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Abstract: We explore how to improve the hybrid model description of the particles orig-
inating from the wake that a jet produced in a heavy ion collision leaves in the droplet of
quark-gluon plasma (QGP) through which it propagates, using linearized hydrodynamics
on a background Bjorken flow. Jet energy and momentum loss described by the hybrid
model become currents sourcing linearized hydrodynamics. By solving the linearized hydro-
dynamic equations numerically, we investigate the development of the wake in the dynam-
ically evolving droplet of QGP, study the effect of viscosity, scrutinize energy-momentum
conservation, and check the validity of the linear approximation. We find that linearized
hydrodynamics works better in the viscous case because diffusive modes damp the energy-
momentum perturbation produced by the jet. We calculate the distribution of particles
produced from the jet wake by using the Cooper-Frye prescription and find that both the
transverse momentum spectrum and the distribution of particles in azimuthal angle are
similar in shape in linearized hydrodynamics and in the hybrid model. Their normalizations
are different because the momentum-rapidity distribution in the linearized hydrodynamics
analysis is more spread out, due to sound modes. Since the Bjorken flow has no transverse
expansion, we explore the effect of transverse flow by using local boosts to add it into
the Cooper-Frye formula. After including the effects of transverse flow in this way, the
transverse momentum spectrum becomes harder: more particles with transverse momenta
bigger than 2GeV are produced than in the hybrid model. Although we defer implementing
this analysis in a jet Monte Carlo, as would be needed to make quantitative comparisons
to data, we gain a qualitative sense of how the jet wake may modify jet observables by
computing proxies for two example observables: the lost energy recovered in a cone of vary-
ing open angle, and the fragmentation function. We find that linearized hydrodynamics
with transverse flow effects added improves the description of the jet wake in the hybrid
model in just the way that comparison to data indicates is needed. Our study illuminates
a path to improving the description of the wake in the hybrid model, highlighting the
need to take into account the effects of both transverse flow and the broadening of the
energy-momentum perturbation in spacetime rapidity on particle production.
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1 Introduction

Jets are collimated sprays of particles produced in high energy collisions originating from
the production of energetic quarks and gluons which in turn each fragments into a shower
of quarks and gluons that subsequently hadronize. These objects play a central role in
our understanding of collider physics. In the vacuum, as well as in low density hadronic
environments such as pp collisions at the LHC, the physics processes that lead to the
formation of these QCD structures are under excellent theoretical and experimental control.
This knowledge has transformed those objects into precision tools to understand the physics
of the Standard Model and to explore beyond. In dense hadronic environments, like those
created in heavy ion collisions at RHIC and the LHC, while our understanding of the
properties of these objects are still under intense theoretical investigation [1–9, 9–36], jets
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are of particular importance since they act as probes of the quark-gluon plasma (QGP)
created in those collisions.

The generic phrase used to describe the modification of jets as they traverse a droplet
of QGP is “jet quenching”. In early studies, the focus was on how the total energy of a jet
is degraded; in recent years much attention has been paid to how the shape or structure of
the jets are modified in other ways. When jets traverse the plasma, the energetic partons
within a jet shower interact with the plasma constituents and, as a result, lose energy to the
medium. Many studies have focused on describing how this parton energy loss mechanism
takes place. This by itself is a complicated task, since the interaction between energetic
partons and the medium that they probe incorporates physics at multiple scales, from the
perturbative dynamics of the short distance splitting processes via which the shower of ener-
getic partons develops to the long distance strongly coupled dynamics of the medium. Since
the particular modification of any given jet depends on the parton shower history and varies
quite substantially event-by-event, with jets with the same total energy but differing shower
structure experiencing very different fractional energy loss and different modifications to
their shape, a significant theoretical effort has been devoted to the development of Monte
Carlo simulators of jet production events in heavy ion collisions [24, 25, 29–31, 34–55].

Complementary to the modification of internal structure of jets, jet quenching also
leads to a modification of the medium those objects traverse. This process, which is gener-
ically referred to as the backreaction of the medium, is a consequence of the injection of
energy and momentum lost by the jet into the plasma. Because momentum is conserved,
the wake created in the medium as the jet loses energy and momentum necessarily gives
the medium a net momentum in the jet direction, yielding a correlation between the bulk
dynamics of the medium and the jet direction. This means that when an experimental-
ist reconstructs a jet from the hadrons in the final state of the collision, no background
subtraction procedure can remove all the particles coming from the hadronization of the
medium. What the experimentalist reconstructs as a jet includes hadrons (and energy and
momentum) originating from the wake in the medium created by the passing jet as well
as hadrons (and energy and momentum) originating from the shower of energetic partons
(“the jet itself”) after modification by their passage through the medium. Even though the
particle production associated with the jet itself (with its modified internal structure) and
that associated with the hadronization of the wake in the medium are quite different in
character and origin, it is impossible to separate these two contributions to jet observables
at colliders. Therefore, a complete description of collider jet data requires an understand-
ing of the dynamics of the backreaction of the medium. Since one of the most striking
features of the QGP medium is its almost perfect fluid behavior, a natural expectation is
that the dynamics of the “lost” energy, which is to say the dynamics of the wake in the
medium, is also well captured by hydrodynamics. These hydrodynamic structures have
important consequences for the description of jet observables in heavy ion collisions. Ear-
lier studies applied linearized hydrodynamics with the energy and momentum lost by the
jets as external currents, assuming the perturbation caused by the jet energy and momen-
tum deposition into the medium is small [56–61]. Many subsequent studies followed this
line of thinking [62–65]. More recent studies relaxed the assumption that the perturba-
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tion is linear and carried out more complete analyses using full hydrodynamics [66–70]. A
combination of hydrodynamics and weak-coupling partonic transport has also been devel-
oped [71]. However, these full hydrodynamic analyses are computationally very expensive.

In this paper we will explore the medium backreaction anew, aiming at a simpler de-
scription that can be more efficiently implemented into Monte Carlo generators. While our
analysis will not depend on the particular model for jet-medium interactions, we will take
inspiration from the hybrid strong/weak coupling model that some of us have developed
over the last few years [24, 25, 29, 31, 34, 36]. This model aims at combining a perturba-
tive description of the parton shower at short distances with a non-perturbative, strongly
coupled, description of the interaction between partons in the shower and the strongly
coupled hydrodynamic medium via the gauge/gravity duality [72–102]. In addition, in
this hybrid model a very simple prescription for medium backreaction was introduced [29].
This was based on a small perturbation analysis of the medium response on top of an
ideal hydrodynamics, together with the assumption that the resulting modification to the
final state hadron spectra are small at all pT . Under certain assumptions, which we will
review in section 4, a simple prescription solely controlled by energy-momentum conser-
vation was introduced. Though easy to implement numerically, this prescription for the
jet wake particle production in the hybrid model is too soft: comparison to experimental
measurements [103–105] shows that it yields too many particles with pT < 1GeV and not
enough particles with pT & 2GeV. (See, for example, figures 10, 11, 13 and 14 of ref. [29].)

In this work we will address known oversimplifications of the hybrid model prescription
and explore their possible observable consequences. As a first step towards this goal, we
apply the framework of linearized hydrodynamics on top of a 1 + 1D boost invariant hy-
drodynamics (the Bjorken fluid), by assuming the energy and momentum deposited by the
high energy partons in the jet shower are small. By solving the linearized hydrodynamic
equations numerically, we demonstrate the time evolution of the jet wake and scrutinize the
energy and momentum conservation in the evolution. Furthermore, we investigate the effect
of viscosity on the bulk dynamics of the jet wake perturbation and on the assumed linear
approximation. Then, we convert the jet wake into particle production by using the Cooper-
Frye formula. We find that the particle distribution from the linearized hydrodynamics is
similar to that from the hybrid model, except that the momentum-rapidity distribution in
the former is more spread out. While our hydrodynamic analysis itself does not include
transverse expansion, we can nevertheless also explore the effect of transverse flow. We do so
by introducing a transverse flow profile, extracted from a 2+1D viscous hydrodynamic sim-
ulator “VISHNU” [106, 107] and calibrated with experimental observables of light particles
at low transverse momentum [108], to appropriately boost the jet-induced fluid disturbances
and explore the effects of transverse flow on the hadronization of the wake via the Cooper-
Frye formula. We find that the transverse flow makes the particle production from the wake
harder than in the hybrid model, in line with indications from experimental measurements.
We will also explore how this improvement in the backreaction description could influence
jet observables by studying the recovery of energy induced by particles from the wake in
conical regions around the direction of the wake (and jet) as well as the momentum distribu-
tion of those particles, which affects the fragmentation functions for medium-modified jets.
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This paper is organized as follows: in section 2, we introduce our framework of lin-
earized hydrodynamics on a background Bjorken flow. We also explain how to convert
the energy loss rate into external currents of energy and momentum in the hydrodynamic
equations. Then in section 3, we explain the numerical recipes to solve the linearized hy-
drodynamics in detail. In this section we also discuss the jet wake development, tests of
energy-momentum conservation, and tests of the validity of the linear approximation. We
study distributions of particles produced from the jet wake in section 4. We also provide
comparisons between the results from the linearized hydrodynamics, with and without the
effects of transverse flow, and the hybrid model prescription. And, we discuss the depen-
dence of the effects of transverse flow on hadron mass. Next, in section 5 we consider the
potential effects from the jet wake on jet observables. Finally, we draw conclusions and
look ahead in section 6.

2 Linearized hydrodynamics on Bjorken flow

One of the most striking properties of the QGP as produced in high-energy colliders is
that it behaves as an almost perfect fluid. This means that the collective properties of bulk
particle production, with transverse momentum smaller than a few GeV are correctly cap-
tured by a hydrodynamical description of the medium in which all dynamics are reduced
to the conservation of the energy momentum tensor, which is approximated by a gradient
expansion around equilibrium. However, harder particles may not be assumed to be part of
the fluid; as a extreme example, high-energy jets contain fragments of several tens of GeV,
which do not have time to arrive close to thermal equilibrium and may be viewed as external
probes of the medium. Certainly, the distinction between these two different sets of com-
ponents is not sharp; a complete description of the jet-medium interaction should be able
to account for the dynamics at all energy scales and only below some scale those dynamics
would be well approximated by hydrodynamics. However, since currently such description
is not available, in this paper we will simply assume that such separation between soft and
hard modes exists and that the soft modes are well described via hydrodynamics.

From the point of view expressed above, the energy loss that jets experience in the
medium may be viewed as a transfer of energy from hard modes to soft modes. While the
overall energy-momentum tensor of the system is conserved, from the point of view of the
energy-momentum tensor of soft, bulk particles, Tµν this energy-momentum transfer may
be viewed as source in the conservation equation, which we may write as

∇µTµν = Jν , (2.1)

where Jν depends on the distribution and dynamics (e.g. energy loss) of hard modes which,
in the case of jet-medium interactions, depend on the jet properties.

In the absence of a source, since, as already stated, the dynamics are captured by
hydrodynamics, the energy-momentum of soft bulk matter can be written in a gradient
expansion. (See refs. [109, 110] for recent reviews.) The building blocks of this approx-
imation are the (local) energy density field ε and the fluid velocity field uµ, normalized
by u2 ≡ uµu

µ = 1. The energy-momentum tensor is then constructed using symmetry
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properties and a power-counting prescription based on the total order of derivatives. To
linear order in gradients and neglecting the bulk viscosity for simplicity, we have

Tµν = (ε+ P )uµuν − Pgµν + 2η∇〈µuν〉 , (2.2)

Here P denotes the equilibrium pressure, which is a function of ε, gµν stands for the metric
tensor and η is the shear viscosity. The shear term can be written as

2∇〈µuν〉 = ∆µρ∇ρuν + ∆νρ∇ρuµ −
2
3∆µν∇ρuρ , (2.3)

where ∆µν ≡ gµν − uµuν .
The main assumption in the hydrodynamic description of the medium backreaction is

that the disturbance of the bulk motion of the hydrodynamic fluid (the wake) introduced
by the jet can also be described via hydrodynamics. This implies that, also in the presence
of the source, the energy-momentum tensor may be approximated in a gradient expansion
as in eq. (2.2). Certainly, this will be the case sufficiently far away from the jet, when the
disturbance has relaxed and is characterised by long-wavelength modes. However, close
to the jet the gradients of the flow field will be larger, which may challenge the hydro-
dynamic assumption. Nevertheless, explicit numerical analysis of the out-of-equilibrium
dynamics of both strongly coupled and weakly coupled gauge theories (see the pioneer-
ing works [111–115] and see refs. [92, 98, 110, 116, 117] for recent reviews) as well as the
recent studies of hydrodynamic attractors [118–122] suggest that hydrodynamics may be
applicable even when gradients are large and the matter is away from local thermal equi-
librium, although a non-hydrodynamic explanation of the attractor phenomenon in terms
of a pre-hydrodynamic epoch during which the dynamics is dominated by one or a few low-
lying modes in an effective Hamiltonian would delay the onset of hydrodynamization [123].
Furthermore, explicit analysis of the medium response to an energetic colored object in
strongly-coupled gauge theories [79–81, 85–87, 91, 92] demonstrates that, at least in the
strongly coupled fluid of N = 4 supersymmetric Yang-Mills theory, the energy-momentum
tensor disturbance induced by these energetic particles behave hydrodynamically even at
distances as short as 1/πT away from the jet. These theoretical advances motivate us to
explore the observable consequences of a hydrodynamic treatment of the backreaction of
the medium to high-energy jets in heavy ion collisions. Similar explorations have been
performed in refs. [56–59, 62–70].

In addition to assuming the validity of hydrodynamics, in this work we will assume that
the disturbance introduced by the external current Jµ is small and leads to a perturbation
of the stress-energy tensor that can be well-approximated as linear. This assumption
allows us to decompose the total stress-energy tensor into two parts: Tµν(0) + δTµν , where
Tµν(0) denotes the stress-energy tensor of the background fluid in the absence of the external
current and δTµν is the stress-energy tensor of the perturbation induced by the external
current. These two components evolve according to

∇µTµν(0) = 0 (2.4)
∇µδTµν = Jν . (2.5)
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The first of these two equations controls the collective flow of matter in the absence of the
jet. The second equation determines the backreaction of the soft modes to the passage of
the jet. We want to emphasize that these two equations are not independent from each
other. The perturbation piece δTµν generally depends on the details on the background
fluid expansion, encoded by Tµν(0) . However, the backreaction on the background fluid Tµν(0)
from the perturbation δTµν can be neglected since the perturbation is assumed to be small.

Because of the interconnection between these two components, to proceed further we
need to specify the flow of the background fluid. In a realistic simulation, this bulk flow
depends on the particular properties of each event, such as the geometry introduced by
the impact parameter of the collision and the fluctuations coming from the nucleonic and
subnucleonic structure of the colliding nuclei. While detailed hydrodynamic simulations of
the bulk dynamics for such configurations are publicly available, in this exploratory work we
will simplify the description of this flow and postpone the analysis of the interplay between
the backreaction and the variation of the flow properties in different events to future work.
For this reason, in this work we consider the simplest model for the background expansion:
the Bjorken (or boost invariant) flow, which assumes homogeneity in the transverse plane
and, therefore, has no transverse expansion. We leave analysis of linearized hydrodynamic
perturbations on top of a radially expanding background flow to future studies.

It is easy to define the Bjorken flow in the Milne (τ, x, y, ηs) coordinate system,
where ηs denotes the spacetime-rapidity and the subscript “s” is used to distinguish it
from the shear viscosity. In this coordinate system, the metric tensor is given by gµν =
diag(1,−1,−1,−τ2) and the covariant derivative on a (contravariant) vector field can be
written as ∇νuµ = ∂νu

µ + Γµρνuρ. Here ∂ν denotes the standard derivative and the non-
vanishing Christoffel symbols are given by

Γτηη = τ , Γηητ = Γητη = 1
τ
. (2.6)

The velocity field in the Bjorken flow is given in these coordinates by

uµ0 ≡ (uτ0 , ux0 , u
y
0, u

ηs
0 ) = (1, 0, 0, 0) . (2.7)

Then one can work out the shear term in the stress-energy tensor: 2∇〈µuν〉0 =
diag(0, 2

3τ ,
2

3τ ,
−4
3τ3 ). The hydrodynamic equation ∇µTµν(0) = 0 for the background Bjorken

flow is given by
∂ε0
∂τ

+ ε0 + P0
τ

− 4η
3τ2 = 0 . (2.8)

To solve the hydrodynamic equation (2.8), we need the equation of state that relates P0 to
ε0. We will use the textbook result for a non-interacting gas of gluons and Nf = 2 flavors
of massless quarks, which is not far from the results of lattice QCD calculations of the
QCD equation of state for QGP with Nf = 2 + 1 (2 light and 1 strange quarks) at high
temperature [124]. For the background energy density and pressure, we have

ε0 + P0 = Ts0 = 4g
π2T

4 , (2.9)
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where s0 is the entropy density and g = 40 is the number of massless degrees of freedom
in non-interacting Nf = 2 QGP. This equation of state leads to a speed of sound

c2
s ≡

P0
ε0

= 1
3 , (2.10)

which also controls the dynamics of the fluid perturbation.
To solve the system, we also need to specify the value of the viscosity. In this paper, we

will consider and compare two characteristic values of this transport coefficient: the ideal
case, η = 0; and the value inferred from strongly coupled computations η = s

4π , where s
denotes the entropy density.

To explicitly write out the hydrodynamic equation ∇µδTµν = Jν for the perturbation,
we must work out the explicit expressions for the perturbed stress-energy tensor δTµν and
the external current Jν , which is what we are going to do in the next two subsections.

2.1 Linear perturbation of Bjorken flow

As discussed earlier, we assume the perturbation caused by the jet energy and momentum
deposition leads to a small perturbation. So, the perturbed velocity field can be written as

uµ = uµ0 + δuµ = (1, δux, δuy, δuηs) . (2.11)

Since the perturbation δuµ is small, the fluid velocity is still properly normalized if we
neglect higher order terms beyond the linear order: (uµ0 + δuµ)2 = 1 +O((δu)2).

The total stress-energy tensor Tµν with the perturbation can be calculated by plugging
uµ0 + δuµ into eq. (2.2) and decomposing ε = ε0 + δε and P = P0 + δP . Since ε+ P = Ts

and η = s
4π , we also decompose the shear viscosity

η = η0 + δη = s0
4π + δs

4π = s0
4π + γη δε , (2.12)

where δε = Tδs and we have defined

γη ≡
η0

ε0 + P0
= η0
Ts0

. (2.13)

The physical significance of γη is that it controls the relaxation time of hydrodynamic
excitations of the fluid. Expanding the expression (2.2) for Tµν to linear order in the
perturbation and subtracting the unperturbed background Tµν(0) , we find

δTµν =


δε

δP

δP
δP
τ2

+(ε0 +P0)


δux δuy δuηs

δux

δuy

δuηs

+δη


0

2
3τ

2
3τ

− 4
3τ3

 (2.14)

+η0


0 2

3τ δu
x 2

3τ δu
y − 4

3τ δu
ηs

2
3τ δu

x Axx −∂xδuy−∂yδux −∂xδuηs− 1
τ2∂ηsδu

x

2
3τ δu

y −∂yδux−∂xδuy Ayy −∂yδuηs− 1
τ2∂ηsδu

y

− 4
3τ δu

ηs − 1
τ2∂ηsδu

x−∂xδuηs − 1
τ2∂ηsδu

y−∂yδuηs Aηsηs

 ,
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where

Axx = −4
3∂xδu

x + 2
3∂yδu

y + 2
3∂ηsδu

ηs (2.15)

Ayy = −4
3∂yδu

y + 2
3∂xδu

x + 2
3∂ηsδu

ηs (2.16)

Aηsηs = − 4
3τ2∂ηsδu

ηs + 2
3τ2∂xδu

x + 2
3τ2∂yδu

y . (2.17)

We use the short-hand notation ∂x = ∂
∂x and similarly for y, ηs and τ .

The linearized hydrodynamic equation ∇µδTµν = ∂µδT
µν +ΓµρµδT ρν +ΓνρµδTµρ = Jν

can then be written as

∂τδε+
(

1− γη
τ

)
δε+ δP

τ
+ ∂x

(
(ε0 + P0)δux + 4η0

3τ δu
x
)

+∂y
(

(ε0 + P0)δuy + 4η0
3τ δu

y
)

+ ∂ηs

(
(ε0 + P0)δuηs − 8η0

3τ δu
ηs

)
= Jτ (2.18)(

∂τ + 1
τ

)(
(ε0 + P0)δu⊥ + 2η0

3τ δu
⊥
)

+ ∂⊥δP + 2γη
3τ ∂⊥δε

−η0

(
∂⊥2 +

∂2
ηs

τ2

)
δu⊥ − 1

3η0∂⊥
(
∂⊥ · δu⊥ + ∂ηsδu

ηs
)

= J⊥ (2.19)(
∂τ + 3

τ

)(
(ε0 + P0)δuηs − 4η0

3τ δu
ηs

)
+ 1
τ2∂ηsδP −

4γη
3τ3∂ηsδε

−η0

(
∂2
x + ∂2

y +
∂2
ηs

τ2

)
δuηs − 1

3τ2 η0∂ηs

(
∂⊥ · δu⊥ + ∂ηsδu

ηs
)

= Jηs , (2.20)

where the bold symbols denote Euclidean 2-vectors and the dot product between two
Euclidean vectors is given by a · b = axbx + ayby.

We solve the equations of linearized hydrodynamics in momentum space. For simplic-
ity, we define

g⊥(τ,x⊥, ηs) ≡ (ε0 + P0)δu⊥ (2.21)
gη(τ,x⊥, ηs) ≡ (ε0 + P0)δuηs . (2.22)

The Fourier transformed quantities in momentum space, which we denote by δε̃, g̃⊥, g̃η,
and J̃µ are then defined via

δε(τ,x⊥, ηs) =
∫ dkη d2k⊥

(2π)3 eik
⊥·x⊥+ikηηsδε̃(τ,k⊥, kη) (2.23)

g⊥(τ,x⊥, ηs) =
∫ dkη d2k⊥

(2π)3 eik
⊥·x⊥+ikηηs g̃⊥(τ,k⊥, kη) (2.24)

gη(τ,x⊥, ηs) =
∫ dkη d2k⊥

(2π)3 eik
⊥·x⊥+ikηηs g̃η(τ,k⊥, kη) (2.25)

Jµ(τ,x⊥, ηs) =
∫ dkη d2k⊥

(2π)3 eik
⊥·x⊥+ikηηs J̃µ(τ,k⊥, kη) (2.26)

where we are slightly abusing the notation: we use gη instead of gηs in the definitions and
the momentum conjugate to the spacetime-rapidity ηs is labeled kη rather than kηs . We
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believe the physical meanings of gη and kη are clear; they have nothing to do with the
shear viscosity η.

Plugging the Fourier transforms into the linearized hydrodynamic equations and using
the definition of the speed of sound, we obtain the equations for the excitation in Fourier
space. In these equations, we will perform one additional approximation: we neglect all
terms that are suppressed by a factor of order γη/τ relative to terms that are of order
unity, with γη as defined in (2.13). This approximation is motivated by the origin of the
hydrodynamic approximation as a gradient expansion and by observing that due to the
boost invariant symmetry assumed in Bjorken flow, the gradients of the velocity field scale
as 1/τ . In essence this approximation amounts to considering the flow field in regions
where γη

τ � 1, where the strict gradient expansion is valid. With this approximation, the
equations for the perturbations are (

∂τ + 1 + c2
s

τ

)
δε̃+ ik⊥ · g̃⊥ + ikη g̃η = J̃τ (2.27)(

∂τ + 1
τ

)
g̃⊥ + ic2

sk
⊥δε̃+ γη

(
k⊥

2 + kη2

τ2

)
g̃⊥ + 1

3γηk
⊥(k⊥ · g̃⊥ + kη g̃η) = J̃

⊥ (2.28)(
∂τ + 3

τ

)
g̃η + ic2

sk
η

τ2 δε̃+ γη

(
k⊥

2 + kη2

τ2

)
g̃η + 1

3τ2 γηk
η(k⊥ · g̃⊥ + kη g̃η) = J̃ηs . (2.29)

For later convenience, we decompose g̃⊥ into the longitudinal g̃L and transverse g̃T modes:

g̃L ≡
1
|k⊥|

k⊥ · g̃⊥ (2.30)

g̃T ≡ g̃⊥ − k⊥

|k⊥|
g̃L . (2.31)

Then from (2.28) we obtain the hydrodynamic equations for g̃L and g̃T :(
∂τ + 1

τ

)
g̃L + ic2

s|k⊥|δε̃+ γη

(
k⊥

2 + kη2

τ2

)
g̃L

+1
3γη|k

⊥|(|k⊥|g̃L + kη g̃η) = k⊥ · J̃⊥

|k⊥|
(2.32)

(
∂τ + 1

τ

)
g̃T + γη

(
k⊥

2 + kη2

τ2

)
g̃T = J̃

⊥ − k⊥k⊥ · J̃⊥

|k⊥|2
. (2.33)

These equations illustrate the convenience of the decomposition of the momentum flux we
have just introduced, since we see that the hydrodynamic equation for the transverse mode
decouples from the other equations. This is the manifestation of the diffusive mode of a
homogeneous plasma in this expanding system. In contrast, the longitudinal mode couples
with the energy perturbation δε̃ and the ηs-momentum perturbation g̃η. This coupled
channel describes the sound excitations of the system. These two channels are sourced
by different components of the current Jµ. To be able to solve the dynamics, we need to
specify the functional form of this source.
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2.2 External current from hybrid model

In this subsection we describe how we treat the energy deposition by the jet into the plasma
and how we use this knowledge to model the source term that feeds the hydrodynamic
response of the medium. While detailed calculations of the energy loss rate of hard partons
propagating plasma are available in the literature, the hydrodynamization processes via
which this energy becomes a modification to (e.g. a wake in) the hydrodynamic fluid and
the manifestation of these deposition and hydrodynamization processes via this type of
source terms is not under good theoretical control. For this reason, the specification of this
source will require additional assumptions. Whenever possible, we will draw inspiration
from explicit computations of the jet-medium interaction in both the weak and strong
coupling limits.

Although some of our consideration will be general, to make the analysis concrete we
will focus on the strong-coupling limit of jet-medium interaction and use knowledge from
the N = 4 SYM description via a gravity dual. Following the hybrid strong/weak coupling
model perspective, we will employ the following energy loss rate for a single hard particle
traversing the fluid [97, 99]

dE
dτ = 4

π
Ein

τ2

`2stop

1√
`2stop − τ2

(2.34)

`stop = 1
2κsc

E
1/3
in

T 4/3 , (2.35)

where Ein is the “incoming” energy of the parton, before it loses any energy to the hy-
drodynamic medium, and T is the local temperature of the QGP medium. In strongly
coupled N = 4 SYM, this energy loss rate is fixed and the parameter κsc = 1.05λ1/6, with
λ the ’t Hooft coupling. In the hybrid strong/weak coupling model it is assumed [24] that
the functional form of this rate remains the same in strongly coupled QCD as in strongly
coupled N = 4 SYM gauge theory and that all differences between these two theories can
be condensed into the value of this parameter, which becomes a fitting parameter of the
model. Taking the phenomenological analysis of ref. [34] as a guide, we shall choose the
value κsc = 0.4 throughout this paper.

In a future Monte Carlo study, we would apply the rate of energy loss (2.34) and
the entire analysis of the present paper to each energetic parton in each jet shower in an
ensemble of events in which in each event jets are produced at a different location and
propagate in different directions (typically two or more jets, which may have interesting
consequences [65, 125]) within an expanding, cooling, droplet of QGP. In the present study,
we shall simplify things by considering only a single energetic parton traversing the (boost
invariant; Bjorken) hydrodynamic fluid.

To fix the total energy-momentum injection from the hard parton into the plasma we
also need to determine the rate of momentum loss. We can easily relate this rate to the
rate of energy loss by assuming that the parton moves at the speed of light with a fixed
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spacetime rapidity ηs parton and transverse direction n̂⊥parton,

dP i = vi dE (2.36)

v⊥ =
n̂⊥parton

cosh(ηs parton) (2.37)

vz = tanh (ηs parton) . (2.38)

These rates then constrain the functional form of the current Jµ that describes the injection
of energy and momentum into the medium but do not by themselves fix it, as we shall see.

Working in Milne coordinates and assuming that the disturbances induced by the jet
fall sufficiently fast at spacetime rapidities away from the jet, we can begin by relating
Jµ to the rates of energy and momentum loss by integrating over the space-like fixed-τ
hypersurface. By means of Stokes’ theorem∫

τ dx dy dηs J t = d
dτ

∫
τ dx dy dηs δT tτ = dE

dτ (2.39)∫
τ dx dy dηs J i = d

dτ

∫
τ dx dy dηs δT iτ = dP i

dτ , (2.40)

where t, i = x, y, z are Minkowski spacetime coordinates and we have used the fact that
the energy and momentum fluxes through the fixed τ -hypersurface are the changes to the
energy and momentum stored in soft modes of the system, e.g. in the hydrodynamic fluid.
Details of the construction of conservation laws from the Killing vector and the stress-energy
tensor are provided in appendix A, as are the conservation laws for the background Bjorken
flow. Eqs. (A.5), (A.6), (A.7) in appendix A provide the explanation for why it is correct
that in (2.39) we see a relationship between J t, with t the Minkowski time, and dE/dτ .

The integral constraints (2.39) and (2.40) will serve to fix the magnitude of Jµ but
they do not fix the full functional form of the current. Following physical reasoning, the
simplest assumption is that most of the energy deposition occurs in some small region
around the local position of the hard parton while it is traversing the plasma. Assuming a
Gaussian parametrization for the deposition process of energy and momentum in the rest
frame of the fluid cell, we write the current (in Milne coordinates) as

Jµ(τ, x, y, ηs) (2.41)

= Cµ(τ)
(2π)3/2σ2σηs

exp
(
− (x− xparton(τ))2 + (y − yparton(τ))2

2σ2 − (ηs − ηs parton)2

2σ 2
ηs

)
,

where (xparton(τ), yparton(τ), ηs parton) is the transverse position at time τ , and the
spacetime rapidity, of the energetic parton propagating through — and losing energy
and momentum to — the medium, and where σ and σηs are the Gaussian widths in the
transverse and spacetime-rapidity directions, respectively. With this parametrization and
for fixed values of the width parameters, the τ -dependent functions Cµ(τ) are fixed by
the rates of energy and momentum loss through the integral constraints (2.39) and (2.40).
Using the relations between the Minkowski t and z components of Jµ and the Milne τ
and ηs components, namely

J t = (cosh ηs)Jτ + τ(sinh ηs)Jη (2.42)
Jz = (sinh ηs)Jτ + τ(cosh ηs)Jη , (2.43)
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as well as eqs. (2.39), (2.40), we obtain

Cτ (τ) =
(

cosh(ηs parton)− sinh2(ηs parton)
cosh(ηs parton)

)1
τ

dE
dτ exp

(
−
σ2
ηs

2

)
(2.44)

C⊥(τ) = n̂⊥

cosh(ηs parton)
1
τ

dE
dτ (2.45)

Cηs(τ) = 0 . (2.46)

After fixing these coefficients we have fully specified the source term and we are now ready
to solve the linearized hydrodynamics equations, (2.27), (2.29), (2.32), (2.33), (2.34), (2.41),
to study the jet wake. In the next section, we will explain the numerical procedure that we
use to solve these equations and to generate the medium response to a high-energy parton.

3 Numerical solution

3.1 Numerical setup

In the previous section, we have completely specified the equilibrium and transport prop-
erties of the system we simulate as well as the rates of energy and momentum loss that
govern the energy and momentum injected into the medium and the equations that govern
the medium response. Prior to solving these equations and describing the backreaction
of the medium numerically, we also need to describe the geometry and parameters that
specify the events we simulate.

As we have said, in this paper we shall choose a particularly simple hydrodynamic
solution for the bulk fluid, treating it as a longitudinally expanding boost invariant fluid
with no transverse expansion. We take the initial temperature of the fluid to be T0 =
400MeV at an initial time that we choose to be τ0 = 0.6 fm/c. The bulk matter then evolves
hydrodynamically, expanding longitudinally and cooling, in a way that is determined by the
equation of state and shear viscosities specified above. We shall assume that the background
flow freezes out, which is to say hadronizes, when the local temperature drops to a freezeout
temperature that we choose to be Tf = 154MeV. The freezeout time is τf ≈ 10.5 fm/c for
the ideal case in which we choose η = 0 and is τf ≈ 11.7 fm/c when we choose a fluid with
nonzero shear viscosity, specifically η0 = s0/(4π). When the fluid viscosity is nonzero, heat
can be generated as the fluid expands; this is why it takes a little longer for the fluid to cool
to Tf . While the first order hydrodynamic equation (2.8) is known to lead to unphysical
behavior due to the acausal nature of the relativistic Navier-Stokes equations, for the values
of η0/s0, τ0 and T0 that we use in this work — which satisfy τ0T0 � η0/s0 — these effects
are negligible and the solution of the equation (2.8) provides a good description of the
evolution of the system obtained with causal completions of hydrodynamics [126].

On top of this fluid, we now wish to compute the linearized hydrodynamic response
to an energetic probe traversing the medium and losing energy at the rate (2.34), with the
strong coupling parameter taken to be κsc = 0.4. We shall choose the Gaussian widths in
eq. (2.41) as σ = 1

πT and σηs = 1
π . We will study a high energy parton with an initial energy

Ein = 100GeV that starts at a point (x0, y0) in the transverse plane and travels along the
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+x-direction in the transverse plane and ηs parton = 0. We assume the jet direction does
not change during the in-medium evolution, so xparton(τ) = x0 + 1

cosh(ηs parton)(τ − 0.6) fm,
yparton(τ) = y0. The shape of the solution is independent of the choice of x0 and y0, since
our fluid is translation-invariant in the transverse directions. In a future Monte Carlo study
we would choose the probability distribution for x0 and y0 for an ensemble of jets using a
Glauber model and would choose their direction of propagation at random. In the present
calculation, with a medium that is homogeneous in the transverse directions, any choice
of x0 and y0 is as good as any other, as long as we make sure that the wake generated is
contained within the box that we use for our numerical computation.

Later, in section 4, we shall model the effects of transverse, radial, flow by using the
velocity field extracted from a longitudinally boost invariant 2 + 1D viscous hydrodynamic
simulation of a central heavy ion collision to boost the hadrons that freezeout from each
point on a freezeout surface. Doing so will mean that each point in the medium is no longer
equivalent to others, and in particular will require choosing a point in the transverse plane
that is the origin for the radial flow, which need not be the same as the point where the
high energy parton starts. This also means that, in section 4, it will be necessary for us
to make sure that (most of) our wake falls within the transverse extent of the freezeout
surface extracted from the 2 + 1D hydrodynamic simulation.

We introduce an additional parameter τe, after which the jet energy loss is switched
off. This parameter is necessary since our system is infinite in extent and homogeneous
in the transverse plane and, unlike in a real collision, jets never leave the plasma. To
mimic the finite size of a real collision, we impose that for τ > τe, the right hand sides
of (2.27), (2.28), (2.29) vanish. We can change the value of τe to change how much energy
the jet loses during the in-medium evolution.

Once all parameters are specified we are ready to simulate the medium response nu-
merically. We do the calculation in momentum space, solving the Fourier transformed
versions of the linearized hydrodynamics equations, namely eqs. (2.27), (2.28), (2.29). We
discretize momentum in a grid of size Nx×Ny×Nη, where Ni is the number of grid points in
the i-direction in momentum space. We choose the momentum ranges kx ∈ [−10, 10]GeV,
ky ∈ [−10, 10]GeV, kη ∈ [−60, 60]. We solve the linearized hydrodynamics equations at
each momentum grid point by using the fourth-order Runge-Kutta method and then do
the Fourier transform to go back to position space. Contributions outside the momentum
ranges specified above are suppressed exponentially because of our Gaussian parametriza-
tion (2.41) of the source. In practice, we only need to solve the linearized hydrodynamics
equations for points in momentum space with kη ∈ [−20, 20] since it turns out that contri-
butions from |kη| ∈ [20, 60] are already exponentially suppressed.

Our choice of the momentum range for kx gives a resolution of ∆x = π
(kx)max

≈ 0.06 fm
in the transverse plane with (kx)max = 10GeV, and similarly for the y-direction. For the
ηs-direction, the resolution power is ∆ηs = π

60 ≈ 0.05. The range of the x, y, ηs space
included in our calculation is a box of size πNx

(kx)max
× πNy

(ky)max
× πNη

(kη)max
centered at the origin.

That is, we establish as our convention that x0 = y0 = 0 corresponds to the center of
our calculational box. We must then choose Nx, Ny and Nη large enough such that our
calculational box encompasses the whole jet wake in the transverse plane and spacetime
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rapidity. The conditions can be approximately written as

x0 + σ + (τe − τ0) + cs(τf − τe) <
πNx

2(kx)max
(3.1)

−x0 + σ + cs(τf − τ0) < πNx

2(kx)max
(3.2)

σ + cs(τf − τ0) < πNy

2(ky)max
(3.3)

σηs + cs(τf − τ0) < πNη

2(kη)max
. (3.4)

where the left-hand-side of the first line gives the farthest distance the jet wake can reach
along +x direction while left-hand-side of the second line gives that along −x direction. In
the viscous case, the size of the jet wake can be somewhat bigger than the above estimate
because perturbations to the hydrodynamic fluid can diffuse in addition to spreading at the
speed of sound. Since the farthest distances along the +x and −x directions are different,
we can optimize the value of x0 to minimize the required value for Nx, which further reduces
the computing resources needed to solve the linearized hydrodynamics. After fixing Nx,
we choose Ny = Nx by symmetry.

We shall present results from two calculations in this paper:

1. The high energy parton traverses an ideal Bjorken fluid starting from τ0 = 0.6 fm/c
and losing energy and momentum until τe = 4.6 fm/c. We choose x0 = −1.5 fm,
y0 = 0 for the position of the energetic parton at τ0, whose direction of motion we
choose to be in the positive x direction. This choice of the direction and point of
origin of the high energy parton ensures that the wake that the parton excites in the
fluid remains within our calculational box until freezeout at τf = 10.5 fm/c, as we
specify the size of our calculational box by choosing Nx = Ny = 275 and Nη = 751.

2. Same as Case 1, but the fluid is a viscous Bjorken fluid with η0/s0 = 1/(4π), which
freezes out at τf = 11.7 fm/c. We choose x0 and y0 as in Case 1 but take Nx = Ny =
321 and Nη = 751. (We need a slightly larger calculational box for this Case because
of the later freezeout and because when the fluid has a nonzero viscosity the wake
diffuses and so spreads a little farther.)

In a future Monte Carlo calculation, we would need a shower of energetic partons not just
one, and would need to choose an ensemble of events with varying points of origin for the
energetic partons and varying directions of motion.

3.2 Development of the wake

With our calculational framework, setup and parameters now fully specified, we can now
study how the jet wake develops during the in-medium evolution. In figure 1, the energy
perturbation δε(x, y, ηs = 0) is plotted at three different times for both Case 1 and 2. For
both Cases, the first time plotted is τ = 4.9 fm/c, just after energy deposition by the
hard parton is complete. In both Cases the third time plotted is at freezeout, when the
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(a) Case 1 (ideal), τ = 4.9 fm/c. (b) Case 2 (viscous), τ = 4.9 fm/c.

(c) Case 1 (ideal), τ = 7.7 fm/c. (d) Case 2 (viscous), τ = 8.3 fm/c.

(e) Case 1 (ideal), τ = 10.5 fm/c (freezeout). (f) Case 2 (viscous), τ = 11.7 fm/c (freezeout).

Figure 1. Plots of δε(ηs = 0) as a function of x and y at three different proper times τ for Case 1
(ideal fluid; left panels) and 2 (viscous fluid; right panels).
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temperature of the background medium has dropped to Tf = 154MeV, and the second
time plotted is at the midpoint in time between the first and third. The wake moves along
the +x-direction, with energy accumulation on a wavefront that is apparent in the figures
and that follows the energetic parton, and energy depletion just behind this wavefront. In
the case of an ideal fluid, Case 1, only the propagating sound mode exists while in the
viscous fluid, Case 2, there is also a diffusive mode. This is why the energy perturbation
in the viscous fluid, Case 2, spreads out more in the transverse plane, with its peak value
dropping more rapidly with time. Note that at each time plotted the left and right panels
in figure 1 have the same vertical axes, but the vertical axes for plots at different times
differ. We see that the magnitude of the perturbation is initially similar in the two cases,
but indeed it drops much more rapidly with time in the viscous fluid.

Next we plot the momentum perturbation gx(x, y, ηs = 0) in figure 2. Since the jet
moves along the +x-direction and only deposits momentum along the +x-direction, we
will not show plots for gy here. In the ideal case, a wing-shaped peak structure in gx is
left behind by the energetic parton propagating along the x-axis, and this moving wake of
fluid remains quite prominent at late times. This structure arises from the transverse mode
gT . The transverse mode does not diffuse in the ideal case (see eq. (2.33)). In addition to
sustaining the wing-shaped peak along the x-axis, a Mach cone structure is also seen in
a wavefront spreading out from the place where the energy density has its positive peak
in figure 1. This structure originates from the coupling between the longitudinal mode
and the energy perturbation (see eq. (2.32)). In the viscous case, the transverse mode gT
diffuses and spreads so we see much less accumulation of momentum perturbation along
the x-axis, a much less prominent wing-shaped structure along the +x-direction, less wake.
For the same reason, the Mach cone structure coming from the longitudinal mode is also
spread out. Note again that at each time plotted the left and right panels of figure 2 have
the same vertical axes (whereas we have chosen different vertical axes at different times).
We see that, as in figure 1, the magnitude of the perturbation drops much more rapidly
with time in the viscous fluid.

3.3 Energy-momentum conservation

As a test of our numerical solver, we check that the energy and momentum injected into
soft modes by the passing high energy parton are indeed stored in the hydrodynamic fields
at the (much later) time of freezeout. As we discussed in section 2.2 and appendix A, the
integration of δT ττ = δε and δT ηsτ = gη at some τ > τe do not reproduce the energy and
the z-momentum deposited by the high energy parton. Instead, the conserved energy and
momentum are related to the integrals of the stress tensor components as

∫
τ dx dy dηs δT tτ (τ, x, y, ηs) = ∆Etot (3.5)∫
τ dx dy dηs δT⊥τ (τ, x, y, ηs) = ∆P⊥tot (3.6)∫
τ dx dy dηs δT zτ (τ, x, y, ηs) = ∆P ztot , (3.7)
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(a) Case 1 (ideal), τ = 4.9 fm/c. (b) Case 2 (viscous), τ = 4.9 fm/c.

(c) Case 1 (ideal), τ = 7.7 fm/c. (d) Case 2 (viscous), τ = 8.3 fm/c.

(e) Case 1 (ideal), τ = 10.5 fm/c (freezeout). (f) Case 2 (viscous), τ = 11.7 fm/c (freezeout).

Figure 2. Plots of gx(ηs = 0) as functions of x and y at three different proper times τ for Cases 1
(ideal fluid; left panels) and 2 (viscous fluid; right panels).
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(a) Integrated δT tτ in Case 1 (ideal).
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(b) Integrated δT tτ in Case 2 (viscous).

Figure 3. δT tτ integrated over x and y and multiplied by τ in Case 1 and 2, in each panel at
three different values of τ . Integrating the curves over ηs gives the total energy deposited by the
high energy parton.

where δT tτ = (cosh ηs)δT ττ + τ(sinh ηs)δT ηsτ and δT zτ = (sinh ηs)δT ττ + τ(cosh ηs)δT ηsτ .
In figure 3, δT tτ integrated over x and y, multiplied by τ is shown as a function of ηs for
Cases 1 and 2. We have plotted this quantity because integration of each curve over ηs yields
the total energy in the perturbation. In each panel of figure 3, energy conservation corre-
sponds to the constancy of the integral of the curves at three different times. (Note that
more energy is deposited in the viscous fluid, Case 2, because parton energy loss and hence
energy deposition is larger when the fluid is hotter, and the viscosity slows down the drop in
the temperature of the fluid.) Due to the sound modes in eq. (2.29), the energy deposition
propagates along ±ηs directions and extends to a quite large rapidity region (|ηs| . 2).

To complete our check of energy and momentum conservation, we calculate the total en-
ergy and momentum lost by the high energy parton from the strong coupling formula (2.34)
together with (2.36):

∆Etot =
∫ τe

τ0
dτ dE

dτ (3.8)

P itot =
∫ τe

τ0
dτvidEdτ , (3.9)

in which the velocity vi is given in eqs. (2.37), (2.38). The quantities ∆Etot and P itot
represent the total energy and momentum lost by, and hence deposited into the medium
by, the passing high energy parton.

For each of the two Cases considered here, we calculate the total deposition of energy
and momentum into the fluid by the energetic parton and compute the energy and mo-
mentum in the hydrodynamic wake at freezeout from the linearized hydrodynamics. Since
in both our calculations we have a high energy parton moving along the +x-direction with
constant ηs = 0, we have vx = 1, vy = 0 and vz = 0. Therefore, all the momentum
deposited is along the +x-direction. In table 1 we show our results for the energy and
momentum in the x-direction stored in the hydrodynamic fields at freezeout and compare
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Case ∆Etot Deposited ∆Etot Recovered ∆P xtot Deposited ∆P xtot Recovered
1(ideal) 8.768 8.775 8.768 8.768

2(viscous) 9.820 9.868 9.820 9.819

Table 1. Tests of energy-momentum conservation. All magnitudes are in GeV.

them with the energy and momentum deposited into the plasma by the high energy parton.
We observe that indeed energy and momentum conservation both work well. We also ob-
serve that momentum conservation is more accurate than energy conservation. We believe
this is due to the cosh ηs and sinh ηs terms in T tτ , which can lead to numerical instability
at large ηs. Our test of energy conservation confirms that we have this well under control.
We have also tested that momenta along the two directions perpendicular to the jet are
very small in magnitude (< 10−15), consistent with zero, and very well conserved.

3.4 Validity of linear approximation

To close this section, we check the validity of our use of linearized hydrodynamics, which
is based on the assumption that δε/ε0 (and hence δP/P0), δux, δuy and δuηs are all small,
meaning that a truncation to linear order in these quantities is a good approximation.
To this end, we show the contour plots of δε/ε0 and δux at different times in figures 4
and 5 respectively. These two quantities provide an estimate for the magnitude of the
perturbation, since the jet loses momentum along the x-direction and δuy and δuηs are
zero right after the deposition. They become nonzero by dynamical coupling with δε and
δux, and thus are smaller than δux, as we have confirmed. Both δε/ε0 and δux are shown
at ηs = 0, which is the value of the spacetime rapidity at which they attain their maximum
value. The strength of the perturbations shown in the different panels of figures 4 and 5
are quite different; the color bars beside each panel provide the magnitudes corresponding
to the reddest and bluest colors.

In both Cases 1 and 2, we see that the perturbations right after the deposition of energy
and momentum into the fluid is completed are significant in magnitude, in small regions of
space. As time goes on, in Case 2 where the fluid has a nonzero viscosity the perturbations
soon become quite small in magnitude, and significantly smaller than in Case 1 where the
fluid is ideal. This happens because the perturbations in the viscous case spread out further
in the transverse plane via diffusion, and thus become smaller in magnitude. These obser-
vations highlight the fact that the use of the linearized approximation to hydrodynamics
is under much better control when we consider energy deposition in a fluid with nonzero
viscosity, even with a viscosity as small as η0/s0 = 1/(4π) as in our Case 2, than when we
consider energy deposition in an ideal fluid. In the viscous fluid, Case 2, the quantitative
reliability of the linearized approximation is in doubt in small regions of space at early times
but the approximation rapidly becomes quantitatively reliable. In the ideal fluid, Case 1,
the small regions of space in which the reliability of the approximation is in doubt persist.
These observations also highlight the importance of incorporating viscous effects into the
dynamics of the wake, since turning on a viscosity as small as that in Case 2 introduces

– 19 –



J
H
E
P
0
5
(
2
0
2
1
)
2
3
0

(a) Case 1 (ideal), τ = 4.9 fm/c. (b) Case 2 (viscous), τ = 4.9 fm/c.

(c) Case 1 (ideal), τ = 7.7 fm/c. (d) Case 2 (viscous), τ = 8.3 fm/c.

(e) Case 1 (ideal), τ = 10.5 fm/c. (f) Case 2 (viscous), τ = 11.7 fm/c.

Figure 4. Plots of δεε0
(ηs = 0) as functions of x and y at three different times τ for Case 1 (ideal fluid;

left panels) and 2 (viscous fluid; right panels). Note that we have used different color bars in different
panels; assessing the strength of the perturbations (in this and the next two figures also) requires
looking at the color bars to see the magnitudes corresponding to the reddest and bluest colors.
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(a) Case 1 (ideal), τ = 4.9 fm/c. (b) Case 2 (viscous), τ = 4.9 fm/c.

(c) Case 1 (ideal), τ = 7.7 fm/c. (d) Case 2 (viscous), τ = 8.3 fm/c.

(e) Case 1 (ideal), τ = 10.5 fm/c. (f) Case 2 (viscous), τ = 11.7 fm/c.

Figure 5. Plots of δux(ηs = 0) as functions of x and y at three different times τ for Case 1 (ideal
fluid; left panels) and 2 (viscous fluid; right panels).
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(a) δuy(ηs = 0) in Case 1 (ideal). (b) δuy(ηs = 0) in Case 2 (viscous).

(c) δuηs (ηs ≈ 0.52) in Case 1 (ideal). (d) δuηs (ηs ≈ 0.52) in Case 2 (viscous).

Figure 6. Plots of δuy(ηs = 0) and δuηs(ηs = 0.52) as functions of x and y at freezeout for Case
1 (ideal fluid; left panels; τf = 10.5 fm/c) and Case 2 (viscous fluid; right panels; τf = 11.7 fm/c).

quite substantial changes to the magnitude of the wake by the time of freezeout. We have
reported results for Case 1, the ideal fluid, because it is a standard calculational benchmark.
In the next section, however, when we consider particle production from the perturbed fluid
we shall focus entirely on Case 2, where the fluid has a nonzero viscosity and the linearized
approximation that we employ throughout is under good control long before freezeout.

For later reference, we plot δuy(ηs = 0) and δuηs at freezeout in figure 6. Since δuηs = 0
at zero rapidity because of symmetry, we show its value at ηs ≈ 0.52. As those plots clearly
show, δuy and δuηs are much smaller than δε/ε0 and δux, consistent with the discussion
above.

Finally, in figure 7 we plot the vector field δu⊥ = (δux, δuy) at freezeout in the trans-
verse plane at ηs = 0. We see a vortical flow pattern in the wake left behind by the energetic
parton in both the ideal and viscous cases. As discussed in ref. [127], the jet creates a vor-
tex ring around the jet direction in its wake. (Because of the longitudinal expansion, there
is no azimuthal symmetry under rotation about the jet direction meaning that the ring is
not circular.) We see a cross-section of this smoke-ring-like pattern in figure 7, indicating
that it persists until freezeout even in the presence of viscosity.
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(a) δu⊥(ηs = 0) in Case 1 (ideal).
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(b) δu⊥(ηs = 0) in Case 2 (viscous).

Figure 7. Plots of δu⊥(ηs = 0) as functions of x and y at freezeout for Case 1 (ideal fluid; left
panels; τf = 10.5 fm/c) and Case 2 (viscous fluid; right panels; τf = 11.7 fm/c).

4 Particle spectrum from jet wake

4.1 Cooper-Frye formula

After the system has cooled down sufficiently, the fluid breaks apart into hadrons that
fly out of the collision zone and are ultimately detected in the experimentalists’ detector.
While a full microscopic description of this freezeout process is complicated, in particular
because as it freezes out the hydrodynamic fluid falls out of equilibrium, the standard
procedure for treating freezeout from a hydrodynamic fluid in local thermal equilibrium
is to use the Cooper-Frye prescription [128] in which particle production at freezeout is
modeled by assuming that the particles formed from each cell in the hydrodynamic fluid
are produced according to the equilibrium distribution with temperature Tf in the local
fluid rest frame defined by the velocity of the fluid cell.1 Integrating over all the fluid cells
on a specified freezeout hypersurface that we shall denote by σµ yields the spectrum for
hadrons with a given mass m produced at freezeout:

E
dN
d3p

= 1
(2π)3

∫
dσµpµ f

(
uµpµ
T

)
, (4.1)

where f(x) is the Bose-Einstein distribution (ex − 1)−1 for bosons with mass m and the
Fermi-Dirac distribution (ex + 1)−1 for fermions with mass m.

The freezeout hypersurface is typically taken to be the isothermal hypersurface at
which the fluid temperature drops to a specified Tf . Within our assumption of homogeneous
Bjorken flow, for the unperturbed background fluid the isothermal freezeout surface is also
isochronous, since all fluid cells cool down to the freezeout temperature T = Tf at the same
freezeout time τf . For the bulk particles, taking the velocity field as uµ0 = (uτ0 , ux0 , u

y
0, u

ηs
0 ) =

1We will not introduce viscous corrections to the particle distribution at freezeout.
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(1, 0, 0, 0), we find

dσµpµ = τf dx dy dηsmT cosh(y − ηs) (4.2)
uµ0pµ
T

= mT cosh(y − ηs)
Tf

, (4.3)

where mT ≡
√
p2
T +m2 is the transverse mass (pT is the transverse momentum and m

denotes the mass of a specific particle produced from the wake) and y is the momentum
rapidity.

When we consider the perturbed fluid, including the wake that originates from the
deposition of energy and momentum by the passing high energy parton and that has evolved
hydrodynamically until the freezeout time as we have analyzed in previous sections, the
isochronous and isothermal surfaces no longer coincide because the energy perturbation
δε changes the value of the temperature at the freezeout time of the background fluid.
Nevertheless, in the case of a viscous fluid (even with a viscosity as small as η0/s0 = 1/(4π)
as in Case 2), at the freezeout time τf the perturbations from the wake are small, which
means that the consequent change in the temperature of the fluid in the wake relative to the
background temperature is also small and so are the differences between the isochronous
and isothermal surfaces. For this reason, throughout our analysis we shall compute particle
production at the fixed τf , isochronous, hypersurface. The perturbations to the fluid at
the τ = τf hypersurface due to the presence of the wake perturb the final-state spectra of
hadrons, as we shall compute.

At the time τ = τf , the flow velocity is uµ = (1, δux, δuy, δuηs), where the velocity per-
turbations are related to g⊥ and gη via eqs. (2.21), (2.22), and g⊥ and gη can be extracted
from our linearized hydrodynamic calculation at τ = τf . Also, the local temperature at
freezeout is modified by δε, see eq. (2.9). From eqs. (2.9), (2.10), (2.21), (2.22) we then find

uµpµ = mT cosh(y − ηs)−
g⊥ · p⊥
ε0 + P0

− τfg
ηmT sinh(y − ηs)

ε0 + P0
(4.4)

T = Tf + δT =
[
π2

3g
(
ε0 + δε

)]1/4
, (4.5)

where g = 40 is the number of degrees of freedom in the plasma phase. By taking the
difference between the particle distribution from the fluid with the perturbation and
that without, we obtain the distribution of particles originating from the jet wake in the
linearized hydrodynamic approach:

d∆N
pT dpT dφ dy = 1

(2π)3

∫
τ dx dy dηsmT cosh(y − ηs)

[
f

(
uµpµ

Tf + δT

)
− f

(
uµ0pµ
Tf

)]
, (4.6)

where φ is the azimuthal angle of the transverse momentum of the produced particle. The
determination of the spectrum and the distribution in azimuthal angle and momentum
rapidity y from the expression (4.6) requires knowledge of the hydrodynamic perturbations,
which in the linearized approximation to hydrodynamics we obtain via the numerical
results from the previous section.
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In the hybrid strong/weak coupling model of ref. [29], a series of further assumptions
and simplifications were employed, which reduced (4.6) to a closed-form expression de-
pending only on the amount of energy and momentum deposited in the fluid and not on
knowledge of the detailed form of the resulting fluid perturbation. The analysis of ref. [29]
was, first of all, based on ideal hydrodynamics where the comoving entropy τs (s denotes
the entropy density) is conserved. Second, in the Cooper-Frye analysis of freezeout (4.1),
the distinction between fermions and bosons was ignored in ref. [29], with the distribution
f taken as the Boltzmann distribution. Third, in ref. [29] the Boltzmann exponential was
expanded to linear order in the velocity perturbation, which is to say that it was assumed
that small perturbations to the hydrodynamic fluid yield small perturbations to the hadron
spectra at all pT , an assumption that is only valid at low pT . We shall not need to make
any of these simplifying assumptions in our treatment of the wake. The fourth assumption
made in ref. [29], which we shall also assume, is that the direction of the high energy parton,
in azimuth and in spacetime rapidity, does not change as the high energy parton propagates
through the fluid. In particular, this means that the high energy parton does not deposit
any momentum in the ηs direction into the fluid, see (2.46). Fifth, it was also assumed in
ref. [29] that the energy and transverse momentum lost by a jet with momentum rapid-
ity yJ turns into perturbations of the fluid at spacetime rapidity ηs = yJ throughout, i.e.,
δε(τ, ηs) ∝ δ(ηs−yJ) and δP⊥(τ, ηs) ∝ δ(ηs−yJ) for all τ , including at τ = τf , the freezeout
time. In our linearized hydrodynamics calculation, we shall not need this assumption either.
Making these five assumptions and simplifications, as in ref. [29], yields the following hybrid
model expression for the excess of particles generated by the wake in the fluid at freezeout:

d∆Nhybrid
pT dpT dφ dy = 1

32π
mT

T 5
f

cosh(y − yJ) exp
[
− mT cosh(y − yJ)

Tf

]

×
[
pT∆P⊥ cos(φ− φJ) + ∆E

3 cosh yJ
mT cosh(y − yJ)

]
(4.7)

where yJ and φJ are the momentum rapidity and transverse azimuthal angle of the “jet”,
e.g. the high energy parton.

In this work we will test how particle production described by the oversimplified hybrid
model expression (4.7) compares to particle production described by the full linearized
hydrodynamics result, obtained by integrating eq. (4.6).

4.2 Effects of transverse flow

As we have stressed, our framework of linearized hydrodynamics is based on a Bjorken flow
background, which has no flow in the transverse plane. While this assumption has allowed
us to have analytical control over the background flow, in the hydrodynamic description of
ultra-relativistic heavy ion collisions transverse flow is an important ingredient for capturing
the momentum distribution of particles. In most central collisions at the LHC, where the
radial flow velocity can be as large as β = 0.7, this effect makes the spectrum of soft
particles significantly harder than our background spectrum. It is therefore important to
estimate the effect of the transverse flow on jet observables. (For complementary studies
see refs. [65, 70].)
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Transverse flow alters the medium backreaction in at least two important ways. The
first effect is the alteration of the perturbed hydrodynamic fields: as the background fluid
expands, the perturbation induced by the jet moves with the flow, leading to a distortion
of the field profile. In our calculation to this point, we only have longitudinal expansion;
incorporating transverse flow in our setup from the beginning would modify the “shape” of
the wake that we have calculated in section III. Investigating this would require repeating
our linear hydrodynamic analysis for perturbations to a realistic flow profile, incorporating
transverse flow and deviations from boost invariance in the longitudinal direction in the
unperturbed solution to hydrodynamics. This problem is a well-posed application of the
linear hydrodynamic formalism, but the reduction in the symmetry of the hydrodynamic
flow of the background fluid would make the numerical calculation more challenging. As we
are not doing a phenomenological analysis anyway (e.g. as we are considering only a single
energetic parton rather than an ensemble of jet showers) we leave repeating our calculation
with a more realistic background flow profile to future work. We note also that including
the effects of transverse flow on the “shape” of the wake need not modify the magnitude
of the perturbations to the hydrodynamic background from the wake in a significant way.

The second effect of transverse flow is more important. It occurs at hadronization and
is due to the transverse boost of fluid cells at freezeout. In section 4.1, we used the Cooper-
Frye prescription to compute the distribution of particles coming from the freezeout of each
unit cell of the fluid on the freezeout hypersurface — using the equilibrium distribution
in the local fluid rest frame defined by the longitudinal velocity of each fluid cell on the
freezeout hypersurface. If we modify the velocity of a fluid cell so as to take into account
its transverse, e.g. radial, flow this additional component of the fluid velocity means that
the distribution of particles produced at freezeout must be computed in a new boosted
frame. And, this modification affects the production of all particles: those coming from the
background hydrodynamic fluid and those coming from the wake perturbation. Since the
particle distribution depends exponentially on this background flow velocity, see eqs. (4.1)
and (4.6), this effect on the particle spectrum can be very significant and is certainly much
more important than the first effect above. In this section, we will estimate the modification
of the spectrum and the azimuthal and momentum rapidity distributions of the hadrons
originating at freezeout due to this second effect.

According to the previous discussion, in our estimate of the effect of transverse flow
we will assume that the flow profiles that we have computed in the previous section remain
unchanged, as does the freezeout hypersurface. However, we will imagine that these profiles,
which is to say the wake that we have computed, freezes out from a hypersurface at which
the radial, transverse flow is significant, meaning that when the particle production needs
to be calculated in the local rest frame the boost to this frame now includes a transverse
boost. When the fluid breaks into particles, the momentum of a particle produced at each
cell in the local rest frame, pµcell, whose distribution is determined via the integrand of
equation (4.1), differs from the momentum observed in the laboratory frame, pνlab by a
local transverse boost

pµcell = Λµν(vcell)pνlab , (4.8)
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(a) vcell,x profile.
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(b) vcell,y profile.

Figure 8. Transverse flow velocities vcell at freezeout, Tf = 154MeV, extracted from the calibrated
2 + 1D viscous hydrodynamics calculation of ref. [108]. The transverse flow velocities are set to
zero outside the freezeout hypersurface, which is of finite size in the transverse plane. For a central
collision, the transverse extent of the freezeout hypersurface is a circle, outside of which we set
vcell = 0, light green in the figure.

where Λµν(vcell) is a Lorentz transformation with vcell = vcell(τ, x, y, ηs) which is the trans-
verse velocity of the fluid cell seen in the laboratory frame. The longitudinal boost has
already been accounted for when we write u0 = (1, 0, 0, 0) in the (τ, x, y, ηs) coordinate
system, so we only need to include the transverse boost in eq. (4.8). This modification is
incorporated into the distribution of particles produced from a given fluid cell at freeze-
out by replacing the uµ0pµ and uµpµ terms in the distribution (4.6), respectively, by their
boosted counterparts:

uµ0pµ → uµ0 Λµν(vcell)pν (4.9)
uµpµ → uµΛµν(vcell)pν . (4.10)

We then need to obtain vcell for each fluid cell on the freezeout surface from a longitudinally
boost invariant 2 + 1D hydrodynamic calculation.

For our estimates, we extract the spacetime dependence of the transverse flow from
a hydrodynamical simulation that incorporates radial transverse flow obtained using the
“VISHNU” package [106, 107], which solves longitudinally boost invariant 2+1D viscous hy-
drodynamics for azimuthally symmetric, central, heavy ion collisions. We shall use results
from the calculations calibrated with experimental measurements on low transverse mo-
mentum observables found in ref. [108]. The extracted transverse velocity at mid-rapidity
vcell = (vx, vy, 0) at the freezeout hypersurface determined by Tf = 154MeV is depicted
in figure 8 for central collisions (centrality 0-5%). When the transverse flow is taken into
account, the freezeout hypersurface is finite in extent in the transverse plane. Outside its
boundary, we simply set the transverse flow velocity to be zero. To make sure that this
oversimplification has little influence on our results, we must ensure that the wake in the
hydrodynamic fluid is located, at the time of freezeout, almost entirely within the colored
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circles in figure 8. We choose the centers of these circles, e.g. the point of origin of the
radial flow at the center of the collision, to lie at the center of our calculational box. And,
the choices that we made in section 3 for the point of origin of the high energy parton and
the direction of its motion, relative to our calculational box, were made with malice afore-
thought: they ensure that the wake that we have calculated lies within the colored circles
in figure 8. (See the bottom-right panels in figures 4 and 5 and the right panels of figure 6.)

4.3 Results, including the effects of radial flow

We are now ready to look at the results of our calculations of the distribution of particles
coming from the freezeout of the perturbed hydrodynamic fluid. We only consider what
we referred to as Case 2 in section 3, which is to say the case where the perturbation is the
wake that a high energy parton leaves in a fluid with a small but nonzero viscosity. For
the present, we assume that all the particles produced at freezeout are pions with mass
mπ = 138MeV. We begin by looking at the spectrum of pions produced from the wake,
shown in figure 9. Then, in figure 10 we look at the distribution of pions in azimuthal
angle and in momentum rapidity. In both these figures, we compare three calculations:
the oversimplified calculation from the hybrid model of ref. [29]; our linearized hydrody-
namics calculation with no transverse expansion — see eqs. (4.3), (4.4), (4.5), (4.6) in
section 4.1; our linearized hydrodynamics with the effects of radial transverse flow added
— see eqs. (4.5), (4.6), (4.9), (4.10) in section 4.2. For the linearized hydrodynamic cal-
culations with and without the effects of transverse flow, we normalize the distributions
calculated from the Cooper-Frye formula by requiring the total energy of all the particles
(pions) produced to be equal to the total energy lost by the high energy parton

∆Etot =
∫

dpT dφ dymT cosh y d∆N
dpT dφ dy . (4.11)

First, we compare the pT spectra shown in figure 9. The linearized hydrodynamic
calculation with no effects of transverse flow yields a similar pT spectrum as that obtained in
the simplified hybrid model calculation, although the normalization is different because the
momentum rapidity distribution in our linearized hydrodynamic calculation is significantly
broader (see below). The similar pT shape is expected since the particle spectrum in both
cases must be close to a thermal spectrum at Tf = 154MeV when the perturbation is small,
as is the case when the fluid has a nonzero viscosity which allows for the perturbation to
spread diffusively, as we have seen in section 3.4, We also see in figure 9 that the inclusion
of radial transverse flow leads to a blue-shift in the effective temperature, which makes the
pT spectrum harder, as compared with the other two cases. In addition, we notice that
the modifications introduced by radial flow make the spectrum of the wake negative at low
pT . What we are computing — see (4.6) — is the difference between two spectra: one
for pions produced at freezeout from the fluid perturbed by the wake, and the other for
pions produced at freezeout from the unperturbed fluid. In kinematic regions where this
quantity is negative, there are fewer pions after we include the perturbation induced by the
wake left behind by the high energy parton. What we see from figure 9 is that this does
not arise without radial flow, but the boost created by radial flow hardens the spectrum of
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Figure 9. pT spectrum of pions produced from the jet wake. Results from our linearized hydro-
dynamics calculations, with and without the effects of transverse flow effects added, are compared
with the spectrum of the wake implemented in the hybrid model in ref. [29].

the wake so much that in addition to pushing it up significantly at pT & 1GeV it makes it
negative at the lowest pT .

Next we analyze the distribution in the azimuthal angle, shown in the upper panels
of figure 10. The φ distribution in the hybrid model (4.7) is approximately sinusoidal,
by which we mean approximately of the form a + b cosφ. Similarly sinusoidal behavior
is also seen in the linearized hydrodynamic calculation without effects of transverse flow.
As we have shown, the perturbation in the fluid velocity is small in the viscous linearized
hydrodynamics. So expanding the exponential in the Cooper-Frye prescription to linear
order in the velocity perturbation works reasonably well. Then the φ-distribution in the
linearized hydrodynamic calculation without the flow effect added can also be approximated
in the form of a + b cosφ. The shape of the inclusive azimuthal distribution remains also
similar when transverse flow effects are included. However, since the pT -distribution is
severely modified, it is interesting to compare the different distributions in azimuthal angle
for semi-hard, pT > 1GeV, particles as this is the kinematic regime in which radial flow
acts to push the spectrum up (see figure 9). Indeed, in this region of pT the effect of
radial flow becomes apparent also in the azimuthal distribution. As can be observed from
figure 10b, when flow effects are introduced the production of semi-hard particles becomes
more strongly correlated with the direction of the high energy parton. Relative to the cases
without flow, the yield close to the jet increases and number of particles produced at large
angles from the jet decreases. This stronger correlation with the jet direction may be due
to the fact that in the configuration that we have studied the background radial flow is
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(d) y distribution for pT > 1GeV.

Figure 10. Distributions in azimuthal angle (upper panels) and momentum rapidity (lower panels)
for the pions produced from the wake excited in the hydrodynamic fluid by a high energy parton.
In each panel, results from the linearized hydrodynamics with and without the effects of transverse
flow added are compared with each other and with the distributions obtained in the simplified
treatment of the hybrid model. In the left panels, we include all pions whereas in the right panels
we include only those pions that have pT > 1GeV.

aligned with the direction of propagation of the jet at the time of freezeout (regardless of the
fact that at the initial time τ0 they pointed in opposite directions). The alignment of the
direction of the momentum of the wake (which is the direction of the high energy parton)
and the direction of the background radial flow at freezeout enhances the production of
particles along the source direction. (To see this, consider eqs. (4.9) and (4.10), substituted
into (4.6).) In a future realistic simulation, however, jets would be produced at all starting
points and in all directions, and although the parton direction and the flow direction will
tend to be aligned by the time of freezeout there will certainly be jets in the ensemble for
which this is not the case. Therefore, when all such configurations are averaged over in a
future more realistic Monte Carlo study, the magnitude of the observed correlation (e.g.
the degree to which the azimuthal distribution becomes more peaked due to the effects of
radial flow) is likely to be somewhat reduced.
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Figure 11. Spectra of pions, kaons and protons produced at freezeout from the wake, with the
effects of radial flow added. The curves are each independently normalized.

Next, we discuss our results for the distribution of particles from the wake in momen-
tum rapidity, depicted in the second row of figure 10. For this distribution, the linearized
hydrodynamic calculation with no effects of radial flow and the hybrid model approxima-
tion differ significantly. The linearized hydrodynamic calculation, without transverse flow,
leads to a much broader distribution in y than the hybrid model. This originates from the
broad distribution of the energy and momentum of the wake in spacetime rapidity ηs in our
linearized hydrodynamic calculation. Once the energy and momentum are deposited, they
propagate along the ±ηs directions due to the excitation of sound modes (see figure 3). This
is in contrast to the hybrid model assumption, that considers the energy and momentum
perturbation is located at a fixed ηs throughout. This difference in rapidity distribution
is also behind the difference in yield between these two sets of calculations. Since we nor-
malize the spectrum by conserving the total energy (4.11), which involves the integration
of mT cosh y, the height of the pT spectrum from the linearized hydrodynamic calculation
without any effects of flow is smaller than that from the hybrid model, see figure 9, because
of the broader momentum rapidity distribution in the former, see figure 10. However, while
the distribution obtained from the linearized analysis is rather wide in the absence of flow,
incorporating the effects of radial flow reduces its rapidity extent, as particle production
from the wake becomes more strongly correlated with the direction of motion of the high
energy parton. Finally, we note by comparing panels (b) and (d) of figure 10 that introduc-
ing radial flow substantially increases the number of particles produced with pT > 1GeV,
confirming what we already saw in figure 9.
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To conclude this section, we explore a natural consequence of transverse flow. In fig-
ure 11, we compare the spectra of pions, kaons (m = 495MeV) and protons (m = 938MeV)
from our linearized hydrodynamic calculations with the effects of radial flow added. Each
curve is independently normalized, i.e. the integral of the distribution multiplied by the en-
ergy over the whole phase space gives the total energy lost by the jet, as if all of the energy
in the wake went into a single particle species. We have plotted the curves this way to make
it easy to compare their shapes. It is well known that a characteristic property of radial flow
is that it makes the pT spectrum of hadrons increasingly harder as the mass of the produced
hadron increases. This is a standard tell for hydrodynamic behavior. We see in figure 11
that the same phenomenon occurs for the particles coming from the wake. For hadrons with
a higher mass, the location of the positive peak in the pT -spectrum is pushed to a higher
value, which is expected since the momentum gained by the particle from the transverse
flow grows with the particle mass. This is not a surprise since we are treating the wake via
linearized hydrodynamics, but it is good to see. This may lead to interesting observables
in the fragmentation function. For example, the ratio of the pion fragmentation functions
in pp and AA collisions may have a different shape from that of the proton fragmentation
functions, since more protons at 2GeV are produced than pions at 2GeV from the jet wake.

5 Towards jet observables

As has been already demonstrated by several theoretical analyses [26, 29, 35, 36, 71, 125,
129–137], some jet observables can be significantly modified by medium response effects.
By momentum conservation, the wake that a jet leaves behind in the droplet of QGP
through which it has passed must carry momentum in the jet direction, since it carries the
momentum lost by the jet. That means that after hadronization the particles originating
from the wake also must have net momentum in the jet direction. And in turn this means
that when experimentalists define what they observe as a jet — via a reconstruction al-
gorithm and a background subtraction procedure — the jets that they reconstruct must
include some particles coming from the wake since background subtraction procedures can
at best only subtract effects of fluctuations that are uncorrelated with the jet direction.
These effects [138, 139] are likely comparable to or larger in magnitude than the effects
originating from the wake of the jet, highlighting the importance of background subtraction
in any experimental analysis. In an experimentally reconstructed jet, the harder particles
likely originate directly from the jet shower whereas some of the soft particles originate
from the wake in the plasma. So, jet observables that are sensitive to the softer particles
within jets are likely to be significantly influenced by the wake in the plasma.

The contribution of particles in jets that originate from the wake in the plasma to jet
observables has been particularly well studied in the hybrid strong/weak coupling model.
In this model, the inclusion of these particles coming from the backreaction of the medium
is essential to the description of many basic jet observables, like jet suppression and the
medium-modification of fragmentation functions [29]. The calculations of the previous
section, in particular those illustrated in figures 9 and 10 (b), show that with our better
description of medium response built upon linearized hydrodynamics and incorporating the

– 32 –



J
H
E
P
0
5
(
2
0
2
1
)
2
3
0

effects of radial flow, when the wake of a jet hadronizes it yields more semi-hard particles
(1 GeV . pT . 3 GeV) that are more correlated along the jet direction than in the simpli-
fied implementation of the wake used in the hybrid model. At a qualitative level, both these
features are exactly what is indicated by the discrepancies between the hybrid model calcu-
lations of so-called missing-pT observables in ref. [29] and the experimental measurements
of these observables in heavy ion collisions at the LHC by CMS [105]. This provides strong
motivation for a future quantitative study of the consequences of this improved descrip-
tion of jet wakes for jet measurements at the LHC. To make quantitative comparison with
experiments, however, this improved description of jet wakes will need to be incorporated
into a Monte Carlo study of a realistic ensemble of jet showers with a distribution of points
of origin, direction, and shower structure, each propagating through a realistic model for
the droplet of QGP, for example as in the hybrid model. We leave this to future work.

Nevertheless, to gauge the influence that this improved description could have on actual
jet observables, in this work we will study two examples which share features with some of
those jet observables. In each case, we will compute only the contribution to the observable
that comes from the hadronization of the jet wake sourced by our single high energy parton,
as in section IV. In particular, we will compute the energy carried by particles coming from
the backreaction of the medium that lie within a cone of a specified opening angle centered
on the direction of the high energy parton; and the energy distribution of those particles.
For simplicity, as in section IV we will only consider a setup in which the high energy
parton that loses energy propagates at zero rapidity; we shall measure azimuthal angles
with respect to its transverse direction.

5.1 Energy recovered inside a cone

Our first example is the amount of energy lost by the high energy parton carried by
particles originating from the wake in the plasma recovered within a cone of opening angle
R =

√
φ2 + y2, defined by

∆E(R) ≡
∫
√
φ2+y2<R

dφ dy
∫

dpT
√
p2
T +m2 cosh y d∆N

dpT dφ dy . (5.1)

In any realistic simulation, any jet reconstruction algorithm will collect particles around
the jet direction and incorporate them into the definition of the jet. If backreaction occurs,
particles from the medium response will also be added to the jet. As a consequence, even
if there is a transfer of energy from hard jet fragments to soft medium particles, those
medium response particles will put energy back into the reconstructed jet. Therefore,
eq. (5.1) gives us a way to gauge how much of the “lost” energy is “recovered”, namely
included as a part of the reconstructed jet coming from the backreaction of the medium.
Our results for this quantity as a function of R are shown in figure 12. The plots extend
out to large enough values of R2 that the total amount of energy lost by the high energy
parton is fully recovered.

2The angular separation between two particles is given by R2 = 2(cosh y − cosφ), which coincides with
the standard approximation R =

√
φ2 + y2 for R � 1. For large R > 1, while only the former gives

the correct angular separation, the latter can still be used to define a distance in the (φ, y) plane. This
definition, which is conventional, has a simpler representation in the (φ, y) plane.
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Figure 12. “Lost” energy from the high energy parton that, after propagation as a wake in the
QGP and subsequent hadronization, is recovered within a cone with opening angle R around the
direction of the high energy parton. Results are shown for the oversimplified hybrid model treatment
of the wake and for our linearized hydrodynamics analysis with and without the effects of radial
flow, in each case for two different pT cuts.

We note from the solid magenta curve in figure 12 that while the hydrodynamic cal-
culations recover the full deposited energy, a very small fraction of the energy is missed
in the hybrid model calculation, even at very large angles. This is just a consequence of
the approximations used to derive the simplified expression, eq. (4.7), which assumes the
production of massless final particles, but is used to study the productions of pions.

To gauge the importance of semi-hard medium response particles in ∆E(R), in fig-
ure 12 we also show results when we restrict the transverse momentum of the recovered
particles to pT > 1GeV. Doing so highlights an important comparison, namely the very
different momentum composition of the medium response particles within a given angular
region. For both the calculations with no transverse flow, energy is mostly recovered in soft
particles, and the contribution from semi-hard particles, pT > 1, to ∆E(R) in figure 12
is very small. However, when the effects of flow are added this distribution completely
changes and a large fraction of the energy within the cone is recovered in the form of
semi-hard particles, which is consistent with what we saw in the spectra of figure 9. We
will further investigate this in the next subsection.

First, though, we should understand one of the most striking features of the energy
recovery plots in figure 12, namely the non-monotonic behavior observed in all three cal-
culations. The fact that ∆E(R) is above its large-R value for cones with opening angle
R ∼ 2 means that after hadronization the wake deposits more than its total energy, more
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Figure 13. Energy density d∆E
dφ dy in the (φ, y) plane, together with contours of constant R, for the

same three calculations as in figure 12.

energy than was lost by the high energy parton, within a cone with this radius. How can
this be? This is a consequence of the fact that the spectrum in figure 9 and the azimuthal
and spacetime rapidity distributions in figure 10 are all negative in some kinematic re-
gions. Recall that this means that in such regions the presence of the wake depletes the
energy/momentum distribution relative to what it would be in the absence of the wake,
which we can understand as a result of a physical effect: the high energy parton drags
the fluid along its direction of propagation, creating a wake, and in so doing reduces the
number of particles produced opposite to the jet direction. Figure 10 does not display this
well, because in that figure in some panels we have integrated over φ and in others we
have integrated over y. To gain a better understanding of this phenomenon, in figure 13
we show the energy density profile in the (φ, y) plane, defined as

d∆E
dφ dy ≡

∫
dpT

√
p2
T +m2 cosh y d∆N

dpT dφ dy . (5.2)
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For convenience, in the same figure we show contours corresponding to cones centered on
the direction of the high energy parton with fixed cone sizes R. When the cone size is small
R < 1, only positive energy from the wake is recovered within the cone. When R increases
further and reaches about R ∼ 2, the cone starts to touch the region where the effect of the
wake is to deplete the background, represented by a negative energy density change. As a
consequence, the accumulated energy recovered by the cone starts to decrease as R increases
further in this regime, consistent with what we have seen in the solid curves of figure 12.

The details of the shape of the energy ∆E(R) recovered as a function of the cone open-
ing angle R, and in particular the differences between the three solid curves in figure 12, re-
flect details of and differences between the energy density distribution in the three different
panels of figure 13, one for each of the three calculations. Both for the linearized hydrody-
namic model with transverse flow added and for the hybrid model, the positive energy den-
sity distribution in figure 13 is narrow in rapidity y, and it is recovered first as R increases.
The negative energy density contribution is only collected at larger R & 2. This is why both
the black and magenta solid curves in figure 12 drop after R ∼ 2 without further increase.
In contrast, the linearized hydrodynamic calculation leads to a wider y distribution, which
implies that not all the positive energy contribution from the wake has been recovered at
the angular distance when the effect of the background depletion starts to affect the energy
balance. Therefore, the recovered energy in the linearized hydrodynamic calculation with-
out the transverse flow effect added increases first as increasing the cone angle R catches
more and more positive energy, then drops with increasing R as negative energy is included,
and finally increases again as R increases further, as more positive energy is included.

5.2 Energy distribution of the recovered energy: a proxy for soft contributions
to in-medium fragmentation functions

The differences in the role of semi-hard particles in the energy recovered described in the
last subsection prompt us to study the spectrum of particles coming from the backreaction
of the medium in further detail. In a realistic simulation, depending on the jet algorithm
employed, many of these particles will be a part of what an experimentalist reconstructs
as a jet, which will affect the measured fragmentation functions at very low momentum.
Inspired by the definition of fragmentation functions, here we will study the number density
of particles from the wake produced within a cone with opening angle R with a given
fraction z of the longitudinal momentum of the jet along the jet direction. But, what shall
we take as the longitudinal momentum of the jet after it has been quenched? As we have
done throughout, for us our “jet” is actually a single high energy parton, not a jet shower.
We will assume, again as throughout, that our high energy parton has an initial energy
Ein = 100GeV. After it passes through the medium, it has lost ∆Etot. However, we take
into account the energy coming from the wake recovered within the cone of opening angle
R, namely the quantity ∆E(R) that we plotted in figure 12, and define the energy of the
“reconstructed jet” as E(R) = Ein−∆Etot + ∆E(R). For this “reconstructed jet”, we can
define the longitudinal momentum fraction distribution as

∆f(z) ≡
∫

dpT
∫
√
φ2+y2<R

dφ dy d∆N
dpT dφ dyδ

(
z − pT cosφ

E(R)

)
. (5.3)
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Figure 14. Results from all three calculations of the proxy ∆f(z) for the contribution to the
in-medium fragmentation function originating from the wake in the plasma for the “reconstructed
jet” with cone angle R = 0.2 and R = 0.4.

∆f(z) serves as a proxy for the contribution to the in-medium fragmentation function
originating from the wake in the plasma.

Results from our calculations of ∆f(z) from all three calculations are shown in figure 14
for two different values of R. We have plotted ∆f(z) for z > 0.01, corresponding to particles
with pT & 1GeV since the initial energy of the jet is 100GeV. As we discussed in the
Introduction, the oversimplified wake in the hybrid model lacks particles with momentum
pT > 2GeV, which corresponds to z & 0.02 here. We see in figure 14 that the linearized
hydrodynamic calculation of the wake without radial flow yields similar results, which is to
say a similar paucity of semi-hard particles. And, we see that when we include the effects
of radial flow in addition to the full hydrodynamic response that we have calculated using
linearized hydrodynamics, as we have already inferred the hardening effect of the radial
transverse flow is dramatic. In the black curves in figure 14 we see a tremendous increase in
the contribution of semi-hard fragments with respect to the other two calculations. These
results highlight the importance of the effects of radial transverse flow on the spectrum
and distribution of particles obtained from the backreaction of the medium, the wake that
the high energy parton deposits in the droplet of QGP.

6 Concluding remarks

In this paper, we study the wake that a passing high energy parton leaves in the droplet
of QGP through which it passes by using linearized hydrodynamics on a background of
Bjorken flow. We treat the jet energy and momentum loss as external currents to the
hydrodynamic equations and expand the perturbation to these equations describing the jet
wake to linear order. By solving the linearized hydrodynamic equations numerically, we
have studied the evolution of, and the energy-momentum conservation in, the wake. We
observed that viscous effects, even for viscosities as small as η0/s = 1/4π, have a significant
effect on the evolution of the wake. These effects quickly spread out the hydrodynamic
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perturbation in the fluid and make the fluid backreaction to an energetic probe small
in magnitude. This justifies the linearized hydrodynamics approach we have employed
in this paper. By studying particle production from the perturbed hydrodynamic fields
at freezeout, we conclude that most of the qualitative features of the backreaction of the
medium seen in the complete linear analysis of this paper are well-captured by the simplified
approach taken in the hybrid strong/weak coupling model.

We have also studied how radial transverse flow affects the spectrum, azimuthal distri-
bution and momentum rapidity distribution of the particles produced when the medium,
including the wake in it, hadronizes at freezeout. We have done so not by solving the full
hydrodynamic problem, but rather by taking into account the boost that radial flow exerts
on the particles coming from the perturbation of the medium at the time of freezeout. We
have seen that this boost has a very significant effect on the particles originating from the
backreaction of the medium. As a consequence of the radial transverse flow, these particles
originating from the wake in the fluid have a harder spectrum and are more tightly corre-
lated with the direction of the high energy parton than was the case in the simplified hybrid
model calculation from previous work. This change in the distribution of the particles com-
ing from the backreaction will have important consequences for jet observables. To get an
initial qualitative sense of the extent to which this is the case, we have shown that radial flow
effects increase the fraction of the energy lost by the initial high energy parton that ends
up (after propagating as a hydrodynamic wake and then freezing out into particles) within
a cone of opening angle R around the direction of the high energy parton. This is so for
cones with the small values of R used in experimentalists’ jet reconstruction algorithms and
in fact is so for any R . 2. We have also seen that radial flow effects significantly increase
the fraction of semi-hard particles with pT > 1GeV coming from the perturbed medium.

The studies we have performed in this paper cannot be compared directly to experi-
mental measurements, since they lack many important ingredients. For example, we have
considered a single high energy parton produced at a specified place with a specified direc-
tion, rather than looking at an ensemble of different branching parton showers, with their
initial position and direction of origin as well as their pattern of branching drawn from
appropriate probability distributions in a Monte Carlo calculation, for example as in the
hybrid strong/weak coupling model. Our calculation could also be extended by computing
the perturbation on top of a more realistic hydrodynamic background. This notwith-
standing, contrasting the results that we have obtained from our linearized hydrodynamic
analysis including the effects of radial flow with the much more simplified analysis of par-
ticle production from the wake incorporated in the hybrid model is encouraging. Although
the hybrid model incorporates the complexities of jet showers and a realistic hydrodynamic
background, its oversimplified treatment of the wake has consequences for many jet ob-
servables that are sensitive to soft particles within jets [29]. In the detailed analyses of
ref. [29], the hybrid model implementation of particle production from the backreaction of
the medium yields a spectrum that is too soft and particle production spread out over too
wide an angle to explain experimental measurements of several jet observables in heavy ion
collisions at the LHC. We have seen in our analysis that incorporating the effects of radial
flow on our linearized hydrodynamic calculation changes the spectrum and distribution
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of particle production in the direction indicated by the experimental measurements as it
yields an increase in the number of semi-hard particles which are better correlated with the
jet direction. While a Monte Carlo study is needed to assess whether the effect introduced
by radial flow yields results in quantitative agreement with experimental measurements,
the magnitude of the effect we have observed points in the right direction and encourages
us to implement these findings in a future Monte Carlo analysis of medium response.
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A Killing vectors and conservation laws

The Gauss law states that for a (contravariant) vector vµ in a manifold M , the volume
integral of ∇µvµ is related to an integral on the boundary by∫

M
∇µvµ

√
g dnx =

∫
∂M

n̂µv
µ
√
h dn−1x , (A.1)

in which n̂µ is the normal vector of the boundary, g = | det gµν | and hµν = gµν− n̂µn̂ν is the
induced metric on the boundary manifold ∂M . We cannot apply the Gauss law directly
to the hydrodynamic equation ∇µTµν = 0 since Tµν is a rank (2, 0) tensor. But we can
construct a conserved quantity with a Killing vector ξµ:

∇ν(ξµTµν) = 0 . (A.2)

Then applying the Gauss law gives∫
M
∇ν(ξµTµν)√g dnx =

∫
∂M

n̂νξµT
µν
√
h dn−1x = 0 . (A.3)

The existence of Killing vectors reflects symmetries of the spacetime. For Minkowski
spacetime, the Killing vectors ∂

∂t ,
∂
∂x ,

∂
∂y and ∂

∂z are associated with the translational sym-
metries along t, x, y and z. Thus they are related to energy and momentum conservation.

We consider the Killing vector ∂
∂t here. We choose the manifold to be the slice of

spacetime between two times τ1 and τ2 (τ1 > τ2), the normal vectors at τ1 and τ2 point to
±τ direction respectively. If the stress-energy tensor vanishes sufficiently quickly at large
x, y and ηs, we find from eq. (A.3)∫

τ1 dx dy dηs T tτ (τ1, x, y, ηs)−
∫
τ2 dx dy dηs T tτ (τ2, x, y, ηs) = 0 , (A.4)
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i.e.,
∫
τ dx dy dηs T tτ (τ, x, y, ηs) is conserved as the total energy. By similar construction,

the integration of T zτ is conserved as the total momentum along the z-direction.
When the external currents of the hydrodynamic equations are nonvanishing, a similar

construction with a Killing vector ξµ leads to

∇ν(ξµTµν) = ξµJ
µ . (A.5)

Then eq. (A.4) becomes∫
τ1 dx dy dηs T tτ (τ1, x, y, ηs)−

∫
τ2 dx dy dηs T tτ (τ2, x, y, ηs)

=
∫ τ1

τ2
dτ
∫
τ dx dy dηs J t(τ, x, y, ηs) . (A.6)

As explained earlier, the physical meaning of the first line in eq. (A.6) is the total energy
∆E deposited into the hydrodynamic system between τ2 and τ1. Writing τ2 = τ and
τ1 = τ + ∆τ and taking the limit ∆τ → 0, we find∫

τ dx dy dηs J t(τ, x, y, ηs) = d
dτ

∫
τ dx dy dηs T tτ (τ, x, y, ηs) = dE

dτ , (A.7)

which is eq. (2.39). Similar equations for the momentum deposition can be worked out and
lead to eq. (2.40).

We want to emphasize that the condition that the stress-energy tensor vanishes suf-
ficiently quickly at large x, y and ηs is important via an example. In the Bjorken flow,
the hydrodynamics is boost-invariant, which means the stress-energy tensor is independent
of ηs and is nonvanishing at ηs = ±∞. So when applying eq. (A.3), there are two more
boundaries that contribute to eq. (A.4). The left hand side of eq. (A.4) in this case becomes∫

τ1 dx dy
∫ η1

η2
dηsT tτ (τ1, x, y, ηs)−

∫
τ2 dx dy

∫ η1

η2
dηsT tτ (τ2, x, y, ηs) (A.8)

+
∫

dx dy
∫ τ1

τ2
τ dτ T tηs(τ, x, y, η1)−

∫
dx dy

∫ τ1

τ2
τ dτ T tηs(τ, x, y, η2) .

For ideal Bjorken flow, we have

T ττ = ε0

(
τ0
τ

)1+c2
s

(A.9)

T τηs = T ηsτ = 0 (A.10)

T ηsηs = ε0
c2
s

τ2

(
τ0
τ

)1+c2
s

. (A.11)

Then we can calculate eq. (A.8) explicitly, which, up to an irrelevant constant factor,
leads to ∫ η1

η2
τ1 dηs cosh ηs

( 1
τ1

)1+c2
s

−
∫ η1

η2
τ2 dηs cosh ηs

( 1
τ2

)1+c2
s

(A.12)

+
∫ τ1

τ2
τ2 dτ sinh η1

c2
s

τ2

(1
τ

)1+c2
s

−
∫ τ1

τ2
τ2 dτ sinh η2

c2
s

τ2

(1
τ

)1+c2
s

= 0 .

In a nutshell, energy is conserved in Bjorken flow. Momentum conservation can be worked
out similarly.
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