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1 Introduction

Special characteristics of classical systems are reflected by the conserved quantities that
canonically generate the symmetry transformations. At the quantum level, these quantities
are promoted to the operators that carry the spectrum information. In this context, hid-
den symmetries are associated with the non-obvious integrals of motion that mix canonical
coordinates and momenta in a non-trivial way at the classical level, while at the quantum
level they are often responsible for the so-called “accidental degenerations” [1]. Integrals
of this type are higher-order functions of the canonical momenta, and they may generate
nonlinear symmetry algebras [2, 3]. Some examples of integrals related to hidden symme-
tries are the Laplace-Runge-Lenz vector for the Kepler-Coulomb problem [4], the Fradkin
tensor for the isotropic harmonic oscillator [5], the analogs of these integrals in a monopole
background [6, 7], the higher-order symmetry generators of the anisotropic harmonic oscil-
lator with commensurable frequencies [2], and the N integrals in involution in the Calogero
models of N particles [8, 9].

On the other hand, it is a quite general assertion that the systems in a curved space-
time show special properties related to the geometric background itself. Some examples in
this direction are the Hawking radiation [10], the Unruh effect [11], the conformal invariance
of a charged particle propagating near the horizon of the extreme Reissner-Nordström black
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hole, which attracted attention in the context of AdS/CFT correspondence [12–15] (that,
in turn, gave rise to a resurgence of interest to the conformal model of de Alfaro, Fubini
and Furlan [16]). In a different but related line of research we also mention here the
supersymmetric mechanics models on curved spaces whose construction is based on the
WDVV equation formalism [17, 18].

In the context of the present research, the study of classical and quantum dynamics
in curved spaces is interesting from the point of view of hidden symmetries. An important
result in this direction is the proof of the existence of a non-trivial conserved quantity that
characterizes the dynamics of a particle moving on a Kerr black hole background. This
quantity, known as the Carter integral [19], is responsible for the complete integrability of
the system. Another interesting result was reported in [20], where it was shown that spin-
ning particles in the Kerr-Newman black hole background are characterized by enhanced
supersymmetry with additional supercharges of a nature different from a square root of
the Hamiltonian of the system. Geometrically, such supercharges are associated with the
so-called Yano and conformal Yano tensors [21–24]. Some other examples related to the
particle dynamics in curved spaces can be found in references [25–35].

In this article, we address the problem of studying the classical and quantum symmetry
aspects of some conformal-invariant non-relativistic particle systems on a cosmic string
background. These strings are topological defects whose creation in the early universe is
predicted by quantum field theory arguments [36–39], and which, on the other hand, also
appear in condensed matter physics and wormholes [40–44]. Their effect is to introduce a
conical singularity in the spatial part of the space-time metric [43, 45].

The effects of the presence of the cosmic string was examined in different physical
contexts, see, e.g., refs. [27, 31, 33–35, 46–50]. Our goal here is to study the influence of the
geometrical properties of this background (encoded in a “geometrical parameter” α given
in terms of the linear mass density of the string) on the dynamics of the systems from the
perspective of well-defined integrals of motion in the phase space when considering classical
cases, and well-defined symmetry operators for the corresponding quantum versions of the
systems. We are interested in the case of the free particle in the cone, which has the so(2, 1)
conformal symmetry, and in the harmonic oscillators system in the same geometry, which
is characterized by the sl(2,R) ∼= so(2, 1) conformal Newton-Hooke symmetry [51–55]. The
key construction in our investigation is the so-called conformal bridge transformation [55],
which in general is a mapping that allows us to transform the complete set of symmetry
generators from an so(2, 1) invariant asymptotically free system, to those of a harmonically
confined model with the sl(2,R) conformal symmetry. The plan is to first characterize the
free case by identifying the corresponding classical and quantum integrals of motion for
different values of α, and then to obtain the complete information on the harmonic oscillator
system through the conformal bridge transformation.

The free dynamics and the harmonic oscillator system in conical geometry were already
studied in the literature, but under a different perspective. In [25, 26] the classical and
quantum scattering on the cone were considered. There, in particular, it was noticed that
for the geodesic motion, there are special values of the deficiency angle for which the particle
experiences a backward scattering, while for other values the particle continues to move in
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the original direction, making several revolutions around the cone vertex. For the harmonic
oscillator system, the structure of the wave-functions and the spectrum for arbitrary values
of α were investigated in [28, 29, 32]. None of these works, however, studied the systems
in the light of hidden symmetries which appear for special values of α.

A notable result we present here is that for the free particle on the cone characterized
by the parameter α, there are well-defined integrals of motion in the phase space only
when α is a rational number. In the general case of rational α they are of higher-order in
momenta and produce a finite nonlinear algebra. At the quantum level we reveal a quantum
anomaly, because although the system can be quantized for any real value of α, the well-
defined hidden symmetry operators in Hilbert physical space can only be constructed when
this geometric parameter is an integer. The same peculiarities appear for the harmonic
oscillator system, whose classical trajectories are closed for rational values of α, and at
the quantum level, only the cases with its integer values are anomaly-free, and the hidden
symmetry operators reflect then the corresponding degeneracies of the spectrum.

The article is organized as follows. We first review the geometry related to a cosmic
string background in section 2 by explicitly showing that its spatial part takes the form of
a two-dimensional conical metric, whose parameter is defined by the mass density of the
string. We also show that there is a set of local coordinates which allows us to formally
relate the conical metric to that of the Euclidean plane. In section 3, we consider some
important aspects of the non-relativistic free particle and the harmonic oscillator dynamics
in R2. This section serves as the basis from which we can build the symmetry algebra of
the corresponding versions of these systems in conical geometry by using a locally defined
canonical transformation. In section 4, we explain how the conformal bridge transforma-
tion works. As an example, it is shown how to relate the Euclidean free particle to the
planar isotropic harmonic oscillator by means of this mapping. We also establish there the
nontrivial relation between the hidden symmetry generators of these two systems and some
sub-algebras generated by them. In section 5 we study the free particle on a cosmic string
background. Using the above-mentioned canonical transformation, we obtain the explicit
form of the solutions of the equations of motion, as well as some conserved quantities which
are generally of a formal nature, but which serve to construct well-defined integrals in the
phase space when the geometric parameter is a rational number. At the quantum level,
we construct the symmetry operators and observe the quantum anomaly by analyzing the
action of these operators on the physical eigenstates. In section 6, we employ the confor-
mal bridge transformation to get the symmetry generators of the harmonic oscillator from
the free particle system in the classical and quantum cases. The properties of symmetry
algebra for the harmonically confined system, as well as the manifestation of the same
quantum anomaly are immediately obtained by using the same transformation. Finally, in
section 7 the discussion of the obtained results and outlook are presented.

2 Cosmic string and conical geometry

Cosmic strings are hypothetical one-dimensional topological defects which may have formed
in the spontaneous symmetry-breaking phase transition in the expanding Universe [36–39].
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Such defects also are familiar in condensed matter physics [42, 43]. In this article we are
interested in analyzing the symmetries of a non-relativistic conformal dynamics, at the
classical and quantum levels, of a particle in a two-dimensional space with properties of
a cosmic string background. In this section, we show that this problem is analogous to
studying the dynamics of a particle in a conical geometry [25, 26], and discuss some of its
general properties which will be important for the subsequent analysis.

Following [38, 45], the solution of the Einstein field equations in (2+1) dimensions
associated with cosmic string is described by the metric

dS2 = −c2dt2 + ds2 , (2.1)

ds2 =
(

1− 8µG
c2 ln

(
r

r0

))
(dr2 + r2dϕ2) , (2.2)

where G is the Newton constant, c is the speed of light, µ is the linear mass density of the
cosmic string, and r0 corresponds to its radius. By introducing the new coordinate

r′2 =
(

1− 8µG
c2 ln

(
r

r0

))
r2 , α2dr′2 =

(
1− 8µG

c2 ln
(
r

r0

))
dr2 , (2.3)

α = 1
1− 4µG

c2

> 0 , (2.4)

where higher-order terms in µG/c2 are neglected in the computation of dr′2, the spatial
part (2.2) of the cosmic string metric (2.1) takes the form

ds2 = α2dr2 + r2dϕ2 , (2.5)

after changing the notation r′ → r. Eq. (2.5) corresponds to the two-dimensional metric
of a conical geometry. For α > 1, it can be obtained by reducing the three-dimensional
Euclidean metric

ds2
E = dr2 + r2dϕ2 + dz2 , (2.6)

to the surface of a cone z = λr, and identification α2 = 1 + λ2. Here λ = cotβ, β is
the aperture angle of the cone, and in accordance with (2.4), this metric is associated to
a cosmic string whose mass density is positive. On the other hand, the metric (2.5) with
0 < α < 1 can be obtained from the (2 + 1)-dimensional Minkowski space

ds2
M = −c2dτ2 + dr2 + r2dϕ2 (2.7)

by reduction to the cone surface cτ = λr, 0 < λ < 1, α2 = 1 − λ2. Formally, this is the
reduction to the non-causal part of Minkowski space, where particle’s velocity is greater
than c. In correspondence with (2.4), these spaces are associated with cosmic strings that
have negative mass density [40]. The case of the conic metric with 0 < α < 1 also describes
topological defects in the physics of condensed matter and wormholes [40–44].

From here one sees that studying a free non-relativistic particle system in a cosmic
string background geometry with a given value of the parameter α is analogous to solving
the problem of the dynamics of a particle on the surface of a cone described by the action
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S = −mc2 ∫ √1− 1
c2

(
ds
dt

)2
dt in the non-relativistic limit c→∞. In the remainder of the

section, we explore some geometric properties of the conical space (2.5). For this, we express
the metric ds2 in different coordinate systems, that will allow us to clearly see the singularity
at the origin, and clarify the corresponding conformal properties of the metric (2.1).

First, we note that in Cartesian coordinates,

ds2 = 1
(x2 + y2)

(
α2(xdx+ ydy)2 + (xdy − ydx)2

)
, (2.8)

the singularity of the metric at the origin x = y = 0 for α 6= 1 becomes apparent.
Introducing a new radial coordinate r = r0e

ρ
α , the metric becomes

ds2 = r2
0e

2ρ
α (dρ2 + dϕ2) . (2.9)

The variables ρ and ϕ correspond to the isothermal coordinates, and we note that when
α→∞, the metric (2.9) transforms into a cylinder’s metric. From (2.9), as well as
from (2.5), the invariance of the metric under rotations, ϕ → ϕ + ϕ0, is obvious. The
corresponding Killing vector is ∂

∂ϕ . Metric (2.9) also is conformally invariant under trans-
formations ρ → ρ + ρ0. In polar coordinates, this corresponds to dilatation in the radial
coordinate generated by the conformal Killing vector ∂

∂ρ = r
α
∂
∂r .

By introducing a pair of “regularized” Cartesian coordinates

X1 = αr cos Φ , X2 = αr sin Φ , Φ = ϕ/α , (2.10)

the metric (2.5) is transformed into

ds2 = dX2
1 + dX2

2 . (2.11)

This formally looks like the metric of the Euclidean plane in Cartesian coordinates, but
0 ≤ Φ < 2π/α in (2.10), and the edges Φ = 0 and Φ = 2π/α have to be identified, that
results in a conical singularity. This singularity reveals itself, particularly, in Riemann
curvature tensor concentrated at r = 0: Rrϕrϕ = 2π(1− α−1)δ(X1)δ(X2) [43, 45].

To clarify further the nature of coordinates (2.10), consider the complex combination

w = X1 + iX2 = αreiϕ/α , ds2 = dwdw∗ . (2.12)

From here it is seen that there may be problems for arbitrary values of α due to the
exponential factor and the associated branch point. When the rational case α = q/k with
q, k = 1, 2, . . ., is considered, one can use instead the new coordinates ζ = ζ1 + iζ2,

ζ = wq =
(
qr

k

)q
eikϕ ⇒ ζ1 =

(
qr

k

)q
cos(kϕ) , ζ2 =

(
qr

k

)q
sin(kϕ) . (2.13)

In their terms the metric reads

ds2 = dζ2
1 + dζ2

2

q2(ζ2
1 + ζ2

2 )1− 1
q

. (2.14)
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For q = 1⇒ α = 1/k, it seems that there is no singularity in the metric, and the coordinates
ζ1, ζ2 themselves reveal no singularity. However, as it is seen from (2.13), in this case ζ1
and ζ2 cover conical space k times when α = 1/k. The picture is similar to a Riemann
surface for the function w = z1/k where we pass from its one sheet to another when angle
increases in 2π, while here the transition from one sheet to another happens each time
when ϕ increases in 2π/k.

Note also here that formally metric (2.11) is invariant under translations Xi → Xi+ai,
i = 1, 2, produced by the vector fields

∂

∂X1
= 1
α

cos
(
ϕ

α

)
∂

∂r
− 1
r

sin
(
ϕ

α

)
∂

∂ϕ
,

∂

∂X2
= 1
α

sin
(
ϕ

α

)
∂

∂r
+ 1
r

cos
(
ϕ

α

)
∂

∂ϕ
. (2.15)

The infinitesimal (δ1, δ2 ∼ 0) form of transformations generated by (2.15) is

∂

∂X1
: ⇒ r → r′1 = r + δ1

α
cos
(
ϕ

α

)
, ϕ→ ϕ′1 = ϕ− δ1

r
sin
(
ϕ

α

)
, (2.16)

∂

∂X2
: ⇒ r → r′2 = r + δ2

α
sin
(
ϕ

α

)
, ϕ→ ϕ′2 = ϕ+ δ2

r
cos
(
ϕ

α

)
. (2.17)

In spite of that these formal transformations are local isometries, one sees their singular
nature at r = 0 when α 6= 1/k. Furthermore, the corresponding global transformations,

r2 → (r′1)2 = r2 + 2δ1r

α
cos
(
ϕ

α

)
+ δ2

1
α2 , ϕ→ ϕ′1 = α arctan

(
αr sin

(ϕ
α

)
αr cos

(ϕ
α

)
+ δ1

)
, (2.18)

r2 → (r′2)2 = r2 + 2δ2r

α
sin
(
ϕ

α

)
+ δ2

2
α2 , ϕ→ ϕ′2 = α arctan

(
αr sin

(ϕ
α

)
+ δ2

αr cos
(ϕ
α

) )
, (2.19)

reveal their singularity for α 6= 1.
The space-time metric (2.1) with spatial part presented in the form (2.11) looks

like the metric of (2+1)-dimensional Minkowski space dS2 = ηµνdX
µdXν , X0 = ct,

ηµν = diag (−1, 1, 1). Locally, it is conformally invariant under transformations of the
conformal SO(3, 2) group, whose classical generators are Pµ, Jµν = XµP ν − XνPµ,
Kµ = 2Xµ(XP ) − X2Pµ and D = XP , where Pµ = ηµνP

ν are the momenta canon-
ically conjugate to Xµ. Taking into account that P1 = 1

αpr cos(ϕ/α) − αpϕ sin(ϕ/α),
P2 = 1

αpr sin(ϕ/α) + αpϕ cos(ϕ/α), where pr and pϕ are the momenta canonically conju-
gate to r and ϕ, one finds that only the generators of the time translation, P 0, the spatial
rotation, J12 = pϕ, the dilatations, D = −X0P 0 + rpr, and special conformal transforma-
tions, K0 = 2X0D− (α2r2− (X0)2)P 0, are globally well-defined for arbitrary values of the
parameter α, while generators of the spatial translations, P i, Lorentz boosts, J0i, and gen-
erators of special conformal transformations, Ki, are globally well-defined only for α = 1/k.
After the appropriately taken non-relativistic limit [56–62], as we shall see, the rotation gen-
erator pϕ and the corresponding analogs of the generators P 0, D and K0 will play the key
role in our subsequent analysis. At the same time, in spite of the globally not well-defined
nature (in the general case of the parameter α values) of generators of the spatial transla-
tions and Lorentz boosts, their corresponding non-relativistic analogs will be employed by
us for the construction of the globally well-defined generators of the hidden symmetries.
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The change of coordinates (2.10) and the geodesic analysis presented in section 5 will
show that the non-relativistic dynamics in the cosmic string background can be related to
the free motion in the Euclidean plane. Bearing this in mind, instead of jumping directly
to the analysis of the dynamics in the conical geometry, it is appropriate to review some
important characteristics related to the motion in R2.

3 Dynamics in the Euclidean plane

To understand the complete symmetry algebra of a given mechanical system in a cosmic
string (conical) background, both at the classical and quantum levels, it is instructive to
remind the corresponding properties of such a system in the flat Euclidean plane. Later
on, we will show that there is a formal canonical transformation related to the change of
coordinates (2.10) which allows us to connect the dynamics in conical geometry with the
corresponding dynamics in R2. We are interested in the free particle dynamics as well as
the dynamics of the particle in the harmonic trap, so this section contains all we need to
know of these two systems in the Euclidean plane.

3.1 The free particle

Here we present the complete set of integrals of motion of order not higher than two in
momenta and display their explicit Lie algebra for a particle in Euclidean plane. Next we
use the conserved quantities to reconstruct the trajectory of the particle. Finally we briefly
describe the quantum theory of the system using the polar coordinates.

The quadratic in momenta and coordinates integrals of motion are

H = 1
2mp+p− , D = 1

4(χ+p− + p+χ+) , K = m

2 χ+χ− , (3.1)

J0 = i

4(χ+p− − p+χ−) , J± = 1
2χ±p± , (3.2)

T± = 1
2m(p±)2 , S± = m

2 (χ±)2 , (3.3)

where
p± = p1 ± ip2 , χ± = χ1 ± iχ2 (3.4)

are the complex combinations of the canonical momenta pi and the Galilean boost gener-
ators χi = xi − 1

mpit.
The Hamiltonian H, the angular momentum pϕ = 2J0, and the integrals p±, T± are

the conserved quantities not depending explicitly on time t. The integrals J0, p± and χ±,
unlike the rest of the listed integrals, do not mix coordinates xi and momenta pi when they
act in the phase space via Poisson brackets. The integrals H, D and K correspond to the
planar case α = 1 of the non-relativistic limit of the generators P 0, D and K0 mentioned in
the previous section, while the Galilean boost generators χi appear as the non-relativistic
limit of the Lorentz boosts J0i, see refs. [57, 58, 61]. Note that the integrals J±, T± and
S±, being quadratic in pi, correspond here to generators of the hidden symmetries [1].
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The ten generators (3.1)–(3.3) satisfy the following Poisson bracket relations of the
sp(4,R) algebra,

{D,H} = H , {D,K} = −K , {K,H} = 2D , (3.5)
{J0, J±} = ∓iJ± , {J−, J+} = −2iJ0 , (3.6)
{J0, T±} = ∓iT± , {J0, S±} = ∓iS± , (3.7)
{H,S±} = −2J± , {H,J±} = −T± , (3.8)
{K,T±} = 2J± , {K,J±} = S± , (3.9)
{D,T±} = T± , {D,S±} = −S± , (3.10)
{S±, T∓} = ∓4i(J0 ± iD) , (3.11)
{J±, T∓} = 2H , {J±, S∓} = 2K . (3.12)

By including the first order generators (3.4) with redefinition ξ± = mχ±, we supplement
the algebra (3.5)–(3.12) with the Poisson bracket relations

{ξ±, p∓} = 2m, (3.13)

{H, ξ±} = −p± , {D, ξ±} = −1
2ξ± , {J0, ξ±} = ∓ i2ξ± , (3.14)

{K, p±} = ξ± , {D, p±} = 1
2p± , {J0, p±} = ∓ i2p± , (3.15)

{T±, ξ∓} = −2p± , {S±, p∓} = 2ξ± , (3.16)
{J±, ξ∓} = −ξ± , {J±, p∓} = p± . (3.17)

The not displayed in (3.5)–(3.17) Poisson brackets are equal to zero. Relations (3.13)–
(3.17) correspond to the ideal sub-algebra generated by ξ± and p±, with mass m playing
a role of the central charge. This also is an ideal sub-algebra of the Schrödinger algebra
sch(2) [56], generated by H, D, K, pi, ξi and m, that, in turn, is a sub-algebra of the
complete Lie algebra (3.5)–(3.17).

Some remarkable properties of the presented symmetry algebra are the following.

• The algebraic relations (3.5) correspond to the dynamical so(2, 1) ∼= sl(2,R) confor-
mal algebra. Its Casimir element is D2 −HK = −J2

0 = −1
4p

2
ϕ.

• Relations (3.6) correspond to another sl(2,R) sub-algebra with Casimir element
−J2

0 + J+J− = D2.

• Each triplet of integrals (J0, T±), (J0, S±), (pϕ, p±) and (pϕ, ξ±) generate Euclidean
sub-algebra e(2). The corresponding Casimirs T+T−, S+S−, p+p− and ξ+ξ− are H2,
K2, 2mH and 2mK.

• The two sets (`(+)
+ = 1

2γS+, `(+)
− = γ

2T−, `
(+)
0 = 1

2(J0 + iD)) and (`(−)
+ = γ

2T+,
`

(−)
− = 1

2γS−, `
(−)
0 = 1

2(J0 − iD)) generate the su(2) ⊕ su(2) sub-algebra, where γ
is a constant of dimension of squared length that is introduced to compensate the
corresponding dimensions. The Casimir elements of these two su(2) sub-algebras are
C(±) = (`(±)

0 )2 + `
(±)
+ `

(±)
− = 0. Note that

(
`

(+)
0
)∗ = `

(−)
0 ,

(
`

(±)
+
)∗ = `

(∓)
− .
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• Each integral is an eigenstate of D in the sense of the Poisson bracket relation
{D,A} = λA : (λ = 1 : H,T±), (λ = 0 : D, J0, J±), (λ = −1 : K,S±), (λ = 1/2 : p±),
(λ = −1/2 : ξ±).

• Analogously, each integral is an eigenstate of J0: (λ = 1 : J+, T+, S+), (λ = 0 :
J0, H,D,K), (λ = −1 : J−, T−, S−), (λ = 1/2 : p+, ξ+), (λ = −1/2 : p−, ξ−).

Introducing linear combinations J0 = 1
2(H+K), J1 = 1

2(H−K), and denoting J2 = D,
J± = J1 ± iJ2, conformal algebra (3.5) can be presented in the form similar to (3.6), and
its Casimir takes the form −J 2

0 + J+J− = −J2
0 . The generators Jµ, µ = 0, 1, 2, of the

conformal algebra describe the upper sheet of the two-sheeted hyperboloid, that at pϕ = 0
degenerates into the cone with J0 ≥ 0. The generators Jµ of the sl(2,R) algebra (3.6)
describe a one sheet hyperboloid that at J2 = D = 0 degenerates into a double cone with
J0 = 2pϕ ∈ R.

Using the Casimir of conformal algebra (3.5) and the explicit form of generators (3.1),
one gets

r2(t) = 2
m

(Ht2 + 2Dt+K) = 2H
m

((
t+ D

H

)2
+

p2
ϕ

4H2

)
, (3.18)

from where we see that at the moment of time t∗ = −D/H, the particle is in the “perihelion”
of the trajectory, r(t∗) ≡ r∗ = pϕ/

√
2mH. On the other hand, from the angular and linear

momenta integrals the straight line trajectory is reconstructed in polar coordinates,

r(ϕ) = r∗
cos(ϕ− ϕ∗)

, −π/2 ≤ ϕ− ϕ∗ ≤ π/2 . (3.19)

By means of (3.18) and (3.19) we also find

ϕ(t) = arctan
( 1

2ρ

(
t+ D

H

))
+ ϕ∗ , ρ = pϕ

2H . (3.20)

From χi and pi one can construct a sort of Laplace-Runge-Lentz vector,

χ⊥i = xi − pi
xjpj
pkpk

(3.21)

such that χ⊥i pi = 0. This vector (with respect to pϕ) integral specifies the coordinates of
the perihelion, χ⊥1 = r∗ cos(ϕ∗) = x1(ϕ∗), χ⊥2 = r∗ sin(ϕ∗) = x2(ϕ∗). The components χ⊥i ,
however, are not independent integrals since they satisfy χ⊥1 = pϕ

2mH p2 and χ⊥2 = − pϕ
2mH p1.

In the quantum case, it is convenient here to use the polar coordinates, in which the
Hamiltonian operator is given by

Ĥ = − ~2

2m

(
1
r

∂

∂r

(
r
∂

∂r

)
+ 1
r2
∂2

∂ϕ

)
. (3.22)

Its eigenstates and eigenvalues are

ψ±κ,l(r, ϕ) =
√
κ

2πJl(κr)e
±ilϕ , E = ~2κ2

2m , l = 0, 1, . . . , (3.23)
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where Jβ(ζ) are the Bessel functions of the first kind. With respect to the inner product

〈Ψ1|Ψ2〉 =
∫ ∞

0
rdr

∫ 2π

0
dϕΨ∗1Ψ2 , (3.24)

eigenstates (3.23) satisfy the orthogonality relation
〈
ψ±κ,l

∣∣∣ψ∓κ′,l′〉 = δll′δ(κ− κ′), and due to
the property of the Bessel functions J−l(η) = (−1)lJl(η), one has ψ±κ,−l = (−1)lψ∓κ,l.

The basic first order differential operators of the system in polar coordinates are

p̂r = −i~
(
∂

∂r
+ 1

2r

)
, p̂ϕ = −i~ ∂

∂ϕ
, (3.25)

where p̂r is symmetric with respect to (3.24), but not self-adjoint. We use them to construct
the well-defined operators

p̂± = −i~e±iϕ
[
∂

∂r
± i1

r

∂

∂ϕ

]
, p†+ = p̂− , (3.26)

which are the quantum version of the classical integrals p±. Their action on eigenstates
can be found by using the recurrence relations 2β

ζ Jβ(ζ) = Jβ−1(ζ) + Jβ+1(ζ), 2 d
dζJζ(ζ) =

Jβ−1(ζ)− Jβ+1(ζ), and we get

p̂±ψ
±
κ,l(r, ϕ) = i~κψ±κ,l+1(r, ϕ) , p̂±ψ

∓
κ,l(r, ϕ) = −i~κψ∓κ,l−1(r, ϕ) . (3.27)

These relations show that the operators p̂± change the angular momentum quantum num-
ber of the wave-function without changing the energy, that reflects the infinite degeneracy
of the energy levels.

Quantum version of other integrals is obtained by the substitution p± → p̂± and using
the Weyl (symmetric) ordering in (3.1)–(3.3). In the general case we have dynamical inte-
grals Â(t) which include the explicit dependence on time, d

dtÂ(t) = ∂
∂tÂ(t)+ 1

i~ [Â(t), Ĥ] = 0.
For them we have

Â(t)Ψ(r, ϕ, t) = e−
itĤ
~ Â|t=0Ψ(r, ϕ, t = 0) , (3.28)

where Ψ(r, ϕ, t) is a solution of the time dependent Schrödinger equation. In particular,
the quantum generators of dilatations and special conformal transformations,

D̂ = 1
4(χ̂+p̂− + p̂+χ̂−) = −i~2

(
r
∂

∂r
+ 1

)
− Ĥt , (3.29)

K̂ = 1
2mχ̂−χ̂+ = 1

2mr
2 − 2D̂t− Ĥt2 , (3.30)

are examples of dynamical symmetry operators. Together with the Hamiltonian, they
generate the quantum sl(2,R) algebra

[D̂, Ĥ] = i~Ĥ , [D̂, K̂] = −i~K̂ , [K̂, Ĥ] = 2i~D̂ . (3.31)

On a Hilbert subspace with fixed value of the quantum number l = 0, 1, . . ., the eigen-
states (3.23) correspond to an irreducible infinite dimensional representation of conformal
sl(2,R) algebra (3.31) of the discrete type series D+

j characterized by the Casimir operator
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value −Ĵ 2
0 +Ĵ 2

1 +Ĵ 2
2 = D̂2− 1

2(K̂Ĥ+ĤK̂) = −~2j(j−1) with j = 1
2(l+1), and eigenvalues

of the compact generator Ĵ0 to be j + n, n = 0, 1, . . .. The present free particle’s Hilbert
space, in which the non-compact sl(2,R) generator Ĵ0 + Ĵ1 = Ĥ is diagonal, corresponds
to the so-called parabolic realization of D+

j representation [63].
For quantum analog of the sl(2,R) algebra (3.6), the Casimir operator is Ĵ0(−Ĵ0 +~)+

Ĵ+Ĵ− = D̂2 + 1
4~

2. Operator D̂ is self-adjoint with respect to the scalar product (3.24),
and at t = 0 its eigenfunctions are Ψλ(r) = r2iλ−1/

√
2π, D̂Ψλ = λΨλ, λ ∈ R, 〈Ψλ|Ψ′λ〉 =

δ(λ − λ′). One sees then that the quantum analog of the sl(2,R) algebra (3.6) at fixed
value of λ corresponds here to the principal continuous series representation characterized
by the Casimir invariant value Ĉ = ~2(λ2 + 1/4) ≥ ~2/4, in which the eigenvalues of the
compact generator Ĵ0 are j0 = ~j with j = 0,±1,±2, . . . on the subspace with even values
of l, and j = ±1/2,±3/2, . . . on the subspace with odd values of l [64].

The difference between representations generated by Ĵµ and Ĵµ operators is coherent
with the difference of the above-mentioned corresponding classical hyperboloids [63].

3.2 The isotropic harmonic oscillator

Here we consider some general properties of the harmonic oscillator in the Euclidean plane.
First, we construct the symmetry generators and the symmetry algebra. In the next step,
we use these integrals of motion to algebraically reproduce the orbit of the particle from
the integrals of motion, and finally, we review the quantum picture of the model.

The classical Hamiltonian of the planar isotropic harmonic oscillator system

Hos = H1 +H2 = p2
r

2m +
p2
ϕ

2mr2 + mω2

2 r2 (3.32)

can be understood in Cartesian coordinates xj , j = 1, 2, as the sum of the two inde-
pendent one-dimensional harmonic oscillator Hamiltonians Hj = 1

2m(p2
j + m2ω2x2

j ) with
the same frequencies and masses, while in the polar coordinates it can be considered as
a two-dimensional generalization of the de Alfaro Fubini and Furlan conformal mechanics
model [16].

The quantities

a±j = 1√
2
e∓iωt

(√
mωxj ∓ i

pj√
mω

)
, j = 1, 2 , (3.33)

being classical analogs of the quantum ladder operators multiplied by e∓iωt, are the basic
dynamical integrals expressed in Cartesian coordinates. Their linear combinations

b−1 = 1√
2

(a−1 − ia−2 ) = 1
2e

i(ωt−ϕ)
(√

mωr + pϕ√
mωr

+ i
pr√
mω

)
, b+

1 = (b−1 )∗ , (3.34)

b−2 = 1√
2

(a−1 + ia−2 ) = 1
2e

i(ωt+ϕ)
(√

mωr − pϕ√
mωr

+ i
pr√
mω

)
, b+

2 = (b−2 )∗ , (3.35)

are more convenient, however, when we work in the polar coordinates. They can be pro-
duced by a particular classical canonical transformation, or the corresponding unitary
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transformation at the quantum level, that we consider below. The ten second-order in
these basic integrals symmetry generators are

J0 = 1
2b

+
j b
−
j = 1

2ωHos , L2 = 1
2(b+

1 b
−
1 −b

+
2 b
−
2 ) = 1

2pϕ , L±= b±1 b
∓
2 , (3.36)

J±= b±1 b
±
2 = 1

2
(
(a±1 )2+(a±2 )2

)
, B±j = (b±j )2 . (3.37)

Unlike the free particle case, only four integrals (3.36) here do not depend explicitly on time.
The integrals (3.36) and (3.37) satisfy the following non-zero Poisson bracket relations

{J0,J±} = ∓iJ± , {J−,J+} = −2iJ0 , (3.38)
{L2,L±} = ∓iL± , {L+,L−} = −i2L2 , (3.39)
{J±,L∓} = ±iB±2 , {J±,L±} = ±iB±1 (3.40)
{J0,B±a } = ∓iB±a , {J∓,B±2 } = ∓2iL∓ , {J∓,B±1 } = ∓2iL± , (3.41)
{L2,B±1 } = ∓iB±1 , {L2,B±2 } = ±iB±2 , {L±,B∓1 } = ±2iJ∓ (3.42)
{L±,B±2 } = ∓2iJ± , {B−1 ,B+

1 } = −4i (J0 + L2) , {B−2 ,B+
2 } = −4i (J0 − L2) . (3.43)

The brackets involving the basic integrals are

{b−i , b
+
j } = −iδij , (3.44)

{J0, b
±
j } = ∓ i2b

±
j , {J∓, b±1 } = ∓ib∓2 , {J∓, b±2 } = ∓ib∓1 , (3.45)

{B±i , b
∓
j } = ±2iδijb∓j , {L2, b

±
1 } = ∓ i2b

±
1 , {L2, b

±
2 } = ± i2b

±
2 , (3.46)

{L±, b∓1 } = ±ib∓2 , {L±, b±2 } = ∓ib±1 , (3.47)
{J±, b±j } = {L±, b±1 } = {L±, b∓2 } = 0 . (3.48)

Some properties of the Lie algebra (3.38)–(3.48) are the following.

• Dynamical integrals b±j generate an ideal sub-algebra.

• Relations (3.38) correspond to the conformal sl(2,R) symmetry. The Casimir is
−J 2

0 + J+J− = −L2
2.

• The not-depending explicitly on time integrals of motion L2 and L± = L3± iL1 gen-
erate the su(2) algebra (3.39) with the Casimir invariant L2

1+L2
2+L2

3 = J 2
0 = 1

4ω2H
2
os.

• Each triplet of integrals (L2,B−j ), (L2,B+
j ), (pϕ, b−j ) and (pϕ, b+

j ) generate Euclidean
sub-algebra e(2). The corresponding Casimirs B−1 B−2 , B+

1 B
+
2 , b−1 b−2 , and b+

1 b
+
2 are J 2

−,
J 2

+, J− and J+, respectively.

• The sets of integrals (J (+)
± = B±1 /

√
2, J

(+)
0 = J0 + L2), and (J (−)

± = B±2 /
√

2,
J

(−)
0 = J0−L2), generate the sl(2,R)⊕ sl(2,R) algebra. Note that generators J ±

0
can be reinterpreted as the Landau problem’s Hamiltonians in the symmetric gauge,
with positive/negative magnetic field of the magnitude B = 2cmω

q , where q and c

correspond to the electric charge of the particle and the speed of light [55].
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• Each integral is an eigenstate of iJ0 in the sense of {iJ0,A}=λA: (λ=±1 :J±,B±j ),
(λ= 0 :J0,L2,L±), (λ=±1/2 : b±j ).

• Analogously, each integral is an eigenstate of iL2: (λ = 0 : L2,J0,J±), (λ = ±1 :
L±,B±j ), (λ = ±1/2 : b∓1 , b±2 ).

Using the dynamical integrals J± and integral J0, we define the generators of the Newton-
Hooke conformal symmetry [51–55]

K = 1
2ω (J+ + J− + 2J0) = 1

2mr
2 cos(2ωt)− 1

2ωrpr sin(2ωt) + 1
ω2Hos sin2(ωt) , (3.49)

D = 1
2i(J− − J+) = 1

2rpr cos(2ωt)− 1
2ω (Hos −mω2r2) sin(2ωt) . (3.50)

Together with Hos = 2ωJ0 they satisfy the Poisson bracket relations

{D, Hos} = Hos − 2ω2K , {D,K} = −K , {Hos,K} = 2D , (3.51)

and in the limit ω → 0 take the form of the free particle integrals (3.1). From here, we obtain

r2(t) = 1
mω2

(
Hos + 2ωD sin(2ωt) + (2ω2K −Hos) cos(2ωt)

)
. (3.52)

Taking into account the equivalent form D2 +ω2K2−KHos = −1
4p

2
ϕ for the Casimir of the

conformal sl(2,R) symmetry, equation (3.52) allows us to find the radial turning points

r2
± = Hos

mω2 (1± δ) , δ =
√

1−
ω2p2

ϕ

H2
os

, (3.53)

which also can be found directly from the Hamiltonian by applying the condition pr = 0.
On the other hand, by using the explicit form of the integrals L1 and L3 in polar

coordinates,

L1 = sin(2ϕ)
( 1

2ωHos −
1

2mωr2 p
2
ϕ

)
− cos(2ϕ) 1

2mωrprpϕ , (3.54)

L3 = cos(2ϕ)
( 1

2ωHos −
1

2mωr2 p
2
ϕ

)
+ sin(2ϕ) 1

2mωrprpϕ , (3.55)

one deduces the elliptic trajectory for the isotropic planar harmonic oscillator,

r2(ϕ) = r2
0

1 + δ cos(2(ϕ− ϕ∗))
, r2

0 =
p2
ϕ

mHos
, (3.56)

where ϕ = ϕ∗ corresponds to the angular position of one of the two “perihelia” of the
trajectory. Eq. (3.56) has a form of elliptic trajectory in Kepler problem but with r(ϕ) and
ϕ there changed for r2(ϕ) and 2ϕ here. By means of (3.52) and (3.56) we also get

ϕ(t) = arctan
(
r+
r−

tan(ω(t− t∗))
)

+ ϕ∗ . (3.57)

where t∗ indicates the moment of time when the particle is in the corresponding perihelion.
Now let’s take a look at the quantum case. We first consider the Cartesian coordinates

representation, then we present the picture in the polar coordinates representation, and
finally we show how these two representations are related to each other by a unitary
transformation.
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Cartesian coordinates representation. The quantum versions of (3.33) (at t = 0) are
given by

â±i =
√
mω

2~

(
xi ∓

~
mω

∂

∂xi

)
, [â−i , â+

j ] = 1 . (3.58)

In terms of them, we construct the set of operators (no summation in the repeated index),

Ĵ i0 = 1
2ω~Ĥi = 1

4(â+
i â
−
i + â−i â

+
i ) , Ĵ i± = 1

2(â±i )2 , i = 1, 2 , (3.59)

L̂1 = 1
2(â+

1 â
−
2 + â+

2 â
−
1 ) , L̂2 = i

2(â+
1 â
−
2 − â

+
2 â
−
1 ) = 1

2~ p̂ϕ , (3.60)

L̂3 = 1
2(â+

1 â
−
1 − â

+
2 â
−
2 ) = Ĵ 1

0 − Ĵ 2
0 , Â± = â±1 â

±
2 . (3.61)

These ten operators satisfy the Lie algebra which (up to a unitary transformation) corre-
sponds to the quantum version of the classical algebra (3.38)–(3.48). In this representation,
the set of physical eigenstates and the spectrum of the system are

ψn1,n2(x1, x2) = ψn1(x1)ψn2(x2) , En1,n2 = ~(n1 + n2 + 1) , n1,2 = 0, 1, . . . , (3.62)

ψni(xi) = 1√
2nn!

(
mω

π~

) 1
4
Hni

(√
mω

~
xi

)
e−

mω
2~ x

2
i , (3.63)

where Hni is the Hermite polynomial of order ni. These wave-functions diagonalize simul-
taneously the operators Ĵ i0 , i = 1, 2, and, as a consequence, Ĥos and L̂3.

Polar coordinates representation. The quantum versions of the classical dynamical
integrals (3.34), (3.35), (3.36) at t = 0, and of the integrals (3.37) are

b̂−1 = 1√
2

(â−1 − iâ−2 ) = 1
2e
−iϕ
√
mω

~

(
r + ~

mω

(
∂

∂r
− i

r

∂

∂ϕ

))
, b̂+

1 = (b̂−1 )† , (3.64)

b̂−2 = 1√
2

(a−1 + ia−2 ) = 1
2e
−iϕ
√
mω

~

(
r + ~

mω

(
∂

∂r
+ i

r

∂

∂ϕ

))
, b̂+

2 = (b̂−2 )† , (3.65)

Ĵ0 = 1
2~ωĤos = 1

4([b̂+
1 , b̂
−
1 ]+ + [b̂+

2 , b̂
−
2 ]+) , L̂2 = 1

2(b̂+
1 b̂
−
1 − b̂

+
2 b̂
−
2 ) = 1

2~ p̂ϕ , (3.66)

L̂± = b̂±1 b̂
∓
2 = L̂3 ± iL̂1 = mω

4~ e
±2iϕ

(
r2 + ~2

m2ω2

(
1
r2

∂2

∂ϕ2 −
∂2

∂r2 ± i
2
r

∂2

∂r∂ϕ

))
, (3.67)

Ĵ± = b̂±1 b̂
±
2 = −mω4~

(
Ĥos −mω2r2 ± ~ω

(
r
∂

∂r
+ 1

))
, B̂±j = (b̂±j )2 , (3.68)

where [, ]+ is the anti-commutator of the operators. In this representation we diagonalize
simultaneously Ĥos = 2~ωĴ0 and p̂ϕ = 2~L̂2. The eigenstates and spectrum are

ψ±nr,l(r, ϕ) =
(
mω

~

) 1
2
√

nr!
2πΓ(nr + l + 1) ζ

lL(l)
nr(ζ

2)e−
ζ2
2 ±ilϕ , ζ =

√
mω

~
r , (3.69)

En,l = ~ω(2nr + l + 1) , nr , l = 0, 1, . . . , (3.70)

where L(l)
nr are the Laguerre polynomials.
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Unitary transformation. The two representations corresponding to Cartesian and po-
lar coordinates can be related by the unitary operator

Û = exp
(
−i2π3

1√
3

(L̂1 + L̂2 + L̂3)
)
, (3.71)

which produces the rotation of the su(2) generators in the “ambient three-dimensional
space” for the angle −2π/3,

Û L̂1Û
† = L̂3 , Û L̂2Û

† = L̂1 , Û L̂3Û
† = L̂2 . (3.72)

Then, from L̂3ψn1,n2 = n1−n2
2 ψn1,n2 we obtain L̂2Ûψn1,n2 = n1−n2

2 Ûψn1,n2 , and Ûψn1,n2 are
the states that diagonalize the Hamiltonian Ĥos = 2~ωĴ0 and the operator p̂ϕ = 2~L̂2 in
the polar coordinates representation. Acting on operators â±i , the unitary transformation
produces

Û â±j Û
† = e±i

π
4 b̂±j , (3.73)

that corresponds to the spinor nature of the basic integrals with respect to the action of
the su(2) generators in the ambient three-dimensional space.

In the next section we show how these two different physical systems, the free particle
and harmonic oscillator in R2, are related to each other by the conformal bridge transfor-
mation [55]. This will serve as a precedent for the procedure that we will use to extract
all the information for a system with the harmonic potential in conical geometry from the
free dynamics on the same geometric background.

4 The conformal bridge transformation

In the general case, a mechanical system is governed by a symmetry algebra which encodes
its peculiarities. At the classical level, these symmetries can be related with the geometric
properties of the trajectory, and at the quantum level they encode the information related
with the energy spectrum.

According to Dirac [65], a given symmetry algebra (up to isomorphisms) can represent
different mechanical systems. In this section we show how the two forms of dynamics
associated with the conformal algebra so(2, 1) ∼= sl(2,R) are related to each other by
means of a particular mapping, the so-called conformal bridge transformation [55]. This
also will allow us to establish the interesting relation between the corresponding symmetry
sub-algebras of the free particle and harmonic oscillator systems and understand the change
of nature of some of them due to a non-unitarity of the conformal bridge transformation.

Consider the classical so(2, 1) algebra

{D,H} = H , {D,K} = −K , {K,H} = 2D , (4.1)

without specifying the form of the generators themselves. Now, let us introduce the fol-
lowing complex linear combinations of them,

J0 = 1
2(ω−1H + ωK) , J± = − 1

2ω (H − ω2K ± i2ωD) , (4.2)
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where ω is a constant that is introduced to compensate the dimensions of the generators.
These new complex quantities satisfy the classical sl(2,R) algebra

{J0,J±} = ∓iJ± , {J−,J+} = −2iJ0 . (4.3)

Independently, both algebraic structures can represent different physical systems. In the
case where H is the Hamiltonian of a certain asymptotically free model with conformal
symmetry (the free particle, for example), we have that K and D are dynamical integrals
that explicitly depend on t. From here one has

K = TH(t)(K0) , K0 = TH(−t)(K) = K|t=0 , (4.4)
D = TH(t)(D0) , D0 = TH(−t)(D) = D|t=0 , (4.5)

where TH(±t) denotes a Hamiltonian flow, which is a canonical transformation generated
by the Hamiltonian itself. The flow generated by a phase space function F is

exp(γF ) ? f(q, p) := f(q, p) +
∞∑
n=1

γn

n! {F, {. . . , {F, f } . . .}}︸ ︷︷ ︸
n

=: TF (γ)(f) . (4.6)

In the same way, the compact generator 2ωJ0 (ignoring the dependence on t of F in the
definition (4.2)) can be interpreted as the Hamiltonian of a harmonically trapped system
(the harmonic oscillator, for example) with frequency ω, and the quantities J± are its
dynamical integrals that satisfy

J± = T2ωJ0(τ)(J±|t=0) , J±|t=0 = T2ωJ0(−τ)(J±) (4.7)

Both forms of dynamics are related to each other by the complex canonical transformation

T (τ, β, δ, γ, t) = T2ωJ0(τ) ◦ Tβδγ ◦ TH(−t) , (4.8)

where

Tβδγ := TK0(β) ◦ TH(δ) ◦ TD0(γ) = TK0(δ) ◦ TD0(γ) ◦ TH(2δ) , (4.9)

δ = i

2ω , β = −iω , γ = − ln 2 . (4.10)

In this composition, the first transformation TH(−t) removes the t dependence in the dy-
namical integrals D and K. The second transformation relates these t = 0 generators with
the generators of the sl(2,R) algebra J0 and J± taken at τ = 0. The last transformation
T2ωJ0(τ) restores the τ dependence. Explicitly one has

T (τ, β, δ, γ, t)(H) = −ωJ− , T (τ, β, δ, γ, t)(D) = −iJ0 , (4.11)

T (τ, β, δ, γ, t)(K) = 1
ω
J+ . (4.12)

The corresponding inverse transformation is given by

(T (τ, β, δ, γ, t))−1 = TH(t) ◦ (Tβδγ)−1 ◦ T2ωJ0(−τ) , (4.13)
(Tβδγ)−1 = TD0(−γ) ◦ TH(−δ) ◦ TK0(−β) . (4.14)
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Free Particle Harmonic Oscillator
so(2, 1) : (H, D, K) sl(2,R) : (J0, J±)
sl(2,R) : (J0, J±) su(2) : (L2,L±)

e2 : (J0, T±) e2 : (L2, B−j )
e2 : (J0, S±) e2 : (L2, B+

j )
e2 : (pϕ, p±) e2 : (L2, b

−
j )

e2 : (pϕ, ξ±) e2 : (L2, b
+
j )

su(2)⊕ su(2) : (`(±)
0 , `

(±)
± ) sl(2,R)⊕ sl(2,R) : (J (±)

0 ,J
(±)
± )

Table 1. Correspondence between some subalgebras and their generators.

This transformation is a generalization of the classical version of the quantum conformal
bridge transformation introduced in [55], and corresponds to an automorphism of algebra
since it relates the Wick rotated non-compact generator iD and compact generator J0
to each other, the real-valued non-compact generators H and K with the non-compact
complex-valued generators −ωJ− and 1

ωJ+, respectively.
In the particular case of the free particle in the Euclidean space the generators of the

so(2, 1) algebra are specified in (3.1). Then the generators of the sl(2,R) algebra resulting
from applying the transformation (4.8) are given by the planar harmonic oscillator gener-
ators J0 and J± defined in (3.36)–(3.37). The transformation also allows us to map the
remaining symmetry generators of the free particle system into the corresponding genera-
tors of the harmonic oscillator. In particular, by direct application of the transformation
to the generators p± and ξ± we get

T (τ, β, δ, γ, t)(p−) = −i
√

2mω b−1 , T (τ, β, δ, γ, t)(p+) = −i
√

2mω b−2 , (4.15)

T (τ, β, δ, γ, t)(ξ+) =
√

2m
ω
b+

1 , T (τ, β, δ, γ, t)(ξ−) =
√

2m
ω
b+

2 , (4.16)

where the relations (3.44)–(3.48) were used. In the same vein, we list the effects of the
transformation on the remaining second order generators,

T (τ, β, δ, γ, t)(J0) = L2 , T (τ, β, δ, γ, t)(J±) = −iL± , (4.17)

T (τ, β, δ, γ, t)(S+) = 1
ω
B+

1 , T (τ, β, δ, γ, t)(T−) = −ωB−1 , (4.18)

T (τ, β, δ, γ, t)(S−) = 1
ω
B+

2 , T (τ, β, δ, γ, t)(T+) = −ωB−2 . (4.19)

In table 1 we summarize the correspondence between generators and some subalgebras
in both systems.

Note that the quantity J0 = L2 is the only object which is invariant under the trans-
formation. This happens because the angular momentum is the only conserved quantity
which Poisson commutes with all the sl(2,R) conformal symmetry generators of the free
particle. On the other hand, the second sl(2,R) subalgebra is changed for the su(2) sym-
metry algebra after the transformation, and this is due to the imaginary unit appearing in
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the second equation in (4.17). In the same vein, the two copies of the su(2) algebra of the
free particle with generators related by the complex conjugation are mapped into the two
copies of the sl(2,R) algebra associated with the Landau problem due to the appearance
of the minus sign on the right hand side in the transformations of T± in (4.18) and (4.19).

The quantum analogue of the conformal bridge transformation corresponds to the
non-unitary transformation produced by the operators

Ŝ(t, τ) = e−
i
~2ωĴ0τe−

ω
~ K̂0e

Ĥ
2~ω e

i
~ ln(2)D̂0e

i
~ Ĥt , (4.20)

Ŝ−1(t, τ) = e−
i
~ Ĥte−

i
~ ln(2)D̂0e−

Ĥ
2~ω e

ω
~ K̂0e

i
~2ωĴ0τ . (4.21)

In this context, the Hamiltonian flux is changed by employing the Baker-Campbell-
Hausdorff formula, and in correspondence with the established relation between the
two-dimensional free particle and the planar isotropic harmonic oscillator in the Eu-
clidean space, the classical relations (4.11)–(4.12) and (4.15)–(4.19) are preserved at the
quantum level.1

In what concerns to eigenstates, in the general case the transformation implies that

D̂ |λ〉 = i~λ |λ〉 ⇒ Ĵ0(Ŝ |λ〉) = λŜ |λ〉 , (4.22)

Ĥ |E〉 = E |E〉 ⇒ Ĵ−(Ŝ |E〉) = − E

~ω
Ŝ |E〉 . (4.23)

This means that the formal eigenstates of the dilatation operator with imaginary eigen-
value are mapped to the energy eigenstates of the harmonically confined system, while the
asymptotic plane wave eigenstates of the asymptotically free Hamiltonian Ĥ correspond
to coherent states of the system with the additional harmonic potential term, which, in
turn, are eigenstates of the quadratic lowering operator. Note that to have the physically
acceptable solutions, the states Ŝ |λ〉 must be normalizable, and to ensure this, the three
requirements must be met. First, the series

e
Ĥ

2~ω |λ〉 =
∞∑
n=0

1
n!(2~ω)n (Ĥ)n |λ〉 , (4.24)

has to reduce to a finite number of terms, i.e., |λ〉 should be the Jordan states2 of Ĥ
corresponding to zero energy [55]. Second, the function 〈r |λ〉 must not have singularities
in the corresponding operators domain. And finally, these functions must be single-valued
with respect to the angular coordinate.

1We have considered dimensionless operators for the harmonic oscillator at the quantum level in the
previous section. To recover these generators by the conformal bridge transformation we must compensate
the multiplicative constants that appear in the quantum versions of the above-mentioned relationships. The
relations involving the momenta operators linearly (quadratically) are multiplied by ~1/2 (~). This is taken
into account in equations (4.20), (4.21).

2The Jordan states are given by wave functions that satisfy P (Ĥ)Ωλ = ψλ, where Ĥψλ = λψλ and P (η)
represents a polynomial [66, 67]. Here we consider Jordan states satisfying the relations (Ĥ)`Ωλ = λψλ
with λ = 0 for a certain natural `.
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In conclusion of this section, let us apply the inverse conformal bridge (similarity)
transformation to the unitary operator (3.71). This yields us the non-unitary operator

Ŵ = exp
(
−i2π3

1√
3~

(Ĵ0 + i(Ĵ1 − iĴ2))
)
, (4.25)

and from equations (3.73) one obtains the transformation relations

Ŵ (ξ̂1)Ŵ−1 = 1√
2
ei
π
4 ξ̂+ , Ŵ (ξ̂2)Ŵ−1 = 1√

2
ei
π
4 ξ̂− , (4.26)

Ŵ (p̂1)Ŵ−1 = 1√
2
e−i

π
4 p̂+ , Ŵ (p̂2)Ŵ−1 = 1√

2
e−i

π
4 p̂− . (4.27)

Equations (4.26), (4.27) provide us with the similarity transform of the Cartesian operators
ξ̂j and p̂j into the complex operators ξ̂± and p̂± used in the polar coordinates representation
for the quantum free particle. The conformal symmetry generators of the free particle, Ĥ,
D̂ and K̂, commute with the operator (4.25).

In the next section we finally pass over to the study of the free particle dynamics
in conical geometry. Since the system possesses the conformal sl(2,R) and rotational
symmetries for any value of α, then it will be possible to apply the conformal bridge
transformation to analyze the dynamics of the harmonic oscillator in the same geometry.

5 Free motion in a cosmic string background

As we have shown in section 2, the study of the dynamics in a cosmic string background
is analogous to analyzing the motion of a particle in conical geometry. A classical system
in this space is governed by the action

I =
∫
Ldt , L = m

2 gij
dxi
dt

dxj
dt
− V (r) = m

2
(
α2ṙ2 + r2ϕ̇2

)
− V (r) . (5.1)

In this section, we study the case of the free motion (V (r) = 0) from the perspective of
its symmetries. We will show that when α is a rational number, it is possible to construct
higher-order globally well-defined classical integrals of motion that can be identified as
generators of hidden symmetries [1]. Then we study the system at the quantum level,
and show that the only cases in which these conserved quantities can be promoted to the
well-defined symmetry operators correspond to integer values of α. Thus, we reveal here a
kind of a quantum anomaly in the case of rational, non-integer values of α.

5.1 Classical case

The classical dynamics of a free particle in a conical geometry is governed by the
Hamiltonian

H(α) = 1
2m

(
p2
r

α2 +
p2
ϕ

r2

)
. (5.2)

Remarkably, the canonical transformation

r → αr , pr →
pr
α
, ϕ→ ϕ

α
, pϕ → αpϕ , (5.3)
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applied to the Hamiltonian of the Euclidean free particle gives us the Hamiltonian (5.2).
Also note that when we apply this transformation to the usual Cartesian coordinates
we get the “regularized” Cartesian coordinates (2.10). From the analysis of section 2
related to those coordinates it is clear that the canonical transformation (5.3) is well-
defined only locally.

In spite of the indicated deficiency, we can use the canonical transformation (5.3) to
reconstruct the solutions of the equations of motion of the system (5.2). The trajectory
equation, as well as the time dependence of the radial and angular variables are immediately
obtained from the corresponding relations (3.18), (3.19) and (3.20) for the free motion in
the plane, and are given by

r(ϕ) = r∗
cos((ϕ−ϕ∗)/α) , r∗= pϕ√

2mH(α)
, −π2α≤ϕ−ϕ∗≤

π

2α. (5.4)

r2(t) = 2
α2m

(
H(α)t2+2Dt+K

)
, ϕ(t) =αarctan

( 1
2ρ

(
t+ D

H(α)

))
+ϕ∗ , (5.5)

where ρ = α
pϕ

2H(α) . Here H(α), D, K and pϕ are the integrals being generators of the
sl(2,R) ⊕ u(1) symmetry of the system (5.2), see eqs. (5.8), (5.9) below, and we see that
the scattering angle is ϕscat = ϕ(+∞) − ϕ(−∞) = απ under assumption pϕ > 0. Some
pictures of the trajectory for different values of α are displayed in figure 1.

From these figures one sees that when α is an even number, α = 2`, the particle
experiences a backward scattering, that corresponds to the scattering angle 2π`, while
when α is odd, α = 2` + 1, the scattering angle is 2π` + π, and the particle continues
asymptotic motion in the initial direction after realizing ` revolutions around the origin
being the vertex of the cone. This was already observed in ref. [26].3

To reveal the locally rectilinear character of geodesics in the case α > 1, it is convenient
to consider the shape of trajectories in a cut and flattened cone represented by the angular
sector −π

2α ≤ ϕ ≤
π
2α (wedge) in which the symmetric points on the edges ϕ = −π

2α and
ϕ = π

2α correspond to the cut line and must be identified. This is illustrated by figure 2.
From the diagrams shown in figure 2 one reveals the following special features in the

case of integer α:

1. If we look for the case in which the asymptotes of the trajectory are parallel to
symmetry axis (going through the cone’s vertex and the perihelion), we must impose
the condition φ1 + ε = π/2 (where ε = φn), which can be fulfilled if α = 4n, with
n = 1, 2, . . ..

2. When α = 2(2n + 1), one has that the first incidence angle is given by π/(2n + 1),
which coincides with ϕs. This implies that the asymptotes of the path are parallel
to the edges. This also includes the case α = 2 for which n = 0 and the trajectory
suffers no reflections at the edges.

3. When α = 4n − 1, the first incidence angle corresponds to 1
4n−1

π
2 = ϕs

4 . When
α = 4n+ 1, the first incidence angle is given by 3

4n+1
π
2 = 3

4ϕs.
3Note that our parameter α corresponds to α−1 in notations of [26], where only the case of positive mass

density of the cosmic string (that corresponds to α > 1 values of our parameter) was considered.
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x
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(a) α = 1/10

x

y

(b) α = 1/2

x

y

(c) α = 4/5

x

y

(d) α = 2

x

y

(e) α = 3

x

y

(f) α = 4

x

y

(g) α = 5

Figure 1. Some examples of the geodesics in the conical geometry. The axes are oriented so that
the perihelion is on the positive side of the x-axis (ϕ∗ = 0). From the first three figures one sees
that for 0 < α < 1, the dynamics is somewhat similar to that in the Kepler-Coulomb problem in
the case of repulsive potential. For the shown integer values of α the t = −∞ and t = +∞ straight
line asymptotes coincide with a vertical line for odd values of α, and are parallel horizontal lines
for even values of α.

Now, let’s pass over to constructing the symmetry generators of the model by applying
the transformation (5.3) to those of the Euclidean free particle analyzed in section 3. We
start with the complex combinations of the locally defined translations and the Galilean
boost generators,

Π± = Π1 ± iΠ2 =
(
pr
α
± ipϕ

r

)
e±i

ϕ
α , (5.6)

Ξ± = Ξ1 ± iΞ2 =
[
αmr − t

(
pr
α
± ipϕ

r

)]
e±i

ϕ
α . (5.7)

Note that the presence of the factor α−1 in the integrals (5.6) and (5.7) implies that they
are globally well-defined functions on the phase space only in the case of natural values of
α−1 = k = 1, 2, . . ., and otherwise they are formal objects. In spite of this deficiency, these
quantities will serve as the basis for constructing the globally well-defined in the phase
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(a) Cutting the cone. (b) Rectilinear geodesic on the cut and
flattened cone.

(c) Incidence and reflection angles at the edges of the angular sector.

Figure 2. Rectilinear geodesic motion in the cone. Figure 2a: to construct the flattened cone, we
cut it along the straight line (shown in black), which is opposite (with respect to the cone symmetry
axis) to the straight line (shown in red) going from the cone’s vertex to the point of perihelion. As
a result we obtain a flattened sector of the angle ϕs = 2π

α , with identified edges. Figure 2b: the
rectilinear character of geodesic in the obtained angular sector with identified edges. The incoming
part of the trajectory (from infinity to the point of perihelion r∗) is represented in blue, while the
outgoing part (from r∗ to infinity) is shown in green. When the particle arrives at the right edge in
a point i at an angle of incidence φi, it emerges from the left edge in the point i′ at the same angle,
and continues its rectilinear path to the point (i + 1), and so on. In the general case the particle
“hits” the edges several times. Note that by the construction, the lowest triangle on the diagram,
appearing when α > 2, with the vertex corresponding to the cone’s vertex and opposite side going
through the perihelion r∗, is always isosceles. This implies that the last angle of incidence equals
ε = π

( 1
2 −

1
α

)
. Figure 2c: the shown geometric structure appears several times in accordance with

the number of nonzero incidence angles. Using the geometric properties of the triangles, one has
that φi+1 = φi − 2ε+ π, and making use of the fact that the last angle corresponds to ε, we obtain
φn−` = π

( 1
2 −

2`+1
α

)
where n represents the number of incidence angles (the number of “reflections”

at the edges for α > 2) and ` = 0, 1, . . . , n−1. From the condition φ1 > 0 we get that 2(2n−1) < α.
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space symmetry generators of the system. For arbitrary values of α we have

H(α) = 1
2mΠ+Π− , D= 1

4m(Ξ+Π−+Π+Ξ+) = rpr
2 −H

(α)t , (5.8)

K = 1
2mΞ+Ξ−= m

2 α
2r2−2Dt−H(α)t2 , J0 = i

4m(Ξ+Π−−Π+Ξ+) = α

2 pϕ , (5.9)

which are the well-defined angular-independent generators of the sl(2,R)⊕so(2) symmetry,

{D,H(α)} = H(α) , {D,K} = −K , {K,H(α)} = 2D , (5.10)
{J0, H

(α)} = {J0, D} = {J0,K} = 0 , (5.11)

with the sl(2,R) subalgebra Casimir element D2 −H(α)K = −J2
0 .

For rational values α = q/k, q, k = 1, 2, . . ., local integrals (5.6)–(5.7) can be used to
construct the higher-order globally well-defined integrals

O±µ,ν = (Ξ±)µ(Π±)ν , µ = 0, 1, . . . , q, ν = q − µ , (5.12)
S±µ′,ν′ = (Ξ±)µ′(Π±)ν′ , µ′ = 0, 1, . . . , 2q, ν ′ = 2q − µ′ . (5.13)

There are 2(q + 1) conserved quantities of the type O±µ,ν and 2(2q + 1) conserved quanti-
ties of the type S±µ′,ν′ , which have the angular dependence of the form e±ikϕ and e±i2kϕ,
respectively. So, these are globally well-defined functions in the phase space.

In the Euclidean case q = k = 1, the integrals (5.12) correspond to the generators
of the two-dimensional Heisenberg algebra (3.13), while the integrals (5.13) constitute the
set of the second-order integrals J0, J±, T±, S± defined by eqs. (3.2), (3.3). In the case
of q = 1 and k = 2, 3, . . ., i.e. when α is a unit fraction 1/k with k > 1, the integrals
Π± and Ξ± are well-defined functions in the corresponding phase space, and the set of
integrals (5.12), (5.13) is similar to that of the free particle in Euclidean plane. Together
with the conformal symmetry generators H(α), D and K, they generate the same Lie
algebra as for the free particle in the plane since the canonical transformation (5.3) does
not change the Poisson bracket relations.

To characterize the symmetry algebra for q > 1, which will be nonlinear in the general
case, it is necessary to calculate some Poisson bracket relations, and for this we use the
identity {A,Bn} = n{A,B}Bn−1 together with the Poisson bracket relations

{Ξ±,Π∓} = 2m, (5.14)

{H(α),Ξ±} = −Π± , {D,Ξ±} = −1
2Ξ± , {J0,Ξ±} = ∓ i2Ξ± , (5.15)

{K,Π±} = Ξ± , {D,Π±} = 1
2Π± , {J0,Π±} = ∓ i2Π± . (5.16)

For integrals O±µ,ν we have then

{J0,O±µ,ν} = ∓iµ+ ν

2 O±µ,ν , {D,O±µ,ν} = ν − µ
2 O±µ,ν , (5.17)

{H(α),O±µ,ν} = −µO±µ−1,ν+1 , {K,O±µ,ν} = νO±µ+1,ν−1 , {O±µ,ν ,O±λ,σ} = 0 , (5.18)
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and by using the Jacobi identity we get

{J0, {O+
µ,ν ,O−λ,σ}} = 0 , {D, {O+

µ,ν ,O−λ,σ}} = ν − µ+ σ − λ
2 {O+

µ,ν ,O−λ,ρ} , (5.19)

{H(α), {O+
µ,ν ,O−λ,σ}} = −λ{O+

µ,ν ,O−λ−1,σ+1} − µ{O
+
µ−1,ν+1,O

−
λ,σ}) , (5.20)

{K, {O+
µ,ν ,O−λ,σ}}} = σ{O+

µ,ν ,O−λ+1,σ−1}+ ν{O+
µ+1,ν−1,O

−
λ,σ} . (5.21)

From relations (5.19) it follows that the Poisson brackets {O+
µ,ν ,O−λ,σ} must be functions

of the globally well-defined generators m, D, J0, H(α) and K since they are the only gen-
erators Poisson-commuting with J0. We do not treat these functions as new, independent
generators, but consider them as coefficients of a nonlinear algebra. On the other hand, all
the generators O±µ,ν are eigenstates of the generators D and J0, in the sense of the Poisson
bracket relations {I, A} = λA, I = D, J0. By taking their Poisson brackets with H(α)

and K, we generate the complete list of symmetry generators of this kind. Thus, the set
U1 = {H(α), D,K, J0,O±µ,ν} generates a finite nonlinear algebra.

In the same way, one can see that the integrals S±µ′,ν′ satisfy the relations similar to
those shown above for O±µ,ν but with the Greek indices changed for their primed versions.
This implies that the set of generators U2 = {H(α), D,K, J0,S±µ′,ν′} also produces a finite
nonlinear algebra. To study what happens when we mix both sets of generators, we consider
the relations

{D, {S±µ′,ν′ ,O
∓
µ,ν}} = µ− ν − µ′ − ν ′

2 {S±µ′,ν′ ,O
∓
µ,ν} , (5.22)

{J0, {S±µ′,ν′ ,O
∓
µ,ν}} = ∓iµ+ ν

2 {S±µ′,ν′ ,O
∓
ν,ν} , (5.23)

where we have used the Jacobi identity one more time. Comparing the last relation with
the first equation in (5.17), we deduce that in the general case, the integrals {S±µ′,ν′ ,O∓µ,ν}
must be functions of the integrals from the set U1. This means that the set of integrals
O∓µ,ν corresponds to generators of an ideal nonlinear subalgebra.

5.2 Quantum case

The quantum Hamiltonian of the system is constructed by using the Laplace-Beltrami
operator,

Ĥ(α) = − ~2

2m
1
√
g

∂

∂xi
√
ggij

∂

∂xj
= − ~2

2m

(
1
α2r

∂

∂r

(
r
∂

∂r

)
+ 1
r2
∂2

∂ϕ

)
. (5.24)

The corresponding eigenstates and spectrum are given by

ψ±κ,l(r, ϕ) =
√

κ

2παJαl(κr)e
±ilϕ , E = ~2κ2

2mα2 , l = 0, 1, . . . . (5.25)

These eigenstates satisfy the orthogonality relation
〈
ψ±κ,l

∣∣∣ψ∓κ′,l′〉 = δll′δ(κ−κ′), with respect
to the scalar product

〈Ψ1|Ψ2〉 =
∫
V

Ψ∗1Ψ2
√
gdV =

∫ ∞
0

αrdr

∫ 2π

0
dϕΨ∗1Ψ2 . (5.26)
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To address the problem of analyzing the quantum symmetry of the system, we consider
the quantum versions of the formal integrals Π± and Ξ±, which have been the basis of the
algebraic construction in the classical case. We start with

Π̂± = Π̂1 ± iΠ̂2 = e±
iϕ
2α

( 1
α
p̂r ±

i

r
p̂ϕ

)
e±

iϕ
2α = −i~ 1

α
e±i

ϕ
α

(
∂

∂r
± iα

r

∂

∂ϕ

)
, (5.27)

where p̂r and p̂ϕ are the radial and angular momentum operators introduced in (3.25).
Operators Π̂± are formal since their action on the eigenstates produces

Π̂±ψ±κ,l(r, ϕ) = i
~κ
α

√
κ

2παJαl+1(κr)e±i(l+
1
α

)ϕ , (5.28)

Π̂±ψ∓κ,l(r, ϕ) = −i~κ
α

√
κ

2παJαl−1(κr)e±i(l−
1
α

)ϕ , (5.29)

from where we explicitly see that they cannot be physical operators for arbitrary values
of α since in the general case they can produce the functions outside the Hilbert space
generated by the states ψ±κ,l.

We also consider the quantum versions of the Galilean boosts (5.7), corresponding to
the operators

Ξ̂± = αmre±i
ϕ
α ± tΠ̂± = e±i

ϕ
α

(
mαr − i~κ

α
t

[
∂

∂(κr) ± i
α

κr

∂

∂ϕ

])
. (5.30)

Due to appearance of Π̂± in (5.30), the operators Ξ̂± inherit all the problems of the former
operators.

Let us carefully study the case α = q/k. As in the classical analysis of the previous
subsection, we can consider the powers of the Π̂± and Ξ̂± operators. The action of (Π̂±)q
on the Hamiltonian eigenstates produces

(Π̂±)qψ±κ,l(r, ϕ) =
(
i
k~κ
q

)q√ kκ

2πqJ
q
k

(l+k)(κr)e±i(l+k)ϕ =
(
i
k~κ
q

)q
ψ±κ,l+k(r, ϕ) , (5.31)

(Π̂±)qψ∓κ,l(r, ϕ) =
(
−ik~κ

q

)q√ kκ

2πqJ
q
k

(l−k)(κr)e±i(l−k)ϕ . (5.32)

Last equation means that the functions

(Π̂±)qψ∓κ,j(r, ϕ) ∝ J− q|k−j|
k

(κr)e∓i|k−j|ϕ , j = 1, . . . , k − 1 ,

are outside the Hilbert space since the index of the Bessel function is negative and non-
integer. On the other hand, in the special case k = 1 we have

(Π̂±)qψ±κ,l(r, ϕ) =
(
i
~κ
q

)q√ κ

2πqJq(l+1)(κr)e±i(l+1)ϕ =
(
i
~κ
q

)q
ψ±κ,l+1(r, ϕ) , (5.33)

(Π̂±)qψ∓κ,l(r, ϕ) =
(
−i~κ

q

)q√ κ

2πqJq(l−1)(κr)e±i(l−1)ϕ =
(
−i~κ

q

)q
ψ∓κ,l−1(r, ϕ) . (5.34)

Now, using the fact that ql = n is a positive integer number and J−n(ζ) = (−1)nJn(ζ), one
can show that ψ±κ,∓l = (−1)lsψ∓κ,±l. This implies that the operators (Π̂±)q always produce
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physical eigenstates in the case of integer values α = q. They are a kind of the spectrum
generating operators which allow us to change the quantum number l of the states in ±1
without changing their energies.

As in the classical case, formal operators Π̂± and Ξ̂± are the basis in the construction
of the symmetry algebra, and we can built the quantum version of the generators of the
so(2, 1)⊕ u(1) symmetry taking place for arbitrary values of α. We have

Ĥ(α) = 1
2mΠ̂+Π̂− , D̂= 1

4m(Ξ̂+Π̂−+Π̂+Ξ̂−) = ~
2i

(
r
∂

∂r
+1
)
−Ĥ(α)t , (5.35)

K̂ = 1
2m Ξ̂−Ξ̂+ = m

2 α
2r2−2D̂t−Ĥ(α)t2 , Ĵ0 = 1

2(Ξ̂1Π̂2−Ξ̂2Π̂1) = α

2 p̂ϕ . (5.36)

These operators satisfy the commutation relations

[D̂, Ĥ(α)] = i~Ĥ(α) , [D̂, K̂] = −i~K̂ , [K̂, Ĥ(α)] = 2i~D̂ , (5.37)
[Ĵ0, D̂] = [Ĵ0, Ĥ

(α)] = [Ĵ0, K̂] = 0 . (5.38)

However, the analysis related to the operators Π̂± shows us that in contrast with the
classical case, only for α = q we can have a well-defined additional symmetry generators,
that reveals a kind of the quantum anomaly in the case of rational non-integer values of α.
For α = q, the corresponding symmetry operators are

Ô±µ,ν = (Ξ̂±)µ(Π̂±)ν , µ+ ν = q . (5.39)
Ŝ±µ′,ν′ = (Ξ̂±)µ′(Π̂±)ν′ , µ′ + ν ′ = 2q , (5.40)

being the quantum counterpart of the classical integrals (5.12) and (5.13) with k = 1. By
means of the commutation relations

[Ξ̂±, Π̂∓] = 2im~ , [Ξ̂±, Π̂±] = 0 , (5.41)

[Ĥ(α), Ξ̂±] = −i~Π̂± , [D̂, Ξ̂±] = − i~2 Ξ̂± , [Ĵ0, Ξ̂±] = ±~
2 Ξ̂± , (5.42)

[K̂, Π̂±] = i~Ξ̂± , [D̂, Π̂±] = i~
2 Π̂± , [Ĵ0, Π̂±] = ±~

2Π̂± , (5.43)

and the commutator identity [Â, B̂n] = ∑n
j=1 B̂

j−1[Â, B̂]B̂n−j , it can be shown that the
properties of the classical nonlinear algebra generated by the integrals O±µ,ν and S±µ′,ν′ with
k = 1 are preserved at the quantum level.

Some important algebraic relations are

[p̂ϕ, Ô±µ,ν ] = ±~Ŝ±µ,ν , [p̂ϕ, Ŝ±µ′,ν′ ] = ±~Ŝ±µ′,ν′ , (5.44)

[D̂, Ô±µ,ν ] = i~
ν − µ

2 Ô±µ,ν , [D̂, Ŝ±µ,ν ] = i~
ν ′ − µ′

2 Ŝ±µ′,ν′ . (5.45)

From (5.44) we learn that the operators Ô±µ,ν (Ŝ±µ′,ν′) change the angular momentum quan-
tum number by ±1 (±2), and it its clear that operators Ô±0,q = (Π̂±)q are responsible for
the infinite degeneracy of the spectrum of the system.
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6 Harmonic oscillator in a cosmic string background

To study the dynamics of the harmonic oscillator in a cosmic string background, we set
the potential term in action (5.1) to be V (r) = mω2

2 gijxixj = 1
2mα

2ω2r2. We will see
that the particle dynamics has special characteristics for different values of α, and these
peculiarities are coherently reflected in the classical orbits, in the spectra of the system
at the quantum level, and in the construction of the symmetry algebra, which again will
reveal the quantum anomaly phenomenon.

We also show that this system is related to the free motion in the conical geometry by
means of the conformal bridge transformation, and we use this to reconstruct the properties
of the complete classical symmetry algebra for the case α = q/k and the quantum version
in the case α = q.

6.1 Classical case

The Hamiltonian of the system corresponds to

H(α)
os = 1

2m

(
p2
r

α2 +
p2
ϕ

r2

)
+ mα2ω2

2 r2 , (6.1)

and as it happened with the free particle, it is directly related to the Hamiltonian of
the harmonic oscillator in the Euclidean plane, which was reviewed in the subsection 3.2,
by means of the local canonical transformation (5.3). From here, the solutions of the
corresponding equations of motion are immediately obtained,

r2(ϕ) =
p2
ϕ

mH
(α)
os

(
1 + δ cos

( 2
α

(ϕ− ϕ∗)
))−1

, (6.2)

ϕ(τ) = α arctan
(
r+
r−

tan(ω(τ − τ∗))
)

+ ϕ∗ , (6.3)

r2(τ) = 2
mω2

(
ωD sin(2ωτ) + ω2K cos(2ωτ) +H(α)

os sin2(ωτ)
)
. (6.4)

Here D and K are given by

K = mα2

2 r2 cos(2ωτ) + 1
ω2H

(α)
os sin2(ωτ)− 1

2ωrpr sin(2ωτ) , (6.5)

D = 1
2rpr cos(2ωτ)− 1

2ω (H(α)
os −mω2α2r2) sin(2ωτ) . (6.6)

The quantities

r2
± = H

(α)
os

mω2α2 (1± δ) , δ =

√√√√1−
(
ωαpϕ

H
(α)
os

)2

, (6.7)

are identified with the radial turning points of the trajectory, and ϕ∗ and τ∗ are the angular
position of one of the radial minima of the trajectory and the corresponding moment of
time when the particle is in that place.

From the corresponding solutions of the equation of motion one finds that the trajectory
is closed if and only if α is a rational number. The images of the orbit for some rational
and irrational values of α are shown in figure 3.
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(a) α = e
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(b) α = 1/e
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(c) α = 1/3

x

y

(d) α = 1/2

x

y

(e) α = 2

x

y

(f) α = 3

x

y

(g) α = 4

x

y

(h) α = 5

Figure 3. Images of the trajectory for some irrational and rational values of α. From (6.2) one has
that r(ϕ) = r(ϕ+αlπ), implying that the number of radial minima r− and maxima r+ depends on
the value of α. For α = 1/k, one has 2k minima and 2k maxima. When α = 2n, there is only one
minimum and one maximum of r on the orbit. When α = 2n + 1, there are two maxima and two
minima, similarly to the case of the isotropic harmonic oscillator in the Euclidean plane. In general
case, for α = q/k the number of maxima/minima is Nmax/min = k(qmod 2 + 1).

By using the canonical transformation (5.3), one can also obtain the dynamical in-
tegrals representing the classical analogues of the ladder operators in polar coordinates,
which are:

b−1 = 1√
2

(a−1 − ia−2 ) = 1
2e

i(ωt−ϕ
α

)
(
α
√
mωr + pϕ√

mωr
+ ipr
α
√
mω

)
, b+

1 = (b−1 )∗ , (6.8)

b−2 = 1√
2

(a−1 + ia−2 ) = 1
2e

i(ωt+ϕ
α

)
(
α
√
mωr − pϕ√

mωr
+ ipr
α
√
mω

)
, b+

2 = (b−2 )∗ . (6.9)
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In resemblance with the free particle system in a conical geometry, we also note that these
dynamical integrals are formal (locally defined only) functions in the respective phase
space when α takes values different from 1/k. However, we can use these formal integrals
to construct the well-defined generators of the sl(2,R) ⊕ u(1) symmetry algebra of the
system, which are given by

J0 = 1
2b

+
a b
−
a = 1

2ωH
(α)
os , J± = b±1 b

±
2 , L2 = 1

2(b+
1 b
−
1 − b+

2 b
−
2 ) = 1

2αpϕ . (6.10)

In the context of the conformal bridge transformation, if we set the generators H(α),
D and K as those in (5.8)–(5.9), the transformation considered in section 4 produces
the generators (6.10), in accordance with relations (4.11), (4.12) and the first equation
in (4.15). To obtain the complete symmetry algebra for the case α = q/k we must apply the
transformation to the higher-order generators (5.12) and (5.13). However, it is convenient
first to consider the formal relations

T (τ, β, δ, γ, t)(Π−) = −i
√

2mωb−1 , T (τ, β, δ, γ, t)(Π+) = −i
√

2mωb−2 , (6.11)

T (τ, β, δ, γ, t)(Ξ+) =
√

2m
ω

b+
1 , T (τ, β, δ, γ, t)(Ξ−) =

√
2m
ω

b+
2 , (6.12)

where β, δ and γ are still given by (4.10), and the formal equations (5.14)–(5.16) are
employed. These equations facilitate the application of the conformal bridge transformation
to the mentioned well-defined on the phase space integrals of motion. This yields us

T (τ, β, δ, γ, t)(O±µ,ν) = (−i)ν(m)
q
2 (ω)

µ−ν
2 G±µ,ν , (6.13)

T (τ, β, δ, γ, t)(S±µ′,ν′) = (−i)ν(m)
q
2 (ω)

µ−ν
2 F±µ′,ν′ , (6.14)

where

G+
µ,ν = (b+

1 )µ(b−2 )ν , (G+
µ,ν)∗=G−ν,µ F+

µ′,ν′ = (b+
1 )µ′(b−2 )ν′ , (F+

µ′,ν′)
∗=F−ν′,µ′ , (6.15)

and µ, ν = 0, 1, . . . q, (µ′, ν ′ = 0, 1, . . . 2q) satisfy the restriction µ + ν = q (µ′ + ν ′ = 2q).
The properties of the symmetry algebra generated by these integrals of motion are retrieved
directly from the symmetry algebra of the free particle moving in the same conical geometry.
In summary we have:

• The set of generators U1 = {J0,J±,L2,G±µ,ν} produces an ideal nonlinear subalge-
bra. The (in general) dynamical integrals G±µ,ν are eigenstates of iL2 = iαpϕ/2 with
eigenvalue λ = ±q/2, in the sense of the Poisson bracket relation {L2, A} = λA, and,
therefore, they are eigenstates of ipϕ, with eigenvalue ±k. In the same way, they are
eigenstates of H(α)

os with eigenvalue iω(ν−µ). Note that when ν = µ = q/2 and q is an
even number, we have two true (not depending explicitly on time) integrals of motion
for the system. Finally, the Poisson bracket action of generators J± corresponds to

{J−,G±µ,ν} = iµG±µ−1,ν+1 , {J+,G±µ,ν} = iνG±µ+1,ν−1 . (6.16)
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• The integrals of the set U2 = {J0,J±,L2,F±µ′,ν′} also produce a nonlinear subalge-
bra, but which is not an ideal. In this case the (in general) dynamical integrals F±µ′,ν′
are eigenstates of iL2 with eigenvalue λ = ±q, implying that with respect to ipϕ,
the eigenvalues are ±2k. These objects are also eigenstates of H(α)

os , with eigenvalue
iω(ν ′−µ′), and again, when ν ′ = µ′ = q we have two true integrals. In contrast with
the previous case, these true integrals can be constructed for any natural value of q,
but when q is even, q = 2q̃, q̃ = 1, . . ., we have the equalities F±q,q = (G±q̃,q̃)2. The
Poisson bracket action of the integrals J± is

{J−,F±µ′,ν′} = iµ′F±µ′−1,ν′+1 , {J+,F±µ′,ν′} = iν ′F±µ′+1,ν′−1 . (6.17)

When α = 1, we obtain the harmonic oscillator in the Euclidean plane, and the dynam-
ical integrals G±µ,ν correspond to the classical analogues of the ladder operators themselves.
In this case, the true integrals F±1,1 correspond to the L± generators of the su(2) symmetry
of the system, while F−0,2 and F+

2,0 are the mutually complex conjugated dynamical integrals
B±, see section 3.2. In the case α = 1/k, with k = 2, 3, . . . we still have the same symmetry
algebra as for the Euclidean case, since the generators b±a are the globally well-defined
functions in the phase space.

6.2 Quantum case

Here we study the quantum theory corresponding to the classical system discussed in the
previous section. As we have seen, at the classical level the system has a large number of
dynamical symmetries that are eigenstates of the Hamiltonian in the sense of the Poisson
bracket relation {H(α)

os , C} = λC when α is rational. Each of these integrals were obtained by
applying the classical conformal bridge transformation to the classical free particle system
symmetry generators in conical geometry, and in this section we follow the quantum version
of that approach. In this context, and remembering that at the quantum level the system
of the free particle in conical space reveals a quantum anomaly for rational, non-integer
values of α, it should not be surprising that this anomaly is also present in the harmonically
trapped system, and in this section we show how this happens. As all the integrals that
admit a well-defined quantum extensions must be eigenstates of the corresponding quantum
Hamiltonian Ĥ(α)

os in the sense of [Ĥ(α)
os , Ĉ] = i~λĈ, one concludes that the action of these

operators at τ = 0 on a particular eigenstate of the system (and that actually is what we
need to calculate according to eq. (3.28)) will produce another eigenstate. So, for the sake
of simplicity, we assume that all the evolution parameters in dynamical integrals are zero
from now on.

At the quantum level, the system is governed by the Hamiltonian operator

Ĥ(α)
os = − ~2

2m

(
1
α2r

∂

∂r

(
r
∂

∂r

)
+ 1
r2
∂2

∂ϕ

)
+ α2mω2

2 r2 , (6.18)

whose eigenstates and spectrum are given by

ψ±nr,l(r,ϕ) =
(
mωα2

~

) 1
2
√

nr!
2παΓ(nr+αl+1) ζ

αlL(αl)
nr (ζ2)e−

ζ2
2 ±ilϕ , ζ =

√
mα2ω

~
r , (6.19)

En,l = ~ω(2nr+αl+1) , nr , l= 0,1, . . . . (6.20)
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These eigenstates are orthonormal,
〈
ψ±nr,l

∣∣∣ψ∓n′r,l′〉 = δnr,n′rδl,l′ , with respect to the scalar
product (5.26).

Note that, contrary to the case of the free particle, the degeneracy of the energy levels
depends on the value of α. In the particular case of rational values α = q/k we distinguish
two cases:

• When q is even, q = 2q̃, the energy levels satisfy the relation

Enr+q̃j,l−kj = Enr,l , j = −
[
nr
q̃

]
, . . . ,

[
l

k

]
, (6.21)

where [.] indicates the integer part of the quotient. This implies that all the eigen-
states ψ±nr+q̃j,l−kj have the same energy eigenvalue. Counting the number of these
eigenstates we get the following value for the degeneracy:

g(N) = 2
[
N

q̃

]
+ 1 , N = nr + q̃

k
l . (6.22)

• When q is odd, we have

Enr+qj,l−2kj = Enr,l , j = −
[
nr
q

]
, . . . ,

[
l

2k

]
, (6.23)

and the degeneracy is given by

g(N) =
[
N

q

]
+ 1 , N = 2nr + q

k
l . (6.24)

Like the classical case, we can use the quantum version of the conformal bridge transfor-
mation to connect this system with the quantum version of the free particle in the conical
geometry with the same value of α. As we are interested in the operators at τ = 0, we
consider the stationary conformal bridge transformation generated by Ŝ(0, 0) = Ŝ0, which
produces

Ŝ0(Ĥ(α))Ŝ−1
0 = −ω~Ĵ− , Ŝ0( ˆiD0)Ŝ−1

0 = ~Ĵ0 , Ŝ0(K̂0)Ŝ−1
0 = ~

ω
Ĵ− , (6.25)

where

Ĵ0 = 1
2~ωĤ

(α)
os , Ĵ± = −mω4~

(
Ĥ(α)

os −mω2α2r2 ± ~ω
(
r
∂

∂r
+ 1

))
. (6.26)

Also, when the transformation acts on the formal operators Π̂± and Ξ̂±, one gets

Ŝ0(Π̂−)Ŝ−1
0 = −i

√
2m~ωb̂−1 , Ŝ0(Π̂+)Ŝ−1

0 = −i
√

2m~ωb̂−2 , (6.27)

Ŝ0(Ξ̂+)Ŝ−1
0 =

√
2m~
ω

b̂+
1 , Ŝ0(Ξ̂−)Ŝ−1

0 =
√

2m~
ω

b̂+
2 , (6.28)

where

b̂−1 = 1
2e
−iϕ

α

√
mω

~

(
αr + ~

mωα

(
∂

∂r
− iα

r

∂

∂ϕ

))
, b̂+

1 = (b̂−1 )† , (6.29)

b̂−2 = 1
2e

iϕ
α

√
mω

~

(
αr + ~

mωα

(
∂

∂r
+ iα

r

∂

∂ϕ

))
, b̂+

2 = (b̂−2 )† , (6.30)
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are the formal dimensionless ladder operators in polar coordinates representation. In terms
of them, the generators of the conformal algebra (6.26) and the quantum version of L2 take
the form

Ĵ0 = 1
4({b̂+

1 , b̂
−
1 }+ {b̂−2 , b̂+

2 }) , Ĵ± = b̂±1 b̂
±
2 , (6.31)

L̂2 = 1
2(b̂+

1 b̂
−
1 − b̂+

2 b̂
−
2 ) = 1

2~ p̂ϕ . (6.32)

According to relation (4.22), the corresponding eigenstates of the form 〈r |λ〉 we are
looking for correspond to

Ω±nr,l(r, ϕ) = r2nr+αle±lϕ , (6.33)

which satisfy the following set of equations,

2iD̂0Ω±nr,l(r, ϕ) = ~(2nr + αl + 1)Ω±nr,l(r, ϕ) , (6.34)

K̂0Ω±nr,l(r, ϕ) = mα2

2 Ω±nr+1,l(r, ϕ) , (6.35)

Ĥ(α)Ω±nr,l(r, ϕ) = − 2~2

mα2nr(nr + αl)Ω±nr−1,l(r, ϕ) , (6.36)

Ξ̂±Ω±nr,l(r, ϕ) = αmΩ±
nr,l+ 1

α

(r, ϕ) , Ξ̂±Ω∓nr,l(r, ϕ) = αmΩ∓
nr+1,l− 1

α

(r, ϕ) , (6.37)

Π̂±Ω±nr,l(r, ϕ) = −i2~nr
α

Ω±
nr−1,l+ 1

α

(r, ϕ) , (6.38)

Π̂±Ω∓nr,l(r, ϕ) = −i2(nr + αl)~
α

Ω∓
nr,l− 1

α

(r, ϕ) . (6.39)

Here, the functions Ω±0,l are the zero energy eigenstates of Ĥ(α), but only the function
Ω+

0,0 = Ω−0,0 = 1 is a physical eigenstate for the free particle system. Functions Ω±nr,l are
the rank nr Jordan states of zero energy which satisfy

(Ĥ(α))jΩ±nr,l(r, ϕ) =
(
−2 ~

mα2

)j
(nr)j(nr + αl)jΩ±nr−j,l(r, ϕ) , j = 1, . . . nr , (6.40)

(g)j =
j−1∏
i=0

(g − i) . (6.41)

Another remarkable property of these functions is that the eigenstates of the free particle
admit the representation

ψ±κ,l(r, ϕ) =
√

κ

2πα

∞∑
nr=0

(−1)nr(κ/2)2nr+αl

nr!Γ(nr + αl + 1) Ω±nr,l(r, ϕ) . (6.42)

By direct application of the stationary conformal bridge operator Ŝ0 to functions (6.33)
one gets

Ŝ0Ω±nr,l(r, ϕ) = Nnr,lψ±nr,l(r, ϕ) , (6.43)

Nnr,l = (−1)nr
( 2~
mωα2

)nr+αl
2 √

2απnr!Γ(nr + αl + 1) . (6.44)
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On the other hand, the action of the transformation on the free particle eigenstates produces
the (non-normalized) coherent states of the system corresponding to

Ψ±κ,`(r, ϕ) = Ŝ0ψ
±
κ,`(r, ϕ) = 2

1
2 eEψ±κ,`(

√
2r, ϕ)e−

mωr2
2~

=
√
κ
∞∑

nr=0

Enr+αl
2√

nr!Γ(nr + αl + 1)
ψ±nr,l(r, ϕ) ,

(6.45)

where E = ~κ2

2mωα2 . These states satisfy the relation Ĵ−Ψ±κ,`(r, ϕ) = −EΨ±κ,`(r, ϕ).
From the equations (6.36) we obtain the action of generators Ĵ±,

Ĵ+ψ
±
nr,l

(r, ϕ) = −
√

(nr + 1)(nr + αl + 1)ψ±nr+1,l(r, ϕ) , (6.46)

Ĵ−ψ±nr,l(r, ϕ) = −
√
nr(nr + αl)ψ±nr−1,l(r, ϕ) , (6.47)

and from equations (6.37)–(6.39) we get the formal relations

b̂±a ψ
(a)
nr,l

(r, ϕ) =
√

(nr + αl + β±)ψ(a)
nr,l± l

α

(r, ϕ) , (6.48)

b̂±a ψ
(b)
nr,l

(r, ϕ) = −
√

(nr + β±)ψ(b)
nr±1,l∓ l

α

(r, ϕ) , (6.49)

where ψ(1)
nr,l

= ψ+
nr,l

, ψ(2)
nr,l

= ψ−nr,l, and β± = 1
2(1 ± 1). From these equations it becomes

obvious that these operators cannot be physical for arbitrary values of α, since they produce
wave-functions outside the Hilbert space generated by the physical eigenstates ψ±nr,l. In
fact, this is already observable from the equations (6.37)–(6.39), where it is seen that the
produced functions on the right hand side do not satisfy some of the criteria imposed at
the end of section 4: these functions are not single-valued in the angular coordinate, and
some of them are singular at r = 0.

Similarly to the free particle system in the conical space, we must study carefully the
rational case α = q/k, and to do that, it is enough to analyze the relations that imply a
decrease in the angular momentum quantum number l (the relations in which this number
is increasing have no problems). First, consider the relation

(b̂−a )q ψ(a)
nr,l

(r, ϕ) =
√

Γ(nr + (q/k)l + 1)
Γ(nr + (q/k)l − q + 1) ψ

(a)
nr,l−k(r, ϕ) . (6.50)

When l < k, that is l − k = −j < 0, the explicit form of the function on the right hand
side is

ψ±nr,−j(r, ϕ) =
(
mωq2

~k2

) 1
2
√

knr!
2πqΓ(nr − (q/k)j + 1) ζ

− q
k
jL

(− q
k
j)

nr (ζ2)e−
ζ2
2 ∓ijϕ , (6.51)

and because the upper index of the generalized Laguerre polynomial is negative and ratio-
nal, we conclude that this function is outside the Hilbert space generated by the physical
eigenstates, implying that the operators can not be observable.
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Now, in the particular case when k = 1, the upper index in the generalized Laguerre
polynomial is a negative integer number, and due to the identity

(−η)i
i! L(i−n)

n (η) = (−η)n
n! L

(n−i)
i (η) , i, n = 0, 1, . . . , (6.52)

one gets that in the case nr ≥ ql,

ψ±nr,−l(r, ϕ) = (−1)qlψ∓nr−ql,l(r, ϕ) , (6.53)

while for nr < ql the right hand side in eq. (6.51) vanishes due to the poles in the Gamma
function. Therefore, eq. (6.50) has no problems when k = 1. Note that in these cases the
normalization factor (6.51) also equals zero by the same reason.

Now, we consider the relation

(b̂+
a )q ψ(b)

nr,l
(r, ϕ) = (−1)q

√
Γ(nr + 1 + q)

Γ(nr + 1) ψ
(b)
nr+q,l−k(r, ϕ) , (6.54)

from where we see that the same problems for the cases l < k appear again, and only
in the case k = 1 the relation (6.53) ensures that the operator always produces physical
eigenstates.

The realized analysis of eqs. (6.50) and (6.54) reveals that, again, we face the problem
of the quantum anomaly in the general case of rational values of α, and we can construct
a well-defined symmetry operators only in the case of integer values of α, that we assume
from now on.

Like the classical case, we construct the quantum symmetry generators by means of
the conformal bridge transformation, obtaining

Ŝ0(Ô±µ,ν)Ŝ−1
0 = (−i)ν(m~)

q
2 (ω)

µ−ν
2 Ĝ±µ,ν , (6.55)

Ŝ0(Ŝ±µ′,ν′)Ŝ
−1
0 = (−i)ν(m~)q(ω)

µ′−ν′
2 F̂±µ′,ν′ , (6.56)

and the properties of the classical algebra (with k = 1) are again preserved at the quantum
level.

In conclusion of this discussion, let us make some comments with respect to the dif-
ferences between the cases of even and odd values of α = q. In the even case q = 2q̃, we
have the true integrals of motion Ĝ±q̃,q̃, whose explicit action on the eigenstates is

Ĝ±q̃,q̃ψ
±
nr,l

(r, ϕ) = (−1)q̃
√

Γ(nr + 1)Γ(nr + 2q̃l + 1 + q̃)
Γ(nr + 1− q̃)Γ(nr + 2q̃l + 1)ψ

±
nr−q̃,l+1(r, ϕ) , (6.57)

Ĝ∓q̃,q̃ψ
±
nr,l

(r, ϕ) = (−1)q̃
√

Γ(nr + 1 + q̃)Γ(nr + 2q̃l + 1)
Γ(nr + 1)Γ(nr + 2q̃l + 1− q̃)ψ

±
nr+q̃,l−1(r, ϕ) . (6.58)

From eq. (6.57) we learn that the operators Ĝ±q̃,q̃ annihilate the eigenstates ψ±nr,l with nr <
q̃ − 1. Also, due to the relation (6.53), and the fact that ψ+

nr,0 = ψ−nr,0 := ψnr,0, both
equations (6.57) and (6.58) are equivalent in the case l = 0 and nr > q̃− 1. Otherwise, the
pole in the Gamma function in (6.58) produces zero. One also notes that the index in the
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wave-functions that appears on the right hand side of these equations corresponds to the
same index in the equations (6.21) for the cases j = ±1.

On the other hand, for the odd case q = 2q̃+1 we need to consider instead the integrals
F±q,q which produce

F̂±q,qψ±nr,l(r, ϕ) = (−1)q
√

Γ(nr + 1)Γ(nr + ql + 1 + q)
Γ(nr + 1− q)Γ(nr + ql + 1)ψ

±
nr−q,l+2(r, ϕ) , (6.59)

F̂∓q,qψ±nr,l(r, ϕ) = (−1)q
√

Γ(nr + 1 + q)Γ(nr + ql + 1)
Γ(nr + 1)Γ(nr + ql + 1− q)ψ

±
nr+q,l−2(r, ϕ) . (6.60)

These equations reveal the properties similar to those described for the even case. The index
in the resulting wave-function is in correspondence with the index in the equation (6.23).

Then, we conclude that the existence of the true (not depending explicitly on time)
integrals Ĝ±q̃,q̃ and F̂±q,q reflects the degeneracy of the system in the unique anomaly-free
cases of the even and odd values of α, respectively.

7 Discussion and outlook

The premise of our research here was that on the one hand, geometric properties of space-
time must be reflected in the intrinsic characteristics of the physical systems that inhabit
it, and on the other hand, these peculiarities must be encoded in a set of well-defined
integrals of motion. Bearing this in mind, we have studied different non-relativistic forms
of dynamics (in the sense of Dirac [65]) associated with the so(2, 1) ∼= sl(2,R) conformal
symmetry, namely, the free particle and the harmonic oscillator, on a cosmic string back-
ground [36–39]. This is the analogous problem of considering the non-relativistic conformal
invariant dynamical models on a two-dimensional cone surface, the deficiency/excess angle
of which is given in terms of the “geometrical parameter” α = 1/(1− 4µG

c2 ) , where µ is the
linear mass density of the cosmic string [38, 45] which can be positive, or negative when
topological defects in condensed matter physics and wormholes are considered [40–44].
Based on the previous observations related to the shape of the trajectories of the systems
in this space [26, 28], one might assume that for some special values of the parameter α,
the systems may have well-defined hidden symmetry generators that adequately describe
them. Our results confirm this hypothesis.

The main tools used in this investigation were a local canonical transformation and the
conformal bridge transformation [55]. The first transformation relates the systems under
investigation with their version in the flat Euclidean plane, while the second one allows
us to map integrals from one form of conformal dynamics to another. The strategy was
to start with a free particle in R2 (α = 1), from where we obtain, by a local canonical
transformation, the solutions of the equations of motion and the formal integrals of the
free system in the cone. These formal conserved quantities are the images of the Euclidean
canonical momenta and the Galilean boosts, which are not globally well-defined functions
in phase space for arbitrary α due to their peculiar angular dependence. However, no
problems appear for α = 1/k, k = 2, 3, . . ., while in general case of rational values α = q/k
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with q, k = 1, 2, . . ., these formal conserved quantities can be used to construct well-defined
functions on phase space. After characterizing the complete symmetry algebra of the free
particle in the cone, we have proceeded to apply the conformal bridge transformation in
order to obtain the integrals and their symmetry algebra for the harmonic oscillator in the
same geometric background.

In order to know what to expect for systems on the cone, it is instructive to make
some comments about the models in R2. In the case of the free particle we have ten
second-order integrals that generate the sp(4,R) Lie algebra. Also, there are four first-
order integrals, namely the canonical momenta and the Galilean boosts, that produce the
centrally extended two-dimensional Heisenberg algebra. The first order integrals generate
an ideal sub-algebra of the complete Lie type symmetry of the system. In addition to the
principal, conformal so(2, 1) algebra, produced by the Hamiltonian H and generators of
dilatations, D, and special conformal transformations, K, one also can identify some other
sub-algebraic structures:

• A secondary sl(2,R) algebra, generated by the angular momentum and two dynamical
integrals that commute with the dilatation generator.

• An su(2)⊕ su(2) dynamical symmetry, produced by complex dynamical generators.

When considering the planar isotropic harmonic oscillator, one also finds 10 second-order
symmetry generators. They produce an algebraic structure that is isomorphic to the
sp(4,R) algebra (up to complex linear combinations of generators). Furthermore, the
system possesses an ideal two-dimensional Heisenberg sub-algebra, produced by the four
first-order ladder operators. As for the free particle system, here we also have the principal
sl(2,R) algebra of the conformal Newton-Hooke symmetry generated by the Hamiltonian
and the second order radial ladder operators. Other sub-algebraic structures which we
would like to highlight are:

• The very well known su(2) symmetry, generated by the angular momentum and two
other true integrals of motion that commute with the corresponding Hamiltonian.

• The sl(2,R)⊕sl(2,R) symmetry, whose generators can be identified with the integrals
of the associated Landau problem in symmetric gauge [55].

After applying the conformal bridge transformation to the Euclidean free particle system,
we find that the principal so(2, 1) conformal symmetry is mapped into the sl(2,R) alge-
bra of the conformal Newton-Hooke symmetry of the harmonic oscillator. In a similar
way, the mentioned secondary sl(2,R) symmetry of the free dynamics is mapped to the
above-mentioned su(2) symmetry of the harmonically trapped particle; the complex alge-
bra su(2)⊕ su(2) of the free case is transformed into the sl(2,R)⊕ sl(2,R) sub-symmetry
of the harmonically confined system, and there is a non-unitary correspondence between
the Heisenberg algebras of both models. In the general case the conformal bridge transfor-
mation maps sub-algebras of one system into sub-algebras of the another. This happens
due to its nature of the complex canonical transformation at the classical level, and of
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the non-unitary similarity transformation at the quantum level, which is the non-unitary
automorphism of the conformal so(2, 1) ∼= sl(2,R) algebra [55].

It is important to reinforce the fact that in both cases the Lie algebraic structure
described here is greater than the Schrödinger symmetry presented in Niederer’s early
works [51, 56]. There, only the generators of the conformal symmetry, the Heisenberg
symmetry and rotations were considered. Let us note here that at the quantum level,
the ten second-order generators in both systems can be built by taking anti-commutators
of the linear integrals. Then, if we consider a nonlocal operator of the rotation in π,
R = exp(iπp̂ϕ), due to relations Rxi = −xiR and R2 = 1, it can be identified as a grading
operator. As a result, the Lie symmetry algebras we considered can be reinterpreted as Lie
superalgebras osp(1|4,R) of the corresponding two-dimensional systems with no fermionic
degrees of freedom [68]. This corresponds to the so-called systems with the bosonized
(hidden) supersymmetry, see [69–74] and references therein. In one-dimensional quantum
case, the origin of such type of hidden supersymmetries can be understood in terms of
reduction of supersymmetric systems with fermionic degrees of freedom [72, 74]. It would
be interesting to investigate in a similar way the origin of the indicated two-dimensional
hidden (bosonized) supersymmetry.

The conformal and rotational symmetries of the free particle on the cone are described
by the integrals which are well-defined phase space functions for arbitrary value of the
geometric parameter α > 0, and generate the so(2, 1) ⊕ u(1) algebra. They are quadratic
in the above-mentioned formal in general case basic integrals. For the case of rational
α = q/k (q, k = 1, 2, . . . with no common divisors), the formal basic generators can be used
to build the new well-defined integrals of motion:

• When q = 1 and k = 2, 3, . . . the symmetry algebra is the same as for the free particle
in the flat Euclidean plane (α = 1).

• When q = 2, 3 . . . and k = 1, 2, . . ., it is possible to construct two different sets of
higher-order integrals of motion: a set U1, consisting of 2q+2 integrals of order q, and
the other set U2, which contains 4q + 2 integrals of order 2q. We have verified that
both sets generate independent finite nonlinear algebras, and together they produce
a larger finite nonlinear algebraic structure. We have also shown that the nonlinear
algebra generated by U1 is an ideal sub-algebra of the complete nonlinear symmetry.

After analyzing the classical system, we have considered the quantum case. The system
can be quantized for arbitrary values of α, and one could expect that for the rational case,
the corresponding quantum versions of the (in general) higher-order hidden symmetry
integrals will be the spectrum generating operators. However, we have revealed a quantum
anomaly, since only in the case of integer values α = q = 2, 3, . . . such spectrum generating
integrals indeed can be constructed, while in the case of rational non-integer values of α
the quantum analogs of the classically well-defined hidden symmetry generators take out
the states from the physical Hilbert space.

Here, there is a couple of open interesting questions. First, knowing that via the
corresponding non-relativistic limit [57, 58, 61], one can relate conformal symmetry of the
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free particle on the cone with the corresponding Killing and conformal Killing vector fields
of the cosmic string space-time background, a natural question is what geometrical objects
correspond to the considered hidden symmetry generators. We speculate that they can be
related to some Killing and conformal Killing tensors [1, 75] of the cosmic string space-time.
Second, it would be interesting to look what happens with the quantum anomaly under
perspective of unconventional boundary conditions, which were considered for quantum
systems in the cone in [27].

Finally, we reconstruct the complete information on the symmetry algebra for the har-
monic oscillator at the classical and quantum levels through the conformal bridge transfor-
mation. From here we have learned that the generators of the sl(2,R) ⊕ u(1) algebra are
well-defined for any value of α, but only in the rational case α = q/k there is an extended
set of the well-defined integrals of motion. This reflects the peculiarity of the geometry of
the trajectories of the harmonically trapped particle on the cone: the trajectories are closed
only when α = q/k. The number of radial minima/maxima on the trajectory is given by
Nmin/max = k(qmod 2 + 1). In particular, for k = 1 one has Nmin/max = 1 when α is even
and Nmin/max = 2 when α is odd. At the quantum level it is seen that the value of α explic-
itly determines the degeneracy of the energy spectrum of the system, while the symmetry
operators and their action on the corresponding eigenstates of the system are obtained
directly from those of the free particle by employing the quantum version of the confor-
mal bridge transformation. From there, the quantum anomaly is revealed automatically:
only when α = q = 2, 3, . . ., it is possible to have the well-defined higher-order differential
operators corresponding to hidden symmetries, which reflect the spectral degeneracy.

In conclusion, let us indicate some other problems for which the results and ideas
employed in this article can be used.

First, we note that the local canonical transformation that relates the cone with the
flat Euclidean plane can be applied for the analysis of other central potentials on the
conical background. One can expect that the well-defined hidden symmetry generators in
such systems can appear only at special values of α, and that quantum anomaly can also
emerge there. In particular, all the analysis presented here can immediately be transferred
and generalized for the case of conformal mechanics on the cone as it was done in [55] in the
flat Euclidean plane. In the same vein, the results of [55] can be employed and generalized
immediately for the Landau problem on the cone.

Second, it would be interesting to employ the conformal bridge transformation for the
systems in different geometries, such as the Lobachevsky plane and the non-commutative
plane. These both geometries are used in the description of anyons [76–78], and on the
other hand, one has to bare in mind that anyons can directly be related with the cone
geometry [79–81].

Finally, as it was shown in [55], the non-unitary generator Ŝ of the conformal bridge
transformation is the fourth order root of the space reflection operator P, which in the
present two-dimensional case has to be substituted for the above-mentioned non-local op-
erator R = exp(iπp̂ϕ). At the same time, it is easy to see from the explicit form (4.20) of Ŝ
in terms of the sl(2,R) generators of conformal symmetry that it is PT symmetric, where
T corresponds to the time reversal (anti-linear) transformation [82–86]. Taking also into
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account that its classical analog generates complex canonical transformations in the phase
space, and that conformal symmetry plays important role in some PT -symmetric systems
with peculiar properties [86–88], it would be very interesting to look at the conformal
bridge transformations in the light of the PT symmetry.
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