7 K")

—V2AB’ 1K)~ AB = rt K)] =0, (3.31)
SumI? [ES,F+,W+] =—/2SumlI_ [ES,TI'O,T['+] —V2SumlI [ES,TFJF,TFO]
=4[AB) =7 —A(B) = ntr)] =0. (3.32)

According to egs. (2.39), (3.11) and (3.32), the branching fractions of Df — 7+70,
B’ - D7 BY  D+n—, BY » ntn~ and B. — 070 satisfy following equations under
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isospin symmetry,
Br(Df — 7t 7% =0, (3.33)
Br(BY — Dtn~) = 2Br(BY — DY), (3.34)

S

Br(Eg —rtnT) = 287"(?0 — 7%79), (3.35)

S

where the identical factor in the Eg — 7970 channel is considered. So we suggest to

measure the branching fractions of D¥ — 770, BY — D%, BY — D*r—, BY — n+n—
and Eg — 7979 modes to test the isospin symmetry. The branching fraction of Eg —atr~
mode has been measured by many experiments and averaged to be (7.0 4 1.0) x 10~7 [77].
And the upper limits of Br(D} — 7+ 7°) and BT(PS — 1079) are given by 1.2 x 10~* and
2.1 x 1074, respectively [77]. It is significant to perform a more precise measurement for
above five channels in the future.

4 Summary

Flavor symmetry is a model-independent tool to analyze heavy meson and baryon decays.
The flavor invariants are independent of the detailed dynamics and determined by fitting
experimental data. In this work, we propose a simple algorithm to generate the isospin, V-
spin and U-spin sum rules of heavy hadron decays. We found that the effective Hamiltonian
of heavy quark decay is fully invariant under a series of lowering operators I”, V™ and U”.
The isospin, V-spin and U-spin sum rules can be generated from several master formulas
without the Wigner-Eckhart invariants. Taking the two-body decays of D and B mesons
as examples, our approach is presented in detail. In addition, we suggest to measure
the branching fractions of DY — n+7%, B. — D BY — D*n~, B. — ntn~ and
ES — 7979 modes to test the isospin symmetry.
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A V-spin sum rules
In this appendix, we derive the V-spin sum rules in the D — PP, B — DP and B — PP
modes. The V-spin lowering operator V_ is

000
V.=|000]. (A1)
100

In the charm quark decay, [H(©)(6)], [H(®)(15)];, [H®1)(3;,)] are transformed under V" as

VHO®)] =0, V- [HO15)s=0,  V_[HOD(3,,)] =0, (A.2)
0 00
V2HO(15)]), =V_ | 8VAV,g 00 | =0. (A.3)

8V Vs 00
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So the V-spin sum rules of DCS transition can be generated by V™ if n > 1, and the V-spin
sum rules of CF and SCS transitions can be generated by V" if n > 2. The coefficient
matrix [V_|p is derived to be

000
Vip=1]o000]. (A.4)
100

The coefficient matrix [V_]p, is derived to be

0 00
0 00
-100
00
00

00
00 Y0

o O O O O O

o O = O O O O O
O O O O O o O O
M‘§ o O O o O &‘H [an)

oo oc oo oo
o o oo o

000

The sum of decay amplitudes generated from D, — P, P under V_ is

SumV-_ [y, a, 8] = > [{IV-1r oAy s + (VR 5A s + (V-0 Ausas] - (A.6)
w

The V-spin sum rules in the D — PP modes are derived to be

" (DO g+ 70
SumVE [DO7W+’K+]:_SumV [\/5 , T ,T ]_\/gsumv_ [D077T+a778]

+SumV_[D° K’ Kt)+SumV_[Df ot K]
=2A(Df —>K+FO) —V6A(DF 7t ng)—V2A(DF — 7t 70)
~VBAD K ng)—v2AD° 1K)
—2A(D° =7t K™)=0, (A7)

SumV_[D° 7%, K*] SumV_[D° K+ Y] \/§ 0
- L — S\ =SumV_[D° KT
V2 V2 2 umV-[D", 8]

- \/gSumV_ [D° ne, KT |4+SumV_[DF KT K]

SumV?[D°, K K]

=—2V6A(D = K" ng)—2v2A(D} =7 K)+3A(D° = ngns)
—4A(D° - KT K™)+2vV3A(D°—7'%)
+A(D°—797%)=0, (A.R)
SumV_ [DO,K+,KO]:A(DJ—>K+KO)—\/SA(DO—M(O%)
A(D?—rVKY)

_T_A(Do_m—fﬁ):o. (A.9)
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In the b — ctig transition, [H(®)(8)] is transformed under V" as

V3IHO Q)] =V_{ V. 0 0 0 =V 0 00|=0. (A.10)
0 VoV Ve Vs —2V4 Vi 00

So the V-spin sum rules of b — cud transition can be generated by V" if n > 2, and the
V-spin sum rules of b — cus transition can be generated by V" if n > 3. Under the V-spin
lowering operator V_, we have [V_]z = [V_]p. The sum of decay amplitudes generated
from B, — Dy Ps under V_ is

SumV. [y, 8] = 32 [{(IV-IB} Ay + (V1R 5 Ay s + {1V I3} Asas] - (A1)

The V-spin sum rules in the B — DP modes are derived to be

SumV2[B~,DF K=—SumV_[B~,D°,K°|—SumV_[B~,Df &~ |+SumV_[BY,DF ,K°]
= 2[AB =D )+ AB - DK%~ A(B~—D )] =0, (A.12)
SumV_[B°, D 7]

SumV2[B° Df Kt)=—SumV_[B",D° K *+]— 7

fSumV B’ DT mg]
=—2A(B" =D K )+V6A(B"— D)
+V2A(B’ - Dx%) =0, (A.13)
SumV?2[B~,D} 7"
V2

3
_\/;sumVE[B—,Dj,nsHSume [B..Df K

SumV3[B~,Df Kt]=—SumV?[B~,D°, K]

=v2SumV_[B~,D° 7% +v6SumV_[B~,D° ns]
—2SumV_[B~,D} K~ |-2SumV_[B, D", K*]
—V2SumV_[BY,D} 7% —V6SumV_[B.,.D; s

=3[-2A(B.— D} K~ )+V6A(B.— D)
+V2A(B)— D) +2A(B~— DK )] =0. (A.14)

In the b — g transition, [H©®(6)], [HO®)(15));, [H(3)] are transformed under V"
as

0 0 0

VZHOWG) =V [0 0 0 =0, (A.15)
0 =2V Vi, 2V
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6VpVi 0 0

V3[HOW (15)], = Vo VL 0 —VVE 0
0 —4Vy Vi, =5V Vi,
0 00
=V 0 00| =0, (A.16)
—16V, V5 0 0
0 00
V2HOW15)), = VAV [HOWA5),} =V | —VuVi 00 | =0, (A.17)
0 00
V2[HOW (15)]3 = V_ 0 00]|=o0, (A.18)
—5V V5 00
V2[H3)]=V_(b00)=0. (A.19)

So the V-spin sum rules of b — uud (b — uus) transition can be generated by V' if n > 2
(n > 3). The sum of decay amplitudes generated from B~ — P, Pz under V_ is

SumV_ [y, a, B] = Z [{[V—]Ps YaAy—us +{[V-]ps }gA"/—Hw + {[V—]F}xv‘lu%aﬁ} - (A.20)

With eq. (A.20), the V-spin sum rules in the B — PP modes are derived to be

~ SumV_[B~ 7m0 KY]

SumV_Q[B_,K+,KO]: —SumV_[B~ Kt m7]

V2
—\/SSumV [B™ g, K°|4+-SumV_ [FS,K+,KO]
=—VBA(B,— K )~ V2AB,—7"K°)
—2A(B) s KT)—2A(B~—K°K")
+V6A(B~ =7 ng)+V2A(B~ —7'n7)=0, (A.21)
~ SumV_ B° 70 K+  SumV_ B’ K+ 7

V2 V2
— §SumV,[B M8, K] — §SumV,[B KT ns]

=3A(B" —nsng)—4AB > KTK™)

SumV2[B’, K+, KT]=

+2V3A(B’ = 18+ A(B° > 7°70) =0, (A.22)
SumV3(B~ K" K] =SumV2[BY, K" K+]_SUWV_2[B_,7TO,K+]_SumV_Q[B_,KmeO]
3 2[R = >

2
—\/gSumVZ [B,K*,ng]—\/gsumv"' (B~ s, K]

=SumV_[B~ 7% 7°4+v3SumV_[B~ 7% ng]—2SumV_[B~ K+ K]
—2SumV_[B~ K~ ,K]+V3SumV_[B~ ng,n°]
+3SumV_[B~ ns,ms]—V2SumV_ [ES,WO,KJF]
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—\fSumV[ Km0 \/ESumV_[ES,KJr,nS]
—\/SumV[ o8, K]
=3[3A(B, —sns) —AA(B, — K+ K7)+2V3A(B—7s)
+ABL =70 +2V6 A(B~ — K "1g)
+2v2A(B~ = K~ 7%)]=0. (A.23)

B U-spin sum rules

In this appendix, we derive the U-spin sum rules in the D — PP, B — DP and B — PP
modes. The U-spin lowering operator U_ is

000
U.=|000|. (B.1)
010

In charm quark decay, [H(6)], [H©)(15)];, [H*V(3;,)] are transformed under U™ as

0
U2 HO )] =U_ 0 =0, (B.2)
0 4v “Vd 20V Vi =V Vus)
U_[HV(3,,)]=0, (B.3)
0 0 0
U3HO15),=U_{U_| 0 AV Vg 0
0 4(VEVis =V Vaa) —4VEVoa
0 0 0
=U_ 0 0 0|=0, (B.4)
—AV Vg —AVEV,q 0
0 00 0 00
US[H® (15)],=U_{ U_ AV Vg 00| p=U_ 0 00]=0, (B5)
A(VEVis—ViVua) 00 8V Vg 00
0 00
U2[H®) (15)]3=U_ 0 00]=0, (B.6)

—4ViVua 00

The U-spin sum rules of DCS, SCS and CF transitions are generated by U” ifn > 1, n > 2
and n > 3, respectively. The coefficient matrix [U_]p is derived to be

000

U_lp=]000|. (B.7)
010
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The coefficient matrix [U_]p, is derived to be

|
—_

0 00
L 00
00
00
00
00 Y0
00 0
00 0

(B.8)

o O O O O

OOS‘HOOOOO
)

=

fav

|
oo o ococo oo
O o000 o oo
oo o oo o o
Sooooo&‘
(o))

o

The sum of decay amplitudes generated from D, — P, P under U_ is
SumU_ [y, 8] = 3 [{U-1p oAy s {0 R Yoy s + (U1} Aysas] - (B9)
o

The U-spin sum rules in the D — PP modes are derived to be

SumU? [DV, KT, K° = SumU? [Df - KTK"] - \/§SumUz [DF — K]
SumU? [DT — VK]
V2
= —V6SumU_[D} — K ng)+v2SumU_ [Df —n°K™]
—2SumU_ [DF = 7+ K —2SumU_ [D* — KT K]
+V6SumU_ [DT — 7nng] =2 SumU_ [DT — 777
= —6ADF - KtE)+3V6ADS — ntng)
—3V2ADF 5 ata®) 46 A(DT 5t R =0, (B.10)
SumU3 [D°, K°, K°) = —v/6 SumU? [D° — K%ng]+v2 SumU? [D° — 7" K"
=3SumU_ [D° — ngns] —4 SumU_ [D° — K'K"]
—2v3SumU_ [D® — 7]+ SumU_ [D® — 797°) =
=6v6.A(D° = K'ns) — 6v/2A(D° — n°K") =0, (B.11)

— SumU? [DT — 7T K]

SumU? [DV, KT, K% = SumU_[D - KTK"] - \/z SumU_ [DV — Ky
n SumU_[DT — VK]
V2

=—V6AD - KTng) +V2ADF = n°K+) —2A(Df — 7T K?)
—2A(DY — K+FO) +V6ADT — )
—V2ADT = ata%) =0, (B.12)

SumU? [D°, K°, K°) = —v/6 SumU_ [D° — K°ng]4++v2 SumU_ [D° — 7’ K"

=3 A(D° — ngns) —4AD° — K'K?)

—2v3A(D® — 7%g) + A(D° — 797°%) =0, (B.13)

—SumU_ [DT — 7T K]
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SumU_[DV, K™, K% = A(D} — KT K°) \/g A(DT — KTng)
A(Dt —7KT)

V2
SumU_[D°, K° K% = -6 A(D° — K%%g) +v2A(D° - n°K%) =0. (B.15)

~ADT = 7TK% =0, (B.14)

One should note the U-spin sum rules derived by U”™ do not dependent on the Wolfenstein
approximation of the CKM matrix.
In the b — cag transition, [H()(8)] is transformed under U” as

0 —VaViE 0
U2HO®))=U_-10 0 o0]=0. (B.16)
0 0 0

So the U-spin sum rules of b — cud transition are generated by U™ if n > 1, and the U-spin
sum rules of b — cus transition are generated by U™ if n > 2. Under the U-spin lowering
operator U_, [U_]5 = [U-]p. The sum of decay amplitudes generated from B, — Do Pg
under U_ is

SumU_ 1,0, = 3 U5} A s + (U] YoAysa + (U5} Ausas] - (B1T)

The U-spin sum rules in the B — DP modes are

50 0.0
SumU-_ [BO,DO,KO]ZA(BS—mOKO)—\/gA(BO%DOng)Jw\_}fM:0, (B.18)
SumU_[B°,D} 77 |=A(B.—Dir )+ AB DI K~ )-AB’ - Dt r)=0, (B.19)

SumU?[BY,D° K°|=SumU-_ [BS%DOKO]\/zSumU [EOHDong]

SumU_ [EO — D70
V2
=V2A(BY = D7) —v6A(B.— D'ns)—2A(B’— D'K")=0, (B.20)

SumU?[B°,DF 7w~ ]|=SumlU_ [§2—>Dj7r_]+5umU_ [§0—>D2'K_]
—SumU_ [§0—>D+7T_]
=2 A(B,— D} K~)~A(B,—»D*r")~A(B'»D*K")|=0. (B.21)

s

In the b — uag transition, [H*(6)], [H(®%)(15)];, [H(3)] are transformed under U™
as

0 00
U2[HOW(6)] = U_ 0 00]|=0, (B.22)
—2ViwV,s 00

0 3V Vi, 0

U2HCOWa5, =U-[o 0o o]=0, (B.23)
0 0 0
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3VaVE 0 0
U2[HOW(15)], = U_ 0  —2VuV: 0 =0, (B.24)
0 0 —VwV5
0 0 0
U HOWA5)) =00 0 o0|=0, (B.25)
0 —VV5 0
U?[HB3)]=U_(0b0)= (B.26)

So the U-spin sum rules of b — uud (b — uus) transition can be generated by U™ if n > 1
(n > 2). The sum of decay amplitudes generated from B, — P, Ps under U_ is

SumU_ .0, 8] = 3~ [{IU-] Moy + (U] 2 YoAs s + (U5 Yo Ausas] - (B27)
o

With eq. (B.27), the U-spin sum rules of B — PP modes are derived to be

0
SumU_[B~, 7=, K°)|=A(B~ — K"K \/>AB )+ B \7; ABZ=TT) ) (B.2s)
SumU_ [BO,KﬂTr*]:A(ES%W*KJFHA(B SKTK)—AB —rtr)=0,  (B.29)
SumU? B~ ,m~,K°|=SumU_[B~ — KK \/>SumU_B — 7 18]
SumU_[B~ — 797~
V2
=V2A(B-—»71°K")—V6A(B~— K 1g)
—2A(B~ —>n K))=0, (B.30)

SumU_ [ES — 7" K]+ SumU_ [EO —KTK™]
—SumU_ [EO —ataT]

=2|AB > KTK )= ABy» 7" )—AB -7 K7)| =0. (B.31)

SumU? [B®, KT, 77 )=
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