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1 Introduction

The AdS/CFT correspondence [1] and its gauge/gravity duality generalization (see the
books [2, 3] for more details) gave a way to relate interesting, nonperturbative field theories to
string theory in gravitational backgrounds, though string modes (as opposed to supergravity
modes) were only obtained in the Penrose limit, leading to the pp wave correspondence [4].
The limit reduces the gravity dual to a very simple form, a pp wave, in which one can most
often quantize the string and calculate its eigenmodes. On the field theory side, one focuses
on a subset of operators of large dimension, and a charge associated with a global symmetry,
where again one can usually make some nontrivial calculation for the anomalous dimension.
This makes it possible to understand better the holographic duality.

In four dimensions, the case one is most interested in because of phenomenology, one
can consider the Penrose limit of the standard AdS5 × S5 vs. N = 4 SYM duality, as in
the original paper [5]. A more interesting case would be of confining theories, like the
Klebanov-Strassler [6] and Maldacena-Núñez [7] constructions. Their Penrose limits were
first analyzed in [8], where the focus was on the IR limit of the solutions, and it was found
that there the Klebanov-Strassler case gives a theory of hadrons dubbed “annulons” (for
their ring-like structure), and the Maldacena-Núñez case was argued to be qualitatively
similar, if harder to analyze.
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In three dimensions, the standard conformal and N = 6 supersymmetric model is
the ABJM model [9], and its Penrose limit was understood quite well in [10]. But three-
dimensional theories turn out to be harder to understand. The Penrose limits of the
GJV model [11], not yet a confining model, were analyzed in [12] and there were some
puzzling mismatched quantities. The confining three-dimensional theory with dynamical
supersymmetry breaking with a gravity dual, obtained from NS5-branes wrapped on S3

with a twist, was found by Maldacena and Nastase (MNa) [5], and a start of an analysis for
its Penrose limit was begun in [13, 14], following the logic in 4 dimensions from [8], but
again it was hard to describe in field theory the analog of the pp wave results.

In this paper, we will revisit the Penrose limit of the MNa background and its field
theory interpretation, and will try to do a more in depth analysis. We will find that most
of the features of the pp wave analysis can be obtained, in particular the matching of the
BPS states, but there are still mismatches in terms of the corrections to the spectrum and
anomalous dimensions. We suggest reasons for the mismatches, one of them being similar
to the 4-dimensional case of Penrose limits of T-duals of AdS5 × S5, considered in [15].
We will also compare these results to other results for gravity duals of three-dimensional
systems, like the ABJM model, the GJV model, and the phenomenological holographic
cosmology model of [16].

The paper is organized as follows. In section 2 we review the MNa solution and its field
theory dual, in section 3 we find the pp wave in the Penrose limit for it, and quantize the
string in this background. In section 4 we analyze the field theory modes and match them
to the string modes on the pp wave, calculate corrections to the anomalous dimension and
compare with the pp wave, then compare against other three dimensional cases previously
analyzed. In section 5 we conclude and present some open questions.

2 Review of MNa solution and dual field theory

2.1 Gravity dual

The MNa solution is a solution of 10-dimensional type IIB string theory and was found by
embedding a solution of 5-dimensional gauged supergravity by Chamseddine and Volkov [17]
into 7 dimensions, and then into 10 dimensions. The solution for the metric, B field and
dilaton is [5]

ds2
10,string = d~x2

2,1 + α′N

[
dρ2 +R2(ρ)dΩ2

3 + 1
4 (w̃aL −Aa)2

]
H = dB = N

[
−1

4
1
6εabc (w̃aL −Aa)

(
w̃bL −Ab

)
(w̃cL −Ac) + 1

4F
a (w̃aL −Aa)

]
+ h

h = N
[
w3(ρ)− 3w(ρ) + 2

] 1
16

1
6εabcw

a
Lw

b
Lw

c
L

A = w(ρ) + 1
2 waL

Φ = Φ(ρ) , (2.1)

where waL and waR are the left- and right-invariant one-forms on S3, respectively, where
the S3, with metric dΩ2

3 = waLw
a
L = waRw

a
R, is the sphere on which the NS5-branes are
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wrapped, and w̃aL and w̃aR are the corresponding forms on the sphere at infinity (away from
the NS5-branes), S3

∞. Specifically, we have (in a parametrization with angles ψ, θ, φ)

w1
L = sinψdθ − sin θ cosψdφ , w2

L = cosψdθ + sin θ sinψdφ , w3
L = dψ + cos θdφ

w1
R = − sinφdθ + sin θ cosφdψ , w2

R = cosφdθ + sin θ sinφdψ , w3
R = dφ+ cos θdψ ,

(2.2)

and similar formulas for w̃aL, w̃aR in terms of ψ̃, θ̃, φ̃, such that

dΩ2
3 = waLw

a
L = dθ2 + dφ2 + dψ2 + 2cosθdφdψ. (2.3)

The functions w(ρ), R2(ρ) and φ(ρ) obey complicated coupled differential equations
that can be solved perturbatively or numerically. The boundary condition (perturbative
solution) in the UV is

R2(ρ) ' ρ , w(ρ) ' 1
4ρ , Φ(ρ) ' −ρ+ 3

8 log ρ ,∫
S3
∞

h = k , (2.4)

which corresponds to the gravity dual of little string theory. For the nonsingular solution
with k = N/2, as above, supersymmetry is preserved. If one considers extra δn = k −N/2
NS5-branes wrapped on S3, with |k − N/2| � N so that there is no backreaction to
gravity, δn > 0 (branes) keeps the solution supersymmetric, and δn < 0 (antibranes) breaks
supersymmetry, which is a dynamical breaking from the point of view of field theory.

The solution in the IR (near the origin ρ = 0) is of more interest to us, and is (see
also [13, 17])

R(ρ) ' ρ− 2 + 9b2
36 ρ3 +O(ρ5)

w(ρ) ' 1− bρ2 +O(ρ4)

Φ(ρ) ' Φ0 −
2 + 3b2

8 ρ2 +O(ρ4) , (2.5)

where a parameter b was introduced, which for the supersymmetric solution has the value
b = 1/3, and other values in [0, 1) correspond to soft breaking of supersymmetry by a
gaugino mass term (see [13, 14, 18, 19] for these generalizations and the notation).

It turns out that for the description of the field theory, it is better to S-dualize the
solution, to a solution for D5-branes wrapped on S3 with a twist, with the string frame
metric, H-field and dual dilaton in the IR

ds2
10,D,string = eΦD(ρ)ds2

10,string , H(D) = eΦD(ρ)H , ΦD(ρ) ' ΦD,0 + 2 + 3b2
8 ρ2 +O(ρ4).

(2.6)
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2.2 Field theory

The field theory corresponds to the theory on NS5-branes on S3, with a twist that preserves
N = 1 supersymmetry. The spin connection on S3 is in SU(2), which is isomorphic to
the coset SO(4)/SO(3) = S3. The NS5-brane theory has an SO(4) ' SU(2)L × SU(2)R R-
symmetry, corresponding in the gravity dual to the isometry of the sphere at infinity S3

∞, and
the twisting amounts to embedding the spin connection into SU(2)L, which was realized in
the gravity dual by identifying the gauge field Aa, which takes value in the SU(2)L ⊂ SO(4)
of the S3

∞ (coupled to R-symmetry), with the spin connection waL on the S3, in the UV.
KK reducing the NS5-brane theory on S3, meaning at low energies compared to the

inverse radius of the S3, we obtain an N = 1 supersymmetric theory of a U(N) gauge field,
with a Chern-Simons term due to the H field on S3, coupled to gauginos, and all the rest of
the fields are massive with m ∼ 1/RS3 . If the original level of the CS term in 6 dimensions
is k6, we can integrate out the massive gauginos, and obtain a pure CS theory with level
k = k6 −N/2. More precisely, since U(N) = U(1)×SU(N)

ZN
, we have a (U(1)k6 × SU(N)k)/ZN

theory, with a Witten index

I = (N + k −N/2)!
(k −N/2)!N ! , (2.7)

so we have a single vacuum for k = N/2, and supersymmetry for k > N/2, and susy
breaking if k < N/2. This is then a very simple theory.

However, it turns out that sometimes one needs to consider the full 6-dimensional
theory, as we will see.

3 Penrose limit of Maldacena-Nastase solution

3.1 PP wave

The Penrose limit corresponds to going near the null geodesic in the gravity dual, and
can be understood (as Penrose showed) by considering the expansion in a parameter
R characterizing the background, and standard rescalings of the coordinates (the null
coordinate transverse to the geodesic by R2 and the other coordinates by R, keeping the
direction of the geodesic unrescaled) of the Penrose form of the metric, after which we
obtain the pp wave in Rosen coordinates.

Then in holography, it is better to consider a null geodesic that moves along an isometry
direction of the gravity dual, since this would correspond in the field theory to states with
a large charge J in the R-symmetry direction corresponding to it. We will however see that
we don’t have this luxury here, although we will initially try. The general procedure for
the Penrose limit was considered in [20] (see also examples in [15]), and involves writing an
effective Lagrangian for the motion in the possible directions, but here we will not need to use
it, as we can directly find the pp wave in Brinkmann coordinates, like in the AdS5×S5 case.

It is now not possible to consider pp waves for the full solution, among other things
because it is only available numerically, and also because it would be too complicated to
disentangle. But we can try to use the theory in the IR, and correspondingly we should
map to the field theory in the IR. The D5-brane string frame metric, that will be used for
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comparison with the field theory (as is usual) is

ds2
10,D,string = eΦD(ρ)

{
d~x2

2,1 + α′N

[
dρ2 +R2(ρ)dΩ2

3 + 1
4 (w̃aL −Aa)2

]}
, (3.1)

and we have R2 ' ρ2, ΦD(ρ) = ΦD,0 + b′ρ2, with b′ ≡ 2+3b2
8 . However, it turns out that,

using the Aa in (2.1) leads to problems with the calculation so, instead, we can use a
gauge-transformed version (given that the solution has a residual, spacetime-independent,
gauge invariance), that removes the constant term and changes waL to waR:

Aa(ρ) '
(

1 + b

2ρ
2
)
waL ⇒ A′a(ρ) ' b

2ρ
2waR. (3.2)

The metric near ρ = 0 becomes

ds2
10,D,string ' eΦD,0+b′ρ2

{
d~x2

2,1 + α′N

[
dρ2 + ρ2dΩ2

3 + 1
4

(
w̃aL −

b

2ρ
2waR

)2]}
. (3.3)

The geodesic we are interested in will be at ρ = 0, as we already mentioned that we are
interested in the IR of the gravity dual, it will be on an equator of the sphere at infinity S3

∞
defined by θ̃ = 0 and ψ̃ = φ̃ (or φ̃− ≡ (φ̃− ψ̃)/2 = 0), and it will move along φ̃+ ≡ (φ̃+ ψ̃)/2,
but we will also need a component of the motion along the internal sphere S3, along φ, in
order to obtain a geodesic, and obtain the pp wave in Brinkmann coordinates.

We see that the relevant scale in the metric is R2 = α′NeΦD,0 , which should be taken
to infinity for the Penrose limit, but it is convenient to introduce an auxiliary dimensionless
number L→∞, such that

µ2 = L2

α′NeΦD,0
= fixed , R = L

µ
→∞. (3.4)

The reason to introduce this factor is so that we can rescale with it the field theory
coordinates, as

e
ΦD,0

2 dxµ = Ldx′µ , (3.5)

though in the following, we will drop the primes on x′µ.
Further, we change variables from the angles (φ, φ̃, ψ̃) to (φ̂, φ̃+, φ̃−),

φ̃+ = φ̃+ ψ̃

2 , φ̃− = φ̃− φ̃+ = φ̃− ψ̃
2 , φ̂ = φ− b

2 φ̃+ = φ− b

2
φ̃+ ψ̃

2 ⇒

φ = φ̂+ b

2 φ̃+ , φ̃ = φ̃− + φ̃+ , ψ̃ = φ̃+ − φ̃−. (3.6)

Next, we take the Penrose limit for motion on φ̃+, so that we rescale by R = L/µ as

ρ = µ

L
r , θ̃ = µ

L
2v , x+ = t , x− = L2

(
t− φ̃+

µ

)
⇒ φ̃+ = µx+ − µx

−

L2 . (3.7)

All in all, we have then

φ = φ̂+ b

2µx
+ − µ

2L2 bx
− , φ̃ = φ̃− + µx+ − 2µ

L2x
− , t = x+ , ψ̃ = φ̃+ − φ̃− , (3.8)
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and using that, in the above Penrose limit we have

waRw̃
a
L = 2(dφdφ̃+ + cos θdψdφ̃+) , (3.9)

(but note that away from it, there are terms with cos ψ̃, sin ψ̃!), we obtain

ds2
10,D,string'−

(
L2−b′µ2r2

)
dt2+

∑
i=1,2

dxidxi+dr2+r2(dθ2+dφ2+dψ2+2cosθdφdψ)

+dv2+v2dφ̃2+
(
L2

µ2 −b
′r2
)
dφ̃+−2v2dφ̃dφ̃+−br2(dφdφ̃++cosθdψdφ̃+)

=−2dx+dx−−µ2
(
b2

4 r
2+v2

)
(dx+)2+

∑
i=1,2

dxidxi+dv2+v2dφ̃2
−

+dr2+r2(dθ2+dψ2+dφ̂2+2cosθdψdφ̂). (3.10)

Further defining

dv2 + v2dφ̃2
− ≡ dv2

1 + dv2
2

dr2 + r2(dθ2 + dψ2 + dφ̂2 + 2 cos θdψdφ̂) ≡
4∑
i=1

du2
i , (3.11)

we obtain the Brinkmann form of the pp wave,

ds2 =−2dx+dx−−µ2
(
b2

4

4∑
i=1

u2
i +v2

1 +v2
2

)
(dx+)2+

2∑
i=1

dx2
i +dv2

1 +dv2
2 +

4∑
i=1

du2
i . (3.12)

From our coordinate changes, we also obtain

H = −p+ = i∂+ = i∂t − µ
(
b

2 i∂φ + i∂φ̃ + i∂ψ̃

)
= E − µ

(
b

2Jφ + Jφ̃ + Jψ̃

)
≡ E − µJ

P+ = −1
2p− = i

2∂− = µ

L2

(
b

2Jφ + Jφ̃ + Jψ̃

)
≡ µ

L2J. (3.13)

We need to take the Penrose limit on the B field next. In the Penrose limit, since
w(ρ) ' 1− bµ2r2/L2, so w3(ρ)− 3w(ρ) + 2 ' 0 +O(1/L2), h = 0, and since w1

L, w
2
L ∼ 1/L,

w3
L ∼ 1, Aa ' bρ2waR/2 ∼ waR/L2, F = dA+A∧A ∼ dA ∼ waR/L2, the only terms surviving

in the D5-brane H(D) = dB(D) are

H(D) ' eΦD,0N

4
[
−w̃1

L ∧ w̃2
L ∧ w̃3

L − dA3 ∧ w̃3
L

]
, (3.14)

and (since µ2/L2 = (α′NeΦD,0)−1)

dAa = bρdρ ∧ waR −
bρ2

2 dwaR ⇒

dA3 ∧ w̃3
L = 2µ

α′NeΦD,0

(
brdr ∧ w3

L −
br2

2 dw3
R

)
∧ dx+ ,

w̃1
L ∧ w̃2

L ∧ w̃3
L = sin θ̃dθ̃ ∧ dφ̃ ∧ dψ̃

→ 8µ3

L2 vdv ∧ dφ̃− ∧ dx
+ = 8µ3

L2 dv1 ∧ dv2 ∧ dx+ , (3.15)
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we obtain
H(D) = µ

α′

[
b

2

(
rdr ∧ w3

R −
r2

2 dw
3
R

)
− 2dv1 ∧ dv2

]
∧ dx+. (3.16)

Further, using the ui Cartesian coordinates, where

u1 = r cos θ2 cos φ+ ψ

2 , u2 = r cos θ2 sin φ+ ψ

2 ,

u3 = −r sin θ2 sin φ− ψ2 , u4 = r sin θ2 cos φ− ψ2 , (3.17)

so that rdr ∧ w3
R − r2

2 dw
3
R = 2[du1 ∧ du2 + du3 ∧ du4], we finally find

H(D) = dB(D) = −2 µ
α′
dx+ ∧

[
dv1 ∧ dv2 −

b

2(du1 ∧ du2 + du3 ∧ du4)
]
, (3.18)

so that we can choose a gauge where we have

B(D) = −2 µ
α′
x+
[
dv1 ∧ dv2 −

b

2(du1 ∧ du2 + du3 ∧ du4)
]
. (3.19)

3.2 String quantization and eigenstates

Choosing the usual light-cone gauge x+ = τ and unit gauge γab = ηab, thus imposing as
usual that the length of the string is l = 2πα′p+, the string action in the pp wave is

S = − 1
4πα′

∫
dτ

∫ 2πα′p+

0
dσ

[
ηab

( 2∑
i=1

∂axi∂bxi +
2∑
i=1

∂avi∂bvi +
4∑
i=1

∂aui∂bui

)

− µ2
(
b2

4

4∑
i=1

u2
i +

2∑
i=1

v2
i

)]

+ 2µ
4πα′

∫
dτ

∫ 2πα′p+

0
dσ εabτ

[
∂av1∂bv2 −

b

2(∂au1∂bu2 + ∂au3∂bu4)
]
. (3.20)

We see that x1 and x2 are massless and non-interacting. The equations of motion of
the fields v1, v2, u1, u2, u3, u4 are

(−∂2
τ + ∂2

σ − µ2)v1 − 2µ∂σv2 = 0 , (−∂2
τ + ∂2

σ − µ2)v2 + 2µ∂σv1 = 0(
−∂2

τ + ∂2
σ −

b2

4 µ
2
)
u1 − µb∂σu2 = 0 ,

(
−∂2

τ + ∂2
σ −

b2

4 µ
2
)
u2 + µb∂σu1 = 0(

−∂2
τ + ∂2

σ −
b2

4 µ
2
)
u3 − µb∂σu4 = 0 ,

(
−∂2

τ + ∂2
σ −

b2

4 µ
2
)
u4 + µb∂σu3 = 0. (3.21)

Next we choose free waves (Fourier modes),

vi = vi,0 exp[−iωτ + ikiσ] , (3.22)

and similarly for the others, and with the usual rescaling by p+ of the gauge condition as
above, we have for the quantization of momenta around the σ circle

ki,n = ni
α′p+ , (3.23)

– 7 –
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so that for the vi’s we obtain

(ω2 − k2
1 − µ2)v1,0 − 2iµk2v2,0 = 0 , +2iµk1v1,0 + (ω2 − k2

2 − µ2)v2,0 = 0. (3.24)

From the vanishing of the determinant, we obtain the eigenvalues

ω2
v,± = 1

2

[
2µ2 + k2

1 + k2
2 ±

√
(k2

1 − k2
2)2 + 16µ2k1k2

]
⇒

ωv,± = µ

√√√√1 + n2
1 + n2

2
2(µα′p+)2 ±

√
(n2

1 − n2
2)2

4(µα′p+)4 + 4 n1n2
(µα′p+)2 . (3.25)

Similarly, for the ui modes we obtain (two modes for each)

ω2
u,± = 1

2

[
b2µ2

2 + k2
1 + k2

2 ±
√

(k2
1 − k2

2)2 + 4b2µ2k1k2

]
⇒

ωu,± = µ

√√√√b2

4 + n2
1 + n2

2
2(µα′p+)2 ±

√
(n2

1 − n2
2)2

4(µα′p+)4 + b2
n1n2

(µα′p+)2 . (3.26)

We see then that, for ni = 0 or µα′p+ → ∞, we have ωv,±/µ = 1 and ωu,±/µ = b/2,
which at the supersymmetric point equals 1/6.

The x1, x2 modes are massless and non-interacting, so for them we have

ωxi = µ
ni

(µα′p+) . (3.27)

Moreover, we see that for n1 = n2 ≡ n, the v eigenvalues become

ωv,± =
√

1 + n2

(µα′p+)2 ±
2n

µα′p+ = 1± n

µα′p+ , (3.28)

and the u eigenvalues become

ωu,± =
√
b2

4 + n2

(µα′p+)2 ±
2b/2
µα′p+ = b

2 ±
n

µα′p+ . (3.29)

We see that, except for the different leading term (0, 1 or b/2), the first correction is
universal (n/(µα′p+)) and exact. This is what we will attempt to reproduce from the field
theory side.

4 Large charge sector and spin chain

We now focus on the field theory side, and see if we can again understand the Penrose limit
in terms of a spin chain.

– 8 –
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4.1 Field theory modes

As we have reviewed in section 2, the field theory on the 5-branes is N = (1, 1) supersym-
metric in 5+1 dimensions, and it KK reduces on S3 with the twist to a 2+1 dimensional
N = 1 supersymmetric gauge theory, made up of pure Chern-Simons gauge fields, with the
gauginos that can be integrated out, and this is coupled to the KK modes.

It will turn out that the KK modes also must be taken into account, so we consider the
6-dimensional theory, and its expansion on S3. In 6 dimensions we have the N = 1 vector
multiplet (with one vector and one Weyl spinor), and an N = 1 hypermultiplet (which
contains 2 complex scalars and one Weyl spinor). The 2 complex scalar (or 4 real) correspond
to the 4 coordinates transverse to the 5-brane, and transform under the R-symmetry
SO(4) ' SU(2)L×SU(2)R. In order to keep N = 1 susy after compactifying on S3, we must
embed the SU(2)tg.-valued spin connection on S3 into the R-symmetry, specifically into
SU(2)L, which means that under KK reduction we gauge SU(2)L with the spin connection.

The 6-dimensional theory with one gauge field, 2 Weyl spinors and 2 complex scalars
decomposes, after the KK reduction but before the twist, under the remaining symmetry
group SO(2, 1)×SU(2)tg.×SU(2)L×SU(2)R (note the decomposition SO(5, 1)→ SO(2, 1)×
SU(2)tg.), as

gauge : (3,1,1,1)⊕ (1,3,1,1) , scalars : (1,1,2,2) , fermions : (2,2,2,1)⊕ (2,2,1,2) .
(4.1)

After we twist by embedding the SU(2)tg. spin connection into SU(2)L, we have
SO(2, 1)× (SU(2)tg. × SU(2)L)diag. × SU(2)R, so we obtain

gauge : (3,1,1)⊕ (1,3,1) , scalars : (1,2,2) , fermions : (2,1,1)⊕ (2,3,1)⊕ (2,2,2) ,
(4.2)

which gives the field content of the N = 1 3-dimensional theory. Of course, now we need to
find the masses of these fields (and remember that massless fermions are integrated out,
modifying the level k of the Chern-Simons theory). The massless fields are the singlets
under the spin connection, so (SU(2)tg. × SU(2)L)diag, so only a gauge field and a fermion.

We are mostly interested in the bosonic degrees of freedom so, besides the massless
gauge fields, we have the massive scalars in the (1,3,1) (from the KK expansion of the
6-dimensional gauge fields) and (1,2,2) (from the KK expansion of the 6-dimensonal scalars)
representations. We would like to calculate their 3-dimensional masses and representations
for the symmetry groups, and see which ones can be used to compose operators dual to
string modes.

We KK expand on the sphere, written as a coset manifold, S3 = SO(4)/SO(3) ≡ G/H ,
or more precisely, with G = SO(4) ' SU(2)′L × SU(2)′R and H = SU(2)′diag. (the diagonal
part of the two SU(2)’s) though, since SU(2)′diag = SU(2)tg. is also the tangent space
symmetry of the spin connection, via the twisting, it becomes also diagonal with respect to
the SU(2)L R-symmetry.

In general, for fields that are scalars after dimensional reduction (here, SO(2, 1) scalars),
the KK expansion takes the form

φM (x, y) =
∑
q,Iq

φq,Iq(x)Y q,Iq
M (y) , (4.3)
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where Iq is an index in a representation of the isometry group G of the coset space, here
SO(4) = SU(2)′L × SU(2)′R, with dimension q, and M is an index in the local Lorentz group
H of the coset space, here SO(3) = SU(2)diag., and Y q,Iq

M (y) is the spherical harmonic. In
general, M can also include the indices in the internal group, unrelated to G or H, in this
case the SU(2)R R-symmetry. Since representations of SU(2) are defined by a spin j and
have index m = −j, . . . ,+j, the representations q of G are defined by (j1, j2), with index
Iq = (m1,m2). We can therefore write for the scalars, in general

φm′1(m′2) =
∑
j1,j2

∑
m1,m2

φ(j1,j2)
m1m2 (x)Y (j1,j2);m1m2

m′1(m′2) (y). (4.4)

The 3-dimensional masses for these fields are obtained, as usual, by splitting the 6-
dimensional Laplacian as �x,y = �x+�y, with the spherical harmonics being eigenfunctions
of �y on the S3, with eigenvalue [21, 22]

�yY
(j1,j2)m1m2
m′1(m′2) (y) = −j1(j1 + 1) + j2(j2 + 1) + s(s+ 1)

R2 Y
(j1,j2)m1m2
m′1(m′2) (y) , (4.5)

where R is the radius of S3, j1, j2 are dimensions of representations under SU(2)′L×SU(2)′R,
and s, or “spin”, from the point of view of the SO(3) = SU(2)′diag = (SU(2)′L × SU(2)′R)diag
is the representation of the diagonal group (”addition of angular momenta”), so is from
|j1 − j2| to j1 + j2.

For (1,3,1) we have s = 1, meaning j1 = j2 = 1/2 for the lightest fields, so for them
m2 = 7/(2R2), whereas for (1,2,2) we have s = 1/2, so j1 = 1/2, j2 = 0 for the lightest
fields, so for them m2 = 3/(2R2).

Although they have different masses, both of these lightest modes are needed to match
to the string side, since they have different symmetry properties (and provenance).

In the 4-dimensional Maldacena-Núñez case, the resulting theory of massive scalars
and fermions coupled to gauge fields was able to “deconstruct”, through a fuzzy S2, the
6-dimensional theory, at least at the classical level, as shown by Andrews and Dorey [23].
In our 3-dimensional case, this is considerably more difficult, since the construction of the
fuzzy S3 is much less clear, though the ingredients of massive scalars and fermions are likely
still crucial.

4.1.1 Matching to string modes

Corresponding to the strings in the pp wave, in their discretized form, we expect to find
large charge operators in the field theory, just like we had seen in the case of BMN operators
for N = 4 SYM in [4]. The difference is that now the operators are in a confining theory,
with a nontrivial IR dynamics. That is why these gauge-invariant operators were interpreted
in the 4-dimensional confining cases as creating some ring-like hadrons dubbed “annulons”
in [8]. Other than this, we expect the same kind of qualitative construction.

To match to string modes, we remember that the v1, v2 modes were obtained from
θ̃, φ̃ ∈ S3

∞, the u1, . . . , u4 modes were obtained from r and S3 modes, and x1, x2 are the
field theory space coordinates.

– 10 –



J
H
E
P
0
5
(
2
0
2
2
)
1
8
1

On the field theory side, the three (1,3,1) modes Aa are modes on the S3, the
four (1,2,2) modes φM transform under the R-symmetry corresponding to the SO(4) =
SU(2)L × SU(2)R invariance of the transverse sphere S3

∞, and other relevant objects that
can act as string oscillators in the pp wave are the covariant derivatives Dt and Dxi .

It becomes clear then that Dxi (really, in the two sphere directions in the spherical
coordinate split of the Euclidean version of the 3-dimensional field theory coordinate) should
correspond to string oscillators in the x1, x2 directions, and the φM should be split according
to the charge J into some Z and Z̄ fields corresponding to x+ and x− (for motion mostly
on S3

∞, under a combination of φ̃, ψ̃, and also φ), and two fields W and W̄ corresponding
to string oscillators in the two v1, v2 directions. Finally, the Aa modes and the Dt covariant
derivative (really, in the radial Euclidean time direction for the Euclidean version of the
3-dimensional field theory coordinate) should correspond to the string oscillators in the
u1, . . . , u4 directions.

We confirm this by charge assignments and calculation of the corresponding energies in
the free case (at zero coupling, or no excitations: the BPS case). We first decompose the φM
modes using the bifundamental action of SO(4) = SU(2)L × SU(2)R, by φM → VLφ

MVR,
as (using σM ≡ (i 1l, σj), for M = 0, 1, 2, 3 and j = 1, 2, 3)

Φαβ = 1√
2

(σM )αβφM = 1√
2

(
iΦ0 + Φ3 Φ1 − iΦ2

Φi + iΦ2 iΦ0 − Φ3

)
= 1√

2

(
Z W ∗

W −Z∗

)
. (4.6)

The charges Jφ̃ and Jψ̃ correspond to independent U(1) rotations inside S3
∞, which

means that one of them is a U(1) ⊂ SU(2)L, and the other a U(1) ⊂ SU(2)R. But from
the above decomposition, the charges of Z under U(1) ⊂ SU(2)L and U(1) ⊂ SU(2)R are
the same, and also the same as the charge of W under U(1) ⊂ SU(2)L, and the opposite
as the charge of W under U(1) ⊂ SU(2)R. Of course, neither of the ΦM is charged under
an U(1) ⊂ (SU(2)′L × SU(2)′R)diag., that corresponds to Jφ. Also, Aa is charged under
U(1) ⊂ (SU(2)′L × SU(2)′R)diag., and because of the twisting, so is Dt (corresponding to the
scaling direction of the field theory, holographically identified with motion in ρ, and ρ, S3

∞
make up the transverse coordinates to the 5-brane), and with the same charge.

The normalization of the Jφ̃ and Jψ̃ and of the Jφ can be chosen according to our needs.
It will be useful to fix the basic Jφ̃ and Jψ̃ charges of Z as −1/4, and the basic Jφ charge of
Aa as 1/2. Another important point is that, in the Hamiltonian coming from the field theory
modes, a total constant is irrelevant, so we will be subtracting a value of 1 from each field.

Then, remembering that H = E−J , J = b
2Jφ+Jφ̃+Jψ̃ and P+ = J/R2, that E → ∆ in

field theory, and that, as we said, we can subtract an E0 = 1 from each field, we obtain table 1.
This is the correct value of the Hamiltonian, if we multiply by µ = −2. Note that, as

usual, Z̄ doesn’t give an oscillator (Z and Z̄ correspond to X+ and X−).
As usual then, in the standard (BMN) limit, with J →∞ and H = ∆− J − E0 fixed,

we obtain the string vacuum |0; p+〉 constructed out of J fields Z,

|0; p+〉 = 1√
JNJ/2

Tr[ZJ ] , (4.7)
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field Z W Z̄ W̄ Aa Dt Dxi

∆ 1/2 1/2 1/2 1/2 1 1 1
Jφ 0 0 0 0 1/2 1/2 0
Jφ̃ −1/4 −1/4 +1/4 +1/4 0 0 0
Jψ̃ −1/4 +1/4 +1/4 −1/4 0 0 0
J −1/2 0 +1/2 0 b/4 b/4 0

∆− J 1 1/2 0 1/2 1− b/4 1− b/4 1
H/µ = ∆− J − E0 0 −1/2 −1 −1/2 −b/4 −b/4 0

oscillator — v1 — v2 u1, u2, u3 u4 x1, x2

Table 1. Charge assignments for the fields and corresponding string oscillators.

and string oscillators a†Qn , for Q : (x1, x2, v1, v2, u1, u2, u3, u4) correspond to insertions of
ΦQ = (Dx1 , Dx2 ,W, W̄ ,A1, A2, A3, Dt), giving the (BMN) operators as

a†Q1
n a†Q2

−n |0; p+〉 = 1√
J

J∑
l=1

1
N

J
2 +1

Tr[ΦQ1Z lΦQ2ZJ−l]e
2πinl
J . (4.8)

The fermions could be treated similarly, but we will not consider them, as we have also
done in the string case.

4.2 Interactions and corrections to anomalous dimension

Having obtained matching at the BPS (ni = 0) or free (g2 = 0) level, we consider the
interactions next.

The 6-dimensional bosonic action for the (Lorentzian) D5-branes can be written as (it
is a dimensional reduction of 10-dimensional N = 1 SYM)

S6d,SYM = 1
g2
YM,6d

∫
d6xTr

[
−1

2(DΠΦM )2 − 1
4F

2
ΠΣ −

1
32[Φαγ ,Φβ

γ ][Φβδ,Φδ
α]
]
, (4.9)

where DΠ = ∂Π − i[., AΠ] and Π = 0, . . . , 5 and the α, β indices are raised and lowered with
εαβ like εαβΦβγ = Φα

γ , and the indices in the adjoint of SU(N) are implicit. The gauge
field from the 10-dimensional reduction is (AΠ, AM ≡ ΦM ).

As we can see, the interactions are formally the same as in N = 4 SYM, as commutator
square of the scalars.

After compactification to 3 dimensions and twisting, ΦM (decomposed as Φαβ , and that
as Z,W, Z̄, W̄ ) generates a massive KK tower, out of which we consider only the lightest.
Also Aa generates a massive tower, out of which we consider only the lightest, but we will
not consider these modes here, as they are more difficult to deal with. Denote by m the
mass of this lightest ΦM (so Z,W, Z̄, W̄ ) mode.

Its Euclidean propagator is then (θ, τ, ρ, σ are adjoint SU(N) indices)

P (x, z) ≡
〈
Z (x)τθ Z̄ (z)σρ

〉
= −δσθ δτρ

g2
YM

4π
exp [−m|x− z|]
|x− z|

. (4.10)
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Figure 1. Diagrams for the interactions.

Here we have used the coupling of the KK reduced theory,

g2
YM =

g2
YM,6d
VS3

= (2π)3α′eΦD,0

2π2R3
S3

= 4πeΦD,0α′

r3 , (4.11)

where we have used that

g2
Dp = (2π)p−2eΦ0α′

p−3
2 and VS3 = 2π2R3

S3 , and RS3 = eΦD,0/2
√
α′Nρ = r.

The relevant vertices, for interactions of W ’s with Z’s are again of the type [W,Z][W̄ , Z̄]
as in the SU(2) sector of the N = 4 SYM in 4 dimensions, the only difference being the
dimension of the fields, and the coupling.

Corrections to the conformal dimension (and thus to the energy H) of the BMN operators
Oα with insertions of W and W̄ are obtained as usual from their 2-point functions [4],
which is given in terms of hopping terms for W (or W̄ ) on the chain of Z’s, giving a factor
of
(
exp

[
−i2πn

J

]
+ exp

[
i2πn
J

])
, plus non-hopping terms that ensure that the BPS operators

are not corrected, so giving the needed −2. The relevant diagrams are given in figure 1.
The one-loop anomalous dimension correction to the 2-point function of BMN operators

is then

〈O (x)O (0)〉 = 〈O (x)O (0)〉tree

[
1+

+ N

2g2
YM

(
cos

(2πn
J

)
− 1

)∫
d3z

[P (z, 0)]2 [P (x, z)]2

[P (x, 0)]2

]

=
〈
Ō (x)O (0)

〉
tree

[
1 + g2

YMN |x|
2 (4π)2 I (x) sin2

(
nπ

J

)]
, (4.12)

where we have defined the dimensionless integral

I (x) = |x|
exp [−2m|x|]

∫
d3z

exp [−2m|z|] exp [−2m|x− z|]
|z|2|x− z|2

(4.13)
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and we have 〈
Ō(x)O(0)

〉
tree

= (P (x, 0))J+2 . (4.14)

If n is fixed and J →∞, we get

〈O (x)O (0)〉 = (P (x, 0))J+2
[
1 + g2

YMN |x|
32J2 n2I(x)

]
. (4.15)

Note the appearance of the x-space effective dimensionless coupling g2
YMN |x| (g2

YM

has mass dimension 1) in front of the one-loop correction, as expected. More precisely, we
obtain g2

YMN |x|/J2, which is to be matched with the pp wave quantity 1/(µα′p+)2, similar
to the 4-dimensional N = 4 SYM case.

Contrary to the N = 4 SYM case in 4 dimensions, however, or to the 3-dimensional
ABJM case reviewed in the next subsection, this integral is now both UV and IR convergent
(it is in fact UV and IR convergent even if m = 0), so we don’t expect any log(|x|Λ) to
appear, so it would formally seem like there is no correction to the anomalous dimension
(since that comes out of expanding |x|∆0+δ∆ into |x|∆0 (1 + δ∆ ln(|x|Λ))).

However, note that g2
YM will renormalize (in an asymptotically free theory like the

theory of massive scalars coupled to gauge fields that we describe here, with effective coupling
g2
YMN |x|) to g2

YM (Λ), which to a first approximation can be understood as g2
YM log(|x|Λ),

so in effect we have the whole correction term in the square bracket being the correction to
the anomalous dimension, so for W and W̄ we have

∆− J − E0 = 1 + g2
YMN |x|n2

32J2 I(x). (4.16)

But, as we said, we are interested in the UV limit, |x| → 0, and m is fixed, in which
case

I(x)→ |x|
∫
d3x

1
|z|2|x− z|2

∼ |x|4π
∫ ∞

Λ′=|x|
z2dz

1
|z|4

= |x|4π 1
|x|

= 4π , (4.17)

so we obtain
∆− J − E0 = 1 + π

8
g2
YMN |x|n2

J2 . (4.18)

Moreover, the same calculation of the correction to ∆ will also apply to the other
“string oscillators”, i.e., to insertions of Dxi , Dt and Aa, since in fact the D5-brane action
reduces to the D3-brane action of N = 4 SYM (and both are reductions of the N = 1 SYM
action in 10 dimensions), so the interactions are as democratic (equal) here as they were in
the latter case, where they all give the same result. The only difference is, of course, the
leading term, which is 0 for Dxi and b/2 for Aa and Dt.

For comparison with the pp wave result, we note that, given that we rescaled
eΦD,0/2dxµ = Ldx′µ, or dxµ = µ

√
α′
√
Ndx′µ, p+ = J/L2 needs rescaling by this factor, so

n2

(α′µp+)2 = 1
(µ
√
α′
√
N)2

L4n2

µ2α′2J2 = e2ΦD,0Nn2

J2 = g4
YMr

6Nn2

16π2α′2J2 . (4.19)
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That means that, if we make the replacement

g4
YMr

6 → g2
YM4π3|x|α′2 , (4.20)

we obtain the subleading term with n2 inside the square root in (3.28), in the absence of
the ± term that indicates the coupling of the two vi modes.

We see then that we don’t quite get the correct behaviour, most importantly we don’t
get the mixing of the two vi modes (and, of course, we have considered n1 = n2 already),
and we don’t even obtain the correct power of g2

YM .
There are several reasons why this can happen. The most important one is that, as

we mentioned, we must consider the UV of the field theory, in order to have perturbation
theory in the effective coupling g2

YMN |x|. Of course, like in the case of N = 4 SYM, we see
that we can still have g2

YMN |x| large if g2
YMN |x|/J2 is fixed, but now we are also forced to

consider explicitly |x| → 0. That is contrary to what we did in the pp wave case, where we
considered the IR of the gravity dual.

The second reason is that, as we saw, J contained a piece from Jφ, besides the Jψ̃ and
Jφ̃. While ψ̃ and φ̃ were isometries of the metric (dΩ̃2

3 = w̃aLw̃
a
L contains only cos θ̃), φ is

not an isometry of the metric, except in the strict Penrose limit: waLwaL and waRwaR contain
cos θ only, but w̃aLwaR (the cross term from (w̃aL − b

2ρ
2wR)2) contains only cos θ only in the

strict Penrose limit, away from it, it contains also terms depending on φ. The fact that the
null geodesic was not completely in an isometry direction was also a factor in [15], where
also it was found that there was a mismatch at the level of the first correction to ∆− J .

The third reason is that in general, once we have a smaller amount of supersymmetry,
we expect that the field theory formula for ∆ − J is modified, by sin2(p/2) ' π2n2/J2

being multiplied by a function of the ’t Hooft coupling, which takes one value at λ = 0
(perturbation theory) and another at λ =∞ (in the gravity dual). This is what happens in
the case of the ABJM model, as we will review in the next subsection. In this case, moreover,
we don’t have a conformal theory, so the g2

YM , N and |x| dependences are all independent.
Finally, and related to the previous reason, we have neglected the effect of other

Feynman diagrams, in particular the ones with Z̄ that, like in the case of N = 4 SYM, were
assumed to vanish, as the field Z̄ gets an infinite mass. But it is not clear that this reasoning
is still valid in this case, of a confining theory with scale dependence of the coupling.

Of course, there is also the possibility that there are further modes and couplings
coming from the KK expansion that need to be considered, beyond what we did in the
previous subsection.

4.3 Comparison with the ABJM and GJV models, and holographic cosmology
cases

Finally, in order to gain a clearer picture, let us consider other cases of three-dimensional
spin chains obtained from gravity dual pairs.

The ABJM model. First off, the standard model in three dimensions, the ABJM
model [9], is a conformal and N = 6 supersymmetric U(N)×U(N) Chern-Simons gauge
theory at level (k,−k). Like in our case, the gauge fields are Chern-Simons type, but
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unlike in our case, we have bifundamental matter for the SU(N) × SU(N) gauge group,
and conformality means, in particular, that the couplings do not run: in fact, the ’t Hooft
coupling in this case is discrete, N/k, with k the Chern-Simons level.

The Penrose limit and its spin chain dual in the field theory was analyzed by [10] (see
also [24] for open strings on D-branes in this case). The 4 complex scalar fields (for 4 chiral
multiplets) are denoted by (A1, A2, B̄1, B̄s), with A1, A2 in the (N, N̄) representation, and
B1, B2 in the (N̄ ,N) representation of the gauge group.

In this case, the scalars are uniquely identified with coordinates in spacetime, and
therefore their relation to the spacetime charges J is well-defined. In field theory, the
charges are for a combination of U(1)’s inside the SU(4) R-symmetry. One obtains that
J(A1) = J(B1) = 1/2 and J(A2) = J(B2) = 0, while ∆[A1, A2, B1, B2] = 1/2. However, in
order to multiply some objects inside a trace, in order to construct spin chains, they need
to transform under a single gauge group, which uniquely identifies the object from which
the vacuum is constructed as the bilinears A1B1, so |0; p+〉 ∼ Tr[(A1B1)J .

The bosonic string oscillators inserted inside the trace are: A1B2, A1Ā2, A2B1, B̄2B1
with ∆− J = 1/2 and Dµ (µ = 0, 1, 2) and A1Ā1 + B̄2B2 with ∆− J = 1. The spin chain
completely reproduces the pp wave result, though now (because we have less than maximal
supersymmetry), the result is ∆− J = 1

2

√
1 + 16f2(λ) sin2 p/2, where f(λ→ 0) ' λ differs

from f(λ→∞) '
√
λ/2.

The GJV model. Next, a more interesting model, one that still has still conformal
symmetry, but less supersymmetry, the GJV model [11]. The gravity dual is a warped,
squashed AdS4 × S6, corresponding to the fixed point of the field theory on N D2-branes
with Romans mass m, so the gauge group is SU(N) and the gauge fields are SYM+CS,
with N = 2 supersymmetry and SU(3)×U(1)R symmetry.

The Penrose limit was analyzed in [12]. In this case, there are 3 complex scalars, out
of which one is charged under the symmetry corresponding to the pp wave null geodesic,
Z, that builds the closed string vacuum, and the other two, φm, m = 1, 2, are not (so
J(Z) = 1/2 and J(φm) = 0). Also we have ∆(Z, Z̄, φm, φ̄m) = 1/2. The bosonic oscillators
inserted into the trace |0; p+〉 ∼ Tr[ZJ ] are φm, φ̄m for ∆−J = 1/2 and Dµ, Z̄ at ∆−J = 1.

Now, since we have even less supersymmetry (though the theory is still at a conformal
point), we have ∆− J =

√
(∆− J)2

0,i + fi(λ)p2, so for each different string oscillator (field
insertion) we have not only different BPS values (∆ − J)0,i, but also different ’t Hooft
coupling dependence fi(λ) in front of p2. It is then not surprising that the same situation
happens in our MNa case, just a bit more general that this.

Phenomenological holographic cosmology. Although a spin chain has not been de-
scribed in this case, we will also consider the case of the phenomenological field theory
model dual to holographic cosmology, defined in [16]. This model was shown to match
CMBR data as well as the standard Λ-CDM plus inflation [25] and to also solve the usual
puzzles of Big Bang cosmology as well as inflation [26, 27], so is potentially very interesting
for phenomenology.
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The three-dimensional phenomenological field theory model is the most general SU(N)
gauge theory with adjoint scalars and fermions that is superrenormalizable and has gen-
eralized conformal invariance. The latter means that the only mass scale in the theory
is the overall coupling constant factor 1

g2
YM

or, equivalently, that if the theory would be
derived by dimensional reduction from 4 dimensions, the 4 dimensional theory would
be conformal invariant (so that the KK reduced coupling constant factor gets a scale,
g2
YM = g2

YM,4d/(2πR).
Because of generalized conformal invariance, the correlators of the theory will depend

only on the combination g2
YMN/q, with q the momentum scale, and would be scale-invariant

at tree level. One calculates 2-point functions of gauge-invariant current operators: the
energy momentum tensor Tµν and a global symmetry current jaµ, and from their behaviour
one extracts the anomalous dimension ∆ of these operators, just like we did in the case of
the BMN operators Oα (see [16, 25–27]). Besides the scale-invariant tree-level result, one
gets loop corrections that are of the type g2

YMN
q log q, the behaviour with log q appearing

since the loop integrals are divergent.
We see then that this generalized conformal case is an intermediate situation between

the conformal ABJM and GJV cases and the non-conformal MNa theory. We still have
log q behaviour, but the coupling g2

YM doesn’t run. In our MNa case, however, there are no
divergences, but g2

YM runs, which allows us to calculate the anomalous dimension.

5 Conclusions and open questions

In this paper, we have revisited the Penrose limit of the MNa solution and its field theory
dual. The pp wave obtained from the IR of the MNa solution has simple eigevalues for
the string excitations. We have then constructed a spin chain in the dual field theory,
the 6-dimensional theory on D5-branes KK expanded on the S3 with a twist, spin chain
describing “annulons” (3-dimensional equivalent of hadrons with a ring-like structure).

We have seen that the spin chain describes well the BPS states (the states with ni = 0
for the string) but, while the one-loop correction is also universal for all the string excitations,
it cannot reproduce the mixing of the states, and it gives a different behaviour with the
coupling, and with the scale |x| than in the gravity dual, hinting at a nontrivial function
depending on both gYM and |x|, that multiplies the p2 ∼ n2/J2 factor.

We have seen that the small amount of supersymmetry and lack of conformal invariance
is certainly a factor in the mismatch, other possible factors being: the fact that the gravity
dual is expanded in the IR, but in the perturbative calculations we need to consider the
UV at least insofar as taking |x| → 0, though g2

YMN |x| can still be large; the fact that the
null geodesic for the Penrose limit has a component in a non-isometric direction; and the
effect of additional Feynman diagrams.

Among possible open questions are:

• The further analysis of additional Feynman diagrams, possible mixing between different
insertions, and better analysis of the Dxi and Dt insertions.

– 17 –
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• The possibility of Penrose limits in the UV of the MNa gravity dual, and comparison
with the field theory results obtained here.

• Comparison of this case to the Maldacena-Núñez case from [8].

• The analysis of open string spin chains.
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