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1 Introduction

In recent years [1] it has become clear that the quantum information content of the dual
QFT state is an important key in reconstructing the bulk geometry in AdS/CFT. A promi-
nent role is played by the entanglement entropy, whose AdS/CFT dual is given by a min-
imal area surface anchored at the boundary of the entangling region [2], which can be
used to reconstruct a large part (but not all [3, 4]) of the bulk space-time. To gain fur-
ther understanding of the relation between the quantum information structure of states
in the boundary QFT and the bulk, it is useful to consider other quantum information
measures, for a review cf. [5]. One such measure is the symmetry-resolved entanglement
entropy [6–18]. It quantifies the entanglement in each subregion charge sector, providing a
finer resolution of the information provided by the ordinary entanglement entropy.

The main tool for finding such a resolution is the charged moments, which was orig-
inally proposed in [19] as a charged generalization of the usual Rényi entropy. When
restricting on the vacuum background with a single entangling interval, one can map the
charged moments to a grand canonical thermal partition function in the boundary CFT,
with its gravity dual given by the charged topological hole. It was further pointed out
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in [17] that, instead of mapping to the thermal system, inserting a bulk U(1) Wilson line
defects also captures the influence of the charged moments. Such a holographic construc-
tion does not require the existence of a U(1) isometry along the thermal cycle, but only
relies on the replica symmetry for the bulk field configurations. This feature allows to con-
struct the holographic dual of the charged moments in excited state backgrounds, as well
as to analyse the phase transition in the charged moments for multiple entangling intervals
from the holographic point of view. In all cases considered, [17, 18] found agreement of
the calculated symmetry-resolved entanglement between the AdS and the CFT side of the
correspondence.

One essential feature of the charged moments associated with U(1) symmetries is that
they are always Gaussian in the chemical potential [17, 18]. As a consequence, the resulting
symmetry-resolved entanglement does not depend on the U(1) charge. This charge inde-
pendence is called equipartition of entanglement, implying that entanglement is equally
distributed between all the charge sectors. This equipartition behavior was further dis-
cussed for WZW models with general compact group G in [14], where it was shown that
equipartition of entanglement holds at leading order in the large interval expansion, but
breaks down at the subleading constant order. Equipartition was also shown to break down
in a one-dimensional fermionic chain with an arbitrary localized scattering region [20]. Cur-
rently, it is unclear which theories admit equipartition or not, and which properties of the
theory are finally responsible for this. In this work, we shed some light on this question by
finding hints towards a violation of equipartition of entanglement to leading order in the
large c limit in SL(3,R) higher spin holography.

Higher spin theories have a long history in theoretical physics, for instance in the
quantum Hall effect [21], or in statistical systems such as the 3-states Potts model at crit-
icality [22]. Furthermore, higher spin symmetry appears in toys models of classical and
quantum gravity [23–26]. While it is possible to construct theories of two-dimensional quan-
tum gravity in which the higher spin algebra W replaces the Virasoro algebra, termed W-
gravity, higher spin fields naturally emerge in the tensionless limit of string theory [27–29].
Being a part of string theory, it is perhaps no surprise that higher spin symmetry also
arises in bottom-up examples of gauge/gravity duality [30]. Most prominently, there exists
a duality between the large N limit of WN minimal models,

ŝu(N)k ⊕ ŝu(N)1
ŝu(N)k+1

, where k, N →∞ such that λ = N

k +N
= const. ∈ [0, 1],

and three-dimensional Vasiliev theories [31] with gauge algebra1 hs[λ] [32–34]. Due to
the infinite number of conserved charges implied by integrability, the CFT side is under
good control, providing insight into the hs[λ] theories via the duality. The latter can be
viewed as toy models of quantum gravity, which are simpler than full-fledged string theory.
Intriguingly, these dualities do not rely on supersymmetry, hinting that it is not a vital
ingredient of the AdS/CFT correspondence. Hence, higher spin symmetry opens a window

1The algebra hs[λ] is a generalization of sl(N,R) from N ∈ N to N ∈ R. The large N limit of the coset
is also referred to as W∞.
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into new, yet tractable, regimes of the AdS/CFT correspondence, perhaps allowing to
understand better the mechanisms underlying the duality.

A natural starting point to reach this duality is regular Chern-Simons gravity based
on the gauge group SL(N,R) × SL(N,R) [35–37]. For N = 2 one obtains standard
three-dimensional gravity with negative cosmological constant, where after fixing Brown-
Henneaux boundary conditions, the asymptotic symmetry algebra is given by the Virasoro
algebra [38, 39]. For N ≥ 3, the theory contains massless interacting fields with spins
ranging between 2 and N [37, 40], constituting the gauge sector of more general higher
spin theories. While evidence has been found that for finite N > 2 these theories and
their holographic dual CFTs show acausalities [41] unless embedded in larger higher spin
theories including all spins, or directly string theory, it is nevertheless interesting to study
them as subsectors of larger higher spin theories or even a full string theory construction.
In this paper, being interested in the quantum information properties of these higher spin
theories, we focus on the simplest of these cases, N = 3, in which only a single additional
particle of spin 3 appears in the spectrum.

In this work, we consider the charged moments for a single entangling interval in
SL(3,R) higher spin holography, and in the dual two-dimensional conformal field theory
with W3 symmetry. We consider the vacuum case, and follow [19] by conformally mapping
the calculation of the charged moments to the problem of calculating the grand canonical
partition function of a topological higher spin black hole in the SL(3,R) higher spin gravity
theory. This partition function is known [42] for small spin 3 chemical potential, while at
larger chemical potentials, the system admits a phase transition to another spin 3 black
hole phase with a slightly different symmetry, namelyW (2)

3 algebra [43]. Since the partition
function is not known all the way from small to large chemical potentials, we restrict to
work perturbatively in small chemical potential. We use the W3 algebra acting on the
reduced density matrix on the entanglement interval to provide a novel CFT derivation of
the charged moments.

In this course, we define a modular charge operator on the entangling interval analo-
gous to the definition of the modular Hamiltonian. This modular charge is invariant under
modular flow and is the dual to the corresponding chemical potential in the charged mo-
ment. In particular, the modular charge is the zero mode of the W3 conserved current
on the subregion. Choosing maximally symmetric conformal boundary conditions then
conserves the full symmetry algebra on the entangling interval and allows us to define the
entanglement W3 algebra on the subregion. We use the entanglement W3 algebra to eval-
uate the charged moments by reducing them order by order in the chemical potential to
connected correlation functions of modular charge operator insertions. While this reduction
is possible in principle to an arbitrarily high order in the chemical potential, the integrals
involved become technically more and more involved at higher orders. We calculate up to
quartic order in the chemical potential expansion, and show that the corresponding charged
moment matches with known results for the corresponding topological higher spin black
hole. Our CFT calculation hence constitutes a new independent check of the AdS3/CFT2
correspondence for SL(3,R) higher spin gravity, which in principle also can be extended to
higher orders in chemical potential.
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This paper is organized as follows: in section 2 we review some salient features of
higher spin gravity in AdS3. In section 3 we first discuss the entanglement W3 algebra,
and comment on its relation to the BCFT picture of the entanglement entropy. We then
discuss the calculation of the charged moments via the topological black hole in higher spin
holography. In section 4, we use the entanglement W3 algebra to derive the corresponding
charged moment to quartic order in the chemical potential, which exactly matches the
gravity result to that order in the chemical potential. We conclude in section 5, and give
an outlook to several future research directions. The appendices contain our conventions,
detailed elaborations on the entanglement W3 algebra and an alternative way of phrasing
the Rényi entropies directly in terms of defect lines.

2 Higher spin theories in AdS3

Three-dimensional gravity with a negative cosmological constant can be formulated as a
Chern-Simons theory with gauge group SL(2,R)× SL(2,R), cf. [44–46]. This formulation
in terms of the Chern-Simons language is naturally extended to the higher spin case, i.e.
SL(N,R) × SL(N,R) higher spin theory. This theory includes a tower of fields of spin
s ≤ N coupled to the graviton, and resembles the pure gravity case in many ways [35].
The precise field content and the associated symmetry algebra of the dual CFT depends on
how the sl(2,R) subalgebra for the pure gravitational sector is embedded into sl(N,R), as
well as what kind of boundary conditions are imposed at spatial infinity. For the purpose
of this paper, we focus on the N = 3 case with the principle embedding of sl(2,R) into
sl(3,R), for which the asymptotic symmetry algebra for the higher spin theory is a W3
conformal algebra [37]. In this section, we briefly review some aspects of higher spin 3
gravity in Euclidean signature, that are relevant for this work.

2.1 SL(N,R)× SL(N,R) higher spin gravity

In the Euclidean formulation of the SL(N,R) × SL(N,R) Chern-Simons theory, the bulk
action is given by

Ibulk = iICS[A]− iICS[Ā] , (2.1)

where

ICS[A] = kcs
4π

ˆ
M

Tr
[
A ∧ dA+ 2

3A ∧A ∧A
]
, (2.2)

and the connections A and Ā are complex-valued in sl(N,R) [47] in Euclidean signature
with the relation Ā = −A†. Here, the trace is taken over the fundamental representation
of sl(N,R). The Chern-Simons level kcs is determined by matching the sl(2,R) sector of
the theory to pure Einstein-Hilbert gravity with AdS radius lAdS and three-dimensional
Newton constant G3, yielding

kcs = lAdS
8G3Tr[L0L0] . (2.3)
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Here L0 is the Cartan element of the sl(2,R) subalgebra in the fundamental representation
of sl(N,R). Hence, for fixed AdS radius, kcs depends on the choice of embedding.

Furthermore, since the higher spin theory recovers pure Einstein-Hilbert gravity if all
the higher spin fields are switched off, the central charge, as determined from the conformal
transformation law of the boundary stress tensor, still is the standard Brown-Henneaux
central charge

c = 3lAdS
2G3

. (2.4)

This leads to the relation

c = 12kcsTr[L0L0] . (2.5)

From now on, we set lAdS = 1 for convenience.

2.2 The N = 3 case

Now we focus on the N = 3 case with the principle embedding of sl(2,R). Following the
conventions of [48] for the representation of the sl(3,R) algebra, the generators read

L1 = −
√

2

 0 0 0
1 0 0
0 1 0

 , L0 =

 1 0 0
0 0 0
0 0 −1

 , L1 =
√

2

 0 1 0
0 0 1
0 0 0

 ,

W1 = − 1√
2

 0 0 0
1 0 0
0 −1 0

 , W0 = 1
3

 1 0 0
0 −2 0
0 0 1

 , W−1 = 1√
2

 0 1 0
0 0 −1
0 0 0

 ,

W2 = 2

 0 0 0
0 0 0
1 0 0

 , W−2 = 2

 0 0 1
0 0 0
0 0 0

 , (2.6)

with the properties Ln = (−1)nL†−n and Wn = (−1)nW †−n. The vielbein and the spin
connection are given by

e = A− Ā
2 , ω = A+ Ā

2 , (2.7)

and the corresponding metric and spin 3 field are constructed as

gµν = 1
Tr[L0L0]Tr[eµeν ] = 1

2Tr[eµeν ] , φµνσ = 1
3!Tr[e(µeνeσ)] . (2.8)

The equations of motion for the Chern-Simons theory,

dA+A ∧A = 0 , dĀ+ Ā ∧ Ā = 0 , (2.9)

enforce that the on-shell connections are locally flat. Combining this result with the relation
Ā = −A†, one can write the general solutions in the following form,

A = h−1dh , Ā = −dh†(h†)−1 . (2.10)

with h being an SL(3,C) matrix.
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Let ρ now be the radial coordinate of the manifold which diverges when approaching
the boundary, and (z, z̄) as the boundary complex coordinates. For the solutions to describe
asymptotically AdS spaces, one usually imposes radial gauge, with connections of the form

A = b−1ab+ b−1db , Ā = bāb−1 + bdb−1 , b = eρL0 . (2.11)

Furthermore, the connections a and ā take the highest weight form

a =
(
L1 −

L(z)
4kcs

L−1 + W(z)
4kcs

W−2

)
dz ,

ā =
(
L−1 −

L̄(z̄)
4kcs

L1 −
W̄(z̄)
4kcs

W2

)
dz̄ , (2.12)

satisfying ā = −a† given the conditions L̄(z̄) = L(z)∗ and W̄(z̄) = W(z)∗. In the case
where W(z) = 0, the solutions (2.12) are the Bañados geometries [49] for pure Einstein
gravity.

As shown in [37, 50], the higher spin analog of the usual asymptotically AdS boundary
condition is to require that the form of (2.12) does not change under the allowed gauge
transformations. This requirement reduces the boundary gauge degrees of freedom, yielding
the following variation for L and W,

δεL = c

12ε
′′′ + 2ε′L+ εL′ ,

δεW = 3ε′W + εW ′ ,

δηW = c

144η
(5) + 5

6η
′′′L+ 1

6ηL
′′′ + 5

4η
′′L+ 3

4η
′L′′ + 16

c
η′L2 + 16

c
η(L2)′. (2.13)

where ε = ε(z) and η = η(z) are the complex gauge parameter associated with the sl(3,R)
elements L1 and W2. Since (2.13) can be identified with the transformation law of the
stress tensor and spin 3 current under the conformal and higher spin transformation in
a W3 CFT, one concludes that the asymptotic symmetry algebra is given by two copies
of the W3 algebra, with L(z) and W(z) being identified as the expectation values of the
stress tensor T (z) and spin 3 current W (z) in the dual boundary state.2 The parameters
ε(z) and η(z) are associated with the conformal and spin 3 transformation in the dual
boundary CFT. The explicit OPEs and algebras are given in appendix A. For the other
diagonal embedding, where the asymptotic symmetry algebra is the Polyakov-Bershadsky
W

(2)
3 algebra, cf. [51, 52].

3 Entanglement W3 algebra and higher spin charged moments

In this section, we consider a CFT with W3 symmetry, study the charge statistics and
define the associated charged moments for a single entangling interval A. We start with
an explicit construction of a single copy of the W3 algebra acting on the entangling region.

2In fact, when we fix the identification of W(z) as 〈W (z)〉, there will be two different ways to identify
the antiholomorphic spin 3 current, i.e. W̄(z̄) = W(z)∗ = 〈(ΩW̄ )(z̄)〉 = ±〈W̄ (z̄)〉, with Ω denoting the
automorphisms for W3 algebra.

– 6 –



J
H
E
P
0
5
(
2
0
2
2
)
1
6
6

This construction is a direct generalization of the entanglement Virasoro algebra discussed
in [53]. Recall that the usual entanglement entropy and Rényi entropies in the vacuum
background are captured by the spectrum of the modular Hamiltonian HA, which is pro-
portional to the Virasoro zero mode L(A)

0 on the entangling interval A up to an additive
constant [54]. The existence of the full W3 algebra on the interval A allows us to define a
spin 3 modular charge QA, which is associated with the W (A)

0 mode, and is also conserved
along the modular flow. The spin 3 modular charge is the natural object to define the
higher spin charged moments as a charged generalization of the Rényi entropy.

3.1 Modular charge and higher spin charged moments

The purpose of this subsection is the introduction of the spin 3 modular charge and the
definition of higher spin charged moments. A natural framework for the construction of
the modular charge, and in fact the full entanglement algebra, is the BCFT picture, which
we adopt in the following. We only mention the results in the main text relegating the
details to appendix B.

Considering a two-dimensional CFT, we denote by A a single entangling interval with
its endpoints located at z = z1 and z = z2. The reduced density matrix ρA can be formally
expressed as

ρA = e−2πHA , (3.1)

where HA is the so-called modular Hamiltonian. The modular Hamiltonian is in general
non-local, which means that it can not be constructed via local operators. However, in the
case where the background state is the vacuum state, HA can be constructed locally via
the stress tensor as [54]

HA = −
ˆ z1−ε

z2+ε

dz

2πiξ
zTzz +

ˆ z̄1−ε̄

z̄2+ε̄

dz̄

2πiξ
z̄Tz̄z̄ + C , (3.2)

where ε denotes the short distance cut-off around the endpoints of A chosen such that local
rotational invariance is respected. The constant C in (3.2) ensures trρA = 1.

The modular Hamiltonian (3.2) generates the diffeomorphism along the Euclidean
boost vector field ξa, with components of the vector ξa given by

ξz = ξ(z) = i(z − z1)(z − z2)
(z2 − z1) , ξz̄ = ξ̄(z̄) = − i(z̄ − z̄1)(z̄ − z̄2)

(z̄2 − z̄1) . (3.3)

By the conformal mapping from the complex plane to the annulus, i.e. z→w = log
(
z−z2
z1−z

)
=

x+ itE , the boost vector (3.3) simply becomes the Euclidean time vector on the annulus,
i.e. ξa =

(
∂
∂tE

)a
. Due to the compactness of the time direction, the reduced density matrix

ρA is then related to a thermal density matrix by a conformal mapping from the complex
plane to the cylinder. As first pointed out in [53], it is possible to construct a full Virasoro
algebra on a single entangling interval A. Importantly, its Virasoro zero mode L(A)

0 is
proportional to the modular Hamiltonian (3.2) up to an additive constant [54],

L
(A)
0 = l

π2

ˆ z1−ε

z2+ε
dz

(z − z1)(z − z2)
z1 − z2

T (z) + l

π2

ˆ z̄1−ε̄

z̄2+ε̄
dz̄

(z̄ − z̄1)(z̄ − z̄2)
z̄1 − z̄2

T̄ (z̄) + c

24

(
1+ 4l2

π2

)
,

(3.4)
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where

l = log
∣∣∣∣z1 − z2

ε

∣∣∣∣ . (3.5)

We now turn to the definition of the spin 3 modular charge. In order to arrive at
the proper definition, it is essential to understand some basics of boundary conformal field
theory (BCFT) and its relation to the calculation of entanglement entropy. First, in any
QFT, a regularization scheme must be chosen when a spatial slice, on which the CFT state
is defined, is partitioned into a region A and its complement [55]. For our purposes, this
is achieved by imposing conformal boundary conditions a and b respectively on either end
of the entangling interval A. In the z-plane, the boundary conditions are implemented on
the cut-off circles |z− z1| = |ε| and |z− z2| = |ε|, which excise z1 and z2 respectively, while
in w-coordinates, they limit the annulus of length (3.5).

What remains after regularization is the familiar setup of a BCFT on a finite interval
of length l (cf. (3.5)) and boundary condition a and b at its end points. Denoting the
Hilbert space of this system by Hab, the partition function Zn is given by [54, 55]

Zn = TrHab
[
qL

(A)
0 − c

24

]
, q = e2πiτ , τ = inπ

2l . (3.6)

Observe that the system size (3.5) and the Rényi index n are encoded in q. By swapping
(Euclidean) time and space by a modular S transformation, the conformal boundary con-
ditions a and b are implemented by initial and final boundary states ‖an〉〉, ‖bn〉〉. Hence,
the thermal partition function (3.6) can be expressed a transition amplitude between said
boundary states [56],

Zn = 〈〈an‖q̃
1
2 (L0+L̄0− c

12 )‖bn〉〉, q̃ = e2πiτ̃ , τ̃ = −1
τ
. (3.7)

In the limit ε → 0 and thus l → ∞, q ≈ 1 and q̃ � 1, the thermal partition function can
be expanded in q̃ as

Zn ≈ q̃−
c

24 〈〈an‖0〉〈0‖bn〉〉+ · · · = q̃−
c

24 ga,ngb,n + . . . , (3.8)

and ga,n = 〈〈an‖0〉 as well as gb,n = 〈0‖bn〉〉 are the g-factors, whose logarithm are the
Affleck-Ludwig boundary entropies [57] of the boundary states. Here we assumed that
only the lowest lying state in ‖an〉〉 and ‖bn〉〉 is the vacuum |0〉 with weights h = h̄ = 0,
and survives the l → ∞. In holographic CFTs, however, the boundary entropies can be
neglected in (3.1) due to the large l limit.

In CFTs with extended symmetries, maximally symmetric boundary conditions which
retain one full copy of the chiral algebra of the CFT without boundaries can be found [58].
For the case of interest in this paper, this amounts to the two copies of the W3 algebra
being broken down to a single copy by chosing an entangling interval A and imposing the
maximally symmetric boundary conditions. This generalizes the construction in [53] to
the case where the entanglement algebra is W3. The details of the construction of the

– 8 –
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entanglement W3 algebra using the BCFT formalism are given in appendix B. Here we
only show the expression for the zero mode of the spin 3 current,

W
(A)
0 = 2l2

iπ3

ˆ z1−ε

z2+ε
dz

(z − z1)2(z − z2)2

(z1 − z2)2 W (z)− 2l2
iπ3

ˆ z̄1−ε̄

z̄2+ε̄
dz̄

(z̄ − z̄1)2(z̄ − z̄2)2

(z̄1 − z̄2)2 (ΩW̄ )(z̄) ,

(3.9)

Here, as usual in BCFT, we have allowed for an automorphism Ω of the W3 algebra, which
acts on the spin 3 current as (ΩW̄ )(z̄) = ±W̄ (z̄). This is analogous to the well-known
Neumann and Dirichlet boundary conditions in the free boson theory. We discuss in the
next subsection how Ω enters naturally in a holographic theory.

Since the zero mode W (A)
0 commutes with L

(A)
0 and hence with HA, we further can

define the following spin 3 modular charge as an analog of the modular Hamiltonian (3.2),

QA = −
ˆ z1−ε

z2+ε

dz

2πiξ
zξzWzzz +

ˆ z̄1−ε̄

z̄2+ε̄

dz̄

2πiξ
z̄ξz̄

(
ΩW̄z̄z̄z̄

)
= π2

4l2W
(A)
0 . (3.10)

In order to study the charge statistics on the region A, we consider the following higher
spin charged moments

TrHab
[
ρnAe

2πiαQA
]

= TrHab
[
e−2πnHA+2πiαQA

]
= Zn(α)
Z1(0)n , (3.11)

where Zn(α) is grand canonical thermal partition function, given by

Zn(α) = TrHab
[
qL

(A)
0 yW

(A)
0

]
, y = e2πiµ, µ = π2α

4l2 . (3.12)

In order to capture the α-dependence of the charged moments Zn(α), it is useful to intro-
duce the normalized generating function,

fn(α) := Zn(α)
Zn(0) , (3.13)

with the initial condition fn(0) = 1. It is this generating function that we will compute on
the gravity side in section 3.2, and on the CFT side in section 4.

3.2 Holographic calculation

Since in the cylinder coordinates w = x + itE the charged moment (3.11) is, up to a
normalization constant, nothing but the grand canonical thermal partition function (3.12).
The corresponding gravity dual is given by the topological higher spin 3 black hole.3 The
same argument in the case of a U(1) charge was first proposed in [59]. The higher spin
black hole solution on a solid torus was first discussed in [42, 60].

3In principle, the thermal partition function (3.11) also includes the boundary entropy contribution.
However, this contribution will be subleading in the large interval length limit ` → ∞. Moreover, the
boundary entropy contributions are scheme independent, and in particular do not depend on the Rényi
index n [54]. We hence neglect these boundary effects and only focus on the leading log `

ε
term in the

charged moment. Precise calculations for boundary states as well as boundary entropy require a full top-
down description for the theory.
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Although the topology of the charged topological black hole is a solid cylinder, with
spatial length ∆x = 2l = 2 log | z1−z2

ε | and time period ∆tE = 2πn, the compactness of
the spatial direction does not have a strong influence on the thermodynamics in the limit
∆x → ∞. Note that there are two different formalisms for defining the higher spin black
hole thermodynamics, the holomorphic formalism [60] and the canonical formalism [47].
Here we work in the canonical formalism, in which the conserved charges and the first law
of the black hole thermodynamics can be derived conveniently through the Iyer-Wald for-
malism [48, 61]. In the cylinder coordinates w = x+ itE , the components of the connection
a are given by

ax = L1 −
L

4kcs
L−1 + W

4kcs
W−2 , atE = iax + α

n

(
a2
x −

1
3Tr[a2

x]
)
,

āx = L−1 −
L̄

4kcs
L1 −

W̄
4kcs

W2 , ātE = −iāx −
ᾱ

n

(
ā2
x −

1
3Tr[ā2

x]
)
, (3.14)

where ᾱ is the complex conjugate of α. In order to show that the partition function of this
solution (3.14) coincides with the saddle point approximation of the CFT thermal partition
function (3.12), we first need to identify the correct formulas for the black hole mass, spin
3 charge and entropy. Several different formalisms exist in the literature [48, 62–65]. For
consistencency of this paper, we present here the procedure in the Iyer-Wald formalism,
following the original derivation in [48].

The starting point in the Iyer-Wald formalism is to consider the symplectic current
for the Chern-Simons theory, which is obtained by a second variation of the Chern-Simons
action, given by

ω(δ1A, δ2A) = − ikcs2π Tr(δ1A ∧ δ2A) . (3.15)

The variation δ2 in (3.15) is viewed as generated by an infinitesimal gauge transformation
with gauge parameter Λ, i.e. δ2 = δΛ. This yields

ω(δA, δΛA) = ikcs
2π Tr(d(ΛδA)− ΛδF ) . (3.16)

In the case that Λ is a symmetry of the background solution, in the sense that δΛA = 0,
and the variation δA is on-shell, i.e. δF = 0, then one can integrate (3.16) over a constant
time slice of the black hole with inner boundary at the bifurcation surface Σ and outer
boundary at spatial infinity. This yields

ikcs
2π

ˆ
∞

Tr(ΛδA) = ikcs
2π

ˆ
Σ

Tr(ΛδA) . (3.17)

In Wald’s original derivation [61], the diffeomorphism which generates the variation δ2 is
chosen to be time translation. The gauge parameter Λ associated with the time translation
is given by

Λ = Aa

(
∂

∂tE

)a
= AtE = b−1atEb . (3.18)

An analogous relation holds for the barred counterpart, Λ̄ = ĀtE .
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For the solution (3.14), inserting (3.18) into (3.17) and including the barred piece gives
rise to the following first law

δS = 2πnδH − 2πiRe(α)αδQ(+) + 2πIm(α)δQ(−) , (3.19)

where (S,H,Q(±)) are identified with the entropy, mass and spin 3 charges, given by4

S = −ikcs
ˆ l

−l
dx Tr[(natE )ax − (nātE )āx] = (2nL+ 2nL̄+ 3iαW − 3iᾱW̄)l ,

H = kcs
2π

ˆ l

−l
dx

1
2Tr[a2

x + ā2
x] = (L+ L̄)l

π
,

Q(±) = kcs
2π

ˆ l

−l
dx

1
3Tr[a3

x ± ā3
x] = (W ± W̄)l

π
. (3.20)

Combining (3.19) and (3.20) the partition function of the charged topological black hole is
obtained,

Zn(α) = eS−2πnH+2πiRe(α)Q(+)−2πIm(α)Q(−)
. (3.21)

Note that there are two spin-3 charges Q(+) and Q(−) in (3.21), coupled to Re(α) and
Im(α). Matching (3.21) with the saddle point approximation of the CFT thermal partition
function (3.12) requires the parameter α to be either real (and Q(+) the charge) or purely
imaginary (and Q(−) the charge). Under this requirement, the gravity partition can be
written as

Zn(α) = eS−2πnH+2πiαQ(±)
, (3.22)

with the identification

H = π

2l

〈
L

(A)
0 − c

24

〉
n,α

, Q(±) = π2

4l2
〈
W

(A)
0

〉
n,α

. (3.23)

One can also express the zero modes (3.4) and (3.9) in the cylinder w-coordinates, which
results in the following identification for the currents,

L = 〈T (w)〉n,α , L̄ =
〈
T̄ (w̄)

〉
n,α

, W = 〈W (w)〉n,α , W̄ = ±
〈

(ΩW̄ )(w̄)
〉
n,α

. (3.24)

Coming back to the solution (3.14), the values of (L,W) are fixed by imposing the holonomy
condition around the thermal circle [60],

e
´
dtE atE = e2πnatE ∼= e2πiL0 , (3.25)

where ‘∼=’ denotes equivalence up to conjugation by an element of SL(3,R). This is the
gauge invariant higher spin version of the smoothness condition for the horizon of the
Euclidean higher spin black hole. Equivalent conditions for (3.25) are given by [60]

det[atE ] = 0 , Tr[a2
tE

] = − 1
n2 Tr[L2

0] . (3.26)

4In fact, δS in (3.19) is equivalent to the variation of S in (3.20) only if the holomony condition (3.25) is
imposed. (See [48] for details.) This is analogous to the condition of constant surface gravity for the black
hole horizon as used in Wald’s original derivation [61].
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Inserting the topological black hole solution (3.14) into (3.26) yields algebraic equations

0 = −2L3α3 + 27ikcsLWnα2 − 18kcsL2αn2 + 27kcsW2α3 − 27ik2
csWn3 ,

0 = L2α2 + 3k2
cs + 9ikcsWαn− 3kcsLn2 . (3.27)

There are different branches of solutions for (3.27), which were discussed in [43, 66]. Here
we only consider the BTZ-branch, i.e. the solution that recovers the topological BTZ black
hole when α = ᾱ = 0. In order to compare with results from the perturbative CFT
calculation in section 4, we consider the region where the dimensionless parameter satisfies
α/n2 � 1. The expectation values L and W are given by

L = kcs
n2

[
1− 5

3
α2

n4 + 10
3
α4

n8 + 211
27

α6

n12 + · · ·
]
,

W = ikcs
n3

[
−2

3
α

n2 + 40
27
α3

n6 −
34
9
α5

n10 + · · ·
]
. (3.28)

The resulting partition function is then given by

logZn(α) = cl

6n

[
1− 1

3
α2

n4 + 10
27
α4

n8 −
17
27

α6

n12 + · · ·
]
, (3.29)

and the corresponding normalized generating function defined in (3.13) reads

fn(α) := Zn(α)
Zn(0) = e

cl
6n

(
− 1

3
α2
n4 + 10

27
α4
n8−

17
27

α6
n12 +···

)
. (3.30)

Eq. (3.30) is the final result from higher spin holography which will be reproduced by our
CFT calculations in section 4.

4 CFT calculation

Even though it is customary to employ charged twist fields in the computation of U(1)
charged moments as discussed in [6], it is not clear whether this method still works in the
higher spin case, due to the non-linearity of the W3 algebra. Therefore, in order to perform
the CFT calculation for the charged moments, an alternative perspective to that of the
charged twist fields is needed.

In this section, we focus on the α-dependent part of the charged moments (3.11), which
is given by the normalized generating function fn(α) defined in (3.13). Following [67–70],
we present a perturbative calculation for fn(α), which in principle can be computed up to
arbitrary orders of α. Our basic idea is to directly treat the operator e2πiαQA as a defect
line operator in the replica manifold. We first show that the perturbative expansion of
the charged moments can be expressed as the connected correlators of the modular charge
QA. We compute the result up to α4 order, which matches with the gravity result (3.30).
As another example of our perturbative method, in appendix C, we show that the usual
Rényi entropy can also be obtained from this defect line perspective, without using the
replica trick.
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Our perturbative method provides an efficient way to compute the charged moments.
We expect that our method can be applied to CFTs with other types of extended conformal
symmetries. In addition, since our calculation is only based on the symmetry algebra,
this indicates that the universal behavior of the charged moments is determined by the
symmetry.

4.1 Perturbative expansion of charged moments

We consider the normalized generating function fn(α) for a single entangling interval. As
in section 3.1, we neglect the contribution of the boundary entropy in the BCFT perspec-
tive, and only consider the vacuum state contribution to the charged moments. Since the
boundary state in the original complex z-plane is represented by some non-trivial operator
content at the endpoints of the interval A, neglecting the boundary entropy indicates that
we only consider the contribution from the identity operator.5 Under this assumption, the
result for fn(α) is nothing but the vacuum expectation value of the defect line operator
e2πiαQA on the replica n-fold,

fn(α) = Zn(α)
Zn(0) =

TrHab
[
ρnAe

2πiαQA
]

TrHab [ρnA] ≈
〈
e2πiαQA

〉
n
, (4.1)

where 〈· · · 〉n denotes the vacuum expectation value on the replica n-fold.
Since, in this case, the topology of the corresponding replica n-fold is still a Riemann

sphere, one can map the system to a flat complex plane with coordinate u by the standard
uniformization mapping

u =
(
z − z2
z1 − z

) 1
n

. (4.2)

Under the conformal mapping (4.2), the spin 3 modular charge (3.10) transforms as

QA = −
ˆ 1

δ

δ

du

2πiξ
uξuWuuu + c.c =

ˆ 1
δ

δ

du

2πi
u2

n2W (u) + c.c , (4.3)

with

ξu = ξz
(
du

dz

)
= − iu

n
, (4.4)

The cut-offs δ and 1/δ around u = 0 and u = ∞ are associated with the cut-offs around
z = z2 and z = z1 by the mapping (4.2), and given by

δ =
(

ε

z1 − z2

) 1
n

. (4.5)

5We assume that the boundary condition is elementary, i.e. that it contains the representation of the
identity field exactly once, therefore the vacuum is non-degenerate.
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A perturbative expansion of the generating function around α = 0 yields

log fn(α) = log fn(0) + α
f

(1)
n (0)
fn(0) + α2

2!

(
f

(2)
n (0)fn(0)− (f (1)

n (0))2

fn(0)2

)
+ · · ·

=
∞∑
k=1

αk

k!
〈

(2πiQA)k
〉
n,c

, (4.6)

where 〈· · · 〉n,c denotes the connected correlator on the replica n-fold, which is the complex
u- plane. In the last step of (4.6), we used

f
(k)
n (0)
fn(0) =

〈
(2πiQA)k

〉
n
, (4.7)

as well as

f
(1)
n (0)
fn(0) = 〈(2πiQA)〉n = 0 , (4.8)

which holds due to the vanishing one point function in the complex u plane, 〈W (u)〉 = 0.
In order to solve (4.6), the connected correlator of spin 3 currents needs to be derived. In
this process, the WW OPE,

W (u)W (0) ∼ 5c
6

1
u6 + 5T (0)

u4 + 5
2
∂T (0)
u3

+ 1
u2

(16
c

Λ(0) + 3
4∂

2T (0)
)

+ 1
u

(8
c
∂Λ(0) + 1

6∂
3T (0)

)
, (4.9)

with the nonlinear term Λ(u) given by

Λ(u) =: T (u)T (u) : − 3
10∂

2T (u) , (4.10)

is of crucial importance. The contribution from the nonlinear term Λ in (4.9) for correlation
functions of spin 3 currents is suppressed in the large c limit.6 After neglecting the nonlinear
terms in (4.9), a recursion relation for the connected correlation functions of spin 3 currents
is found,

〈W (v)W (u1) · · ·W (uk−1)〉c

=
k−1∑
i=1

F (v, ui; ∂ui)〈W (u1) · · ·T (ui) · · ·W (un−1)〉c

=
k−1∑
i=1

∑
j 6=i

F (v, ui; ∂ui)G(ui, uj ; ∂uj )〈W (u1) · · ·W (ui−1)W (ui+1) · · ·W (un−1)〉c , (4.11)

6The nonlinear term will contribute to the leading order of the correlation functions, if heavy operators,
whose conformal weight and spin 3 charge scales in c, are present in the background. Since we are considering
the vacuum background, this is not the case here.
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with

F (v, ui; ∂ui) = 5
(v − ui)4 + 5∂ui

2(v − ui)3 +
3∂2

ui

4(v − ui)2 +
∂3
ui

6(v − ui)
,

G(ui, uj ; ∂uj ) = 3
(ui − uj)2 +

∂uj
ui − uj

. (4.12)

The result (4.11) is a recursion relation between a k-point function and a k − 2-point
function, with k ≥ 3. Following (4.11), two points are concluded: Firstly, since the two
point function 〈W (v)W (u1)〉 scales as c, all the even higher point connected correlators
also scale as c. Furthermore, the vanishing of the one point function implies that all the
odd point connected correlators vanish. Hence, the expansion of the generating function
fn(α) in (4.6) simplifies to

log fn(α) =
∞∑
k=1

α2k

(2k)!
〈

(2πiQA)2k
〉
n,c

. (4.13)

As a consequence of focussing on the leading log `/ε piece in the charged moments, the
choice for the automorphism Ω in QA does not affect the result for fn(α). Moreover,
observing that QA in (4.3) in the u-coordinates naturally includes a 1/n2 factor, it is
evident that the form of (4.13) already matches that of the gravity result (3.30).

4.2 CFT calculation for charged moments

In this section, we calculate the CFT charged moments by computing the connected cor-
relator of modular charges in (4.13) up to forth order in the chemical potential, and verify
that the result matches the gravity result (3.30).

We start from the quadratic order correlator of the modular charges. Employing the
definition (4.3), it is straightforward to compute

〈
(2πiQA)2

〉
n,c

= 1
n4

ˆ 1
δ

δ
du1

ˆ 1
δ

δ
du2 u

2
1 u

2
2 〈W (u1)W (w2)〉n,c + c.c

= 1
n4

ˆ 1
δ

δ
du1

ˆ 1
δ

δ

5c
6

u2
1 u

2
2

(u1 − u2)6 + c.c

≈ − 1
n4

ˆ 1/δ

δ
du1

c

36u1
+ c.c

= − cl

9n5 , (4.14)

where we used the relation (4.5) in the last step. Moving on to the forth order, one can
use the recursion relation (4.11) to obtain the connected four point correlation function.7
By an analogous calculation as for the quadratic order, one finds

〈
(2πiQA)4

〉
n,c

= 1
n8

( 4∏
i=1

ˆ 1
δ

δ
dui u

2
i

)
〈W (u1)W (u2)W (u3)W (u4)〉c = 40cl

27n9 . (4.15)

7The expression for the connected four point correlator is very long, but can be found in the
™Mathematica notebook supplementing the ArXiv version of this paper.

– 15 –



J
H
E
P
0
5
(
2
0
2
2
)
1
6
6

Higher order are worked out analogously via the recursion relation. Inserting these results
into (4.13), the generating function up to α4 is obtained,

log fn(α) = cl

6n

(
−1

3
α2

n4 + 10
27
α4

n8 + · · ·
)
. (4.16)

As advertized this matches exactly the gravity result (3.30) derived from the partition
function of the topological spin 3 black hole. Higher orders can in principle be calculated
in the same manner, only with the corresponding integrals becoming somewhat harder to
perform.

5 Conclusion

In this work, we employed the W3 algebra acting on the entanglement interval in the CFT
to give a new and independent CFT derivation of the charged moments in the AdS3/CFT2
correspondence based on SL(3,R)× SL(3,R) higher spin gravity. To derive this entangle-
ment W3 algebra, we defined a modular charge operator on the entangling interval in the
same way as the modular Hamiltonian is defined: It is the dual to the corresponding chem-
ical potential in the charged moment, which is nothing but the grand canonical partition
function associated with the entangling interval. Based on this interpretation as a grand
canonical partition function, we moreover identify the charged moments with the partition
function of a charged topological black hole [71].

In our calculation, the entanglement W3 algebra was used to evaluate the charged
moments by reducing it order by order to connected correlation functions of modular
charge operator insertions. While the reduction of the charged moments to modular charge
correlators is possible in principle to an arbitrarily high order in an expansion in the
chemical potential, the actual reduction using the W3 algebra became technically more and
more involved at higher orders in this expansion due to the non-linear of theW3 algebra. We
calculated up to quartic order in the expansion in the spin 3 chemical potential, and show
that the corresponding charged moment matches with known results from the higher spin
gravity side of the AdS3/CFT2 correspondence. Our CFT calculation hence constitutes a
new independent check of the AdS3/CFT2 correspondence, which in principle also can be
extended to higher orders using e.g. computer algebra methods.

One important insight developed in this work is that equipartition of entanglement
fails to hold at leading order in the large c expansion in the W3 CFT dual to spin 3
gravity. For free fields [7–9, 11, 12, 14], equipartition of entanglement was found to be
present for all the terms in the symmetry resolved entanglement entropy, and a breakdown
of equipartition was observed for WZW models to subleading order in the large interval
length expansion in [14]. In our case, the breakdown of equipartition to leading order in
large c is a consequence of the structure of the W3 algebra, which allows higher connection
correlation functions 〈Wn〉c of the spin 3 modular charge W to be non-vanishing. On
the contrary, free bosons for example are governed by the U(1) Kac-Moody algebra, in
which case the theory is Gaussian, and the higher connected correlators of the conserved
current always vanish. The same holds for the WZW case of [14], where the algebra is
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non-abelian. The breakdown of equipartition at leading order in large c is interesting in
its own right, but in particular also hints to an interesting charge substructure in how
entanglement is encoded in the dual space-time geometry for higher spin holography. It
would be interesting to further investigate this in the context of e.g. the bulk reconstruction
program [1, 4, 72–76].

Another interesting question about the higher spin charged moments arises from its
nontrivial phase structure from the gravity perspective. As mentioned in section 3.2,
the higher spin black hole solutions obtained via the holonomy condition contain different
branches. The dominance of different branches is controlled by the dimensionless parameter
α/n2. Since our perturbative calculation of the charged moments in CFT breaks down for
large enough α, we only focused on the BTZ branch in the regime α/n2 � 1. For the non-
perturbative analysis of the higher spin charged moments, it is necessary to understand
how the holonomy condition arises from the CFT perspective. As shown in [77], if only
local primary operators are present in the correlation function, the holonomy condition
for the SL(3,R) Chern-Simons connection can be identified with the trivial monodromy
condition imposed on the corresponding conformal partial wave function in the dual W3
CFT. This mechanism is based on the null state equation for the correlation functions of
W3 primaries, as well as the assumption of the dominance of the W3 vacuum conformal
block, cf. [78, 79] for a detailed discussion on the monodromy method in Virasoro case, as
well as the generalization for WN symmetry [80]. Since in the W3 case, the nonlocal defect
operator e2πiαQA does not readily factorize into local vertex operators, a generalization of
the null state equation to the case of nonlocal operator insertions seems necessary and may
provide an approach for solving the higher spin charged moments in the non-perturbative
regime α/n2 →∞.

Furthermore, it is also interesting to investigate the higher spin charged moments from
the perspective of Toda theory. The usual Rényi entropy defined on the n-sheeted branched
covering of a single interval is captured by the Liouville action [81],

〈σn(z1)σ̃n(z2)〉 = e−SLiouville[φ] , (5.1)

where the Liouville field φ is induced by the conformal mapping f(z) from the n-sheeted
covering space to a complex plane, given by e−2φ = |∂f(z)|2. For the higher spin charged
moments, in addition to the conformal transformation f(z) which contributes to the Li-
ouville action, one should also include effect of the finite spin 3 transformation induced
by the operator e2πiαQA . The finite spin 3 transformation has been discussed in two-
dimensional BF theory, and was used to construct the effective action for the higher spin
SYK model [82]. The question is then what is the higher spin analog of Liouville action
in (5.1) in the presence of the defect line e2πiαQA . We suspect the resulting effective action
to be that of Toda field theory.

Finally, since the decomposition of the entanglement entropy into symmetry-resolved
pieces is universal, it would be interesting to understand the symmetry resolution of bulk
entanglement in AdS/CFT, as well as the physical interpretation thereof. In [83] it was
shown that entanglement of bulk fields across the Ryu-Takayanagi surface yields the uni-
versal subleading correction to the large c limit of holographic entanglement entropy. For
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Einstein-Maxwell-Chern-Simon theory, also considered in [17, 18], bulk entanglement was
argued in [59] to be responsible for the c → c + 1 shift of the central charge due to the
Sugawara energy momentum tensor. In that case, the bulk entanglement was traced back
to the contributions of boundary photons along the RT surface, in complete analogy to
the boundary photons along the UV AdS cutoff surface. Einstein-Hilbert-Chern-Simons
theory may hence serve a fruitful starting point to understand bulk entanglement symme-
try resolution, after which one could understand SL(N,R) in a second step. Relatedly, it
will also be interesting to investigate the symmetry resolution of the island contribution
to the entanglement entropy [84], in particular whether different charge sectors contribute
distinctively different to black hole evaporation or not. Since both bulk entanglement and
the quantum contributions to the Page curve are quantum gravity effects, understanding
their symmetry resolution might provide new perspective on the structure of quantum
gravity itself.
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A Conventions

In the main text, the W3 algebra followed from the variation law (2.13). In modes this
algebra becomes

[Lm, Ln] = (m− n)Lm+n + c

12m(m2 − 1)δm+n,0 ,

[Lm,Wn] = (2m− n)Wm+n ,

[Wm,Wn] =− 1
12(m− n)(2m2 + 2n2 −mn− 8)Lm+n

+ 8
c

(m− n)λm+n + 5c
6

1
5!m(m2 − 1)(m2 − 4)δm+n,0 , (A.1)

with

λm =
∑
n

LnLm−n −
3
10(m+ 3)(m+ 2)Lm . (A.2)

The mode expansions of the currents are given by

T (z) =
∑
n

Ln
zn+2 , W (z) =

∑
n

Wn

zn+3 , (A.3)
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and the OPEs read

T (z)T (0) ∼ c/2
z2 + 2T (0)

z2 + ∂T (0)
z

, (A.4)

T (z)W (0) ∼ 3W (0)
z2 + ∂W (0)

z
, (A.5)

W (z)W (0) ∼ 5c
6

1
z6 + 5T (0)

z4 + 5
2
∂T (0)
z3

+ 1
z2

(16
c

Λ(0) + 3
4∂

2T (0)
)

+ 1
z

(8
c
∂Λ(0) + 1

6∂
3T (0)

)
, (A.6)

where the nonlinear term Λ(z) is defined as

Λ(z) =: T (z)T (z) : − 3
10∂

2T (z) . (A.7)

B Entanglement W3 algebra

In this section, we construct a single copy W3 algebra on the single entangling interval
A by imposing symmetry-preserving boundary conditions at the cut-off circles around the
endpoints of the interval A. The construction for the modes of the algebra is based on the
BCFT description of entanglement [53–55], in which, one transforms the original z-complex
plane to a semi-annulus embedded in the upper-half u-complex plane, and the boundary
conditions around the original cut-off circles become the standard conformal boundary
conditions on the real axis of the upper-half u-complex plane. By a straightforward calcu-
lation, we show that the commutator of the W3 modes defined on the interval A indeed
furnishes a single copy of the W3 algebra, with the zero modes of the algebra proportional
to the modular Hamiltonian and spin 3 modular charge up to some constant factors.

We consider a single interval A on the z-complex plane and locate its endpoints, without
loss of generality, at z = z1 and z = z2, with |z1| ≥ |z2|. In order to regularize the endpoints,
we impose cut-off circles around each endpoint such that the region we considered here
satisfies |z − z1| ≥ |ε| and |z − z2| ≥ |ε|. This region can be mapped to a semi-annulus on
a upper-half u-complex plane by the following conformal transformation

u = eiθ(z) , (B.1)

with

θ(z) = π

2 −
π

2l log
(
z − z2
z1 − z

)
, l = log

(
z1 − z2

ε

)
∈ R . (B.2)

The inner and outer semi-circles are identified,8 and they correspond to the interval A in
the original z-complex plane. The cut-off circles around the endpoints in the z-complex
plane are now mapped to the two boundaries of the semi-annulus located along the real
axis of the u-complex plane.

8This identification turns the semi-annulus in the complex u-plane into an honest annulus. To avoid
confusion, we keep referring to it as the semi-annulus however.
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Since the semi-annulus is embedded in the upper-half u-plane, one can implement
the BCFT description by imposing conformal boundary conditions at the real axis of the
u-complex plane, which is given by

T (u) = T̄ (ū) , ∀ u = ū ∈ R . (B.3)

The physical meaning of the boundary condition (B.3) is that the energy flow is reflected
at the real axis of the u-complex plane, and as a result, the original two copy of Virasoro
modes are not independent any more when acting on the boundary states.

Due to the presence of the spin 3 currents in the theory, we can further specify the
following maximally symmetric boundary condition for spin 3 current such that it is com-
patible with (B.3),

W (u) = ΩW̄ (ū) , ∀ u = ū ∈ R . (B.4)

where Ω denotes the automorphism for the spin 3 current, given by Ω = ±1.
The conformal boundary conditions (B.3) and (B.4) allow to identify T̄ (ū) and ΩW̄ (ū)

as the analytic continuation of T (u) and W (u) in the lower-half u-complex plane. Hence,
it is easy to see that the Virasoro and spin 3 modes defined as

L(A)
n = 1

2πi

ˆ
C
du un+1T (u)− 1

2πi

ˆ
C
dū ūn+1T̄ (ū) ,

W (A)
n = 1

2πi

ˆ
C
du un+2W (u)− 1

2πi

ˆ
C
dū ūn+2 ΩW̄ (ū) . (B.5)

furnish a single copy of W3 algebra for the BCFT. Here the integration contour C is a
semi-circle going counterclockwise around the origin.

By the conformal transformation (B.1), one can rewrite (B.5) as

L(A)
n = − 1

2πi

ˆ z1−ε

z2+ε
dz

(
du

dz

)
u(z)n+1

(
du

dz

)−2 (
T (z)− c

12{u, z}
)

+ c.c

= c

24

(
1 + 4l2

π2

)
δn,0 + 1

2π

ˆ z1−ε

z2+ε
dz

einθ(z)T (z)
∂zθ(z) + 1

2π

ˆ z̄1−ε̄

z̄2+ε̄
dz̄

e−inθ̄(z̄)T̄ (z̄)
∂z̄ θ̄(z̄)

,

(B.6)

W (A)
n = − 1

2πi

ˆ z1−ε

z1+ε
dz

(
du

dz

)
u(z)n+2

(
du

dz

)−3
W (z) + c.c

= 1
2πi

ˆ z1−ε

z2+ε
dz

einθ(z)W (z)
(∂zθ(z))2 −

1
2πi

ˆ z̄1−ε̄

z̄2+ε̄
dz̄
e−inθ̄(z̄) ΩW̄ (z̄)(

∂z̄ θ̄(z̄)
)2 , (B.7)

where the minus signs in the first lines of (B.6) and (B.7) appear since we change the
direction of the integration contour C. The boundary conditions on the z-complex plane
are now defined at the two cut-off circles, i.e. |z − z1| = |ε| and |z − z2| = |ε|, given by

0 =
(
du

dz

)−2 (
T (z)− c

12{u, z}
)
−
(
dū

dz̄

)−2 (
T̄ (z̄)− c

12{ū, z̄}
)

= − T (z)
u(z)2 (∂zθ(z))2 + T̄ (z̄)

ū(z̄)2
(
∂z̄ θ̄(z̄)

)2 + c

24

(
1 + 4l2

π2

)( 1
u(z)2 −

1
ū(z̄)2

)
, (B.8)
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and

0 =
(
du

dz

)−3
W (z)−

(
dū

dz̄

)−3
ΩW̄ (z̄) = iW (z)

u(z)3 (∂zθ(z))3 + i ΩW̄ (z̄)

ū(z̄)3
(
∂z̄ θ̄(z̄)

)3 . (B.9)

Notice that at the cut-off circles, we have u(z) = ū(z̄) ∈ R. Therefore, the equations (B.8)
and (B.9) further reduce to

T (z)
(∂zθ(z))2 = T̄ (z̄)(

∂z̄ θ̄(z̄)
)2 ,

W (z)
(∂zθ(z))3 = − ΩW̄ (z̄)(

∂z̄ θ̄(z̄)
)3 . (B.10)

with |z − z1| = |ε| or |z − z2| = |ε|.
Using (B.6) and (B.7) as well as the boundary conditions (B.10), it is possible to verify

that the modes defined in (B.6) and (B.7) indeed form a W3 algebra by a straightforward
calculation. Here we present the example for calculating

[
L

(A)
n , L

(A)
m

]
, which reads

[L(A)
n , L(A)

m ]

=
ˆ z1−ε

z2+ε

dz′

2π

ˆ z1−ε

z2+ε

dz

2π
einθ(z

′)eimθ(z)T (z′)T (z)
∂z′θ(z′)∂zθ(z)

−
ˆ z1−ε

z2+ε

dz

2π

ˆ z1−ε

z2+ε

dz′

2π
einθ(z

′)eimθ(z)T (z)T (z′)
∂z′θ(z′)∂zθ(z) + c.c

=
ˆ z1−ε

z2+ε

dz

2π


z′=z

dz′

2π
einθ(z

′)eimθ(z)

∂z′θ(z′)∂zθ(z)

(
c/2

(z′ − z)4 + 2T (z)
(z′ − z)2 + ∂zT (z)

z′ − z

)
+ c.c

=
ˆ z1−ε

z2+ε
dz

{
− c

24πn
(
n2 + 4l2

π2

)
∂zθ(z)ei(n+m)θ(z) + (n−m)ei(n+m)θ(z)T (z)

2π∂zθ(z)

}

+
ˆ z̄1−ε̄

z̄2+ε̄
dz̄

{
− c

24πn
(
n2 + 4l2

π2

)
∂z̄ θ̄(z̄)e−i(n+m)θ̄(z̄) + (n−m)e−i(n+m)θ̄(z̄)T̄ (z̄)

2π∂z̄ θ̄(z̄)

}

− iu(z)m+nT (z)
2π (∂zθ(z))2

∣∣∣∣∣
z1−ε

z2+ε

+ iū(z̄)m+nT̄ (z̄)

2π
(
∂z̄ θ̄(z̄)

)2

∣∣∣∣∣
z̄1−ε̄

z̄2+ε̄

= c

12n
(
n2 + 4l2

π2

)
δn+m,0

+ (n−m)
2π

{ˆ z1−ε

z2+ε
dz

ei(n+m)θ(z)T (z)
∂zθ(z) +

ˆ z̄1−ε̄

z̄2+ε̄
dz̄

e−i(n+m)θ̄(z̄)T̄ (z̄)
∂z̄ θ̄(z̄)

}
= (n−m)L(A)

n+m + c

12n(n2 − 1)δn+m,0 , (B.11)

where in the forth step of (B.11), we used the boundary condition (B.10) as well as u(z) =
ū(z̄) ∈ R at the two cut-off circles. Other commutators of the entanglement W3 algebra
can be checked in a similar way.

– 21 –



J
H
E
P
0
5
(
2
0
2
2
)
1
6
6

C Rényi entropy via defect line perspective

In this appendix, we provide a perturbative calculation for the ordinary Rényi entropy from
the perspective of the defect line operator. We start by considering the following quantity

g(n) = TrHab [ρ1+n
A ] ≈ 〈e−2πnHA〉 = e−2πnC〈e−2πnH0〉 , (C.1)

where we again neglect the boundary entropy contribution, and H0 is given by

H0 = HA − C = −
ˆ z1−ε

z2+ε

dz

2πiξ
zTzz +

ˆ z̄1−ε̄

z̄2+ε̄

dz̄

2πiξ
z̄Tz̄z̄ . (C.2)

The normalization constant C defined in (3.2) is given by C = cl
6π , which is fixed by the

thermal partition function Z1(0) = e
cl
6 as well as the definitions for L(A)

0 and HA in (3.4)
and (3.2).

Note that the equation (C.1) is nothing but the vacuum expectation value of the
defect operator e−2πnHA in the original z-complex plane, where no replica construction is
employed. Analogous to the analysis in section 4.1, the perturbative expansion of log g(n)
with respect to n is given by

log g(n) = −ncl3 +
∞∑
k=2

nk

k! 〈(−2πH0)k〉c , (C.3)

where 〈· · · 〉c denotes the connected correlator in the v-complex plane. By the conformal
mapping

v = z − z2
z1 − z

, (C.4)

the operator H0 can be simplified as

H0 = −
ˆ 1

δ

δ

dv

2π vT (v) + c.c , (C.5)

where the Schwarzian derivative contribution vanishes since the mapping (C.4) is a Möbius
transformation, and the cut-off in (C.5) reads δ = z1−z2

ε . The recursion relation for the
connected correlation functions of the stress tensor can be read out from the TT OPE [85],
given by

〈T (v1) · · ·T (vk)〉c =
k∑
i=2

( 2
(v1 − vi)2 + ∂vi

v1 − vi

)
〈T (v2) · · ·T (vk)〉c . (C.6)

Using this recursion relation, it is straightforward to use ™Mathematica to verify

〈(−2πH0)2〉c = cl

3 , 〈(−2πH0)3〉c = −cl ,

〈(−2πH0)4〉c = 4cl , 〈(−2πH0)5〉c = −20cl , (C.7)
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Inserting (C.7) into (C.3) yields

log g(n) = cl

6
(
−2n+ n2 − n3 + n4 − n5 + · · ·

)
. (C.8)

Evidently, this coincides with the usual result obtained in the twist field picture with replica
index n+ 1,

〈σn+1(z2)σ̃n+1(z1)〉 = cl

6

( 1
n+ 1 − n− 1

)
= cl

6
(
−2n+ n2 − n3 + n4 − · · ·

)
, (C.9)

where the last step expands for |n| < 1. From comparing (C.8) and (C.9) we conjecture
that 〈(−2πH0)k〉c fulfills a recursion relation as 〈(2πH0)k〉c = k〈(2πH0)k−1〉c starting from
〈(2πH0)2〉c = cl/3. It is desirable to have an independent proof of this recursion relation.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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