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1 Introduction

Most of the experimental neutrino oscillation data, coming from neutrinos produced at
natural and artificial sources such as the Sun, Earth’s atmosphere, nuclear reactors or par-
ticle accelerators, can be accommodated within the three-neutrino framework [1–3]. Along
their path towards detectors, neutrinos can propagate through vacuum or through matter.
For propagation in vacuum, the Schrödinger equation describing neutrino oscillations can
be solved exactly. However, when neutrinos propagate through matter, they experience
an effective potential and, as a result, neutrino flavour oscillations may get dramatically
impacted due to the Mikheyev-Smirnov-Wolfenstein (MSW) effect [4–6]. In this case, it
becomes challenging to solve the neutrino evolution equation, especially if the matter den-
sity of the medium traversed by neutrinos varies along the neutrino path, as it happens in
the propagation through the Sun or the Earth. If one assumes the density to be constant
for a given baseline, analytic solutions can be found [7]. However, these expressions are
quite complicated and do not allow a deeper understanding of the underlying structure of
three-neutrino oscillations. To facilitate this understanding, several approximate analytic
expansions of the probability functions have been proposed [8–18] using different expansion
parameters. In a recent study [19], the authors have explored the regime of validity of these
approximate expressions and presented a comparison among them.

The above holds for neutrino interactions allowed within the Standard Model, referred
to as standard interactions (SI). Although the neutrino experiments are currently entering
the precision era [1], the available data still cannot exclude the presence of (possibly large)
non-standard neutrino interactions (NSI). For recent reviews on NSI see, for example,
refs. [20–22]. Since the size of neutrino NSI with matter is proportional to the medium
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density, obtaining analytical expressions of oscillation probabilities in presence of NSI is a
cumbersome exercise. Work in this direction can be found in refs. [13, 23–27].

In the usual description of three-flavour neutrino oscillations (including the case of
NSI), there are four independent degrees of freedom. In the commonly adopted PMNS
parameterization, these are the three angles θ12, θ23 and θ13 which have been measured
fairly well [1] and the Dirac CP phase δ which is related to the amount of CP violation
in the leptonic sector. However, there is a strong dependence on the parameterization
used which could lead to serious implications on our inferences about CP violation in the
leptonic sector [28]. It should be noted that these parameters could also be four phases [29]
and need not be three real angles and one phase .

Recently, there is renewed interest in visualizing neutrino oscillations, which yields an
alternative geometrical viewpoint towards our understanding of CP violation effects. While
the two flavor case can be conveniently visualized using the two-dimensional Poincare (or
Bloch) sphere [30], the generalization to a N(≥ 3) level system is not straightforward [31].
Unitarity triangles are one of the widely studied approaches both in the quark sector as
well as in the leptonic sector. It is important to note that the parameters of the unitarity
triangle are invariant under rephasing transformations [32–36] and independent of the
parametrization adopted [28]. The next generation of neutrino oscillation experiments
are expected to measure some of the elements of the mixing matrix to O(1%) precision.
This would allow for precision tests of unitarity. Likewise, the construction of a leptonic
unitarity triangle (LUT) may be well within our reach.

Some interesting aspects related to LUT have been studied in the literature. The idea
of unitarity triangles in the leptonic sector was first discussed in [37]. Conditions for the
observability of CP violation in terms of the LUT were discussed in [38]. The authors of [39]
studied CP violation in the leptonic sector with Majorana neutrinos and interpreted its well-
known features in terms of geometrical properties of unitarity polygons for the three-flavour
case and beyond. The possibility of reconstructing the unitarity triangle in future oscillation
and non-oscillation experiments was considered in ref. [40], where a set of measurements
potentially allowing to measure all sides of the triangle, and consequently to establish CP
violation, was suggested. In [41], the authors presented a study of LUT and obtained
analytical expressions for the sides and inner angles of the unitary triangle in vacuum,
as well as its counterpart in matter. A simplified version of the unitarity triangles, more
convenient to establish direct comparison with the experiments, was obtained in ref. [42]
for the particular case of trimaximal mixing for the ν2 mass eigenstate. The same choice
for the neutrino mixing in connection with the LUT was explored in [43]. The connection
between a specific neutrino mass matrix texture and parameters of the Majorana unitarity
triangle was explored in [44]. He and Xu expressed the neutrino oscillation probabilities in
terms of the parameters of the LUT in vacuum [45] as well as in matter, assuming stan-
dard interactions [46]. In a more recent study [47], a comprehensive analysis of LUT was
presented, using both current neutrino oscillation data and projections of next-generation
oscillation measurements. For a recent review, see [48]. Finally, in ref. [49], the idea of
unitarity boomerangs put forth in the quark sector [50] was extended to the leptonic sector.
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The idea of the present work is to go beyond the study carried out in the context
of vacuum [45] and matter (assuming standard interactions) [46] and obtain analytical
expressions for probabilities in the νµ → νe and νµ → ντ channels1 in presence of NSI.
Then, we will test the accuracy of our expression and construct the LUT parameters for
specific channels. We will study the evolution of LUT as a function of the neutrino energy
for a fixed baseline of 1300 km. We will also analyze the dependence of the Jarlskog
invariant on the nature of interactions. To the best of our knowledge, a study of neutrino
oscillations in presence of a new physics scenario such as NSI using the geometric approach
based on LUT has not been reported earlier.

The paper is structured as follows: in section 2, we develop the idea of the geometric
interpretation of neutrino oscillations in vacuum, standard matter and NSI. We derive
an approximate formula for neutrino oscillations in presence of NSI and show that the
oscillation probability can be expressed in terms of the parameters of the LUT. Next, we
test the validity of the expressions obtained in this work and those existing in literature in
section 3. In section 4, we study numerically the evolution of the parameters of the LUT
as a function of the energy in presence of NSI. In section 5, we study the evolution of the
Jarlskog invariant, JCP , for the NSI case. Finally, we conclude in section 6.

2 Geometrical interpretation of neutrino oscillations

Three-generation neutrino mixing can be described by a 3 × 3 unitary mixing matrix U ,
which appears in the weak charged current interactions. The commonly used form given be-
low is referred to as the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) parametrization [55]

U ≡ UPMNS =

 1 0 0
0 c23 s23
0 −s23 c23


 c13 0 s13e

−iδ

0 1 0
−s13e

iδ 0 c13


 c12 s12 0
−s12 c12 0

0 0 1

 , (2.1)

where sij = sin θij , cij = cos θij and δ is the Dirac-type CP phase. If neutrinos are Majorana
particles, there can be two additional Majorana-type phases in the three flavour case, as
U → U diag(1, eiκ, eiζ). However, these Majorana phases play no role in neutrino oscillation
studies as they give rise to an overall phase in the neutrino oscillation amplitude which
is not measurable. The unitarity of the mixing matrix, U †U = UU † = I3×3, leads to the
so-called leptonic unitarity triangles in the complex plane,∑

j

U`jU
?
`′j = U`1U

∗
`′1 + U`2U

∗
`′2 + U`3U

∗
`′3 = 0 with l 6= l′ . (2.2)

∑
l

U`jU
?
`j′ = UejU

∗
ej′ + UµjU

∗
µj′ + UτjU

∗
τj′ = 0 with j 6= j′ . (2.3)

Here, eq. (2.2) represents row or Dirac triangles while eq. (2.3) represents column or Majo-
rana triangles. Since we are interested in neutrino flavour oscillations, we will consider only
the Dirac LUT, as shown in figure 1(a). The sides (a, b, c) and angles (α, β, γ) of the LUT

1ντ appearance has been discussed in the context of the upcoming DUNE experiment in [51–54].
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Figure 1. (a) Unitarity triangle with the sides (a, b, c) and angles (α, β, γ). (b) Modification of the
unitarity triangle due to neutrino propagation (adapted from [46]).

can be directly expressed in terms of the elements of the leptonic mixing matrix, U [46]

(a, b, c) = (|U`1U∗`′1|, |U`2U∗`′2|, |U`3U∗`′3|) ,

(α, β, γ) =
(

arg
[
−U`3U

∗
`′3

U`2U
∗
`′2

]
, arg

[
−U`1U

∗
`′1

U`3U
∗
`′3

]
, arg

[
−U`2U

∗
`′2

U`1U
∗
`′1

])
. (2.4)

As stated in [39] (see also [35, 36]), under the allowed rephasing transformations, lLj,Rj →
eiλj lLj,Rj , the mixing matrix elements transform as Ulj → eiλjUlj and, thus, the minimal
rephasing invariant terms are the products (UljU?l′j) with the minimal CP violating quanti-
ties Im(UljU?l′j), subject to the requirement that they need to interfere with their real part
or with other sides of the triangle.

Note that, out of the six degrees of freedom appearing in eq. (2.4), only three taken
to be two sides and one angle enter the probability expression for a given appearance
channel, i.e. with a given pair (l, l′), as we will see below. For a different appearance
channel, the parameters will no longer remain the same, as expected. It is interesting
to note the connection between LUT parameters and the Jarlskog factor [32–34], JCP =
Im
(
U`′jU

?
`jU

?
`j′U`′j′

)
where l 6= l′ and j 6= j′ [45].

JCP = bc sinα = ca sin β = ab sin γ . (2.5)

As a consequence of the orthogonality of any pair of different rows or columns of the mixing
matrix, it turns out that the absolute value of JCP is unique for all of them, and can differ
at most by a sign. It is interesting to note that the vacuum and matter (with standard
interactions) counterpart of JCP are related [56–59].

2.1 Neutrino propagation in vacuum

For neutrino oscillations in vacuum, the Hamiltonian is given by

H = ∆m2
31

2E U

 0 0 0
0 r 0
0 0 1

U †. (2.6)
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where r = ∆m2
21/∆m2

31. The oscillation probability in terms of three independent LUT
parameters (b, c and α), defined in eq. (2.4), is given by [46]

P``′ = 4c2 sin2 ∆31 − 8bc sin ∆31 sin ∆21 cos[∆32 + α] + 4b2 sin2 ∆21 , (2.7)

where ∆jk = ∆m2
jkL/4E. As a consequence of neutrino propagation, the vector −→CA of the

LUT rotates by an angle ϕ2 = 2∆21 and the vector −−→BA rotates by ϕ1 = 2∆31 giving rise
to a quadrilateral CEFB, see figure 1(b). It can also be shown that P``′ = |−−→EF |2 [46].

2.2 Neutrino propagation in matter with standard interactions

We next consider the Hamiltonian describing neutrino evolution in constant matter gov-
erned by SI, given by

H = ∆m2
31

2E U

 0 0 0
0 r 0
0 0 1

U † +
√

2GFNe

 1 0 0
0 0 0
0 0 0

 = ∆m2
31

2E
[
UKU †

]
, (2.8)

where the dimensionless matrix K takes the form

K =

 0 0 0
0 r 0
0 0 1

+ U †

A 0 0
0 0 0
0 0 0

U . (2.9)

Here, A is given by

A = 2
√

2GFNeE

∆m2
31

= 2× 0.76× 10−4 × Ye
ρ

[g/cc]
E

[GeV]
[eV2]
∆m2

31
. (2.10)

where, Ye is the electron fraction (Ye ' 0.5 for earth matter) and ρ is the earth matter
density. As it was shown in ref. [7], the modified neutrino oscillation parameters in matter
can be calculated exactly for constant matter density. The neutrino oscillation probability
in matter can be written down in terms of parameters of LUT as [46]

P``′ = 4(cm)2 sin2 ∆m
31 − 8bmcm sin ∆m

31 sin ∆m
21 cos[∆m

32 + αm] + 4(bm)2 sin2 ∆m
21 , (2.11)

where the mixing matrix in vacuum is replaced by the mixing matrix in matter, U → Um.
Therefore, the three independent LUT parameters get modified, b → bm, c → cm and
α → αm. Note that the form of eq. (2.11) is similar to eq. (2.7). The mixing angles, CP
phase and mass-squared splittings in matter can be found in ref. [7].2

2.3 Neutrino propagation in matter with non-standard interactions

Neutrino NSI can be parameterized as 4-fermion terms in the Lagrangian density. They
can induce new charged current (CC) and neutral current (NC) interactions, given by

LCC = −2
√

2GF εff
′X

αβ (ναγµPLlβ)(f ′γµPXf) , (2.12)

LNC = −2
√

2GF εfXαβ (ναγµPLνβ)(fγµPXf) . (2.13)
2Note, however, that there are two typos in the original reference, see for example section 4.2.1 of ref. [19]

for a corrected version.
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The dimensionless coefficients εf(f ′)X
αβ quantify the strength of the NSI with respect to

the standard weak interaction. Here f and f ′ refer to the charged fermions involved in
the interactions (electrons and up and down-quarks), while X denotes the left and right
chirality of the projection operator PX . The CC NSI can affect the neutrino production
and detection processes. In this work, however, we focus only on NC NSI, since we are
interested in the effect of NSI in the neutrino propagation through matter, which is affected
by the vector part of the NSI, given by εfVαβ = εfLαβ + εfRαβ . In the most general case, the
neutrino oscillation probability is indeed affected by the combination

εαβ = εeVαβ + Nu

Ne
εuVαβ + Nd

Ne
εdVαβ , (2.14)

with the electron, up-quark and down-quark densities denoted by Ne, Nu and Nd, respec-
tively. The Hamiltonian with NSI is then given by,

H = ∆m2
31

2E U

 0 0 0
0 r 0
0 0 1

U † +
√

2GFNe

 1 0 0
0 0 0
0 0 0

+
√

2GFNe

 εee εeµ εeτ
ε∗eµ εµµ εµτ
ε∗eτ ε

∗
µτ εττ


︸ ︷︷ ︸

ε

= ∆m2
31

2E Um
[
Kdiag +Aε̃

]
(Um)† , (2.15)

where Kdiag contains the eigenvalues for the SI case and ε̃ = (Um)†εUm. In analogy with
the matrix K in eq. (2.9), here we define the corresponding matrix in the presence of NSI as

KNSI = Kdiag +Aε̃ . (2.16)

In order to find the effective mass-squared splittings in the case of NSI, we can diagonalise
KNSI with a matrix S such that S†KNSIS = KNSI

diag and obtain a modified mixing matrix
given by UN = UmS. We then introduce NSI as a perturbation to the standard matter
potential and invoke time-independent perturbation theory to diagonalise the perturbed
matrix KNSI. For a perturbed matrix, H = H0 + λH(1), the modified eigenvalues are
given (after first order correction) by En = E

(0)
n + λ 〈Φ(0)

n |H(1) |Φ(0)
n 〉, where E(0)

n is the
unperturbed eigenvalue with the corresponding unperturbed eigenvector being |Φ(0)

n 〉. The
modified eigenvectors of H, after first order correction, are given by,

|Φn〉 = |Φ(0)
n 〉 − λ

∑
k 6=n

〈Φ(0)
k |H(1) |Φ(0)

n 〉
E

(0)
k − E

(0)
n

|Φ(0)
k 〉 . (2.17)

Using these, the relevant elements of UN can be expressed in terms of elements of Um as

UN12 =N2

[
Um12−A

ε̃∗23
λ3−λ2

Um13−A
ε̃12
−λ2

Um11

]
, UN13 =N3

[
Um13−A

ε̃23
λ2−λ3

Um12−A
ε̃13
−λ3

Um11

]
,

UN22 =N2

[
Um22−A

ε̃∗23
λ3−λ2

Um23−A
ε̃12
−λ2

Um21

]
, UN23 =N3

[
Um23−A

ε̃23
λ2−λ3

Um22−A
ε̃13
−λ3

Um21

]
,

UN32 =N2

[
Um32−A

ε̃∗23
λ3−λ2

Um33−A
ε̃12
−λ2

Um31

]
, UN33 =N3

[
Um33−A

ε̃23
λ2−λ3

Um32−A
ε̃13
−λ3

Um31

]
,

(2.18)
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where λj = (∆m2
j1)m/∆m2

31. N2 and N3 are normalisation factors, given by

N2 =
[
1 + A2|ε̃23|2

(λ3 − λ2)2 + A2|ε̃12|2

λ2
2

]−1/2
,

N3 =
[
1 + A2|ε̃23|2

(λ3 − λ2)2 + A2|ε̃13|2

λ2
3

]−1/2
. (2.19)

Once we have computed the elements of UN , we can readily find the NSI modified LUT
parameters using eq. (2.4) with U → UN ,

bNµe = |UN22U
N∗
12 | , cNµe = |UN23U

N∗
13 | , αNµe = arg

(
−U

N
23U

N∗
13

UN22U
N∗
12

)
;

bNµτ = |UN22U
N∗
32 | , cNµτ = |UN23U

N∗
33 | , αNµτ = arg

(
−U

N
23U

N∗
33

UN22U
N∗
32

)
. (2.20)

Note that the subscripts indicate the oscillation channel (νµ → νe or νµ → ντ ) under
consideration. It is worth pointing out that bNαβ , cNαβ , αNαβ depend only on the elements of
the mixing matrix in a rephasing invariant form [39] and are independent of the specific
parameterization. The first order perturbed eigenvalues of KNSI are given by,

(∆m2
31)N ' (∆m2

31)m +A(ε̃33 − ε̃11)∆m2
31 ,

(∆m2
21)N ' (∆m2

21)m +A(ε̃22 − ε̃11)∆m2
31 . (2.21)

The oscillation probability takes the same form as in the case of standard matter
(eq. (2.11)), or in the case of vacuum (eq. (2.7)), with the appropriately modified values
of the sides and angles of the LUT relevant for the particular channel:

P``′ = 4(cN``′)2 sin2 ∆N
31 − 8bN``′cN``′ sin ∆N

31 sin ∆N
21 cos[∆N

32 + αN``′ ] + 4(bN``′)2 sin2 ∆N
21 . (2.22)

Expressing the NSI oscillation probability as eq. (2.22) and thereby establishing the
robustness of the expression of oscillation probability in terms of the LUT parameters in
the presence of NSI constitutes the key result of this work. Thus, the invariance of the
probability expression allows for a neat geometric view of neutrino oscillations in terms of
LUT, as depicted in figure 1.

It should be noted that the above description only applies to appearance channels
(l 6= l′). For the disappearance channels (l = l′), there is no LUT and, therefore, we can
infer the disappearance probabilities only indirectly by imposing the unitarity condition.
For example, for the muon disappearance channel, we can write Pµµ = 1− Pµe − Pµτ .

3 Validity of the approximate LUT expression for NSI

The accuracy of the LUT expression for the neutrino oscillation probability with standard
matter interactions given by eq. (2.11) with respect to the exact numerical calculation
was tested in ref. [46] for different baselines ranging between 295 − 1300 km. In this
section, we compare the precision of our LUT formula in presence of NSI, eq. (2.22), with

– 7 –
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= 0.016

100 101
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P
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e

ee = 0.08

100 101
E [GeV]
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Figure 2. Comparison of our approach with other formulas obtained in the literature. The
fractional difference of probabilities (∆Pµe/Pµe) for different fixed values of εαβ is plotted as a
function of E. Each panel compares the precision for a single εαβ . In the case of the non-diagonal
parameters, the phases are set to zero, ϕαβ = 0. The average value of density is taken to be 2.95
g/cc which corresponds to L ' 1300 km.

Figure 3. Heatmap for |∆Pµe|/Pµe as a function of the NSI parameters εeµ, εeτ , εµτ , εee, εµτ (taken
one-at-a-time and assuming them to be real) and the neutrino energy, E.
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Figure 4. Heatmap for |∆Pµτ |/Pµτ as a function of the NSI parameters εeµ, εeτ , εµτ , εee, εµτ (taken
one-at-a-time and assuming them to be real) and the neutrino energy, E.

νμ	→	νe

3	GeV
2	GeV1	GeV

SI

B

C

A

3	GeV
2	GeV1	GeV

|ɛeμ|	=	0.1,	φeμ	=	π

B

C

A

3	GeV
2	GeV1	GeV

|ɛeτ|	=	0.1,	φeτ	=	0

B

C

A

νμ	→	ντ

3	GeV2	GeV1	GeV

SI

B
C

A
A

B
C

3	GeV2	GeV1	GeV

|ɛμτ|	=	0.1,	φμτ	=	0

Figure 5. Evolution of the LUT for the νµ → νe (top row) and νµ → ντ channel (bottom row).
The green, blue and red dashed lines show the evolution of the three vertices A, B and C with the
energy for the standard case (left) and the NSI case (middle and right panels).
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existing expressions in the literature, taken from ref. [13] (AM),3 ref. [26] (LMW) and
ref. [27] (CGP). We consider a fixed baseline of L ' 1300 km, relevant in the context
of long-baseline neutrino experiments, such as DUNE [60]. The average value of matter
density in this case is taken to be 2.95 g/cc. In order to compare the accuracy of the
different approximate expressions, we calculate the deviations with respect to the exact
value of the probability, calculated numerically using GLoBES [61, 62] with the extension
snu.c [63, 64], ∆Pαβ = P exact

αβ − P approx
αβ . The relative precision for the νe appearance

channel, |∆Pµe|/Pµe, for different values of εαβ (taken one at a time) is plotted in figure 2,
as a function of the neutrino energy, E. For the standard oscillation parameters, we choose
the best-fit values from ref. [1], while the NSI parameters indicated in each panel are set
to their 90% bounds summarized in ref. [20]. We find that, at low energies, our formula is
comparable in precision with the other approximate expressions obtained in the literature
in case of εeµ and εeτ , while doing slightly better for the other ε’s. For larger energies,
however, the expressions become less precise due to break down of the perturbation theory.

In order to check the validity regime of eq. (2.22) in the plane εαβ−E, we show heatplots
of the relative precision in the probability calculation for the νµ → νe channel (|∆Pµe|/Pµe)
in figure 3 and νµ → ντ channel (|∆Pµτ |/Pµτ ) in figure 4. The heatplots are calculated con-
sidering the presence of five (real) NSI parameters, taken one at a time, as indicated by the
legends in each panel. In presence of εeµ and εeτ , it is easy to note that, as long as the NSI
parameters are below 0.1 and the neutrino energy is below 8GeV, our estimated probability
remains within roughly (5−10)% of the GLoBES result. Beyond this region, the results are
less accurate as the perturbation theory breaks down at higher energies and for larger NSI
couplings. The effect of εee and εµτ throughout the energy range explored in our analysis
gives probabilities consistent with GLoBES (the error being roughly within (2−7)%). Only
for εµτ & 0.2 and E & 9GeV, the analysis starts showing mild deviations from the numeri-
cal value. In figure 4, the heatmap for |∆Pµτ |/Pµτ in the plane of εαβ −E also shows good
agreement with the numerical results. Only the presence of εµτ or εee with a strength larger
than 0.15 starts showing a deviation of the order of or larger than (6−8)% at higher energies.

4 Evolution of the Leptonic Unitary Triangle with the energy

It should be noted that the LUT and its parameters evolve as a function of the energy
when standard and non-standard matter effects are taken into consideration. The case of
SI was investigated in [41]. We first study the energy dependence of the full LUT and
later investigate the energy dependence of the parameters bNαβ , cNαβ and αNαβ . As it is well
known, the area of the LUT is directly related to the Jarlskog factor, JCP , and indicates
the extent of leptonic CP violation. Thus, geometric properties of triangles such as changes
in the shape or the area of the LUT are physically relevant. In figure 5, we illustrate how
the LUT gets modified in case of standard and non-standard matter effects. Interestingly,
for the νµ → νe channel (top row of figure 5), and for specific values of NSI couplings: (a)
εeµ = 0.1, ϕeµ = π, and (b) εeτ = 0.1, ϕeτ = 0, the triangle tends to shrink to almost a
line for E ∼ 2 − 2.5GeV and, beyond this energy range, it starts growing again. This is

3We use eq. (36). of [13].
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Figure 6. Evolution of the LUT parameters bNαβ , cNαβ and sinαNαβ as a function of the neutrino
energy for the νµ → νe and νµ → ντ channels for the SI and NSI case with different sizes of the
couplings and their phases.

due to the fact that one of the sides (bNαβ) vanishes around this energy. However, no such
shrinking is seen in the νµ → ντ channel, at the bottom row of figure 5. This observation
has interesting connections with the evolution of LUT parameters as a function of energy
and it also has implications on the Jarlskog invariant, as we shall see later.

Figure 6 depicts the evolution of the LUT parameters (bNαβ , cNαβ and sinαNαβ) corre-
sponding to the two appearance channels. Each column corresponds to the presence of a
single NSI coupling with its value held fixed to the value indicated in the top row. We
have already checked that our LUT probability expression in eq. (2.22) agrees well with
the exact numerical results obtained using GLoBES up to the energies for which the per-
turbation approach is valid. The small disagreement begins to appear only at the higher
energy end.4 From figure 6, we note that, for the νµ → ντ channel, the SI and NSI curves
are close. For the νµ → νe channel, however, the SI and NSI curves differ more and there
are interesting features, namely,

i) for ϕeµ = π and E ' 2.5GeV, we find that bNµe → 0 (top row, left column),

ii) for ϕeτ = 0 and E ' 2.1GeV, we find that bNµe → 0 (top row, central column),

iii) for ϕeµ = −π/2 and E ' 0.6GeV, αNµe → π (bottom row, left column).

4Since the perturbation A|ε| is proportional to energy, the validity of expansion up to the first order
perturbation weakens at higher energy.
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Figure 7. Evolution of the Jarlskog invariant as a function of energy in the presence of non-zero
NSI couplings (εeµ, εeτ , εµτ ) taken one at a time, as indicated in the plot. The solid (dashed) lines
correspond to the νµ → ντ (νµ → νe) appearance channel for different values of the NSI phases, ϕαβ .

Note that, when bNαβ vanishes, αNαβ becomes ill-defined, leading to discontinuities in
the curves of sinαNαβ at those values. We have removed these discontinuities while plotting
sinαNαβ in figure 6. Note that the limits where bNαβ vanishes or αNαβ goes to π imply the
triangle shrinking to a line, which means that the NSI parameters conspire to give no CP
violation (see also figure 5).

5 Evolution of the Jarlskog invariant

The Jarlskog factor, JCP , is geometric in nature, as it is intimately connected to the area
of the LUT, since JCP = 2S4, where S4 is the area of the triangle. Its importance
lies in the fact that it is independent of the phase convention [32–36] and, hence, it is
an invariant measurement of CP violation. The impact of different parameterizations on
the interpretation of CP violation in neutrino oscillations has been studied in [28]. For
three generations, it turns out that the Jarlskog invariant is uniquely defined (up to a
sign) irrespective of the appearance channel. Thus, the probability difference ∆PCPαβ =
P (να → νβ)− P (ν̄α → ν̄β) obeys

|∆PCPµe | = |∆PCPeτ | = |∆PCPµτ | ∝ JCP . (5.1)

In terms of the LUT parameters, the Jarlskog invariant in presence of NSI can be written as

JCP = bNαβc
N
αβ sinαNαβ ,

where bNαβ , cNαβ and αNαβ are the two sides and the angle of the LUT which have been
plotted for the channels νµ → νe and νµ → ντ as a function of energy in figure 6.

In figure 7, we plot the evolution of JCP as a function of the energy for three different
NSI couplings, εeµ, εeτ and εµτ , along with their respective phases ϕαβ . The Jarlskog invari-
ant computed for the channels νµ → νe and νµ → ντ is shown as dashed and solid curves,
respectively. The case of SI is depicted in black, while the colours correspond to different
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choices for the NSI phase ϕαβ . At the lower energy limit, the invariant takes its vacuum
value given by JCP ' −0.008, which is obtained from the current best-fit values of neutrino
mixing parameters [1]. In the presence of neutrino interactions with matter, either stan-
dard or non-standard, the value of JCP rises (with the corresponding decrease in the area
of the LUT) or drops (with the corresponding increase in the area of the LUT), depending
on the choice of parameters. In the case of SI, as the energy increases, after an initial rise,
JCP flattens out and saturates to a value close to −0.001 for energies above 6GeV.

As stated above, since we consider the evolution of three neutrino flavours, there is
only one measure of CP violation and the Jarlskog invariant is unique irrespective of the
appearance channel considered. It should be noted that our approximate expression in
eq. (2.22) is based on perturbation theory and its validity for the different channels has
been discussed in section 3. As we go to higher energies, above 6GeV, the precision starts
getting worse for the NSI couplings εeµ, εeτ but not as much for εµτ (see figure 2). This
is reflected in the plot of the Jarlskog invariant as well. The different curves in each panel
of figure 7 correspond to specific choices of the NSI phases, ϕαβ = 0,−π/2, π. It can be
seen that the phase dependence is more pronounced for the first (εeµ) and second (εeτ )
panel but not so much for the third panel (εµτ ). Note as well that the SI and NSI curves
intersect at a particular value of energy for certain values of the NSI phases:

i) at E ' 1.2GeV for ϕeµ = −π/2 and E ' 5.1GeV for ϕeµ = π (first panel),

ii) at E ' 4.1GeV for ϕeτ = 0 (second panel).

This means that, around these particular values of the neutrino energy, it will be very
difficult to disentangle the origin of CP violation, since the Dirac CP phase, δ, and one of
the phases associated to NSI, ϕαβ , would give rise to the same value of JCP . Note, however,
that this problem of parameter degeneracy arises only at a specific energy value. Spectral
information can help to extract unambiguous information from a given experiment. Thus,
if we can obtain information at different energies or at different baselines [65], we can
identify the source of CP violation.

Interestingly, the value of the Jarlskog invariant vanishes at a particular energy for a
certain choice of NSI phases. This is indicated in figure 7 by the vertical dotted lines in
the first and second panel. The vanishing of JCP for a specific values of the NSI phases is
in agreement with our observation with regard to the evolution of the LUT in figure 5 and
figure 6. For ϕeµ = π and ϕeτ = 0, JCP vanishes around 2− 2.5GeV since one of the sides
(bNαβ) vanishes and then the triangle shrinks to a line in figure 5. Likewise, for ϕeµ = −π/2,
JCP vanishes around 0.6 GeV as the angle, αNαβ goes to π, as can be seen in figures 5 and 6.

6 Conclusion

In the present work, we have formulated an alternative approach based on the LUT to
describe neutrino oscillations in the presence of non-standard neutrino interactions with
matter. After briefly reviewing the case of neutrino propagation in vacuum and matter in
the presence of standard matter interactions [46], we have derived the expression for the
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oscillation probability P (να → νβ) using perturbation theory and cast it in terms of the
independent parameters of the LUT, labeled as bNαβ , cNαβ and sinαNαβ in eq. (2.22). Even
though NSI introduces additional parameters, the form of the oscillation probability retains
the same structure as in vacuum or standard matter interactions with the appropriate re-
definitions of the sides and angles of the LUT. Obtaining eq. (2.22) and thereby establishing
the robustness of the expression of the neutrino oscillation probability in terms of LUT pa-
rameters in the presence of NSI constitutes the key result of this work. Thus, the invariant
form of the probability expression in the presence of a new physics scenario5 facilitates a
neat geometric view of neutrino oscillations in terms of LUT as depicted in figure 1.

We examined the validity of the analytic result obtained in section 3 and discussed the
role played by the NSI couplings in the energy evolution of the LUT parameters as well as
the triangle in section 4. We find that, for some specific choices of NSI terms and energy,
the triangle shrinks to a line. Finally, we studied the evolution of the Jarlskog invariant
as a function of energy for the NSI case and compare it with the SI case in section 5. The
geometric approach based on LUT allows us to express the oscillation probabilities for a
given pair of neutrino flavours in terms of only three degrees of freedom which are related
to the geometric properties, two sides and one angle, of the unitarity triangle. Moreover,
the LUT parameters are invariant under rephasing tranformations and independent of the
parametrization adopted. These are the main advantages of this approach.
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