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1 Introduction

The infinite Lie algebra gA[(oo) and its fermionic representation plays a key role in the
construction of solutions for the Kadomtsev-Petviashvili (KP) hierarchy [2]. This role was
emphasized by the Kyoto school [3], and led to the introduction of several reductions of
the KP hierarchy associated to subalgebras of a[(oo). This algebraic approach was further
formalized by Kac and Wakimoto, and extended to associate a hierarchy of differential
equations to any Kac-Moody algebra [4, 5]. These works illustrate the efficiency of the
algebraic approach for integrable hierarchies.!

Another indisputable success of the algebraic approach is in the study of 2D Conformal
Field Theories (CFT) where most physical quantities are determined by the symmetry
algebras [8]. This formidable success led Frenkel and Reshetikhin to propose an extension
of the vertex operator technique employed in 2D CFT to some quantum integrable systems
using their quantum affine algebra of symmetries. Indeed, algebraically, a vertex operator

'For a brief introduction, see the excellent reviews [6, 7] or the reference book [5].



is simply an intertwiner between a Fock (or level one) representation F of the algebra and
its tensor product V® F with a level zero representation V. For the original vertex operator
of a free boson, the algebra is a Heisenberg algebra, it becomes an affine Lie algebra in
Wess-Zumino-Witten models. In the case of quantum affine algebras, the Frenkel-Jing [9]
construction provides the level one representation while the level zero representation is the
usual highest weight representation acting on the quantum spins. This vertex operator
technique has been applied, for instance, to the diagonalization of the infinite XXZ spin
chain Hamiltonian in [10]. To avoid the confusion with exponentials of free fields, the
vertex operator is often called intertwining operator, or simply intertwiner, in this context.

In [11], Awata, Feigin and Shiraishi (AFS) applied the vertex operator technique for
a different algebra called quantum toroidal gl(1) (or Ding-Iohara-Miki) algebra [12, 13].
They have shown that, quite remarkably, the matrix elements of the intertwiner repro-
duce the refined vertex of the topological string theory [14-16]. This observation led to
a number of important results in this field. For example, we can mention the extension
of the topological vertex technique to various theories [17-24] and observables [25-27], the
derivation of proofs for the g-deformed AGT correspondence [28-30], or the description of
the fiber-base duality [30-33].

In this paper, we investigate the role played by quantum algebras in the well-known
relation between self-dual topological strings and integrable hierarchies [34]. Refined topo-
logical strings depend on two parameters (g, 1), they are identified with the parameters
(g1, q2) of the quantum toroidal gl(1) algebra. In the self-dual limit ¢ — ¢ (or g1g2 — 1), the
original formulation of topological strings is recovered, the parameter ¢ is identified with
the exponentiated string coupling constant et and the algebra reduces to the quantum
Wiioo algebra [35, 36]. The latter is equivalent to the gl(co) algebra mentioned earlier
upon a linear transformation of the generators [37-39], it is thus naturally expected to be
involved in the relation with integrable hierarchies, which was indeed observed in [34].

In the melting crystal picture developed by Okounkov, Reshetikhin and Vafa [40], the
self-dual topological vertex is interpreted as the generating function of plane partitions
weighted by the number of boxes. In [1], Nakatsu and Takasaki have shown that this
generating function, once properly deformed by extra time dependencies, provides a tau
function for the KP hierarchy. Although the role played by the quantum Wi, algebra
in this setup has already been described in [1], we revisit here their derivation with an
extra emphasis on certain algebraic structures. Specifically, we underline the role of two
particular objects, the first one being the AFS intertwining operator introduced previously,
and the second one is an operator associated to the framing factors of the topological vertex
that we call framing operator for short. Algebraically, it realizes the action of a certain
automorphism 7 in the Fock module of the algebra. As we shall see, these two objects are
deeply related to the SL(2,7Z) subgroup of automorphisms. Both are essential ingredients
underlying the Nakatsu-Takasaki derivation.

The main motivation for our study is the search for a deformation of integrable hi-
erarchies that would correspond to the refinement of topological strings in their A-model
formulation. Naively, it would seem difficult as the fermionic structure disappears from
the Fock representation, and only a bosonic formulation subsists. Yet, the presence of the



quantum toroidal algebra hints for the preservation of an integrable structure. It brings
us to the second part of our paper in which we attempt to refine the Nakatsu-Takasaki
derivation. The definition and properties of the two previous algebraic objects are easily
extended to the quantum toroidal case, and we manage to write the generating function in
the canonical form

(0] e~ 20 ¥k g 1) | (1.1)

where Jj, are the modes of a Heisenberg algebra, |()) the vacuum of the Fock space and 73, the
(rescaled) times of the hierarchy. Unfortunately, we were unable to show that g is a group-
like element of GL(o0), that would imply that the generating function is a tau function
of an integrable hierarchy. And, in fact, it cannot be group-like as a perturbative analysis
indicates that the Hirota equation is no longer satisfied in the refined case. Nevertheless,
we are confident that this result is bringing us closer to the definition of refined hierarchies.

The organization of the paper is very straightforward: the first part deals with self-
dual topological strings and the quantum Wi, algebra while the second part presents
the refined case corresponding to the quantum toroidal algebra. The appendix contains
the proofs for several identities used in the main text.

2 Integrable structure of the melting crystal model

2.1 Quantum Wi, algebra
2.1.1 Definition

The quantum Wiy, algebra can be presented in many ways and found under different
names, e.g. quantum torus algebra in [1], trigonometric Sin-Lie algebra in [37, 41],... Here,
we use a presentation in terms of generators W,, , with integer indices, and two central
elements (c1, c2), that satisfy the commutation relations

/ /

5 + / 6 + /
[Wmm, Wmlyn/} — (qm n_ gmn ) <Wm+m/7n+n/ + Cl% — 021_7;7:4_”1,) . (2.1)

In fact, this algebra is a central extension by the element cy of the quantum algebra used
in [1] (up to a rescaling of the generators). In application to integrable hierarchies, we
consider mostly the representation of levels (1,0), in which case the two algebras coin-
cide. However, the presence of a second central element is important in the description of
automorphisms. A second motivation for the introduction of two central charges is their
interpretation in the algebraic engineering of topological strings amplitudes. Indeed, in
this context, the two levels are identified with the label of the degenerating cycles in the
toric diagram of the Calabi-Yau [42, 43]. They also correspond to the charge of the branes
in the (p, ¢)-brane web construction [44, 45].

The algebra has the group of automorphisms GL(2,Z) [38], but we will be only inter-
ested in the SL(2,Z) subgroup generated by the transformations & and 7. These transfor-



mations act as follows on the generators,

S: Wm,n — q_(m—i_l)ann,ma (61,02) — (CQa _Cl)a

5m—n - qn2/25m,0
1—g

1—q™

T Wm,n — q_n2/2 (Wm—n,n +c1 (1 - 5n,0) —C 571,0 (1 - 5m,0)> s

(c1,¢c2) = (c1,—c1 + c2).
(2.2)

2.1.2 Dirac module

The quantum Wi, algebra has a representation of levels (1,0) on the Fock space F of
a Dirac fermion. We refer the reader to [39] for a recent review of this representation.
The Fock space is built from a vacuum state |()) annihilated by the positive modes of the
fermionic fields?

v(z)= Y 2Ty, @)= Y TV {4 0s) = 6. (2.3)

rEZA1/2 reZ+1/2

Due to the bosonization formulas 1(z) =: e®() 1, (2) =: e=2®) : and : ¥(2)¥(2) := d¢(2)
involving the bosonic field

1
$(z) =Q+ Jologz— > %ka«]kv [, Ji] = koq1,  [Q,Jo] =1, (2.4)
kezx

the Fock space F has an alternative construction obtained by the action of the negative
modes J_j on the vacuum state |()). The vacuum is annihilated by positive modes Jj, and
the normal ordering naturally consists in moving these modes to the right. The Fock space
F can be decomposed according to the values of the zero mode Jy into F = @<z Fi-
Since the representation of the generators W, , is neutral, we can restrict ourselves to the
subspace Fy of zero charge. Because of this restriction, we will only be able to discuss the
KP hierarchy (not mKP), but it makes the question of refinement simpler.

Symmetric polynomials. The vector space Fy is isomorphic to the space of symmetric
polynomials with infinitely many variables. The isomorphism sends the vacuum |@) to the
trivial polynomial 1, and maps the PBW basis to products of elementary powers sums
pr(z) = Xy f,

(Joa) - (o) [0) 5 pa, (@) - py, ()" (2.5)

Thus, the negative modes J_; act as a multiplication by pg while positive modes J; act
as kO/Opy on symmetric polynomials. This isomorphism is useful in order to define the
Schur basis of states |[\), labeled by a partition A, and obtained as the inverse image of the
Schur polynomials sy(z) (they form a basis of the ring of symmetric polynomials). These
Schur states coincide with the fermionic PBW basis of Fy. In the same way, we define

2There are different conventions for the fermionic modes and we use here half-integer indices. To recover
the convention employed in [1], one should simply replace ¥, — %71/, and ¥ — ¥, _1 /2.



the Macdonald basis with states |P,) obtained as the inverse image of the Macdonald
polynomials Py(z). We also define the dual states (A| and (Py| with the scalar product

(Alp) = 0x s (BalPu) = (Px, Pa) gy Oa s (2.6)
where (Py, Py) ot 18 the norm square of Macdonald scalar product [46]. Explicitly,

1— qa(D)—i—ltl(D)
1— qa([])tl([])+l’

<P>\7 PA)q,t = H

oeA

(2.7)

where a(0) = A\; — j and [(0) = A} — 7 are the arm and leg length of the box (i,j) in the
Young diagram representing the partition A = (A1, Ag,---). We denote N the partition
corresponding to the transposed Young diagram of A.

Action of the algebra. We denote pg?v) the representation of the quantum Wi, alge-

bra of levels (1,0) and weights u,v € C* on the Fock space Fy. To get rid of the weights
dependence, we sometimes use the notation V_me = pgﬁ)(Wm,n) so that the general repre-

sentation reads

(D) _on,mIr - 1—u"
pu,v (Wm,n) =uv Wm,n 1 — qin

Om,o(1 = 0nyo)- (2.8)
The action on Fy can be expressed in different ways, the simplest one is in terms of the
fermionic fields,

Winn = Z q—(r+1/2)n L Ymrthr (2.9)
reZ+1/2

Instead, in the bosonic presentation the modes Jj are identified with the generators Wk,o
while the other generators define currents represented as vertex operators. Fortunately,
we will not need these expressions here. Finally, the action of the generators W,, ,, on the
Schur basis can be written explicitly. When m # 0, these operators add or remove strips
of |m| boxes to the Young diagram labeling the states [39]. On the other hand, the action
of the modes Wy, is diagonal and read

P Wo—k) [A) = dk(N,s) 1N), - g s) = —(1 = ¢F)g™ Y ¢ 0k - -
(4,7)EXN

The r.h.s. is independent of the weight v, but depends on the weight © = ¢~° through
the variable s. The eigenvalues ¢y (A, s) are coupled to the time evolution of the hierarchy
in [1, 47].



Framing operator. In addition to the generators W, ,, it is necessary to introduce the
following operators acting on the Fock space F,>

Jo = Z : &—rwr 5 Lo= Z T &—rw’/‘ 5 Wo= Z r @—r% L. (211)

reZ+1/2 reZ+1/2 reZ+1/2

These operators act diagonally on the Schur states, with the eigenvalues given by
Jo[A) =0, Lo |X) = [A[ [N), WolA) =k(A) [A). (2.12)

Here [A| denotes the number of boxes in the Young diagram of A and k(A) =232 ;yex(1—1)-
As we shall see, the insertion of the operator Q0 inside a bosonic correlator is interpreted
as the introduction of a Kéhler parameter ). In the same way, the insertion of the diagonal

—nWy/2

operator ¢ introduces a framing factor ¢~*(")/2. This factor is related to the Chern-

Simons factor at level n in the dual 5D N = 1 gauge theory,

Zos(n) = [ v"g I = wnPlgmne/2, (2.13)
(3,5)€AX

The extra dependence in the weight v can be removed using the operator v="L0 it is
usually absorbed in the definition of the instanton counting parameter [27].

It has been observed in [27] that framing factors follow from the action of the auto-
morphism 7 in the algebraic framework. Thus, we expect the operator Wy to be somehow
associated to this automorphism. To formulate this relation, it is more convenient to intro-
duce the combination Wy = (Wy + Lg)/2, and we will call framing operators the operators
of the form qO‘WO for « € R. The shift by Ly is related to the presence of the parameter v
in the Chern-Simons factor (2.13) that will be set to v = ¢~ Y/2 later on. Then, using the

free fermion realization, one can show that
L = g
anOWm,nq aWy — qam /2Wm,n+am- (214)

When « is an integer, the r.h.s. coincides with the representation of the generators ST*S™!-
Winn. In this case, the adjoint action of qO‘W0 realizes the S-dual action of the automor-
phism 7 on the Fock space Fy. Very remarkably, this formula also makes sense for a € R,
somehow extending the automorphism to non-integer values. The relation (2.14) has been
derived in [1, 47, 48] and called a shift symmetry, but the connection with the action of
the automorphisms appears to be new.

3These operators can be obtained using the expansion at ¢ = e — 1 (small strings coupling limit) of

- ntr - 1 1 1
Won = Z g YD ah = Jo — ne (Lo + 7J0) + Zn?e? (Wo + Lo+ Jo) +0(&%).
~, 2 2 4
re

They correspond to the zero-modes of the currents of spin one, two (a.k.a. Virasoro) and three of the W14
algebra that appears in the degenerate limit ¢ — 1. Note that there is a small mismatch with respect to
the definitions given in [1, 47, 48] as we introduced shifts by zero modes of lower spin for later convenience.
Our operator Wy coincides with the cut-and-join operator of ref. [49].



2.1.3 Intertwiner and melting crystal

The AFS intertwiner has been introduced directly in the context of the refined topological
vertex [11]. However, it is relatively easy to perform the self-dual limit ¢ — ¢ of this object
and obtain the formulation relevant to the unrefined case [33]. Since the quantum toroidal
gl(1) algebra reduces to quantum Wi, in this limit, we obtain an intertwiner between
modules of the latter. The automorphisms & and 7 are then used map these modules
to the Fock space JFy, twisting the Dirac representation in the process. As a result, the
intertwiner ® is defined as the operator Fy ® Foy — Fy solving the following equation®

P o (T - W) (0) = @(v) (p(B) 1y 0 S @ pB).,. AW)), (2.15)
where W denotes any element of the quantum Wi, algebra. The co-algebraic structure
of the quantum toroidal algebra trivializes in the self-dual limit and thus the coproduct in
the r.h.s. is the co-commutative one, i.e. A(W) =W ®1+1®@ W. The intertwiner depends
on a free parameter v, and the weights of the representations are required to obey the three
constraints vy = v19, ug1 = quv1i1, and uj; = —ql/villulo. It is worth mentioning that a
dual intertwiner ®* : Fy — Fp ® Fp is also introduced in [11] even though it will not be
needed here.

The first space Jy in the tensor product Fy ® Fy corresponds to the vertical module
in the language of the toroidal algebra, it is associated to the preferred direction of the
topological vertex and it plays the role of the level zero representation for the vertex
operator. Even in the self-dual limit, the formalism retains this notion of a preferred
direction, and it is useful to introduce a notation to distinguish it. Following our earlier
works [26, 27, 32], we denote with a double ket (e.g. |\))) the vectors of this module. The
solution of the AFS equation (2.15) is nicely expressed by decomposition on the Schur basis
of the vertical module, each component corresponding to a vertex operator @) : Fo — Fo,

©(v) =) (Al@Px(v), Pa(v) =1tr(v): @y(v) J] nlvg'™):. (2.16)

b (i,)EA

In the second equation, the component ®(v) has been decomposed into a normalization
factor ty, a vacuum contribution and a dressing by vertex operators 7(z),

—k 2k

V) =:ex : Z) =:ex — 2 _(1-q7* . .
Dy(v) p gZ: k(l_qk)Jk , n(z) p gz: (=) J (2.17)

v

4Tt may be useful to make a short historical comment about this equation. In 2D CFT, primary operators
of conformal dimension h satisfy the equation [Ln,#n(2)] = ("0 + h(n + 1)2™)¢n(z) with n > 1
under the adjoint action of the Virasoro modes L,. This equation can be written in the form (2.15), i.e.
(po@p1 A(Ln)) ¢n(2) = ¢n(2)p1(Ln), where p1 is a Fock representation and po(Ly,) = —2"118, —h(n-+1)2"
is the level zero representation that describes the action of the conformal symmetry on the coordinates (the
coproduct is also co-commutative). In addition, vertex operators of the free boson obey a similar equation
with the Heisenberg algebra [J,, Va(z)] = —az"Va(z) where the r.h.s. is trivially a representation of level
zero. This equation is generalized further to Wess-Zumino-Witten models and affine Lie algebras [50].



The normalization factor simplifies if we impose the extra constraint q*3/ Yurver = vnvl/ 2
among the weights: it no longer depends on v and simply writes ty = sy(¢™”) with

=(-1/2,-3/2,---).5

Shift symmetries. The key ingredients in the derivation of the tau function from the
melting crystal are a set of relations called shift symmetries in [1, 47, 48]. We have already
encountered one of these relations in (2.14). The other relations are of a different nature:
they follow from the AFS intertwining equation (2.15) by projection on the vacuum of the
vertical module. In order to show this fact, we introduce the vertical decomposition (2.16)
inside the equation (2.15) and project it on the component A,

pull 11 (T W)QA( ) (I))\( )pulo vlo + Z (I) :U’| pum o1 (S : W) ‘)‘» (218)

Then, we observe that the action of the modes W, , with m > 0 on the Schur states |\)) is
to remove strips of m boxes to the partition A, and, in particular, these modes annihilate the
vacuum |()) [39]. Applying this property to the S-dual modes S - Wy, , = ¢~ ™+Dnw_,
in the previous equation, we obtain an exchange relation for the vacuum component A = (),

s (T - Wi ) ®(0) = D9(0)p) 1) (Win), 1m0 < 0. (2.19)

pull V11 u10,v10

This exchange relation reproduces the two missing shift symmetries, as will become clear
once we review the connection between the intertwiner and the melting crystal formalism.

Melting crystal. In [40], Okounkov, Reshetikhin and Vafa (ORV) discovered an intrigu-
ing connection between the topological vertex [14] and plane partitions. They interpreted
the vertex as the generating function of plane partitions with fixed asymptotics given by
the three Young diagrams A, pt, v labeling the vertex C) ,,. As a result, up to a normal-
ization factor, the topological vertex counts the configurations of an infinite cube with
boxes removed at the corner, effectively describing a melting crystal. This analogy with
the melting crystal follows from the rewriting of the topological vertex as a correlator of
operators acting in the free boson Fock space Fy. In order to point out the connection
with the intertwiner ®(v), we briefly sketch their derivation. It starts from the well-known
formula of the topological vertex written in terms of skew-Schur polynomials

CA,M,V = q_no\)/2 k() Z S)J/,7 S /77( _p_yl). (220)

The argument g~ ”~" of the skew-Schur functions indicates the evaluation of the polynomial
at (x1,x9,---) = (¢ T2, q72+3/2 ...). The rewriting of the topological vertex is based
on the realization of skew-Schur polynomials as the matrix elements of the operators I'1 ()
in the Schur basis,

sxn(@) = N[T—(2)[n),  sum(@) = @T(2)|p), Ti(z)=exp (Z 2Pk(@) Tk
k>0
(2.21)

®The notation sx/(¢™*) refers to the evaluation of the Schur polynomial sy (z) for the variables
(z1,22,--+) = (q1/2, @3, .). We assume |q| < 1 for convergence issues.



We refer the reader to the appendix of ref. [39] for a short derivation of these well-known
formulas. Then, the sum over partitions 7 in the expression (2.20) of the topological vertex
can be performed using the closure relation of the Schur basis, leading to

O = ¢ N2, (7Y N T= (g )T (g™ 7)) (2.22)

In order to build the 3d partitions of the melting crystal, the two operators I'y(x) need
to be exchanged inside the correlator, it produces an extra factor that is easily computed
from their bosonic expression,

Copw = (=1)Mg= "N 22 ()" (s, (¢ ) HN D (¢ )T (g7 77) ), (2.23)

where Z(q) is MacMahon’s generating function of plane partitions,

Zg)= > 4" = lo_o[(l —q")" (2:24)
TeP.P. n=1

From its bosonic expression (2.17), the intertwiner ®(v) at v = ¢~/ is identified with the
operator inside the correlators after normal-ordering,

O (¢ =tT (g ) = Oy = q "V RN D, (0712 ).

(2.25)
Once we set v = ¢~ /2, taking into account the various constraints, only two weights are
free to choose in the intertwining relation (2.15), e.g. u1; and v11, and the others are fully
1/27111, Vo1 = q1/2
we denote for simplicity ®, = <I>l,(q_1/ 2). In fact, other values of the parameter v can be
considered by insertion of the operator QX0 that acts on the modes as QL0 .J,Q Lo = Q~F.J,
and so QM0 ®, (v)Q 10 = &,(Qv). Coming back to the vacuum component, we have found
that @y = I'_(¢?)I'1 (¢ ") and thus the exchange relation (2.19) does indeed coincide with
the shift symmetries derived by Nakatsu and Takasaki.

determined: wjg = —ui1/v11, V10 = V11, Uo1 = ¢ v11/u11. In the following,

2.2 Derivation of the tau function

The starting point for the construction of the KP tau function is MacMahon’s generating
function that can be written as a sum of Schur polynomials using the Cauchy identity. This
expression is then deformed by the introduction of the time parameters t = (¢j) coupled
to the eigenvalues (2.10) of the operator Wy _,°

Z@) =Y (2@ )? = Z(@s,8) =3 (sx(g7")2QNeXurso X3 (2.9)

A A

We do not indicate the Q-dependence as we can think of it as an extra time parameter
to = log Q. To show that the quantity on the right is a tau function of the KP hierarchy,
we need to rewrite it as a bosonic correlator in the canonical form (1.1).

SFor convenience, the overall factor Q*©**t1) has been removed with respect to the formula (4.4) given
in [47].



The first step is similar to the rewriting of the topological vertex in the melting crystal
picture, namely the Schur functions are replaced by bosonic correlators using the formu-
las (2.21), and the time dependence follows from the diagonal action of Wy _j and Lg on
the Schur states,

Z(q,5,8) =D 01T (o) (D) ) A QT (g ) [0),  H(t) =3 txWo, .
A k>0
(2.27)

From our previous remark, it is clear that the function Z(q,s,t) does not depend on the
weight v and we take v = 1. The sum over partitions A is eliminated using the closure
relation of the Schur basis in order to write

Z(q.5.) = O Ty (g7")p\2) (T O)QT_(q7) |0) . (2.28)

In the second step, the extra vertex operators I'y (¢7") are introduced on the left /right
of the correlators. Since these operators are built purely upon either positive or negative
modes, they give no extra contribution. Based on our previous discussion, we now under-
stand that the reason behind this clever trick is to reconstruct the vacuum component of

the intertwiner,

Z(g,5,8) = (0] Dgp”) (" D)QT0dy [0) . (2.29)

q v
It allows us to use the exchange relation (2.19) for the exponential of the evolution opera-
tor H(t).
D D
PLI(T - D)y = @ypl1) (D). (2.30)

u,1

Computing the action of the automorphism 7 on these operators with the help of the
equation (2.2), we can rewrite the amplitude as

i _ 12
Z(q,5,t) = =420 T (9] o2 (Z k mw’“"“) PpQ0dy[0).  (231)

The last step consists in transforming the generators W}, ;. into the Heisenberg modes
Ji = Wkp. It is done using the framing operators since the specialization of the for-
mula (2.14) at &« = 1 and (m,n) = (k, —k) reads qWOpg)l)(Wk,_k)q_Wo = uFg"/2 ], The
framing operator can be introduced on the left/right of the correlator for free since its
action on the vacuum state is trivial. In this way, we find the desired result

k
L s T T
Z(q,5,1) = 20 T (9] Do) g gy g "0 Q0 By, (2.32)

Then, the fact that Z(q, s, t) is a tau function of the KP hierarchy follows from the fact
that ¢ ® g commutes with ¥ = }° 1, ® Y_,. This type of operators were called the
group-like elements of GL(c0) in [7]. This property is sufficient to ensure that Z(q,s,t)
obeys the Hirota equation. Let us stress that the bosonic formula for ®; and the fermionic
realization of the framing operator through (2.11) are essential to show the group-like
property. The fact that the hierarchy is of KP-type follows from the possibility to move the
time dependency to the right of the correlators. We refer to the original papers [1, 47, 48|
for a more thorough discussion that also includes the Lax formalism.

~10 -



We conclude this section with a short remark. One may wonder what would happen
if we considered the other vertical components @, of the intertwining operator instead of
the vacuum component. In this case, one can show that the exchange relation (2.19) is
satisfied only for the generators W, ,, with the index n < |v|. As a consequence, we need
to restrict ourselves to the times t; with & > |v|. Replacing &y with ®, in the operator g
and turning off the lower times, we find another tau function that reads

Zy(q’ s, t) — t?j Z SA(q_p_V)S)\<q_p_V/)Q'M€Zk>|”‘ tk¢k()\,5). (233)
A
This tau function appears to be a particular case of the generating functions considered
in [51]. It is naturally associated to the topological vertex Cpg, that enumerates plane
partitions with fixed asymptotics v in one direction [40].

3 Refinement and quantum toroidal algebra

In this section, we attempt to generalize the construction of a tau function to the refined
melting crystal introduced in the context of topological strings in [15]. The main idea is
to consider a counting function of plane partitions where boxes have a different weight
gg = ¢, t depending on their location,’

Zt.) =S [[as= [[ -t (3.1)
T Gen i,j=1

Using the Cauchy identity, the double product can be written as a sum over Macdonald
polynomials,
(PA(t"))?
Z(t,q) =» ———7—, (3.2)
; <P)\’ P)\>q7t
it reduces to the expression (2.26) of Z(g) in the limit t = ¢ since Macdonald polynomials
reduce to Schur polynomials and their norm (2.7) tend to one. However, in order to be
able to employ the intertwiner ®(v), instead of its dual ®*(v), it is more convenient to
generalize the formulas (2.26) as
(LPA(t™"))?

= - = WM Zk>0tk¢’k()"“)
Z(t,q) %:<PA,PA>Q¢ - Z(Q,t,t,q) %:Q PPy, ¢ , (33)

where we used the involution ¢ : pg(x) — —pg(x) acting on the ring of symmetric poly-
nomials by reversing the sign of elementary power sums.® In order to define properly the
deformed quantities @ (A, u), we need to generalize the algebraic description to the refined
case. The relevant algebra is the quantum toroidal algebra of gl(1), it depends on two
parameters (qi, ¢2) that are identified with the parameters (¢,t~!) of the Macdonald poly-
nomials. It reduces to the quantum Wi, algebra in the limit ¢ — ¢ which corresponds

"We refer to the appendix A of ref. [15] for the exact prescription.

8Both Py (z) and ¢ Py (x) have the same Cauchy identity, which provides two different ways of writing the
double infinite product (3.1). Note also that in the limit ¢ = g, 1Py (z) — (—1)"* s,/ () and the first equality
in (3.3) reproduces again the expression (2.26) of Z(g) upon the replacement A — X’ in the summation.
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to the self-dual limit of the omega-background €1 + 9 — 0. Moreover, it also has a repre-
sentation acting on the module Fy, called the Fock (or horizontal) representation [52, 53],
which we will review shortly below.

To obtain the bosonic expression (1.1) for the amplitude Z(Q, t,t,q), two main ingre-
dients are needed: an exchange relation generalizing (2.30) and a framing operator that
will play the role of qWO. Like before, the exchange relation will be obtained as a projection
of the AFS intertwining relation [11] on the vacuum component of the intertwiner in the
vertical direction. On the other hand, the framing operator will be constructed by consid-
ering the refined framing factors [15, 54]. We will then show that this operator obeys an
equivalent of the algebraic property (2.14).

3.1 Quantum toroidal gl(1) algebra
3.1.1 Definition

We review briefly here the definition of the quantum toroidal gl(1) algebra. We mostly

follow the notations and conventions of [32], and refer to [27, 42, 43, 55] for more details

on the correspondence with the (p, ¢)-brane construction of topological strings amplitudes.
The algebra is usually formulated in terms of four Drinfeld currents,

zt(z) = > R g (z) = > ZFRE (3.4)

keZ k>0

They satisfy a set of exchange relations that can be found, e.g. in [27, 32], but we prefer to
work here directly with the modes x,f, wik. The subalgebra generated by the elements wik
is the analogue of the Cartan subalgebra of quantum affine algebras, it has an alternative
formulation in terms of modes aj defined by exponentiation,

U (2) = g exp (i > Z:Fkaﬁ:k) ; (3.5)

k>0

and satisfying a twisted Heisenberg algebra. The algebra has only two parameters (q1,¢2),
but it is useful to introduce a third one through the relation gigags = 1. We also introduce
/2 _ —1/2

= (q1¢2) 5
the second one entering through the zero modes of the Cartan currents w(jf = yT¢. The

the shortcut notation v = qé . The algebra has two central charges (c,c),

modes of the currents satisfy the commutation relations

lak, a] = (V7 — 7R e, [aknyli] = i7¢‘k‘6/26kxl£ik7
m(k—l)c/2¢1j+l, kK+1>0 (3.6)
Er TR R e S L LN S

—/@7_(1’“_1)‘3/2@11,;“, kE+1<0,

with the coefficients

(1-q1)(1—qo)

1
R = , Cp = ——
(1 —q1g2) kosins

(1—qh). (3.7)
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They form a Hopf algebra with the Drinfeld coproduct

A(azz) =z @1+ ZW*(C@)(’CH/Q) ¢, ®zli_+lv
>0
A((L'I;) :Zry—(l@w)(k’—l/?) $E_l®¢l++1®9€;;7 (38)
1>0

Alar) =ap@y M2 M P ay, Ale)=coltioe, AlQ=col+loe

Automorphisms. The algebra is known to possess the group of automorphisms SL(2,7Z)
generated by the elements S and 7. The action of the automorphism 7 on the modes of
the Drinfeld currents can be expressed easily: it leaves the Cartan modes ay invariant and
acts as

T"Ef = x%q:l? T - (C, E) — (C,E—i—c). (3.9)

The automorphism S has been uncovered by Miki in [13]. It is of order four, and is defined
uniquely by its action on the modes xoi, a+1, namely

ap — (v — 7_1):63 — —a_1 — —(vy— v_l)xa — aq, (3.10)

and the central elements (¢,¢) — (—c¢,c). The explicit transformation formulas of the
modes xf and wik are useful here, but, since they are more complicated, we decided to
confine them to the appendix A to avoid introducing too many notations. Let us only
define the notation by, = S - a; for the S-dual Cartan modes.

Self-dual limit. In the self-dual limit (q1,q2) — (g,¢~'), the modes of the quantum

toroidal gl(1) algebra satisfy the commutation relations of the quantum Wi ., algebra.

The identification goes as follows,
T

—E s FPWi + ko
I1—q

C2 .73];
l—q¢ 1—-q
kak C2 —

= Wio———, (¢,¢) = (c1,—c2).
k/2 —k/2 k/2 —k/2 > _ ok’ ) ’
(CI1/ —q /)(Q3/ —qs3 /) 1—q

c1
1—qV’

— q_k/ZWk,—1 + k.0
(3.11)

Thus, the roles of Wy, o, Wy j, and W}, _j, is played in the refined case by ay, b_; and 7 -b_y,
respectively.”

3.1.2 Horizontal representation

The role previously devoted to the Dirac representation pSfZ,) will now be played by the
horizontal representation [52]. This representation has also the levels (1,0) and acts on

the free boson Fock space Fy. It has a weight v € C* and will be denoted p&l’o). In this

9These modes correspond to the three patches in [34], as can be seen from their fermionic realization

_ d . _ dz - _ d _ _
Wio :%ﬁzk CP()(2) . Wo :fﬁ D)) Wik = ﬁzk (e T )
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representation, the Drinfeld currents take the form of vertex operators defined upon the
Heisenberg modes Ji representing the Cartan modes ay,

k)2 k/2

PO (ar) = 77(7’“—7*’“)(1—(;5)@, PO (a_y) = %(Vk—’fk)(l—(ﬁ”—k? (k>0),
2¥ 27k
,0,970) (:xi(z)) = F! exp (j: Z k7(1$1)k/2(1_qllc)Jk> exp (:F Z k7(1$1)k/2(1_q12€)Jk) )
k>0 k>0

(3.12)

Using the isomorphism between JFy and the ring of symmetric polynomials, the action of
the modes a on the Macdonald states |Py) corresponds to either a multiplication by the
power sums py or the derivation d/0py depending on the sign of k. Since the power sum
p1 coincides with the elementary symmetric polynomial ey, the action of a4; is deduced
from the Pieiri rules obeyed by Macdonald polynomials,

A 1P = 3 TP ), ) P = Y PO Pua) . (313)
OER(N) oeA(N)

We denoted here A(A) and R(A) the sets boxes that can be added to/removed from the
Young diagram of A. The coefficients rg\i) (O) depend on the choice of normalization for
the modes and states, they can be computed explicitly but we will not need their expres-
sion here.

Finally, using Miki’s automorphism, we can also determine the action of the modes by,
on the Macdonald states [32]. It is used here to define the quantities @5 (A, u) coupled to

the times ty,

PO (b_y) | Py) = (N u) [Py,

1)k —(j— 1 (3.14)
Dp(A u) = (—1)f v uFey gy gy U7 IE — — | [P
(i%:@ b (- M) —a")

Since this action is diagonal, it does not depend on the choice of normalization for the
Macdonald states. These operators are proportional to the Macdonald operators known to
act diagonally on the polynomials Py. In the self-dual limit,

kq)k(Aa qis)

— — = — (=1 | pr (N, 5) +
S ()

! _k} , (3.15)

k/2 1—gq

(¢ q

and the deformed amplitude Z(Q, t, ¢, q) reduces to the tau function (2.32) (up to a rescaling
of the times parameters). Note, however, that the second term in the bracket is respon-
sible for an extra exponential factor in the formula (2.32), it will not be present in the
refined case.

3.1.3 Intertwiner and exchange relation

The intertwiner constructed by Awata, Feigin and Shiraishi in [11] intertwines the repre-
sentation of levels (1,74 1) and the tensor product of two representations with levels (0, 1)
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and (1,n). Here, we only need to consider the case n = 0. Moreover, the representations
of levels (1,1) and (0,1) can be obtained from the horizontal representation (1,0) using
the automorphisms S and 7T described above. From the analysis of the transformation of
representations performed in [32], the AFS intertwining equation can be rewritten in the
form

PENT - €)0(v) = d(v) (p(") 0 S @ p1?) Afe)), (3.16)

for any element e of the quantum toroidal gl(1) algebra. The solution of this equation has
been found in [11], it can be expanded over the vertical components as a sum of vertex

operators,
v) =Y BA()(P, Pa(v) =tr: By(v) [ nlwdd )
A (4,7)EX
Z o Z q;;kv’k (3.17)
with ®y(v) =exp | — Y ————=J_k | exp ——Ji | .
k>0 k(l—qlﬁ) k>0 k(l—qlf)

The operator n(z) = pgl’o) (x%(2)) coincides with the representation of the current x(z)
given in (3.12). The normalization factor ¢y is not important here as we only consider the
vacuum component, and we can always set ¢ty = 1. In the melting crystal formalism, the
vacuum component corresponds to

By(v) = T (ot > )Ty (01721 277), (3.18)

To derive the exchange relation, we exploit the fact that S-xz, annihilates the vacuum
state |()) in the vertical channel. This fact follows from the application of Miki’s automor-
phism to map the vertical representation of levels (0,1) to the horizontal one, since the
vertical action of x, annihilates the vacuum [32]. However, to derive an exchange rela-
tion for the modes b_j, there is small difficulty coming from the fact that their coproduct
involves an infinite sum. For instance, for b_1 = (y — 7_1)1:6 , we have

(v =7y HTIAGL) =Y A8 2T @y + 1@ ag. (3.19)
k>0

Here, the AFS equation (3.16) does simplify into an exchange relation because the vertical
action of all the terms z~, ® Q,Z),j vanishes. After the projection of the resulting equation
on the vertical vacuum component, we find

P (T - bog) @y (v) = 2y (0) o0 (b-) (3.20)

for kK = 1. The proof for higher k > 0 follows from the same properties. Since it is a little
technical, we kept it in appendix A. This exchange relation implies for H(t) = >, tkb_r,

Pl (T - ") @y(0) = @g(0)pl O (),

_ (3.21)
PO (! )y (v) = Dy(v) {10 (T - M),

The second exchange relation is also derived in appendix A, it is obtained from the AFS
relation (3.16) applied to e =71 -b_
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3.2 Deforming the tau function

To avoid cluttering the formulas, we omit the dependence in the variables (g,t) in this
section. In order to construct the bosonic expression for the amplitude Z(Q,t) defined
in (3.3), we need the expression of the matrix elements of the intertwiner ®(v) in the
Macdonald basis,°

(0] @g(q'?0) [Pr) = v Py =My (70), (P @p(q'/20) [0) = vy TPy 70). (3.22)

These formulas are used to replace the Macdonald polynomials in (3.3) with bosonic cor-
relators. Then, the time dependence is produced using the diagonal action (3.14) of the
modes b_j on the Macdonald basis. Finally, the summation of the Young diagrams A is
performed using the closure relation of the Macdonald basis, and we find

Z(v72Q,t) = (0] @p(v)pl O (V) @0 (Qu) |0) (3.23)

Note that this quantity is actually independent of v, and the dependence in u can be
eliminated by a rescaling of the times t; — u*t;. The second intertwiner can be replaced
by ®3(Qu) = Q0 ®y(v)Q 10 where Ly is the Fock space operator introduced in (2.11).
Since Macdonald polynomials, just like Schur polynomials, are homogeneous polynomials
of degree |)\|, it acts diagonally on the Macdonald basis, Lg |Py) = |\ |Py).!

We proceed to move the time dependence to the left. The first step is performed using
the exchange relation (3.21), it gives

Z(v2Q,t) = (0] pl (T - )@y (0) 2y (Qv) |0) (3.24)

For the next step, we need to define the framing operator. In the refined case, the framing
factor is modified into fy = ¢"M\)t="N) with n(\) = Y jer(i—1) and n(X) = 32 yer(d—
1). It prompts us to define the framing operator F as a diagonal operator on the Macdonald
states, with eigenvalues

;o s )\ )\/
FIP)=FP), Fn= ][ ¢ 'd " =¢WVe™. (3.25)

(3,7)EN

In the limit ¢ = ¢, this operator tends to ¢~ "°/2, the shift Lo is missing because we treat
the v-dependence differently here. Like the operator ¢""° in the self-dual case, the operator
F' is deeply connected to the automorphism 7, i.e.

PO o) = (D)2 FpliNan) FY - ke Z,

‘ ) / (3.26)
pgl,())(z]— 1 . b—k) — (_1)ku k,}/k/Q F 1p&1’0)(a—k)F7 k c 7.

0Since py,(t5°) = +1/(t*/2 —t=*/2) with |t|** > 1 for convergence, we need to replace Px(t?) — 1Py (t~°)
in the expression (4.13) of ref. [11] when [¢| < 1.
"We can also see Lo as the representation of the grading operator d for the quantum toroidal algebra

(see [32])
pE}’O’(d) = Z J_pJr = Z T 15_?1/),« = Lo.

k>0 rezZ+1/2
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The derivation of these two identities is a bit involved as it makes use of Miki’s automor-
phism, it is presented in appendix A. Using the first identity, and the horizontal represen-
tation (3.12) of the modes ay, we can write the partition function in the form

Z(y72Q.t) = (0] eXn i g |0) . with g = F ™'y (v)@p(Qu)F ", (3.27)

and the rescaled times 7, = (—uv) *(1 — ¢§)(1 — ¢§)t. This equation is the main result
of this section. Unfortunately, we were not able to show that the operator g is a group
like element of GL(0c0). Group like elements form a monoid, and we can examine the
decomposition of g into its elementary factors. The vacuum component of the intertwiner
is still a group like element, despite the asymmetry between positive and negative modes
as any operator of the form : e2rezx ek, g group-like. On the other hand, we could not
show that F' is group-like, and strongly suspect that it is not from a perturbative analysis
of the Hirota equation. As we shall explain in the next section, it is likely that the operator
¥ has to be replaced by a different operator.

We conclude with another remark. Using the second exchange relation in (3.21) to-
gether with the second identity in (3.26), the exponential of H(t) can be moved to the
right in the correlator instead,

Z(y72Q,t) = (] ge~ Lrso Tk |) (3.28)

with 7, = (—u/Quv)~¥(1 — ¢¥)(1 — ¢§)tx. Unlike in the case of the KP hierarchy, the times
variables are not equal but they obey a simple scaling relation,

=gy oo
TkzikQ VT Tk (3.29)
1— g5

4 Discussion

Our main result is the observation of a relation between the tau function of an integrable
hierarchy, the intertwining operator of a quantum algebra, and the framing operator. The
fundamental role of the SL(2,Z) group of automorphisms in this description has been em-
phasized as it is deeply related to both intertwiner and framing operator. Our observation
offers the possibility to extend the correspondence between topological strings theory and
integrable hierarchies in several new directions. The most obvious one is to consider more
involved toric diagrams by exploiting the gluing rules of the topological vertex [27, 42, 43].
The next simplest toric diagram describes the resolved conifold and the corresponding
time-deformed amplitude was shown to be a tau function of a different reduction of the
Toda hierarchy called the Ablowitz-Ladik hierarchy [48, 56]. This result could be repro-
duced within our algebraic formalism provided that we introduce the dual intertwiner ®*,
also constructed in [11], that is expected to enjoy a similar exchange relation.

The trinion theories Ty provide another set of interesting toric diagrams [57-59].12
The algebraic object obtained by gluing intertwiners according to these diagrams is also

12The author would like to thank E. Pomoni for drawing his attention to this family of theories.
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an intertwiner but it involves representations of the quantum toroidal algebra with higher
levels, namely (N, N), (V,0) and (0, N). The intertwining relation projected on the vertical
component is expected to produce an exchange relation similar to (3.21). Furthermore, the
framing operator can be easily generalized to representations (0, N) by taking the tensor
product of the (0, 1) framing operator defined in this paper. Thus, our construction should
apply in this case as well, and the corresponding time-deformed amplitude should be the
tau function of an integrable hierarchy in the self-dual limit.

The second part of the paper is an attempt to define a refined tau function from the
natural deformation of the algebraic objects, lifting them from the quantum Wi algebra
to the quantum toroidal gl(1) algebra. We ended up with the bosonic expression (3.27)
for the refined amplitude, but we were unable to show that the refined framing operator
entering in the operator ¢ is a group-like element for GL(co). Since the Dirac fermion
plays no role in the representation theory of the quantum toroidal algebra, we suspect that
the Casimir operator ¥ = 3", ¢, ® ¥_, is replaced by a different operator, just like in the
Kac-Wakimoto construction. At the moment, it is not clear what this operator should be.
In this respect, the Kac-Wakimoto construction for the toroidal algebra realized in [60]
might be a good source of inspiration.

As an intermediate step in the deformation of the fermionic structure, one could focus
on the ¢ = 0 limit in which Macdonald polynomials reduce to Hall-Littlewood polynomials.
In [61], Jing introduced certain vertex operators as a t-deformation of the Dirac fermion.
These operators might be used to deform the Hirota equation, or the Lax formalism.

The algebraic description of topological string theory has been extended to different
algebras and geometric backgrounds. Some of these algebras should possess an SL(2,7)
subgroup of automorphisms, like the quantum toroidal gl(p) algebras [18], their elliptic
deformations [19, 62] or even the fully deformed algebra of [23]. In all these cases, we
expect our construction to apply, producing tau functions of different integrable hierarchies
in specific limits.

Going in the other direction, one might try to build a vertex operator from known
integrable hierarchies. For instance, the quantum algebra associated to BKP, CKP and
DKP hierarchies [6, 63] are known to be orbifolds of the quantum W algebra [39]. This
approach should meet with the earlier attempt of Foda and Wheeler to build a B-type
topological vertex [64, 65]. We hope to be able to report on this problem soon.

Finally, we have been working here with the A-model formulation of topological strings.
In the B-model, the connection with the KP hierarchy can also be seen using the Hermitian
matrix model. In this context, the refinement is well-understood as the matrix model is
replaced by a beta-ensemble [66].'2 It would be instructive to reproduce our derivation on
the other side of the mirror.
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A  Proofs

A.1 Reminder on Miki’s automorphism

This reminder is a brief summary of the appendix A in [32] that is itself based on the
original paper [13]. We denote by y*(z) = S - 2% (2) and £¥(2) = S - ¥*(2) the image of
the Drinfeld currents under Miki’s automorphism. Just like the original currents in (3.6),
the S-dual currents can be decomposed in terms of modes

Yt (z) = Z Z_kyl;'[7 £5(2) = Z zﬂ“fik = foi exp (:I: Z szkbik) , (A1)
keZ k>0 k>0

with y,f =S xf, b, =S8 - ax and §ik =S wick,. Since S is an automorphism, these new
modes satisfy the same commutation relations as the original algebra, e.g.

b, br] = —(7F = 75 ekbhar,  [bw, yiT] = £y HF eyt
/ﬁry*(kfl)E/Qé-l—;_l’ E+1>0 (A 2)
[yl—!’yl_] — /i,yf(kfl)E/Qé-(—]i- _ K,.Y(kfl)E/Qé-O—y E+l=0

—n’y(k*l)a/%k_ﬂ, k+1<0.

The expression for the S-dual modes y,:f, fik in terms of the original ones has been
obtained by Miki in [13],

—(ckke) /2 _—(k— k—1
v = ()M 92 0 (g, ) ),

yE, = —(F)Fy TR 20 =y (adza) Tx1

- (A.3)
— —(k—1 -
e, = (P =7 DT ¢ e (ad,s) o,

& = (v -y HaE, & =47
In these formulas, we denoted the adjoint action adyB = [A,B] and o1 = (q%/Q _
—1/2\, 1/2  —1/2
q )(Q2 —dy )

A.2 Proof of the refined exchange relations

In order to prove the first exchange relation (3.21), we use the following fact: since p(1:0)

is a representation and 7 an automorphism, if two elements satisfy the exchange relation,
so does their sum, product, commutator,... We have already shown that b_; oc x, obeys
the exchange relation. In the same way, it is possible to show that the AF'S relation (2.15)
with e = 2, produces an exchange relation of the type (3.21) where b_j, is replaced by x, .
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It follows from the coproduct (3.8) and the fact that the modes x; annihilate the vacuum
in the vertical representation of levels (0,1). We also notice that ¢ obeys the exchange
relation but ¢ does not since T - ¢ = ¢+ ¢. Since the expression (A.3) for {7, involves only
sums and products of 2, and c, this operator obeys the exchange relation and so does b_y
for k > 0 after expansion on z. Note, however, that b; o :U(J{ does not satisfy the exchange
relation, and neither does the modes by for £k > 0. The second exchange relation holds
because the action of 7! simply shifts the modes x — T, in the expression of {_; and
thus the previous arguments hold as well in this case.

A.3 Proof of the algebraic properties for the refined framing operator

We present here the proof of the first identity in (3.26) for £ > 0. The other cases, namely
k < 0 and the second identity, can be proven using similar arguments. Furthermore, to
avoid writing overcomplicated expressions, and since we work only in the module Fy acted
on by the representation pl(}’o), we omit to indicate the representation of the quantum
toroidal modes. We start with the case £ = 1. Once combined with Miki’s transforma-

tion (A.3), the mode expansion (A.1) for £ (z) gives at first orders in z,
boi=(=7Nrg = T-ba=(y—v"ay. (A4)
Using the algebraic relations (3.6), this can be written further
Tboy=—v""c (v =y a5 - (A.5)

The action of the r.h.s. on the Macdonald states can be computed explicitly using the Pieri
rules (3.13) for a; and the fact that x; o« b_; is diagonal (see (3.14)),

arlPy= Y @), zplP)=—S2 P, (A.6)
DER(N) T

We do not need the explicit expression for the coefficients r(_)([]). Then, denoting g =
qi_lqé_l the content of a box O = (4,j) € A, we compute

T oo |Py) = — 2t Y o7 (@100 u) — 21(A — 0,w)) [Pr_g)
OcR(N)
=u™2 Y DO P (A7)
OER(N)
= u Y 2Fa, F71|P).

Thus, we have shown the identity (3.26) for & = 1. To simplify the upcoming formulas,
we introduce the rescaled mode a; = ay/(y —~7!), so the previous identity writes z; =
uINV2Fa FL

Before addressing the general case, we would like to start with a short remark. Using
the algebraic relations (3.6), it is possible to write down

G = w TP ) o = (<) R e (aday ) (A8)
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Combining both, we arrive at an expression that will be useful later,
o = nfl(—l)kcl_kadzg (ada, )y . (A.9)

In a similar way, we write the modes {~; = — i1y (k42)e/2 [yJ_r( y; ] for k > 1 as a

k+1)’
commutator of the modes y;° using the relations (A.2), and then use Miki’s transforma-

tion (A.3) to write down

Y any = =Py o M ad )Fa T,y = O e (A.10)
As a result, we find
§p = /ﬁ_lfyéa]__kadﬁ (adma)kail = T, =K "1 kadl,g (adxl-)kxa. (A.11)

Using the identity found previously for x], and the fact that x, commutes with F' (they
are both diagonal in the Macdonald basis), we have

Zuad17 — ZuTy ,.— ,—2ZUT, z71/2a1 — —z'yl/2a1 — — -1
e 1y =€ 1xge 1 = Fe xge Fl= pea Pagg F7 (AL12)

Expanding in powers of z, we deduce that
- jo— L 1k/2 E—\ -1
T-&p = r Y ™ o e ad, (F ((adal) ;5 ) F ) , (A.13)

where we have also identified the central charges (c, ¢) with the levels (1,0). Then, we use
the general result [A, FBF 1] = F[F~'AF, B]JF~!, together with the fact that z7 also
commutes with F', to write down

T &0, = ki R 20k (adm0+ (ada, )y ) F. (A.14)
Comparing with the formula (A.9) for the modes ;, we find that
T, =" (—u) ™ Pyl Pt = T (2) =y FyT (= Puz )P (AL5)

The first identity in (3.26) with & > 0 follows from the expansion of the exponentials,
while the difference of zero modes takes care of the extra factor v. Applying the same
method to T - £1(2), we can prove the following identities that produce the other cases of
the relations (3.26) by expansion,

T M (2) =y "Fy (= Puz )P,
T & (2) =yF ' (—?u""2)F, (A.16)
T &M (z) =y Pyt (4 Pu ) F
Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

- 21 —


https://creativecommons.org/licenses/by/4.0/

References

1]

[2]

[13]
[14]

[15]

[16]

[17]

[18]

T. Nakatsu and K. Takasaki, Melting crystal, quantum torus and Toda hierarchy, Commun.
Math. Phys. 285 (2009) 445 [arXiv:0710.5339] [INSPIRE].

M. Sato, Soliton Equations as Dynamical Systems on Infinite Dimensional Grassmann
Manifold, in Nonlinear Partial Differential Equations in Applied Science; Proceedings of The
U.S.-Japan Seminar, Tokyo, 1982, H. Fujita, P.D. Lax and G. Strang, eds., vol. 81 of
North-Holland Mathematics Studies, North-Holland, (1983), pp. 259271, [DOI].

E. Date, M. Jimbo, M. Kashiwara and T. Miwa, Transformation groups for soliton
equations. 3. Operator approach to the Kadomtsev-Petviashvili equation, J. Phys. Soc. Jap.
50 (1981) 3806 [NSPIRE].

V. Kac and M. Wakimoto, Fzceptional Hierarchies of Soliton Equations, Proc. Symp. Pure
Math. 49 (1989).

V.G. Kac, Infinite-Dimensional Lie Algebras, 3 ed., Cambridge University Press, (1990),
[DOT].

M. Jimbo and T. Miwa, Solitons and Infinite Dimensional Lie Algebras, Publ. Res. Inst.
Math. Sci. Kyoto 19 (1983) 943.

A. Alexandrov and A. Zabrodin, Free fermions and tau-functions, J. Geom. Phys. 67 (2013)
37 [arXiv:1212.6049] [INSPIRE].

A A. Belavin, A.M. Polyakov and A.B. Zamolodchikov, Infinite Conformal Symmetry in
Two-Dimensional Quantum Field Theory, Nucl. Phys. B 241 (1984) 333 [INSPIRE].

I.B. Frenkel and N.Jing, Vertex representations of quantum affine algebras, Proc. Natl. Acad.
Sci. USA 85 (1988) 9373.

B. Davies, O. Foda, M. Jimbo, T. Miwa and A. Nakayashiki, Diagonalization of the XXZ
Hamiltonian by vertex operators, Commun. Math. Phys. 151 (1993) 89 [hep-th/9204064]
[INSPIRE].

H. Awata, B. Feigin and J. Shiraishi, Quantum Algebraic Approach to Refined Topological
Vertezx, JHEP 03 (2012) 041 [arXiv:1112.6074] INSPIRE].

J.-t. Ding and K. Iohara, Generalization and deformation of Drinfeld quantum affine
algebras, Lett. Math. Phys. 41 (1997) 181 [INSPIRE].

K. Miki, A (q,7) analog of the Wi, algebra, J. Math. Phys. 48 (2007) 3520.

M. Aganagic, A. Klemm, M. Marinio and C. Vafa, The topological vertex, Commun. Math.
Phys. 254 (2005) 425 [hep-th/0305132] [INSPIRE].

A. Igbal, C. Kozcaz and C. Vafa, The refined topological vertex, JHEP 10 (2009) 069
[hep-th/0701156] [INSPIRE].

H. Awata and H. Kanno, Refined BPS state counting from Nekrasov’s formula and
Macdonald functions, Int. J. Mod. Phys. A 24 (2009) 2253 [arXiv:0805.0191] INSPIRE].

J.-E. Bourgine, M. Fukuda, Y. Matsuo and R.-D. Zhu, Reflection states in Ding-Iohara-Miki
algebra and brane-web for D-type quiver, JHEP 12 (2017) 015 [arXiv:1709.01954]
[INSPIRE].

H. Awata, H. Kanno, A. Mironov, A. Morozov, K. Suetake and Y. Zenkevich, (¢,t)-KZ
equations for quantum toroidal algebra and Nekrasov partition functions on ALE spaces,
JHEP 03 (2018) 192 [arXiv:1712.08016] [NSPIRE].

- 29 —


https://doi.org/10.1007/s00220-008-0583-5
https://doi.org/10.1007/s00220-008-0583-5
https://arxiv.org/abs/0710.5339
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0710.5339
https://doi.org/10.1016/S0304-0208(08)72096-6
https://doi.org/10.1143/JPSJ.50.3806
https://doi.org/10.1143/JPSJ.50.3806
https://inspirehep.net/search?p=find+J%20%22J.Phys.Soc.Jap.%2C50%2C3806%22
https://doi.org/10.1090/pspum/049.1/1013133
https://doi.org/10.1090/pspum/049.1/1013133
https://doi.org/10.1017/CBO9780511626234
https://doi.org/10.2977/prims/1195182017
https://doi.org/10.2977/prims/1195182017
https://doi.org/10.1016/j.geomphys.2013.01.007
https://doi.org/10.1016/j.geomphys.2013.01.007
https://arxiv.org/abs/1212.6049
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1212.6049
https://doi.org/10.1016/0550-3213(84)90052-X
https://inspirehep.net/search?p=find+doi%20%2210.1016%2F0550-3213%2884%2990052-X%22
https://doi.org/10.1073/pnas.85.24.9373
https://doi.org/10.1073/pnas.85.24.9373
https://doi.org/10.1007/BF02096750
https://arxiv.org/abs/hep-th/9204064
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9204064
https://doi.org/10.1007/JHEP03(2012)041
https://arxiv.org/abs/1112.6074
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1112.6074
https://doi.org/10.1023/A:1007341410987
https://inspirehep.net/search?p=find+J%20%22Lett.Math.Phys.%2C41%2C181%22
https://doi.org/10.1063/1.2823979
https://doi.org/10.1007/s00220-004-1162-z
https://doi.org/10.1007/s00220-004-1162-z
https://arxiv.org/abs/hep-th/0305132
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0305132
https://doi.org/10.1088/1126-6708/2009/10/069
https://arxiv.org/abs/hep-th/0701156
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0701156
https://doi.org/10.1142/S0217751X09043006
https://arxiv.org/abs/0805.0191
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0805.0191
https://doi.org/10.1007/JHEP12(2017)015
https://arxiv.org/abs/1709.01954
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1709.01954
https://doi.org/10.1007/JHEP03(2018)192
https://arxiv.org/abs/1712.08016
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1712.08016

[19]

[20]

[24]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

O. Foda and M. Manabe, Macdonald topological vertices and brane condensates, Nucl. Phys.
B 936 (2018) 448 [arXiv:1801.04943] [INSPIRE].

Y. Zenkevich, Higgsed network calculus, arXiv:1812.11961 [INSPIRE].

J.E. Bourgine and K. Zhang, A note on the algebraic engineering of 4D N = 2 super
Yang-Mills theories, Phys. Lett. B 789 (2019) 610 [arXiv:1809.08861] [INSPIRE].

T. Kimura and R.-D. Zhu, Web Construction of ABCDEFG and Affine Quiver Gauge
Theories, JHEP 09 (2019) 025 [arXiv:1907.02382] [INSPIRE].

J.-E. Bourgine and S. Jeong, New quantum toroidal algebras from 5D N = 1 instantons on
orbifolds, JHEP 05 (2020) 127 [arXiv:1906.01625] [INSPIRE].

Y. Zenkevich, Mized network calculus, arXiv:2012.15563 [INSPIRE].

J.-E. Bourgine, Y. Matsuo and H. Zhang, Holomorphic field realization of SH® and quantum
geometry of quiver gauge theories, JHEP 04 (2016) 167 [arXiv:1512.02492] [INSPIRE].

J.-E. Bourgine, M. Fukuda, Y. Matsuo, H. Zhang and R.-D. Zhu, Coherent states in
quantum Wi 1o algebra and qq-character for 5d Super Yang-Mills, PTEP 2016 (2016)
123B05 [arXiv:1606.08020] INSPIRE].

J.-E. Bourgine, M. Fukuda, K. Harada, Y. Matsuo and R.-D. Zhu, (p, ¢)-webs of DIM
representations, 5d N =1 instanton partition functions and qq-characters, JHEP 11 (2017)
034 [arXiv:1703.10759] [INSPIRE].

B. Feigin, A. Hoshino, J. Shibahara, J. Shiraishi and S. Yanagida, Kernel function and
quantum algebras, arXiv:1002.2485.

H. Awata, B. Feigin, A. Hoshino, M. Kanai, J. Shiraishi and S. Yanagida, Notes on
Ding-Iohara algebra and AGT conjecture, arXiv:1106.4088 [INSPIRE].

M. Fukuda, Y. Ohkubo and J. Shiraishi, Generalized Macdonald Functions on Fock Tensor
Spaces and Duality Formula for Changing Preferred Direction, Commun. Math. Phys. 380
(2020) 1 [arXiv:1903.05905] [INSPIRE].

H. Awata and H. Kanno, Changing the preferred direction of the refined topological vertex, J.
Geom. Phys. 64 (2013) 91 [arXiv:0903.5383] [INSPIRE].

J.-E. Bourgine, Fiber-base duality from the algebraic perspective, JHEP 03 (2019) 003
[arXiv:1810.00301] [iNSPIRE].

S. Sasa, A. Watanabe and Y. Matsuo, A note on the S-dual basis in the free fermion system,
PTEP 2020 (2020) 023B02 [arXiv:1904.04766] [INSPIRE].

M. Aganagic, R. Dijkgraaf, A. Klemm, M. Marino and C. Vafa, Topological strings and
integrable hierarchies, Commun. Math. Phys. 261 (2006) 451 [hep-th/0312085] INSPIRE].

V. Kac and A. Radul, Quasifinite highest weight modules over the Lie algebra of differential
operators on the circle, Commun. Math. Phys. 157 (1993) 429 [hep-th/9308153] [INSPIRE].

H. Awata, M. Fukuma, Y. Matsuo and S. Odake, Representation theory of the W(1+infinity)
algebra, Prog. Theor. Phys. Suppl. 118 (1995) 343 [hep-th/9408158] [INSPIRE].

M. Golenishcheva-Kutuzova and D. Lebedev, Vertex operator representation of some
quantum tori Lie algebras, Commun. Math. Phys. 148 (1992) 403 [INSPIRE].

J. Hoppe, M. Olshanetsky and S. Theisen, Dynamical systems on quantum tori algebras,
Commun. Math. Phys. 155 (1993) 429 [INSPIRE].

~ 93 -


https://doi.org/10.1016/j.nuclphysb.2018.10.001
https://doi.org/10.1016/j.nuclphysb.2018.10.001
https://arxiv.org/abs/1801.04943
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1801.04943
https://arxiv.org/abs/1812.11961
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1812.11961
https://doi.org/10.1016/j.physletb.2018.11.066
https://arxiv.org/abs/1809.08861
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1809.08861
https://doi.org/10.1007/JHEP09(2019)025
https://arxiv.org/abs/1907.02382
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1907.02382
https://doi.org/10.1007/JHEP05(2020)127
https://arxiv.org/abs/1906.01625
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1906.01625
https://arxiv.org/abs/2012.15563
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2012.15563
https://doi.org/10.1007/JHEP04(2016)167
https://arxiv.org/abs/1512.02492
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1512.02492
https://doi.org/10.1093/ptep/ptw165
https://doi.org/10.1093/ptep/ptw165
https://arxiv.org/abs/1606.08020
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1606.08020
https://doi.org/10.1007/JHEP11(2017)034
https://doi.org/10.1007/JHEP11(2017)034
https://arxiv.org/abs/1703.10759
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1703.10759
https://arxiv.org/abs/1002.2485
https://arxiv.org/abs/1106.4088
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1106.4088
https://doi.org/10.1007/s00220-020-03872-4
https://doi.org/10.1007/s00220-020-03872-4
https://arxiv.org/abs/1903.05905
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1903.05905
https://doi.org/10.1016/j.geomphys.2012.10.014
https://doi.org/10.1016/j.geomphys.2012.10.014
https://arxiv.org/abs/0903.5383
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0903.5383
https://doi.org/10.1007/JHEP03(2019)003
https://arxiv.org/abs/1810.00301
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1810.00301
https://doi.org/10.1093/ptep/ptz158
https://arxiv.org/abs/1904.04766
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1904.04766
https://doi.org/10.1007/s00220-005-1448-9
https://arxiv.org/abs/hep-th/0312085
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0312085
https://doi.org/10.1007/BF02096878
https://arxiv.org/abs/hep-th/9308153
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9308153
https://doi.org/10.1143/PTPS.118.343
https://arxiv.org/abs/hep-th/9408158
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9408158
https://doi.org/10.1007/BF02100868
https://inspirehep.net/search?p=find+J%20%22Commun.Math.Phys.%2C148%2C403%22
https://doi.org/10.1007/BF02096721
https://inspirehep.net/search?p=find+J%20%22Commun.Math.Phys.%2C155%2C429%22

[39]

[40]

[41]

[42]

[43]

[44]

[50]

[51]

[52]

[53]

J.-E. Bourgine, Quantum Wi, subalgebras of BCD type and symmetric polynomials,
arXiv:2101.03877 [INSPIRE].

A. Okounkov, N. Reshetikhin and C. Vafa, Quantum Calabi- Yau and classical crystals, Prog.
Math. 244 (2006) 597 [hep-th/0309208] [INSPIRE].

D.B. Fairlie, P. Fletcher and C.K. Zachos, Trigonometric Structure Constants for New
Infinite Algebras, Phys. Lett. B 218 (1989) 203 [INSPIRE].

A. Mironov, A. Morozov and Y. Zenkevich, Ding-Iohara-Miki symmetry of network matriz
models, Phys. Lett. B 762 (2016) 196 [arXiv:1603.05467] [INSPIRE].

H. Awata et al., Ezxplicit examples of DIM constraints for network matriz models, JHEP 07
(2016) 103 [arXiv:1604.08366] [INSPIRE].

O. Aharony and A. Hanany, Branes, superpotentials and superconformal fized points, Nucl.
Phys. B 504 (1997) 239 [hep-th/9704170] [INSPIRE].

O. Aharony, A. Hanany and B. Kol, Webs of (p,q) five-branes, five-dimensional field theories
and grid diagrams, JHEP 01 (1998) 002 [hep-th/9710116] [INSPIRE].

I. Macdonald, Symmetric Functions and Hall Polynomials, Clarendon Press, (1998).

K. Takasaki, Toda hierarchies and their applications, J. Phys. A 51 (2018) 203001
[arXiv:1801.09924] [INSPIRE].

K. Takasaki, A modified melting crystal model and the Ablowitz-Ladik hierarchy, J. Phys. A
46 (2013) 245202 [arXiv:1302.6129] [INSPIRE].

L.P. Goulden and D.M. Jackson, Transitive factorisations into transpositions and
holomorphic mappings on the sphere, Proc. Am. Math. Soc. 125 (1997) 51.

P. Di Francesco, P. Mathieu and D. Senechal, Graduate Texts in Contemporary Physics,
Springer-Verlag, New York, U.S.A. (1997).

T. Nakatsu and K. Takasaki, Three-partition Hodge integrals and the topological vertex,
Commun. Math. Phys. 376 (2019) 201 [arXiv:1812.11726] [INSPIRE].

B. Feigin, K. Hashizume, A. Hoshino, J. Shiraishi and S. Yanagida, A commutative algebra
on degenerate CP' and Macdonald polynomials, J. Math. Phys. 50 (2009) 095215,
[arXiv:0904.2291].

B. Feigin, E. Feigin, M. Jimbo, T. Miwa and E. Mukhin, Quantum continuous gl :
Semi-infinite construction of representations, Kyoto J. Math. 51 (2011) 337,
[arXiv:1002.3100].

M. Taki, Refined Topological Vertex and Instanton Counting, JHEP 03 (2008) 048
[arXiv:0710.1776] INSPIRE].

H. Awata et al., Toric Calabi-Yau threefolds as quantum integrable systems. R-matriz and
RTT relations, JHEP 10 (2016) 047 [arXiv:1608.05351] [INSPIRE].

A. Brini, The local Gromov- Witten theory of CP' and integrable hierarchies, Commun.
Math. Phys. 313 (2012) 571 [arXiv:1002.0582] [INSPIRE].

L. Bao, V. Mitev, E. Pomoni, M. Taki and F. Yagi, Non-Lagrangian Theories from Brane
Junctions, JHEP 01 (2014) 175 [arXiv:1310.3841] [INSPIRE].

H. Hayashi, H.-C. Kim and T. Nishinaka, Topological strings and 5d T partition functions,
JHEP 06 (2014) 014 [arXiv:1310.3854] [INSPIRE].

—94 —


https://arxiv.org/abs/2101.03877
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2101.03877
https://doi.org/10.1007/0-8176-4467-9_16
https://doi.org/10.1007/0-8176-4467-9_16
https://arxiv.org/abs/hep-th/0309208
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0309208
https://doi.org/10.1016/0370-2693(89)91418-4
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB218%2C203%22
https://doi.org/10.1016/j.physletb.2016.09.033
https://arxiv.org/abs/1603.05467
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1603.05467
https://doi.org/10.1007/JHEP07(2016)103
https://doi.org/10.1007/JHEP07(2016)103
https://arxiv.org/abs/1604.08366
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1604.08366
https://doi.org/10.1016/S0550-3213(97)00472-0
https://doi.org/10.1016/S0550-3213(97)00472-0
https://arxiv.org/abs/hep-th/9704170
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9704170
https://doi.org/10.1088/1126-6708/1998/01/002
https://arxiv.org/abs/hep-th/9710116
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9710116
https://doi.org/10.1088/1751-8121/aabc14
https://arxiv.org/abs/1801.09924
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1801.09924
https://doi.org/10.1088/1751-8113/46/24/245202
https://doi.org/10.1088/1751-8113/46/24/245202
https://arxiv.org/abs/1302.6129
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1302.6129
https://doi.org/10.1090/S0002-9939-97-03880-X
https://doi.org/10.1007/s00220-019-03648-5
https://arxiv.org/abs/1812.11726
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1812.11726
https://doi.org/10.1063/1.3192773
https://arxiv.org/abs/0904.2291
https://doi.org/10.1215/21562261-1214375
https://arxiv.org/abs/1002.3100
https://doi.org/10.1088/1126-6708/2008/03/048
https://arxiv.org/abs/0710.1776
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0710.1776
https://doi.org/10.1007/JHEP10(2016)047
https://arxiv.org/abs/1608.05351
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1608.05351
https://doi.org/10.1007/s00220-012-1517-9
https://doi.org/10.1007/s00220-012-1517-9
https://arxiv.org/abs/1002.0582
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1002.0582
https://doi.org/10.1007/JHEP01(2014)175
https://arxiv.org/abs/1310.3841
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1310.3841
https://doi.org/10.1007/JHEP06(2014)014
https://arxiv.org/abs/1310.3854
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1310.3854

[59] I. Coman, E. Pomoni and J. Teschner, Trinion Conformal Blocks from Topological strings,
JHEP 09 (2020) 078 [arXiv:1906.06351] INSPIRE].

[60] T. Ikeda and K. Takasaki, Toroidal Lie algebras and Bogoyavlensky’s (2+1)-dimensional
equation, n1in/0004015.

[61] N. Jing, Vertex operators and Hall-Littlewood symmetric functions, Adv. Math. 87 (1991)
226.

[62] M. Ghoneim, C. Kozgaz, K. Kursun and Y. Zenkevich, 4d higgsed network calculus and
elliptic DIM algebra, arXiv:2012.15352 [INSPIRE].

[63] E. Date, M. Jimbo, M. Kashiwara and T. Miwa, Transformation groups for soliton equations.
VI. KP hierarchies of orthogonal and symplectic type, J. Phys. Soc. Jap. 50 (1981) 3813.

[64] O. Foda and M. Wheeler, BKP plane partitions, JHEP 01 (2007) 075 [math-ph/0612018]
[INSPIRE].

[65] O. Foda and M. Wheeler, Hall-Littlewood plane partitions and KP, Int. Math. Res. Not.
2009 (2009) 2597 [arXiv:0809.2138] [NSPIRE].

[66] R. Dijkgraaf and C. Vafa, Toda Theories, Matriz Models, Topological Strings, and N = 2
Gauge Systems, arXiv:0909.2453 [nSPIRE].

— 95—


https://doi.org/10.1007/JHEP09(2020)078
https://arxiv.org/abs/1906.06351
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1906.06351
http://arxiv.org/abs/nlin/0004015
https://doi.org/10.1016/0001-8708(91)90072-F
https://doi.org/10.1016/0001-8708(91)90072-F
https://arxiv.org/abs/2012.15352
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2012.15352
https://doi.org/10.1143/jpsj.50.3813
https://doi.org/10.1088/1126-6708/2007/01/075
https://arxiv.org/abs/math-ph/0612018
https://inspirehep.net/search?p=find+EPRINT%2Bmath-ph%2F0612018
https://arxiv.org/abs/0809.2138
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0809.2138
https://arxiv.org/abs/0909.2453
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0909.2453

	Introduction
	Integrable structure of the melting crystal model
	Quantum W(1 + infty) algebra
	Definition
	Dirac module
	Intertwiner and melting crystal

	Derivation of the tau function

	Refinement and quantum toroidal algebra
	Quantum toroidal gl(1) algebra
	Definition
	Horizontal representation
	Intertwiner and exchange relation

	Deforming the tau function

	Discussion
	Proofs
	Reminder on Miki's automorphism
	Proof of the refined exchange relations
	Proof of the algebraic properties for the refined framing operator


