PUBLISHED FOR SISSA BY @ SPRINGER

s RECEIVED: February 22, 2023
REVISED: April 12, 2023
ACCEPTED: April 24, 2023
PUBLISHED: May 5, 2023

Complete one-loop renormalization-group equations in
the seesaw effective field theories

Yilin Wang,*" Di Zhang®*“! and Shun Zhou®®

@ Institute of High Energy Physics, Chinese Academy of Sciences,
Beijing 100049, China

bSchool of Physical Sciences, University of Chinese Academy of Sciences,
Beijing 100049, China

¢ Physik-Department, Technische Universitit Miinchen,
James-Franck-Strafle, 85748 Garching, Germany

E-mail: wangyilin@ihep.ac.cn, dil.zhang@tum.de, zhoush@ihep.ac.cn

ABSTRACT: In this paper, we derive the complete set of one-loop renormalization-group
equations (RGEs) for the operators up to dimension-six (dim-6) in the seesaw effective
field theories (SEFTs). Two kinds of contributions to those RGEs are identified, one from
double insertions of the dimension-five (dim-5) Weinberg operator and the other from single
insertions of the tree-level dim-6 operators in the SEFTs. A number of new results are
presented. First, as the dim-5 Weinberg operator is unique in the standard model effective
field theory (SMEFT), its contributions to the RGEs for the SEFTs are equally applicable
to the SMEFT. We find the full contributions from the Weinberg operator to one-loop
RGEs in the SMEFT, correcting the results existing in previous works, and confirm that
those from dim-6 operators are consistent with the results in the literature. Second, in the
type-I SEFT, we give the explicit expressions of the RGEs of all the physical parameters
involved in the charged- and neutral-current interactions of leptons. Third, the RGEs
are numerically solved to illustrate the running behaviors of the non-unitary parameters,
mixing angles and CP-violating phases in the non-unitary leptonic flavor mixing matrix.
Together with the one-loop matching results of the dim-5 and dim-6 operators and their
Wilson coefficients, the present work has established a self-consistent framework up to dim-6
to investigate low-energy phenomena of three types of seesaw models at the one-loop level.
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1 Introduction

As one of the simplest and most natural ways to account for tiny Majorana neutrino masses,
the type-1 seesaw model extending the standard model (SM) with three right-handed neu-
trino singlets has been constantly attracting a lot of attention [1-5]. Moreover, the type-
I seesaw model has provided us with an elegant explanation for the matter-antimatter
asymmetry in our Universe via the leptogenesis mechanism [6]. Typically, the mass scale
M of three right-handed neutrinos is much larger than the electroweak scale Agy, i.e.,
M > Agw ~ O (10%) GeV, so one can integrate out right-handed neutrinos and construct
the low-energy effective field theory (EFT) of the type-I seesaw model with operators of
mass dimension higher than four, i.e., the so-called type-I seesaw effective field theory
(SEFT), and examine its low-energy phenomena. In this way, the large logarithms orig-
inating from the huge difference between the seesaw and electroweak scales in radiative
corrections can be easily and systematically resummed through the renormalization-group
equations (RGEs) in the EFT. Consequently, the precision studies of the type-I seesaw
model at low energies can be substantially simplified [7].

With the effective operators up to dimension-six (dim-6) or equivalently to the order
of O (M _2), the tree-level Lagrangian of the type-I SEFT via integrating out right-handed
neutrinos at the tree level has been known for a long time, which contains the unique



dimension-five (dim-5) Weinberg operator [8] and two dim-6 operators Og% and Ogé 9,
10]. After the spontaneous gauge symmetry breaking, the dim-5 Weinberg operator 0®)
generates Majorana neutrino masses, while the dim-6 operators Og; and (9;2 modify the
couplings of neutrinos with weak gauge bosons and lead to the unitarity violation of the
leptonic flavor mixing matrix. Recently, the complete one-loop structure of the type-I
SEFT has been obtained by integrating out heavy right-handed neutrinos at the one-loop
level [11] (see also refs. [12-17]). One can find that in addition to the two dim-6 operators
at the tree level, there are other 29 dim-6 operators first appearing at the one-loop level.
These one-loop results at the matching scale, together with one-loop RGEs of the Wilson
coeflicients of dim-5 and dim-6 operators, enable us to carry out full one-loop calculations
in the type-I SEFT at the electroweak scale and extract useful information about the
type-I seesaw model from low-energy measurements. However, to our best knowledge, the
complete set of one-loop RGEs for all the SM couplings and Wilson coefficients in the
type-I SEFT up to dim-6 are still lacking. Since the type-I SEFT is just a part of the
SM effective field theory (SMEFT) [18, 19] (see, e.g., ref. [20] for a recent review), one
can directly extract the one-loop RGEs in the type-I SEFT from those in the SMEFT.
The one-loop RGE for the Wilson coefficient of the Weinberg operator has been derived
in refs. [21-23], and the one-loop anomalous dimensions for the Wilson coefficients of the
dim-6 operators in the Warsaw basis in the SMEFT have been calculated in refs. [24-27].1
But only the contributions from single insertions of dim-6 operators are included in the
latter case. Though the contributions from double insertions of the dim-5 operator to the
one-loop RGEs for dim-6 operators have been partially considered in ref. [36] and then
revised in ref. [37], we find that these results are still neither complete nor fully correct.

In this work, we recalculate the contributions from both double insertions of the dim-5
operator and single insertions of dim-6 operators to the one-loop RGEs in the type-I SEFT
and give a set of complete and correct one-loop RGEs in type-I SEFT up to dim-6. Some
important observations from our calculations are summarized as follows.

e Double insertions of the dim-5 Weinberg operator contribute to the one-loop RGE
for the Higgs quartic coupling. Such a contribution is given here for the first time.

e The contributions from the double insertions of the dim-5 operator to the one-loop
anomalous dimensions of the Wilson coefficients of dim-6 operators Oy, Onp, O,
O,y O,y and O,y found in refs. [12, 37] are corrected.

o The contributions from single insertions of dim-6 operators (i.e., (9223) in the type-I

SEFT) are perfectly consistent with those obtained in the SMEFT [24-26]. This
provides a partial crosscheck of the results in refs. [24-26].

It is worth pointing out that the contributions from double insertions of the dim-5 operator
are exactly the same as those in the SMEFT, so they can be immediately incorporated for
completeness into the codes solving the one-loop RGEs in the SMEFT (e.g., DsixTools [38,

The one-loop anomalous dimensions for the Wilson coefficients of dimension-seven and dimension-eight
operators in the SMEFT can be found in refs. [28-30] and refs. [31-35], respectively.



39], Wilson [40] and RGESolver [41]). Therefore, they are applicable to all other EFTs
containing the Weinberg operator, such as the type-II and type-III SEFTs [14, 16, 42].
Based on these results and those in refs. [24-26], we also present the complete one-loop
RGEs up to dim-6 in the type-II and type-I1II SEFTs, which can be directly used to study
the one-loop renormalization-group (RG)-running effects in those types of SEFTs.

As a practical application of these one-loop RGEs, we take the type-I SEFT for example
and further derive the explicit expressions of the one-loop RGEs for the physical parameters
involved in the charged- and neutral-current interactions of leptons, like those done for the
type-I SEFT with only the Weinberg operator [43-48]. Since the leptonic flavor mixing
matrix V is non-unitary resulting from the two tree-level dim-6 operators in the type-I
SEFT, we adopt the conventional parametrization of the mixing matrix V.= (1 —n) - V/,
with the Hermitian matrix n characterizing the unitarity violation and V' being unitary,
and derive the RGEs of all the mixing parameters. A few interesting results are obtained.
First, we find that the charged-lepton Yukawa coupling matrix Y;, once diagonalized at
a given energy scale, does not keep diagonal anymore during RG running because of the
extra contributions from dim-6 operators to its RGE. Second, due to the impact of dim-6
operators on the running of Y}, we observe that the running behaviors of the mixing angles
in V'’ could be very different from those in the type-I SEFT with only the dim-5 Weinberg
operator. Third, the RGEs of the unitary parameters in V/ and the non-unitary parameters
in 7 are entangled with each other, so even if the CP-violating phases in V/ are vanishing
at some energy scale they can be generated radiatively from the non-trivial phases in n
or vice versa. A similar phenomenon among three CP-violating phases has been discussed
in refs. [49-52]. These results demonstrate that it is necessary to implement the one-loop
RGEs to link the physical parameters in the full theory (e.g., the parameters residing in
the Dirac neutrino Yukawa coupling matrix Y, and right-handed neutrino mass matrix My
in the type-I seesaw model) to the effective parameters in the type-I SEFT, which have
received severe constraints from low-energy experimental measurements.

The remaining part of this paper is organized as follows. In section 2, we derive the
complete set of one-loop RGEs in the type-I SEFT and make some comments on the general
features of these RGEs. The explicit expressions of the RGEs of the physical parameters
involved in the charged- and neutral-current interactions of leptons are given in section 3,
where the RGEs of the mixing angles and CP-violating phases in the adopted parametriza-
tion of the leptonic flavor mixing matrix are analytically derived and numerically solved.
The main conclusions are summarized in section 4. Some details are given in a series of ap-
pendices. The contributions from tree-level dim-5 and dim-6 operators in the type-I SEFT
to the counterterms for the SM couplings and the Wilson coefficients of dim-6 operators
in the Warsaw basis are given in appendix A. The complete one-loop RGEs for the Wilson
coeflicients of dim-6 operators in the type-II and type-III SEFTs are shown in appendix B.
For completeness, the lengthy analytical expressions of the RGEs of the mixing parameters
are collected in appendix C.



2 Derivation of one-loop RGEs

To derive the one-loop RGEs in the type-I SEFT, we need only the effective Lagrangian
from the tree-level matching of the type-I seesaw model [9, 10], i.e

Loppr = Loy + = (C‘*%“”) +h.c.) +CpP o + o) o, (2.1)

where o and [ refer to three flavors of fermions in the SM and the summations over
repeated flavor indices are implied. The SM Lagrangian Lg); is given by

T 2
Loy = —ZGf}Z,GA‘“’ 4WJI,WI“” 4BWB””+<DMH) (D*H)—m*H H-)\(H'H)

+Zf1¢f [ LY asHUsr+Qor, (Ya)apHDsr+0 1, (Yl)a,BHE,BR"i_hC} (2.2)

where the gauge-fixing and Faddeev-Popov ghost terms stemming from the standard pro-
cedure of quantization are suppressed, and the covariant derivative D, = 8# —1ig,Y B,
igoT! W;{ — igSTAGZ1 is defined as usual. The effective operators in eq. (2.1) are found to be

5 Da hag 3)a 7 fhng
O =l HH (51, O = (075, (HHDMH), O = (T o b5 (HhDﬁH)
(2.3)
and their Wilson coefficients at the matching scale p,; ~ M = O(Mp) are

Cs (i) = VM YT, O () = —C) (ung) = Y, M2V (2.4)

>
where EL = Cf With C being charge-conjugate matrix, D, =

— <~
D, —D, and D! =
ol D, D ol WlthD , acting on the left, M} and Y, are respectively the mass and Yukawa
couphng matrlces of the right-handed neutrinos (which have been integrated out to con-
struct the SEFT).

In this work, we implement the background field method (BFM) [53] (see [54] for
more details and earlier references), dimensional regularization in d = 4 — 2¢ space-time
dimensions, and the modified minimal subtraction (MS) scheme. With the BFM, all fields
are split into a background field <$ and a quantum field ¢, namely, ¢ — ¢ + (E, and the
background and quantum gauge fields can be treated in different gauges. In Feynman
diagrams, the background fields appear as external legs or internal tree-level propagators
while the quantum fields as internal loop propagators. In the case with an unbroken gauge
symmetry, it is not necessary to split fermion and Higgs fields into background and quantum
fields since they are not involved in the gauge-fixing term with the gauge condition chosen
to be the same as that in refs. [53, 54] and hence background and quantum fields obey the
same Feynman rules. We choose the general R.-gauge for the quantum gauge fields and
the Feynman gauge for the background gauge fields.

The one-loop RGEs for renormalizable couplings in the SM and that for the Wilson
coefficient of the Weinberg operator have been already derived in the previous works [21-23,
55-58], and thus we will not repeatedly derive them here. Up to O (M ~2), dim-6 operators



do not contribute to the one-loop RGE for the Wilson coefficient of the Weinberg operator,
whereas the dim-5 and dim-6 operators may contribute to those for the SM renormalizable
couplings. Therefore, for completeness up to O (M _2), we need to take into account the
contributions from the dim-5 and dim-6 operators not only to one-loop RGEs for Wilson
coefficients of dim-6 operators but also to those for the SM couplings. The one-loop beta
functions for the Wilson coefficients of the dim-6 operators can be generally written as

dc® i
1674 dL :7ijcj(6)+7jkcj(5)cl£:5)> (2.5)

where 7;; denotes an element of the anomalous dimension matrix resulting from single inser-
tions of dim-6 operators, and 7}, stands for those induced by double insertions of the Wein-
berg operator. To find out those anomalous dimensions, one needs to first calculate a set of
one-particle-irreducible (1PI) diagrams and obtain the relevant wave-function renormaliza-
tion constants and counterterms. Fortunately, in the type-I SEFT, the higher-dimensional
operators in eq. (2.1) do not give additional contributions to the wave-function renormal-
izations of the SM fields. As a consequence, the SM results can be simply utilized for our
purpose. Only those of lepton and Higgs doublets are needed and they are found to be [59]

1

87y = ————— 2V, + €,67 + 36,43 |
? 4(47r)25( 1Y)+ 86191 5292)

_ 1 T T i 2 2
= = dtr (Y] + 37, Y +3vv]) - 8- €) g 3B -&)g3] , (26)

where §; and {, are gauge-fixing parameters for quantum gauge fields B, and W/f in the
R,-gauge, respectively. The cancellation of &é-dependence in the one-loop RGEs offers a
crosscheck of the final results.

Now we outline the strategy for the calculations of relevant counterterms. First, we
choose a set of 1PI diagrams generated by the tree-level Lagrangian of the type-1 SEFT
in eq. (2.1) and covering all classes of dim-6 operators in the Green’s basis [60, 61]. Then,
one calculates these diagrams to get all the counterterms for the dim-6 operators in the
Green’s basis and converts them into those in the Warsaw basis by using the equations
of motion (EOMs) of relevant fields. Finally, the anomalous dimensions can be extracted
from the resultant counterterms in the Warsaw basis.

The diagrams involving double insertions of the Weinberg operator are shown in figure 1
and others involving single insertions of the two dim-6 operators are not shown explicitly in
this work due to a large number of such kinds of diagrams. It is worthwhile to stress that
Diagram (e) in figure 1 and its eight crossed diagrams in total do not lead to any ultraviolet
(UV) divergences. The calculations of these Feynman diagrams are straightforward and
can be easily performed by making use of the Mathematica packages FeynRules [62, 63],
FeynArts [64] and FeynCalc [65, 66], together with FeynHelper [67] connecting FeynCalc to
Package-X [68, 69]. Therefore, we do not present all the details of loop calculations but
just list the final results of the counterterms in the Warsaw basis in appendix A. The 19
dim-6 operators (barring flavor structures and Hermitian conjugates) in the Warsaw basis
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Figure 1. Feynman diagrams induced by double insertions of the Weinberg operators, where the
grey-filled circles denote the effective vertices of the Weinberg operator. Diagrams (a)-(c) contribute
to the lepton-flavor-changing counterterms, whereas Diagrams (d) and (e) lead to the counterterms
blind to lepton flavors. For conciseness, the eight diagrams corresponding to crossed external legs
of Diagram (e) are not explicitly shown.
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Table 1. The dim-6 operators in the Warsaw basis needed to eliminate all UV divergences at the
one-loop level in the type-I SEFT. Moreover, the counterterms given by the 9 operators in the gray
shaded region acquire contributions from double insertions of the Weinberg operator in addition to
those from single insertions of the two tree-level dim-6 operators in the type-I SEFT.

needed to eliminate extra UV divergences at the one-loop level in the type-I SEFT are
listed in table 1.

As an illustrative example and also as a crosscheck, we explicitly calculate Diagram (d)
in figure 1 by hand. With the type-I SEFT Lagrangian given in eq. (2.1) and the Feynman
rules for the fermion-number-violating interactions [70, 71], one can easily write down the



amplitude corresponding to Diagram (d), i.e.,

. Ly dk afx ( _fa_eb | _fb ea 1. vaB( ed fc eccefd i
IM(d) — _i’u E/(Q ) tr[lc ( € +€' € )PL%IC% (6 € )PR}W

d .
9 (5ad5bc+5ac(5bd)tr(c50;r) M45/ d kd k (k+p1+p2)2
(2m)" k2 (k+py+py)

21 a c ac !

_ iMZE ad sbc ac sbd 2 t .
o (5 o436 ) (py +py)” tr (0505) +UV finite, (2.7)
(4m)e
where the minus sign and the factor 1/2 in the first line originate from the symmetric
fermion loop, p denotes an arbitrary parameter of mass-dimension one to keep the mass
dimensions of all the couplings (including the Wilson coefficients of higher-dimensional op-
erators) in d dimensions the same as those in four dimensions, a,b,---, f = 1,2 are weak
isospin indices, and € is the two-dimensional antisymmetric tensor. In the third line of
eq. (2.7), Ay (0) and By (p; + ps,0,0) stand for the Passarino-Veltman (PV) scalar inte-
grals [72, 73] and we have followed the notations in ref. [74]. Noticing the UV divergences
of the PV scalar integrals, i.e., (d—4)A, (0) = 0 and (d—4)B; (p; + py,0,0) = —2 [74], one
can easily achieve the final result in the last line of eq. (2.7). To eliminate the UV divergence
in eq. (2.7), one has to take account of the contributions from the relevant counterterms.
Only the four dim-6 operators in the H*D?-class in the Green’s basis may contribute,? i.e.,

Oy = (HtH)O(H'H) Oup = (H'D"H)" (H'D,H)

o= (H'H) (D"H)' (D,H) o= (HH) D (HHBMH> , (2.8)

where O and R denote independent operators in the Warsaw basis and redundant op-
erators in the Green’s basis, respectively. Then the following condition

o (6745%6%8%) (py o) er (COL ) =21 5% V24598 (01 ~p2)* 0

<4vr>
gy Po+ap 1) (086G 1y p+3°670 Gy p ) +il a1 Py +a27p) (07670 G g p 67675 Gl )
- (5ad5bc+5ac5bd) ((J1 +¢5—pi p2) 0GEp=0 (2.9)

with p; +py, = ¢; + ¢, and 0G being coefficients in the Green’s basis must be satisfied to
guarantee the cancellation of UV divergence. With the help of eq. (2.9), one arrives at

5Gyp = 6Gly —%tr (C5Cl) . 6Gyn = 6GHp =0, (2.10)
(4m)°e

2Note that the quartic term (HTH)2 in the SM does not contribute since its counterterm is independent
of external momenta.



Applying the EOMs of the Higgs doublet and with the help of egs. (2.8) and (2.10), one
achieves the final results in the Warsaw basis, namely,

2
m
A= ——tr(C.Cl) , 2.11
e (GC3) (2.11)
2\ 1 1
§Cy=——"tr(C.Cl), 6CHy=——-tr(C:Cl), 6Chp=——tr(C:Cl),
H (47r)25 1"( 5 5) HO 2(4#)25 1"( 5 5) HD (47T)2€ r( 5 5)
Y, Y -Y
6C.py=——>Lt tr(C.Cl), 6C,;=—2 tr(CCl), 6C,=—39 tr(C.C1),
eH 2(47r)2€ r( 5 5) ul 2(4F)2€T( 5 5) dH 2(47r)2€r( 5 5)

in which 6C refers to the coefficients in the Warsaw basis and the explicit forms of the
corresponding operators are shown in table 1. From the counterterms in eq. (2.11), it is
straightforward to extract the contributions from double insertions of the Weinberg opera-
tor as in Diagram (d) in figure 1 to the anomalous dimensions of relevant dim-6 operators.
Two comments on the results in eq. (2.11) are in order.

o Though the lepton-flavor-blind contributions from Diagram (d) in figure 1 have been
taken into account in ref. [37], it has not been mentioned that the non-vanishing
counterterm d\ could contribute to the one-loop RGE of the Higgs quartic coupling
A. Hence our explicit result given here is new.

o Even after considering different notations for the Higgs quartic coupling in ref. [37]
and in this work, our results in the last two lines of eq. (2.11) have an additional
factor of 1/2. We have crosschecked our results by manual calculations and by the
aforementioned Mathematica packages. In addition, one can also confirm our results
by calculating the Feynman diagram with four external Higgs legs and one external
gauge-boson leg (or two external gauge-boson legs).

Following the above procedure, one can calculate all relevant diagrams and then obtain
all the counterterms corresponding to both dim-6 operators in table 1 and the renormal-
izable couplings, which are collected in appendix A. Together with the one-loop RGEs for
the renormalizable couplings in the SM and that for the Wilson coefficient of the Wein-
berg operator [21-23, 55-58], the complete set of one-loop RGEs for the renormalizable
couplings and the Wilson coefficients of higher-dimensional operators in the type-I SEFT
can be found with the help of the counterterms in appendix A and the formulas in ref. [23].
The final results are summarized as below.

Renormalizable terms.

e The Yukawa couplings

v, [ 15, 9, 3
2 4V f (1), 0n(3)
1om gt = | — ot - BT DY, — 2m? (CHE+3C’H€)}Y;,
17, 9 3

16772ud—;: — g9 = 9 8+ T (YYT Ydyj)} Y,,

v, [ 5 3

2, MYa _ [ 5 82T S (yyt_yuyt

1or%u gt = | 9t~ 79 - 8gi T — 3 (v Yde)} Y, (2.12)

where T = tr (YZYZT +3Y, Y] + 3YdeT ) has been defined for later convenience.



e The gauge couplings

dg 41
1602 u—2 = —g43
dg 19
160°u—2 = ——gs
R 692
dg
167r2ﬂd—; = —7g3. (2.13)

e The Higgs quadratic and quartic couplings

dm? 3, 9
167r2uW = (—2g% - §g§ + 12X + 2T> m?, (2.14)
A 2 2 2\ , 3 (2, 2%, 34 2
1673 = 240 -3\ (67 +303) + 5 (+43) + 93 + 40T — 2tr {(YlYl )

2 2
+3 (voyf) "+ 3 (vayd) } + m2tr <2C5CT - fggchg + 80},25@1/*)
As can be seen from above, only the beta-functions for the charged-lepton Yukawa
coupling matrix ¥, and the Higgs quartic coupling A receive the contributions from the

Wilson coefficients of higher-dimensional operators. The result of the RGE of A in eq. (2.14)
is new and given in the complete form.

The Weinberg operator.
dC 3 T
1672 g2 = (<868 +ax+27) G - 3 {YZYJCS + s (1)) } . (21

Note that the one-loop RGE for (5 does not receive any contributions from double inser-
tions of the Weinberg operator itself or single insertions of dim-6 operators up to O (M _2).
Therefore, the one-loop RGE in eq. (2.15) remains unchanged when compared to that up
to O (M~1) in the type-I SEFT.

Dimension-six operators.

e HS% and H*D?

ac 1
16725 = 2t [2050*+ 591CH) - BOE) + i)+ sehviy, |
167 u‘ﬁzﬂ’ — —2tr <C50T + glchg +4C§I§YYT)
d
1679”551 = 4tr( AC5Cl 4 2 A 20%) - 4/\CS’2Y})QT> : (2.16)
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dC 3 1 5
IGWQMTZH 2 {40561;1/1 +tr <—2050g + gggcgg _QCSZYZYZT> y —I—CSZ
+ (20 -367) ClrYi +3 (20— g}) CS’%YZ} 7
d 4
167 gZH tr (—05(7; + —gg(]ﬁg — 4C§’2ylyl’f) Y,,
« Y2H?D
0(1) 3 5 1 , 1
1 1 5 X .
2 K‘W +90)) vyt + vy () + o)) |
dc® 7
Earraie 5 0
o et )
dCy, 1 1
ot~ bt cf) - i,
a9 "
2 2
16m g duq = _§gltr (CH£> 1,
ac® 9 ,
1674 duq = gggtr (C’f,ﬂ?) 1
dCy, 1
1672 =gt = —gater (Ch)) 1.
dC 4
2,2YHd _ = 2 (1)
167 P ggltr (C’HE)]L

VY'Y,

(2.17)

(2.18)

where the wave-function renormalizations for the lepton and Higgs doublets in

q. (2.6) are exploited to derive the RGEs of CJ(LIZ

and C’( ). Asis expected, the

gauge-fixing parameters &; and &, have been canceled out and thus do not appear in

the RGEs of C{;

and C}; (3)

- 10
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dc(?’)aﬁ’}’/\
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- (L) (RR)
dceP 2 o o
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(ot a o
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16724 i = 15”01&1; +2¢Y) (YdTYd)’M . (2.20)

Thus far, we have presented the complete set of one-loop RGEs in the type-1 SEFT.
Some remarks on the above results are helpful.

e Only one-loop RGEs for the Wilson coefficients of the 9 dim-6 operators shown in
the grey-shaded region in table 1 and those for the Higgs quartic coupling acquire
the contributions from double insertions of the unique dim-5 operator. Moreover,
these results are generic and thus valid not only for the type-I SEFT but also for the
SMEFT in general. For this reason, we separately list these results in appendix B.1.
Together with those given in refs. [24-27], they constitute the complete set of one-
loop RGEs for the Wilson coefficients of dim-6 operators in the SMEFT. Therefore
they can readily be incorporated into the codes solving the one-loop RGEs in the
SMEFT, such as DsixTools [38, 39], Wilson [40] and RGESolver [41].

(3)

e Single insertions of the two dim-6 operators, i.e., ng and Oy, contribute to all the
19 dim-6 operators in table 1, to the Higgs quartic coupling A, and to the charged-
lepton Yukawa coupling matrix Y;. These observations are perfectly consistent with
those in the latest versions of refs. [24-26] when the contributions from single inser-
tions of other dim-6 operators are switched off. In this sense, we have accomplished
a partial crosscheck of the previous results in the literature. It is worth pointing
out that there exists a more convenient operator basis [36] for the type-1 SEFT at
the tree level, namely, {(’)g},o(“} = {((’)g% H£> /2, ( e +O(3)> /2} with

{Cé,_g), Cg})} = {ng — C’g’g, ng + Cg’z}. At the matching scale piy, CJ(LM) () =
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Y, Mg ?Y,f/2 and C’S? (ttp;) = 0 hold. Therefore, only one effective operator Oge)
remains in this basis at the tree level. To convert all the above results into those
in this particular basis, one can substitute ng and C’Sg in egs. (2.12)-(2.20) for
(C'}{_) + C’g?) /2 and (—C'}{_Z) + C’l(,;;)) /2, respectively, and take C](LI—;) appearing on
the right-hand sides of those equations to be zero. Nevertheless, we retain the War-
saw basis with (’)gz and (’)g% throughout this work to compare our results with those
in previous works [12, 24-26, 37| and keep results in a slightly more general form,
which can be (partially) applied to other cases, such as the type-III SEFT.

e In the type-I SEFT, only 19 dim-6 operators can be generated via the RGEs at the
one-loop level, which should be compared with 31 dim-6 operators arising from the
one-loop matching [11]. The one-loop Wilson coefficients of those 19 dim-6 operators
at the matching scale [11] all contain divergent terms, which consist of both infrared
(IR) and UV divergences from the hard-momentum part of loop integrals in the UV
model. Those IR divergences are exactly the UV divergences (with a relative minus
sign) in the EFT [75, 76]. This is the reason why only the 19 dim-6 operators can be
induced by the one-loop RGEs.?

« As can be seen from appendix A, the counterterms of the dim-6 operators O, and
O,y do not exist in the type-I SEFT. Therefore, radiative decays of charged leptons
in the type-I SEFT, i.e, lg — [, +7 [for (o, B) = (e, u), (e, 7), (1, 7)], do not involve
any divergences, as all divergences are canceled out among themselves. This is indeed
the case since the one-loop Wilson coefficients of O,z and O,y are finite [11]. The
divergences in the contributions from active neutrinos turn out to be canceled with
each other even though the leptonic flavor mixing matrix is not unitary [77].

The above results have provided us with a self-consistent framework to examine the low-
energy phenomena of the type-I seesaw model up to the order of O(M~2) at the one-
loop level. Meanwhile, the one-loop RGEs in appendix B can be implemented for the
same purpose as for the type-II and type-III seesaw models. In the next section, we
shall focus on the type-I SEFT and derive the explicit forms of the one-loop RGEs for
the physical parameters involved in the charged- and neutral-current weak interactions of
leptons. Similar studies can be carried out also for the type-II and type-I111 SEFTs.

3 RG running of non-unitary parameters

The complete set of one-loop RGEs given in egs. (2.12)—(2.20) provide a link between the
low-energy observables and the parameters associated with the type-I seesaw model at the
matching scale. In general, it is necessary to take into account RG-running effects when

3There is an exception in the type-II SEFT, where the dim-6 operator @, can be induced by one-loop
RGEs as shown in eq. (B.10) but does not result from the one-loop matching. The reason is that the terms
proportional to (Cyp — 2Cy) are vanishing at the matching scale due to the tree-level matching condition
Cyp = 2Cyn. However, Cyp and Cyg obey different RGEs as shown in eq. (B.8). As a result, though
the running of Cy, 4 is determined by (Cyp — 2Cx0), Cruq Will obtain non-vanishing values below the
matching scale.
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one attempts to extract the UV model parameters from low-energy observables or begins
with the UV model to predict low-energy observables. Therefore, as an application of
one-loop RGEs, we are going to discuss the RG-running effects on the non-unitary leptonic
flavor mixing in this section. The upper bounds on the non-unitary parameters obtained
from low-energy observables will definitely be affected without considering the RG running.
Since we focus only on the observables related to the leptonic flavor mixing, the ordinary
parametrization of the non-unitary flavor mixing matrix will be adopted even above the
electroweak scale. Though the parameters in this parametrization are not observable at
high-energy scales, this specific parametrization can help us single out physical parameters
from relevant coupling matrices. Moreover, one can discuss the overall RG-running effects
on those physical parameters and examine their RG-running behaviors in an analytical way
with such a parametrization. Certainly, the RGE corrections to physical parameters can
also be studied in various interesting processes, such as the lepton-flavor-violating decays
of Z-gauge boson and the Higgs boson Z/H — IF + IF (with o # 8 = e, u, 7), the p-e
conversion in heavy nuclei and the cosmological baryon asymmetry via leptogenesis [78, 79],
which however are beyond the scope of the present work. In the following, we concentrate
on the non-unitary leptonic flavor mixing and show how to derive and employ the analytical
expressions of the one-loop RGEs for the relevant parameters.

3.1 The low-energy Lagrangian

As is well known, after the spontaneous gauge symmetry breaking, the dim-5 Weinberg
operator in eq. (2.1) accounts for tiny Majorana neutrino masses [8], while two dim-6
operators therein modify the weak interactions of leptons [9, 10]. More explicitly, in the
latter case, we have the extra contributions to the weak interactions, i.e.,

1o 1oy g 1oy _ —
Clhit™ Ol = — o™ (T v + T o) 2, (3.1)

(e} (7 g «
0(3) BOSI) b +720§)l) ? 2( aL’YWﬁLW + 1Y HvgL W, )

V2

9 3 — T
+27201(Ln)aﬂ”2 (VaLVHVﬁL - ZQLV”lﬁL) Zys (3.2)
Cw

where ¢y, = cos Oy has been defined with 65, being the Weinberg angle and v ~ 246 GeV
denotes the vacuum expectation value (vev) of the SM Higgs doublet H. As indicated
in egs. (3.1) and (3.2), (’)gl) changes the neutral-current interactions of leptons, whereas
Ogl) modifies both charged- and neutral-current interactions. Then the effective tree-level
Lagrangian relevant for lepton masses and leptonic weak interactions in the type-1 SEFT
becomes

. 1 .
EZSEFT == [laL (Ml)aﬁ lgr + §VQL (My)aﬁ vgr, + h.c.}
g ~ - 9o _
[\; laLfY (5045 - Uag) VﬁLW,u + hC:| + 72 zv VOCL’)/M (5aﬁ - T]laﬁ) V,BLZM

2 ~/
—ﬂlam [(1=25%) Gag + (7 = 20) 1] 1512, + Wswz m " ar 2, (3:3)
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where the charged-lepton mass matrix M, = Y;v/+/2 and the neutrino mass matrix M, =
—C5v?/2 are given in the first line, and the charged- and neutral-current interactions of
leptons are shown in the last two lines with sy, = sin fy, and

f=-C? i = (C(l) 0(3)) . (3.4)
Notice that the charged- and neutral-current interactions of leptons are not flavor-diagonal
anymore due to the presence of two dim-6 operators. After diagonalizing the lepton mass
matrices via UZTMZUZ’ = ]\71 = diag{m,,m,, m,} and UM, U: = M, = diag{m,, my, ms},
with m,, (for a = e, u, 7) and m,; (for i = 1,2, 3) being respectively the charged-lepton and
neutrino masses, one can introduce the 3 x 3 unitary matrix V' = UITUV, which is just the
leptonic flavor mixing matrix, i.e., the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) ma-
trix [80, 81], in the limit of vanishing Wilson coefficients of two dim-6 operators. For later
convenience, we further explicitly write V/ = P - U - Q, where P = diag{e'%, ¢! ¢l®r}
and Q = diag{e,e!?, 1} are two diagonal phase matrices and U is a unitary matrix
parametrized in the standard way [82]

—i8
C12€13 512€13 513€
_ i is
U = [ —s12¢93 — C12513593€ TC12Ce3 — $12513523€ €13523 | » (3.5)
is is
1512523 — C12513C93€ —C12823 — 512513C23¢€ C13C23
where s;; = sin6,; and ¢;; = cosf,; with 6,; for ij = 12,13,23 being three mixing angles,

while § and {p, o} are the Dirac-type and Majorana-type CP violating phases, respectively.
It should be noticed that the mixing angles {65, 0,5, 053} and CP-violating phases {p,o,d}
are not exactly the same as in the case of a unitary leptonic flavor mixing matrix, since
the flavor mixing matrix appearing in the charged-current interaction of leptons is not
unitary as will be shown shortly. But, for simplicity, we adopt the same notations for those
parameters as they coincide with the ordinary ones in the unitarity limit.

Converting into the mass basis of charged leptons and neutrinos, we can rewrite the
effective Lagrangian in eq. (3.3) as below

EZSEFT:<Z MZZR+ VLM VL+hC)

20 lL7 [(1 — 25%\,) +(n' - 277)} Lz, = 92 2 swipV'IRZ, , (3.6)

where the leptonic flavor mixing matrix in the charged-current interaction of leptons has
been defined as V = (1 — ) - U - @, and the coupling matrix N = (1 —1//2) - U - Q has
been introduced in the neutral-current interaction of neutrinos but the higher-order term
of O(|n'|?) should be neglected. In addition, we have also redefined the phases of the mass
eigenfields of charged-leptons to absorb the phase matrix P and the Hermitian matrices 7

— 14 —



and 7 are given by

e [, | et10n

Nee ne,u
Nep o e Mup ‘nm‘e—i_ww ’ (3.7)
’ne7—| e_i¢6T ’nMT

n= PUljUP =

e P,

e || €T | €TI0
n = PTUlTﬁ,UlP = 7]2# e %Pen 77;“ 7];“_’ etifur | | (3.8)
A e A

As in refs. [83, 84], the leptonic flavor mixing matrix V' is non-unitary and parametrized
in terms of the Hermitian matrix 7 and the mixing parameters in the unitary matrix U and
the phase matrix ). It is worth stressing that the neutrino charged- and neutral-current
interactions in the type-I SEFT are governed by the matrices V and N, respectively, whose
deviations from those in the SM are determined by 1 and 7’. However, in the scheme of
minimal unitarity violation (MUV) considered in ref. [83], the condition 7" = 27 valid only
at the matching scale, as implied by eqs. (2.4) and (3.4), is imposed such that both V' and
N depend only on 1. Moreover, as indicated in the last line of eq. (3.6), the flavor-changing-
neutral-current (FCNC) interaction of charged leptons disappears in this case. As one can
observe from eq. (3.6), this is not the case in general. Even if ' = 27 is assumed at some
energy scale, the running effects according to their RGEs governed by eq. (2.18) will break
such an identity.

3.2 Analytical results

Apart from the charged-lepton and neutrino masses, the physical parameters relevant for
low-energy phenomena are contained in the two Hermitian matrices  and 7/, the mixing
matrix U and the phase matrix . In this subsection, we start with the one-loop RGEs
in the type-I SEFT and derive the analytical expressions for the RGEs of the physical
parameters. Then, adopting the specific parametrizations of V', n and 7’ given in the
previous subsection, we further find out the RGE of each individual parameter.

However, one should notice that the non-vanishing values of Cp;, Cp, and C,p in-
duced by the RG running can affect the vev of Higgs field, the neutral-current interactions
of charged leptons and the charged-lepton masses, respectively. Those effects should be
included in eq. (3.6) for consistently studying the RG-running behaviors of all relevant phys-
ical parameters. Unfortunately, in this case, it is almost impossible to derive the analytical
expressions of the RGEs for most of the physical parameters and only numerical calcula-
tions can be carried out to examine their running behaviors. This will hinder us from a clear
understanding of non-unitary effects on the running of all physical parameters. In order to
illustrate the running behaviors of the relevant parameters analytically, we simply ignore
the non-vanishing values of C;, Cp, and C,p from the RG running, especially that of the
last one. Therefore, we only need to take into account the RGEs for Y}, Cs, C’gg and Cg),
from which the differential RGEs of all physical parameters can be derived. But one should
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keep in mind that a contribution of O [v?/ (1672M?)] from C};, Cyy, and C,j; to some phys-
ical parameters has been ignored. As one will see later, the differential RGEs for all lepton
mixing parameters under the standard parametrization of the PMNS matrix are obtained
as a by-product for the first time if all effects of the dim-6 operators are switched off.

According to the RGEs of Y} in eq. (2.12), Cj in eq. (2.15), Cgl) and C’}_}Q’l) in eq. (2.18),
as well as the definitions of n and 7’ in eqgs. (3.4), (3.7) and (3.8), one can find

l T m? / 7t
o+ (YlYl )—QUTUIP(W —4n) P'U/ | V7, (3.9)
k=a.k+C, {(YlY}T) k+K (YlYlT)T} , (3.10)
"'701/3 =1 (d)ﬁ - qaoz) 77045 +Z (U'lJ[[]l>OC,y 77’)/5 ei(qswid)a) +Z (UlTUl)'yB na’y ei((bﬁ_d)’y) (311)
Y Y
2 17 1
=D R0 UniUji + 505t (1) O — (395 - 2T) Mo 5 (v +93) (51as =31
Mg = 1(65—da) s+ (UITUz)M mgel(®r9a) 437 (U’TUl)ws n e (@m0) (319)
v v
3 3

RS () (- 0).
1

2 2 1 1
+5 (gg —9%> tr (1) dap + ggftr (1) b — 3 (1793 +9%) Nag + <g% +2T> Mg

where a, 3,7 = e, u, T are lepton flavor indices, C! = 3/2, C,, = —3/2 and a; = —(15/4) g?—
(9/4) g3+T, a,, = —3g3+4X+2 T have been defined, x = Cj is introduced for convenience,
and the notation X = 1672y (dX/dp) has been used for X =Y}, s, n and 7. In addition,
the charged-lepton Yukawa coupling matrix is diagonalized as UlTYlU | = diag{y.,, Ypus Yt =
}7}, while UJkU? = diag{ky, kg, K3} = R. Some helpful comments on egs. (3.9)—(3.12) are
in order.

e Although three phases {¢€’¢N7¢T} in the diagonal matrix P can be absorbed by
redefining the charged-lepton fields at a given energy scale and thus are unphysical,
they do appear in the RGEs of Y}, n and 7. The reason is simply that one has to
diagonalize the running matrices Y, and x at each energy scale to obtain the unitary
matrix V'’ and then specify the phases to be absorbed by the charged-lepton fields.
Therefore, the unphysical phases ¢, (for @ = e, u, 7) themselves are running with
respect to the energy scale. As we shall see soon, however, the RGEs of the physical
parameters in V', n and 1’ are independent of these unphysical phases.

o It should be noted that the RGEs in egs. (3.9)—(3.12) are reduced to the familiar ones
in the type-I SEFT with only the dim-5 operator when 7 and 7’ are set to zero. With
the contributions from 7 and 7/, the evolution of ¥; becomes qualitatively different.
Even if Y, is diagonalized at one energy scale, it turns out to be non-diagonal at
another. As a consequence, the running behaviors of the mixing parameters in V'’ =
U lT U, will be affected via the unitary matrix U, arising from the charged-lepton sector.
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e There are nine CP-violating phases in total, namely, {qﬁaﬂ, qﬁﬁw} for « = ep,er, ur
from n and 0’ and {p, 0,0} from V', and their evolution is entangled with each other.
Therefore, as long as CP violation exists in the UV model, even if one of the CP-
violating phases is vanishing at some energy scale, it will be radiatively generated
through other non-trivial phases. Certainly, when CP symmetry is preserved at the
high-energy scale, it remains to hold at low energies.

By means of egs. (3.9)—(3.12), one can derive the analytical expressions for the RGEs
of all physical parameters involved in the non-unitary lepton flavor mixing. As explained
in appendix C, we first follow the standard procedure of diagonalizing the matrices Y; and
r, and then extract the RGEs of their eigenvalues and the associated unitary matrices U,
and U,. The RGEs of the eigenvalues of ¥, and  are

. m2 ,
Jo = |y +Cly2 — ﬁ (1" —4n) 40| Yo s (3.13)
and
:‘.ﬂ)i = (Oén + 2CNReS”) /i,i ) (314)

with S = V/IY2V and V' = UlTU,,. The RGEs of two unitary mixing matrices U, and U,
are given in egs. (C.4) and (C.8). Consequently, the RGEs in egs. (3.9)-(3.12) have been
converted into those for the eigenvalues of Y, and  given in egs. (3.13) and (3.14), respec-
tively, and those for the unitary matrix V' and the Hermitian matrices {n, 7'}, namely,

V=3 (UZTU,)QB Vi+> VL, (Ule,)ji (3.15)
B J
m? C
_ 22 7 Yas (n' —4n) RICIR) Vii+ Z e L > [(n + K5 )S +2/<Z/£JSJ*Z} ,
B JF#i i R
m2
ﬁaﬁ = (d)ﬁ d)a) UrY: + Z 2— 02 ya'y (77 477)0[7 YR + Z 2 02 5 Y80y (77 47]) (316)
YF oF#p

.2 17 1
- Z“?UQUmUm + gggtr () 03+ <39§ +2T> Map 3 (yi +y§) (577a,e - 377;,3) ;
;

. m2 m2
Mg = 1(65—da) Mg+ St 52 Yoy (1 —dn) > 2 2 YseTog (' =41) 5 (3:17)
V# o#B

2 2 1
5 (8 -97) () bas + 50700 () 805 — 5 (1763 +97) 1o + (

v ) )
7

1
gg% +2 T) Nog

where (USU,),; = 0 (for i = 1,2,3) and Re[(UlTUl)aa] =0 (for a = e, u, 7) have been taken
into account, and terms involving Im[(U ZT U,)aa) have been discarded in each equation. For-
tunately, one can throw them away safely though Im[(UlTUl) ool 18 unknown at all. Because
the terms involving Im[(UlTUl)aa] in egs. (3.15)—(3.17) contribute to the beta function in
the form of X = iRX with R being real, they make contributions only to the unphysical
phases in the end and do not affect the results for any physical parameters.
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To derive the RGEs for all physical parameters involved in leptonic weak interactions,
we can substitute V! = P - U - Q with the previously specified parametrizations of the
matrices P, @ and U into eq. (3.15) and work out results for mixing angles and phases in
V' first. Then, with the help of the parameterizations shown in egs. (3.7) and (3.8), results
for the moduli and phases of elements in 7 and 7' can be easily achieved via egs. (3.16)
and (3.17). The calculational details and the final results can be found in appendix C.
Our results for three mixing angles and three CP-violating phases in egs. (C.18)—(C.23)
will be reduced to those in the case where all non-unitary effects are switched off and
the standard parametrization of the PMNS matrix is adopted. Although the analytical
expressions of the one-loop RGEs of leptonic flavor mixing parameters in the standard
parametrization [43—46] and those in the Fritzsch-Xing parametrization [47] have been
derived in the unitarity limit, the strong hierarchy among charged-lepton Yukawa couplings
Yr > Y., Y, has been implemented to derive approximate results. In this sense, as a by-
product, we have obtained for the first time the RGEs of the mixing parameters in the

standard parametrization without any approximations.

3.3 Numerical results

In the type-I SEFT, once the model parameters (i.e., Y,,, My and those already present in
the SM) are given at the matching scale, one can determine the Wilson coefficients of the
dim-5 and dim-6 operators and then solve the set of RGEs in egs. (2.12)—(2.15) together
with the first two in eq. (2.18) [or the RGEs in egs. (3.13), (3.14) and (C.18)—(C.33) instead
of those for Y;, Cy5 and Cl(qlf)] numerically to obtain the relevant physical parameters at
the electroweak scale. To examine the strength of running effects on relevant parameters

and look into their running behaviors, we consider the following two different scenarios.

e SEFT: this scenario refers to the type-I SEFT, in which the matching condition 1’ =
2n should be satisfied at the matching scale y, as implied by eq. (2.4). Instead of ar-
bitrarily choosing the model parameters at the matching scale, we first take their low-
energy values measured or constrained by experiments as initial conditions and solve
the RGEs numerically to estimate the values at the matching scale. Then, the values
of " and n are adjusted to fulfill the identity i’ = 21 at y,; whereas others are kept the
same or slightly modified. With all these properly chosen values at j,; as initial con-
ditions, we again solve the RGEs to obtain those at the low-energy scale. In this way,
the obtained values should automatically fall into the experimentally-allowed regions.

o EFT: in this scenario, we regard the effective Lagrangian in eq. (2.1) as a general
EFT, so the Wilson coefficients of the dim-5 and dim-6 operators are free parameters.
Given the same values of relevant parameters at the low-energy scale as in the previ-
ous scenario, we numerically solve the same set of RGEs and evaluate the values at
an arbitrary high-energy scale. Such an analysis will be instructive to see how much
the effective parameters depend on the energy scale, in particular for the underlying
UV model at a superhigh-energy scale.

With the above setup, we now specify the input values and explain the benchmark
values of some free parameters assumed for illustration. First of all, we choose a benchmark
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m,/MeV | 1.2504 |m,/MeV | 0.5239 | g, 0.3580 | N, /2 |1.25%1073
mg/MeV | 2.7176 | m,,/GeV | 0.1104 9o 0.6468 | 1, 1,,/2 |2.21x107*
m,/MeV | 54.120 | m_/GeV | 1.8748 7, 11525 | n, 7. /2 |2.81x1073
m,/GeV | 0.6299 | m,/eV | 0.05 A 0.1235 | |1, ImL,l/2 | 1.20x107°
m,/GeV | 2.8731 | my/eV | 0.05074 | m?/GeV? | —8672.61 | |n..|, [n.-|/2 | 1.35x 1073
m,/GeV | 173.075 | mg/eV | 0.07079| 64 1144 | 0., [ll/2 | 6.13x 1074
sinf{, | 0.2250 | sinf;, | 0.5505 ) 3.438 Deps Pep /3
sinfy; | 0.04182 | sinfy; | 0.7563 ) /6 Gery Dor /3
sinf}y |0.00369 | sinf; | 0.1484 /4 Dprs Bpr /3

Table 2. Summary of the input values of all the relevant parameters at the benchmark energy
scale 13 = 200 GeV. See the main text for further explanations.

value of the low-energy scale piz = 200 GeV and summarize the corresponding values of all
involved parameters at this energy scale in table 2. Some explanations for the input values

are necessary.

1. The quark and lepton Yukawa couplings, gauge couplings {g;, g9, 9.} and the Higgs
couplings {\, m?} are taken from ref. [85], where all these SM parameters are evalu-
ated in the MS scheme at the energy scale up = 200 GeV. The vev of the Higgs field
is given at the true vacuum v = /—=m?2/\ at ug. In our calculations, v is fixed as

a normalization constant for the parameters of mass-dimension one while m? and A
are subject to the RG running.

2. The quark flavor mixing angles {67,,075,63;} and the CP-violating phase §9 in the
Cabibbo-Kobayashi-Maskawa (CKM) matrix are taken from ref. [82]. The leptonic
flavor mixing angles {6,5, 6,3, 093}, the Dirac CP-violating phase ¢ and neutrino mass-
squared differences Am3; = m3—m? and Am3; = m3 —m? in the case of normal mass
ordering are quoted from the global-fit analysis of neutrino oscillation experiments
in NuFIT 5.2 [86]. For illustration, we assume the normal neutrino mass ordering
m,; < my < my and take the lightest neutrino mass to be m; = 0.05 eV. Since the
Majorana CP-violating phases {p,c} are completely unknown for the moment, we
simply set them to be p = 7/6 and o = /4.

3. The upper bounds on the non-unitary parameters in 1 from the global-fit analysis in
ref. [87] are chosen.? The parameters in 1’ at low energies are in principle different
from those in 7, but their magnitudes may be comparable. For simplicity, we take

4n ref. [87], the global constraints are obtained in the full theory, where both the charged- and neutral-
current interactions of leptons depend only on 1 because of the condition " = 2n. A similar issue exists
for those obtained in the MUV scheme [83, 84]. However, from the EFT perspective, the relation ' = 2n
holds only at the matching scale. The different RGEs of 7 and 7’ lead to the breaking of such a relation
at low energies, where the physical processes are implemented to constrain 7. Even so, we still adopt these
constraints as inputs for illustration.
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\77&/3] = 2|77aﬁ\ for a, 5 = e, pu, 7 at pp. Furthermore, as the CP-violating phases
{Bep> ber» Bpr } and { @, Gers @),r } are not constrained experimentally, we assume all

of them to be 7/3 just for an illustrative purpose.

Then, we take the matching scale in the SEFT scenario to be uy; = O(Mp) = 10* GeV
and O(Y,) ~ 1 in order that the absolute values of the matrix elements of n and 7’
could be sizable. This can be achieved in the case where some underlying symmetry
is introduced to guarantee reasonable values of neutrino masses, i.e., O(Y, My lyTp?) ~
0(0.1 eV) [88, 89]. With the initial values summarized in table 2, one can utilize the
RGEs of relevant parameters to obtain the ultimate values at py, = 10* GeV. As has
been mentioned before, these values are then adjusted to satisfy the matching condition
n' () = 2n(py;) and evolved from py; to the benchmark energy scale ppg via the RGEs.
In our calculations, the adjustment of the parameters at u,; exactly reproduces the values
at pup in table 2 except for that of 7/, which is now different from 27. In the EFT scenario,
through the same set of RGEs, all parameters with their initial values in table 2 are evolved
from pp = 200 GeV up to the cutoff scale 1y = 108 GeV. The final numerical results are
shown in figures 2-5. Some comments on the numerical results are as follows.

To quantify the running effects in both the SEFT and the general EFT scenarios, we
define the ratios RUs (1) = [11s(2) |~ 0yt ) 1/ 105 (i )| X 100% (for . 8 = e,n, ) and
the absolute differences AP(u) = P(u) — Py, ) (for P = gb&%, 05,0, p, o) with the initial
energy scale pu,;, = pyy or pp for the type-I SEFT or the general EFT. The evolution
of Rg)ﬁ(u) and AP(u) with respect to the energy scale p in the SEFT has been shown
in figure 2 and figure 3, respectively. Note that the corresponding results of the mixing
parameters in the “SM + O®)” scenario, which actually refers to the type-I SEFT with
only the dim-5 operator, have also been given in figure 3 for comparison. The running
behaviors of Rg)ﬁ (1) and AP(u) can be understood in an approximate and analytical way.
For the results in figure 2, we consider the beta functions in egs. (C.24)-(C.27) and take
account of the strong hierarchy among fermion Yukawa couplings, which can be neglected
except for the top-quark Yukawa coupling y, ~ 1. Furthermore, with the input values in

table 2 and the smallness of n() and 7’ ~ 2n, one can approximately get

2 ,tr(n 17
R, ~ At [395 () _ 593 +6y?} :

1 tr(n 1
R ~ At { (g7 +3) el , L (67 - 1763) + 6yf} :
3 Noa 6

ax

3
1
Lg ~ At [6 (g7 —1763) + GyE} (3.18)

with At = In (ug/py)/(1672) < 0. From the first two lines of eq. (3.18) together with the

input values, it is easy to see that R,S’L < Ré’e) < Rg < 0, which mainly arises from the

17
Roc,B ~ At <_g% + 6y?> ’

factor 15, (for v = e, p,7) and its initial value (i.e., 7, < e < 7,,). Moreover, we have

Ry — Roq ~ % [(g% +1763) — 2 (3 — o} t;(”)} , (3.19)
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from which one can observe R, < R,, (for @ = e,7) but R, > R, because of the
competition between those two terms in the square brackets on the right-hand side. On
the other hand, from the last two lines of eq. (3.18), one can conclude that R, (R5)
is roughly the same for a8 = eu,er, ur. In addition, one can easily see R;B — R,z ~
(g2 + 17g3)At/6 < 0. All these observations are well consistent with the numerical results
shown in figure 2. Similarly, with the help of egs. (C.28)—(C.33), we obtain

m2
2

NerMur

ep

3122
Seu + ZClQ y72'52382(p—0) Ata

A¢§2 ~ lss .

3.
A¢g72 ~ ZC121y72'83382(p—0)At7

26| ~ O (Inl, Ca'v2) 1At] ~ 1074 At], (3.20)

where the smallness of sin ;5 and |(j5'| > [(i3'| ~ |¢33'| are taken into account. As can
be seen from eq. (3.20), A, ~ A(;S;B (for aff = ep,er, ur) are valid, so they evolve in

a similar way. The last line of eq. (3.20) shows that A(;Sgl is highly suppressed. Noticing
that 89(p—0) < 0 for the chosen initial values of p and o, one can see that Ad)élf) < 0 and it

is enhanced by a factor of Cﬁl when compared to Agb,(g In the first line of eq. (3.20), the
two terms in square brackets on the right-hand side have opposite signs and the absolute
value of the first term is much larger due to |77eu|*1 > 1 than that of the second one, so

we have Aqbgz > |A¢£’T)| These evolving behaviors can be clearly observed from figure 2.
On the other hand, the above analysis and results manifested in figure 2 demonstrate that
the RG-running effects on non-unitary parameters can be quite large, and they may have
a significant impact on extracting the UV parameters from low-energy observables or on
predicting low-energy observables given the UV model.

It is worthwhile to point out that the non-unitary parameters can affect the running
of the mixing angles and CP-violating phases in a significant way. For comparison, we
plot the results with and without non-unitary parameters in figure 3 as red solid and blue
dashed lines, respectively. The running behaviors of the mixing angles and CP-violating
phases can be well understood by means of egs. (C.18)—-(C.23). Taking 6,5 for example,
with the help of eq. (C.19), we can get

2
m 3 -1 2 . .
A3 ~ —At 4? [Mer| CogCeris + §C23 Yr sin 2015 8in 20035, ;551540 (3.21)

where the first term in the square brackets comes from non-unitary effects. With our inputs
or outputs in the SEFT given in table 2, the two terms in the square brackets have opposite
signs and the absolute value of the first one is slightly larger than that of the second one.
Consequently, 6,5 runs in opposite directions in the “SM + O0®)” and SEFT scenarios.
However, such an observation largely depends on the inputs of CP-violating phases and
the initial values of |n,|.

Second, the running of non-unitary parameters and that of the mixing parameters
in a general EFT from pug = 200 GeV to pu, = 108 GeV have been shown in figure 4 and
figure 5, respectively. The initial inputs at ugy = 200 GeV are given in table. 2. The running
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behaviors of all these parameters can also be understood with the help of the approximate
results given in egs. (3.18)—(3.21) but now with At = In (1, /) /(1672) > 0. The analysis
is quite similar to that in the SEFT, but the cutoff scale is much higher, implying more
remarkable running effects.

Finally, we briefly mention the FCNC interaction of charged leptons. As can be seen
from eq. (3.6), the FCNC term of charged leptons is determined by 7' — 27, which is
vanishing at the matching scale p,; in the SEFT. However, the RG runnings of " and n
are slightly different, leading to a non-vanishing value of 1’ — 27 and non-trivial phases as
well. The running of absolute values and CP-violating phases of 1’ — 21 can be figured
out by solving the complete set of RGEs. Numerically, we find the absolute values of the
matrix elements of 7/ — 21 are about 10~ and their phases are not vanishing. This can
result in the FCNC processes and also CP violation in those processes.

4 Summary

In this paper, we derive the complete set of one-loop RGEs for all SM couplings and Wilson
coeflicients of operators up to dim-6 in the type-I SEFT, including the contributions from
both double insertions of the dim-5 operator and single insertions of dim-6 operators. We
find that there are 19 dim-6 operators in total, which can be generated by the RGEs at
the one-loop level in the type-I SEFT. Although the one-loop RGEs for dim-6 operators
have been considered in refs. [24-27, 36, 37|, we notice that the results therein are still not
complete and fully correct. The contributions from double insertions of the dim-5 operator
to the beta function of quartic Higgs coupling are not included, while a factor of 1/2 is
missing in the flavor conserving contributions from double insertions of the dim-5 operator
to the one-loop anomalous dimensions of the Wilson coefficients of Oy, Oyp, O, O,
O,x and O4. We confirm that the contributions of single insertions of dim-6 operators
are compatible with the results in the SMEFT [24-27]. Besides the one-loop RGEs of
type-I SEFT, we also present the complete one-loop RGEs for type-II and type-III SEFTs.

After spontaneous gauge symmetry breaking, two tree-level dim-6 operators in the
type-1 SEFT result in a non-unitary leptonic flavor mixing matrix appearing in the charged-
current interaction of leptons. In addition, the neutral-current interaction of neutrinos and
that of charged leptons are also modified by the Wilson coefficients of these two dim-6
operators. Concentrating on leptonic flavor mixing parameters and weak interactions of
leptons, we derive the explicit expressions of one-loop RGEs of non-unitary parameters
and leptonic mixing parameters. As a by-product, the RGEs of the mixing parameters in
the standard parametrization of a unitary leptonic mixing matrix are obtained for the first
time. Numerical solutions to the one-loop RGEs are provided in two specific scenarios.
We demonstrate that the non-unitary parameters may affect significantly the running of
leptonic flavor mixing parameters. In an approximate and analytical way, the running
behaviors of all these parameters can be understood. It should be emphasized that other
dim-6 operators may come into play at the one-loop level via the RGEs of the Wilson
coefficients. Although the numerical solutions to an enlarged set of one-loop RGEs are
always possible, it is difficult to solve the RGEs in an analytical way. In this sense, our

— 96 —



calculations provide an illustrative example for the impact of dim-6 operators on leptonic
flavor mixing and CP violation.

Together with the one-loop matching results at the seesaw scale M = O(My), the
one-loop RGEs obtained in this paper establish a self-consistent theoretical framework to
investigate low-energy phenomena of the type-I seesaw model up to the order O(M~2) at
the one-loop level. In the era of precision measurements, such a framework will be helpful
for testing the seesaw models and exploring the origin of neutrino masses.
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A Counterterms in the Warsaw basis

The counterterms in the Warsaw basis can be derived by applying the EOMs of relevant
fields to the results in the Green’s basis, which are obtained by calculating the selected
set of Feynman diagrams. An example for calculating the counterterms in the Green’s
basis has been given in section 2 in detail. Following similar procedures and making use
of the EOMs, one can achieve all the counterterms in the Warsaw basis needed to cancel
out one-loop UV divergences in the type-I SEFT, namely, those given in egs. (A.1)—(A.7).
Those counterterms together with that for the Weinberg operator and the SM counterterms
constitute the full counterterms in the type-I SEFT, but the SM ones are not explicitly
shown here. With those counterterms in egs. (A.1)-(A.7), one can derive the RGEs in
egs. (2.12)—(2.20) by means of the formulas in ref. [23].

Renormalizable terms.

e The charged lepton Yukawa coupling

1
Y, = — i o’ (Cin+3C) Y. (A1)
e The Higgs quartic coupling
1 1
S ——AmPtr (405(); 39303, +C}§’§YYT> (A.2)

Dimension-six operators.

e HS% and H*D?

1 1
Sy = ———tr {CSCH Lo c§3+(0§};+30§2)mfﬁ] ,
(4m)“e 12
1
(4m)e 3
5Cy = — <—2AC5CT + 32 8AC§,§Y,Y*) (A.3)
(4m)°e 3
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N ,¢,2H3

1 3 1 2 3 3 1
6Cepy = m {405(];3/1 +tr (—2056‘; + gggcj(qz? - 2CI(LIzYlYiT> Y+ Céu?YleTYz
(22 39%) ci+3 (22 - ) ciy]
1
ot = iz ( 050* 0122 20}?2%*) Y,
1
« 2H2D
1 _ 1 WY q13 (W) 4303 t
0Cy; = (4m)? J C5C5+ gitr (C ) 4(CH£+30H£>YIYZ
3
VY] (Cl4ach))+ ol (-2t +36-26)93) Ol
3 1 1 5 3
it - [t Lt (et (e

1
9 (30 o) + gt § ((3-260t-30426)8) O

__ L I2 (1) o
0Cpe = (@)% [3 gitr (CH€> Y O

m__ 1 1 (1)
5Cy) = o gter(Ch) L,
(3) _ ;1 2 ((3)
0C) = TRy g3t (Ci1,
L4 5 (A
0Chy, = % gditr (CHE)]la
6C g = LQ 2tr<C(1)) (A.5)
Hd — (47) 5991 .
(o) (i)
1 o 1 (6] (03
6C’aﬁ7>‘ _ { C’?VC’@‘* %57)‘032 ﬁ—fgg (2575052 /\_57/\01(52 ﬁ)
(47)2e 6
(1) A1 1 3)\ &8
L) 6( o)™ (e (i),
1 398, L ~(3)ar f
5( )ACHZ +5CH (YlYl >76 )
Wapyr _ 1 (1 5n mas | 1 1)as Pyt
0C4, B (4m)2e [18915 Che +2CH£ (Y“Yu Yde)*M 7
@apyr _ L [1 90y 3)as 1 (3)as t t
0Cy, = (47r)25[6926 Che —5Cm <YuYu +Y01Yd)M : (A.6)
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. (i) (RR)

afyA 1 _1 2 ey A ~(1)ap (Dap T

SO = s | g + Oy (v; Yl)w} :
apyy _ L2 90 (DaB  ~(D)aB (vt

0Cy, " = 471)25 _9915 Cre Chi (Yuyu)w\ )
afrxy _ LT 1o DaB | A(DaB (1t

0Cy, " = | 9910 Crp +Cpyy (Ydyd),y)l'

B Complete one-loop RGEs for the type-11 and type-II1 SEFTs

B.1

Renormalizable terms.

Generic contributions from the Weinberg operator

e The Higgs quartic coupling

Dimension-six operators.

e H% and H*D?

’l,szS

Y2H?D

. () (Tw)

dA
167?2,u@ = 2m*tr (C5Cg) .

dc
1671'2,u d/im = —tr (050;[) ,
dc
2 HD _ _ T
1672 = 1P = —2tr (csct)
dc
16772;4(17; = —r (C5C1) -
dc, 3
16772;4017”1{ = G0 —tr (cscl) v,
dc,
1671'2;1?1{ = —tr (C’5Cg) Y.,
dc
167'['2#?;/}] = —tr (0509;) Yd .
acy) 3
2 He 2 T
acs)
167 —22L = C5C
™[ du 5“5
dce/A 1 o e
1677%% = —5057055 :
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B.2 Contributions from dim-6 operators in the type-II SEFT

Renormalizable terms.

e The Yukawa couplings

dy;
16772#(]@[ = —m® (6C.y — 2Y;Cpp +YiCpp)
162%——260 —2Y,.C Y,.C
W'ud,u_ m( uH uHD+uHD)7
dy,
167r2ﬂd7d = —m? (6Cyy — 2Y4Cro + YaClyp) - (B.6)

e The Higgs quadratic and quartic couplings

p dm? 4
dX 5 1 1
167r2u@ = —2m? [12CH +2 <—16)\ + 393) Cyn+3 (4)\ + 59? - 295) Cup

+tr (3Cun Y] + 3Y,Cly +3C, ¥ +3Y,Cly + Co¥/ + chgHﬂ .

Dimension-six operators.
e HS% and H*D?

ac 9 1
16772#(751 - {108)\ -5 (9 +363) +6T] Cly +40A (393 4>\) Cro+ [48)2

1
+3 (A= Yo ) YaCly +3C Vi (\-vvd) +3 (A= v v vl

+ 6 (97— 93) - s (g7 +g§)2] Crp +4tr [3C, Y] (A= Y4Y])

+ChY) ()\ - YlYlT) + (A - YZYIT> YICJH] :
5

dC 1
16w2uTHD =4 [6A— (3g%+g%) +T} Cro+391Chp,
dC 9 5 20
16w2uﬁ = (12A+4T+2g§—6,g%) CHD+§g%cHD. (B.8)
. ’1/)2H3
dC 10
1625 — ANV Y=YV Y ) O

3
+[2avi 3 (-8 vy v o

3
+ [24)\— - (798 +993) +3T} Corr+2tr (3Ca Y +3C1 Yo+ CoprV ) Y,

11
+5Cen Y, Vit 5 VY] Cop
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dC, g

10
1672 G (4)\Yu+39§Yu6YuYJYH) Cun
379 o 1
+ |22, 43 (97 - 93) Yt VXY, | O
35 , 27
+[24A—<mg%+4g§+89§> +3T} c,
3
- QYdeT Coupr+2tr (3C:£Hyd +3C, 1Y +CZHY}) Y, +5C, 1YY,
11
+5YqucuH,
ac 10
1672 p—9 — (—4AYd+3g§Yd—6YdeYd) Cun
3
+ [2AYd+2 (g%— gg) Y+ Y YV Cyp
23 , 27
- [24/\— (mg%+4g§+893) +3T} Cop—2Y,Cl v, —
3
— VX Cap 20 (3Cun Y] +3Ch Yot Con V1) Ya+5Can VY,
11
~|—?YdeTC’dH.
« Y2H2D
o’ 11
16m2p—H = = (g2+YYT> (Cuo + Cup)
dﬂ 2 31 11 B HO HD
1
2 (gat+ ¥ ) (208 + ).
2l
dc®ed 1 /1 1
1672 p—11L :<92—YYT> C +2<g2—YYT)
d/«L 2\3 2 41 of HO 3 2 11
16x2, 80 _ (L vy} (oo
Fﬂdﬂ = 391+11 (Cuo+Cup)
«
oy 11
1672 d/j =5 (QQ% +Y, Y] - Yde> (Cun+Cyp)
«
dc(3)0¢/3 1 1
16m2u—29 = <92—YYT—YYT> Cyo s
d,U/ 2 3 2 u-u d d aﬁ HO
dcep? 2
1671 dﬁu = (QQ% _YJYu> B(CHD+CHD) ;
o
acep 1
167> dﬁd = <_99%+YdTYd) (Cao+Cup) ,
6%
aces
1674 dsz = (YJYd) ﬁ(chD —Chp)
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1= 2YaCly Vo= Can ViV,
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- (LL) (TL)
167r2udcjjVA = %(g a3) (Car?s., Cw’aaﬁ)jt Zat (CoPPPoa+ O 00)
+203 (CH 0,0+ Cif05, ) +693C5° 7" 3 (93— g1) €

%(YZYQ CP/B’Y)\ §<Y1YET> C«aﬂpA CamA (YlYlT)pg

1
B
+5Ci" (v ) ,
dCél)aﬂq//\ 9
1671'2;173'u = 759%5% (C’;ﬂpﬂ +20§2ﬁpp> ,
dCéS)aﬂvz\ 9
- (LL) (RR)
2 dcaﬁw\ afBpp appB apof3 afBop T
1672 — = 7915% (20577 + cip?) =2 (Cor? + 20577 ) (Y, (V) )W ,
dcoP 8
16724 éz _ 57)\ (20&6Pp+02pp5) :
dcer g
167@# - §g%57>\ (2577 + Cipe?) (B.12)

Note that the quartic coupling A in egs. (B.7)—(B.9) is the effective one at the tree level,
e.g, A = A —22% (1 +2m?/M3).

B.3 Contributions from dim-6 operators in the type-I1I1 SEFT

Renormalizable terms.

¢ The Yukawa couplings
dY, 1 3
16772ud—'ul = —2m? [ (Cly) +3C3)) i +3Cen | - (B.13)
o the Higgs quadratic and quartic couplings
dA 1
167@@ = —2m>2tr [40}3,2 (393 - YZYZT) +C. Y+ YZCCTH} . (B.14)

Dimension-six operators.

e H% and H*D?

ac
167%u =19 = —2ur [ C}U? C§§2+(C(”+3C§’g)yw}
2 dCpp 1) | 4cWyy!t
ac 1
16772qu = dtr [4Ac}2 (3g§—Y3Yﬁ> +Cor¥y (A-YY )+ (A -17) YZCEH} .
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167T2u§;H — 2|t (501 - 205V ) Vi CYITY; + (22 3 €
3
+3 (20— g}) iy + {24A -c (7g% +9g3) + 3T] C.y
11
+26r (Co V1) ¥y 4 5C V1Y, + 5 —yy'c.,
d
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C Explicit expressions for mixing parameters

In this appendix, we outline the strategy to diagonalize Y, and s and to derive the explicit
expressions of the RGEs of three mixing angles, three CP-violating phases, the moduli and
phases of the n and 7' elements. According to the RGE of Y] in eq. (3.9), by inserting
Y, = Ul}A/l Ul/Jr into the left-handed side of eq. (3.9), we have

2

.o~ B ~ . m
Uyt +u Y, U+ 00 = o+ C (YlYlT)—QﬁUlP(n’—éln) PIUf |y, (C.1)

Then multiplying U;r from left and U] }72 from right on both sides of eq. (C.1) and then
adding it to its Hermitian conjugate [90], one arrives at

UZTUIEQ_22UZTUl+2?l?l
) I 4 m’ / 1972 m? 5, / 1
=20Y"+207Y; —QUTP(H —4n) P'Y; —21)7}/113(77 —4n) P", (C.2)

where U;Ul = —UlTUl and UZ/TU[ = —UZ/TUZ’ from the unitarity conditions UZTUl =1 and
Ul/ f U, = 1 have been used. Taking the diagonal elements on both sides of eq. (C.2) leads
to the RGEs of the eigenvalues of Y}, namely,

2
. m
Yo = [O‘l +Clys -2 ) (1" —41) o0 | Vo s (C.3)

whereas the off-diagonal elements can be rewritten as
2
: . m (6 —
(U;Ul)aﬂ == (UZTUI)QB =—2 o2 Yap (n' — 4n) ¢l (#a=05) ; (C.4)

for a # B, where y,5 = (yg + yg)/(yg —y2) for a, B = e, pu, 7 have been defined. Notice
that UZTUZ is anti-Hermitian, so Re[(UlTUl)w] = 0 holds. However, no simple information

about Im[(UlTUl)aa] can be acquired. In the neutrino sector, we insert x = URU,! into the
left-hand side of eq. (3.10) and obtain [21-23, 47, 59|

. . . T
URUY +URUL +URUS = a,k+C, [(YIY,T) r+ ok (VY] } . (C.5)
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By multiplying U] from left and U} from right on both sides of eq. (C.5), we have [90]
f=oui+C, (VIVAVE+ RV + (0f0, ) 5 -7 (UfU,) . (C6)

where V' = UZTUV and UjU, = —U}U, due to the unitarity condition UjU, = 1 have been
used. Since k; are real and positive, the diagonal elements on the right-hand side of eq. (C.6)
should be so as well, leading to Im[(UJU,),;] = 0. Moreover, as UiU, is anti-Hermitian
with Re[(UIU,);] = 0, the diagonal elements of USU, are actually vanishing.

From the diagonal elements on both sides of eq. (C.6), one can immediately extract
the RGEs of eigenvalues of &, i.e.,

’%i = (O% + 2CnReSu> Ki, (07)
and the off-diagonal elements give rise to

(UjU,,)ij . (UJUV)ij _ Ii?clﬁng (K2 +52) Sy + 26,83 ] (C.8)
for i # j. Then, with the help of egs. (C.4) and (C.8), the RGEs in egs. (3.9)-(3.12) can be
utilized to derive the RGEs of eigenvalues of Y; and « in egs. (3.13) and (3.14), as well as
those of the unitary matrix V'’ and non-unitary parameters in n and n’. To get the RGEs
of the mixing parameters in V', we introduce 7 = V/'V/ and 7/ = Q - T - Qf, where the
latter is explicitly given by

T =QQ"+UU +UTPIPU. (C.9)

On the one hand, the matrix elements of 7 can be calculated by using eq. (3.15), i.e

Z Z 2 02 yaB U UBZ ( )aﬁ ’ (C.lO)

a B#a
Z Z 2 02 yaﬁ UQ)(M (UQ)B] (77 - 477)
a Bo
C, i
+sz K [(“ T hj )5 +2’{z’%]51]} ; (C.11)

where i = 1,2,3 in eq. (C.10) and ij = 12,13,23 in eq. (C.11) are implied. Via the
definitions of 7 and 7’ and the explicit expression of 77 in eq. (C.9), one can find

Th =T =ip+ Z (U1 (Ut + 00160 | (C.12)
Thy = Top = i6 + Z Uz (U + U264 | (C.13)
Ty = Tos = > [Uss (Uas + U300 | - (C.14)
Ty = 7oyl > [0 (T + V)] ©15)
Tly = Ti5e? = zaj (U1 (U + U304 | (C.16)
Thy = Tpsel” = %: (U2 (Uns + U364 - (C.17)
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By identifying the matrix elements in egs. (C.10) and (C.11) with the corresponding ones
in egs. (C.12)-(C.17) and solving them, one can obtain the RGEs for three mixing angles
and the Dirac phase in U, the Majorana phases in ), and the unphysical phases in P.
Then, with those results and egs. (3.16) and (3.17), the RGEs for the moduli and phases
of elements in n and 1’ under the parametrizations shown in egs. (3.7) and (3.8) can be
easily achieved. The exact analytical expressions of the one-loop RGEs for all leptonic
flavor mixing parameters can be found below.

Three lepton flavor mixing angles.
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where (;; = (k; — £;)/(k; + K;) for z'j = 12,13,23. In addition, we have writ-

ten {sme cost;;} as {s;;,c;;} for ij = 12,13,23, and likewise for the CP-violating

Z_]’ Z]7 Z_]
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phases {sin ¢, cos ¢, sin(¢ + ¢'),cos(p + ¢')} as {S‘P’C‘P’S<P+<p”cs0+<p’} for ¢, = p,0,0,
{sin ¢, 5,c08 ¢, 5, 81N ], 5, COS @, 5, 8I0(¢, 5 + ), cO8(¢,5 + 0),8In(P, 5 + 0), cos(dr, 5 + 0)} as
{8as) Caps S/aﬁ’ 0/0457 Safrsr Cafts: S;B+5, Claﬁ+5} for a8 = eu, er, ut.

Majorana and Dirac CP-violating phases.
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Moduli of 7 and 7’ elements.
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where we do not separately write out the result for each element for brevity but one can
simply substitute the expressions of elements of U to get the results for specific elements
of n and 7'.

Phases of 7 and 1’ elements.
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