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1 Introduction

Gravitational instantons are remarkable solutions to Euclidean gravity that have attracted
a lot of interest since the seminal works of Hawking et al. [1–3] and Eguchi-Hanson [4, 5].
These geometries are characterized by their nontrivial topology measured by the Hirze-
bruch signature and Euler characteristic; both being topological invariants related to the
difference between harmonic self dual and anti-self dual forms in the middle dimension and
the number of genus/boundaries of the manifold, respectively (for a review see [6]). In
some cases, they possess either (anti-)self dual Riemann or Weyl tensor, and it is expected
that they will play a crucial role in the path integral approach to quantum gravity, similar
to their Yang-Mills counterparts in quantum field theory. Their existence is related to the
axial anomaly in curved spacetimes [7, 8] and they have motivated different applications
from theoretical physics to differential geometry [9–11].

An interesting example of gravitational instantons can be obtained from the analytic
continuation of the Taub-Newman-Tamburino-Unti metric [12, 13]—hereafter referred to
as Taub-NUT. Depending on whether its set of fixed points is zero or two-dimensional [14],
the solution is said to have a nut or a bolt, respectively [15]. The Taub-NUT metric was
originally found as a stationary extension of the Schwarzschild black hole [12, 13] and it
is continuously connected to the latter in the limit when the new parameter — the NUT
charge — vanishes. This solution is usually interpreted as a gravitational dyon since the
NUT charge plays the role of a gravitomagnetic monopole, sourcing the magnetic part
of the Weyl tensor [16–19]. In presence of Maxwell fields, the first charged Taub-NUT
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solution was obtained by Brill in [20] and different aspects of their thermodynamics have
been recently studied [21, 22].1 Holographic aspects of rotating Taub-NUT-AdS spaces have
been studied through the Kerr/CFT correspondence [27–30] and it has been demonstrated
that this solution describes holographic fluids with nontrivial vorticity [31–35].

It is well-known that the Taub-NUT space is endowed with a string-like singularity
dubbed the Misner string [36]. The latter represents the gravitational analog of the Dirac
string and its position can be made unobservable through a proper choice of coordinates.
This condition, however, implies that the time coordinate must be periodic and it endows
the spacetime with close time-like curves in Lorentzian signature [36]. Due to this, the
Taub-NUT metric is usually studied in Euclidean signature by virtue of their close resem-
blance with instantons in Yang-Mills theory. Nevertheless, it is worth mentioning that
recent developments on the Lorentzian Taub-NUT spacetime has attracted a lot of inter-
est [22, 35, 37–40], since it has been shown that the Misner string is fully transparent to
geodesic observers [41, 42].

As Hawking and Hunter shown in [43], the origin of gravitational entropy can be traced
to obstructions to foliation of topologically nontrivial Euclidean spaces with a scalar func-
tion that provides the unitary Hamiltonian evolution. For black holes, these obstructions
correspond to their event horizon. In the Taub-NUT case, in turn, the Misner string rep-
resents an additional source of entropy [43, 44], breaking the standard S = A

4G law of
black hole thermodynamics [45]. Indeed, in anti de Sitter (AdS) space, the contribution
of the Misner string becomes divergent and a renormalization scheme is needed (see for
instance [46–49]). In all cases, the renormalized entropy yields a consistent first law of
thermodynamics, even by considering their extended phase space [50, 51].

Another interesting example of gravitational instantons found in general relativity is
the asymptotically flat (anti-)self dual space obtained by Eguchi and Hanson in refs. [4, 5].
This solution bears close resemblance with the pseudoparticle solution to Euclidean Yang-
Mills equations obtained by Belavin-Polyakov-Schwartz-Tyupkin in [52]. In absence of the
cosmological constant, this space has (anti-)self dual Riemann tensor and, by virtue of
Bianchi identities, it solves the Einstein’s equations automatically. These solutions have
vanishing Euclidean on-shell action and nontrivial topological invariants and some of their
extensions have been studied in [53–55]. Thus, it is also expected that they will play an
important role in quantum gravity.

In theories beyond general relativity, gravitational instantons have been focus of main
interest as well. In supergravity, for instance, it was shown that gravitational instan-
tons break the global U(1) axial symmetry of spin-3/2 zero modes, giving rise to helicity-
changing amplitudes [3]. In the low energy limit of string theory, different Taub-NUT
solutions have been obtained in [56–58]. Higher-curvature corrections to general relativ-
ity are also endowed with this class of solutions [55, 59–64] and, when invariance under
Weyl rescaling is present, it has been shown that Euclidean on-shell action of conformal
gravity and conserved charges thereof in AdS are finite without any reference of boundary
counterterms [55] (see ref. [65] for details).

1In presence of nonlinear conformal electrodynamics [23], Taub-NUT solutions have been found
in [24–26].
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Since the seminal works of Israel, Carter and Wald [66–69], showing the Kerr-Newman
solution to be the unique rotating axially-symmetric black hole of Einstein-Maxwell theory,
the study of black holes with other possible characteristics beyond the massM , electromag-
netic charges Qe,m and angular momentum J has been a cornerstone in the study of classical
gravity. The Kerr solution successfully provides a relativistic model for the gravitational
field of a rotating central mass possessing angular velocity. Thus, its uniqueness has lead to
the conclusion that a rotating collapsing star losses all possible traces of its individual fea-
tures, settling down to an equilibrium state uniquely characterized by the aforementioned
set of parameters. This statement is materialized by Wheeler’s conjecture “black hole have
no hair”: for any type of energy-matter distribution, the outcome of its gravitational col-
lapse will be a Kerr black hole exclusively described by its mass, charge and angular momen-
tum. Any other quantities — for which the adjective of hair represents a metaphor — are
either eaten up or expelled out during the collapse and do not take part in the final descrip-
tion of the black hole. However, the no-hair conjecture is intrinsically model dependent and
the search for scalar hair has been historically investigated, probing itself as a fertile ground
for the construction of new black hole solutions with possible astrophysical relevance.

Scalar-tensor theories have provided a rich reservoir of hairy black hole solutions, sys-
tematically circumventing no-hair theorems by means of different approaches [70]. The
archetypical model is given by Einstein gravity supplemented by conformally coupled
scalar fields for which several black hole solutions, beyond spherical symmetry, have been
found [71–86]. Even in the case of gravitational instantons, where only few numerical grav-
itational instantons with nontrivial scalar field are known [87, 88], this model proved itself
fruitful providing a remarkable exception of an analytic gravitational instanton [77, 89].
In those references, the authors found analytical Taub-NUT solutions in Lorentzian and
Euclidean signature with a nontrivial scalar field, with and without electric charge.

The aim of this work is to extend the space of solutions of general relativity with
a conformally coupled scalar field in the context of exact gravitational instantons.2 To
this end, we find a generalization of the original Eguchi-Hanson metric with a nontrivial
scalar profile. We obtain U(1) gauge fields as solutions to the field equations possessing
divergent pieces at the action level. Nevertheless, the introduction of topological terms
with fixed coupling constant renders the Maxwell action finite while setting (anti-)self-
dual configurations as the ground state of the theory. In the conformally invariant case,
namely, when the Einstein sector decouples from the scalar-tensor one, the theory be-
comes a particular case of Brans-Dicke gravity enjoying conformal symmetry. Moreover,
the Euclidean on-shell action, alongside the Noether-Wald charges, are finite without any
reference to intrinsic boundary counterterms; similar to the metric formulation of confor-
mal gravity [55, 65, 92, 93]. We study topological properties of previously found solutions
of the Taub-NUT family [77] and we show that higher-curvature corrections allows one to
construct solutions of the Eguchi-Hanson type possessing a negative cosmological constant
and a positive curvature Kähler base manifold, something forbidden in their absence.

2In the Minkowski background, Yang-Mills instantons in this theory were found in ref. [90] and, for AdS,
scalar instantons were obtained in [91].
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The manuscript is organized as follows: in section 2, we present the theory under con-
sideration, alongside the field equations. In section 3, we solve the field equations and obtain
the charged generalized Eguchi-Hanson metric and revisit the Taub-NUT solution presented
in ref. [77]. In section 4, we obtain solutions in presence of higher-curvature terms that re-
spect invariance under Weyl rescalings. Section 5 is devoted to present novel gravitational
instantons in a particular class of Brans-Dicke gravity possessing conformal invariance and
we show that the Noether-Wald charges are finite without intrinsic boundary counterterms.
Finally, in section 6 we provide concluding remarks and possible future directions.

2 Conformally coupled scalar field

The gravitational dynamics we study throughout this manuscript is dictated by the
Einstein-Maxwell theory augmented by a conformally coupled scalar field. We will work
mainly in Euclidean signature since we are interested in instantons. Thus, we define the
Euclidean action with a minus sign in front such that, to first order in the saddle point
approximation, it gives lnZ ≈ −IE , where Z is the partition function. The action principle
is then given by

Ibulk =
∫
M

d4x
√
|g|
[
κ (R− 2Λ)− 1

2g
µν∇µφ∇νφ−

1
12Rφ

2 − αφ4 − 1
4F

2 −ΘF̃F
]
, (2.1)

where g = det gµν , κ = (16πG)−1 is the gravitational constant and α is a dimensionless
parameter controlling the quartic potential for the scalar field. In the Maxwell sector, we
have defined the invariants F 2 ≡ FµνFµν and F̃F ≡ F̃µνFµν = 1

2εµνλρF
µνF λρ, where εµνλρ

is the Levi-Civita tensor. The last term in eq. (2.1) is proportional to the Chern-Pontryagin
index of U(1). In Yang-Mills theory, the latter represents the contribution of the θ-vacuum
to physical observables at the quantum level, such as the electric dipole moment of the
neutron (for a review see [94]). In this case, the Pontryagin density plays a two-fold role:
(i) setting (anti-)self-dual Maxwell fields as the ground state of the theory [18, 19], and
(ii) renormalizing the Euclidean on-shell action for Maxwell fields over the Eguchi-Hanson
space.

The field equations can be obtained by performing stationary variations with respect
to the metric, Maxwell and scalar field, giving

Eµν ≡ 2κ (Gµν + Λgµν)− Tµν = 0, (2.2a)
Eµ ≡ ∇νF νµ = 0 , (2.2b)

E ≡ �φ− 1
6Rφ− 4αφ3 = 0 , (2.2c)

respectively, where Gµν = Rµν − 1
2gµνR is the Einstein tensor and Tµν = T

(φ)
µν +T

(A)
µν is the

total stress-energy tensor whose scalar and Maxwell pieces are respectively defined as

T (φ)
µν = ∇µφ∇νφ−

1
2gµν∇λφ∇

λφ+ 1
6 [gµν�−∇µ∇ν +Gµν ]φ2 − αgµνφ4 , (2.3)

T (A)
µν = FµλFν

λ − 1
4gµνFλρF

λρ . (2.4)
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The tensor-scalar and Maxwell sector of the theory are invariants up-to-boundary terms
under Weyl rescaling, namely, gµν → Ω2(x)gµν , φ → Ω−1(x)φ, and Fµν → Fµν . This, in
turn, implies that the trace of the energy-momentum tensor is proportional to the Klein-
Gordon equation and it vanishes on-shell. Taking the trace on eq. (2.2a), one concludes
that the Ricci scalar is R = 4Λ .

In the following, we extend the space of solutions of the theory (2.1) by considering
gravitational analog of instantons in Riemannian signature and studying some of their
properties.

3 Gravitational instantons

In this section, we solve analytically the field equations (2.2) to obtain solutions of the
Eguchi-Hanson family with a nontrivial scalar and Maxwell fields. We also revisit the
Euclidean Taub-NUT solution found in refs. [77, 89] to study their global properties. The
renormalized Euclidean on-shell action of the latter is obtained by introducing intrinsic
boundary counterterms that render its value finite in spaces with locally Euclidean AdS
asymptotics. This prescription, however, is ambiguous for the Eguchi-Hanson solution.
Nevertheless, we show that there is a remarkable exception in the conformally invariant
case, i.e., in absence of the Einstein and cosmological terms, that leads to a particular
Brans-Dicke theory with finite conserved charges and Euclidean on-shell action without
any reference to intrinsic boundary counterterms.

3.1 Eguchi-Hanson

To solve the field equations, we consider a metric ansatz based on the Eguchi-Hanson
metric with a U(1) fibration of Kähler manifold with constant curvature γ = ±1, 0. In
particular, we focus on the line element

ds2 = r2f(r)
4

(
dτ +B(γ)

)2
+ dr2

f(r) + r2

4 dΣ2
(γ) , (3.1)

where the Kähler potential 1-form is given by

B(γ) =


cosϑdϕ when γ = 1 and dΣ2

(γ=1) = dϑ2 + sin2 ϑdϕ2 ,
1
2 (ϑdϕ− ϕdϑ) when γ = 0 and dΣ2

(γ=0) = dϑ2 + dϕ2 ,

coshϑdϕ when γ = −1 and dΣ2
(γ=−1) = dϑ2 + sinh2 ϑdϕ2 .

(3.2)

Since the metric dΣ2
(γ) is Kähler, its associated real fundamental 2-form, say Ω(γ), is closed.

Thus, the Poincaré lemma implies that locally it can be written in terms of the Kähler
potential as Ω(γ) = dB(γ). For the scalar and Maxwell fields we assume the same isometry
group underlying the metric (3.1).

The field equations (2.2) admit the following metric function, scalar and Maxwell field
as solutions, that is

f(r) = γ−Λr2

6 + b

r2 , φ(r) = 1
r2

√
b

α
, A =

[
q

r2 −
b(72ακ+ Λ)

576 q α r2
] (

dτ +B(γ)
)
, (3.3)
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where b and q are integration constants, A = Aµdxµ is the 1-form Maxwell field, and
q, α 6= 0. Let us focus on the case with γ = 1 first. For this choice, the metric (3.1)
is locally invariant under the action of the symmetry algebra su(2) ⊗ u(1) and it can be
written in terms of the left-invariant Maurer-Cartan forms of SU(2), σi, through

ds2 = dr2

f(r) + r2
(
σ2

1 + σ2
2 + f(r)σ2

3

)
. (3.4)

These one-forms satisfy dσi = εijkσj∧σk and, using the basis of Euler angles with 0 ≤ θ ≤ π,
0 ≤ φ ≤ 2π and 0 ≤ τ ≤ 4π, they can be explicitly represented as

σ1 = 1
2 (sin τdϑ− sinϑ cos τdϕ) , (3.5a)

σ2 = −1
2 (cos τdϑ+ sinϑ sin τ dϕ) , (3.5b)

σ3 = 1
2 (dτ + cosϑdϕ) . (3.5c)

The existence of a bolt at r = rb > 0 defined through f(rb) = 0 implies that: (i) α,Λ, b < 0
or (ii) α,Λ, b > 0. When the cosmological constant is negative, we define `−2 = −Λ/6 and
Q = 2q and the condition r2

b + b < 0 must hold. Then, the solutions in eq. (3.3) become

f(r) = 1 + r2

`2
+ b

r2 , φ(r) = 1
r2

√
b

α
, A =

[
Q

r2 −
b
(
3α− 4πG`−2)

96πGαQ r2
]
σ3 , (3.6)

where κ = (16πG)−1 has been used. This solution has a conical singularity at r = rb for
the standard period of the Euclidean time defined through Euler’s angles. This can be
eliminated by demanding their right periodicity to be

βτ = − 4πr2
b

r2
b + 2b

, (3.7)

where, recall, r2
b + 2b < 0, such that the period of the Euclidean time is positive.

The Weyl tensor associated to this solution is globally (anti-)self dual if and only if
`→∞, as it can be seen from the nonvanishing invariant(

Wµν
λρ ± W̃

µν
λρ

) (
W λρ
µν ± W̃ λρ

µν

)
= 384

`4
. (3.8)

Here,Wµν
λρ is the Weyl tensor and W̃µνλρ = 1/2 εµνστW στ

λρ its dual. Additionally, it is worth
mentioning that this solution is not asymptotically locally Euclidean AdS, as the type I
Eguchi-Hanson metric studied in [54]. This can be seen by checking that the curvature
invariant constructed out of the Weyl tensor

Wµν
λρW

λρ
µν = 96

`4
+ 96 b2

r8 , (3.9)

is nonvanishing asymptotically. This is different from the asymptotic behavior of the
Euclidean Taub-NUT/Bolt-AdS which is indeed asymptotically locally AdS.
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The global properties of the solution are labeled by the Hirzebruch signature τ(M) and
Euler characteristic χ(M). For this solution, these topological invariants are respectively
given by

τ(M) = 1
96π2

∫
M
d4x
√
g εµνλρR

λρ
στR

στµν

− 1
4π2

∫
∂M

d3x
√
h nµε

µνλρKσ
ν∇λKρσ = −1− 2r2

b

`2
, (3.10)

χ(M) = 1
32π2

∫
M
d4x
√
g
(
RµνλρR

λρ
µν − 4RµνRνµ +R2

)
+ 1

8π2

∫
∂M

d3x
√
h δαβγµνλK

µ
α

(1
2R

νλ
βγ −

1
3K

ν
βK

λ
γ

)
= 2 , (3.11)

In the flat limit, namely ` → ∞, these topological invariants coincide with the ones of
the asymptotically Euclidean Eguchi-Hanson space; they are τ(M) = −1 and χ(M) = 2;
although the solutions are manifestly locally inequivalent.

The second term of the Maxwell field in eq. (3.6) produces a divergence in the electro-
magnetic fields as r →∞, since the 2-form field strength F = dA is

F = −
[

2Q
r3 + b

(
3α− 4πG`−2)

48πGαQ r

]
dr ∧ σ3 +

[
2Q
r2 −

b
(
3α− 4πG`−2)

48πGαQ r2
]
σ1 ∧ σ2 . (3.12)

The divergent term does not allow for the Maxwell field to be (anti-)self dual by a proper
choice of the parameters without spoiling either the bolt structure or the reality of the scalar
field. Remarkably, this issue can be solved by fixing the parameter of the Chern-Pontryagin
density as Θ = ±1/4. For this particular choice, the Maxwell sector can be written as

− 1
4F

2 −ΘF̃F = −1
4
(
F 2 ± F̃F

)
= −1

8
(
Fµν ± F̃µν

) (
Fµν ± F̃µν

)
. (3.13)

Indeed, the last equation vanishes identically for (anti-)self dual U(1) connection, although
the solution in eq. (3.6) is not. This choice implies that the electromagnetic ground state
of the theory is globally (anti-)self dual. Then, the renormalized Euclidean on-shell action
for the Maxwell field becomes

− 1
8

∫
d4x

√
|g|
(
Fµν ± F̃µν

) (
Fµν ± F̃µν

)
= 4π2Q2

r2
b

(
r2
b + 2b

) . (3.14)

The renormalization of Ibulk including the gravitational sector in eq. (2.1) is rather
nontrivial. This is related to the fact the solution is not asymptotically locally AdS.
Indeed, the series of intrinsic boundary counterterms cannot be truncated as a consequence
of dimensionality due to their falloff towards the asymptotic boundary. Thus, the standard
prescription of intrinsic boundary counterterms is ambiguous here. We postpone a deeper
study of this issue for the future. Nevertheless, there is a remarkable counterexample that
occurs when the theory becomes conformally invariant, whose action is finite without any
reference to intrinsic boundary counterterms. We provide the explicit computation of that
case in section 5.
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When γ = −1, the divergent piece of the Maxwell field in eq. (3.6) can be eliminated by
a proper choice of the parameters while keeping reality of the scalar field, metric regularity,
and the asymptotically locally Euclidean AdS behavior; this choice is

α = 4πG
3`2 . (3.15)

Then, the solution to the field equations becomes

f(r) = −1 + b

r2 + r2

`2
, φ(r) = 1

r2

√
3b`2
4πG , A = Q

r2 σ̃3 , (3.16)

where σ̃i is obtained by setting sinϑ → sinhϑ and cosϑ → coshϑ in eq. (3.5), according
to the metric structure (3.4) when γ = −1. Indeed, the Maxwell field is (anti-)self dual in
this case, implying that its energy-momentum vanishes. Moreover, provided the choice of
the parameter Θ = ±1/4, the Euclidean on-shell action for the Maxwell sector vanishes as
well, setting the (anti-)self-dual configuration as the electromagnetic ground state of the
system, as it was shown in ref. [19].

3.2 Taub-NUT

There exists an additional gravitational instanton in Einstein gravity in presence of a
conformally coupled scalar field. This solution was studied in refs. [77, 89] and we compute
some of their global properties here for the first time. To this end, we focus on the Taub-
NUT metric based on the U(1) fibration of constant curvature Kähler manifolds, namely,

ds2 = f(r)
(
dτ + 2nB(γ)

)2
+ dr2

f(r) +
(
r2 − n2

)
dΣ2

(γ) , (3.17)

where, recall, B(γ) and dΣ2
(γ) have been defined in eq. (3.2). The NUT charge n sources

the magnetic part of the Weyl tensor and it is usually interpreted as the gravitomagnetic
mass since it produces a Lorentz-type force for test particles moving on geodesics over the
Taub-NUT solution to GR [16]. Moreover, it plays the role of a squashing parameter in
the asymptotic region [95–97] and it is related to the first Chern number at infinity [46].

The field equations (2.2) admit the following analytic solution [77, 89]

f(r) = −Λ
(
r2 − n2)

3 +

(
γ + 4

3Λn2
)

(r − µ)2

r2 − n2 , (3.18a)

A =
[

qr

r2 − n2 + p

2n
r2 + n2

(r2 − n2)

]
(dτ + 2n cosϑdϕ) , (3.18b)

φ(r) = 1
r − µ

√
−Λ (µ2 − n2)

6α , (3.18c)

where µ, q and p are integration constants related through

27α
2πG

[(
µ2 − n2

)(
γ + 4

3Λn2
)

+ 4πG
(
q2 − p2

)]
+ 3Λ

(
µ2 − n2

)(
γ + 4

3Λn2
)

= 0 . (3.19)
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Reality of the scalar field when Λ < 0 demands that either n2 < µ2 and α > 0 or n2 > µ2

and α < 0. The globally (anti-)self-dual condition on the Weyl tensor is achieved when

f(n) = 0 and f ′(r)|r=n = 4π
βτ

, (3.20)

where prime denotes differentiation with respect to the radial coordinate and βτ is the
period of the Euclidean time. These conditions implies that µ = n and βτ = 8πn. Never-
theless, in this case the scalar field vanishes identically, the Maxwell field becomes (anti-
)self dual when p = q, and the space becomes completely regular. The U(1) gauge field
of eq. (3.18) matches the one found in ref. [98] (see also [99]) at the (anti-)self-dual point
p = q. Therefore, its energy-momentum vanishes identically. Indeed, the solution reduces
to the standard Taub-NUT solution of Einstein-(A)dS gravity possessing a (anti-)self dual
Weyl and Faraday tensors.

In the case when γ = 1, the Euler characteristic is χ(M) = 1. The Atiyah-Patodi-
Singer index theorem for the Dirac operator i /D ≡ iEµa γaDµ for a manifold with boundary
is given by [100]3

n+ − n− = 1
24

[
1

32π2

∫
M
d4x
√
g εµνλρR

λρ
στR

στµν − 3
4π2

∫
∂M

d3x
√
h nµε

µνλρKσ
ν∇λKρσ

]

− 1
2 [ηD (∂M) + h (∂M)] , (3.21)

where n± are the number of positive and negative chiral spinors statisfying the bound-
ary conditions defined in ref. [100], ηD (∂M) measures the difference bewtween positive
and negative eigenvalues of the tangential components of the Dirac operator on ∂M, and
h (∂M) is the dimension of the space of functions harmonic under i /D. Furthermore,
whenever edges-conical singularities are present, the Euler characteristic and the Dirac
index receive an additional correction proposed in [101, 102]. Nevertheless, the solutions
presented here are absent of edge-conical singularities once the right periodicity of the Eu-
clidean time is imposed [cf. eq. (3.7)]. Therefore, their contribution to these topological
invariants vanishes.

For vanishing cosmological constant, the value ηD = −1/6 was found in refs. [98, 103,
104] for Taub-NUT using the Hitchin’s formula [105]. On the other hand, in presence of
negative cosmological constant, we find

1
2 [ηD (∂M) + h (∂M)] = 1

12 −
2n2

3`2

(
1− 2n2

`2

)
. (3.22)

Thus, performing the first two integrals of eq. (3.21) that define the Chern-Pontryagin
index and the Chern-Simons form, respectively, we obtain

n+ − n− = 1
24

[
2− 16n2

`2

(
1− 2n2

`2

)]
− 1

12 + 2n2

3`2

(
1− 2n2

`2

)
= 0 . (3.23)

3Here, Eµa is the inverse of the tetrad field eaµ defined as gµν = eaµe
b
νδab, i.e. eaµEµb = δab and eaµEνa = δνµ.
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This implies that there is no asymmetry between Dirac spinors with different chirality; this
is contrary to the Hermitian operator associated to Rarita-Schwinger fields [103].

Although the globally (anti-)self-dual case holds only for a constant scalar field, one can
still demand a weaker condition: asymptotically (anti-)self-dual configurations, as in the
Taub-Bolt instanton. In this case, the geometry has a bolt at r = rb defined by f(rb) = 0
with rb > n. This condition produces a 2-dimensional set of fixed points and it relates the
parameters as

µ = µbolt ≡ rb ±
(
r2
b − n2

)√√√√ Λ
3
(
γ + 4

3Λn2
) . (3.24)

Additionally, the absence of conical singularities at the bolt is obtained by imposing peri-
odicity on the Euclidean time coordinate, i.e., τ ∼ τ + βτ , with

βτ = − 6π

2Λrb ±
√

3Λ
(
γ + 4

3Λn2
) , (3.25)

where the 2Λrb ±
√

3Λ
(
γ + 4

3Λn2
)
< 0 such that βτ is positive. For γ = 1 the Euler

characteristic of this solution is χ (M) = 2. Moreover, the existence of a bolt alongside
reality of the Euclidean time’s period constrains the NUT charge according to the condition
Λ < 0 and

4Λ
3
(
r2
b − n2

)
< γ < −4Λn2

3 . (3.26)

Since the Taub-Bolt solution is asymptotically locally AdS, a well-posed variational and
renormalized action principle can be obtained by adding boundary terms of AdS gravity
to the action (2.1); these are [47, 106]

IGHY = 2
∫
∂M

d3x
√
|h|
[
κ− φ2

12

]
K , (3.27)

Ict =
∫
∂M

d3x
√
|h|
(
ζ1 + ζ2R+ ζ3φ

2R+ ζ4h
µν∇µφ∇νφ+ ζ5R2 + . . .

)
, (3.28)

where the induced metric on the boundary is defined as hµν = gµν −nµnν , its determinant
is h = dethµν , and nµ is the space-like normal unit vector defining radial foliation. The
extrinsic curvature is Kµν = hλµ∇λnν , while K = hµνKµν denotes its trace. The intrinsic
curvature Rµνλρ is defined through the Gauss-Codazzi equation

Rµνλρ = hµαh
ν
βh

γ
λh

δ
ρR

αβ
γδ +Kµ

λK
ν
ρ −Kµ

ρK
ν
λ , (3.29)

the intrinsic Ricci tensor is denoted by Rµν = Rµλνλ and R ≡ Rµνµν is the intrinsic Ricci scalar.
We consider the full Euclidean on-shell action to be −IE = Ibulk + IGHY + Ict, where Ibulk
is given in eq. (2.1). The role of the boundary term IGHY is two-fold: first, it is included
to guarantee a well-posed variational principle and, second, it cancels the boundary con-
tribution coming from the bulk action after Weyl rescalings. In other words, it renders the
scalar-tensor sector of the theory invariant rather than quasi-invariant under conformal
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transformations.4 Additionally, the term Ict are standard intrinsic boundary counterterms
that render the Euclidean on-shell action finite in presence of AdS asymptotics. Never-
theless, only the first two terms in eq. (3.28) contribute to the Euclidean action of the
Taub-Bolt-AdS solution, since the remaining ones decay sufficiently fast asymptotically.

Renormalization of the Euclidean on-shell action demands that ζ1 = −4κ/` and ζ2 =
−κ`. Then, for γ = 1, we obtain

−IE = βτ π

3α
(
1+ 4

3Λn2
)[2rbΛ3

27
(
5n2 +3r2

b

)(
3n2−r2

b

)
+ rbΛ2

9
[
96ακn2

(
r2
b +n2

)
+21n2−r2

b

]

+Λ
{
rb+α

[
8κrb

(
5n2 +r2

b

)
+ 8n2rb(p−q)2

(rb+n)2

]}
+α

[
24κrb+ 6rb(p−q)2

(rb+n)2

]

±
√√√√ Λ

3
(
1+ 4

3Λn2
){1+Λ

(
r2
b +3n2

)
+ Λ2

3
(
8n4 +10n2r2

b −2r4
b

)

+ 2Λ3

27
(
3n2−r2

b

)(
3n4 +12n2r2

b +r4
b

)
+24κα

(
r2
b −n2

)(
1+ 4

3Λn2
)2
}]

. (3.30)

To first order in the saddle-point approximation, the Euclidean on-shell action is identified
with the free energy of the system through F = β−1

τ IE . Indeed, it is well-known that some
gravitational systems can develop a Hawking-Page phase transition in AdS from the ground
state to a large black hole configuration at some critical temperature [107]. In particular,
the case of Taub-NUT/Bolt-AdS in Einstein gravity has been explored in refs. [50, 51].
It might be interesting to analyze whether the phase structure found here allows for the
system to develop a Hawking-Page phase transition with a nontrivial scalar field. We
postpone a deeper study of this point for the future.

In the next section, we show how a suitable choice of the coupling constant associated
to higher-curvature corrections can eliminate the divergent piece of the Maxwell field in
eq. (3.6) while keeping a positive curvature Kähler base manifold and negative cosmological
constant.

4 Higher-curvature corrections

It is well-known that higher-curvature corrections might arise at the low-energy limit of ul-
traviolet completion gravitational theories [108–111]. Indeed, the latter are known to renor-
malize the Einstein-Hilbert action perturbatively around the Minkowski background [112].
Additionally, they become important in early periods of the Universe [113] and when renor-
malization of the energy-momentum tensor in curved spacetimes is considered [114, 115].

In this section, we study how higher-curvature corrections modify the gravitational
instantons presented in the previous section. In particular, we focus on quadratic terms in
the curvature given by

Ihc [gµν , φ] =
∫
M

d4x
√
|g|
[
c1R

2 + c2φ
−4S2

]
, (4.1)

4We thank to G. Anastasiou for pointing this out to us.
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such that the total action becomes −IE = Ibulk + IGHY + Ict + Ihc. Here, c1 and c2 are
arbitrary parameters and we have introduced the trace of the tensor (see [116] for details)

Sµνλρ = φ2Rµνλρ − 4φδ[µ
[λ∇

ν]∇ρ]φ+ 8δ[µ
[λ∇

ν]φ∇ρ]φ− δ
µν
λρ∇αφ∇

αφ , (4.2)

which is explicitly given by
S = Sµνµν = φ2R− 6φ�φ . (4.3)

Interestingly enough, as gµν → Ω2(x)gµν and φ → Ω−1(x)φ, the tensor Sµνλρ in eq. (4.2)
transforms covariantly under Weyl rescaling, namely, [116]

Sµνλρ → Ω−4Sµνλρ . (4.4)

The bulk action (2.1) modified by the higher-curvature terms in Ihc, leads to field
equations for the metric and scalar field which are similar to those in eq. (2.2). However,
there appear additional higher-derivative corrections induced by quadratic pieces in the
Ricci scalar. Specifically, the higher-curvature terms in eq. (4.1) yield

Eµν = 2κ(Gµν +Λgµν)−Tµν−c1T
(R2)
µν −c2T

(S2)
µν = 0, (4.5a)

E =�φ− 1
6Rφ−4αφ3 +4c2

[
−S2φ−5 +φ−3RS−3Sφ−4�φ−3�

(
φ−3S

)]
= 0, (4.5b)

where we have defined

T (R2)
µν = 2gµν�R− 2∇µ∇νR+ 2RRµν −

1
2gµνR

2, (4.6)

T (S2)
µν = (2Rµν − 2∇µ∇ν + 2gµν�)

(
φ−2S

)
+ 12∇(µ

(
φ−3S

)
∇ν)φ

− 6gµν∇α
(
φ−3S∇αφ

)
− 1

2gµνφ
−4S2. (4.7)

To solve the field equations in this case, we consider the Eguchi-Hanson-like ansatz in
eq. (3.4). Then, eqs. (4.5) admit the following metric function, scalar and Maxwell field as
solutions

f(r) = γ + b

r2 −
Λ
6 r

2 , (4.8)

φ(r) = 1
r2

√
b

α
, (4.9)

A =
[
q

r2 −
b [72κα+ Λ + (c1 + c2) 288Λα]

576 q α r2
]

2σ3 , (4.10)

where α 6= 0 and q 6= 0. Thus, we notice that the introduction of these particular higher-
curvature corrections induces a shift in the Maxwell field. Nevertheless, an interesting
consequence of this modification is that, in contrast to the solution in eq. (3.3), an asymp-
totically locally Euclidean AdS instanton possessing a compact Kähler manifold appears
when Λ < 0, whenever the higher-curvature couplings satisfy the relation

c1 + c2 = −1
4

(
κ

Λ + 1
72α

)
. (4.11)
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With this choice, the scalar field is nontrivial and the Maxwell field becomes (anti-)self
dual. Thus, the latter represents the electromagnetic ground state of the theory as long as
the U(1) Pontryagin coupling is chosen as Θ = ±1/4.

The case of Taub-NUT metric in quadratic gravity with conformally coupled scalar field
was studied in ref. [80]. Indeed, the authors found a smooth embedding of solution [77] in
theories with higher-curvature corrections of the type described above. The embedding is a
consequence of the conformal invariance of the terms involving the Sµνλρ tensor and the fact
that the quadratic contribution R2 naturally supports solutions with constant Ricci scalar
in four dimensions. Moreover, the authors showed that a double-Wick rotation allows one
to obtain a Lorentzian traversable wormhole; similar to the ones presented in [117, 118].

In the next section, we study a conformally invariant scalar-tensor theory of the Brans-
Dicke type. This case is interesting because the conformal symmetry allows one to renor-
malize the Euclidean on-shell action and conserved charges naturally without any reference
to intrinsic boundary counterterms. This feature bears close resemblance to the pure met-
ric formulation of conformal gravity [55, 65, 92, 93]. We show this explicitly for a novel set
of gravitational instantons we present next.

5 Conformally invariant scalar-tensor gravity

There is an interesting point in the parameter space of Brans-Dicke gravity that leads
to a conformally invariant theory. The latter can be obtained when the Einstein sector
decouples from of the action (2.1), producing a second-order set of field equations given by
Ẽµν = 0, Eµ = 0, and E = 0, where the last two terms are defined in eqs. (2.2b) and (2.2c),
respectively, while the former is given by

Ẽµν =Gµν+ 6
φ2

(
∇µφ∇νφ−

1
2gµν∇λφ∇

λφ−αgµνφ4+FµλFνλ−
1
4gµνF

2
)

+gµλδλρντ∇τ∇ρφ2 .

Interestingly enough, this case leads to novel analytical charged gravitational instantons
with conformally coupled scalar fields. Moreover, their Euclidean on-shell action and
Noether-Wald charges are finite in spite of their nontrivial asymptotics. These solutions
are discussed next.

5.1 Eguchi-Hanson

The field equations (2.2) admit a different solution of the Eguchi-Hanson family in the
conformal point of Brans-Dicke gravity. We focus on the choice γ = 1 for the sake of
simplicity. The metric function in eq. (3.4), as well as Maxwell and scalar fields are given by

f(r) = k + r2

`2
+ b

r2 +
`2 (k − 1)

[
9b− `2 (k − 1)2

]
54 r4 , (5.1a)

A =
[
q

r2 +
[
3b− `2

(
k2 − 1

)]
r2

288α`2q

]
2σ3 , (5.1b)

φ(r) = 1
r2 + `2

3 (k − 1)

√
b− `2

3 (k2 − 1)
α

, (5.1c)
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Case when k=0 Case when k=−1

f(r) r2

`2 + b
r2 − `2(9b−`2)

54r4 −1+ r2

`2 + b
r2 − `2(9b−4`2)

27r4

φ(r) 1
r2−`2/3

√
3b+`2

3α
1

r2−2`2/3

√
b
α

A
(
q
r2 +(3b+`2)r2

288qα`2

)
2σ3

(
q
r2 + br2

96qα`2

)
2σ3

βτ
2πr2

b
`2(r2

b
−`2/6)

r6
b

−r4
b
`2/4−`6/108

2πr2
b
`2(r2

b
−`2/3)

r6
b

−r4
b
`2+r2

b
`4/3−2`2/27

−Ibulk
4πβτ q2

r4
b

+πβτ
24

(3b+`2)(7`4−45`2r2
b

+108r4
b

−15b`2+81br2
b)

α(3r2
b

−`2)3
4πβτ q2

r4
b

+ 27πβτ b
2α

[
b(3r2

b
/4−5`2/18)+(r2

b
−2`2/3)2

]
(3r2

b
−2`2)3

−IGHY
πβτ
9α`2

(
3b+`2) πβτ b

3α`2

Table 1. Particular cases of the solution eq. (5.1) for different values of k. When k = 1, the
solution reduces to the one presented in eq. (3.3), modulo a redefinition of the parameters. In all
cases, the scalar field remains finite as r → rb, where rb is defined through f(rb) = 0. Moreover,
the spacetime is absent of conical singularities if the period of the Euclidean time is βτ . The Weyl
tensor in these cases is not globally (anti-)self dual but, rather, asymptotically (anti-)self dual.

respectively, where k, `, b, and q are integration constants. Notice that this solution
only exists for α 6= 0. Equation (5.1a) suggests that k behaves as an effective curvature
of the Kähler base manifold while `2 can be interpreted as the inverse of a negative
cosmological constant. When k = 1, one recovers the solution in eq. (3.3) provided a
proper identification between the parameters where, recall, γ = 1 has been assumed. This
implies that eq. (5.1a) includes the previous solution as a particular case. Additionally,
the cases k = 0 and k = −1 are discussed in table 1. These, however, are not globally
(anti-)self dual but, rather, asymptotically (anti-)self dual.

There is another interesting possibility, though: take k → 1 as `→∞ keeping `2(k−1)
fixed and equal to −6a4/b. This yields

f(r) = 1− a4

r4 + b

r2 , φ(r) = 1
r2 − 2a4/b

√
4a4 + b2

αb
, A = q

r2 σ3 . (5.2)

Indeed, the Weyl tensor of this solution is globally (anti-)self dual and it represents a par-
ticular case of the solution found in ref. [55] but supported by nontrivial scalar and Maxwell
fields. The scalar field is finite at r = rb defined through f(rb) = 0. The Maxwell field,
in turn, is globally (anti-)self dual. Thus, even though its field strength is nonvanishing,
their energy-momentum tensor is zero. Additionally, since the U(1) Pontryagin density is
conformally invariant, one can still keep it at the action level and fix the Θ parameter such
that the (anti-)self dual Maxwell field becomes the ground state of the theory, similar to
the case in eq. (3.16).

The solution is endowed with a conical singularity at r = rb for the standard period of
the Euler’s angles. Nevertheless, it can be removed by demanding that the period of the
Euclidean time is given by

βτ = 4πr2
b

2r2
b + b

. (5.3)

– 14 –



J
H
E
P
0
5
(
2
0
2
2
)
1
1
0

As usual, the Hawking temperature can be obtained from the standard relation T = β−1
τ .

Remarkably, as we pointed out, conformal invariance protects the bulk action against
divergences while the generalized Gibbons-Hawking-York term vanishes; they are

− Ibulk = π2

6α

(
2− b

r2
b

)
and IGHY = 0 . (5.4)

Indeed, we check explicitly that the value of eq. (5.4) can be obtained from the general
solution (5.1) by taking the limit k → 1 as `→∞, keeping fixed `2(k − 1) = −6a4/b. On
the other hand, the Hirzebruch signature and Euler characteristic of this solution are [55]

τ(M) = −
(

1 + 2b
3r2
b

+ b2

6r4
b

)(
1 + b

2r2
b

)−1

and χ(M) = 2 , (5.5)

where we have used the fact that, asymptotically, the boundary metric is topologically
RP3 and therefore the ηS-invariant vanishes [119]. This can be checked explicitly using the
Hitchin’s formula [105]. In the limit b→ 0, the scalar field vanishes and the solution reduces
to the charged version of the (anti-)self dual Eguchi-Hanson instanton in Einstein gravity.
When a→ 0, in turn, the scalar profile is φ(r) = 1

r2

√
b
α and the topological indices become

τ(M) = −1 and χ(M) = 2. Thus, we conclude that their global properties are equivalent
to the original Eguchi-Hanson instanton [4, 5]. Nevertheless, the solution (5.2) is endowed
with a nontrivial scalar and Maxwell fields, and it is manifestly locally inequivalent to [4, 5]
as it can be seen from eq. (5.2) when a→ 0.

5.2 Taub-NUT

Besides the (anti-)self dual Eguchi-Hanson instanton in the conformally invariant case,
there is an additional Taub-NUT/Bolt-AdS solution with a weakened AdS asymptotics.
This can be obtained by considering the line element (3.17) as a metric ansatz and noticing
that field equations in the conformally invariant case are solved by

f(r) = (r−µ)2

r2−n2 + b(r−µ)3

r2−n2 −
λ(r−µ)3 (r+3µ)

3(r2−n2) + 2αφ2
0
(
6r2 +3µ2−8µr−n2)

r2−n2 , (5.6a)

A=
[

qr

r2−n2 + p

2n
r2 +n2

(r2−n2)

]
(dτ+2ncosϑdϕ) , (5.6b)

φ(r) = φ0
r−µ

, (5.6c)

where µ, b, λ, q, p, φ0 are integration constants, related through

6αφ4
0 +

(
1 + λµ2 − bµ+ λn2

3

)
φ2

0 − 3
(
q2 − p2

)
= 0 . (5.7)

In contrast to the globally (anti-)self dual Eguchi-Hanson instanton in the conformally
invariant case, α is a free parameter possessing a smooth limit when α → 0. The local
asymptotics of the metric function in eq. (5.6) exhibits the usual weakened AdS behaviour
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through the low decaying mode present in theories with conformal invariance; that is, as
r →∞, the metric function behaves

f(r) = −λ r
2

3 + b r + 1− 3µb− λ

3
(
n2 − 6µ2

)
+ 12αφ0

−
2µ+ 16αµφ0 + 8λµ3

3 − bn2 − 3bµ2

r
+O(r−2) . (5.8)

When the NUT condition is imposed, recall f(n) = 0, the solution becomes (anti-)self
dual and the following conditions on the parameters arise

b = −
2
(
1 + 4

3λn
2
)

µ− 3n and φ2
0 = −

(µ− n)
[
3 + λ (µ− n)2

]
6α (µ− 3n) . (5.9)

Reality of the scalar field imposes restrictions on the parameter space. This, in turn,
requires that the mass of the Taub-NUT solution must be bounded from below. We
study these properties in section 5.3. Additionally, we notice that the absence of conical
singularities implies that the period of the Euclidean time must be βτ = 8πn.

The Euclidean on-shell action can be obtained by imposing the same condition on
the Θ-parameter in the Maxwell sector, recall, Θ = ±1/4, such that it can be written as
in eq. (3.13). This choice renormalize the infrared divergence at r = n. The Gibbons-
Hawking-York term, on the other hand, is nontrivial and it contributes to the total Eu-
clidean on-shell action that is given by

−IE = 4π2 (p− q)2 − 8π2n

27α (µ− 3n)2

[
2
(
µ2 − 3µn+ n2

)
(µ− n)3 λ2 (5.10)

+ 3
(
2µ2 − 5µn+ n2

)
(µ− n)λ+ 9n

]
.

The Dirac index and Euler characteristic for the Taub-NUT case in the conformal case are
respectively given by

n+ − n− = 2n2b2

3 and χ(M) = 1 , (5.11)

where the linear non-Einstein b-mode is defined in eq. (5.9). Thus, from the (anti-)self-
dual Taub-NUT solution (5.6), it is clear that the latter contributes nontrivially to the
asymmetry between the number of chiral spinors, similar to what happens for charged
spinors [98]. Therefore, we conclude that both global and local properties of this solution
are manifestly different from the ones presented in ref. [77]. Their dissimilarity with respect
to the Eguchi-Hanson and Taub-Bolt instantons in the Euler characteristic shows that this
solution has one boundary less, as it can be seen from its zero-dimensional set of fixed
points: a NUT.

The Taub-Bolt case, on the other hand, is obtained by demanding that the set of fixed
points of the Killing vector field ξ = ∂τ are located at the codimension-2 hypersurface
r = rb > n, namely, f(rb) = 0. This condition, in turn, imposes that

φ2
0 = φ2

0 bolt ≡
(µ− rb)2

[
1− b(µ− rb) + λ

3
(
3µ2 − 2µrb − r2

b

)]
2α
[
n2 + 8µrb − 3

(
µ2 + 2r2

b

)] . (5.12)
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The Weyl tensor associated to this Taub-Bolt solution is asymptotically locally (anti-)self
dual. The absence of conical singularities can be achieved by demanding that the period
of the Euclidean time is

βτ = 12π
(
r2
b − n2

) [
n2 + 8µrb − 3

(
µ2 + 2r2

b

)] {
(µ− rb)2 [4λ (3r3

b − n2 [rb + 2µ]
)

+ 3b
(
3n2 − 6r2

b − µ2 + 4µrb
)
− 6

(
µ2 + n2 − 2rbµ

)
(µ− rb)−1 ]}−1

. (5.13)

This condition implies that the metric is geodesically complete. Indeed, one can check that
for the bolt condition (5.12), both the scalar and the Maxwell fields are finite at r = rb.
Thus, we conclude that this solution represents an asymptotically locally (anti-)self dual
instanton with a bolt, possessing a Hawking temperature given by T = β−1

τ .

5.3 Noether-Wald charges

In conformal gravity, the finiteness of Euclidean on-shell action and conserved charges for
solutions with AdS asymptotics have been shown explicitly in four [65] and in six dimen-
sions [92, 93]. Nevertheless, a rigorous proof of the finiteness of the latter is still lacking;
at least in the weakly modified asymptotically AdS sector. However, some advances have
been made towards understanding how the curvature falloff restricts the sub-leading de-
formations of the metric with respect to the Einstein sector [120, 121]. Indeed, Maldacena
proposed a simple Neumann boundary condition that selects Einstein spaces as solutions
of conformal gravity [122] (see also [92]). In this section, we provide additional evidence
for the relation between renormalization and conformal invariance, in this case, in presence
of scalar fields. We shall use the Noether-Wald formalism [123, 124] to show that con-
served charges are finite without any reference to intrinsic boundary counterterms; only
the generalized Gibbons-Hawking-York will be kept. However, the latter vanishes for the
instantonic solution of conformally invariant Brans-Dicke gravity presented in eq. (5.2), in
contrast to eq. (5.6) whose contribution is nontrivial.

Diffeomorphism invariance of the action principle generated by a vector field ξ = ξµ∂µ,
implies the local identity ∇µJµ = −LξgµνEµν , where Ẽµν = 0 are the equations of motion
for the metric defined at the beginning of this section, Lξ is the Lie derivative along the
vector field ξ, Jµ is the Noether current defined through

Jµ = −2∇ν
(
Eµνλρ∇

λξρ + 2ξλ∇ρEµνλρ
)

and Eµνλρ = − 1
24φ

2δµνλρ . (5.14)

When the field equations hold, the Noether current is conserved, i.e., ∇µJµ = 0. The
Poincaré Lemma, in turn, implies that the latter can be written locally as Jµ = ∇νqµν ,
which implicitly defines the Noether prepotential qµν = −qνµ. When ξ is a Killing vector,
integrating the Noether prepotential over a codimension-2 hypersurface Σ gives the Noether
charge associated to ξ, namely,

Q[ξ] = 1
2

∫
Σ
εµνλρq

µνdxλ ∧ dxρ ≡
∫

Σ
Qµνdxµ ∧ dxν . (5.15)

Since the (anti-)self dual Eguchi-Hanson instanton is endowed with a certain degree
of anisotropy, we postpone a deeper study of its conserved charges for the future. Here,
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we focus on the novel Taub-NUT instanton in eq. (5.6) whose asymptotically locally AdS
behavior is well known. Let us consider the Killing vector field associated to Euclidean
time symmetry, namely, ξ = ∂τ . The relevant components of the dual Noether prepotential
2-form are

Qϑϕ = −
(
r2 − n2)φ6

12
d
dr

(
f

φ4

)
sinϑ , (5.16)

Qrϕ = n2fφ2

3 (r2 − n2) cosϑ . (5.17)

The mass of the Taub-NUT instanton can be computed by means of the asymptotic charge
associated to the Euclidean time symmetry generated by ξ = ∂τ , that is [123, 124]

M =
∫
∞

(
Qµν − ξλBλµν

)
dxµ ∧ dxν , (5.18)

where Bλµν = −1
6φ

2Knρελµνρ is the generalized GHY term that guarantees a well-posed
variational principle (see for instance [125]). Focusing on the conformally invariant case,
the mass of the Taub-NUT instanton in eq. (5.6) at the (anti-)self-dual point, namely when
eq. (5.9) holds, is given by

MNUT = 4πµλφ2
0

9 . (5.19)

A desirable physical condition is that the mass of the Taub-NUT instanton is bounded
from below. First, we observe that if λ ≥ 0 or λ < 0 the solution is either asymptotically
locally dS or AdS, respectively. For λ ≥ 0, the condition φ0 ∈ R implies the following
constraints

0 < µ < 3n and 0 < MNUT < +∞ . (5.20)

Thus, it is clear that this condition guarantees a region in the parameter space where the
mass is bounded from below. For λ < 0, on the other hand, reality of the scalar field leads
to four different cases, they are

(a) µ > 3n ∧ λ < − 3
(µ− n)2 implies −∞ < MNUT < 0 ,

(b) n < µ < 3n ∧ − 3
(µ− n)2 < λ < 0 implies −∞ < MNUT < 0 ,

(c) 0 < µ <n ∧ λ < − 3
(µ− n)2 implies −∞ < MNUT < 0 ,

(d) µ < 0 ∧ µ < n ∧ λ < − 3
(µ− n)2 implies 0 < MNUT < +∞ .

Therefore, we conclude that the case (d) yields a mass which is bounded from below while
possessing an asymptotically locally AdS behavior and a real scalar field.

The entropy, on the other hand, is obtained by integrating the Noether charge over
the codimension-2 hypersurfaces that represent obstructions to the foliation with a time
function that provides the unitary Hamiltonian evolution of the system [43]. For black
holes, this is given by the event horizon. For the Taub-NUT instanton, however, there
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appear additional obstructions coming from the Misner string [43–49]. Thus, using the
generalized entropy formula presented in ref. [44] (see also [49]), namely,

S = βτ

∫ 2π

0
dφ
[∫ π

0
dϑQϑϕ

∣∣∣
r=rb

+
∫ ∞
rb

dr Qrϕ
∣∣∣
ϑ=π
−
∫ ∞
rb

dr Qrϕ
∣∣∣
ϑ=0

]
, (5.21)

we find that the entropy of the (anti-)self dual Taub-NUT solution of eq. (5.6) is

SNUT = −16π2n2φ2
0 [3 + 2λn (µ− n)]

9(µ− n) (µ− 3n) , (5.22)

where the conditions (5.9) have been used. Since the boundedness of the mass for the
asymptotically locally AdS Taub-NUT instanton restricts the parameter space accordingly
to the case (d), it is direct to see that the entropy is strictly positive.

The Pontryagin density with fixed coupling in the action (2.1) allows us to compute
the conserved charges associated to the Maxwell sector through the Noether formalism
developed in ref. [19]. Indeed, the particular choice of the Θ-parameter yields

Q[λ] = −
∫ (

Fµν ± F̃µν
)
λ dΣµν , (5.23)

where dΣµν is the area element of the codimension-2 hypersurface. Notice that the U(1)
conserved charge vanishes identically at the (anti-)self-dual point. Asymptotically, the
gauge parameter λ can be normalized to 1 without loss of generality. Then, the conserved
charge associated to the Maxwell field supporting the Taub-NUT solution in eq. (5.6) is

QNUT = 4π (p− q) . (5.24)

From this expression it is clear to see that the (anti-)self-dual point of the Maxwell field is
achieved when p = q. In the Eguchi-Hanson case, on the other hand, the Maxwell field is
globally (anti-)self dual, which implies that QEH = 0. Indeed, the Chern-Pontryagin index
of U(1) in this case [see eq. (5.2)] is

c = − 1
8π2

∫
M

d4x
√
|g| F̃µνFµν = 4 q2

r2
b

(
2r2
b + b

) . (5.25)

Thus, we conclude that the contribution of Maxwell fields to the Euclidean on-shell action in
eq. (5.4) is purely topological over an Eguchi-Hanson space. This can be seen because, even
though their Noether charge vanishes identically due to (anti-)self duality, their topological
charge is nontrivial.

6 Discussion

In this work, we study different charged gravitational instantons in general relativity with
a conformally coupled scalar field. In particular, we focus on the four-dimensional Eguchi-
Hanson and Taub-NUT Euclidean spaces build upon the U(1) fibration of two-dimensional
Einstein-Kähler manifolds. Different regular solutions of this kind are analyzed, represent-
ing topologically nontrivial configurations labeled by the Hirzebruch signature and Euler

– 19 –



J
H
E
P
0
5
(
2
0
2
2
)
1
1
0

characteristic. Additionally, we obtain the period of the Euclidean time such that the ge-
ometry is geodesically complete. The inverse of the latter is interpreted as the Hawking
temperature of these instantons. We also uncover additional interesting properties that we
summarize next.

First, we find that the two-parameter family of Maxwell fields is not (anti-)self dual in
the Eguchi-Hanson space. Indeed, the general solution of the gauge potential introduces
a divergent term at the action level and variations thereof that can be cured by adding
the U(1) Chern-Pontryagin density with a particular coupling. The latter renders the
electromagnetic ground state as a globally (anti-)self-dual configuration (see refs. [18, 19]
for details) which is included as a particular case of the general solution found in eq. (3.3).
In the Taub-NUT case, however, the (anti-)self-dual point trivializes the scalar field and
the Maxwell field becomes (anti-)self dual if and only if the electric and magnetic charge
are equal. In that case, one recovers the Brill solution [20] at the (anti-)self-dual point.
In the Taub-Bolt case, on the other hand, the solution is endowed with a nontrivial scalar
and Maxwell fields that lead to an asymptotically locally (anti-)self-dual space.

In presence of higher-curvature corrections, we obtain a novel solution of the Eguchi-
Hanson type with a nontrivial scalar and Maxwell fields. In this case, the new coupling
constants open a window where the Maxwell field does not introduce divergent pieces at
the action level. Indeed, we obtain a solution with a negative cosmological constant and a
positive curvature Kähler base manifold due to the higher-curvature corrections; something
that it is not guaranteed in their absence.

The conformally invariant case, on the other hand, leads to a particular case of Brans-
dicke gravity where the Einstein sector decouples from the scalar-tensor one. We show
explicitly that the Euclidean on-shell action of the two novel gravitational instantons in
section 5 are finite. Moreover, we prove that the globally (anti-)self-dual Taub-NUT met-
ric with nontrivial conformally coupled scalar field possesses finite conserved charges as
well. This provides additional evidence of the relation between finiteness and conformal
invariance for asymptotically locally AdS spaces in presence of scalar and Maxwell fields.

Finally, we reveal interesting avenues that are worth exploring in future works. First,
the presence of a negative cosmological constant implies that the Eguchi-Hanson metric
is not asymptotically conformally flat. The solution, however, is completely regular as far
as the absence of conical singularities at the bolt is assumed. In presence of the Einstein
term, the computation of its Euclidean on-shell action and conserved charges will certainly
provide valuable information in order to understand its thermodynamics and phase transi-
tions. The Taub-NUT space, in contrast, is indeed asymptotically locally AdS. Therefore,
its thermodynamics can be worked out using standard Euclidean techniques at first-order
in the saddle point approximation. In the conformally invariant case, the linear b-mode of
the arising in Taub-NUT contributes nontrivially to the Dirac index, representing a gravita-
tional analog of the asymmetry between chiral spinors produced by (anti-)self-dual Maxwell
fields at the boundary [98]. We postpone a deeper study of these subjects for the future.
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