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Abstract: In this paper, we derive the complete set of one-loop renormalization-group
equations (RGEs) for the operators up to dimension-six (dim-6) in the seesaw effective
field theories (SEFTs). Two kinds of contributions to those RGEs are identified, one from
double insertions of the dimension-five (dim-5) Weinberg operator and the other from single
insertions of the tree-level dim-6 operators in the SEFTs. A number of new results are
presented. First, as the dim-5 Weinberg operator is unique in the standard model effective
field theory (SMEFT), its contributions to the RGEs for the SEFTs are equally applicable
to the SMEFT. We find the full contributions from the Weinberg operator to one-loop
RGEs in the SMEFT, correcting the results existing in previous works, and confirm that
those from dim-6 operators are consistent with the results in the literature. Second, in the
type-I SEFT, we give the explicit expressions of the RGEs of all the physical parameters
involved in the charged- and neutral-current interactions of leptons. Third, the RGEs
are numerically solved to illustrate the running behaviors of the non-unitary parameters,
mixing angles and CP-violating phases in the non-unitary leptonic flavor mixing matrix.
Together with the one-loop matching results of the dim-5 and dim-6 operators and their
Wilson coefficients, the present work has established a self-consistent framework up to dim-6
to investigate low-energy phenomena of three types of seesaw models at the one-loop level.
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1 Introduction

As one of the simplest and most natural ways to account for tiny Majorana neutrino masses,
the type-I seesaw model extending the standard model (SM) with three right-handed neu-
trino singlets has been constantly attracting a lot of attention [1–5]. Moreover, the type-
I seesaw model has provided us with an elegant explanation for the matter-antimatter
asymmetry in our Universe via the leptogenesis mechanism [6]. Typically, the mass scale
M of three right-handed neutrinos is much larger than the electroweak scale ΛEW, i.e.,
M � ΛEW ∼ O

(
102) GeV, so one can integrate out right-handed neutrinos and construct

the low-energy effective field theory (EFT) of the type-I seesaw model with operators of
mass dimension higher than four, i.e., the so-called type-I seesaw effective field theory
(SEFT), and examine its low-energy phenomena. In this way, the large logarithms orig-
inating from the huge difference between the seesaw and electroweak scales in radiative
corrections can be easily and systematically resummed through the renormalization-group
equations (RGEs) in the EFT. Consequently, the precision studies of the type-I seesaw
model at low energies can be substantially simplified [7].

With the effective operators up to dimension-six (dim-6) or equivalently to the order
of O

(
M−2), the tree-level Lagrangian of the type-I SEFT via integrating out right-handed

neutrinos at the tree level has been known for a long time, which contains the unique
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dimension-five (dim-5) Weinberg operator [8] and two dim-6 operators O(1)
H` and O(3)

H` [9,
10]. After the spontaneous gauge symmetry breaking, the dim-5 Weinberg operator O(5)

generates Majorana neutrino masses, while the dim-6 operators O(1)
H` and O

(3)
H` modify the

couplings of neutrinos with weak gauge bosons and lead to the unitarity violation of the
leptonic flavor mixing matrix. Recently, the complete one-loop structure of the type-I
SEFT has been obtained by integrating out heavy right-handed neutrinos at the one-loop
level [11] (see also refs. [12–17]). One can find that in addition to the two dim-6 operators
at the tree level, there are other 29 dim-6 operators first appearing at the one-loop level.
These one-loop results at the matching scale, together with one-loop RGEs of the Wilson
coefficients of dim-5 and dim-6 operators, enable us to carry out full one-loop calculations
in the type-I SEFT at the electroweak scale and extract useful information about the
type-I seesaw model from low-energy measurements. However, to our best knowledge, the
complete set of one-loop RGEs for all the SM couplings and Wilson coefficients in the
type-I SEFT up to dim-6 are still lacking. Since the type-I SEFT is just a part of the
SM effective field theory (SMEFT) [18, 19] (see, e.g., ref. [20] for a recent review), one
can directly extract the one-loop RGEs in the type-I SEFT from those in the SMEFT.
The one-loop RGE for the Wilson coefficient of the Weinberg operator has been derived
in refs. [21–23], and the one-loop anomalous dimensions for the Wilson coefficients of the
dim-6 operators in the Warsaw basis in the SMEFT have been calculated in refs. [24–27].1
But only the contributions from single insertions of dim-6 operators are included in the
latter case. Though the contributions from double insertions of the dim-5 operator to the
one-loop RGEs for dim-6 operators have been partially considered in ref. [36] and then
revised in ref. [37], we find that these results are still neither complete nor fully correct.

In this work, we recalculate the contributions from both double insertions of the dim-5
operator and single insertions of dim-6 operators to the one-loop RGEs in the type-I SEFT
and give a set of complete and correct one-loop RGEs in type-I SEFT up to dim-6. Some
important observations from our calculations are summarized as follows.

• Double insertions of the dim-5 Weinberg operator contribute to the one-loop RGE
for the Higgs quartic coupling. Such a contribution is given here for the first time.

• The contributions from the double insertions of the dim-5 operator to the one-loop
anomalous dimensions of the Wilson coefficients of dim-6 operators OH�, OHD, OH ,
OeH , OuH and OdH found in refs. [12, 37] are corrected.

• The contributions from single insertions of dim-6 operators (i.e., O(1,3)
H` in the type-I

SEFT) are perfectly consistent with those obtained in the SMEFT [24–26]. This
provides a partial crosscheck of the results in refs. [24–26].

It is worth pointing out that the contributions from double insertions of the dim-5 operator
are exactly the same as those in the SMEFT, so they can be immediately incorporated for
completeness into the codes solving the one-loop RGEs in the SMEFT (e.g., DsixTools [38,

1The one-loop anomalous dimensions for the Wilson coefficients of dimension-seven and dimension-eight
operators in the SMEFT can be found in refs. [28–30] and refs. [31–35], respectively.
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39], Wilson [40] and RGESolver [41]). Therefore, they are applicable to all other EFTs
containing the Weinberg operator, such as the type-II and type-III SEFTs [14, 16, 42].
Based on these results and those in refs. [24–26], we also present the complete one-loop
RGEs up to dim-6 in the type-II and type-III SEFTs, which can be directly used to study
the one-loop renormalization-group (RG)-running effects in those types of SEFTs.

As a practical application of these one-loop RGEs, we take the type-I SEFT for example
and further derive the explicit expressions of the one-loop RGEs for the physical parameters
involved in the charged- and neutral-current interactions of leptons, like those done for the
type-I SEFT with only the Weinberg operator [43–48]. Since the leptonic flavor mixing
matrix V is non-unitary resulting from the two tree-level dim-6 operators in the type-I
SEFT, we adopt the conventional parametrization of the mixing matrix V ≡ (1− η) · V ′,
with the Hermitian matrix η characterizing the unitarity violation and V ′ being unitary,
and derive the RGEs of all the mixing parameters. A few interesting results are obtained.
First, we find that the charged-lepton Yukawa coupling matrix Yl, once diagonalized at
a given energy scale, does not keep diagonal anymore during RG running because of the
extra contributions from dim-6 operators to its RGE. Second, due to the impact of dim-6
operators on the running of Yl, we observe that the running behaviors of the mixing angles
in V ′ could be very different from those in the type-I SEFT with only the dim-5 Weinberg
operator. Third, the RGEs of the unitary parameters in V ′ and the non-unitary parameters
in η are entangled with each other, so even if the CP-violating phases in V ′ are vanishing
at some energy scale they can be generated radiatively from the non-trivial phases in η

or vice versa. A similar phenomenon among three CP-violating phases has been discussed
in refs. [49–52]. These results demonstrate that it is necessary to implement the one-loop
RGEs to link the physical parameters in the full theory (e.g., the parameters residing in
the Dirac neutrino Yukawa coupling matrix Yν and right-handed neutrino mass matrix MR
in the type-I seesaw model) to the effective parameters in the type-I SEFT, which have
received severe constraints from low-energy experimental measurements.

The remaining part of this paper is organized as follows. In section 2, we derive the
complete set of one-loop RGEs in the type-I SEFT and make some comments on the general
features of these RGEs. The explicit expressions of the RGEs of the physical parameters
involved in the charged- and neutral-current interactions of leptons are given in section 3,
where the RGEs of the mixing angles and CP-violating phases in the adopted parametriza-
tion of the leptonic flavor mixing matrix are analytically derived and numerically solved.
The main conclusions are summarized in section 4. Some details are given in a series of ap-
pendices. The contributions from tree-level dim-5 and dim-6 operators in the type-I SEFT
to the counterterms for the SM couplings and the Wilson coefficients of dim-6 operators
in the Warsaw basis are given in appendix A. The complete one-loop RGEs for the Wilson
coefficients of dim-6 operators in the type-II and type-III SEFTs are shown in appendix B.
For completeness, the lengthy analytical expressions of the RGEs of the mixing parameters
are collected in appendix C.
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2 Derivation of one-loop RGEs

To derive the one-loop RGEs in the type-I SEFT, we need only the effective Lagrangian
from the tree-level matching of the type-I seesaw model [9, 10], i.e.,

LSEFT = LSM + 1
2
(
Cαβ5 O

(5)
αβ + h.c.

)
+ C

(1)αβ
H` O(1)αβ

H` + C
(3)αβ
H` O(3)αβ

H` , (2.1)

where α and β refer to three flavors of fermions in the SM and the summations over
repeated flavor indices are implied. The SM Lagrangian LSM is given by

LSM = −1
4G

A
µνG

Aµν−1
4W

I
µνW

Iµν−1
4BµνB

µν+
(
DµH

)†
(DµH)−m2H†H−λ

(
H†H

)2

+
∑
f

f i /Df−
[
QαL(Yu)αβH̃UβR+QαL(Yd)αβHDβR+`αL(Yl)αβHEβR+h.c.

]
, (2.2)

where the gauge-fixing and Faddeev-Popov ghost terms stemming from the standard pro-
cedure of quantization are suppressed, and the covariant derivative Dµ ≡ ∂µ − ig1Y Bµ −
ig2T

IW I
µ− igsTAGAµ is defined as usual. The effective operators in eq. (2.1) are found to be

O(5)
αβ=`αLH̃H̃

T`cβL, O
(1)αβ
H` =

(
`αLγ

µ`βL

)(
H†i
↔
DµH

)
, O(3)αβ

H` =
(
`αLγ

µσI`βL

)(
H†i
↔
DI
µH

)
(2.3)

and their Wilson coefficients at the matching scale µM ∼M ≡ O(MR) are

C5 (µM) = YνM
−1
R Y T

ν , C
(1)
H` (µM) = −C(3)

H` (µM) = 1
4YνM

−2
R Y †ν , (2.4)

where `cL ≡ C`L
T with C being charge-conjugate matrix,

↔
Dµ ≡ Dµ −

←
Dµ and

↔
DI
µ ≡

σIDµ−
←
Dµσ

I with
←
Dµ acting on the left, MR and Yν are respectively the mass and Yukawa

coupling matrices of the right-handed neutrinos (which have been integrated out to con-
struct the SEFT).

In this work, we implement the background field method (BFM) [53] (see [54] for
more details and earlier references), dimensional regularization in d = 4 − 2ε space-time
dimensions, and the modified minimal subtraction (MS) scheme. With the BFM, all fields
are split into a background field φ̂ and a quantum field φ, namely, φ → φ + φ̂, and the
background and quantum gauge fields can be treated in different gauges. In Feynman
diagrams, the background fields appear as external legs or internal tree-level propagators
while the quantum fields as internal loop propagators. In the case with an unbroken gauge
symmetry, it is not necessary to split fermion and Higgs fields into background and quantum
fields since they are not involved in the gauge-fixing term with the gauge condition chosen
to be the same as that in refs. [53, 54] and hence background and quantum fields obey the
same Feynman rules. We choose the general Rξ-gauge for the quantum gauge fields and
the Feynman gauge for the background gauge fields.

The one-loop RGEs for renormalizable couplings in the SM and that for the Wilson
coefficient of the Weinberg operator have been already derived in the previous works [21–23,
55–58], and thus we will not repeatedly derive them here. Up to O

(
M−2), dim-6 operators
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do not contribute to the one-loop RGE for the Wilson coefficient of the Weinberg operator,
whereas the dim-5 and dim-6 operators may contribute to those for the SM renormalizable
couplings. Therefore, for completeness up to O

(
M−2), we need to take into account the

contributions from the dim-5 and dim-6 operators not only to one-loop RGEs for Wilson
coefficients of dim-6 operators but also to those for the SM couplings. The one-loop beta
functions for the Wilson coefficients of the dim-6 operators can be generally written as

16π2µ
dC(6)

i

dµ = γijC
(6)
j + γ̂ijkC

(5)
j C

(5)
k , (2.5)

where γij denotes an element of the anomalous dimension matrix resulting from single inser-
tions of dim-6 operators, and γ̂ijk stands for those induced by double insertions of the Wein-
berg operator. To find out those anomalous dimensions, one needs to first calculate a set of
one-particle-irreducible (1PI) diagrams and obtain the relevant wave-function renormaliza-
tion constants and counterterms. Fortunately, in the type-I SEFT, the higher-dimensional
operators in eq. (2.1) do not give additional contributions to the wave-function renormal-
izations of the SM fields. As a consequence, the SM results can be simply utilized for our
purpose. Only those of lepton and Higgs doublets are needed and they are found to be [59]

δZ` = − 1
4 (4π)2 ε

(
2YlY

†
l + ξ1g

2
1 + 3ξ2g

2
2

)
,

δZH = − 1
4 (4π)2 ε

[
4tr

(
YlY

†
l + 3YuY

†
u + 3YdY

†
d

)
− (3− ξ1) g2

1 − 3 (3− ξ2) g2
2

]
, (2.6)

where ξ1 and ξ2 are gauge-fixing parameters for quantum gauge fields Bµ and W I
µ in the

Rξ-gauge, respectively. The cancellation of ξ-dependence in the one-loop RGEs offers a
crosscheck of the final results.

Now we outline the strategy for the calculations of relevant counterterms. First, we
choose a set of 1PI diagrams generated by the tree-level Lagrangian of the type-I SEFT
in eq. (2.1) and covering all classes of dim-6 operators in the Green’s basis [60, 61]. Then,
one calculates these diagrams to get all the counterterms for the dim-6 operators in the
Green’s basis and converts them into those in the Warsaw basis by using the equations
of motion (EOMs) of relevant fields. Finally, the anomalous dimensions can be extracted
from the resultant counterterms in the Warsaw basis.

The diagrams involving double insertions of the Weinberg operator are shown in figure 1
and others involving single insertions of the two dim-6 operators are not shown explicitly in
this work due to a large number of such kinds of diagrams. It is worthwhile to stress that
Diagram (e) in figure 1 and its eight crossed diagrams in total do not lead to any ultraviolet
(UV) divergences. The calculations of these Feynman diagrams are straightforward and
can be easily performed by making use of the Mathematica packages FeynRules [62, 63],
FeynArts [64] and FeynCalc [65, 66], together with FeynHelper [67] connecting FeynCalc to
Package-X [68, 69]. Therefore, we do not present all the details of loop calculations but
just list the final results of the counterterms in the Warsaw basis in appendix A. The 19
dim-6 operators (barring flavor structures and Hermitian conjugates) in the Warsaw basis
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H
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H
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H

(b)

E

H

H

ℓ

H

ℓ

H

ℓ

(c)

H

H

H

H
ℓ

ℓ

(d)

H

H

H

H

H

H

E

ℓ ℓ

ℓ

(e)

Figure 1. Feynman diagrams induced by double insertions of the Weinberg operators, where the
grey-filled circles denote the effective vertices of the Weinberg operator. Diagrams (a)-(c) contribute
to the lepton-flavor-changing counterterms, whereas Diagrams (d) and (e) lead to the counterterms
blind to lepton flavors. For conciseness, the eight diagrams corresponding to crossed external legs
of Diagram (e) are not explicitly shown.

H6 and H4D2 ψ2H3 (LL)(LL)

OH
(
H†H

)3
OαβeH

(
`αLHEβR

) (
H†H

)
Oαβγλ``

(
`αLγ

µ`βL

) (
`γLγµ`λL

)
OH�

(
H†H

)
�
(
H†H

)
OαβuH

(
QαLH̃UβR

) (
H†H

)
O(1)αβγλ
`q

(
`αLγ

µ`βL

) (
QγLγµQλL

)
OHD

(
H†DµH

)∗ (
H†DµH

)
OαβdH

(
QαLHDβR

) (
H†H

)
O(3)αβγλ
`q

(
`αLγ

µσI`βL

) (
QγLγµσ

IQλL

)
ψ2H2D (LL)(RR)

O(1)αβ
H`

(
`αLγ

µ`βL

)(
H†i
↔
DµH

)
O(3)αβ
Hq

(
QαLγ

µσIQβL

)(
H†i
↔
DI
µH

)
Oαβγλ`e

(
`αLγ

µ`βL

) (
EγRγµEλR

)
O(3)αβ
H`

(
`αLγ

µσI`βL

)(
H†i
↔
DI
µH

)
OαβHu

(
UαRγ

µUβR

)(
H†i
↔
DµH

)
Oαβγλ`u

(
`αLγ

µ`βL

) (
UγRγµUλR

)
OαβHe

(
EαRγ

µEβR

)(
H†i
↔
DµH

)
OαβHd

(
DαRγ

µDβR

)(
H†i
↔
DµH

)
Oαβγλ`d

(
`αLγ

µ`βL

) (
DγRγµDλR

)
O(1)αβ
Hq

(
QαLγ

µQβL

)(
H†i
↔
DµH

)

Table 1. The dim-6 operators in the Warsaw basis needed to eliminate all UV divergences at the
one-loop level in the type-I SEFT. Moreover, the counterterms given by the 9 operators in the gray
shaded region acquire contributions from double insertions of the Weinberg operator in addition to
those from single insertions of the two tree-level dim-6 operators in the type-I SEFT.

needed to eliminate extra UV divergences at the one-loop level in the type-I SEFT are
listed in table 1.

As an illustrative example and also as a crosscheck, we explicitly calculate Diagram (d)
in figure 1 by hand. With the type-I SEFT Lagrangian given in eq. (2.1) and the Feynman
rules for the fermion-number-violating interactions [70, 71], one can easily write down the
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amplitude corresponding to Diagram (d), i.e.,

iM(d) = −1
2µ

4ε
∫ ddk

(2π)d
tr
[
iCαβ∗5

(
εfaεeb+εfbεea

)
PL

i
/k

iCαβ5

(
εedεfc+εecεfd

)
PR

i
/k+/p1+/p2

]

= −2
(
δadδbc+δacδbd

)
tr
(
C5C

†
5

)
µ4ε

∫ ddk
(2π)d

k ·(k+p1+p2)
k2(k+p1+p2)2

= − 2iµ2ε

(4π)2

(
δadδbc+δacδbd

)
tr
(
C5C

†
5

)[
A0(0)− 1

2 (p1+p2)2B0(p1+p2,0,0)
]

= iµ2ε

(4π)2ε

(
δadδbc+δacδbd

)
(p1+p2)2tr

(
C5C

†
5

)
+UV finite, (2.7)

where the minus sign and the factor 1/2 in the first line originate from the symmetric
fermion loop, µ denotes an arbitrary parameter of mass-dimension one to keep the mass
dimensions of all the couplings (including the Wilson coefficients of higher-dimensional op-
erators) in d dimensions the same as those in four dimensions, a, b, · · · , f = 1, 2 are weak
isospin indices, and ε is the two-dimensional antisymmetric tensor. In the third line of
eq. (2.7), A0 (0) and B0 (p1 + p2, 0, 0) stand for the Passarino-Veltman (PV) scalar inte-
grals [72, 73] and we have followed the notations in ref. [74]. Noticing the UV divergences
of the PV scalar integrals, i.e., (d−4)A0 (0) = 0 and (d−4)B0 (p1 + p2, 0, 0) = −2 [74], one
can easily achieve the final result in the last line of eq. (2.7). To eliminate the UV divergence
in eq. (2.7), one has to take account of the contributions from the relevant counterterms.
Only the four dim-6 operators in the H4D2-class in the Green’s basis may contribute,2 i.e.,

OH� =
(
H†H

)
�
(
H†H

)
, OHD =

(
H†DµH

)∗ (
H†DµH

)
,

R′HD =
(
H†H

)
(DµH)†

(
DµH

)
, R′′HD =

(
H†H

)
Dµ

(
H†i
↔
DµH

)
, (2.8)

where O...... and R...... denote independent operators in the Warsaw basis and redundant op-
erators in the Green’s basis, respectively. Then the following condition

i
(4π)2ε

(
δadδbc+δacδbd

)
(p1+p2)2tr

(
C5C

†
5

)
−2i

[
δacδbd(q1−p1)2+δadδbc(q1−p2)2

]
δGH�

+i(q1·p2+q2·p1)
(
δacδbdδGHD+δadδbcδG′HD

)
+i(q1·p1+q2·p2)

(
δadδbcδGHD+δacδbdδG′HD

)
−
(
δadδbc+δacδbd

)(
q2

1+q2
2−p2

1−p2
2

)
δG′′HD=0 (2.9)

with p1 + p2 = q1 + q2 and δG...... being coefficients in the Green’s basis must be satisfied to
guarantee the cancellation of UV divergence. With the help of eq. (2.9), one arrives at

δGHD = δG′HD = − 1
(4π)2 ε

tr
(
C5C

†
5

)
, δGH� = δG′′HD = 0 . (2.10)

2Note that the quartic term
(
H†H

)2 in the SM does not contribute since its counterterm is independent
of external momenta.
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Applying the EOMs of the Higgs doublet and with the help of eqs. (2.8) and (2.10), one
achieves the final results in the Warsaw basis, namely,

δλ= m2

(4π)2 ε
tr
(
C5C

†
5

)
, (2.11)

δCH =− 2λ
(4π)2 ε

tr
(
C5C

†
5

)
, δCH� =− 1

2(4π)2 ε
tr
(
C5C

†
5

)
, δCHD =− 1

(4π)2 ε
tr
(
C5C

†
5

)
,

δCeH = −Yl
2(4π)2 ε

tr
(
C5C

†
5

)
, δCuH = −Yu

2(4π)2 ε
tr
(
C5C

†
5

)
, δCdH = −Yd

2(4π)2 ε
tr
(
C5C

†
5

)
,

in which δC... refers to the coefficients in the Warsaw basis and the explicit forms of the
corresponding operators are shown in table 1. From the counterterms in eq. (2.11), it is
straightforward to extract the contributions from double insertions of the Weinberg opera-
tor as in Diagram (d) in figure 1 to the anomalous dimensions of relevant dim-6 operators.
Two comments on the results in eq. (2.11) are in order.

• Though the lepton-flavor-blind contributions from Diagram (d) in figure 1 have been
taken into account in ref. [37], it has not been mentioned that the non-vanishing
counterterm δλ could contribute to the one-loop RGE of the Higgs quartic coupling
λ. Hence our explicit result given here is new.

• Even after considering different notations for the Higgs quartic coupling in ref. [37]
and in this work, our results in the last two lines of eq. (2.11) have an additional
factor of 1/2. We have crosschecked our results by manual calculations and by the
aforementioned Mathematica packages. In addition, one can also confirm our results
by calculating the Feynman diagram with four external Higgs legs and one external
gauge-boson leg (or two external gauge-boson legs).

Following the above procedure, one can calculate all relevant diagrams and then obtain
all the counterterms corresponding to both dim-6 operators in table 1 and the renormal-
izable couplings, which are collected in appendix A. Together with the one-loop RGEs for
the renormalizable couplings in the SM and that for the Wilson coefficient of the Wein-
berg operator [21–23, 55–58], the complete set of one-loop RGEs for the renormalizable
couplings and the Wilson coefficients of higher-dimensional operators in the type-I SEFT
can be found with the help of the counterterms in appendix A and the formulas in ref. [23].
The final results are summarized as below.

Renormalizable terms.

• The Yukawa couplings

16π2µ
dYl
dµ =

[
−15

4 g
2
1 −

9
4g

2
2 + T + 3

2YlY
†
l − 2m2

(
C

(1)
H` + 3C(3)

H`

)]
Yl ,

16π2µ
dYu
dµ =

[
−17

12g
2
1 −

9
4g

2
2 − 8g2

s + T + 3
2
(
YuY

†
u − YdY

†
d

)]
Yu ,

16π2µ
dYd
dµ =

[
− 5

12g
2
1 −

9
4g

2
2 − 8g2

s + T − 3
2
(
YuY

†
u − YdY

†
d

)]
Yd , (2.12)

where T ≡ tr
(
YlY

†
l + 3YuY

†
u + 3YdY

†
d

)
has been defined for later convenience.
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• The gauge couplings

16π2µ
dg1
dµ = 41

6 g
3
1 ,

16π2µ
dg2
dµ = −19

6 g
3
2 ,

16π2µ
dgs
dµ = −7g3

s . (2.13)

• The Higgs quadratic and quartic couplings

16π2µ
dm2

dµ =
(
−3

2g
2
1 −

9
2g

2
2 + 12λ+ 2T

)
m2 , (2.14)

16π2µ
dλ
dµ = 24λ2 − 3λ

(
g2

1 + 3g2
2

)
+ 3

8
(
g2

1 + g2
2

)2
+ 3

4g
4
2 + 4λT − 2tr

[(
YlY

†
l

)2

+3
(
YuY

†
u

)2
+ 3

(
YdY

†
d

)2
]

+m2tr
(

2C5C
†
5 −

8
3g

2
2C

(3)
H` + 8C(3)

H`YlY
†
l

)
.

As can be seen from above, only the beta-functions for the charged-lepton Yukawa
coupling matrix Yl and the Higgs quartic coupling λ receive the contributions from the
Wilson coefficients of higher-dimensional operators. The result of the RGE of λ in eq. (2.14)
is new and given in the complete form.

The Weinberg operator.

16π2µ
dC5
dµ =

(
−3g2

2 + 4λ+ 2T
)
C5 −

3
2

[
YlY

†
l C5 + C5

(
YlY

†
l

)T
]
. (2.15)

Note that the one-loop RGE for C5 does not receive any contributions from double inser-
tions of the Weinberg operator itself or single insertions of dim-6 operators up to O

(
M−2).

Therefore, the one-loop RGE in eq. (2.15) remains unchanged when compared to that up
to O

(
M−1) in the type-I SEFT.

Dimension-six operators.

• H6 and H4D2

16π2µ
dCH�

dµ = −2 tr
[1

2C5C
†
5 + 1

3g
2
1C

(1)
H` − g

2
2C

(3)
H` + (C(1)

H` + 3C(3)
H`)YlY

†
l

]
,

16π2µ
dCHD

dµ = −2 tr
(
C5C

†
5 + 4

3g
2
1C

(1)
H` + 4C(1)

H`YlY
†
l

)
,

16π2µ
dCH
dµ = 4 tr

(
−λC5C

†
5 + 4

3λg
2
2C

(3)
H` − 4λC(3)

H`YlY
†
l

)
. (2.16)
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• ψ2H3

16π2µ
dCeH

dµ = 2
[3

4C5C
†
5Yl+tr

(
−1

2C5C
†
5 + 2

3g
2
2C

(3)
H`−2C(3)

H`YlY
†
l

)
Yl+C

(1)
H`YlY

†
l Yl

+
(
2λ−3g2

1

)
C

(1)
H`Yl+3

(
2λ−g2

1

)
C

(3)
H`Yl

]
,

16π2µ
dCuH

dµ = tr
(
−C5C

†
5 + 4

3g
2
2C

(3)
H`−4C(3)

H`YlY
†
l

)
Yu ,

16π2µ
dCdH

dµ = tr
(
−C5C

†
5 + 4

3g
2
2C

(3)
H`−4C(3)

H`YlY
†
l

)
Yd . (2.17)

• ψ2H2D

16π2µ
dC(1)

H`

dµ = −3
2C5C

†
5 + 2

3g
2
1tr
(
C

(1)
H`

)
1 +

(1
3g

2
1 + 2T

)
C

(1)
H`

+1
2
[(

4C(1)
H` + 9C(3)

H`

)
YlY

†
l + YlY

†
l

(
4C(1)

H` + 9C(3)
H`

)]
,

16π2µ
dC(3)

H`

dµ = C5C
†
5 + 2

3g
2
2tr
(
C

(3)
H`

)
1 +

(
−17

3 g
2
2 + 2T

)
C

(3)
H`

+1
2
[(

3C(1)
H` + 2C(3)

H`

)
YlY

†
l + YlY

†
l

(
3C(1)

H` + 2C(3)
H`

)]
,

16π2µ
dCHe

dµ = 4
3g

2
1tr
(
C

(1)
H`

)
1− 2Y †l C

(1)
H`Yl ,

16π2µ
dC(1)

Hq

dµ = −2
9g

2
1tr
(
C

(1)
H`

)
1 ,

16π2µ
dC(3)

Hq

dµ = 2
3g

2
2tr
(
C

(3)
H`

)
1 ,

16π2µ
dCHu

dµ = −8
9g

2
1tr
(
C

(1)
H`

)
1 ,

16π2µ
dCHd

dµ = 4
9g

2
1tr
(
C

(1)
H`

)
1 , (2.18)

where the wave-function renormalizations for the lepton and Higgs doublets in
eq. (2.6) are exploited to derive the RGEs of C(1)

H` and C
(3)
H` . As is expected, the

gauge-fixing parameters ξ1 and ξ2 have been canceled out and thus do not appear in
the RGEs of C(1)

H` and C
(3)
H` .
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•
(
LL
) (

LL
)

16π2µ
dCαβγλ``

dµ = −1
2C

αγ
5 Cβλ∗5 − 1

3g
2
1δ
γλC

(1)αβ
H` + 1

3g
2
2

(
2δγβC(3)αλ

H` − δγλC(3)αβ
H`

)
−1

2
(
YlY

†
l

)
αβ

(
C

(1)
H` − C

(3)
H`

)γλ
− 1

2
(
C

(1)
H` − C

(3)
H`

)αβ (
YlY

†
l

)
γλ

−
(
YlY

†
l

)
αλ
C

(3)γβ
H` − C(3)αλ

H`

(
YlY

†
l

)
γβ
,

16π2µ
dC(1)αβγλ

`q

dµ = 1
9g

2
1δ
γλC

(1)αβ
H` + C

(1)αβ
H`

(
YuY

†
u − YdY

†
d

)
γλ
,

16π2µ
dC(3)αβγλ

`q

dµ = 1
3g

2
2δ
γλC

(3)αβ
H` − C(3)αβ

H`

(
YuY

†
u + YdY

†
d

)
γλ
. (2.19)

•
(
LL
) (

RR
)

16π2µ
dCαβγλ`e

dµ = −2
3g

2
1δ
γλC

(1)αβ
H` + 2C(1)αβ

H`

(
Y †l Yl

)
γλ
,

16π2µ
dCαβλγ`u

dµ = 4
9g

2
1δ
γλC

(1)αβ
H` − 2C(1)αβ

H`

(
Y †u Yu

)
γλ
,

16π2µ
dCαβλγ`d

dµ = −2
9g

2
1δ
γλC

(1)αβ
H` + 2C(1)αβ

H`

(
Y †d Yd

)
γλ
. (2.20)

Thus far, we have presented the complete set of one-loop RGEs in the type-I SEFT.
Some remarks on the above results are helpful.

• Only one-loop RGEs for the Wilson coefficients of the 9 dim-6 operators shown in
the grey-shaded region in table 1 and those for the Higgs quartic coupling acquire
the contributions from double insertions of the unique dim-5 operator. Moreover,
these results are generic and thus valid not only for the type-I SEFT but also for the
SMEFT in general. For this reason, we separately list these results in appendix B.1.
Together with those given in refs. [24–27], they constitute the complete set of one-
loop RGEs for the Wilson coefficients of dim-6 operators in the SMEFT. Therefore
they can readily be incorporated into the codes solving the one-loop RGEs in the
SMEFT, such as DsixTools [38, 39], Wilson [40] and RGESolver [41].

• Single insertions of the two dim-6 operators, i.e., O(1)
H` and O

(3)
H`, contribute to all the

19 dim-6 operators in table 1, to the Higgs quartic coupling λ, and to the charged-
lepton Yukawa coupling matrix Yl. These observations are perfectly consistent with
those in the latest versions of refs. [24–26] when the contributions from single inser-
tions of other dim-6 operators are switched off. In this sense, we have accomplished
a partial crosscheck of the previous results in the literature. It is worth pointing
out that there exists a more convenient operator basis [36] for the type-I SEFT at
the tree level, namely,

{
O(−)
H` ,O

(+)
H`

}
=
{(
O(1)
H` −O

(3)
H`

)
/2,
(
O(1)
H` +O(3)

H`

)
/2
}

with{
C

(−)
H` , C

(+)
H`

}
=
{
C

(1)
H` − C

(3)
H` , C

(1)
H` + C

(3)
H`

}
. At the matching scale µM, C(−)

H` (µM) =
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YνM
−2
R Y †ν /2 and C

(+)
H` (µM) = 0 hold. Therefore, only one effective operator O(−)

H`

remains in this basis at the tree level. To convert all the above results into those
in this particular basis, one can substitute C(1)

H` and C
(3)
H` in eqs. (2.12)–(2.20) for(

C
(−)
H` + C

(+)
H`

)
/2 and

(
−C(−)

H` + C
(+)
H`

)
/2, respectively, and take C(+)

H` appearing on
the right-hand sides of those equations to be zero. Nevertheless, we retain the War-
saw basis with O(1)

H` and O
(3)
H` throughout this work to compare our results with those

in previous works [12, 24–26, 37] and keep results in a slightly more general form,
which can be (partially) applied to other cases, such as the type-III SEFT.

• In the type-I SEFT, only 19 dim-6 operators can be generated via the RGEs at the
one-loop level, which should be compared with 31 dim-6 operators arising from the
one-loop matching [11]. The one-loop Wilson coefficients of those 19 dim-6 operators
at the matching scale [11] all contain divergent terms, which consist of both infrared
(IR) and UV divergences from the hard-momentum part of loop integrals in the UV
model. Those IR divergences are exactly the UV divergences (with a relative minus
sign) in the EFT [75, 76]. This is the reason why only the 19 dim-6 operators can be
induced by the one-loop RGEs.3

• As can be seen from appendix A, the counterterms of the dim-6 operators OeB and
OeW do not exist in the type-I SEFT. Therefore, radiative decays of charged leptons
in the type-I SEFT, i.e, lβ → lα + γ [for (α, β) = (e, µ), (e, τ), (µ, τ)], do not involve
any divergences, as all divergences are canceled out among themselves. This is indeed
the case since the one-loop Wilson coefficients of OeB and OeW are finite [11]. The
divergences in the contributions from active neutrinos turn out to be canceled with
each other even though the leptonic flavor mixing matrix is not unitary [77].

The above results have provided us with a self-consistent framework to examine the low-
energy phenomena of the type-I seesaw model up to the order of O(M−2) at the one-
loop level. Meanwhile, the one-loop RGEs in appendix B can be implemented for the
same purpose as for the type-II and type-III seesaw models. In the next section, we
shall focus on the type-I SEFT and derive the explicit forms of the one-loop RGEs for
the physical parameters involved in the charged- and neutral-current weak interactions of
leptons. Similar studies can be carried out also for the type-II and type-III SEFTs.

3 RG running of non-unitary parameters

The complete set of one-loop RGEs given in eqs. (2.12)–(2.20) provide a link between the
low-energy observables and the parameters associated with the type-I seesaw model at the
matching scale. In general, it is necessary to take into account RG-running effects when

3There is an exception in the type-II SEFT, where the dim-6 operator OHud can be induced by one-loop
RGEs as shown in eq. (B.10) but does not result from the one-loop matching. The reason is that the terms
proportional to (CHD − 2CH�) are vanishing at the matching scale due to the tree-level matching condition
CHD = 2CH�. However, CHD and CH� obey different RGEs as shown in eq. (B.8). As a result, though
the running of CHud is determined by (CHD − 2CH�), CHud will obtain non-vanishing values below the
matching scale.
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one attempts to extract the UV model parameters from low-energy observables or begins
with the UV model to predict low-energy observables. Therefore, as an application of
one-loop RGEs, we are going to discuss the RG-running effects on the non-unitary leptonic
flavor mixing in this section. The upper bounds on the non-unitary parameters obtained
from low-energy observables will definitely be affected without considering the RG running.
Since we focus only on the observables related to the leptonic flavor mixing, the ordinary
parametrization of the non-unitary flavor mixing matrix will be adopted even above the
electroweak scale. Though the parameters in this parametrization are not observable at
high-energy scales, this specific parametrization can help us single out physical parameters
from relevant coupling matrices. Moreover, one can discuss the overall RG-running effects
on those physical parameters and examine their RG-running behaviors in an analytical way
with such a parametrization. Certainly, the RGE corrections to physical parameters can
also be studied in various interesting processes, such as the lepton-flavor-violating decays
of Z-gauge boson and the Higgs boson Z/H → l±α + l∓β (with α 6= β = e, µ, τ ), the µ-e
conversion in heavy nuclei and the cosmological baryon asymmetry via leptogenesis [78, 79],
which however are beyond the scope of the present work. In the following, we concentrate
on the non-unitary leptonic flavor mixing and show how to derive and employ the analytical
expressions of the one-loop RGEs for the relevant parameters.

3.1 The low-energy Lagrangian

As is well known, after the spontaneous gauge symmetry breaking, the dim-5 Weinberg
operator in eq. (2.1) accounts for tiny Majorana neutrino masses [8], while two dim-6
operators therein modify the weak interactions of leptons [9, 10]. More explicitly, in the
latter case, we have the extra contributions to the weak interactions, i.e.,

C
(1)αβ
Hl O(1)αβ

Hl → − g2
2cW

C
(1)αβ
Hl v2

(
ναLγ

µνβL + lαLγ
µlβL

)
Zµ , (3.1)

C
(3)αβ
Hl O(3)αβ

Hl → + g2√
2
C

(3)αβ
Hl v2

(
ναLγ

µlβLW
+
µ + lαLγ

µνβLW
−
µ

)
+ g2

2cW
C

(3)αβ
Hl v2

(
ναLγ

µνβL − lαLγ
µlβL

)
Zµ , (3.2)

where cW ≡ cos θW has been defined with θW being the Weinberg angle and v ≈ 246 GeV
denotes the vacuum expectation value (vev) of the SM Higgs doublet H. As indicated
in eqs. (3.1) and (3.2), O(1)

Hl changes the neutral-current interactions of leptons, whereas
O(3)
Hl modifies both charged- and neutral-current interactions. Then the effective tree-level

Lagrangian relevant for lepton masses and leptonic weak interactions in the type-I SEFT
becomes

LlSEFT = −
[
lαL (Ml)αβ lβR + 1

2ναL (Mν)αβ ν
c
βL + h.c.

]
+
[
g2√

2
lαLγ

µ
(
δαβ − η̃αβ

)
νβLW

−
µ + h.c.

]
+ g2

2cW
ναLγ

µ
(
δαβ − η̃′αβ

)
νβLZµ

− g2
2cW

lαLγ
µ
[(

1− 2s2
W

)
δαβ +

(
η̃′ − 2η̃

)
αβ

]
lβLZµ + g2

cW
s2

WlαRγ
µlαRZµ , (3.3)

– 13 –



J
H
E
P
0
5
(
2
0
2
3
)
0
4
4

where the charged-lepton mass matrix Ml = Yl v/
√

2 and the neutrino mass matrix Mν =
−C5 v

2/2 are given in the first line, and the charged- and neutral-current interactions of
leptons are shown in the last two lines with sW ≡ sin θW and

η̃ ≡ −C(3)
Hl v

2 , η̃′ ≡
(
C

(1)
Hl − C

(3)
Hl

)
v2 . (3.4)

Notice that the charged- and neutral-current interactions of leptons are not flavor-diagonal
anymore due to the presence of two dim-6 operators. After diagonalizing the lepton mass
matrices via U †lMlU

′
l = M̂l ≡ diag{me,mµ,mτ} and U †νMνU

∗
ν = M̂ν ≡ diag{m1,m2,m3},

with mα (for α = e, µ, τ) and mi (for i = 1, 2, 3) being respectively the charged-lepton and
neutrino masses, one can introduce the 3× 3 unitary matrix V ′ ≡ U †l Uν , which is just the
leptonic flavor mixing matrix, i.e., the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) ma-
trix [80, 81], in the limit of vanishing Wilson coefficients of two dim-6 operators. For later
convenience, we further explicitly write V ′ ≡ P · U · Q, where P ≡ diag{eiφe , eiφµ , eiφτ }
and Q ≡ diag{eiρ, eiσ, 1} are two diagonal phase matrices and U is a unitary matrix
parametrized in the standard way [82]

U =


c12c13 s12c13 s13e−iδ

−s12c23 − c12s13s23eiδ +c12c23 − s12s13s23eiδ c13s23

+s12s23 − c12s13c23eiδ −c12s23 − s12s13c23eiδ c13c23

 , (3.5)

where sij ≡ sin θij and cij ≡ cos θij with θij for ij = 12, 13, 23 being three mixing angles,
while δ and {ρ, σ} are the Dirac-type and Majorana-type CP violating phases, respectively.
It should be noticed that the mixing angles {θ12, θ13, θ23} and CP-violating phases {ρ, σ, δ}
are not exactly the same as in the case of a unitary leptonic flavor mixing matrix, since
the flavor mixing matrix appearing in the charged-current interaction of leptons is not
unitary as will be shown shortly. But, for simplicity, we adopt the same notations for those
parameters as they coincide with the ordinary ones in the unitarity limit.

Converting into the mass basis of charged leptons and neutrinos, we can rewrite the
effective Lagrangian in eq. (3.3) as below

LlSEFT = −
(
lL M̂l lR + 1

2 νL M̂ν ν
c
L + h.c.

)
+
(
g2√

2
lLγ

µV νLW
−
µ + h.c.

)
+ g2

2cW
νLγ

µN †NνLZµ

− g2
2cW

lLγ
µ
[(

1− 2s2
W

)
+
(
η′ − 2η

)]
lLZµ + g2

cW
s2

WlRγ
µlRZµ , (3.6)

where the leptonic flavor mixing matrix in the charged-current interaction of leptons has
been defined as V ≡ (1 − η) · U · Q, and the coupling matrix N ≡ (1 − η′/2) · U · Q has
been introduced in the neutral-current interaction of neutrinos but the higher-order term
of O(|η′|2) should be neglected. In addition, we have also redefined the phases of the mass
eigenfields of charged-leptons to absorb the phase matrix P and the Hermitian matrices η
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and η′ are given by

η ≡ P †U †l η̃ UlP =


ηee

∣∣∣ηeµ∣∣∣ e+iφeµ |ηeτ | e+iφeτ∣∣∣ηeµ∣∣∣ e−iφeµ ηµµ

∣∣∣ηµτ ∣∣∣ e+iφµτ

|ηeτ | e−iφeτ
∣∣∣ηµτ ∣∣∣ e−iφµτ ηττ

 , (3.7)

η′ ≡ P †U †l η̃
′UlP =


η′ee

∣∣∣η′eµ∣∣∣ e+iφ′
eµ |η′eτ | e+iφ′

eτ∣∣∣η′eµ∣∣∣ e−iφ′
eµ η′µµ

∣∣∣η′µτ ∣∣∣ e+iφ′
µτ

|η′eτ | e−iφ′
eτ

∣∣∣η′µτ ∣∣∣ e−iφ′
µτ η′ττ

 . (3.8)

As in refs. [83, 84], the leptonic flavor mixing matrix V is non-unitary and parametrized
in terms of the Hermitian matrix η and the mixing parameters in the unitary matrix U and
the phase matrix Q. It is worth stressing that the neutrino charged- and neutral-current
interactions in the type-I SEFT are governed by the matrices V and N , respectively, whose
deviations from those in the SM are determined by η and η′. However, in the scheme of
minimal unitarity violation (MUV) considered in ref. [83], the condition η′ = 2η valid only
at the matching scale, as implied by eqs. (2.4) and (3.4), is imposed such that both V and
N depend only on η. Moreover, as indicated in the last line of eq. (3.6), the flavor-changing-
neutral-current (FCNC) interaction of charged leptons disappears in this case. As one can
observe from eq. (3.6), this is not the case in general. Even if η′ = 2η is assumed at some
energy scale, the running effects according to their RGEs governed by eq. (2.18) will break
such an identity.

3.2 Analytical results

Apart from the charged-lepton and neutrino masses, the physical parameters relevant for
low-energy phenomena are contained in the two Hermitian matrices η and η′, the mixing
matrix U and the phase matrix Q. In this subsection, we start with the one-loop RGEs
in the type-I SEFT and derive the analytical expressions for the RGEs of the physical
parameters. Then, adopting the specific parametrizations of V ′, η and η′ given in the
previous subsection, we further find out the RGE of each individual parameter.

However, one should notice that the non-vanishing values of CH , CHe and CeH in-
duced by the RG running can affect the vev of Higgs field, the neutral-current interactions
of charged leptons and the charged-lepton masses, respectively. Those effects should be
included in eq. (3.6) for consistently studying the RG-running behaviors of all relevant phys-
ical parameters. Unfortunately, in this case, it is almost impossible to derive the analytical
expressions of the RGEs for most of the physical parameters and only numerical calcula-
tions can be carried out to examine their running behaviors. This will hinder us from a clear
understanding of non-unitary effects on the running of all physical parameters. In order to
illustrate the running behaviors of the relevant parameters analytically, we simply ignore
the non-vanishing values of CH , CHe and CeH from the RG running, especially that of the
last one. Therefore, we only need to take into account the RGEs for Yl, C5, C

(1)
H` and C

(3)
H` ,

from which the differential RGEs of all physical parameters can be derived. But one should
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keep in mind that a contribution of O
[
v2/

(
16π2M2)] from CH , CHe and CeH to some phys-

ical parameters has been ignored. As one will see later, the differential RGEs for all lepton
mixing parameters under the standard parametrization of the PMNS matrix are obtained
as a by-product for the first time if all effects of the dim-6 operators are switched off.

According to the RGEs of Yl in eq. (2.12), C5 in eq. (2.15), C(1)
Hl and C

(3)
Hl in eq. (2.18),

as well as the definitions of η and η′ in eqs. (3.4), (3.7) and (3.8), one can find

Ẏl =
[
αl+C ll

(
YlY

†
l

)
−2m

2

v2 UlP
(
η′−4η

)
P †U †l

]
Yl , (3.9)

κ̇ = ακκ+Cκ

[(
YlY

†
l

)
κ+κ

(
YlY

†
l

)T
]
, (3.10)

η̇αβ = i
(
φ̇β− φ̇α

)
ηαβ+

∑
γ

(
U̇ †l Ul

)
αγ
ηγβ ei(φγ−φα) +

∑
γ

(
U †l U̇l

)
γβ
ηαγ ei

(
φβ−φγ

)
(3.11)

−
∑
i

κ2
i v

2UαiU
∗
βi+

2
3g

2
2tr(η)δαβ−

(17
3 g

2
2−2T

)
ηαβ+ 1

2
(
y2
α+y2

β

)(
5ηαβ−3η′αβ

)
,

η̇′αβ = i
(
φ̇β− φ̇α

)
η′αβ+

∑
γ

(
U̇ †l Ul

)
αγ
η′γβ ei(φγ−φα) +

∑
γ

(
U †l U̇l

)
γβ
η′αγ ei

(
φβ−φγ

)
(3.12)

+2
3
(
g2

2−g2
1

)
tr(η)δαβ+ 2

3g
2
1tr
(
η′
)
δαβ−

1
3
(
17g2

2 +g2
1

)
ηαβ+

(1
3g

2
1 +2T

)
η′αβ

−5
2
∑
i

κ2
i v

2UαiU
∗
βi+

1
2
(
y2
α+y2

β

)(
η′αβ−8ηαβ

)
,

where α, β, γ = e, µ, τ are lepton flavor indices, C ll = 3/2, Cκ = −3/2 and αl = −(15/4) g2
1−

(9/4) g2
2 +T , ακ = −3g2

2 +4λ+2T have been defined, κ ≡ C5 is introduced for convenience,
and the notation Ẋ ≡ 16π2µ (dX/dµ) has been used for X = Yl, κ, η and η′. In addition,
the charged-lepton Yukawa coupling matrix is diagonalized as U †l YlU ′l = diag{ye, yµ, yτ} ≡
Ŷl, while U †νκU∗ν = diag{κ1, κ2, κ3} ≡ κ̂. Some helpful comments on eqs. (3.9)–(3.12) are
in order.

• Although three phases {φe, φµ, φτ} in the diagonal matrix P can be absorbed by
redefining the charged-lepton fields at a given energy scale and thus are unphysical,
they do appear in the RGEs of Yl, η and η′. The reason is simply that one has to
diagonalize the running matrices Yl and κ at each energy scale to obtain the unitary
matrix V ′ and then specify the phases to be absorbed by the charged-lepton fields.
Therefore, the unphysical phases φα (for α = e, µ, τ) themselves are running with
respect to the energy scale. As we shall see soon, however, the RGEs of the physical
parameters in V ′, η and η′ are independent of these unphysical phases.

• It should be noted that the RGEs in eqs. (3.9)–(3.12) are reduced to the familiar ones
in the type-I SEFT with only the dim-5 operator when η and η′ are set to zero. With
the contributions from η and η′, the evolution of Yl becomes qualitatively different.
Even if Yl is diagonalized at one energy scale, it turns out to be non-diagonal at
another. As a consequence, the running behaviors of the mixing parameters in V ′ =
U †l Uν will be affected via the unitary matrix Ul arising from the charged-lepton sector.
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• There are nine CP-violating phases in total, namely, {φαβ , φ′αβ} for α = eµ, eτ, µτ

from η and η′ and {ρ, σ, δ} from V ′, and their evolution is entangled with each other.
Therefore, as long as CP violation exists in the UV model, even if one of the CP-
violating phases is vanishing at some energy scale, it will be radiatively generated
through other non-trivial phases. Certainly, when CP symmetry is preserved at the
high-energy scale, it remains to hold at low energies.

By means of eqs. (3.9)–(3.12), one can derive the analytical expressions for the RGEs
of all physical parameters involved in the non-unitary lepton flavor mixing. As explained
in appendix C, we first follow the standard procedure of diagonalizing the matrices Yl and
κ, and then extract the RGEs of their eigenvalues and the associated unitary matrices Ul
and Uν . The RGEs of the eigenvalues of Yl and κ are

ẏα =
[
αl + C ll y

2
α − 2 m

2

v2
(
η′ − 4η

)
αα

]
yα , (3.13)

and
κ̇i = (ακ + 2CκReSii)κi , (3.14)

with S ≡ V ′†Ŷ 2
l V
′ and V ′ ≡ U †l Uν . The RGEs of two unitary mixing matrices Ul and Uν

are given in eqs. (C.4) and (C.8). Consequently, the RGEs in eqs. (3.9)–(3.12) have been
converted into those for the eigenvalues of Yl and κ given in eqs. (3.13) and (3.14), respec-
tively, and those for the unitary matrix V ′ and the Hermitian matrices {η, η′}, namely,

V̇ ′αi =
∑
β

(
U̇ †l Ul

)
αβ
V ′βi+

∑
j

V ′αj

(
U †ν U̇ν

)
ji

(3.15)

=
∑
β 6=α

2m
2

v2 yαβ
(
η′−4η

)
αβ ei

(
φα−φβ

)
V ′βi+

∑
j 6=i

V ′αj
Cκ

κ2
i −κ2

j

[(
κ2
i +κ2

j

)
Sji+2κiκjS∗ji

]
,

η̇αβ = i
(
φ̇β− φ̇α

)
ηαβ+

∑
γ 6=α

2m
2

v2 yαγ
(
η′−4η

)
αγ ηγβ+

∑
% 6=β

2m
2

v2 yβ% ηα%
(
η′−4η

)
%β (3.16)

−
∑
i

κ2
i v

2UαiU
∗
βi+

2
3g

2
2tr(η)δαβ+

(
−17

3 g
2
2 +2T

)
ηαβ+ 1

2
(
y2
α+y2

β

)(
5ηαβ−3η′αβ

)
,

η̇′αβ = i
(
φ̇β− φ̇α

)
η′αβ+

∑
γ 6=α

2m
2

v2 yαγ
(
η′−4η

)
αγ η

′
γβ+

∑
% 6=β

2m
2

v2 yβ% η
′
α%

(
η′−4η

)
%β (3.17)

+2
3
(
g2

2−g2
1

)
tr(η)δαβ+ 2

3g
2
1tr
(
η′
)
δαβ−

1
3
(
17g2

2 +g2
1

)
ηαβ+

(1
3g

2
1 +2T

)
η′αβ

−5
2
∑
i

κ2
i v

2UαiU
∗
βi+

1
2
(
y2
α+y2

β

)(
η′αβ−8ηαβ

)
,

where (U̇ †νUν)ii = 0 (for i = 1, 2, 3) and Re[(U̇ †l Ul)αα] = 0 (for α = e, µ, τ) have been taken
into account, and terms involving Im[(U̇ †l Ul)αα] have been discarded in each equation. For-
tunately, one can throw them away safely though Im[(U̇ †l Ul)αα] is unknown at all. Because
the terms involving Im[(U̇ †l Ul)αα] in eqs. (3.15)–(3.17) contribute to the beta function in
the form of Ẋ = iRX with R being real, they make contributions only to the unphysical
phases in the end and do not affect the results for any physical parameters.
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To derive the RGEs for all physical parameters involved in leptonic weak interactions,
we can substitute V ′ = P · U · Q with the previously specified parametrizations of the
matrices P , Q and U into eq. (3.15) and work out results for mixing angles and phases in
V ′ first. Then, with the help of the parameterizations shown in eqs. (3.7) and (3.8), results
for the moduli and phases of elements in η and η′ can be easily achieved via eqs. (3.16)
and (3.17). The calculational details and the final results can be found in appendix C.
Our results for three mixing angles and three CP-violating phases in eqs. (C.18)–(C.23)
will be reduced to those in the case where all non-unitary effects are switched off and
the standard parametrization of the PMNS matrix is adopted. Although the analytical
expressions of the one-loop RGEs of leptonic flavor mixing parameters in the standard
parametrization [43–46] and those in the Fritzsch-Xing parametrization [47] have been
derived in the unitarity limit, the strong hierarchy among charged-lepton Yukawa couplings
yτ � ye, yµ has been implemented to derive approximate results. In this sense, as a by-
product, we have obtained for the first time the RGEs of the mixing parameters in the
standard parametrization without any approximations.

3.3 Numerical results

In the type-I SEFT, once the model parameters (i.e., Yν , MR and those already present in
the SM) are given at the matching scale, one can determine the Wilson coefficients of the
dim-5 and dim-6 operators and then solve the set of RGEs in eqs. (2.12)–(2.15) together
with the first two in eq. (2.18) [or the RGEs in eqs. (3.13), (3.14) and (C.18)–(C.33) instead
of those for Yl, C5 and C

(1,3)
H` ] numerically to obtain the relevant physical parameters at

the electroweak scale. To examine the strength of running effects on relevant parameters
and look into their running behaviors, we consider the following two different scenarios.

• SEFT: this scenario refers to the type-I SEFT, in which the matching condition η′ =
2η should be satisfied at the matching scale µM, as implied by eq. (2.4). Instead of ar-
bitrarily choosing the model parameters at the matching scale, we first take their low-
energy values measured or constrained by experiments as initial conditions and solve
the RGEs numerically to estimate the values at the matching scale. Then, the values
of η′ and η are adjusted to fulfill the identity η′ = 2η at µM whereas others are kept the
same or slightly modified. With all these properly chosen values at µM as initial con-
ditions, we again solve the RGEs to obtain those at the low-energy scale. In this way,
the obtained values should automatically fall into the experimentally-allowed regions.

• EFT: in this scenario, we regard the effective Lagrangian in eq. (2.1) as a general
EFT, so the Wilson coefficients of the dim-5 and dim-6 operators are free parameters.
Given the same values of relevant parameters at the low-energy scale as in the previ-
ous scenario, we numerically solve the same set of RGEs and evaluate the values at
an arbitrary high-energy scale. Such an analysis will be instructive to see how much
the effective parameters depend on the energy scale, in particular for the underlying
UV model at a superhigh-energy scale.

With the above setup, we now specify the input values and explain the benchmark
values of some free parameters assumed for illustration. First of all, we choose a benchmark
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mu/MeV 1.2504 me/MeV 0.5239 g1 0.3589 ηee, η′ee/2 1.25×10−3

md/MeV 2.7176 mµ/GeV 0.1104 g2 0.6468 ηµµ, η′µµ/2 2.21×10−4

ms/MeV 54.120 mτ/GeV 1.8748 gs 1.1525 ηττ , η′ττ/2 2.81×10−3

mc/GeV 0.6299 m1/eV 0.05 λ 0.1235 |ηeµ|, |η′eµ|/2 1.20×10−5

mb/GeV 2.8731 m2/eV 0.05074 m2/GeV2 −8672.61 |ηeτ |, |η′eτ |/2 1.35×10−3

mt/GeV 173.075 m3/eV 0.07079 δq 1.144 |ηµτ |, |η′µτ |/2 6.13×10−4

sinθq
12 0.2250 sinθ12 0.5505 δ 3.438 φeµ, φ′eµ π/3

sinθq
23 0.04182 sinθ23 0.7563 ρ π/6 φeτ , φ′eτ π/3

sinθq
13 0.00369 sinθ13 0.1484 σ π/4 φµτ , φ′µτ π/3

Table 2. Summary of the input values of all the relevant parameters at the benchmark energy
scale µB = 200 GeV. See the main text for further explanations.

value of the low-energy scale µB = 200GeV and summarize the corresponding values of all
involved parameters at this energy scale in table 2. Some explanations for the input values
are necessary.

1. The quark and lepton Yukawa couplings, gauge couplings {g1, g2, gs} and the Higgs
couplings {λ,m2} are taken from ref. [85], where all these SM parameters are evalu-
ated in the MS scheme at the energy scale µB = 200 GeV. The vev of the Higgs field
is given at the true vacuum v =

√
−m2/λ at µB. In our calculations, v is fixed as

a normalization constant for the parameters of mass-dimension one while m2 and λ
are subject to the RG running.

2. The quark flavor mixing angles {θq
12, θ

q
13, θ

q
23} and the CP-violating phase δq in the

Cabibbo-Kobayashi-Maskawa (CKM) matrix are taken from ref. [82]. The leptonic
flavor mixing angles {θ12, θ13, θ23}, the Dirac CP-violating phase δ and neutrino mass-
squared differences ∆m2

21 ≡ m2
2−m2

1 and ∆m2
31 ≡ m2

3−m2
1 in the case of normal mass

ordering are quoted from the global-fit analysis of neutrino oscillation experiments
in NuFIT 5.2 [86]. For illustration, we assume the normal neutrino mass ordering
m1 < m2 < m3 and take the lightest neutrino mass to be m1 = 0.05 eV. Since the
Majorana CP-violating phases {ρ, σ} are completely unknown for the moment, we
simply set them to be ρ = π/6 and σ = π/4.

3. The upper bounds on the non-unitary parameters in η from the global-fit analysis in
ref. [87] are chosen.4 The parameters in η′ at low energies are in principle different
from those in η, but their magnitudes may be comparable. For simplicity, we take

4In ref. [87], the global constraints are obtained in the full theory, where both the charged- and neutral-
current interactions of leptons depend only on η because of the condition η′ = 2η. A similar issue exists
for those obtained in the MUV scheme [83, 84]. However, from the EFT perspective, the relation η′ = 2η
holds only at the matching scale. The different RGEs of η and η′ lead to the breaking of such a relation
at low energies, where the physical processes are implemented to constrain η. Even so, we still adopt these
constraints as inputs for illustration.
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|η′αβ | = 2|ηαβ | for α, β = e, µ, τ at µB. Furthermore, as the CP-violating phases
{φeµ, φeτ , φµτ} and {φ′eµ, φ′eτ , φ′µτ} are not constrained experimentally, we assume all
of them to be π/3 just for an illustrative purpose.

Then, we take the matching scale in the SEFT scenario to be µM = O(MR) = 104 GeV
and O(Yν) ∼ 1 in order that the absolute values of the matrix elements of η and η′

could be sizable. This can be achieved in the case where some underlying symmetry
is introduced to guarantee reasonable values of neutrino masses, i.e., O(YνM−1

R Y T
ν v

2) ∼
O(0.1 eV) [88, 89]. With the initial values summarized in table 2, one can utilize the
RGEs of relevant parameters to obtain the ultimate values at µM = 104 GeV. As has
been mentioned before, these values are then adjusted to satisfy the matching condition
η′(µM) = 2η(µM) and evolved from µM to the benchmark energy scale µB via the RGEs.
In our calculations, the adjustment of the parameters at µM exactly reproduces the values
at µB in table 2 except for that of η′, which is now different from 2η. In the EFT scenario,
through the same set of RGEs, all parameters with their initial values in table 2 are evolved
from µB = 200 GeV up to the cutoff scale µΛ = 108 GeV. The final numerical results are
shown in figures 2–5. Some comments on the numerical results are as follows.

To quantify the running effects in both the SEFT and the general EFT scenarios, we
define the ratios R(′)

αβ(µ) ≡ [|η(′)
αβ(µ)|−|η(′)

αβ(µinit)|]/|η
(′)
αβ(µinit)|×100% (for α, β = e, µ, τ ) and

the absolute differences ∆P (µ) = P (µ)− P (µinit) (for P = φ
(′)
αβ , θij , δ, ρ, σ) with the initial

energy scale µinit = µM or µB for the type-I SEFT or the general EFT. The evolution
of R(′)

αβ(µ) and ∆P (µ) with respect to the energy scale µ in the SEFT has been shown
in figure 2 and figure 3, respectively. Note that the corresponding results of the mixing
parameters in the “SM + O(5)” scenario, which actually refers to the type-I SEFT with
only the dim-5 operator, have also been given in figure 3 for comparison. The running
behaviors of R(′)

αβ(µ) and ∆P (µ) can be understood in an approximate and analytical way.
For the results in figure 2, we consider the beta functions in eqs. (C.24)–(C.27) and take
account of the strong hierarchy among fermion Yukawa couplings, which can be neglected
except for the top-quark Yukawa coupling yt ≈ 1. Furthermore, with the input values in
table 2 and the smallness of η(′) and η′ ' 2η, one can approximately get

Rαα ∼ ∆t
[2

3g
2
2

tr (η)
ηαα

− 17
3 g

2
2 + 6y2

t

]
,

R′αα ∼ ∆t
[1

3
(
g2

1 + g2
2

) tr (η)
ηαα

+ 1
6
(
g2

1 − 17g2
2

)
+ 6y2

t

]
,

Rαβ ∼ ∆t
(
−17

3 g
2
2 + 6y2

t

)
,

R′αβ ∼ ∆t
[1

6
(
g2

1 − 17g2
2

)
+ 6y2

t

]
(3.18)

with ∆t = ln (µB/µM)/(16π2) < 0. From the first two lines of eq. (3.18) together with the
input values, it is easy to see that R(′)

µµ < R
(′)
ee < R

(′)
ττ < 0, which mainly arises from the

factor η−1
αα (for α = e, µ, τ) and its initial value (i.e., ηµµ < ηee < ηττ ). Moreover, we have

R′αα −Rαα ∼
∆t
6

[(
g2

1 + 17g2
2

)
− 2

(
g2

2 − g2
1

) tr (η)
ηαα

]
, (3.19)
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Figure 2. Running behaviors of non-unitary parameters in η (left panel) and η′ (right panel) in the
type-I SEFT with the matching scale µM = 104 GeV. The running of diagonal elements η(′)

αα and the
moduli of non-diagonal elements |η(′)

αβ | are shown as R(′)
αβ ≡ [|η(′)

αβ(µ)|−|η(′)
αβ(µM)|]/|η(′)

αβ(µM)|×100%
for α, β = e, µ, τ , while the non-unitary phases φ(′)

αβ as ∆φ(′)
αβ ≡ φ

(′)
αβ(µ)− φ(′)

αβ(µM).
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Figure 3. Running behaviors of three mixing angles {θ12, θ23, θ13} (left panel) and Dirac and
Majorana CP-violating phases {δ, ρ, σ} (right panel) in the type-I SEFT with the matching scale
µM = 104 GeV. The values of ∆P ≡ P (µ) − P (µM) for all parameters in the SEFT are shown as
red lines, while those in the case with only the dim-5 operator as blue dashed lines.
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Figure 4. Running behaviors of non-unitary parameters in η (left panel) and η′ (right
panel) in the general EFT from µB = 200 GeV to the cutoff scale µΛ = 108 GeV. The
running of diagonal elements η(′)

αα and the moduli of non-diagonal elements |η(′)
αβ | are shown as

R
(′)
αβ ≡ [|η(′)

αβ(µ)| − |η(′)
αβ(µB)|]/|η(′)

αβ(µB)| × 100% for α, β = e, µ, τ , while the non-unitary phases φ(′)
αβ

as ∆φ(′)
αβ ≡ φ

(′)
αβ(µ)− φ(′)

αβ(µB).
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Figure 5. Running behaviors of three mixing angles {θ12, θ23, θ13} (left panel) and Dirac and
Majorana CP-violating phases {δ, ρ, σ} (right panel) in a general EFT from µB = 200 GeV to the
cutoff scale µΛ = 108 GeV. The values of ∆P ≡ P (µ) − P (µB) for all parameters in the EFT are
shown as red lines, while those in the case with only the dim-5 operator as blue dashed lines.
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from which one can observe R′αα < Rαα (for α = e, τ) but R′µµ > Rµµ because of the
competition between those two terms in the square brackets on the right-hand side. On
the other hand, from the last two lines of eq. (3.18), one can conclude that Rαβ (R′αβ)
is roughly the same for αβ = eµ, eτ, µτ . In addition, one can easily see R′αβ − Rαβ ∼
(g2

1 + 17g2
2)∆t/6 < 0. All these observations are well consistent with the numerical results

shown in figure 2. Similarly, with the help of eqs. (C.28)–(C.33), we obtain

∆φ(′)
eµ ∼

[
8m

2

v2

∣∣∣∣∣ηeτηµτηeµ

∣∣∣∣∣ seµ + 3
4ζ
−1
12 y

2
τs

2
23s2(ρ−σ)

]
∆t ,

∆φ(′)
eτ ∼

3
4ζ
−1
12 y

2
τs

2
23s2(ρ−σ)∆t ,∣∣∣∆φ(′)

µτ

∣∣∣ ∼ O (|η|, ζ−1
23 y

2
τ

)
|∆t| ∼ 10−4|∆t| , (3.20)

where the smallness of sin θ13 and |ζ−1
12 | � |ζ

−1
13 | ∼ |ζ

−1
23 | are taken into account. As can

be seen from eq. (3.20), ∆φαβ ≈ ∆φ′αβ (for αβ = eµ, eτ, µτ ) are valid, so they evolve in
a similar way. The last line of eq. (3.20) shows that ∆φ(′)

µτ is highly suppressed. Noticing
that s2(ρ−σ) < 0 for the chosen initial values of ρ and σ, one can see that ∆φ(′)

eτ < 0 and it
is enhanced by a factor of ζ−1

12 when compared to ∆φ(′)
µτ . In the first line of eq. (3.20), the

two terms in square brackets on the right-hand side have opposite signs and the absolute
value of the first term is much larger due to |ηeµ|−1 � 1 than that of the second one, so
we have ∆φ(′)

eµ > |∆φ(′)
eτ |. These evolving behaviors can be clearly observed from figure 2.

On the other hand, the above analysis and results manifested in figure 2 demonstrate that
the RG-running effects on non-unitary parameters can be quite large, and they may have
a significant impact on extracting the UV parameters from low-energy observables or on
predicting low-energy observables given the UV model.

It is worthwhile to point out that the non-unitary parameters can affect the running
of the mixing angles and CP-violating phases in a significant way. For comparison, we
plot the results with and without non-unitary parameters in figure 3 as red solid and blue
dashed lines, respectively. The running behaviors of the mixing angles and CP-violating
phases can be well understood by means of eqs. (C.18)–(C.23). Taking θ13 for example,
with the help of eq. (C.19), we can get

∆θ13 ∼ −∆t
[
4m

2

v2 |ηeτ | c23ceτ+δ + 3
8ζ
−1
23 y

2
τ sin 2θ12 sin 2θ23sρ−σsδ+ρ+σ

]
, (3.21)

where the first term in the square brackets comes from non-unitary effects. With our inputs
or outputs in the SEFT given in table 2, the two terms in the square brackets have opposite
signs and the absolute value of the first one is slightly larger than that of the second one.
Consequently, θ13 runs in opposite directions in the “SM + O(5)” and SEFT scenarios.
However, such an observation largely depends on the inputs of CP-violating phases and
the initial values of |ηαβ |.

Second, the running of non-unitary parameters and that of the mixing parameters
in a general EFT from µB = 200 GeV to µΛ = 108 GeV have been shown in figure 4 and
figure 5, respectively. The initial inputs at µB = 200GeV are given in table. 2. The running
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behaviors of all these parameters can also be understood with the help of the approximate
results given in eqs. (3.18)–(3.21) but now with ∆t = ln (µΛ/µB) /(16π2) > 0. The analysis
is quite similar to that in the SEFT, but the cutoff scale is much higher, implying more
remarkable running effects.

Finally, we briefly mention the FCNC interaction of charged leptons. As can be seen
from eq. (3.6), the FCNC term of charged leptons is determined by η′ − 2η, which is
vanishing at the matching scale µM in the SEFT. However, the RG runnings of η′ and η
are slightly different, leading to a non-vanishing value of η′ − 2η and non-trivial phases as
well. The running of absolute values and CP-violating phases of η′ − 2η can be figured
out by solving the complete set of RGEs. Numerically, we find the absolute values of the
matrix elements of η′ − 2η are about 10−4 and their phases are not vanishing. This can
result in the FCNC processes and also CP violation in those processes.

4 Summary

In this paper, we derive the complete set of one-loop RGEs for all SM couplings and Wilson
coefficients of operators up to dim-6 in the type-I SEFT, including the contributions from
both double insertions of the dim-5 operator and single insertions of dim-6 operators. We
find that there are 19 dim-6 operators in total, which can be generated by the RGEs at
the one-loop level in the type-I SEFT. Although the one-loop RGEs for dim-6 operators
have been considered in refs. [24–27, 36, 37], we notice that the results therein are still not
complete and fully correct. The contributions from double insertions of the dim-5 operator
to the beta function of quartic Higgs coupling are not included, while a factor of 1/2 is
missing in the flavor conserving contributions from double insertions of the dim-5 operator
to the one-loop anomalous dimensions of the Wilson coefficients of OH�, OHD, OH , OeH ,
OuH and OdH . We confirm that the contributions of single insertions of dim-6 operators
are compatible with the results in the SMEFT [24–27]. Besides the one-loop RGEs of
type-I SEFT, we also present the complete one-loop RGEs for type-II and type-III SEFTs.

After spontaneous gauge symmetry breaking, two tree-level dim-6 operators in the
type-I SEFT result in a non-unitary leptonic flavor mixing matrix appearing in the charged-
current interaction of leptons. In addition, the neutral-current interaction of neutrinos and
that of charged leptons are also modified by the Wilson coefficients of these two dim-6
operators. Concentrating on leptonic flavor mixing parameters and weak interactions of
leptons, we derive the explicit expressions of one-loop RGEs of non-unitary parameters
and leptonic mixing parameters. As a by-product, the RGEs of the mixing parameters in
the standard parametrization of a unitary leptonic mixing matrix are obtained for the first
time. Numerical solutions to the one-loop RGEs are provided in two specific scenarios.
We demonstrate that the non-unitary parameters may affect significantly the running of
leptonic flavor mixing parameters. In an approximate and analytical way, the running
behaviors of all these parameters can be understood. It should be emphasized that other
dim-6 operators may come into play at the one-loop level via the RGEs of the Wilson
coefficients. Although the numerical solutions to an enlarged set of one-loop RGEs are
always possible, it is difficult to solve the RGEs in an analytical way. In this sense, our
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calculations provide an illustrative example for the impact of dim-6 operators on leptonic
flavor mixing and CP violation.

Together with the one-loop matching results at the seesaw scale M = O(MR), the
one-loop RGEs obtained in this paper establish a self-consistent theoretical framework to
investigate low-energy phenomena of the type-I seesaw model up to the order O(M−2) at
the one-loop level. In the era of precision measurements, such a framework will be helpful
for testing the seesaw models and exploring the origin of neutrino masses.
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A Counterterms in the Warsaw basis

The counterterms in the Warsaw basis can be derived by applying the EOMs of relevant
fields to the results in the Green’s basis, which are obtained by calculating the selected
set of Feynman diagrams. An example for calculating the counterterms in the Green’s
basis has been given in section 2 in detail. Following similar procedures and making use
of the EOMs, one can achieve all the counterterms in the Warsaw basis needed to cancel
out one-loop UV divergences in the type-I SEFT, namely, those given in eqs. (A.1)–(A.7).
Those counterterms together with that for the Weinberg operator and the SM counterterms
constitute the full counterterms in the type-I SEFT, but the SM ones are not explicitly
shown here. With those counterterms in eqs. (A.1)–(A.7), one can derive the RGEs in
eqs. (2.12)–(2.20) by means of the formulas in ref. [23].

Renormalizable terms.

• The charged lepton Yukawa coupling

δYl = − 1
(4π)2 ε

m2
(
C

(1)
H` + 3C(3)

H`

)
Yl . (A.1)

• The Higgs quartic coupling

δλ = 1
(4π)2 ε

4m2tr
(1

4C5C
†
5 −

1
3g

2
2C

(3)
H` + C

(3)
H`YlY

†
l

)
. (A.2)

Dimension-six operators.

• H6 and H4D2

δCH� = − 1
(4π)2 ε

tr
[1

2C5C
†
5 + 1

3g
2
1C

(1)
H` − g

2
2C

(3)
H` + (C(1)

H` + 3C(3)
H`)YlY

†
l

]
,

δCHD = − 1
(4π)2 ε

tr
(
C5C

†
5 + 4

3g
2
1C

(1)
H` + 4C(1)

H`YlY
†
l

)
,

δCH = 1
(4π)2 ε

tr
(
−2λC5C

†
5 + 8

3λg
2
2C

(3)
H` − 8λC(3)

H`YlY
†
l

)
. (A.3)
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• ψ2H3

δCeH = 1
(4π)2 ε

[3
4C5C

†
5Yl + tr

(
−1

2C5C
†
5 + 2

3g
2
2C

(3)
H` − 2C(3)

H`YlY
†
l

)
Yl + C

(1)
H`YlY

†
l Yl

+
(
2λ− 3g2

1

)
C

(1)
H`Yl + 3

(
2λ− g2

1

)
C

(3)
H`Yl

]
,

δCuH = 1
(4π)2 ε

tr
(
−1

2C5C
†
5 + 2

3g
2
2C

(3)
H` − 2C(3)

H`YlY
†
l

)
Yu ,

δCdH = 1
(4π)2 ε

tr
(
−1

2C5C
†
5 + 2

3g
2
2C

(3)
H` − 2C(3)

H`YlY
†
l

)
Yd . (A.4)

• ψ2H2D

δC
(1)
H` = 1

(4π)2ε

[
−3

4C5C
†
5+1

3g
2
1tr
(
C

(1)
H`

)
1+3

4
(
C

(1)
H`+3C(3)

H`
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YlY

†
l

+3
4YlY

†
l
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C

(1)
H`+3C(3)
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+1

6g
2
1C

(1)
H`+

1
4
(
(3−2ξ1)g2

1+3(3−2ξ2)g2
2

)
C

(1)
H`

]
,

δC
(3)
H` = 1

(4π)2ε

[1
2C5C

†
5+1

3g
2
2tr
(
C

(3)
H`

)
1+1

4
(
3C(1)

H`+C
(3)
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l
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3C(1)
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(3)
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1
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(3)
H`

]
,

δCHe = 1
(4π)2ε

[2
3g

2
1tr
(
C

(1)
H`

)
1−Y †l C

(1)
H`Yl

]
,

δC
(1)
Hq = − 1

(4π)2ε

1
9g

2
1tr
(
C

(1)
H`

)
1,

δC
(3)
Hq = 1

(4π)2ε

1
3g

2
2tr
(
C

(3)
H`

)
1,

δCHu = − 1
(4π)2ε

4
9g

2
1tr
(
C

(1)
H`

)
1,

δCHd = 1
(4π)2ε

2
9g

2
1tr
(
C

(1)
H`

)
1. (A.5)

•
(
LL
) (

LL
)

δCαβγλ`` = − 1
(4π)2 ε

[1
4C

αγ
5 Cβλ∗5 + 1

6g
2
1δ
γλC

(1)αβ
H` − 1
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2
2

(
2δγβC(3)αλ
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H`
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+ 1

4
(
YlY

†
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(1)
H`−C

(3)
H`
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+ 1
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YlY

†
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γλ

+ 1
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(
YlY

†
l

)
αλ
C
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H` + 1
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(
YlY

†
l

)
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]
,

δC
(1)αβγλ
`q = 1

(4π)2 ε

[ 1
18g

2
1δ
γλC

(1)αβ
H` + 1

2C
(1)αβ
H`
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YuY

†
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†
d
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]
,

δC
(3)αβγλ
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(4π)2 ε

[1
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2
2δ
γλC

(3)αβ
H` − 1

2C
(3)αβ
H`

(
YuY

†
u +YdY

†
d

)
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]
. (A.6)
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•
(
LL
) (

RR
)
δCαβγλ`e = 1

(4π)2 ε

[
−1

3g
2
1δ
γλC

(1)αβ
H` + C

(1)αβ
H`

(
Y †l Yl

)
γλ

]
,

δCαβλγ`u = 1
(4π)2 ε

[2
9g

2
1δ
γλC

(1)αβ
H` − C(1)αβ

H`

(
Y †u Yu

)
γλ

]
,

δCαβλγ`d = 1
(4π)2 ε

[
−1

9g
2
1δ
γλC

(1)αβ
H` + C

(1)αβ
H`

(
Y †d Yd

)
γλ

]
. (A.7)

B Complete one-loop RGEs for the type-II and type-III SEFTs

B.1 Generic contributions from the Weinberg operator

Renormalizable terms.

• The Higgs quartic coupling

16π2µ
dλ
dµ = 2m2tr

(
C5C

†
5

)
. (B.1)

Dimension-six operators.

• H6 and H4D2

16π2µ
dCH�

dµ = −tr
(
C5C

†
5

)
,

16π2µ
dCHD

dµ = −2tr
(
C5C

†
5

)
,

16π2µ
dCH
dµ = −4λtr

(
C5C

†
5

)
. (B.2)

• ψ2H3

16π2µ
dCeH

dµ = 3
2C5C

†
5Yl − tr

(
C5C

†
5

)
Yl ,

16π2µ
dCuH

dµ = −tr
(
C5C

†
5

)
Yu ,

16π2µ
dCdH

dµ = −tr
(
C5C

†
5

)
Yd . (B.3)

• ψ2H2D

16π2µ
dC(1)

H`

dµ = −3
2C5C

†
5 ,

16π2µ
dC(3)

H`

dµ = C5C
†
5 . (B.4)

•
(
LL
) (
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)

16π2µ
dCαβγλ``

dµ = −1
2C

αγ
5 Cβλ∗5 . (B.5)
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B.2 Contributions from dim-6 operators in the type-II SEFT

Renormalizable terms.

• The Yukawa couplings

16π2µ
dYl
dµ = −m2 (6CeH − 2YlCH� + YlCHD) ,

16π2µ
dYu
dµ = −m2 (6CuH − 2YuCH� + YuCHD) ,

16π2µ
dYd
dµ = −m2 (6CdH − 2YdCH� + YdCHD) . (B.6)

• The Higgs quadratic and quartic couplings

16π2µ
dm2

dµ = 4m4 (2CH� − CHD) , (B.7)

16π2µ
dλ
dµ = −2m2

[
12CH + 2

(
−16λ+ 5

3g
2
2

)
CH� + 3

(
4λ+ 1

2g
2
1 −

1
2g

2
2

)
CHD

+ tr
(
3CdHY

†
d + 3YdC

†
dH + 3CuHY †u + 3YuC

†
uH + CeHY

†
l + YlC

†
eH

)]
.

Dimension-six operators.

• H6 and H4D2
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• ψ2H3
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• ψ2H2D
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dµ =
(2

9g
2
1 − Y †u Yu

)
αβ

(CH� + CHD) ,

16π2µ
dCαβHd

dµ =
(
−1

9g
2
1 + Y †d Yd

)
αβ

(CH� + CHD) ,

16π2µ
dCαβHud

dµ =
(
Y †u Yd

)
αβ

(2CH� − CHD) . (B.10)
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•
(
LL
) (

LL
)

16π2µ
dCαβγλ``

dµ = 1
3
(
g2

1−g2
2

)(
Cαρρβ`` δγλ+Cρλγρ`` δαβ

)
+ 2

3g
2
1

(
Cαβρρ`` δγλ+Cρργλ`` δαβ

)
+2

3g
2
2

(
Cρβγρ`` δαλ+Cαρρλ`` δβγ

)
+6g2

2C
αλγβ
`` −3

(
g2

2−g2
1

)
Cαβγλ``

+1
2
(
YlY

†
l

)
αρ
Cρβγλ`` + 1

2
(
YlY

†
l

)
γρ
Cαβρλ`` + 1

2C
αργλ
``

(
YlY

†
l

)
ρβ

+1
2C

αβγρ
``

(
YlY

†
l

)
ρλ
,

16π2µ
dC(1)αβγλ

`q

dµ = −2
9g

2
1δγλ

(
Cαρρβ`` +2Cαβρρ``

)
,

16π2µ
dC(3)αβγλ

`q

dµ = 2
3g

2
2δγλC

αρρβ
`` . (B.11)

•
(
LL
) (

RR
)

16π2µ
dCαβγλ`e

dµ = 4
3g

2
1δγλ

(
2Cαβρρ`` + Cαρρβ``

)
− 2

(
Cαρσβ`` + 2Cαβσρ``

)
(Yl)ρλ

(
Y †l

)
γσ
,

16π2µ
dCαβγλ`u

dµ = −8
9g

2
1δγλ

(
2Cαβρρ`` + Cαρρβ``

)
,

16π2µ
dCαβγλ`d

dµ = 4
9g

2
1δγλ

(
2Cαβρρ` + Cαρρβ``

)
. (B.12)

Note that the quartic coupling λ in eqs. (B.7)–(B.9) is the effective one at the tree level,
e.g., λ→ λ− 2λ2

∆
(
1 + 2m2/M2

∆
)
.

B.3 Contributions from dim-6 operators in the type-III SEFT

Renormalizable terms.

• The Yukawa couplings

16π2µ
dYl
dµ = −2m2

[(
C

(1)
H` + 3C(3)

H`

)
Yl + 3CeH

]
. (B.13)

• the Higgs quadratic and quartic couplings

16π2µ
dλ
dµ = −2m2tr

[
4C(3)

H`

(1
3g

2
2 − YlY

†
l

)
+ CeHY

†
l + YlC

†
eH

]
. (B.14)

Dimension-six operators.

• H6 and H4D2

16π2µ
dCH�

dµ = −2tr
[1

3g
2
1C

(1)
H`−g

2
2C

(3)
H` +(C(1)

H` +3C(3)
H`)YlY

†
l

]
,

16π2µ
dCHD

dµ = −2tr
(4

3g
2
1C

(1)
H` +4C(1)

H`YlY
†
l

)
, (B.15)

16π2µ
dCH
dµ = 4tr

[
4λC(3)

H`

(1
3g

2
2−YlY

†
l

)
+CeHY

†
l

(
λ−YlY

†
l

)
+
(
λ−YlY

†
l

)
YlC

†
eH

]
.
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• ψ2H3

16π2µ
dCeH

dµ = 2
[
tr
(2

3g
2
2C

(3)
H` − 2C(3)

H`YlY
†
l

)
Yl + C

(1)
H`YlY

†
l Yl +

(
2λ− 3g2

1

)
C

(1)
H`Yl

+ 3
(
2λ− g2

1

)
C

(3)
H`Yl

]
+
[
24λ− 3

4
(
7g2

1 + 9g2
2

)
+ 3T

]
CeH

+2tr
(
CeHY

†
l

)
Yl + 5CeHY

†
l Yl + 11

2 YlY
†
l CeH ,

16π2µ
dCuH

dµ = tr
(4

3g
2
2C

(3)
H` − 4C(3)

H`YlY
†
l + 2YlC

†
eH

)
Yu ,

16π2µ
dCdH

dµ = tr
(4

3g
2
2C

(3)
H` − 4C(3)

H`YlY
†
l + 2CeHY

†
l

)
Yd . (B.16)

• ψ2H2D

16π2µ
dC(1)

H`

dµ = 2
3g

2
1tr
(
C

(1)
H`

)
1 +

(1
3g

2
1 + 2T

)
C

(1)
H`

+1
2
[(

4C(1)
H` + 9C(3)

H`

)
YlY

†
l + YlY

†
l

(
4C(1)

H` + 9C(3)
H`

)]
,

16π2µ
dC(3)

H`

dµ = 2
3g

2
2tr
(
C

(3)
H`

)
1 +

(
−17

3 g
2
2 + 2T

)
C

(3)
H`

+1
2
[(

3C(1)
H` + 2C(3)

H`

)
YlY

†
l + YlY

†
l

(
3C(1)

H` + 2C(3)
H`

)]
,

16π2µ
dCHe

dµ = 4
3g

2
1tr
(
C

(1)
H`

)
1− 2Y †l C

(1)
H`Yl ,

16π2µ
dC(1)

Hq

dµ = −2
9g

2
1tr
(
C

(1)
H`

)
1 ,

16π2µ
dC(3)

Hq

dµ = 2
3g

2
2tr
(
C

(3)
H`

)
1 ,

16π2µ
dCHu

dµ = −8
9g

2
1tr
(
C

(1)
H`

)
1 ,

16π2µ
dCHd

dµ = 4
9g

2
1tr
(
C

(1)
H`

)
1 , (B.17)

•
(
LL
) (

LL
)

16π2µ
dCαβγλ``

dµ = −1
3g

2
1δ
γλC

(1)αβ
H` + 1

3g
2
2

(
2δγβC(3)αλ

H` − δγλC(3)αβ
H`

)
−1

2
(
YlY

†
l

)
αβ

(
C

(1)
H` − C

(3)
H`

)γλ
− 1

2
(
C

(1)
H` − C

(3)
H`

)αβ (
YlY

†
l

)
γλ

−
(
YlY

†
l

)
αλ
C

(3)γβ
H` − C(3)αλ

H`

(
YlY

†
l

)
γβ
,

16π2µ
dC(1)αβγλ

`q

dµ = 1
9g

2
1δ
γλC

(1)αβ
H` + C

(1)αβ
H`

(
YuY

†
u − YdY

†
d

)
γλ
,

16π2µ
dC(3)αβγλ

`q

dµ = 1
3g

2
2δ
γλC

(3)αβ
H` − C(3)αβ

H`

(
YuY

†
u + YdY

†
d

)
γλ
. (B.18)
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•
(
LL
) (

RR
)

16π2µ
dCαβγλ`e

dµ = −2
3g

2
1δ
γλC

(1)αβ
H` + 2C(1)αβ

H`

(
Y †l Yl

)
γλ
,

16π2µ
dCαβλγ`u

dµ = 4
9g

2
1δ
γλC

(1)αβ
H` − 2C(1)αβ

H`

(
Y †u Yu

)
γλ
,

16π2µ
dCαβλγ`d

dµ = −2
9g

2
1δ
γλC

(1)αβ
H` + 2C(1)αβ

H`

(
Y †d Yd

)
γλ
. (B.19)

C Explicit expressions for mixing parameters

In this appendix, we outline the strategy to diagonalize Yl and κ and to derive the explicit
expressions of the RGEs of three mixing angles, three CP-violating phases, the moduli and
phases of the η and η′ elements. According to the RGE of Yl in eq. (3.9), by inserting
Yl = UlŶlU

′†
l into the left-handed side of eq. (3.9), we have

U̇l Ŷl U
′†
l + Ul

˙̂
Y l U

′†
l + Ul Ŷl U̇

′†
l =

[
αl + C ll

(
YlY

†
l

)
− 2 m

2

v2 UlP
(
η′ − 4η

)
P †U †l

]
Yl . (C.1)

Then multiplying U †l from left and U ′l Ŷl from right on both sides of eq. (C.1) and then
adding it to its Hermitian conjugate [90], one arrives at

U †l U̇l Ŷ
2
l − Ŷ 2

l U
†
l U̇l + 2 ˙̂

Y l Ŷl

= 2αl Ŷ 2
l + 2C ll Ŷ 4

l − 2 m
2

v2 P
(
η′ − 4η

)
P †Ŷ 2

l − 2 m
2

v2 Ŷ
2
l P

(
η′ − 4η

)
P † , (C.2)

where U †l U̇l = −U̇ †l Ul and U ′†l U̇
′
l = −U̇ ′†l U ′l from the unitarity conditions U †l Ul = 1 and

U ′†l U
′
l = 1 have been used. Taking the diagonal elements on both sides of eq. (C.2) leads

to the RGEs of the eigenvalues of Yl, namely,

ẏα =
[
αl + C ll y

2
α − 2 m

2

v2
(
η′ − 4η

)
αα

]
yα , (C.3)

whereas the off-diagonal elements can be rewritten as

(
U †l U̇l

)
αβ

= −
(
U̇ †l Ul

)
αβ

= −2 m
2

v2 yαβ
(
η′ − 4η

)
αβ ei

(
φα−φβ

)
, (C.4)

for α 6= β, where yαβ ≡ (y2
β + y2

α)/(y2
β − y2

α) for α, β = e, µ, τ have been defined. Notice
that U̇ †l Ul is anti-Hermitian, so Re[(U̇ †l Ul)αα] = 0 holds. However, no simple information
about Im[(U̇ †l Ul)αα] can be acquired. In the neutrino sector, we insert κ = U∗ν κ̂U

T
ν into the

left-hand side of eq. (3.10) and obtain [21–23, 47, 59]

U̇ν κ̂ U
T
ν + Uν

˙̂κUT
ν + Uν κ̂ U̇

T
ν = ακκ+ Cκ

[(
YlY

†
l

)
κ+ κ

(
YlY

†
l

)T
]
. (C.5)
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By multiplying U †ν from left and U∗ν from right on both sides of eq. (C.5), we have [90]

˙̂κ = ακκ̂+ Cκ

(
V ′†Ŷ 2

l V
′κ̂+ κ̂ V ′TŶ 2

l V
′∗
)

+
(
U̇ †νUν

)
κ̂− κ̂

(
U̇ †νUν

)∗
, (C.6)

where V ′ ≡ U †l Uν and U̇ †νUν = −U †ν U̇ν due to the unitarity condition U †νUν = 1 have been
used. Since κ̂i are real and positive, the diagonal elements on the right-hand side of eq. (C.6)
should be so as well, leading to Im[(U̇ †νUν)ii] = 0. Moreover, as U̇ †νUν is anti-Hermitian
with Re[(U̇ †νUν)ii] = 0, the diagonal elements of U̇ †νUν are actually vanishing.

From the diagonal elements on both sides of eq. (C.6), one can immediately extract
the RGEs of eigenvalues of κ, i.e.,

κ̇i = (ακ + 2CκReSii)κi , (C.7)

and the off-diagonal elements give rise to(
U †ν U̇ν

)
ij

= −
(
U̇ †νUν

)
ij

= Cκ
κ2
j − κ2

i

[(
κ2
i + κ2

j

)
Sij + 2κiκjS∗ij

]
, (C.8)

for i 6= j. Then, with the help of eqs. (C.4) and (C.8), the RGEs in eqs. (3.9)–(3.12) can be
utilized to derive the RGEs of eigenvalues of Yl and κ in eqs. (3.13) and (3.14), as well as
those of the unitary matrix V ′ and non-unitary parameters in η and η′. To get the RGEs
of the mixing parameters in V ′, we introduce T ≡ V ′†V̇ ′ and T ′ ≡ Q · T · Q†, where the
latter is explicitly given by

T ′ = Q̇Q† + U †U̇ + U †P †Ṗ U . (C.9)

On the one hand, the matrix elements of T can be calculated by using eq. (3.15), i.e.,

Tii =
∑
α

∑
β 6=α

2 m
2

v2 yαβ U
∗
αi Uβi

(
η′ − 4η

)
αβ , (C.10)

Tij =
∑
α

∑
β 6=α

2 m
2

v2 yαβ (UQ)∗αi (UQ)βj
(
η′ − 4η

)
αβ

+ Cκ
κ2
j − κ2

i

[(
κ2
i + κ2

j

)
Sij + 2κiκjS∗ij

]
, (C.11)

where i = 1, 2, 3 in eq. (C.10) and ij = 12, 13, 23 in eq. (C.11) are implied. Via the
definitions of T and T ′ and the explicit expression of T ′ in eq. (C.9), one can find

T ′11 = T11 = iρ̇+
∑
α

[
U∗α1

(
U̇α1 + iUα1φ̇α

)]
, (C.12)

T ′22 = T22 = iσ̇ +
∑
α

[
U∗α2

(
U̇α2 + iUα2φ̇α

)]
, (C.13)

T ′33 = T33 =
∑
α

[
U∗α3

(
U̇α3 + iUα3φ̇α

)]
, (C.14)

T ′12 = T12ei(ρ−σ) =
∑
α

[
U∗α1

(
U̇α2 + iUα2φ̇α

)]
, (C.15)

T ′13 = T13eiρ =
∑
α

[
U∗α1

(
U̇α3 + iUα3φ̇α

)]
, (C.16)

T ′23 = T23eiσ =
∑
α

[
U∗α2

(
U̇α3 + iUα3φ̇α

)]
. (C.17)
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By identifying the matrix elements in eqs. (C.10) and (C.11) with the corresponding ones
in eqs. (C.12)–(C.17) and solving them, one can obtain the RGEs for three mixing angles
and the Dirac phase in U , the Majorana phases in Q, and the unphysical phases in P .
Then, with those results and eqs. (3.16) and (3.17), the RGEs for the moduli and phases
of elements in η and η′ under the parametrizations shown in eqs. (3.7) and (3.8) can be
easily achieved. The exact analytical expressions of the one-loop RGEs for all leptonic
flavor mixing parameters can be found below.

Three lepton flavor mixing angles.

θ̇12 = 2m
2

v2

[
yeµc

−1
13 c23

(∣∣∣η′eµ∣∣∣c′eµ−4
∣∣∣ηeµ∣∣∣ceµ)−yeτ c−1

13 s23
(∣∣η′eτ ∣∣c′eτ−4|ηeτ |ceτ

)]
−Cκζ−1

12

{
s12c12

[
c2

13y
2
e−
(
c2

23−s2
13s

2
23

)
y2
µ+
(
s2

13c
2
23−s2

23

)
y2
τ

]
cρ−σ

−s13s23c23

(
y2
µ−y2

τ

)(
c2

12cδ+ρ−σ−s2
12cδ−ρ+σ

)}
cρ−σ

−Cκζ12

{
s12c12

[
c2

13y
2
e−
(
c2

23−s2
13s

2
23

)
y2
µ+
(
s2

13c
2
23−s2

23

)
y2
τ

]
sρ−σ

−s13s23c23

(
y2
µ−y2

τ

)(
c2

12sδ+ρ−σ+s2
12sδ−ρ+σ

)}
sρ−σ

+Cκζ−1
13 s12s13

[
s12s23c23

(
y2
µ−y2

τ

)
cρ−c12s13

(
y2
e−s2

23y
2
µ−c2

23y
2
τ

)
cρ+δ

]
cρ+δ

+Cκζ13s12s13

[
s12s23c23

(
y2
µ−y2

τ

)
sρ−c12s13

(
y2
e−s2

23y
2
µ−c2

23y
2
τ

)
sρ+δ

]
sρ+δ

+Cκζ−1
23 c12s13

[
c12s23c23

(
y2
µ−y2

τ

)
cσ+s12s13

(
y2
e−s2

23y
2
µ−c2

23y
2
τ

)
cσ+δ

]
cσ+δ

+Cκζ23c12s13

[
c12s23c23

(
y2
µ−y2

τ

)
sσ+s12s13

(
y2
e−s2

23y
2
µ−c2

23y
2
τ

)
sσ+δ

]
sσ+δ, (C.18)

θ̇13 = 2m
2

v2

[
yeµs23

(∣∣∣η′eµ∣∣∣c′eµ+δ−4
∣∣∣ηeµ∣∣∣ceµ+δ

)
+yeτ c23

(∣∣η′eτ ∣∣c′eτ+δ−4|ηeτ |ceτ+δ
)]

+Cκζ−1
13 c12c13

[
s12s23c23

(
y2
µ−y2

τ

)
cρ−c12s13

(
y2
e−s2

23y
2
µ−c2

23y
2
τ

)
cρ+δ

]
cρ+δ

+Cκζ13c12c13

[
s12s23c23

(
y2
µ−y2

τ

)
sρ−c12s13

(
y2
e−s2

23y
2
µ−c2

23y
2
τ

)
sρ+δ

]
sρ+δ

−Cκζ−1
23 s12c13

[
c12s23c23

(
y2
µ−y2

τ

)
cσ+s12s13

(
y2
e−s2

23y
2
µ−c2

23y
2
τ

)
cσ+δ

]
cσ+δ

−Cκζ23s12c13

[
c12s23c23

(
y2
µ−y2

τ

)
sσ+s12s13

(
y2
e−s2

23y
2
µ−c2

23y
2
τ

)
sσ+δ

]
sσ+δ, (C.19)

θ̇23 = 2m
2

v2

[
−yeµs13c

−1
13 c23

(∣∣∣η′eµ∣∣∣c′eµ+δ−4
∣∣∣ηeµ∣∣∣ceµ+δ

)
+yµτ

(∣∣∣η′µτ ∣∣∣c′µτ−4
∣∣∣ηµτ ∣∣∣cµτ)

+yeτs13c
−1
13 s23

(∣∣η′eτ ∣∣c′eτ+δ−4|ηeτ |ceτ+δ
)]

−Cκζ−1
13 s12

[
s12s23c23

(
y2
µ−y2

τ

)
cρ−c12s13

(
y2
e−s2

23y
2
µ−c2

23y
2
τ

)
cρ+δ

]
cρ

−Cκζ13s12

[
s12s23c23

(
y2
µ−y2

τ

)
sρ−c12s13

(
y2
e−s2

23y
2
µ−c2

23y
2
τ

)
sρ+δ

]
sρ

−Cκζ−1
23 c12

[
c12s23c23

(
y2
µ−y2

τ

)
cσ+s12s13

(
y2
e−s2

23y
2
µ−c2

23y
2
τ

)
cσ+δ

]
cσ

−Cκζ23c12

[
c12s23c23

(
y2
µ−y2

τ

)
sσ+s12s13

(
y2
e−s2

23y
2
µ−c2

23y
2
τ

)
sσ+δ

]
sσ, (C.20)

where ζij ≡ (κi − κj)/(κi + κj) for ij = 12, 13, 23. In addition, we have writ-
ten {sin θij , cos θij} as {sij , cij} for ij = 12, 13, 23, and likewise for the CP-violating
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phases {sinϕ, cosϕ, sin(ϕ + ϕ′), cos(ϕ + ϕ′)} as {sϕ, cϕ, sϕ+ϕ′ , cϕ+ϕ′} for ϕ,ϕ′ = ρ, σ, δ,
{sinφαβ , cosφαβ , sinφ′αβ , cosφ′αβ , sin(φαβ + δ), cos(φαβ + δ), sin(φ′αβ + δ), cos(φ′αβ + δ)} as
{sαβ , cαβ , s′αβ , c′αβ , sαβ+δ, cαβ+δ, s

′
αβ+δ, c

′
αβ+δ} for αβ = eµ, eτ, µτ .

Majorana and Dirac CP-violating phases.

ρ̇ = −2m
2

v2 yeµ
c23
c13

[
c12
s12

(∣∣∣η′eµ∣∣∣s′eµ−4
∣∣∣ηeµ∣∣∣seµ)+ s13c23

s23

(∣∣∣η′eµ∣∣∣s′eµ+δ−4
∣∣∣ηeµ∣∣∣seµ+δ

)]
+2m

2

v2 yeτ
s23
c13

[
c12
s12

(∣∣η′eτ ∣∣s′eτ−4|ηeτ |seτ
)
− s13s23

c23

(∣∣η′eτ ∣∣s′eτ+δ−4|ηeτ |seτ+δ
)]

−2m
2

v2 yµτs
−1
23 c
−1
23

(∣∣∣η′µτ ∣∣∣s′µτ−4
∣∣∣ηµτ ∣∣∣sµτ)

+Cκζ−1
12 c

2
12

{[
c2
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Moduli of η and η′ elements.

η̇αα =
∑
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∑
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where we do not separately write out the result for each element for brevity but one can
simply substitute the expressions of elements of U to get the results for specific elements
of η and η′.

Phases of η and η′ elements.
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