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1 Introduction

The computation of higher order corrections to Standard Model (SM) scattering processes
and their comparison against data coming from collider experiments remains one of the
best approaches for the study of Nature at its most fundamental level. The discovery of the
Higgs boson at the LHC [1, 2] solidified the mathematical consistency of the SM of Particle
Physics as our best fundamental description of Nature. In the absence of any clear signals
for physics beyond the SM, a detailed study of the properties of the Higgs boson along
with a scrutinization of key SM processes have spearheaded the endeavour to advance our
understanding of Particle Physics [3].

The upcoming High Luminosity upgrade of the LHC will provide us with experimental
data of unprecedented precision. Making sense of the data and exploiting the machine’s
full potential will require theoretical predictions of equally high precision. In recent years,
the theoretical community has made tremendous effort to meet the challenge of perform-
ing notoriously difficult perturbative calculations in Quantum Field Theory. The current
precision frontier for the QCD dominated processes studied at the LHC lies at the Next-to-
Next-to-Leading-Order (NNLO) for massless 2 → 3 scattering with one off-shell external
particle [4, 5].

A typical NNLO calculation involves, among other things, the computation of two-
loop Feynman diagrams [6]. The established method for performing such calculations is by
solving first-order differential equations (DE) satisfied by the relevant Feynman integrals
(FI) [7–10]. Working within dimensional regularisation in d = 4−2ε dimensions, allows the
derivation of linear relations in the form of Integration-By-Parts (IBP) identities satisfied
by these integrals [11], which allows one to obtain a minimal and finite set of FI for a
specific scattering process, known as master integrals (MI).

It has been conjectured that FI with constant leading singularities in d dimensions
satisfy a simpler class of DE [12], known as canonical DE [13]. A basis of MI satisfying
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canonical DE is known as a pure basis. The study of the special functions which appear in
the solutions of such DE has provided a deeper understanding of their mathematical prop-
erties. These special functions often admit a representation in the form of Chen iterated
integrals [14]. For a large class of FI, their result can be written in terms of a well studied
class of special functions, known as Multiple of Goncharov polylogarithms (GPLs) [15–18].
Several computational tools have been developed for their algebraic manipulation [19] and
numerical evaluation [20, 21].

For the case of two-loop five-point MI with one massive leg, pure bases of MI have been
recently presented in [22] for the planar topologies, which we will call one-mass pentaboxes,
and more recently in [23] for some of the non-planar topologies, which we will call one-
mass hexaboxes. All one-mass pentaboxes have been computed both numerically [22], using
generalised power-series expansions [24, 25], as well as analytically in terms of GPLs [26],
by employing the Simplified Differential Equations (SDE) approach [27]. Recently, an-
alytic results were also obtained in the form of Chen iterated integrals and have been
implemented into the so-called one-mass pentagon functions [28], similar to the two-loop
five-point massless results [29, 30]. These results, along with fully analytic solutions for
the relevant one-loop integral family [31], have lead to the production of the first phe-
nomenological studies at the leading-colour approximation for 2 → 3 scattering processes
involving one massive particle at the LHC [32–34]. For the one-mass hexabox topologies,
numerical results were first presented in [35], using a method which emulates the Feynman
parameter technique, for one of the non-planar integral families. All three integral families
were treated numerically in [23] using the same methods as in [22].

In this paper, we employ the SDE approach and obtain semi-analytic results for all one-
mass hexaboxes, using the pure bases presented in [23]. More specifically, we obtain fully
analytic expressions in terms of GPLs of up to weight 4 for the first non-planar family,
denoted as N1 in figure 1. For families N2 and N3, we obtain analytic results for the
unknown non-planar integrals up to weight 2, whereas for weights 3 and 4 we introduce a
one-fold integral representation in terms of GPLs allowing for a straightforward numerical
evaluation of our expressions.

2 Hexabox integral families

There are three non-planar families of MI that correspond to the one-mass hexabox topolo-
gies, labelled as N1, N2 and N3, see figure 1. We adopt the definition of the scattering
kinematics following [23], where external momenta qi, i = 1 . . . 5 satisfy

∑5
1 qi = 0, q2

1 ≡ p1s,
q2
i = 0, i = 2 . . . 5, and the six independent invariants are given by {q2

1, s12, s23, s34, s45, s15},
with sij := (qi + qj)2.

In the SDE approach [27] the momenta are parametrized by introducing a dimension-
less variable x, as follows

q1 → p123 − xp12, q2 → p4, q3 → −p1234, q4 → xp1 (2.1)

where the new momenta pi, i = 1 . . . 5 satisfy now
∑5

1 pi = 0, p2
i = 0, i = 1 . . . 5, whereas

pi...j := pi+. . .+pj . The set of independent invariants is given by {S12, S23, S34, S45, S51, x},

– 2 –



J
H
E
P
0
5
(
2
0
2
2
)
0
3
3

Figure 1. The five non-planar families with one external massive leg. The first row corresponds
to the so-called hexabox topologies, whereas the diagrams of the second row are known as double-
pentagons. We label them as follows: N1 (top left), N2 (top middle), N3 (top right), N4 (bottom
left), N5 (bottom right). All diagrams have been drawn using Jaxodraw [36].

with Sij := (pi + pj)2. The explicit mapping between the two sets of invariants is given by

q2
1 = (1− x)(S45 − S12x), s12 = (S34 − S12(1− x))x, s23 = S45, s34 = S51x,

s45 = S12x
2, s15 = S45 + (S23 − S45)x (2.2)

and as usual the x = 1 limit corresponds to the on-shell kinematics.
The corresponding Feynman Integrals are defined through

FN1
a1···a11 := e2γEε

∫
ddk1
iπd/2

ddk2
iπd/2

1
k2a1

1 (k1 + q1)2a2(k1 + q12)2a3(k1 + q123)2a4

× 1
(k1 + k2 + q1234)2a5(k1 + k2)2a6k2a7

2 (k2 + q4)2a8(k2 + q1)2a9(k1 + q4)2a10(k2 + q12)2a11
,

(2.3)

FN2
a1···a11 := e2γEε

∫
ddk1
iπd/2

ddk2
iπd/2

1
k2a1

1 (k1 − q1234)2a2(k1 − q234)2a3(k1 − q34)2a4

× 1
(k1 + k2 − q4)2a5(k1 + k2)2a6k2a7

2 (k2 + q3)2a8(k2 − q1234)2a9(k1 + q3)2a10(k2 − q234)2a11
,

(2.4)

FN3
a1···a11 := e2γEε

∫
ddk1
iπd/2

ddk2
iπd/2

1
k2a1

1 (k1 + q2)2a2(k1 + q23)2a3(k1 + q234)2a4

× 1
(k1 + k2 + q1234)2a5(k1 + k2)2a6k2a7

2 (k2 + q1)2a8(k2 + q2)2a9(k1 + q1)2a10(k2 + q23)2a11
,

(2.5)

where qi...j := qi + . . .+ qj .
Using FIRE6 [37] we found that the N1 family consists of 86 MI out of which 10 MI

are genuinely new, the rest being known from the one-mass planar pentabox [26] or the
non-planar double-box families [38]. For N2 and N3 the corresponding numbers are 86, 13
and 135, 21.
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2.1 Pure bases and simplified canonical differential equations

We adopt the pure bases presented in [23]. As was the case for the pure bases of the planar
families presented in [22], a d log form of the relevant differential equations was achieved,
whose alphabet involves several square roots of the kinematic invariants {q2

1, s12, s23, s34,
s45, s15}. More specifically, the following six square roots that appear in the alphabets of
the one-mass hexabox integral families are

r1 =
√
λ(p1s, s23, s45) (2.6)

r2 =
√
λ(p1s, s24, s35) (2.7)

r3 =
√
λ(p1s, s25, s34) (2.8)

r4 =
√

detG(q1, q2, q3, q4) (2.9)

r5 =
√

Σ(1)
5 (2.10)

r6 =
√

Σ(2)
5 (2.11)

with λ(x, y, z) = x2 − 2xy − 2xz + y2 − 2yz + z2 representing the Källen function,
G(q1, q2, q3, q4) = {2qi·qj} being the Gram matrix of the external momenta, and Σ(1)

5 , Σ(2)
5

are the polynomials

Σ(1)
5 = s2

12 (s15 − s23) 2 + (s23s34 + (s15 − s34) s45) 2

+ 2s12
(
−s45s

2
15 + s23s34s15 + (s23 + s34) s45s15 + s23s34 (s45 − s23)

)
(2.12)

Σ(2)
5 = (s12 (p1s − s15 + s23)− s23s34) 2 + s2

45 (p1s − s15 + s34) 2

− 2s45
(
s34 ((s12 + s23) p1s − s15s23 − s12 (s15 + s23))

+ s12 (p1s − s15) (p1s − s15 + s23) + s23s
2
34

)
. (2.13)

For topology N1, the square roots r1 and r4 appear in its alphabet given in [23]. Introducing
the dimensionless variable x rationalises these two roots through the mapping of (2.2). This
allows us to derive a SDE in canonical form for N1,

∂xg = ε

lmax∑
i=1

Mi

x− li

g (2.14)

where g is the pure basis of N1, Mi are the residue matrices corresponding to each letter li
and lmax is the length of the alphabet, which for N1 is lmax = 21. It is interesting to note
here the significant reduction in the number of letters in comparison with the alphabet
of N1 given in [23], where the relevant length of the alphabet is 39. The form of (2.14)
allows for a direct iterative solution order-by-order in ε in terms of GPLs, assuming that
the relevant boundary terms are obtained.

For topologies N2 and N3, the square roots appearing in their respective alphabets [23]
are {r1, r2, r4, r5} and {r1, r3, r4, r6}. In general all the square roots with the exception
of {r5, r6} can be rationalised using either the mapping given in (2.2) or a variant of
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it [26, 27]. Nevertheless, in order to write an equation in the form of (2.14) a simultaneous
rationalisation of all square roots is necessary. In fact, the mapping (2.2) allows for the
rationalisation of r1 and r4 in terms of x, but this is not the case for {r2, r3, r5, r6}. It
is thus not possible to achieve a canonical SDE in the form of (2.14) for families N2 and
N3 using the parametrisation (2.1). This does not mean that the basis elements cannot
be cast in the form of GPLs, but just that such a representation is not straightforwardly
obtained based on the simple equation (2.14). The more general form of the SDE takes
the form:

∂xg = ε

lmax∑
a=1

dLa
dx

Ma

g (2.15)

where most of the La are simple rational functions of x, as in (2.14), whereas the rest are
algebraic functions of x involving the non-rationalisable square roots.

A detailed analysis of (2.15) reveals that these non-rationalisable square roots start
appearing at weight two. In practise this means that we can use the mapping (2.2) and solve
the respective canonical DE for N2 and N3 by integrating with respect to x up to weight one
in terms of ordinary logarithms. For weight two, analytic expressions in terms of GPLs can
be achieved due to the fact that the non-rationalisable square roots {r2, r3, r5, r6} appear
decoupled in the DE. In fact, most of the basis elements are straightforwardly expressed in
terms of GPLs by integrating the corresponding DE. For the rest, an educated ansatz can
be constructed involving only specific weight-two GPLs, which are identified by inspecting
the DE in each case where square roots {r2, r3, r5, r6} appear, modulo the boundary terms
that one needs to compute. Thus analytic expressions in terms of GPLs up to weight two
are obtained for all elements belonging in these families.

To further elaborate on this point let us analyse a rather simple case of a 3-point
integral sector with three off-shell legs, that appears in both N2 and N3 families. This
sector comprises two basis elements and the DE satisfied by those elements includes also
two-point MI that are known in closed form. For instance, in N2, the 3-point integrals
appear as basis elements number 10 and 11 (see the ancillary file). The element 10 at weight
2, g(2)

10 , can straightforwardly be obtained by integrating the (2.15) and it is expressible in
terms of GPLs in the form G(a, b;x) where a, b are independent of x. On the contrary the
element 11 at weight 2, g(2)

11 , is obtained by construction of an ansatz. Let us mention that
all elements in question, except those involving the square roots {r5, r6}, namely element
73 in N2 and 114 in N3, are known in terms of GPLs up to weight 4 [26, 38], based though
on different variants of the parametrization (2.1). For instance element 11 of N2 is given as

g
(2)
11 = 8

(
2G(0,−y)

(
G (1, y)− G

(
S̃45

S̃12
, y

))
+ 2G

(
0, S̃45

S̃12
, y

)
− G (1, y) log

(
S̃45

S̃12

)

+ log
(
S̃45

S̃12

)
G
(
S̃45

S̃12
, y

)
− 2G (0, 1, y)

)
(2.16)

where the new parametrization of the external momenta is given by

q1 → p̃123 − yp̃12, q2 → yp̃2, q3 → −p̃1234, q4 → yp̃1 (2.17)
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with the new momenta p̃i, i = 1 . . . 5 satisfying as usual,
∑5

1 p̃i = 0, p̃2
i = 0, i = 1 . . . 5, with

p̃i...j := p̃i+. . .+p̃j . The set of independent invariants is given by {S̃12, S̃23, S̃34, S̃45, S̃51, y},
with S̃ij := (p̃i + p̃j)2. The explicit mapping between the two sets of invariants is given by

q2
1 = (1− y)(S̃45 − S̃12y), s12 = S̃45(1− y) + S̃23y, s23 = −y

(
S̃12 − S̃34 + S̃51

)
,

s34 = S̃51y, s45 = y
(
S̃23 − S̃45 − S̃51

)
, s15 = y

(
S̃34 − S̃12(1− y)

)
.

(2.18)

Notice that the result of (2.16) is obtained through SDE approach in the parametrization
of (2.17). By identifying f− = y and f+ = y S̃12

S̃45
, which in terms of (2.2) are given as

f± = S45 + x (−S23 − S34 + 2S51 + S12x)± r2
2 (S12 − S34 + S51)x

we can write the DE for this element in the simple and compact form

d

dx
g

(2)
11 = −8

(
dlog

(
f+ − 1
f− − 1

)
log (f−f+)− dlog

(
f+
f−

)
log ((f− − 1) (f+ − 1))

)
.

The form of the DE makes the determination of the ansatz rather straightforward, with
the result

g
(2)
11 = −8

(
− log(f−f+)

(
G(1, f−)− G(1, f+)

)
+ 2G(0, 1, f−)− 2G(0, 1, f+)

)
. (2.19)

Concerning the other non-rationalisable square root in the family N2, r5, it also appears
for the first time at weight 2 in the basis element 73 only (see the ancillary file), which is one
of the new integrals to be calculated. Following the same procedure as for the element 11,
namely writing the corresponding DE in a similar form, we find that the expression at
weight 2 is similar to that of (2.19),

g
(2)
73 = 16 log (f−f+)

(
G(1, f−)− G(1, f+)

)
− 32

(
G(0, 1, f−)− G(0, 1, f+)

)
(2.20)

with
f± = S45 (2S12x− S34x+ S51) + x (S23S34 − S12S23 + xS12S51)± r5

2S45 (S12 − S34 + S51)
Regarding family N3, there are two 3-point integral sectors with three off-shell legs

that involve square root r4, which is not rationalised in terms of x by (2.1), and consist of
elements 12, 13 and 16, 17. Similarly to element 11 of family N2, elements 12 and 16 cannot
be expressed in terms of GPLs through a straightforward integration of their respective
DE. However, we can achieve a GPL representation for them at weight 2 similar to (2.19),
where now the f−, f+ functions involve the square root r4 instead of r2. Square root r6
appears for the first time at weight 2 in element 114 similarly to the way square root r5
appears in element 73 in the N2 family, allowing us to obtain an expression at weight 2 as
in (2.20), with the f−, f+ functions involving r6 instead of r5.

Studying basis elements that are known in terms of GPLs up to weight 4, proved useful
in constructing an educated ansatz for the unknown integrals at weight 2. It would be very
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interesting to further pursue this direction, with the aim to establish a systematic way to
construct representations in terms of GPLs for weights higher than 2. This will allow to
extend the SDE approach to cases where the letters La in (2.15) assume a general algebraic
form. Constructing analytic expressions in terms of GPLs beyond weight 2 by applying
a more general procedure following the ideas of [39, 40] is also possible, but it requires a
significant amount of resources and it might well result to a proliferation of GPLs. A more
practical and direct approach, introducing a one-dimensional integral representation will
be presented in detail in section 4.

3 Boundary terms

In this section we will describe the analytic computation of all necessary boundary terms
in terms of GPLs with rational functions of the underline kinematic invariants Sij up to
weight 4. We perform this task for all three non-planar families.

Our main approach is the one introduced in [26] and elaborated in detail in [41]. In
general we need to calculate the x→ 0 limit of each pure basis element. At first we exploit
the canonical SDE at the limit x→ 0 and define through it the resummation matrix

R = SeεD log(x)S−1 (3.1)

where the matrices S, D are obtained through the Jordan decomposition of the residue
matrix for the letter l1 = 0, M1,

M1 = SDS−1. (3.2)

Secondly, we can relate the elements of the pure basis to a set of MI G through IBP
reduction,

g = TG. (3.3)

Using the expansion by regions method [42] as implemented in the asy code which is
shipped along with FIESTA4 [43], we can obtain the x → 0 limit of the MI in terms of
which we express the pure basis (3.3),

Gi =
x→0

∑
j

xbj+ajεG
(bj+ajε)
i (3.4)

where aj and bj are integers and Gi are the individual members of the basis G of MI
in (3.3). This analysis allows us to construct the following relation

Rb = lim
x→0

TG
∣∣∣∣
O(x0+ajε)

(3.5)

where the right-hand side implies that, apart from the terms xaiε coming from (3.4), we
expand around x = 0, keeping only terms of order x0. Equation (3.5) allows us in principle
to determine all boundary constants b =

∑6
i=0 εi b(i)

0 .
More specifically, in the case where D in (3.2) is non-diagonal, we will get logarithmic

terms in x on the left-hand side of (3.5), in the form xajε log(x). Since no such terms
appear on the right-hand side of (3.5), a set of linear relations between elements of the
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array b are obtained by setting the coefficient of xajε log(x) terms to zero. Furthermore,
powers of xajε that appear only on the left-hand side can also yield linear relations among
elements of b, by setting their coefficients to zero. We shall call these two sets of relations
pure, since they are linear relations among elements of b with rational numbers as coeffi-
cients. These pure relations account for the determination of a significant part of the two
components of the boundary array. Finally for the undetermined elements of b, several
region-integrals G(bj+ajε)

i usually need to be calculated coming from (3.4).Their calcula-
tion is straightforwardly achieved either by direct integration in Feynman-parameter space
and then by using HypExp [44, 45] to expand the resulting 2F1 hypergeometric functions,
or in a very few cases, by Mellin-Barnes techniques using the MB [46, 47], MBSums [48] and
XSummer [49] packages.1 The b(i)

0 terms, with i indicating the corresponding weight, consist
of Zeta functions ζ(i), logarithms and GPLs of weight i which have as arguments rational
functions of the underline kinematic variables {S12, S23, S34, S45, S51}.

This approach was efficient enough for the determination of all boundary terms for fam-
ilies N1 and N2. Specifically for family N1, where a canonical SDE can be achieved (2.14),
we can write a solution in terms of GPLs up to weight 4 in the following compact form

g = ε0b(0)
0 + ε

(∑
GaMab(0)

0 + b(1)
0

)
+ ε2

(∑
GabMaMbb

(0)
0 +

∑
GaMab(1)

0 + b(2)
0

)
+ ε3

(∑
GabcMaMbMcb(0)

0 +
∑
GabMaMbb

(1)
0 +

∑
GaMab(2)

0 + b(3)
0

)
+ ε4

(∑
GabcdMaMbMcMdb

(0)
0 +

∑
GabcMaMbMcb(1)

0

+
∑
GabMaMbb

(2)
0 +

∑
GaMab(3)

0 + b(4)
0

)
(3.6)

were Gab... := G(la, lb, . . . ;x) represent the GPLs. These results are presented in such a
way that each coefficient of εi has transcendental weight i. If we assign weight −1 to ε,
then (3.6) has uniform weight zero.

For family N3, eq. (3.5) resulted in a proliferation of region-integrals, more than 200,
that one would have to calculate in order to obtain boundary terms for several higher-sector
basis elements. More specifically, in order to obtain the following boundary terms

{b101, b103, b104, b106, b113, b117, b118, b124, b125, b126, b130, b131, b132, b133} (3.7)

one would have to calculate 208 region-integrals, with 17 of them having seven Feynman
parameters to be integrated, making their direct integration highly non-trivial. For all
basis elements apart from (3.7) we were able to obtain boundary terms through (3.5).

To reduce the number of region-integrals for the computation of (3.7) we have investi-
gated a different approach. The idea is rather simple and straightforward. The pure basis

1The in-house Mathematica package Gsuite, that automatically process the MBSums output through
XSummer is used.
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elements can be written in general as follows:

g = Ce2γEε
∫

ddk1
iπd/2

ddk2
iπd/2

P ({Di} , {Sij , x})∏
i∈S̃

Dai
i

(3.8)

where Di, i = 1 . . . 11, represent the inverse scalar propagators, S̃ the set of indices cor-
responding to a given sector, Sij , x the kinematic invariants, P is a polynomial, ai are
positive integers and C a factor depending on Sij , x. This form is usually decomposed in
terms of FI, Fi,

g = C
∑

ci ({Sij , x})Fi

with ci being polynomials in Sij , x. The limit x = 0, is then obtained, after IBP reduction,
through Feynman parameter representation of the individual MI, as described in the pre-
vious paragraphs. An alternative approach, would be to build-up the Feynman parameter
representation for the whole basis element, by considering the integral in (3.8) as a tensor
integral and making use of the formulae from the references [50, 51], to bring it in its Feyn-
man parameter representation. Then, by using the expansion by regions approach [42, 43],
we determine the regions2 in the limit x = 0. Rescaling the Feynman parameters by ap-
propriate powers of x, keeping the leading power in x, we then obtain the final result that
can be written as follows:

b =
∑
I

NI

∫ ∏
i∈SI

dxi U
aI
I F biI ΠI

where I runs over the set of contributing regions, UI and FI are the limits of the usual
Symanzik polynomials, ΠI is a polynomial in the Feynman parameters, xi, and the kine-
matic invariants Sij , and SI the subset of surviving Feynman parameters in the limit.
In this way a significant reduction of the number of regions to be calculated is achieved,
namely from 208 to 9. Notice that in contrast to the approach described in the previous
paragraphs, only the regions x−2ε and x−4ε contribute to the final result, making thus the
evaluation of the region-integrals simpler. Moreover, this approach overpasses the need for
an IBP reduction of the basis elements in terms of MI.

4 Integral representation

After obtaining all boundary terms in section 3 and constructing analytic expressions for
families N2 and N3 up to O(ε2) in terms of GPLs up to weight two, we will now introduce
an one-fold integral representation for O(ε3) and O(ε4). This representation will allow us
to obtain numerical results through direct numerical integration [29, 52].

Weight 3. The differential equation (2.15) can be written in the form:

∂xg
(3)
I =

∑
a

(
∂x logLa

)∑
J

caIJg
(2)
J (4.1)

2Only the corresponding scalar integral of (3.8) determines the regions.
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where a runs over the set of contributing letters, I, J run over the set of basis elements, caIJ
are Q−number coefficients read off from the matrices Ma and g(2)

J are the basis elements
at weight 2, known in terms of GPLs. Since the lower limit of integration corresponds to
x = 0, we need to subtract the appropriate term so that the integral is explicitly finite.
This is achieved as follows:

∂xg
(3)
I =

∑
a

la
x

∑
J

caIJg
(2)
J,0 +

(∑
a

(
∂x logLa

)∑
J

caIJg
(2)
J −

∑
a

la
x

∑
J

caIJg
(2)
J,0

)
(4.2)

where g(2)
I,0 are obtained by expanding g(2)

I around x = 0 and keeping terms up to order
O
(

log(x)2), and la ∈ Q are defined through

∂x logLa = la
x

+O
(
x0). (4.3)

The DE (4.2) can now be integrated from x = 0 to x = x̄, and the result is given by

g
(3)
I = g

(3)
I,G + b

(3)
I +

∫ x̄

0
dx

(∑
a

(
∂x logLa

)∑
J

caIJg
(2)
J −

∑
a

la
x

∑
J

caIJg
(2)
J,0

)
(4.4)

with b(3)
I being the boundary terms at O(ε3) and

g
(3)
I,G =

∫ x̄

0
dx
∑
a

la
x

∑
J

caLJg
(2)
J,0

∣∣∣∣∣
G

(4.5)

with the subscript G, indicating that the integral is represented in terms of GPLs (see
ancillary file), following the convention

x̄∫
0

dx
1
x
G
(

0, . . . 0︸ ︷︷ ︸
n

;x
)

= G
(

0, . . . 0︸ ︷︷ ︸
n+1

; x̄
)
. (4.6)

Weight 4. At weight 4, the differential equation (2.15) can be written in the form:

∂xg
(4)
I =

∑
a

(
∂x logLa

)∑
J

caIJg
(3)
J (4.7)

which after doubly-subtracting, in order to obtain integrals that are explicitly finite as
in (4.2), is written as

∂xg
(4)
I =

∑
a

∂x(logLa − LLa)
∑
J

caIJg
(3)
J +

∑
a

∂x(LLa)
∑
J

caIJ(g(3)
J −g

(3)
J,0)+

∑
a

la
x

∑
J

caIJg
(3)
J,0

(4.8)
where LLa are obtained by expanding log(La) around x = 0 and keeping terms up to order
O
(

log(x)
)
, and

g
(3)
I,0 = g

(3)
I,G + b

(3)
I . (4.9)
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Now, by integrating by parts and using (4.2) we can write the final result as follows:

g
(4)
I = g

(4)
I,G + b

(4)
I +

(∑
a

logLa
∑
J

caIJg
(3)
J

)
−
(∑

a

LLa
∑
J

caIJg
(3)
J,0

)

−
∫ x̄

0
dx
∑
a

(logLa − LLa)
∑
J

caIJ
∑
b

lb
x

∑
K

cbJKg
(2)
K,0

−
∫ x̄

0
dx
∑
a

logLa
∑
J

caIJ

(∑
b

(∂x logLb)
∑
K

cbJKg
(2)
K −

∑
b

lb
x

∑
K

cbJKg
(2)
K,0

)
(4.10)

with a, b running over the set of contributing letters, I, J,K running over the set of basis
elements, b(4)

I being the boundary terms at O(ε4) and

g
(4)
I,G =

∫ x̄

0
dx
(∑

a

la
x

∑
J

caIJg
(3)
J,0

)∣∣∣∣∣
G

(4.11)

where the subscript G indicates that the integral is represented in terms of GPLs (see
ancillary file), following (4.6).

Implementation. As a proof of concept, we have implemented the final formulae (4.4)
and (4.10) in Mathematica. We use NIntegrate to perform the one-dimensional integrals
appearing in the (4.4) and (4.10), after expressing all weight-2 functions in terms of classi-
cal polylogarithms following references [53]. For kinematic configurations where there are
no singularities in the domain of integration (0, x̄), we have checked the new basis elements
obtained by us against numerical results provided by the authors3 of reference [23] and
found full agreement. For kinematic configurations with singularities in the domain of
integration, we use the iε−prescription as explained in references [26, 38], as well as the
convention concerning the square roots appearing in the alphabet and the basis elements as
detailed in section 6.2 of reference [22]. We provide proof-of-concept codes in the ancillary
files for both the Euclidean point mentioned above as well as the first physical phase-space
point of eq. (6.15) in reference [23]. The reader can easily assess the performance of this
straightforward implementation by running the provided codes and look at the minimum
number of digits in agreement with the high-precision results from reference [23], as well
as at the number of integrand evaluations performed by NIntegrate. Notice that the
integrand expressions involve logarithms and classical polylogarithms Li2 that are evalu-
ated using very little CPU time. The parts of the formulae (4.4) and (4.10) that can be
represented in terms of GPLs up to weight four, as well as the results for the N1 family,
for which we have all basis elements in terms of GPLs up to weight four, are evaluated
with GiNaC [20, 54] as implemented in PolyLogTools [19]. In the current implementation
we use the default parameters for GiNaC and the default parameters for NIntegrate with
the exception of WorkingPrecision and PrecisionGoal, in order to obtain reasonable re-
sults within reasonable time, taking into account that the provided implementation serves
merely as a demonstration of the correctness of our representations. For the Euclidean

3We thank the authors of reference [23] for communicating results for a Euclidean point provided by us,
not included in their publication, for N2 and N3 families.
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point the precision is typically of the order of 32 digits, which is compatible with GiNaC
setup. For the physical point, the typical precision is of the order of 25 digits, which is com-
patible with the expected one taking into account the numerical value of the infinitesimal
imaginary part assigned to the kinematical invariants. We plan to address all the details
regarding the numerical evaluation in a forthcoming publication, where an optimised im-
plementation for all two-loop five-point basis elements based on our analytic results, in line
with references [28, 30], will be presented.

5 Conclusions

The frontier of precision calculations at NNLO currently concerns 2→ 3 scattering process
involving massless propagators and one massive external particle. At the level of FI, all
planar two-loop MI have been recently computed through the solution of canonical DE both
numerically [22], via generalised power series expansions, and analytically in terms of GPLs
up to weight 4 [26], using the SDE approach [27]. More recently, results in terms of Chen
iterated integrals were presented and implemented in the so-called pentagon functions [28].

Concerning the two-loop non-planar topologies, these can be classified into the three
so-called hexabox topologies and two so-called double-pentagons, see figure 1. One of the
hexabox topologies, denoted as N1 in figure 1, was calculated numerically a few years
ago using an approach which introduces a Feynman parameter and uses analytic results
for the sub-topologies that are involved [35]. More recently, pure bases for the three
hexabox topologies satisfying DE in d log form were presented in reference [23] and solved
numerically using the same methods as in [22].

In this paper we addressed the calculation of the three two-loop hexabox topologies,
N1, N2, N3 in figure 1, using the SDE approach. For the N1 family results up to weight
4 in terms of GPLs are obtained. For the N2 and N3 families we have established an one-
dimensional integral representation involving up to weight-2 GPLs. This allows to extend
the scope of the SDE approach when non-factorisable square roots appear in the alphabet.
We have also introduced a new approach to compute the boundary terms directly for the
basis elements, that significantly reduces the complexity of the problem. With these new
developments, we hope to complete the full set of five-point one-mass two-loop MI families
in the near future and provide a solid implementation for their numerical evaluation.

Acknowledgments

We thank the authors of reference [23] for providing their numerical results used for cross-
checking our results.
A. Kardos is supported by grant K 125105 of the National Research, Development and
Innovation Fund in Hungary and by the ÚNKP-21-Bolyai+ New National Excellence Pro-
gram of the Ministry for Innovation and Technology from the source of the National Re-
search, Development and Innovation Fund. AK kindly acknowledges further financial sup-
port from the Bolyai Fellowship programme of the Hungarian Academy of Sciences. The
work of A. Smirnov was supported by Russian Ministry of Science and Higher Education,

– 12 –



J
H
E
P
0
5
(
2
0
2
2
)
0
3
3

agreement No. 075-15-2019-1621. N. Syrrakos was supported by the Excellence Cluster
ORIGINS funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foun-
dation) under Germany’s Excellence Strategy - EXC-2094 - 390783311. The research of
C. Wever was supported in part by the BMBF project No. 05H18WOCA1.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] ATLAS collaboration, Observation of a new particle in the search for the Standard Model
Higgs boson with the ATLAS detector at the LHC, Phys. Lett. B 716 (2012) 1
[arXiv:1207.7214] [INSPIRE].

[2] CMS collaboration, Observation of a New Boson at a Mass of 125GeV with the CMS
Experiment at the LHC, Phys. Lett. B 716 (2012) 30 [arXiv:1207.7235] [INSPIRE].

[3] G. Heinrich, Collider Physics at the Precision Frontier, Phys. Rept. 922 (2021) 1
[arXiv:2009.00516] [INSPIRE].

[4] S. Amoroso et al., Les Houches 2019: Physics at TeV Colliders: Standard Model Working
Group Report, in 11th Les Houches Workshop on Physics at TeV Colliders: PhysTeV Les
Houches, Les Houches, France (2020) [arXiv:2003.01700] [INSPIRE].

[5] T. Gehrmann and B. Malaescu, Precision QCD Physics at the LHC, arXiv:2111.02319
[INSPIRE].

[6] L. Tancredi, Calculational Techniques in Particle Theory, PoS EPS-HEP2021 (2022) 036
[arXiv:2111.00205] [INSPIRE].

[7] A.V. Kotikov, Differential equations method: New technique for massive Feynman diagrams
calculation, Phys. Lett. B 254 (1991) 158 [INSPIRE].

[8] A.V. Kotikov, Differential equations method: The Calculation of vertex type Feynman
diagrams, Phys. Lett. B 259 (1991) 314 [INSPIRE].

[9] A.V. Kotikov, Differential equation method: The Calculation of N point Feynman diagrams,
Phys. Lett. B 267 (1991) 123 [Erratum ibid. 295 (1992) 409] [INSPIRE].

[10] T. Gehrmann and E. Remiddi, Differential equations for two loop four point functions, Nucl.
Phys. B 580 (2000) 485 [hep-ph/9912329] [INSPIRE].

[11] K.G. Chetyrkin and F.V. Tkachov, Integration by Parts: The Algorithm to Calculate
β-functions in 4 Loops, Nucl. Phys. B 192 (1981) 159 [INSPIRE].

[12] J.M. Henn, Lectures on differential equations for Feynman integrals, J. Phys. A 48 (2015)
153001 [arXiv:1412.2296] [INSPIRE].

[13] J.M. Henn, Multiloop integrals in dimensional regularization made simple, Phys. Rev. Lett.
110 (2013) 251601 [arXiv:1304.1806] [INSPIRE].

[14] K.-T. Chen, Iterated path integrals, Bull. Am. Math. Soc. 83 (1977) 831 [INSPIRE].

[15] A.B. Goncharov, Multiple polylogarithms, cyclotomy and modular complexes, Math. Res.
Lett. 5 (1998) 497 [arXiv:1105.2076] [INSPIRE].

– 13 –

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/j.physletb.2012.08.020
https://arxiv.org/abs/1207.7214
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1207.7214
https://doi.org/10.1016/j.physletb.2012.08.021
https://arxiv.org/abs/1207.7235
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1207.7235
https://doi.org/10.1016/j.physrep.2021.03.006
https://arxiv.org/abs/2009.00516
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2009.00516
https://arxiv.org/abs/2003.01700
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2003.01700
https://arxiv.org/abs/2111.02319
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2111.02319
https://doi.org/10.22323/1.398.0036
https://arxiv.org/abs/2111.00205
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2111.00205
https://doi.org/10.1016/0370-2693(91)90413-K
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB254%2C158%22
https://doi.org/10.1016/0370-2693(91)90834-D
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB259%2C314%22
https://doi.org/10.1016/0370-2693(91)90536-Y
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB267%2C123%22
https://doi.org/10.1016/S0550-3213(00)00223-6
https://doi.org/10.1016/S0550-3213(00)00223-6
https://arxiv.org/abs/hep-ph/9912329
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F9912329
https://doi.org/10.1016/0550-3213(81)90199-1
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB192%2C159%22
https://doi.org/10.1088/1751-8113/48/15/153001
https://doi.org/10.1088/1751-8113/48/15/153001
https://arxiv.org/abs/1412.2296
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1412.2296
https://doi.org/10.1103/PhysRevLett.110.251601
https://doi.org/10.1103/PhysRevLett.110.251601
https://arxiv.org/abs/1304.1806
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1304.1806
https://doi.org/10.1090/S0002-9904-1977-14320-6
https://inspirehep.net/search?p=find+J%20%22Bull.Am.Math.Soc.%2C83%2C831%22
https://doi.org/10.4310/MRL.1998.v5.n4.a7
https://doi.org/10.4310/MRL.1998.v5.n4.a7
https://arxiv.org/abs/1105.2076
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1105.2076


J
H
E
P
0
5
(
2
0
2
2
)
0
3
3

[16] C. Duhr, H. Gangl and J.R. Rhodes, From polygons and symbols to polylogarithmic
functions, JHEP 10 (2012) 075 [arXiv:1110.0458] [INSPIRE].

[17] C. Duhr, Hopf algebras, coproducts and symbols: an application to Higgs boson amplitudes,
JHEP 08 (2012) 043 [arXiv:1203.0454] [INSPIRE].

[18] C. Duhr, Mathematical aspects of scattering amplitudes, in Theoretical Advanced Study
Institute in Elementary Particle Physics: Journeys Through the Precision Frontier:
Amplitudes for Colliders, Boulder, U.S.A. (2015), pg. 419 [arXiv:1411.7538] [INSPIRE].

[19] C. Duhr and F. Dulat, PolyLogTools — polylogs for the masses, JHEP 08 (2019) 135
[arXiv:1904.07279] [INSPIRE].

[20] J. Vollinga and S. Weinzierl, Numerical evaluation of multiple polylogarithms, Comput. Phys.
Commun. 167 (2005) 177 [hep-ph/0410259] [INSPIRE].

[21] L. Naterop, A. Signer and Y. Ulrich, handyG —Rapid numerical evaluation of generalised
polylogarithms in Fortran, Comput. Phys. Commun. 253 (2020) 107165 [arXiv:1909.01656]
[INSPIRE].

[22] S. Abreu, H. Ita, F. Moriello, B. Page, W. Tschernow and M. Zeng, Two-Loop Integrals for
Planar Five-Point One-Mass Processes, JHEP 11 (2020) 117 [arXiv:2005.04195] [INSPIRE].

[23] S. Abreu, H. Ita, B. Page and W. Tschernow, Two-loop hexa-box integrals for non-planar
five-point one-mass processes, JHEP 03 (2022) 182 [arXiv:2107.14180] [INSPIRE].

[24] F. Moriello, Generalised power series expansions for the elliptic planar families of Higgs +
jet production at two loops, JHEP 01 (2020) 150 [arXiv:1907.13234] [INSPIRE].

[25] M. Hidding, DiffExp, a Mathematica package for computing Feynman integrals in terms of
one-dimensional series expansions, Comput. Phys. Commun. 269 (2021) 108125
[arXiv:2006.05510] [INSPIRE].

[26] D.D. Canko, C.G. Papadopoulos and N. Syrrakos, Analytic representation of all planar
two-loop five-point Master Integrals with one off-shell leg, JHEP 01 (2021) 199
[arXiv:2009.13917] [INSPIRE].

[27] C.G. Papadopoulos, Simplified differential equations approach for Master Integrals, JHEP 07
(2014) 088 [arXiv:1401.6057] [INSPIRE].

[28] D. Chicherin, V. Sotnikov and S. Zoia, Pentagon functions for one-mass planar scattering
amplitudes, JHEP 01 (2022) 096 [arXiv:2110.10111] [INSPIRE].

[29] T. Gehrmann, J.M. Henn and N.A. Lo Presti, Pentagon functions for massless planar
scattering amplitudes, JHEP 10 (2018) 103 [arXiv:1807.09812] [INSPIRE].

[30] D. Chicherin and V. Sotnikov, Pentagon Functions for Scattering of Five Massless Particles,
JHEP 20 (2020) 167 [arXiv:2009.07803] [INSPIRE].

[31] N. Syrrakos, Pentagon integrals to arbitrary order in the dimensional regulator, JHEP 06
(2021) 037 [arXiv:2012.10635] [INSPIRE].

[32] S. Badger, H.B. Hartanto and S. Zoia, Two-Loop QCD Corrections to Wbb¯ Production at
Hadron Colliders, Phys. Rev. Lett. 127 (2021) 012001 [arXiv:2102.02516] [INSPIRE].

[33] S. Badger, H.B. Hartanto, J. Kryś and S. Zoia, Two-loop leading-colour QCD helicity
amplitudes for Higgs boson production in association with a bottom-quark pair at the LHC,
JHEP 11 (2021) 012 [arXiv:2107.14733] [INSPIRE].

– 14 –

https://doi.org/10.1007/JHEP10(2012)075
https://arxiv.org/abs/1110.0458
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1110.0458
https://doi.org/10.1007/JHEP08(2012)043
https://arxiv.org/abs/1203.0454
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1203.0454
https://doi.org/10.1142/9789814678766_0010
https://arxiv.org/abs/1411.7538
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1411.7538
https://doi.org/10.1007/JHEP08(2019)135
https://arxiv.org/abs/1904.07279
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1904.07279
https://doi.org/10.1016/j.cpc.2004.12.009
https://doi.org/10.1016/j.cpc.2004.12.009
https://arxiv.org/abs/hep-ph/0410259
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0410259
https://doi.org/10.1016/j.cpc.2020.107165
https://arxiv.org/abs/1909.01656
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1909.01656
https://doi.org/10.1007/JHEP11(2020)117
https://arxiv.org/abs/2005.04195
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2005.04195
https://doi.org/10.1007/JHEP03(2022)182
https://arxiv.org/abs/2107.14180
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2107.14180
https://doi.org/10.1007/JHEP01(2020)150
https://arxiv.org/abs/1907.13234
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1907.13234
https://doi.org/10.1016/j.cpc.2021.108125
https://arxiv.org/abs/2006.05510
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.05510
https://doi.org/10.1007/JHEP01(2021)199
https://arxiv.org/abs/2009.13917
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2009.13917
https://doi.org/10.1007/JHEP07(2014)088
https://doi.org/10.1007/JHEP07(2014)088
https://arxiv.org/abs/1401.6057
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1401.6057
https://doi.org/10.1007/JHEP01(2022)096
https://arxiv.org/abs/2110.10111
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2110.10111
https://doi.org/10.1007/JHEP10(2018)103
https://arxiv.org/abs/1807.09812
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1807.09812
https://doi.org/10.1007/JHEP20(2020)167
https://arxiv.org/abs/2009.07803
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2009.07803
https://doi.org/10.1007/JHEP06(2021)037
https://doi.org/10.1007/JHEP06(2021)037
https://arxiv.org/abs/2012.10635
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2012.10635
https://doi.org/10.1103/PhysRevLett.127.012001
https://arxiv.org/abs/2102.02516
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2102.02516
https://doi.org/10.1007/JHEP11(2021)012
https://arxiv.org/abs/2107.14733
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2107.14733


J
H
E
P
0
5
(
2
0
2
2
)
0
3
3

[34] S. Abreu, F. Febres Cordero, H. Ita, M. Klinkert, B. Page and V. Sotnikov, Leading-color
two-loop amplitudes for four partons and a W boson in QCD, JHEP 04 (2022) 042
[arXiv:2110.07541] [INSPIRE].

[35] C.G. Papadopoulos and C. Wever, Internal Reduction method for computing Feynman
Integrals, JHEP 02 (2020) 112 [arXiv:1910.06275] [INSPIRE].

[36] D. Binosi, J. Collins, C. Kaufhold and L. Theussl, JaxoDraw: A Graphical user interface for
drawing Feynman diagrams. Version 2.0 release notes, Comput. Phys. Commun. 180 (2009)
1709 [arXiv:0811.4113] [INSPIRE].

[37] A.V. Smirnov and F.S. Chuharev, FIRE6: Feynman Integral REduction with Modular
Arithmetic, Comput. Phys. Commun. 247 (2020) 106877 [arXiv:1901.07808] [INSPIRE].

[38] C.G. Papadopoulos, D. Tommasini and C. Wever, Two-loop Master Integrals with the
Simplified Differential Equations approach, JHEP 01 (2015) 072 [arXiv:1409.6114]
[INSPIRE].

[39] M. Heller, A. von Manteuffel and R.M. Schabinger, Multiple polylogarithms with algebraic
arguments and the two-loop EW-QCD Drell-Yan master integrals, Phys. Rev. D 102 (2020)
016025 [arXiv:1907.00491] [INSPIRE].

[40] M. Heller, Planar two-loop integrals for µe scattering in QED with finite lepton masses,
arXiv:2105.08046 [INSPIRE].

[41] D.D. Canko and N. Syrrakos, Resummation methods for Master Integrals, JHEP 02 (2021)
080 [arXiv:2010.06947] [INSPIRE].

[42] B. Jantzen, A.V. Smirnov and V.A. Smirnov, Expansion by regions: revealing potential and
Glauber regions automatically, Eur. Phys. J. C 72 (2012) 2139 [arXiv:1206.0546] [INSPIRE].

[43] A.V. Smirnov, FIESTA4: Optimized Feynman integral calculations with GPU support,
Comput. Phys. Commun. 204 (2016) 189 [arXiv:1511.03614] [INSPIRE].

[44] T. Huber and D. Maître, HypExp: A Mathematica package for expanding hypergeometric
functions around integer-valued parameters, Comput. Phys. Commun. 175 (2006) 122
[hep-ph/0507094] [INSPIRE].

[45] T. Huber and D. Maître, HypExp 2, Expanding Hypergeometric Functions about Half-Integer
Parameters, Comput. Phys. Commun. 178 (2008) 755 [arXiv:0708.2443] [INSPIRE].

[46] M. Czakon, Automatized analytic continuation of Mellin-Barnes integrals, Comput. Phys.
Commun. 175 (2006) 559 [hep-ph/0511200] [INSPIRE].

[47] https://mbtools.hepforge.org.

[48] M. Ochman and T. Riemann, MBsums — a Mathematica package for the representation of
Mellin-Barnes integrals by multiple sums, Acta Phys. Polon. B 46 (2015) 2117
[arXiv:1511.01323] [INSPIRE].

[49] S. Moch and P. Uwer, XSummer: Transcendental functions and symbolic summation in
form, Comput. Phys. Commun. 174 (2006) 759 [math-ph/0508008] [INSPIRE].

[50] J. Gluza, K. Kajda, T. Riemann and V. Yundin, Numerical Evaluation of Tensor Feynman
Integrals in Euclidean Kinematics, Eur. Phys. J. C 71 (2011) 1516 [arXiv:1010.1667]
[INSPIRE].

– 15 –

https://doi.org/10.1007/JHEP04(2022)042
https://arxiv.org/abs/2110.07541
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2110.07541
https://doi.org/10.1007/JHEP02(2020)112
https://arxiv.org/abs/1910.06275
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1910.06275
https://doi.org/10.1016/j.cpc.2009.02.020
https://doi.org/10.1016/j.cpc.2009.02.020
https://arxiv.org/abs/0811.4113
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0811.4113
https://doi.org/10.1016/j.cpc.2019.106877
https://arxiv.org/abs/1901.07808
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1901.07808
https://doi.org/10.1007/JHEP01(2015)072
https://arxiv.org/abs/1409.6114
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1409.6114
https://doi.org/10.1103/PhysRevD.102.016025
https://doi.org/10.1103/PhysRevD.102.016025
https://arxiv.org/abs/1907.00491
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1907.00491
https://arxiv.org/abs/2105.08046
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2105.08046
https://doi.org/10.1007/JHEP02(2021)080
https://doi.org/10.1007/JHEP02(2021)080
https://arxiv.org/abs/2010.06947
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2010.06947
https://doi.org/10.1140/epjc/s10052-012-2139-2
https://arxiv.org/abs/1206.0546
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1206.0546
https://doi.org/10.1016/j.cpc.2016.03.013
https://arxiv.org/abs/1511.03614
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1511.03614
https://doi.org/10.1016/j.cpc.2006.01.007
https://arxiv.org/abs/hep-ph/0507094
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0507094
https://doi.org/10.1016/j.cpc.2007.12.008
https://arxiv.org/abs/0708.2443
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0708.2443
https://doi.org/10.1016/j.cpc.2006.07.002
https://doi.org/10.1016/j.cpc.2006.07.002
https://arxiv.org/abs/hep-ph/0511200
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0511200
https://mbtools.hepforge.org
https://doi.org/10.5506/APhysPolB.46.2117
https://arxiv.org/abs/1511.01323
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1511.01323
https://doi.org/10.1016/j.cpc.2005.12.014
https://arxiv.org/abs/math-ph/0508008
https://inspirehep.net/search?p=find+EPRINT%2Bmath-ph%2F0508008
https://doi.org/10.1140/epjc/s10052-010-1516-y
https://arxiv.org/abs/1010.1667
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1010.1667


J
H
E
P
0
5
(
2
0
2
2
)
0
3
3

[51] S.C. Borowka, Evaluation of multi-loop multi-scale integrals and phenomenological two-loop
applications, Ph.D. thesis, Technische Universität München, München, Germany (2014)
[arXiv:1410.7939] [INSPIRE].

[52] S. Caron-Huot and J.M. Henn, Iterative structure of finite loop integrals, JHEP 06 (2014)
114 [arXiv:1404.2922] [INSPIRE].

[53] H. Frellesvig, D. Tommasini and C. Wever, On the reduction of generalized polylogarithms to
Lin and Li2,2 and on the evaluation thereof, JHEP 03 (2016) 189 [arXiv:1601.02649]
[INSPIRE].

[54] J. Vollinga, GiNaC: Symbolic computation with C++, Nucl. Instrum. Meth. A 559 (2006)
282 [hep-ph/0510057] [INSPIRE].

– 16 –

https://arxiv.org/abs/1410.7939
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1410.7939
https://doi.org/10.1007/JHEP06(2014)114
https://doi.org/10.1007/JHEP06(2014)114
https://arxiv.org/abs/1404.2922
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1404.2922
https://doi.org/10.1007/JHEP03(2016)189
https://arxiv.org/abs/1601.02649
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1601.02649
https://doi.org/10.1016/j.nima.2005.11.155
https://doi.org/10.1016/j.nima.2005.11.155
https://arxiv.org/abs/hep-ph/0510057
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0510057

	Introduction
	Hexabox integral families
	Pure bases and simplified canonical differential equations

	Boundary terms
	Integral representation
	Conclusions

