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by using a matrix gener-

linear WX\ = 0] algebra contains the matrix version of known N = 2 W, algebra,
as a subalgebra, by realizing that the N-chiral multiplets and the N-Fermi multiplets in
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1 Introduction

The celestial holography [1] connects the gravitational scattering in asymptotically flat
spacetimes with the conformal field theory which lives on the celestial sphere. By using the
low energy scattering problems, the symmetry algebra of the conformal field theory for flat
space has been found in [2]. Furthermore, in [3], the group of symmetries on the celestial
sphere plays the role of the wedge subalgebra of wii algebra [4]. We should under-
stand the unknown structures behind these findings in order to convince the above duality.
In [5, 6], the supersymmetric w14 algebra has been identified with the corresponding soft
current algebra in the supersymmetric Einstein-Yang-Mills theory. Recently, in [7], the
holographic map from two-dimensional SYK models to the conformally soft sector of grav-
ity in four-dimensional asymptotically flat spacetimes is studied. One of the motivations in
this paper is to consider other types of SYK models and to check whether we have similar
W14 00 Symmetry or not. See the review papers [1, 8-10] on the celestial holography.*

In V' = (2,2) SYK models [19-21], the two U(1) symmetries of the N' = (0,2) SYK
models can be combined with U(1) R symmetry and the chiral and Fermi multiplets are also
combined into N' = (2,2) chiral multiplet. This implies that their charges are related to
each other. It turns out that the stress energy tensor takes simple form and the coefficients
of the stress energy tensor are related to the rank of the interaction of the SYK models.
The standard N' = 2 superconformal algebra is realized by the chiral multiplets and Fermi
multiplets in quadratic form with various powers of (antiholomorphic) derivatives.

In the N' = 2 supersymmetric linear Woo[)\] algebra [22, 23], by so-called 8+ and
bc ghost systems, the higher spin currents with one-parameter are determined by the

2 In this case, the standard

quadratic forms of these bosonic and fermionic operators.
N = 2 superconformal algebra can be written in terms of the currents of low weights.

Moreover, the so-called N' = 2 scalar multiplet can be described by the lowest bosonic

! The relevant works on the celestial holography in the connection with the w; oo Symmetry can be found
in [11-18].
2This is not the asymptotic symmetry algebra introduced in [24].



and fermionic currents. As a subalgebra, the bosonic algebra contains W, [A] algebra and
Woo[A + 3] algebra. They claim that the A = 2 supersymmetric linear Weo[\] algebra is
isomorphic to the A/ = 2 supersymmetric linear WOO[% — )] algebra because there exist
some transformations between the above 5 and bc ghost systems by introducing two real

anticommuting parameters.>

In this paper, by realizing that the above two models have their own one parameter, i)
the rank (gsyx + 1) of the interaction of the SYK models, and ii) the A\ parameter and the
fundamental building blocks are characterized by chiral and Fermi multiplets on the one
hand and by £+ and b ¢ ghost systems on the other hand, we would like to study the precise
relation between the N' = (2,2) SYK models and the N'=2 5~ and bc¢ ghost systems.

At first, we make a generalization of [22, 23] by introducing the multiple 8~ and
b c ghost systems. Then we can compare with each stress energy tensor (or the
generators of N' = 2 superconformal algebra) described above. This will provide
the exact correspondence between the two parameters mentioned before. At
A = 0, we identify the free field realization in [6] with the ones from 3+ and
bc ghost systems. This implies that the realization of N/ = 2 supersymmetric
linear WX\ = 0] algebra is described by the above N = (2,2) SYK models
together with the infinity limit of the rank of the interaction.

At nonzero A, by using the higher spin currents of the matrix generalized v and
b c ghost systems [22, 23], we determine the complete N' = 2 supersymmetric lin-
ear WXN[)] algebra in terms of various (anti)commutator relations. The struc-
ture constants originate from the oscillator construction in the AdS3; Vasiliev
higher spin theory [25]. At A = } (corresponding to the rank (gsyx + 1) = 2
of the interaction of the N’ = (2,2) SYK models), we show how the truncated
subalgebra arises by calculating the vanishing structure constants. Finally, we
also describe the relation with celestial holography briefly.

In section 2, we review both ' = (2,2) SYK models and the N' = 2 supersymmetric
linear W [A] algebra.

In section 3, by matrix generalization of the N/ = 2 supersymmetric linear Woo[A]
algebra, the realization of N/ = 2 supersymmetric linear W2V[\ = 0] algebra in the
N = (2,2) SYK models is described. For nonzero A, starting from the A dependent
higher spin currents, we construct the (anti)commutator relations by checking the structure
constants explicitly. The realization of N = 2 supersymmetric linear W2V [\ = i] algebra
in the N' = (2,2) SYK models is studied. The relation with celestial holography is obtained.

In section 4, we summarize what we have obtained in this paper and further directions
are also described.

In appendices, some detailed calculations in section 3 are explained.

We are using the Thielemans package [26] with a mathematica [27].

3The notations for the subscript oo will be clearer when we discuss about the algebra itself in section 3.



2 Review

2.1 Two-dimensional N/ = (2,2) SYK models

In the two-dimensional SYK model [19], there are N chiral multiplets ®*(a =1,2,--- ,N)
and M Fermi multiplets A’(i = 1,2, --- , M) with a random coupling. This random coupling
of the interaction of the SYK model has a rank of (¢gsyk+1). The model with N = M has an
enhanced A/ = (2, 2) supersymmetry and reduces to the one studied in [19, 20].* The lowest
components of these superfields satisfy the following operator product expansions (OPEs)

BFE @) = e R N@ = )
- ) V2 - (F-w) ' '

For the fermions in the second equation of (2.1), the proper normalization is performed,
compared to the one in [21]. The conformal weights for ¢¢, D ¢%, X* and A* in the anti-
. . 1 1 1 1 1 1
holomorphic sector are given by g ¥ 1) 1- T’ 2 T gt D and 5 — Moo D)
The lowest supermultiplet contains the weight-1 operator, two supercharges and the

stress energy tensor. Then the standard N = 2 superconformal algebra is realized by [21,
33]

Gsyk ya ya 1 a9 ia
J = ——— N\ — ———¢% 0 ¢,
2(qSyk +1) (qSyk +1) #0¢
1 - -
Gt = — 94"\,
V2 ’
— Gsyk q 4aya 1 a 9ya
G = ——— K 1§gae — — 409N, 2.2
\/5(1+qsyk) [ Qsyk ( )
1 (QSyk+2)

(2qsyk + 1) 0 ¢ 0 9" — ¢ 0% " —

3ya ya Gsyk ya 5 ya
— OXN" A" + === X"9\|.
(2QSyk + 2) 2 2
The central charge in (2.2), where the fourth order pole in the OPE T'(2) T'(w) is §, is
given by

(2.3)

Each independent term in the stress energy tensor contributes to its own central term and
the overall factor N appears in (2.3). Some typo in [21] is corrected in (2.2). Note that
we can multiply any (pure imaginary) numerical number into the G and its inverse into
the G~ without changing the definition of the N’ = 2 superconformal algebra. The central
terms of the OPEs, J(2) J(w) and G*(2) G~ (w), are given by § and § respectively.”

“From now on, we use the terminology of A = 2 rather than A = (2,2) for simplicity. See also relevant
works in [28-32]. More literatures can be found in [21].

®Note that in the N = (0,2) SYK model, the stress energy tensor takes the more general form [21] and
the condition for the A/ = 2 supersymmetry enables us to have simpler form for the stress energy tensor.



2.2 The N = 2 supersymmetric linear W [\] algebra

In [22, 23], the A = 2 supersymmetric linear W, [)] algebra® is realized by the following
B and bc ghost systems which satisfy the OPEs

SR (2.4)

The conformal weights for 3, v, b and ¢ are given by A, 1 — A, %—i— A and % — )\ respectively.”
Note that the normalizations in the right hand sides of (2.4) are given by +1.
Then the higher spin currents are given by [22, 23]

T jz::: ai (s, \) 317 (57 B) ) +:§ a'(s,\ + %) oI ((0"b) o),
v _@(;;jf)A) :O ai(s, ) 3 (5 B) )
M g;é @l(s, A+ )3 (@ b)),
QU — Z o (5, 0) 5171 (5 B) ) — _ Bi(s,3) 8271 (87 ) ),
QP = :: ai(s,\) 0 (88 B) e) + :: (s, A) "2 ((9°b) ). (2.5)

The A-dependent coefficients appearing in (2.5) are given by

i _[(s—1 (—2>\—S+2)5_1_i .
a(s,A):( ; ) R , 0<i<(s—1),
Bi(s,\) = (S . 2) (_2?8152,;;22)1“, 0<i<(s—2). (2.6)

The A-dependent coefficients (2.6) are not independent. Some properties of these coeffi-
cients are given by appendix A of [22]. The binomial coefficients for parentheses are used
and the rising Pochhammer symbol (a), = a(a+1)---(a +n — 1) is also used here. We

SIn this paper, we are considering the linear algebra where the corresponding OPE does not have any
quadratic or higher order terms in the currents of the right hand side although the currents are quadratic
in the operators. See also the relevant work in [34] where the nonlinear structures occur in the context of
AdSs5 higher spin theory.

“In terms of the parameter Aps of the higher spin algebra hs[Ass], there exists a relation A\ = % Ahs.

8We thank M. Vasiliev for pointing out that these are quasiprimary operators under the stress energy
tensor V)\(2>Jr ten years ago.



can check that the A" = 2 superconformal generators are given by”

J=v,
V2 _
GF = = (@Y -,
_ W2 -
G =T @QYT ),
T =V, (2.7)

The lowest s value for the bosonic currents V;s)i is given by s = 1. One of them plays the

role of the weight-1 current of the N' = 2 superconformal algebra in (2.7). The lowest s
value for the fermionic currents Qf\s)i is given by s = 1 also. In [22, 23], the N/ = 2 scalar
multiplet is denoted by ( g\l)—i_ = Qg\l)_, V)SIH). We can easily see that the weights for the
composite operators 5, bc, 5 ¢ and by are given by 1, 1, % and % respectively and all the

)£

A dependence is gone. This means that their weights for the bosonic currents V)\S are

given by s while the weights for the fermionic currents Qg\s)i are given by (s — %).10

3 The N = 2 supersymmetric linear WX-N[X] algebra

3.1 The matrix generalization of N’ = 2 supersymmetric linear W, [\] algebra

In order to describe the multiple number of the chiral multiplets (or the Fermi multiplets),
we need to introduce the multiple number of 5+ and b ¢ systems [36] satisfying the following
defining OPEs

.= 3 1 s - P s 1 o —
4,02\ RID (T :75745ab 1,0 (= b],b — :76136111) 31
P P = o T SRP@) = = dT e (3)
The fundamental indices a, b, - - - of SU(N) in (3.1) runs over a,b,--- =1,2,--- ;N and the
antifundamental indices @,b,--- of SU(N) runs over a,b,--- = 1,2,--- , N. Similarly, we
can associate the indices 7, j, - - - and the indices 7, j, - - - with the corresponding fundamental

and antifundamentals of SU(L).!!

In next section we will present their explicit forms in terms of the composite operators in the ghost
systems. When we take N = 1 over there, then we obtain the exact results [22, 23].

10T terms of the ghost systems, we have V)\(1>+ =pfB~v+bcand Q(;H = Q(;% = Bc. In order to calculate
some OPEs between the ghost systems and the currents in (2.5), some partial results on the highest order
poles between them in [22, 35] are helpful. For example, for the calculation of the various central charges
in the given OPEs, we have to consider the highest order poles only.

"'We consider SU(L)-singlet currents in this paper.



By multiplying the generators of SU(N) into the previous relations (2.5), we obtain
the following matrix generalization of the work in [22, 23]

s—1 s—1 _
VT =3 ai(s, 08 (0T B)00an) +Za (s A5 )as—l—i((aiblb)all5abcl&),
—

s—1
V)fi);r — 2;) (S )\)as 1- l((azﬁlb)éutﬁb’yla +Za (8 A= )88 1— ’((8’1)"’)5”75‘4 la)

(s— 1+2)\

V)Es)— — 2 Z as 1—1 (8218”))5”5(117'7 )
s—1) =
S 2)‘ S 1 s—1—1 izlb
oD, ( )a ()66,
- (s—142X)3 o i
V;v‘)i T (2s-1) Zo NI B ten™)
(8_2)‘)8 . z( ) s—1—1i iplb A Jla
+(2$_1)§a A= |0 (CRASI7HEDR
s—1 B S s =2 B - _
Qg\s)-i- _ Zaz(87)\)85—1—2((azﬁlb)éll_éabcla)_Zﬁz(s,)\)as—Q—z((8zblb)5ll_56b,7la),
1=0 =0
s—1 _ S s—2
QYF = Y al (s N (@B atied ™)~ B (s NI (@V)otiun"),
1=0 1=0
QE\S)_ — Zaz(s)\)as_l_z((azﬂlb)(;l[&abcla)“‘ZBZ(57)\)88_2_Z((8%%)5”’5&1)'7[(1)7
=0 =0
s—1 s—2
QYL = > a5 (9Bt ™)+ DB (s NI (@)t (3.2)
1=0 1=0
The adjoint index A runs over A =1,2,-- -, (N? —1).12

The central charge of the stress energy tensor is given by'?
c=3N(1—4N). (3.3)
By comparing (2.3) with (3.3), the deformation parameter in [22, 23] plays the role of the
rank of the random coupling of the SYK model and it is given by'4

1
A= T D) (3.4)

2Note that in [36], there appear the extra factors +(—1)* or i(fl)s_% in various places in the coefficients
of (3.2).
13We consider the L = 1 case. If we consider the general L, then this L factor appears in the central

charge.
1Tt has been conjectured in [37] from the A = (0,2) SYK models that the parameter \s (See also the

footnote 7) is related to the gsyx and is given by Aps = ﬁ.
N 9syk



We can write down the generators of the N' = 2 superconformal algebra for matrix
generalization from (2.7) as follows:
J = (=142X)c"b* — 22X p%~%,
Gt = V251,
- —1+4+ 2
G- = —Varpeaye - T1E2Y

V2
T=1(1 —)\)55“7‘1—)\5“57“+%(1+2>\)50‘1b“+%(—1+2)\)c“5b“. (3.5)

9B\,

For N = 1, we observe that the above relations (3.5) are reduced to the ones in [22]. By
realizing the following relations with (3.4),'?

= - (A {
¢ 00%, ¢ Q% 4 —= A%, b* — — A%, 3.6
gl ¢ B ¢ 7 7 (3.6)
we observe that the relations (3.5) can be identified with the ones in (2.2) together with a
factor v/2i in GT and a factor —% in G~ (The OPE G*(z) G~ (w) does not change with
these factors). The conformal weights for both sides in (3.6) are consistent with each other.
We expect that there is a one-to one correspondence between the A = 2 SYK model and

the B and bc ghost systems in the A = 2 supersymmetric linear WXV [\] algebra.

3.2 The N = 2 supersymmetric linear W2X-N[X = 0] algebra

From the exact correspondence between the chiral multiplets and the Fermi multiplets of
the N' =2 (2,2) SYK model and the 3~ and b ¢ ghost systems in (3.6), we expect that there
exist the precise relations for the higher spin currents between them. By linear combinations
among the higher spin currents in (3.2) we can write down the higher spin currents of [6]
in terms of (3.2) at A = 0 and it turns out that for SU(N)-singlet currents we have'

Wgn = m;LVth (1f I _ 1 [(h —1+23) V( A VA( )] )
iy @b A+ =3) [ (2h—1) A=0
Wip = ”V;L/B; (=" [( —2)) ywr _ym-|
Shtai(h, A =0) [ (2h—1) =0
Qpor = }nwgfl ()" h {Q(thl h+1)+} ’
22 g i 61(h+1 A=0) A=0
~ 1 nWQ,h+— h+1 1)— 1)+
ey =5 g1 Yiso a(l(h+ 1,A=0) QU QY L:o' (37)

For h =1 with A = 0, the coefficient of the first term of Wg -1 in (3.7) vanishes and the
W h=1 is proportional to V)fi)o_ = —c*b®. See also (2.7) and (3.5). On the other hand, the

151n [21], we used the different terminology for the bosons. Note that when we change the ordering in the
first OPE of (3.1), there is a minus sign in the right hand side while there is no minus sign in the second
OPE of (3.1) after this change. We should also make sure that they have the correct weights in terms of
deformation parameter.

'®The parameter ¢ here is the same as the X in [6]. We can associate the ¥"* and 7 of [6] with b"®
and 7.



coeflicient of the first term of Wp 5—1 in (3.7) does not vanish and the Wp j—; with A =0 is
proportional to —y* #* (which holds for nonzero ). Then the current Wp ;—; arises only
in the B+ and bc ghost systems. For h = 0, the Q1 vanishes and the Q1 is proportional to
— % c* which does not occur in the construction of2[6]. See also the footnote 21. Therefore,
we expect that there appears the presence of the current Wp;—; and the current Q 1 in
the N/ = 2 supersymmetric linear WXV [\ = 0] algebra.!”

Furthermore, we can compare with each coefficient appearing in the free field real-
ization in [6] and the one in (3.2) at A = 0. In order to do this, we should act the
antiholomorphic partial derivatives on the composite operators fully. Then the binomial
coefficients appear. It turns out that there appear the following identities

nWF,h( 1)k: h—1 2 MW, 1 h—1—1
g2 o k - qh—2 Zh_lai(h k
DF(h=1\[h-1) _ an,L —1-
T () .5 w( k ), 09
o, (DR (h=3\ (h=1\ ™4, 1 (- )( i h—2—i

g <k2 VAT B’(hozﬁ ko)

Mo, (DM IR (p3\ (A1) Wy (1 A h—1—i
= qh—% ( k‘2>( k )Z q}?_z Zh(l B(ho)z (h,0)< 1 )

1=0

It is rather nontrivial to check these relations for generic h and k, but we can try to do
this for several values for these quantities. Note that in the right hand sides of (3.8), the
additional binomial coefficients occur by expanding the antiholomorphic partial derivatives
fully as described before.'®

Therefore, the N’ = 2 SYK model has ' = 2 supersymmetric linear WXV = 0]
algebra where the higher spin currents are given by (3.2) and by using the relations (3.7),
the explicit (anti)commutator relations can be read off from the previous results in [6](See
also [38]). The relation between the parameters is given by (3.4). Of course, as explained be-
fore, in the (anti)commutators relations, we observe that there appear the currents Wp p—1
and Q% Moreover, their OPEs with other higher spin currents Wg,>1, Wg p>1, Qh+%z%

and Qh 4151 will appear in general. In next section, we will present the (anti)commutator
2=2

relations for nonzero A. Therefore, once we put the A to be zero in these equations, we

obtain the final results.

3.2.1 The realization of N' = 2 supersymmetric linear WOIX’N [A = 0] algebra
in the A/ = 2 SYK model

That is, in the limit of
Qsyk — 00, (39)

7 The SU(N)-adjoint currents are given by appendix A.
!8Note that the various summations in the denominators of the right hand sides of (3.8) can be written
in terms of the fractional forms of the various gamma functions at nonzero A [35].



the N' = 2 SYK models reveal the ' = 2 supersymmetric linear WX N[\ = 0] algebra.
The generators are given by

i) Wen>1, Wh,h>2, Qnis>s, Qpy
i) WB,h=1, Qpyit- (3.10)

The algebra between the currents in the first line of (3.10) is closed and the explicit form is
given by the ones in [6]. In the right hand sides of these (anti)commutator relations we can
see only the operators in the first line of (3.10). Due to the presence of the operators in the
second line of (3.10), we should calculate the OPEs between these weight-1, % currents and
the remaining ones in the first line of (3.10) as well as their own OPEs in order to describe
the full algebra if we do not decouple these currents.'® As we will see next section, once
the A\ becomes nonzero value (a deviation from (3.9)), then this does not hold any more
because the right hand sides of these (anti)commutator relations possess the operators in
the second line of (3.10).

3.3 The N = 2 supersymmetric linear WOJZ’N [A] algebra

3.3.1 The higher spin currents for nonzero A

Let us consider the nonzero A case. We take the previous expressions (3.7) by considering
the A dependence explicitly. Then we have the following SU(N)-singlet currents®’

h _
Wh, = "‘;LVth _ (=1) — [(h 142)) v+ V(h) ]7
q Zz =0 az(h>>‘ +3= §) (2h - 1)
WA, = MWen (=" [( —2)) B+ _ph-
7 g2 Z =0 az(h)\ =0) (2h —1) A ’
Q)\ o anQ,thg (— 1)h+1h [Q(/H_l)_ B Q(}H—l)—q
Mty T2 gl TG4 1,0 = 0) A ’
— 1 "W, (—1)h+1
A Qht3 (h+1)— (h+1)
= = + 3.11
Oney T3 g Yy ai(h+1, A—O)[ A, (311

(1)

In particular, V™' has v* 3% term also for nonzero A. See also the weight-1 current in (3.5).
We would like to obtain the algebra generated by these currents in (3.11).

= 7% B¢ c*. Even they do

1
2

19We will see that we have their explicit forms as Wg 1 = f% 7% % and Q
[6], there is no ¢z’“ dependence

not depend on the A parameter from the footnote 21. By construction of
and its derivative 0 ¢"® appears only.
20The SU(V)-adjoint currents are given by appendix A. Each A independent coefficient of bosonic current

. . . . . nw, 1"
is the same and each X independent coefficient of fermionic current is the same: th h — (=1 — =
n n =0 (h >\+2 E)
w w

"Wg.n (=1 and 1L Q.h+3 (=)t h 1 Q.h+d (=phtt

F—2 =1 3 h—1 =1 . =3 h—1 R - .

q i(h A= q i — q i -

Zi:o ai(h,A=0) Zizo B (h+1,A=0) Zi:o @i (h4+1,A=0)



We present the currents for low weights as follows:
1 - -1
Wit = -7 (W H2n), W, = (VA(Q) +3 (1+2)) Vf”),

1 S
2 (2+2)) V§3)+>, Wy =16 <V§4) +2(3+2)) V/\(4)+>,

Wi = _i (‘ VDT (12 me), Wpo= <— AT % (2 —2)) vf”),
Wi = —4 ( ~vT 32 Vf’”), Wi =16 ( ~ VT S (-2 v§4)+>,
@)= 5 (@7 - ), Q) = -2va (@ - Q).
Q) =sv2 (@ - Q). Q) =322 (P - Q).
o) e L@ ea)
% = -2V (Q(3)— n Q(3)+), Q% 8[( -, 0 4)+>
Q3 = —52va(QP+ Q0. (3.12)

According to the normalization in (3.11), as we increase the spin, we simply multiply by —4
(except Q7). We will calculate the various OPEs by using these explicit expressions (3.12).

The generators in (3.5) in terms of the currents can be written as

J =V = —a((1 = 20) Wi — 22 Wg,),
1 _
+ _ ) @)- _ H@+
G —@%—f(czA Q).

6 = 30} - g (@)
T =V = (Wiy + Wh,). (3.13)

At XA = 0, the weight-1 current J in (3.13) of the N/ = 2 superconformal algebra does not

depend on the bosonic 3+ operators.?!

3.3.2 The structure constants for nonzero A
Let us introduce the generalized hypergeometric function

1 1 l4a—r a—r

IRy Y
¢?1,h2(A7a)E 1F 5 7+ 3’2 1’ 2 02
§_h17§_h27§+h1+h2_r

1] . (3.14)

In general, the sum of upper four elements plus 1 (= % + a —r) is not equal to the sum of

lower three elements (= % —r) for generic a # 1.22 Furthermore, we introduce the mode

2INote that we have WB 1= —f'y @ B* and QA = ——Ba .

2ZFor A = 0, we introduce the generalized hypergeometrlc function

1 3 h+1 h
5 Ly oy 3 g2y g kg
oy (2, y) = aFs | 2 Yo A 3 ;11 :
2

—hi+ 2, —ha+ 2, hi +hy —h—
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dependent function

hi,ho . Il [ h+1
Ny " (m,n) =) (—1) ;=T mih =1 -m];
=0
X[hg -1+ n]l[hQ —1- n]h+1,l. (3.15)

The falling Pochhammer symbol [a], =a(a—1)---(a —n+1) in (3.15) is used.
We have found three different kinds of structure constants in the context of the matrix
generalization of AdSs Vasiliev higher spin theory as follows [25]:

BELL (i) = — g N4 (o) [asffm (1) £ (1 1)),
BF % (m, pir) = —(Tll)!N:Li’zhﬁ;(m,ﬂ) laﬁfi’? 2t (u, 3:2“)
sl (1-0 250 ) |
FFﬁ,lﬁ’hﬁ%(p,w;u) = —U,El)!Nfigé’hﬁ;( ,w) [cﬁ?f{l’hﬁl( 3j;>

+1
st (1o, 20 )| (310)

2

where the relations (3.14) and (3.15) are needed.?

From the lesson of [25] where the mode dependent structure constants for vanishing A
can be written in terms of the linear combinations of (3.16), we do expect that for nonzero
A, they satisfy as follows:

hih 1 hi,h hih
Prj, (m,n,A) = 1 lBBhiLz,QJrJFBBhiz,Q—] ,

1 h+2, + h+2,—

1
P (m.n, ) = [BB’“”” BB’“”‘?] :
pn=2X

By using the notation of (3.14), we have

2 ’ 2

%+A’%,A71+a7r =T 1
%_hl,%_hQ,(%+hl+h2_7")+a—1

- 1

ory, (0, 5(=1— A) = 4Fs [
The last of lower elements contains the additional (a — 1) which is nonzero for a # 1. We check that for
a = 1, the expression of (3.14) reduces to the one in [39] where their s, r, 4 and j in (3.14) correspond to
our —1 (1 —A), 1 (r—2), (ha —2) and (h2 — 2) respectively.

5 72
23We have the following symmetry between the structure constants [25] under the transformation p

I-p
BB (m,n; p) = BB (m,n;1 — p),

1 1
BF %2 (m, ps 1) = 4BFL272 (m, p 1 — p),

h1+%,h2+% h1+%,h2+%

FF, '+ (p,wip) = £FF, 4 (p,w; 1 — p).

This implies that the half of the structure constants vanishes at u = % A= % or gsyk = 1).
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hi,hot L 1 byl (2h1 —2h—3) _ _hy,ho+1t
qF,IQh2 “(myn,A) = | = gBF2/lz+;,+2 + 16(h+1) BF22+§7—2 ’
L n=2X
hi,ho+1 -1 hi,ha+3 (hl - h—2) hi,ha+3
qF,2h+12(mvnv)‘) = gBF2h+3,+2 - 4(2h+3) Bth+3,f2 ’
L n=2X
hi,hot L [ 1 hyhotl (2h1 —2h—3) _ _h1,ho+1L
Aoy 2(mmA) = |- gBleH;,f - WBFzéé,f :
L pn=2A
hi,ho+1 [ 1 hi,ho+1 (hl _h_2) h1,ha41
qB,2h+12 (m,n,A) = *gBF2h+3,+2 - 4(2h+3) BF2h+3,*2 )
L n=2X
hi+3,ha+3 [ hit+shet+t  2(hi+ho—h) | hi+Lho+d
0F,2h2 2 (mynyA) = _FF2h+127+ : - (2h+1) 2h+12,— : )
L pn=2A
hi+1 hotl [ hi+21 hotl 2(h1+h2—h)—1 hi+1 hotl
0F,2h2+1 *(myn, ) = FF2h+22,+ *+ 2(h+1) FF2h+22,7 : ]
L n=2X

h1+%7h2+%<

3 L 2(hi+ha—h 1 1
m,n,/\) — _FFh1+2»h2+2 + ( 1+ he )FFh1+2,h2+2] 7
n=2X

OB 2n _ 2h+1,+ W 2h+1,—
hi+1,ha+1 [ hi+dhotl  2(hi+ha—h)—1_ _hi+1 hotd
OB,2h2+1 2 (mvnv )‘) = *FF2h+22’+ 2 (2h+2) FF2h+22,7 2 . (317)
- n=2X

We have checked that the above relations for several hy, ho and h are satisfied in the specific
OPE examples. That is, the structure constants are indeed the right hand sides of (3.17).

3.3.3 The example of the explicit OPE WI’}A(E) W}‘A('E)) for nonzero A

For example, for hy = 4 and hy = 4, we can calculate the OPE W1§74(5) W}A(w) by

using (3.11), (3.2) and (3.1) and reexpressing each pole in terms of Wﬁh(@) with h = 2,4,6

and their derivatives as follows:2*

Wi a(2) Wpy(w) = (z—lw)s [ 7?(11%6 —280A1 +147)2 9)]

+(Z_1w)6 l%;g(A—D(M 1)(2)\—3)(2)\+3)] W, (@)

+ (2_1w)5 % l20548()\—1)()\+1)(2)\—3)(2>\+3)1 OW Ry (@)

5 _1w)4 [230 DB A DO+ -3)(2A+3)F Wy~ 2 (X 19) W, | (1)

+ (z—lw)3 [310 B A DO 1)EA-3)(2A+3) T Wy — 5 £ (4N 19)5%{4 (@)

24In the OPEs we are considering in this paper, the number N is fixed by N = 3 which is the smallest
number having the nontrivial d symbol of SU(N). The number L is fixed by L = 1 which is introduced
around the equation (3.1).
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5 96

+ (5_1@2 Lég 20548 A=1)A+1)(2A=3)(2A+3)* Wi, — 36 E(4A2 —19)0*Wp,
0|0+ 5 [11120 SO DO DA-3)(2A+ 3T W,

—%%( A2—19)53Wﬁ4+%65w}76 (W) +--

_ (2_1?1_}) . [_ 728(112)\6—280/\4+147)\2—9)] P (9,0, 0) [V(?_ng))]
—pgo(0z,05,\) [m] — (0,00, ) lm] (3.18)

In the second relation of (3.18), we reexpress the structure constants in terms of the dif-
ferential operators p%%_h(ég,éw, A) with h = 2,4,6. By using the first equation of (3.17)
for fixed h1 = ho = 4, we obtain

64
525
x (m—n)(3m*—2m>*n+4m>n?—39m>—2mn3+20mn+3n*—39n?+108).

PEAMnA) = ——(A=1)(A+1)(2)A—3)(2A+3) (3.19)

From this (3.19), we can read off the corresponding differential operator by taking the
terms having a degree (h + 1) =5 as follows:

p?ﬁl(éiyéﬁnA) = s X 9 x 1()‘_ DA+1RA=3)2A+3)

x (302 — 5020y + 69202 — 60203, + 50:04 — 303).  (3.20)

W;Z(ui)
(z—w)

Then we can calculate the quantity —péﬁi(ég, s N { } by acting (3.20) on the op-

2o (W
erator {%} and this will lead to the corresponding terms in (3.18). Similarly, we can
caleulate pyy(m,n,\) = —& (—19) (—4) (4A2 — 19)(m — n)(m? — mn + n® — 7). Then
we can determine pi%é(ég,éw,)\) = -2 (-19) (—55) (4X? — 19) (52 — 2020y + 20:0% —

%) and this leads to the current WléA(u_)) and its derivatives in (3.18) by performing

144,53 7 W3 (@)

~pra(92, 90, 0) [ 24T
_ W2 (@

of —p}{lﬁ)(@g, 0wy, \) {Lw)} provides the corresponding terms in (3.18).2°

G-0)

]. Finally, after calculating p?f) (95, 0@,\) = 3(m — n), the result

In appendix B we present other various OPEs between the SU(N)-singlet currents for
fixed hy and he. In this way, we make sure that the structure constants in (3.17) are correct
ones.

25The corresponding commutator relation can be obtained by using the formula in [40, 41]. For example,
we can obtain that pijx(m,n) in (2.54) of [40] is given by = (m — n) (3m* — 2m’n + 4m?n® — 39m> —
2mn® + 20mn + 3n* — 39n” + 108). After multiplying the coefficient 2222 (X — 1)(A+1)(2A — 3)(2A + 3), we
obtain the above p?’i(m, n,A) in (3.19).

~13 -



3.3.4 The complete (anti)commutator relations between the SU(INV)-singlet
currents for nonzero A

From the analysis of previous section together with the similar descriptions in appendix B,
we conclude that the final complete (anti)commutator relations between the SU(NV)-singlet

currents for nonzero A with the insertion of ¢ dependence appropriately can be summarized
by26

hi+ho—3
A A h , hi,h2,h A
[(Wﬁahﬂnw(vvfﬁ2ﬁﬂ = E: q PFI ? OWw”aA)(VVFJn+h2—2—h%n+n

h=0,even
+N CVVF,h1 (mv /\) 6h1h2 q2(h172) 5m+n7

hi+ho—4
A A h  hi,h2,h A
KVVBJ”)nu(VVBﬁg%J = E: q pBl ’ Oﬂwn7A)(MﬁihyHmf27h%n+n

h=0,even

h _hihah A
<+[q pg OnwnaA)(VVEJu+h2—2—h%n+n]

+N Wi, (m, ) yhahe qz(h“?) Omtn,

h=h1+hs—3

hi+hs—3

\ N n hihetih A
[(Wp’hl)m,(QhQJr%)r] = Z q qFl 2t+3 (m,T, A) (Qh1+h2—%7h)m+7"7
h=—1
hi1+h2—3 1
\ N h hihe+3.h A
[UWEJn)m7«QM+é)d = 2: q qB12 ’ (n%73A)(Qher—%—h%n+rj
h=—1
hi+ha—3 1
\ -\ h h hihe+35.h AA
[(WE g Jms ( hz—l-%)?"] = > (=D mr, M) ( h1+h2—%—h)m+r
h=—1
h b hihot3h A
+[q (1) g2 (myr, A) (Qh1+h2—%_h)m+r}h:h1+h2—2’
R . tha=s B hiha+ih o
[(WB’hl)ma (th—‘r%)r] = Z q (_1) QB ’ PR (m’ Ty )\) (Qh1+h2—%—h)m+r
h=—1
h h hihat+lh AA
‘%[q (=1) qu o (Tn’r’k)(Cghr+hr—%—h)n}+T}h=h1+h272’
hi+ho—1 1 1
A = h hi1+5,ho+5,h A
{(th_"_%)r, (th_i_%)s} = Z q OFI 2,215 (Ta S; >\) (WF7h1+h2_h)T+S

h=0
hi+ha—2

h hit+s.hotih A
+ Y qhog (s, A) Wy thyn)rs
h=0

1 1
h hit+3.het+3.h A
_|_[q o r, s, A) (W _
B (s 8, A) (W g s h=h1+hy—1

+Negg, (1) ghihe 2tz =15 (3.21)
2

26In this paper, we do not present the explicit form for the central charges CWi 1, (m, A), CWi n, (m, A)
and €Qa, .1 (r,A). We calculated them for fixed h1 and hs in previous section, and appendix B. The
1+3
calculations can be performed by taking the procedure in [42]. Or we can use the partial results in [35] to
obtain them explicitly.
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In the right hand sides of (3.21), we emphasize that the additional weights %, 1 currents
appear by taking the square brackets.?” Of course we assume that the possible lowest
weights for Wﬁh, Wé\’h, Q2+% and Q2+% are given by h = 1, h = 2, h —1—% = % and
h+ % = % respectively. In other words, among the field contents in [42], the above weights
%, 1 currents occur in the right hand sides of the (anti)commutator relations at nonzero A. In
order to fully describe the complete structure of the N' = 2 supersymmetric linear W2V [A]
algebra, we need to calculate the OPEs between the additional weights %, 1 currents and
the remaining currents. Also their own OPEs should be calculated.

In appendix C, we present some OPEs containing the additional currents Qi or Wé\ 1
2 b

for fixed h; and hg. It turns out that the OPEs containing the Weight—% current @} have
the previous known structure constants while the OPEs containing the weight-1 czurrent
Wé‘J, at first sight, do not have their structure constants which can be written in terms of
the known expressions appearing in (3.21), although there are explicit A\-dependent terms
in their OPEs.

In particular, we can check the following relations?®

hi,ho,h=h1+ha—3 hi,ha+3 h=hi+ha—2
pBl 2 ! 2 (m7n7>\20) = qF 2 (m7T7)‘:0)

hi1,ho+ 4 h=h1+hy—
_ B17 2+3, 1+h2 Z(W,T‘,)\ZO)
hi+%,ho+2 ,h=h1+ha—1
_ OBH-Q7 2+3, 1+h2 (’I”,S,)\ _ 0)
= 0. (3.22)

Then according to (3.22), the square brackets in the above (anti)commutator rela-
tions (3.21) vanish at A = 0 and we reproduce the subalgebra of the N' = 2 supersymmetric
linear WXV [\ = 0] algebra [6]. The bosonic subalgebra is given by Wi [\ = 0] gener-
ated by Wﬁzo and WX\ = 0] generated by ngho. Then by the appropriate limit for
the parameter ¢, we will obtain the w40 algebra from the former. If the decoupling of
W})p‘;ozl in the former occurs like as the footnote 31, then this bosonic subalgebra becomes
WX\ =0].

In appendix D, the remaining (anti)commutator relations of N' = 2 supersymmet-
ric linear W2"N[)] algebra are summarized, by considering the SU(N) adjoint index A

properly.

2TWe can still use the (anti)commutator relations for A=0 by allowing the corresponding upper limits in
the summation over the dummy variable h properly at the four places. Each single term can combine with
each summation term because the A and mode dependent structure constants in each single term can be
written in terms of the same structure constants in each summation term.

. . h =h -
28Gimilar relations can be checked as follows: pgl’ 2h=h1+hz 3(m,n,)\ = %) =
hi,h2+ 3, h=h1+h2—2 1 hi,ha+ 4, h=h1+h2—2 1 hi+3,ha+3,h=h1+ha—1
dr (m,m, A = 3) = qg (m,r, A = 3) = op (r,s,\ =

%) = 0. We reproduce the subalgebra of the N/ = 2 supersymmetric linear WOJX’N[)\ = %] algebra which
is isomorphic to the N' = 2 supersymmetric linear WQ‘N[A = 0] algebra as in the introduction. In this
1

case, the bosonic subalgebra is given by WX [A = 1] generated by W;TLE and Wi [A = 1] generated by

A=41
Wy 2. Then by the contraction limit for the parameter ¢, we obtain the wi4 algebra from the latter.

_1
If the decoupling of nghil in the latter occurs as in the subsection 3.3.5, then this bosonic subalgebra
becomes W[\ = 1].
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3.3.5 The decoupling of Qi and Wé‘71

At nonzero A, the (anti)commutator relations imply that the weight-1, 5 currents occur in
the right hand sides. Now we can try to decouple them. Let us consrder the fifth equation
of (3.21) by taking h; = 1 and he = 1. Then we can calculate the OPE Wl’}l(i) Q)‘ (w). By

requiring that the new welght—f current should remove the unwanted current QA 29 we have

Q) s =0Q3—420Q1. (3.23)
12 2

2

Now we go to the sixth equation of (3.21) and substitute (3.23) into that equation in order
to obtain the new weight-2 current. It turns out that by taking

Wnew B2 — W§,2 —4 Aéwg,la (324)

we can remove the unwanted current 3. We can check that the W3, dependence
2 k)

disappears when we calculate the OPE Q3 (%) Q;\Lew 3 (w). Similarly, we can calculate
2 72

Qs Qé - )\ (1420 9% Q (3.25)
2
by considering the OPE W3 ,(2) Q2 (w) and removing the unwanted current Q% . Moreover
’ 3 3

we can obtain

8 _
Wnew ,B,3 — Wg,S - g A (1 + 2)‘) 82 Wg,la (326)

by considering the OPE WB 5(Z )Q’\ (w) and removing the unwanted current QA In this
way we determine the new currents (3.23), (3.24), (3.25) and (3.26). We expect that we
can continue to perform this procedure and remove the above weight-1, % currents.3Y

Therefore, in principle, eventually we obtain the complete (anti)commutator relations
with modiﬁed A-dependent known structure constants, as a subalgebra, where the unwanted
weight-1, 5 currents disappear completely.3!

3.3.6 The realization of N/ = 2 supersymmetric linear WOJX’N[)\ = %] algebra
in the N = 2 SYK model

As noted in the footnote 23, at A\ = 1 ;32 all the second terms in the right hand sides of the
structure constants (3.17) vanish. In the N =2 SYK models, this is equivalent to take the
following limit

Gsyk — 1. (3.27)

29We need to admit that the new currents are not quasiprimary operators.

309 As described before, by using the partial results in [35], we can obtain the new currents for any weight
h by calculating the highest order pole in any OPE in order to remove the weigh—l current.

31'We can decouple the Wﬁl and Q’% by introducing the new currents Q 2= % —2(22—-1) 5@%‘

and WT’L\E%F,Q = Wﬁg —2(2\=1) 5W§71 in the context of the N' = 2 supersyrnrnetrrc linear WEN[A = 1]
algebra together with the footnote 28. The higher weight currents can be constructed similarly.

32 At this point, N’ = 2 supersymmetric linear WOZX’N[)\ = %] algebra is self isomorphic because the solution
of A= % — A provides the A = %, as in the introduction.
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The interaction is quadratic. As observed in [22], there exists a subalgebra generated by>?

or by

V)ES)7+7S = 274)67' Ty
QS\S)’Jr?S = 1’3)5)' R

V)ES)’—F’S =2,4,6,---,
Q&S)’+>S =2,4,6,---,

V)SS)’ivsz 17375)"' )

Q" s=1,3,5,--, (3.28)
V)ES),_NS = 1>3757' Ty
Q"5 =2,4,6,--- . (3.29)

There is no supersymmetry in the first case (3.28) [22].3* We calculate some OPEs for
fixed hy and hg in order to see this behavior explicitly in appendix E. In the basis of [22],
we obtain the following relations from (3.11)

1 A

V)\(h)7+ - R W})%,h"i_ — E WB,h? (3.30)
nWF,h (_1)h nWB,h (—l)h
@y ai(h M=) "2 S ai(h,A=0)
(h—2X) (h=1+2X)
n, - @1 A @h-1) N
AR — Wi, —— —Wh 5,
nWF,h (_1)h nWB,h (—l)h
"7 3 et (h A+ i=1) "2 S ai(h,A=0)
1 1 _
Qg\h+1),+ 1 O ot o |
nw, 1 ht3 nw h+3
1 Q,h+35 (—1)h+1h 1 Q,h-o—% (_1)h+1
2 B (e 1a=0) 2T Y el (h+LA=0)
5 - 1 1 _
nw 1 h’+2 nw h+2
1_ Qhtg (=Dh+1h 1 Qh+d (—1)h+1
2t S i (h1,0=0) 27T S ai(ht1A=0)
Then we can calculate the commutator relation [(V)Ehl)’Jr)m, (V)\(h2)’+)n]. By substi-

tuting the first equation of (3.30) into this commutator, we obtain the following coefficient

33We thank M. Vasiliev for discussion on this matter further.
34Tt would be interesting to study this case in the context of the SYK models because there is no
supersymimetry.

17 -



function of (V§h1+h2—2—h),—)m+n:

1 1
"WFh,y (=M "WE,hy (=12
@M N ai(h,d) T @27 320 ai(ho,d)

nWF,hlJthfoh (_1)h1+h2_2_h thhl,hg h(m n A)
_qh1+h2—2—h—2 Z?;;]th*Q*h 1 (hl + h2 —9_ h ) F [

[ 1 1
- "Wg hy (=1)M "WE h (=1)h2

ST S Gi(hy,0) 7 @27 32 (ko 0)

1=0
_nWB;h1+h2*2*h (_1)h1+h2_2_h h . hi,ha,h
X N — q' pg’ m,mn, A). 3.31
_qh1+h2—2—h—2 ZZL;E)FhQ 2—h—1 al(hl + h2 _9_ h, 0) ( ) ( )
Here phl’hQ’ (m,n, ) and phl’h2’h(m,n, A) are given by the first terms in (3.17). Now we

can check the above coefficient (3.31) vanishes at A = } (corresponding to (3.27) in the
N = 2 SYK models) implying that we can decouple the currents V)Eh)’_
therefore, we do not have these currents in (3.28) or (3.29). For even h; and hg, the

combination (hy + ho — 2) is even.

with even h and

Similarly, the decoupling of the currents V)\(h)’+ with odd h can be analyzed as follows.
The commutator relation [(V)fhl)’+)m, (V)th)’f)n] can be obtained by substituting the first
and second equations of (3.30) into this commutator, we obtain the following coefficient

function of (V)\(hl+h2_2_h)’+)m+n as follows:

1 1
"WE py (—1)M "Wg ho (—1)h2

h1—2 h1—1 ho—2 ho—1
q"l Zz:lo al(hl,%) q"2 21:20 (l’(hz,%)

(ha—=2X)| | (hi+ha—2—h—142))
(2h2—1) 2(h1+h2—2—h)—1

-nWF,h1+h2—2—h (— 1)h1+h2_2_h h _hi,h2,h
X 2 myn, A
-qh1+h2727h72 Zilibf—hg 2—h— laz(h1—i—h2—2 ]’L ) q p ( )
[ =142 [(a+hy—2—h—2)) 1 1
(2h2 — 1) 2(h1 +hy—2— h) —1 "Wpg hy (=DM "Wpg hy (=1)h2
qh1—2 Zhl 1 (h O) qh2—2 ZhZ 1 (h 0)
-nWB,hﬁhT%h (— 1)h1+h2_2_h h hi,ha,h
X T m,n, A). 3.32
_qh1+h2—2—h—2 Z?j{hg 2—h— laz(h1+h2—2 7,0) 4 Pp ( ) ( )
The above coefficient (3.32) vanishes at A = i and we can decouple the currents VA(h)’Jr

with odd h and therefore, we do not have these currents in (3.28) or (3.29). For even h;
and odd hg, the combination (hg + hy — 2) is odd. In appendix E, we will see more details
on this matter.

3.3.7 The relation with celestial holography

We have found the matrix generalization of the N' = 2 supersymmetric W, algebra [42] by
adding the additional parameter A. Then we can follow the procedure of [43] by using the
topological twisting [44, 45]. The bosonic SU(N)-singlet current of weight h can be given
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by Wgh, W}’}’h, 5W§,h71 and 5W§‘7h71. The corresponding SU(N)-adjoint current can be

constructed by multiplying the SU(NN) generators into the above four kinds of operators.

For the fermionic currents, we take Qz L1 and szl . Then the seven OPEs between these
2

currents (or the corresponding (anti)commutator relations) can be determined explicitly.
The structure constants found in [6, 43] can be generalized to A dependent ones where the
explicit expressions are given by (3.17). When we apply the two-dimensional algebra to the
N = 1 supersymmetric Einstein-Yang-Mills theory, it is crucial to realize that the mode
dependent function (3.15) is obtained by performing the nontrivial contour integrals [14].
Then the OPEs between the graviton, the gravitino, the gluon and the gluino can be
obtained and the corresponding structure constants are given in (3.17) with A dependence.

4 Conclusions and outlook

We derived that the parameter of N/ = 2 SYK models can be realized by the one in the
N = 2 supersymmetric linear W2V [\] algebra through the equation (3.4). The complete
results for the N = 2 supersymmetric linear W2V [)] algebra are summarized by (3.21)
and appendix (D.1).

It is an open problem to compare the present results with the ones in [22, 23] and
to observe how they coincide with each other analytically. So far, we have considered the
N =2 SYK models and it is interesting to study the N’ = (0,2) SYK models and check
whether there exists a higher spin realization or not. There is a partial work in [21] on the
limit of ggy — % in this direction. It is also interesting problem to generalize the work
of [46] to the case having the above N = 2 supersymmetric linear W2XV[)] algebra.
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A The SU(N)-adjoint higher spin currents

As done in (3.7), we can check that the SU(IV)-adjoint higher spin currents at vanishing A
can be obtained as follows:

. nw (_1)h [(h —142)) (h)+ (h)—
Wi, = — =& : AR A :
Fh qh72 2?701 az(h7 A+ % — %) (Qh — 1) AA A o
i nw (=1)" (h=2X) _ )+ (h)—
WA _ B,h ‘ | VAN O VA ,
B,h gh—2 Z?:_Ol ai(h, A = 0) [(Qh —1) AA A A o
QA - 1 nWQ,th% (—1)h+1 h [Q(h-i-l)— B Q(h—fl)—l—}
h+3 2 ¢ht Z?:—Ol ﬁz(h +1,A=0) AA AA A=0’
_ 1 ™Wg i1 (—1)h+1 _
A _ 17 ond (h+1) (h+1)+ Al
QhJ“% 2 ¢ Y ai(h+1,A=0) {QA’A " Q/\’A }/\:0' (A-1)
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Similarly, for nonzero A, we take the following higher spin currents together with (3.2)

MNA MWy (—n)" (h=1+2X\) )+ | ()
MR T ST I | e A Tha ]
MNA L MW, (—1)h (h—=2X\) )+ ()
Won = iz St i —o) [Gh—1) 2A ~aa |
Q“i = 1 nWQ*“% (=D)""h [Q(hfl)f _ Q(hirl)ﬂ
E2 T S gL A=0) M A
A 1MW, , 1 (_1)h+1 B
MA@ (h+1) (h+1)+ A9
Qh+% 2 gl S ai(h+1,A=0) [QA,A @ ] (A.2)

In the normalization of appendix (A.2), we take the same normalization of appendix (A.1).
That is, the overall factor does not depend on the A explicitly.

B The partial OPEs in the AN/ = 2 supersymmetric linear WXV [)] alge-
bra

We present six examples of (3.21) for fixed hy and ha.

B.1 The OPE W3 ,(2) W3 ()

From (3.11), (3.2) and (3.1), we can calculate the OPE between the weight-4 currents as
follows:

1 3072

W 4(2) Wi 4(0) = Gaop (2807 — 84X7 + 35XT 4 T0NY — 4207 — TA + 3)
1 2048 N
s {5@ S+ 1)(2A - 3)(2) + 1)} W (@)
1 172048 S
+(z_w)52[ . (>\—2)()\+1)(2>\—3)(2/\+1)}8WB,2(w)
1 3 2048 a2 117\
el -2 12X —3)(2 1
e 35 - DO DA 8@+ DI,
192
f%w — 2\ — 9)W§’4} (w)
1 1 2048 3177\
— [30 LS - 2)(A+ (A - 3)2A+ DI,
_%1;)2(%2 —2X — 9)OW3 4 | (w)
1 1 2048 a4 117\
7 -2 DH(2A —3)(2 1
e 1o 5 (A - DA+ DA DA+ 1) I W,
192 =
—% %(2% —2A—9) P W4+ 6Wpe|(w)
1 1 2048 =
-2 1)(2) —3)(2\ + 1) > W3
e T 5 A DO DA A+ ) E W,
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1 192 _ 1 -
—(2/\2—2)\—9)83W§4+68W§6](w)+~-

36 5 402 !

1 2

GooF {307 (28X9 — 84A% + 35" + TON® — 42X% — TA + 3)
.

Wﬁ,z;(“ﬂ] N I lWBe‘“—’]

(2 — w)

—_

W3 o (w
—pgi(ag, B, )\)[ B,2(w)1

(2 —w)

- gjz@,am[

It is straightforward to calculate this result because we are considering the linear algebra
and collect each pole in terms of the various descendant terms and new quasiprimary
operator inside the Thielemans package [26]. Then all the structure constants can be
determined and depend on the A explicitly as above. In appendix (B.1), we also present
the structure constants in terms of (3.17) after inserting the derivatives. As we expect,
up to minus sign, we observe that the above OPE behaves as the first and third terms of
the second equation in (3.21) in the sense that there are three terms with correct mode
dependent structure constants. Due to the (—1)"~! factor when we change from the second
equation of (3.21) to the above OPE and there are h = 0,2,4 cases which are even, we
have all the minus signs in the above OPE.

Then how we can see the existence of the second term of the second equation of (3.21)?
We can read off the weight from the condition h = hy + hy — 3 with hy + ho —2—h =1
and we take hy = 4 and hy = 3. Then we observe the weight for the W]é’,h1+hgf2fh is equal
to 1. Then we can calculate the following OPE

WA (2) WA o) = (Z_lw) [384(A — DARA - 3)(2A — 1)(2A+ 1)]
+(Z_1w)6 (51200 = DARA = 3)(2) + 1) W3, | (@)
+(z—1w)5 [512(A = DA2X = 3)(2A + 1) W, | (w)
- E _1@4 ; 5120 — DA(2A = 3)(2A+ 1) * W3, — 3? A=2)(A+1) Wgﬁ} (w)
+(§_1u_])3 :émz(x DA@A = 3)(2A + 1) P W, - i%(x C9) A+ 1) AW (@)
+(Z_1w)2 214 512(A — DA(2A = 3)(2A + 1) 0* Wp, — 251 %(A —2)(A+1)0* Wi
+5 Wi 5| ()

(2_115) [1;0 512X — AN = 3)(2A + 1) ° Wp, — 854 324@ —2)(A+1) 0P Wi

3 -
+558W§,5](w)+~-

= (z—1w)7 [384(A = DA(2A = 3)(2A — 1)(2A + 1)]
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WJ§\’,1(w) Wé,s(w)] 43 /3 A lwé,s)(w)]
(z2 —w)

pB4<8578w7)‘> [(E—U_))] pB2(8578W7)‘)l (2—117) pBO( 29 8157)‘)

e (B.2)
Therefore, in this example, we observe the three terms of the second equation of (3.21).
Note that all the structure constants associated with the weight-1 current Wé\,’l(w) in

appendix (B.2) contain the A factor explicitly. This implies that when we take the vanishing
limit for the A, the weight-1 current and its descendant terms disappear.

B.2 The OPE W} ,(Z) Q3 (w)
’ 2

Let us consider the third equation of (3.21) with h; = 4 and he = 3. Then we obtain the
following result as done before

W§,4(2)Q2(w)=(2_1w)6{226()\—1)()\+1)(2)\—3)(2)\+1)(2>\+3) Q) (@)
+(2_1—)5 EQ?G(A— DA +1)(2A = 3)(2A +1)(2A +3) 0 Q3

“220- 90+ @A -3+ QY (o)

e [0 - DO DA - @A+ DA +3) 70}

—22%6@ 4)(A+1)(2A = 3)(2>\+3)3Q’\—2—(2/\+3)(4)\2+18>\ 61)@%()
+(2_1—)3 {15226@ DA+ 1D2A-3)2A+1)(22+3) 9 Q3

LD DO+ 1A - 32N +3)52 Q) — 2 020+ 3)(402 + 180 — 61) D Q)
5 25 57725 z

_|_§(2)\2 — 5\ —27) Q)g\} (w)

1 1 256 -
A et {725@ SO DA 32X+ 1)(2A+8) 5 Q)
1256, _ By 0 16 2 ey A2 A
o7 o A~ DA+ DRA=3)(2A+3)0° QF — o2 =22 +3)(4N* +183 — 61) 07 Q3
+g%(2)\2—5/\ 27)0@ O(2A+27)Q11 (w)
1 1 256 -

) {420 = (A= DA+ DA =3)2A + 1)(2A +3)9° Q3

1 256 A4 HA
—52—5@ DA+ 1)(21 = 3)(21 +3)0' Q3
_127 55 (A + 3)(4\? + 18X\ — 61) 9° QA
FEIEN -2 P Q)+ (201 27)0QY — 1 QY |() +

65 11 10 T 4%
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As we expect, there are six nontrivial terms with h = —1, 0, 1, 2, 3 and 4. Due to the
previous overall factor (—1)"~1, we have minus signs for the even h. For odd h we have
plus signs in the above OPE in appendix (B.3).

B.3 The OPE W3 ,(2) Q% (w)
’ 2

Let us move on the fourth equation of (3.21) and we can calculate the corresponding OPE
for hy = 4 and hy = 3 in our notation and this leads to the following OPE

WAA(E) Q}() = =z |~ 5 (A =2 = DO+ DA =)+ 1)] Q) )
oG _1w)5 [— %5539 —2)A=DA+ DA -3)22+1) 0 Q3

+5p (A= 20+ DEA-3)A+ 1)@} | @)

+(Z_1w)4 [— 35530— 2)(A = 1)(A+1)(2A — 3)(2A + 1) 0 Q%

+% %(A— DA+ 1A= 3)(2A +7)9Q} + %(/\— 2) (4)% - 22X - 51) Qﬂ(a))
+(2_1u_])3 [— 1—15%()\ —2)A =1 A+ 12X = 3)(2A + 1) Q’%

+é %(A— 2)(A+1)(2X — 3)(2\ + 7) §? Q% + % 2—?()\— 2)(4X2 — 22\ — 51)5@2
—%(2)\2 +3)\ — 29) Q%} ()

1 1 512
+ 2

Goap |75 A 2A-DAEDEA-3)@A+ 1)9' Q)

+217 %(A ~2)(A+ DA-3)(2A+T) P Q} + 238 g—i(k —2)(4N* - 220 - 51) 9 Q1
_g %(zA2 + 3\ — 29)5@% + é(—A+ 14) Qﬂ (w)

+(z—1w) {_ T%%Q—m(x— DO+ 1A -3)2A+ 1) P @)
5 e (A= 2+ DEA - B)A+ T8 Q) + o 22 (A - 2)(AN — 220~ 51)° Q)
14 6 1

_ _ 1
_"(2A2+3A—29)82Q§ +1—7(—>\+14)3Q%1 +4Q?§,}(w)+~-

5 32

65 15
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s (A @] o
= —qp (03,08, A) G—) +qB,3( Z> O )[(2_,@ —qp5(0z, 05, \) (Z—u_;)]
L Q@ L M@ L [Qu)
+qp( 5’8“”)\)[(52—@) —qpo( 2’66”)\)[(22—117) +q5°4( 2,3111,)\)[(22_@)]

Again, the alternating signs appear due to the previous analysis in appendix (B.4). For
even h, there is a minus sign.
B.4 The OPE W3 ,(z) Q% (w)

’ 2

Let us continue to calculate the OPE associated with the fifth equation of (3.21) and it
turns out that
1 8192

Wia® Q@) = o |~ =5~ (= DMATDEA=3)A - 1)(2A+1)| Q) ()
G —1w)6 { 81592 A=DAA+1D2A=3)2A - 1)(2A + 1) 5@%
HZ0 - DO DA A+ DA+ )0} | @)
+(z—1w)5 {— % % A= DAN+1)(2A =3)(2A = 1)(2A + 1) 57 Q%
+§5;2(A—1)(/\+1)(2/\—3)(2)\+1)(2)\+3)5Q%
+op (A -0+ DEA-3)2A+3)0} | (@)

! LA DA+ @A - 320 - (@A +1) 8 Q)
e | 5 s A MG @A -3 - DA+ 1) 8 Q)
1512

1 S+ )(2)\—3)(2>\+1)(2>\+3)52Q%
+§22—556(A 4)()\+1)(2)\—3)(2)\+3)5Q;—£(2A+3)(4>\2+18)\—61)Q% (w)

1 1 8192 s
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%22—556@ DA+ 1)(2X = 3)(2A +3) 92 Q3 —;1—2(2)\+3)(4>\2+18)\ 61)0Q%

—5<2A2 — 5\ — 27) Qé](w)

1 1 8192

+(z-w)2{ o0 5 (A—l)A(A+1)(2>\—3)(2)\—1)(2)\+1)55Q%

151 A4 A
= 552@ D DA - 3)(2A + 120 +3) ' Q)
2
s @(A HA+1D (2N =3)(2A+3)* Q —3—6(2A+3)(4A2er—61)e—§2c,§A
21 25 32825 3
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54 _ 1 _ B
—§g(2)\2—5)\—27)8Q’§ +E(2A+27)Q§71 (w)
1 1 8192 .
+m —%T(/\—1))\()\+1)(2)\—3)(2)\—1)(2)\+1)8 Q%
+éo%2()\—1)()\+1)(2)\—3)(2)\+1)(2>\+3)55Q%
1 256 =1 A\ 5 16 2 23 AN
+mg(A—4)(A+1)(2A—3)(2A+3)8 5—1—262—5(2>\+3)(4>\ + 18\ —61) 0 Q%
14 o ~ 6 1 _ 1 - -
—65(2A2—5A—27)82Q§ +ﬁ1—0(2)\+27)3Q% +3 ?;}(w)*“
473 _ _ Q%('U_J) 47% _ _ Q%(_) 47% _ _ 7/%(@)
= —qF75(8273m,)\)l(5_w)1 —qp4\0z, @”\)[(z—w)l —qp;( 2,3157>\)l(2_m)1
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_qF72( Z’aw’A)[(Z—W)‘| _qF71( ZuawvA)[(z_w) _qF,O( Z’aij)l(Z—W)
471 _ Q)lé(_)

Note that in the fifth equation of (3.21), there exists (—1)" factor. So when we write down
the OPE as above, this factor combines with the previous factor (—1)"~!. This implies
that there are no h dependence in the (—1) factor. We are left with the final (—1) factor
which appears in appendix (B.5). As described before, the structure constants associated
with the Weight—% current contain the A factor and this leads to the fact that this Weight—%
current disappear when we take the vanishing A limit.?>

B.5 The OPE W} ,(2) Q% (w)
’ 2

For the sixth equation of (3.21), we can calculate the following OPE

Wha(z) @} () = (ley S22 0= 1A+ D@ - 3)EA - DA+ 1| @) (@)
(2_121_})6 [8152 A=DAA+1D2A=3)2A—1)(2A + 1) 5@%

090 - DA+ DA - 31+ 1)@%}(10)

e _1w)5 B 81592 (A= DA+ )27~ 8)(2A ~ (27 + 1) 5@}

—g% (A=~ DA+ 1A~ 3)2A+1)5Q)

S22 A=+ DEA -3+ T) Q’%} (@)
- _1w)4 [é T2 DA DEA-3)A - A+ 1) P Q)

% There is a factor (2A — 1) which vanishes at A = 1. See also the footnote 28.
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In appendix (B.6), there are overall minus signs as mentioned before because the sixth
equation of (3.21) has the (—1)" factor. Again, the presence of the Weight-% current
appears at the nonzero \.36

36We observe that there is a factor (2 — 1) which vanishes at A = 1. See the footnote 28.
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B.6 The OPE Q% (2) Q% (w)

Now let us look at the final equation of (3.21) and we consider the following OPE for
hi1 = ho = 3 in our notation

QOB = e | -5
1 {4096
G—a)p | 5

+@(A DAA+1)(2A=3) A+ D)W, | (@)
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+
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There appear four different kinds of terms in appendix (B.7). In this case, for even h, there
are plus signs. Note that there is a factor (4\ — 1) which vanishes at A = i. Moreover, the
A factor appears in the weight-1 current Wé\l(u_}) (and its descendant terms).

37

C Some OPEs containing the Q} or the W},

We consider
the left hand

the OPEs corresponding to the (anti)commutator relations in (3.21) where
sides contain Q:} or the Wé 1- For the first four cases, we have Q% and for
2 ’ 2

the remaining ones we have Wg 1-

3TThere is a factor (2\ — 1) which vanishes at A =

1

2

terms). See also the footnote 28.
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C.1 The OPE W} ,(2) Q) (w)
’ 2

Let us consider the fifth equation of (3.21). We calculate the following OPE by taking the
second current as Q)
2

Wra(2) Q1 (@) = —(2_1@4 %(A ~ 1A= 3)2A - 1) Q) (@)
+(z—1w)3 [—4?()\—1)(2)\—3)(2)\—1)5@2 +?(A—1)(2)\—3)Q§ ()
e _1w)2 [—520—1)(%—3)(%—1)8 @ +g?()\—l)(2>\—3)é()§
+(3—2X) Qé} (w)
+§(3—2)\)Q’§+;Qﬂ(w)+
4,3 5 & Q1 (w) 41—~ Q3 (w) 4l Q3 (w)
- qué(az,aw,)\)[(;_ )] ari( z,aw,)\)[( Q_w)] — 2z ( Z’aw’)\)l(;—w)]
- Q3 (w)
242, (0z, 0w, >[(22—u‘;) e (C.1)

It turns out that we can express the OPE in appendix (C.1) as the one in appendix (B.5)
except the numerical values —2 rather than —1. If we rescale Q) (w) by %, then there
2

appears 2 in the first term of appendix (B.5) and the above 2’s in appendix (C.1) disappear.
Even at A = 0, this OPE arises.

C.2 The OPE W} ,(2) Q2 (w)
’ 2

Let us consider the sixth equation of (3.21). We calculate the following OPE by taking the
second current as Q)
2

W54(2) Q1 (w) = (z—lw)4 ?)\(A +1)(2A+1) Q) (@)

oo [P A0 DA D) - T+ DA+ 1) QY| @

- _1@2 AN DD PR - 2P+ @A+

+2(1+ A) Q%‘](w)

+(21w) [13? L;A(ML DEA+1)0° Q1 —5? A+ 1A +1)0° Q)
+§2(1+A>5Q§ - ;Qﬂ(wn
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. 4’% 77 ) Qg (w) 4 1 67 57 )\ Q% (’LD) 2 47% ,7 5 )\ Q% (ﬂ))

= —4p2\0z,; Ow, )[(Z— )‘| ( %z, Ow> )[(z_ )] - qB,O( %, Ow, )l(z—w)]
4.1 — 7%(?1_))

—2qp"1(0z, 0w, )[(22—@ +oe (C.2)

The OPE in appendix (C.2) looks similar to the one in appendix (B.6). Again, by the
rescaling of the Q) (), we can do the previous analysis. Due to the A factor in front of
2

Q) (w), we observe that this term (and its descendant terms) vanishes at A = 0.
2

C.3 The OPE Q?%(2) Q3 (w)

Let us consider the final equation of (3.21), where the corresponding second current is given
by Qi It turns out that
2

A=) AN 1[_48 2 }
Qg( )Q%( W) = G_a) 3 (6A° —3XA+1)
PN [6()\+1)(2)\+1)WA LS asnen—sywd, @)
1 64 S
+(z_w)2{ SO DEA DN, +8 (- 1A - 3)IWE,
8
5(1+A)WF2_E(2)‘ 3)W32 (w)
1 [20 64 L, 20 64 o
—_ 1)(2 1 — (A =1)(2)\ —
e [ s A DA DE W+ RO e3P W,
58 _ 532 N \ y 1
+Zg( +)\)8WF,2_1€(2>\_3)8WB,2+4WF73+4WB,3 ('UJ)"‘
11 Wi, (w) 11 W3, (w) 11 Wy (w)
= 2023 (92, 0, A [(;_115) + 2055 (02,08, ) [(;_1@) — 207 (92,05, ) ﬁ
11 W3, (w) 11 24 (w) 11 W3 5(w)
_20%’%( 5,6@7A)[ (EB_QU_)) +2012;‘02(85, w,A)l(EFf u_)) +20%’8( 5,3@,/\) (537_73,&))
(C.3)

By multiplying % both sides, then we can absorb the numerical value 2 in the right hand
side of appendix (C.3). Then the behavior of this OPE looks similar to the one in ap-
pendix (B.7).
C.4 The OPE W}, (2) Q2 (w)

’ 2

When we take the first current as Wp ; further corresponding to the sixth equation of (3.21)
then we obtain

Wh(2) Q}() = = | -7 @} +
o Q@)
= —qp24( z,aw,A)[(Zz_w)] e (C.4)



Now we see that the similar behavior in appendix (C.4) arises, compared to the ones in
appendix (B.6) or appendix (C.2).
From now on, we consider that the first current is given by W]’3\71.

C.5 The OPE W3, (2) W3 , (W)
We obtain the following OPE corresponding to the second equation of (3.21)

W1 (2) Wa 4 (0) = (5_171))2 [— 136} + (C.5)

C.6 The OPE Wg 1(2) Wg 4(w)
When the second current is given by WB 4( ), we obtain the following OPE

1 24
A (3 A — 2
; —% 2 A ] _
1 [ 2
e 5(2)\ —OA+ 1AW, +8(2A —1) WBQ}
PR 196(2)\2—2/\+1)82W L 8A - 1) AW, + 3 WA ]( )
(z—w)?[8 5 Bl y B2 B3

T (C.6)
C.7 The OPE W} ,(2) Q% (w)
’ 2

For the fourth equation of (3.21), we can calculate the following OPE

Whi(2) Q}(0) = |~ 50+ DA+ 1) Q)| @)

1 14 = 4 _ 1 1 _
b 35T DA 100 - 5(A+1)Q’§}(w)+ e {4@2]@)
- (C.7)

C.8 The OPE W}, (2) Q% (w)
’ 2

For the sixth equation of (3.21), we can calculate the following OPE

§/|

14[—§O—D@A—$@A—DQﬂO@

- (F-w)

Wi (2) @) () =

A=1)2A=3)(2A —1) aQA

_l’_
[y

w
| —|
)
o] co

N | —
ot| 0o
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| I
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g(% 3)Q Q1 (w (C.8)

[~ >
/\
\_/

1
(z—w) 4
.6), (C.7), and

Q
=

In appendices (C.5), ( (C.8), we cannot express the structure constants

in terms of (3.17).
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D The remaining (anti)commutator relations of A/ = 2 supersymmetric
linear WXN[A] algebra

The remaining 19 (anti)commutator relations are determined by
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A h b 9 9
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As in the section 3, we intentionally make the square brackets in the appendix (D.1) in
order to emphasize that the current Q)‘ or the current WB 1 occurs inside of the square
brackets when we restrict to the operators in the left hand sides which do not have these

Welght—Q, 1 currents.

E Some OPEs for \ = i

We present some OPEs for the particular value of A = % for fixed h1 and ho as follows. We
keep the A dependence without substituting this value in order to see the factor (1 — 4\).
It turns out that
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From appendix (E.1), we observe that the currents appearing in the right hand sides,

V)fz)’f, V>\(4)’7 (for nonzero V/\(h)+ with even h), V)f3)’+, V>f5)’+ ( for nonzero V)\(h)f with odd

h), Qg\s)’f, g\5)’7 (for nonzero Qg\h)’i with even h), QE\Z)’+ and Qg\4)’+ (for nonzero Qg\h)’i
with odd h) have the (1 — 4)) factor. Therefore, these currents are decoupled from the
remaining subalgebra generated by (3.28) or (3.29).

We can use the first and the third equations of (3.30) and calculate the commu-

tator relation [(V/\(hl) Nons (Q (ha 1), ™),] and focus on the coefficient function in front of

(Q(h1+h2 2=ht),— )m+r- Then we obtain the following result
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1

which leads to zero at A = 7 for the coefficient of (Qf\h1+h2_2_h+1)’_)

m+r With odd (hy +
ho —2 — h + 1). The property appearing in the footnote 20 is used.

Similarly, by using the first and the fourth equations of (3.30) and calculate the com-
mutator relation [(V(hl) N (Q (hat1), 7)r] and focus on the coefficient function in front
of (Q&hﬁhz_z_hﬂ) +)m+r. We have checked that the coefficient function appearing in the

mode (Qg\hﬁhr?*hﬂ)&)mﬂ with even (hi 4+ ho —2—h+1) vanishes at A = 1 from similar
equation of appendix (E.2).
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