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mesons obtained under the assumption that this ratio is constant on a scale of the order
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of Υ(5S) and by δM ∼ 0.4MeV at the energy of Υ(4S). Thus, the errors given in the
PDG for the difference between the masses of charged and neutral B mesons, based on the
results obtained at the energy of Υ(4S), are strongly underestimated. Similar measurements
at the energy of Υ(5S) will have an order of magnitude smaller systematic shift for the
mass difference. This circumstance should be taken into account when planning future
experiments at the B factory in KEK.
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1 Introduction

At present, there is a large amount of experimental data on the production of resonances in
the baryon-antibaryon and meson-antimeson systems in the energy region near the reaction
threshold Mth. For these resonances, the difference between the resonance mass MR and
Mth is comparable to the resonance width ΓR. As a result, the shape of the spectral line, i.e.,
the energy dependence of the resonance production cross section, has a very nontrivial form.
Experimental and theoretical studies of near-threshold resonances provide information about
the properties of the strong interaction in the energy region where perturbation theory is
not applicable. In addition, the relative velocity of interacting hadrons for near-threshold
resonances is small. Therefore, the shape and position of the resonance can be affected by
the Coulomb interaction of charged particles and the mass difference between charged and
neutral particles, that is, the effects of violation of isotopic invariance. In a recent paper [1],
the Coulomb effects were discussed in the Υ(4S)→ B0B̄0 and Υ(4S)→ B+B− decays, in
which the near-threshold resonances are observed, with MR −Mth = 20.1 ± 1.4MeV for
neutral mesons and 20.7± 1.4MeV for charged mesons, ΓR = 20.5± 2.5MeV. In particular,
in [1] the ratio of the cross section for the production of charged mesons to the cross section
for the production of neutral mesons, σc/σn, was studied. We used experimental data
from [2–7]. In early theoretical papers [8–13] completely different approaches to estimating
the magnitude of the Coulomb effects in Υ(4S) → BB̄ decay with completely different
predictions were used. The measurement of the line shape in the Υ(4S)→ BB̄ decay [5, 6]
made it possible to obtain a significant progress in understanding the role of the Coulomb
effects. Unfortunately, the line shape was determined only for the sum σc + σn, and the
experimental value for the ratio σc/σn ∼ 1.06 given in the PDG [14] was obtained only at
the maximum of the total cross section σc + σn .

Usually, when estimating the Coulomb effects, the factorization hypothesis is used,
according to which

σc/σn = C = t/[1− exp(−t)] , t = πα/v ,

where C is the Sommerfeld-Gamow-Sakharov factor, v is the B-meson velocity, α is the fine
structure constant, ~ = c = 1. We have t ≈ 0.37 and σc/σn ∼ 1.2 , which is noticeably larger
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than the result given in the PDG. This discrepancy has been explained in [1], in which it
was shown that the factorization hypothesis does not work for near-threshold resonances,
and the position of the peak for charged B mesons noticeably differs from peak position for
neutral B mesons even if the masses of these mesons are equal. As a result, the position
of the σc + σn maximum turned out to be between the σc and σn maxima, which led to a
small value of (σc/σn − 1) . In addition, it was shown in [1] that the Coulomb effects lead
to a rather nontrivial dependence of the ratio σc/σn on energy.

Accounting for violation of isotopic invariance during the production of mesons with
heavy quarks in e+e− annihilation can be important for determining the mass difference
between charged and neutral particles from experimental data. At present, the mass
difference of charmed mesons is known with much higher accuracy than that of beautiful
mesons. In the case of pseudoscalar B mesons, the world average value of the mass difference
between charged and neutral mesons is equal to MB0 − MB+ = 0.32 ± 0.05 MeV [14].
However, this result is mainly determined by the BaBar measurement at Υ(4S) resonance,
MB0 −MB+ = 0.33 ± 0.05 ± 0.03 MeV [15], and was obtained using the assumption that
the ratio of the production cross sections of charged and neutral pairs of B mesons is
independent of energy near the maximum of Υ(4S) (except for the phase volume correction
(pB+/pB0)3). Estimates show that such an assumption may not be true. The point is that
the ratio of the production cross sections for charged and neutral B mesons can change
by tens of percent when the energy of e+e− pair changes by 10 MeV near the maximum
of Υ(4S) [1]. The difference in the energy derivatives of the B+ and B0 production cross
sections will lead to different average energies of B+ and B0 mesons, the difference of which
from the average beam energy is proportional to the energy derivative of the cross section
and the square of the energy spread of the colliding beams. Neglecting this effect will lead
to an incorrect extraction of the B-meson masses from the experimental data. Assuming an
energy spread of 5 MeV, the systematic error in the splitting of the masses of charged and
neutral B mesons in the BaBar measurement can reach 0.2÷ 0.4 MeV. The final conclusion
about the reliability of this result can only be made after the experimental measurement
of the energy dependence of the ratio of cross sections for the production of charged and
neutral mesons near the maximum of Υ(4S). To do this, it is necessary to measure the
ratio of the yields of charged and neutral B mesons in a certain neighborhood near the
maximum of the cross section. Since the stability of the beam energy in the Belle and
BaBar experiments was not ideal, in principle it is possible to obtain from the experimental
data, with some accuracy, the value of the energy derivative of the ratio of the yields of
charged and neutral B mesons and to make a correction to the value of the mass splitting
of the pseudoscalar beauty mesons.

As regards the isotopic splitting of B∗ mesons, currently there is only an upper bound,
|MB∗0 −MB∗+ | < 6 MeV, obtained in 1995 in the DELPHI [16] experiment. Since Belle
has a large amount of experimental data at the Υ(5S) meson energy, the mass difference
between the charged and neutral B∗ mesons can be measured with much better accuracy
than in the DELPHI experiment. To estimate the systematic error in such a measurement,
it is very useful to estimate the influence of isotopic invariance violation on the cross section
for the production of B∗ mesons at the energy of Υ(5S).
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In a recent work by Belle [7], the energy dependence of the cross sections for the processes
e+e− → BB̄, BB̄∗ , B∗B̄∗ was measured. In all these processes pairs of mesons are produced
in a state with an orbital momentum l = 1, and near-threshold resonances are observed. In
our paper, using the experimental data [7] and the theoretical approach [1], we study the
influence of the Coulomb interaction on the energy dependence of the e+e− → BB̄, B∗B̄∗

cross sections in the charged and neutral modes. The shape of the resonances is usually
described within the Breit-Wigner approximation, which is not applicable to the near-
threshold resonances. In the latter case, the Flatté formula [17] is used. It is more
convenient, however, to apply a different approach used in [1]. The point is that the
interaction potentials of B mesons are poorly known. However, many isotopically invariant
potentials can be found that describe the shape of the resonance found experimentally.A
situation is similar to the potential models of heavy quarkonia, for which there is a large
number of potentials that well describe the spectrum of quarkonia and their lepton widths.
In addition, among these potentials there are those for which it is easy to carry out numerical
and analytical calculations. By adding the Coulomb interaction to such potentials, one can
study the influence of the Coulomb interaction on the shape of the resonances. Naturally, at
the end it is necessary to verify that the Coulomb effects weakly depend on the magnitude
of the model strong interaction potential.

2 Theoretical approach

The general approach to describing near-threshold resonances was formulated in refs. [18–20].
In the special case of BB̄ pair production in a state with an orbital momentum l = 1, the
method is described in ref. [1], where it is shown that the charge exchange potential Vex(r)
has small effect on the shape of the spectral line. This potential determines the transition
amplitudes B+B− ↔ B0B̄0. If we neglect the potential Vex(r), then to calculate the cross
sections considered in the present work, it is necessary to find the radial part U (n)(r) of the
wave function of the pair B0(∗)B̄0(∗) and the radial part U (c)(r) of the wave function of the
pair B+(∗)B̄−(∗). These functions satisfy the equations[

p2
r

MB
+ 2
MBr2 + V (r) + 2∆− E

]
U (n)(r) = 0 ,[

p2
r

MB
+ 2
MBr2 + V (r)− α

r
− E

]
U (c)(r) = 0 . (2.1)

Here V (r) is the model potential, −p2
r is the radial part of the Laplacian, MB = (MB0 +

MB+)/2, and ∆ = MB0 −MB+ , the energy E is measured from the threshold for the
production of a pair of charged mesons. Solutions U (c)(r) and U (n)(r) have the following
asymptotics at large distances

U (c)(r) = 1
2ikcr

[
Scχ

+
c (kc, r)− χ−c (kc, r)

]
,

U (n)(r) = 1
2iknr

[
Snχ

+
n (kn, r)− χ−n (kn, r)

]
. (2.2)
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Here Sc,n are some functions of energy, kc =
√
MBE, kn =

√
MB(E − 2∆),

χ±c (k, r) = exp {±i [kr − π/2 + ηk ln(2kr) + δk]} ,
χ±n (k, r) = exp

[
± i (kr − π/2)

]
,

δk = i

2 ln Γ (2 + iηk)
Γ (2− iηk) , ηk = MBα

2k , (2.3)

Γ(x) is the Euler Γ function.
The cross sections σc and σn for near-threshold resonances production in the processes

e+e− → B+(∗)B̄−(∗) and e+e− → B0(∗)B̄0(∗) are equal, respectively,

σc = N kc

∣∣∣∣ ∂∂r U (c)(0)
∣∣∣∣2 , σn = N kn

∣∣∣∣ ∂∂rU (n)(0)
∣∣∣∣2 , (2.4)

where N is some constant. The simplest model potential, which nevertheless makes it
possible to describe well the shape of the near-threshold resonances, is V (r) = −V0 θ(a− r),
where V0 and a are some parameters that depend from the considered resonance, θ(x) is the
Heaviside function. For this potential, it is easy to find analytical solutions that simplify
the analysis of the effects associated with the violation of isotopic invariance. We have

σc = b
kc q

2

M3
B

∣∣∣∣∣ q Cq

kcH+′(kc, kca)F(qa)− q H+(kc, kca)F ′(qa)

∣∣∣∣∣
2

,

σn = b
kn q

2

M3
B

∣∣∣∣∣ q

kn h+′(kna) f(qa)− q h+(kna) f ′(qa)

∣∣∣∣∣
2

. (2.5)

Here Z ′(x) ≡ ∂Z(x)/∂x and the following notations are used

H+(k, x) = 4i exp[ix+ iδk − πηk/2]x2 U(2− iηk, 4, −2ix) ,

F(x) = Cq

3 x2 e−ix F (iηq + 2, 4, 2ix) ,

Cq =

√√√√ 2πηq (1 + η2
q )

1− exp(−2πηq) , q =
√
MB(E + V0) ,

h+(x) =
(1
x
− i
)
eix , f(x) = sin x

x
− cosx . (2.6)

Here F (b, c, z) is a confluent hypergeometric function of the first kind, U(b, c, z) is a confluent
hypergeometric function of the second kind, U(b, c, z) → 1 for |z| → ∞. The constant b
in (2.5) is chosen so that the cross sections of the processes e+e− → BB̄ coincide with the
experimental data. The observed near-threshold resonances correspond to low-lying virtual
levels in the p wave, i.e., V0 is much larger than the energy of the virtual level. Therefore,
the potential V0 can be chosen in the form

V0 = (nπ)2

MBa2 − ẼR , n = 3, 4, 5, 6, . . . , (2.7)

where ẼR is a parameter close to the value of the resonance energy ER. It weakly depends
on a and is almost independent of n. The expression (2.5) is exact within the model and
very convenient for analyzing various effects. We are convinced that qualitatively our
predictions correspond to the real experimental situation.
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Figure 1. Cross sections of B∗B̄∗ meson production for a = 2.5 fm, V0 = 1198MeV. (a) Energy
dependence of σtot = σc + σn. (b) Energy dependence of σc (solid curve) and σn (dashed curve)
near the Υ(5S) resonance. (c) Energy dependence of the ratio R = σc/σn near the Υ(5S) resonance.
(d) Energy dependence of dR/dE near the Υ(5S) resonance. Experimental data are from ref. [7].

3 Discussion of the results

Let us consider the processes e+e− → B∗B̄∗ near the Υ(5S) resonance, which corresponds
to the energy E ≈ 200MeV. Experimental data for the sum σc + σn were obtained in [7].
The parameters of our model were chosen to fit the experimental data in the energy region
100÷ 250 MeV. These parameters turned out to be a = 2.5 fm, V0 = 1198MeV. In principle,
when comparing model predictions with the experimental data, it is necessary to take into
account the energy spread ∆0 in the e+e− beams. To do this, one should average the cross
sections according to the formula

〈σ(E)〉 =
∫ ∞

0
σ(E′) exp

[
−(E − E′)2

2∆2
0

]
dE′√
2π∆0

.

In the Belle and BaBar experiments ∆0 ≈ 5 MeV. It turned out that such averaging is
essential in the case of B-meson production and not essential in the case of B∗ mesons.
Figure 1 shows the experimental data and model predictions for σc + σn, the σc and σn

cross sections, their ratio, and the energy derivative of the ratio of the cross sections. It
can be seen that the model with the chosen parameters describes well the experimental
data in the energy region 100 < E < 250MeV. It is in this region where Belle has the
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Figure 2. Cross sections of BB̄ meson production for a = 2.5 fm, V0 = 269MeV. (a) Energy
dependence of σtot = σc +σn with (solid curve) and without (dashed curve) averaging over the beam
energy spread. (b) Energy dependence of σc (solid curve) and σn (dashed curve) with averaging
over the beam energy spread. (c) Energy dependence of R = σc/σn with (solid curve) and without
(dashed curve) averaging over the beam energy spread. (d) Energy dependence of dR/dE with (solid
curve) and without (dashed curve) averaging over the beam energy spread. Experimental data with
the radiative corrections taken into account are from ref. [6].

most of the data for the e+e− → B∗B̄∗ process. Therefore, these data can be used to
determine the mass difference between charged and neutral B∗ mesons. To do this, it
is necessary to estimate the theoretical uncertainty in this difference associated with the
Coulomb interaction of mesons. As can be seen from figure 1(b), the energy dependence of
the cross sections σc and σn are close to each other. The difference of these cross sections in
the case of e+e− → B∗B̄∗ is noticeably smaller than in the case of e+e− → BB̄ at Υ(4S),
see figure 2. This is due to the fact that the relative velocity of B mesons at Υ(4S) is much
less than in the case of the production of B∗ mesons at Υ(5S). As a result, the difference
from unity of the ratio σc/σn (figure 1(c)) and the energy derivative of this ratio for B∗B̄∗
(figure 1(d)) is much less than for BB̄ (figures 2(c,d)).

The results obtained allow us to estimate the systematic shift δM in the difference
between the masses of charged and neutral B(∗) mesons that arises in the experimental
analysis if the energy dependence of the cross section ratio σc/σn is neglected. The extraction
of the difference between the masses of charged and neutral mesons in the experiments
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with colliding e+e− beams was based on measuring the difference in the momenta of the
reconstructed B mesons under the assumption that the total energies of mesons are equal
to the average energy of the electrons and positrons in the beams. This assumption is valid
only in the case of a constant production cross section in the energy spread interval ∆0.
In fact, we see that the Coulomb interaction violates this assumption for the cross section
ratio σc/σn. Assuming that this ratio depends linearly on the energy E in an interval of
order ∆0, we arrive at the formula

δM ≈ ∆2
0

2
∂

∂E

σc

σn
, (3.1)

where the ratio σc/σn should be normalized to unity at the nominal e+e− energy. Using
this formula, we obtain the expected systematic shift δM ≈ 0.03 MeV in the case of the
production of B∗ mesons at Υ(5S) and δM ≈ 0.4 MeV for B mesons at Υ(4S). As already
noted, several different values of the potential parameters can be chosen, which describe the
experimental data quite well. We have verified that the estimate of the systematic shift of
the mass difference is stable with respect to the choice of specific potential values. As the
energies of pseudoscalar B mesons at Υ(5S) resonance are close to that of B∗ mesons, the
energy derivative of the ratio σc/σn for B mesons at Υ(5S) is also of the order 10−3 MeV−1.
Therefore, we expect the systematic shift to be δM ∼ 0.03 MeV in the case of B-meson
production at Υ(5S) too.

4 Conclusion

Within our model, we have obtained the estimates for influence of Coulomb effects on the
ratio σc/σn for the production of BB̄ and B∗B̄∗ pairs. Using these estimates, we have shown
that the difference between the masses of charged and neutral mesons obtained under the
assumption that the ratio σc/σn is constant over the interval ∆0 can differ from reality by
δM ∼ 0.03 MeV at the energy of Υ(5S) and by δM ∼ 0.4 MeV at the energy Υ(4S). Thus,
the errors given in the PDG for the difference between the masses of charged and neutral B
mesons based on the results obtained in ref. [15] at the energy of Υ(4S) are greatly underesti-
mated. It follows from our results that similar measurements at the energy of Υ(5S) will have
an order of magnitude smaller systematic shift for the mass difference. This circumstance
should be taken into account when planning future experiments at the B factory in KEK.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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