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1 Introduction

Understanding the quantum behavior of gravitational theories is one of the most fascinat-
ing problems in contemporary theoretical physics. Jackiw-Teitelboim (JT) gravity [1, 2] is
probably the simplest example where many questions concerning the nature of a quantum
space-time can be tackled and answered, being solvable as a quantum field theory but still
retaining quite non-trivial dynamics. It represents a particular example of AdS/CFT cor-
respondence in which we can study bulk and boundary properties with high precision [3–6].
Recent investigations have shown that a detailed knowledge of the quantum theory is com-
pulsory to obtain an adequate understanding of quantum gravity’s fundamental questions.
In particular the physical interpretation of different topological contributions to the gravita-
tional path-integral [7, 8] and the advances on the black hole information paradox [8–10] in
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this setting heavily relied on explicit quantum results. In this sense, JT gravity has played
an almost unique role, and it would be crucial to extend our control to more complicated
models, generalizing safely some important lessons learned there [11–15]. An appealing
aspect of JT gravity is the existence of a particular class of n-point functions that we can
compute exactly, the so-called bi-local correlators [5, 16]. They can be viewed either as
n-point vacuum expectation value for bi-local operators evaluated at the boundary of the
AdS2 space-time or as 2n-point correlators of some 1D ‘matter CFT’ at finite temperature
coupled to the Schwarzian theory on the boundary [5]. Their general structure on disk and
trumpet topologies has been studied by exploiting different techniques, and their explicit
form can be systematically obtained for any n as an integral of momentum space ampli-
tudes, using a simple set of diagrammatic rules. Originally the derivation relied on the
precise equivalence between the 1D Schwarzian theory and a certain large central charge
limit of 2D Virasoro CFT [17]. More recently, taking advantage of the SL(2,R) gauge
theory formulation (see [18] for an exhaustive analysis of the subject), the correlation func-
tions of bi-local operators have been computed as correlators of Wilson lines anchored at
two points on the boundary [19]. The time ordering is encoded into the intersection of the
Wilson lines in the bulk, resulting in the appearance of momentum-dependent fusion coef-
ficients and 6-j symbols inside the integrated amplitudes. Anchored Wilson lines also have
a gravitational interpretation, representing the sum over all possible world-line paths for a
particle moving between two fixed points on the boundary of the AdS2 patch [19, 20]. The
computation of bi-local correlators have been later extended in the presence of defects [21],
and the inclusion of higher-genus corrections was also considered [8], with particular at-
tention to their late time behavior and non-perturbative properties. On the other hand,
correlation functions on the disk can also be studied through a perturbative expansion in
the Schwarzian coupling constant [5, 22]. In this approach, one directly computes Feyn-
man diagrams for boundary gravitons, i.e., the quantum mechanical degrees of freedom
associated with the fluctuations of the wiggle AdS2 boundary. The semiclassical limit and
the first quantum correction to two-point and four-point functions were studied in [23].
Schwarzian perturbation theory has also found applications for higher-point functions [24],
while higher loop corrections were analyzed in [25].

Quite surprisingly, the consistency of the exact results obtained through CFT and
gauge theoretical techniques with the Schwarzian perturbative expressions has never been
checked or discussed in details until recently1 [26]. More generally, the structure of the
perturbative series and its convergence properties have been somehow overlooked despite
certain interesting pieces of information that could be directly extracted from it, as the
relation with the gravitational S-matrix or the trigger of the full quantum regime at large
time with respect to Schwarzian coupling constant. A particularly intriguing point con-
cerns the convergence itself of the perturbative series and the presence of non-perturbative
contributions inside the exact expressions derived in [17, 19]. A first attempt to answer this
question has been taken in [26]: the exact two-point correlator on the disk for a bi-local
operator of conformal weight λ ∈ −N/2 have been expanded for a small value of κ, the

1The semiclassical limit for the two-point and the four-point functions has been checked in [23].
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Schwarzian coupling, and confronted successfully with the perturbative result beyond the
semiclassical regime. Moreover, exploiting the simplicity of the cases λ = −1/2 and λ = −1
and the limit of zero temperature, it was argued that for generic λ the series is asymp-
totic, implying the presence of non-perturbative contributions. Exactly for λ ∈ −N/2
the series appears instead convergent: this particular class of two-point functions can be
obtained from a double-scaling limit on degenerate correlators in the Liouville minimal
string [7, 27], suggesting the existence of an integrable subsector in JT gravity. On the
contrary, the asymptotic character for generic conformal weights was taken as a signal of
non-perturbative contributions of order e−

1
κ inside these correlators, competing therefore

with the higher-genus corrections of order e−
1
GN , derived by matrix-model techniques [7, 8],

because κ is proportional to gravitational Newton constant GN .

In this paper, we obtain some progress in these directions, performing explicit com-
putations and elucidating the analytical structure of the bi-local correlators in the case of
general positive conformal weight and general temperature. We also slightly extend our
analysis beyond the disk topology by considering the trumpet configuration: this could be
relevant in view of further studies on higher-genus topologies [26–28] or for investigating
one-point functions in the presence of defects [21]. Our first aim is to recover the Schwarzian
perturbative result beyond the leading semiclassical order in the case of positive λ, on the
disk and trumpet topologies. We have obtained a perfect agreement by evaluating the
exact expression through a saddle-point approximation: the computation heavily relies on
the relevant amplitudes’ analytical properties. In the general case, it reduces to an integral
around branch-cuts determined by the conformal weight of the operators involved. The
result is obtained for finite boundary separations; it exhibits the correct time periodicity
and, as expected in this case, the bi-local correlator is singular at coincident points. The
outcome completes and generalizes the analysis of [26], performed for negative semi-integer
weights λ and in the particular case of zero temperature, and strengths our trust in the ana-
lytical approach. Actually, in the case of λ ∈ N/2 we can go well beyond the first subleading
quantum correction; the branch-cut singularity of the two-point function reduces to a pole,
and by carefully computing the residue, we obtain an all-order expansion in the Schwarzian
coupling constant κ. Finally we have also examined the zero-temperature case, in order to
recover the results of [26] in this limit: although being potentially singular, as seen from the
previous expansions, we have obtained a nice and compact expression in terms of Bernoulli
polynomials, consistent with the general result. We can draw from this limit some conclu-
sions on the convergence properties of the perturbative series, confirming its asymptotic
character for positive semi-integer weights. Moreover, the alternate sign of the perturbative
orders points towards a possible Borel summability for the full series. As a final observation,
we point out that the exact expression for the bi-local correlator can also be written in terms
of Mordell integrals [29], suggesting a link with the world of Mock-modular forms [30, 31].

The paper’s structure is the following: in section 2, we review the exact results [17, 19]
and discuss the perturbative computation of the bi-local correlator in JT gravity from the
Schwarzian perspective. We present the explicit calculation on the trumpet to elucidate
the procedure, slightly generalizing the previous calculations. In section 3, we perform the
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saddle-point analysis of the exact expressions on the disk and the trumpet, successfully
recovering the first subleading correction to the semiclassical result. Section 4 is devoted
to the all-order expansion in the case λ ∈ N/2. We give the explicit (although a little
cumbersome) general expression and examine in more detail the weights λ = 1/2 and
λ = 1. The zero-temperature limit is instead the subject of section 5. Subsequently, in
section 6, we illustrate how the bi-local correlators for integer 2λ can be written in closed
form in terms of Mordell integrals. In section 7, we draw our conclusions and discuss some
possible directions to extend the present analysis. A certain number of appendices deepen
the technical aspects of the work, completing the paper.

2 Bi-local correlators in JT gravity: the disk and the trumpet

This section briefly summarizes how to write down the exact formula for the bi-local bound-
ary correlators in JT gravity, starting from the BF-like picture presented in [19]. Here, we
will also introduce most of the conventions that we will use later. For a different and
complementary BF picture of JT gravity, leading to the same correlators, we refer to [20].

Partition function. JT gravity was rephrased in [19] as a BF theory with gauge group2

SL(2,R), whose action is

SBF (φ,A) = −i
∫
M

Tr (φF )− κ
∫
∂M

dτ Tr
(
φ2
)
. (2.1)

The gauge field A and the scalar φ belong to the adjoint representation of sl(2,R) algebra.
The boundary potential is needed to recover the Schwarzian dynamics on ∂M. We assume
that the manifold M has the topology of the disk. The coupling costant κ is related to
the gravitational coupling costant GN by κ = 8πGN

φr
where φr is the renormalized value of

dilaton on the boundary.
The structure of the action (2.1) is reminiscent of that of 2D Yang-Mills. However

there are two main differences: the quadratic potential is localized on the boundary and
the gauge group is non-compact. The partition function for YM2 theory on a disk can be
constructed by applying standard Hamiltonian quantization techniques and one gets the
following partition function:

Z2D YM
disk (g, a) =

∑
R

dim R χR(g) e−κac2(R), (2.2)

where the sum extends over all possible representations R of the compact gauge group, g is
the holonomy of A around the boundary, a the total area of the disk, c2(R) the quadratic
Casimir. Finally χR stands for the character basis χR(g) = TrR(g).

Following the same logic that led to (2.2), we find that the disk partition function of
the theory (2.1) must have the following structure

ZBF
disk(g, β) =

∫
dR ρ(R) χR(g) e−κβc2(R). (2.3)

2Actually the true gauge group is a certain central extension of PSL(2,R) by R [19]. For another
discussion of the gauge structure of JT gravity see [18].
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Figure 1. The blue line crossing the disk corresponds to the boundary anchored Wilson line
Wλ (Cτ1τ2), which splits the original surface into two regions that can be continuosly deformed into
a disk.

In the case of a non-compact gauge group, such as SL (2,R), the unitary irreducible repre-
sentations span a continuous spectrum, so we have replaced the sum with an integral, where
each representation is weighted with the Plancherel measure ρ(R). Moreover the renormal-
ized boundary length β takes the place of the area a. For the theory (2.1) one can argue that
only the representations belonging to the Principal series contribute [19] and one is left with

ZBF
disk(β) =

∫ +∞

0
ds s sinh (2πs) e−κβs2 =

(
π

κβ

) 3
2
e
π2
βκ , (2.4)

where we have chosen the trivial holonomy around the boundary.

Boundary anchored Wilson lines. The most interesting and natural observables in
the theory (2.1) are Wilson loops or, more generically, Wilson lines. Since any closed
contour is homotopic to a point on the disk, Wilson loops are all trivial for this (almost)
topological theory. On the contrary, Wilson lines whose extrema are anchored to the disk’s
boundary have a non-trivial expectation value. This kind of holonomies splits the original
disk into two patches, which are homeomorphic to two disks (see figure 1). Then we can use
the cut and sewing techniques typical of topological theories to compute the expectation
value of this observable [19]. Specifically we glue3 together two partition functions of
the disk along the common boundary (the blu line Cτ1τ2 in figure 1) where we have also
inserted the observable corresponding to the Wilson line, namely the character χλ(h) with
h = P exp

∫
Cτ1τ2

A and λ the representation of the Wilson line. We get

〈Wλ (Cτ1τ2)〉 ∝
∫
dh ZBF

disk (g1h, τ21) χλ(h) ZBF
disk

(
h−1g2, τ12

)
(2.5)

In eq. (2.5) τ12 ≡ τ and τ21 = β−τ are the lengths of the two complementary red boundaries
appearing in figure 1. Next we substitute the expression for the partition functions of the

3Glue operatively means that we integrate over all possible holonomies h on the path Cτ1τ2 connecting
the boundary points τ1 and τ2.
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two disks4 and we get

〈Wλ (Cτ1τ2)〉 ∝
∫ +∞

0
ds1 s1 sinh (2πs1) e−κτs2

1

∫ +∞

0
ds2 s2 sinh (2πs2) e−κ(β−τ)s2

2

×
∫
dh χs1(h)χλ(h)χs2(h−1)

(2.6)

The last integral in (2.6) defines the so called fusion numbers N s2
s1,λ

, namely the coefficients
counting how many times the irreducible representation s2 appears into the tensor product
of the representations s1 and λ. For the group SL (2,R), the fusion number is given by a
3-j symbol coefficient

N s2
s1,λ

= Γ [λ± is1 ± is2]
Γ [2λ] (2.7)

where Γ [x± y ± z] ≡ Γ [x+ y + z] Γ [x+ y − z] Γ [x− y + z] Γ [x− y − z]. Thus the exact
evaluation of the Wilson line 〈Wλ (τ)〉disk on the disk topology finally yields

〈Wλ (τ)〉disk =Nd
∫ ∞

0

∫ ∞
0
ds1ds2 s1s2 sinh (2πs1) sinh (2πs2)Γ [λ± is1 ± is2]

Γ [2λ] e−κτs
2
1−κ(β−τ)s2

2 .

(2.8)
where Nd is a normalization con stant proportional to the inverse of the partition func-
tion: we choose it as Nd ≡ κ2λ

2π Z
−1
disk = κ2λ (κβ)

3
2

2π
7
2
e
−π

2
βκ . The result (2.8) perfectly agrees

for instance with the computation performed in [17] via the conformal bootstrap in the
Schwarzian theory.

2.1 The trumpet topology

The first non-trivial topology beyond the disk is the trumpet, a two dimensional manifold
with the topology of the cylinder. The first boundary is analogous to that of the disk,
while the other is an asymptotic one whose geodesic length is related to the parameter b.
The partition function of JT gravity on this genus-one manifold is given by the integral of
a slightly modified spectral density [21], namely

Ztrump.(β) =
∫ +∞

0
ds cos (2πbs) e−κβs2 =

(
π

κβ

) 1
2
e
− b

2π2
βκ (2.9)

Following the same logic that led to (2.8) in the case of the disk, we can write down the
expectation value of a boundary anchored Wilson line. Since this type of path will split the
trumpet into two regions, homeomorphic to a disk and a trumpet, we can easily show that

〈Wλ (τ)〉trump.=Nt
∫ ∞

0

∫ ∞
0
ds1ds2s1 sinh (2πs1) cos (2πbs2) Γ [λ± is1 ± is2]

Γ [2λ] e−κτs
2
1−κ(β−τ)s2

2 .

(2.10)

with Nt ≡ κ2λ

2π Z
−1
trumpet = κ2λ

(
κβ
π

) 1
2 e

b2π2
βκ . From the point of view of anchored Wilson

loops, this correlator describes bi-local lines not winding around the defects. It was ob-
served in [21] that this observable could not arise from free matter in the bulk since it

4From now on we set the total holonomy around the boundary to be trivial g1g2 = 1 and so for semplicity
we choose g1 = g2 = 1.
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does not satisfy the KMS condition (which is equivalent to periodicity around the bound-
ary circle). Therefore they generalized the bi-local operator to satisfy the KMS condition,
including an explicit sum over integers in its definition. Computing the correlators with
the improved operator is equivalent to sum over Wilson lines encircling the defect, with
fixed anchored points. Self-intersections naturally appear for non-trivial windings with the
associated 6j-symbols, complicating the evaluation of the two-point function.

2.2 Perturbation theory in the Schwarzian theory

In [19] it was suggested that the bulk Wilson line anchored to the points τ1 and τ2 of the
boundary is dual to the bi-local correlator of conformal dimension λ:

O(τ ≡ τ1 − τ2) =
[

t′(τ1)t′(τ2)
(t(τ1)− t(τ2))2

]λ
(2.11)

computed in the Schwarzian theory, whose action is

SSch [t] = φr
16πGN

∫
∂M

dτ {t(τ), τ} = 1
2κ

∫
∂M

dτ {t(τ), τ} . (2.12)

Here the fundamental field t(τ) plays the role of a boundary reparameterization mode,
or boundary graviton. The expectation value 〈O(τ)〉 is found by inserting (2.11) inside
the path integral over the boundary mode t weighted by the Schwarzian action.5 We can
use this representation to compute these observables perturbatively. This result indirectly
provides a check for the exact formulae (2.8) and (2.10). Below, we shall briefly describe
how to do this perturbative analysis in the trumpet’s less trivial case. For the disk, we refer
to [5, 22]. As already remarked in the previous subsection, we do not take into account
here the modified definition of the bi-local operator proposed in [21] to implement the KMS
condition.

The classical equations of motion for (2.12) are solved by a field t(τ) with a constant
Schwarzian derivative. In the trumpet case, the classical saddle can be parameterized as

t(τ) = e−ϑ(τ) ϑ(τ) = 2πb
β

(τ + ε(τ)) , (2.13)

where ε(τ) is a small fluctuation over the classical background.6 Plugging eq. (2.13) into
5On the disk the Schwarzian path integral is

〈O(τ)〉 =
∫

Dt
SL(2,R) e

−SSch[t] O(τ)

where SL (2,R) are gauge redundancies of the Schwarzian action. When a hole is inserted, this breaks the
gauge group to U(1).

6This parametrization can be justified by looking at the metric solution for the disk and the trumpet in
Rindler coordinates, which are respectevely

ds2
disk = d%2 + sinh2 % dτ2 ds2

trumpet = dσ2 + cosh2 σ dϑ2

where the coordinate ϑ obeys the twisted periodicty ϑ ∼ ϑ+b. The relation between the τ and ϑ coordinates
at the boundary of the regular hyperbolic disk is cos τ = tanhϑ and therefore this implies t = tan τ

2 = e−ϑ.
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eq. (2.11), we find at zero order in ε

〈O(τ)〉tr.tree =

 πb

β sinh
(
πb
β τ
)
2λ

, (2.14)

which is the tree level amplitude for the correlator on the trumpet geometry. To compute
the quantum correction to the tree-level result, we must determine the propagator for the
field ε. Expanding the action (2.12) to order ε2 around the saddle (2.13) we find

Sε = − 1
2κ

∫ β

0
dτ

[
ε′′(τ)2 +

(2πb
β

)2
ε′(τ)2

]
= − β

2κ

(2π
β

)4 ∑
n∈Z

εnε−n n
2
(
n2 + b2

)
,

(2.15)
where we have Fourier-expanded the fluctuation as ε(τ) =

∑
n∈Z εn e

2πinτ
β . We recognize

the presence of a zero mode (n = 0) associated with the residual U(1) gauge redundancy
present in the trumpet geometry. The propagator can be found by inverting the quadratic
action and we get

〈ε(0)ε(τ)〉 = κβ3

8π4

∑
n 6=0

e
2πinτ
β

n2 (n2 + b2) = (2.16)

=
βκ
(
π2b2

(
β2 − 6βτ + 6τ2)+ 3β2 − 3πβ2b csch(πb) cosh

(
πb(β−2τ)

β

))
24π4b4

.

where the sum over negative and positive integers has been computed in terms of elementary
functions by exploiting standard complex analysis techniques [22].

To obtain the correction of order κ to this observable, we do not need to proceed
further in expanding the action. We have instead to expand the bi-local correlator (2.11)
around the saddle (2.13) up to order ε2. The O(ε) has vanishing expectation value since
the one-point function is zero for the quadratic action (2.15). Normalizing with respect to
the tree level (2.14), we get

λ

2β2

{
4b2π2

(
λ coth2 πbτ

β
+ 1

2csch2πbτ

β

)
(ε(τ1)− ε(τ2))2 + β2

[
λ
(
ε′(τ1) + ε′(τ2)

)2
−ε′(τ1)2 − ε′(τ2)2

]
+ 4πbλβ coth

(
πbτ

β

) [
(ε(τ2)− ε(τ1))

(
ε′(τ1) + ε′(τ2)

)]}
(2.17)

We now substitute every appearance of ε2−combination with their expectation value at
this order, i.e. with the propagator (2.16) 〈ε(0)ε(τ)〉 ≡ G(τ) or its derivatives. Introducing
the auxiliary combination ξ = τ

β , the first perturbative term finally reads as

〈O(τ)〉tr.

〈O(τ)〉tr.tree
= 1 + βκλ

4π2b2
csch2(πbξ)

[
2λ− 1− 2π2b2(λ+ 1)(ξ − 1)ξ+ (2.18)

+bπ(λ(4ξ − 2)− 1) sinh(2πbξ) +
(
1− 2λ

(
π2b2(ξ − 1)ξ + 1

))
cosh(2πbξ)

]
+O(κ2).

We will reproduce the above expression from the exact formula (2.10) in the next section.
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3 Recovering the perturbative expansion

3.1 Bi-local correlator on the disk

In the following our goal is to illustrate how the perturbative results for the bi-local corre-
lator 〈O(λ)(τ)〉disk

β on the disk can be recovered from its exact integral representation (2.8).
A simple-minded Taylor-expansion of the integrand would lead to divergent expressions
since the representation (2.8) is naturally suited to derive the large κ expansion for the
two-point function.

To obtain the perturbative series in κ we have to rearrange the κ dependence of (2.8)
and we start by using the following identity, first derived by Ramanujan:

∫ ∞
−∞

dp sech2a
(
p

2

)
eipx = 22a−1

Γ(2a)Γ (a+ ix) Γ (a− ix) . (3.1)

which holds for <(a) > 0. It is not the first time this identity appears in the context of JT
gravity [16, 23]. In both cases, it was used to probe the leading saddle of the momentum
integrals.

In this way we can express the 3-j symbol in Fourier space and we get

〈O(λ)(τ)〉disk
β = NdΓ(2λ)

24λ−2

∫ ∞
0

∫ ∞
0

ds1ds2 s1s2 sinh 2πs1 sinh 2πs2 e
−κ(β−τ)s2

1−κτs
2
2

×
∫ ∞
−∞

dp

∫ ∞
−∞

dq eip(s1+s2)+iq(s1−s2) sech2λ p

2sech2λ q

2

(3.2)

Since the integrand is even in s1 and s2, we can extend the region of integration to the
entire real line and subsequently perform the gaussian integration over s1 and s2. We are
left with a double integral over p and q:

〈O(λ)(τ)〉disk
β = πNdΓ(2λ)

24λ+2κ3τ3/2(β − τ)3/2

∫ ∞
−∞

dpdq
q2 − (p− 2iπ)2

cosh2λ p
2 cosh2λ q

2
e
− (p+q−2iπ)2

4κ(β−τ) −
(p−q−2iπ)2

4κτ

(3.3)
The original symmetry in the exchange τ ↔ β − τ in (2.8) is now realized by the change
of variables q ↔ −q.

Next we perform the shift p→ p+ 2πi by considering the contour displayed in figure 2
in the complex p−plane. In the following we shall assume that 2λ 6∈ N.7 Then the contour
encircles the branch cut, due to (cosh p

2)−2λ, that has been chosen to run from p = πi to
p =∞+πi.8 Moreover, we take 0 < 2λ < 1 so that the contribution of the semicircle (IV)
is finite and vanishes when we shrink its radius to zero. At the end we will recover the
perturbative result for 2λ > 1 by extending analytically the final expression.

The contributions of the vertical edges (II, VI and VIII) of the contour vanish when we
approach infinity and thus the original integral (edge I) can be replaced by the two terms

7The case 2λ ∈ N, where the cut is replaced by a pole, will be discussed in detail in section 4.
8This position of the cut is obtained by choosing the phase around the branch point between (− 3π

2 ,
π
2 ].
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Figure 2. Contour in the complex p-plane used to perform the shift p→ p+ 2πi.

coming respectively from the horizontal edge (VII) and the discontinuity around the cut

〈O(λ)(τ)〉disk
β = πNde−2πiλΓ(2λ)

24λ+2κ3τ3/2(β−τ)3/2

∫ ∞
−∞

dpdq
q2−p2

cosh2λ p
2 cosh2λ q

2
e
− (p+q)2

4κ(β−τ)−
(p−q)2

4κτ (3.4)

− πiNde
πiλ sin(2πλ)Γ(2λ)

24λ+1κ3τ
3
2 (β−τ)

3
2

∫ ∞
−∞
dq

∫ ∞
0
dt

q2−(t− iπ)2

cosh2λ q
2 sinh2λ t

2
e
− (t+q−iπ)2

4κ(β−τ) −
(t−q−iπ)2

4κτ

The first integral in (3.4) vanishes because of the antisymmetry in the exchange p↔ q. In
the second one we can safely perform the following shift

q → q + (t− iπ)(β − 2τ)
β

(3.5)

since we do not encounter any branch cut or singularity of the integrand during this process
(at least for generic values of β and τ). This shift centers the integral at q = 0 and we obtain

〈O(λ)(τ)〉disk
β = −πiNde

πiλ sin (2πλ) Γ(2λ)
24λ+1κ3β3ξ

3
2 (1− ξ)

3
2
× (3.6)

×
∫ ∞
−∞
dq

∫ ∞
0
dt

(q + 2(t− πi)(1− ξ))(q − 2(t− πi)ξ)
cosh2λ q+(t−πi)(1−2ξ)

2 sinh2λ t
2

e
− q2

4κβξ(1−ξ)−
(t−πi)2
βκ

where we have found it convenient to introduce the auxiliary combination ξ ≡ τ
β . The

form (3.6) of the integral representation is suited to identify the origin of the dominant
contributions in the limit κ→ 0. A neighborhood around q = 0 dominates the integration
over q due to the integrand’s gaussian weight. For the same reason, one might assume that
the integration over t is also primarily controlled by a small interval around t = πi. On the
other hand, since t spans the semi-infinite interval [0,+∞], we have to consider a second
candidate, namely the neighbourhood around t = 0 (see [32] for the general theory). Com-
paring the two possibilities, we find that the integral (3.6) in the limit κ→ 0 is dominated

by the second one since the gaussian weight scales as e
π2
κβ .

The simplest way to construct systematically the asymptotic series in the limit κ→ 0
is to perform the following rescaling of variables

q 7→
√
κq t 7→ κt. (3.7)
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The different scaling of the variable t takes into account that the leading contribution comes
from the lower extremum of the integral and not from a saddle-point. Using the explicit
form of the normalization Nd we get

〈O(λ)(τ)〉disk
β =− ieπiλκ2λsin(2πλ)Γ(2λ)

24λ+2π5/2β3/2(1−ξ)3/2ξ3/2× (3.8)

×
∫ ∞
−∞

dq

∫ ∞
0
dt

(
√
κq+2(κt−πi)(1−ξ))(

√
κq−2(κt−πi)ξ)

cosh2λ
√
κq+(κt−πi)(1−2ξ)

2 sinh2λ κt
2

e
− q2

4βξ(1−ξ)−
κt2
β
− 2πit

β

The non-analytic factor e−
π2
βκ present in Nd cancels exactly against the constant term in the

gaussian weight for t and we can Taylor-expand the integrand (3.8) around κ = 0, obtaining
a series with both integer and semi-integer powers of κ. The latter is always proportional
to an odd power of q and vanish when the integral is performed. Moreover, the expansion
generates integrals over t, which are divergent for real β. We can take care of this issue by
rotating our path of integration in t of a small positive angle α before expanding. Once
we have integrated over t, the final result does not depend on α. Alternatively, we could
assume that β has a small imaginary part and then analytically continue to real values.

After integrating over t and q term by term, we find

〈O(λ)(τ)〉disk
β = π2λ

β2λ sin2λ(πξ)

[
1 + κβλ

4π2 sin2(πξ)
(2π2(λ+ 1)ξ2 − 2π2(λ+ 1)ξ (3.9)

− π(2λ+ 1)(2ξ − 1) sin(2πξ) + (2λ(π2(ξ − 1)ξ − 1)− 1) cos(2πξ) + 2λ+ 1) +O(κ2)
]

In this expansion, we recognize the classical term and the one-loop contribution obtained
by a direct diagrammatic computation in [22]. A systematic all order expansion can also
be obtained by expanding the integrand in terms of generalized Apostol-Eulerian and
Bernoulli polynomials. However, the final expression is not particularly appealing, and we
will concentrate on the particular case 2λ ∈ N.

3.2 Bi-local correlator on the trumpet

The structure of the bi-local operator on the trumpet (2.10) is quite similar to the case of the
disk and if we use the symmetry of the integrand, we can rearrange it in the following form:

〈O(λ)(τ)〉tr.β = Nt4

∫ ∞
−∞

∫ ∞
−∞

ds2ds2 s1 e
2π(s1+ibs2)−κ(β−τ)s2

2−κτs
2
1 (3.10)

× Γ (λ− is1 − is2) Γ (λ+ is1 + is2) Γ (λ+ is1 − is2) Γ (λ− is1 + is2)
Γ(2λ) .

As in the case of the disk, we can use the identity (3.1) to eliminate the Gamma function
and perform the gaussian integration over s1 and s2. We find this new integral represen-
tation for the bi-local correlator (2.10):

〈O(λ)(τ)〉tr.β = iπNtΓ(2λ)
24λ+1κ2√τ(β − τ)

3
2

∫ ∞
−∞
dpdq

(p+ q − 2πi)
cosh2λ (p

2
)

cosh2λ ( q
2
)e− (2πb+p−q)2

4κ(β−τ) −
(p+q−2iπ)2

4κτ .

(3.11)
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Next we shift the variables of integration as follows p 7→ p− πb q 7→ q + πb and we get

〈O(λ)(τ)〉tr.β = iπNtΓ(2λ)
24λ+1κ2√τ(β − τ)

3
2

∫ ∞
−∞
dpdq

(p+ q − 2πi)e−
(p−q)2

4κ(β−τ)−
(p+q−2πi)2

4κτ

cosh2λ
(
p−πb

2

)
cosh2λ

(
q+πb

2

) . (3.12)

Again we perform the shift p→ p+2πi by considering a contour similar to the one displayed
in figure 2. The only difference is the position of the branch cut that now runs p = πb+πi

to p =∞+ πi. As in the case of the disk we assume that 2λ 6∈ N and 0 < 2λ < 1. We get

〈O(λ)(τ)〉tr.β = iπe−2πiλNtΓ(2λ)
24λ+1κ2√τ(β − τ)

3
2

∫ ∞
−∞
dpdq

(p+ q)e−
(p−q+2πi)2

4κ(β−τ) −
(p+q)2

4κτ

cosh2λ
(
p−πb

2

)
cosh2λ

(
q+πb

2

)+ (3.13)

+ 2πNtΓ(2λ)eπiλ sin (2πλ)
24λ+1κ2√τ(β − τ)

3
2

∫ ∞
−∞
dq

∫ ∞
0
dt

(t+ q − πi+ πβ)e−
(t−q+πb+πi)2

4κ(β−τ) − (t+q−πi+πb)2
4κτ

sinh2λ ( t
2
)

cosh2λ
(
q+πb

2

) .

The first integral vanishes because it is odd under the transformations p 7→ −q and q 7→ −p.
In the second integral we perform a shift in q to center the gaussian weight around q = 0
and we obtain the analog of (3.6):

〈O(λ)(τ)〉tr.β = πNtΓ(2λ) sin(2πλ)
16λβ2κ2√1− ξξ3/2 (3.14)

×
∫ ∞
−∞
dq

∫ ∞
0

dt
2ξ(πb+ t) + q

sinh2λ ( t
2
)

sinh2λ
(

1
2(2ξ(πb+ t) + q − t)

)e− (πb+t)2
βκ

− q2
4βκξ(1−ξ)

where we have again introduced the auxiliary combination ξ ≡ τ
β . As in the previous case,

the integration over q is again dominated by a neighbourhood around q = 0 due to the
gaussian weight in the integrand. Since t spans the semi-infinite interval [0,+∞] and in
this interval the gaussian weight is monotonic (for b > 0), we find that the integral over t
in the limit κ→ 0 is controlled by the lower bound of the integration interval, t = 0.

Next we scale the variables t and q as in (3.7) and expand the integrand around κ = 0.
Performing the two integrations term by term we find

〈O(λ)(τ)〉tr.β = π2λb2λ

β2λsinh2λ(πbξ)

[
1+ βκλ

4π2b2sinh2(πbξ)

(
−2π2b2(λ+1)ξ2+2π2b2(λ+1)ξ (3.15)

+
(
1−2λ

(
π2b2(ξ−1)ξ+1

))
cosh(2πbξ)+πb(λ(4ξ−2)−1)sinh(2πbξ)+2λ−1

)
+O(κ2)

]
In this expansion we recognize the classical term and the one-loop contribution obtained
by a direct diagrammatic computation in subsection 2.2.

4 All order expansion of the bi-local correlators: the integer case 2λ ∈ N

In this section we focus our attention on a particular but very interesting case, namely
2λ ∈ N. For semi-integer values of λ, the cut present in figure 2 is replaced by a pole
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Figure 3. The red contour C used to perform the integration over u.

of order 2λ. For this reason it is convenient to start over our analysis from the integral
representation (3.3) and use as new variables of integration

p = u+ v

2 q = u− v
2 . (4.1)

We get a nice and symmetric representation for the bi-local correlator on the disk:

〈O(λ)(τ)〉disk
β = − πNdΓ(2λ)

22λ+3κ3τ3/2(β − τ)3/2

∫ ∞
−∞

dudv
(u− 2πi)(v − 2πi)
(cosh u

2 + cosh v
2 )2λ e

− (u−2iπ)2
4κ(β−τ) −

(v−2iπ)2
4κτ

(4.2)
Next we evaluate the integral over u in (4.2) using residues. Consider the closed red contour
C depicted in figure 3. Along this path the integral of the function

f(u, v) = − πNdΓ(2λ)
22λ+3κ3τ3/2(β − τ)3/2

(u− 2πi)(v − 2πi)
(cosh u

2 + cosh v
2 )2λ e

− (u−2iπ)2
4κ(β−τ) −

(v−2iπ)2
4κτ (4.3)

is identically zero as (4.3) defines a holomorphic function in the enclosed region. Since the
contributions of the two vertical edges II and VIII vanish when they approach infinity, the
integral along the entire real u−axis, i.e. the original integral, is equal to minus the integral
of f(u, v) along Γ (see figure 3):

〈O(λ)(τ)〉disk
β = πNdΓ(2λ)

22λ+3κ3τ3/2(β − τ)3/2

∫ ∞
−∞
dv

∫
Γ

du (u− 2πi)(v − 2πi)(
cosh v

2 + cosh u
2
)2λ e− (v−2iπ)2

4κτ − (u−2iπ)2
4κ(β−τ)

(4.4)
The path Γ is composed by three straight segments (III,V and VII) and two semi-circum-
ferences (IV and VI). The former three contributions either cancel or vanish because the
resulting integrand is an odd function under reflection with respect to the axis Im u. Instead
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the latter two (i.e. IV and VI) yield

〈O(λ)(τ)〉disk
β = − π2iNdΓ(2λ)

22λ+4κ3τ3/2(β − τ)3/2

∫ ∞
−∞

dv e−
(v−2iπ)2

4κτ (v − 2πi)×

×

Resu=v+2πi

 (u− 2πi)e−
(u−2iπ)2
4κ(β−τ)(

cosh v
2 + cosh u

2
)2λ
+ Resu=−v+2πi

 (u− 2πi)e−
(u−2iπ)2
4κ(β−τ)(

cosh v
2 + cosh u

2
)2λ

 (4.5)

= − π2iNdΓ(2λ)
22λ+3κ3τ3/2(β − τ)3/2

∫ ∞
−∞

dv (v − 2πi)e−
(v−2iπ)2

4κτ Resu=v

 ue
− u2

4κ(β−τ)(
cosh v

2 − cosh u
2
)2λ
 ,

where we used the symmetry of the integrand to show that the two residues are equal.

4.1 Some interesting examples: small λ values

The representation (4.5) is very efficient in reconstructing the perturbative series at all
orders. To illustrate how we can recover the series for small κ, we first focus on the case
λ = 1

2 . Then the residue in (4.5) can be easily evaluated and is given by

Resu=v

 u e
− u2

4κ(β−τ)

cosh v
2 − cosh u

2

 = −2v cschv2e
− v2

4κ(β−τ) . (4.6)

Next we can recast the integral (4.5) as follows

〈O( 1
2 )(τ)〉disk

β = iπ2Nde
π2
βκ

22λ+1κ3τ3/2(β−τ)3/2

∫ +∞

−∞
dv v (v − 2iπ)

sinh v
2

e
−
β
(
v− 2iπ(β−τ)

β

)2

4κτ(β−τ) . (4.7)

It is convenient to center the gaussian weight in (4.7) v = 0 through the shift v → v +
2iπ(β−τ)

β ;

〈O( 1
2 )(τ)〉disk

β = − iκ− 1
2 β

3
2

8π
3
2 τ3/2(β−τ)3/2

∫ +∞

−∞
dv
(
v2 + 2iπ(β−2τ)

β v + 4π2τ(β−τ)
β2

) e
− βv2

4κτ(β−τ)

sinh
(
v
2 −

iπτ
β

) (4.8)

Now we replace 1/ sinh(· · · ) with its representation in terms of exponentials

csch
(
v

2 −
πiτ

β

)
= 2
v
e
−πiτ

β

(
v e

v
2

e
v− 2πiτ

β − 1

)
, (4.9)

and recognize that the quantity between parenthesis is the generating functional of the
so-called generalized Apostol-Bernoulli polynomials of degree one. The definition of these
polynomials for general degree and some of their properties are briefly discussed in ap-
pendix A. Therefore we directly write

csch
(
v

2 −
πiτ

β

)
= 2e−

πiτ
β

∞∑
n=0
B(1)
n

(1
2 , e
− 2πiτ

β

)
vn−1

n! . (4.10)
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If we integrate in v term by term using the expansion (4.10), we encounter only powers of
v averaged over a gaussian weight. We find convenient to treat separately the even and the
odd powers in (4.10). Reordering the powers in κ produced by the gaussian integrations,
we obtain the following perturbative series for the expectation value of the bi-local operator
with λ = 1

2 :

〈O( 1
2 )(τ)〉disk

β = e
−πiτ

β

π
1
2

∞∑
p=0

22pκpτp(β−τ)pΓ[p+ 1
2 ]

(2p)!βp

[
(β−2τ)
τ(β−τ)B

(1)
2p

(1
2 , e
− 2πiτ

β

)
−

− i
(2p+1)B

(1)
2p+1

(1
2 , e
− 2πiτ

β

)
− ipβ

πτ(β−τ)B
(1)
2p−1

(1
2 , e
− 2πiτ

β

)]
.

(4.11)

The case λ = 1 is slightly more involved: the explicit form of the residue is

Resu=v

 u e
− u2

4κ(β−τ)

(cosh v
2 − cosh u

2 )2

 = −2e−
v2

4κ(β−τ)

sinh2 v
2

(
v2

κ(β − τ) + v coth
(
v

2

)
− 2

)
, (4.12)

and we can perform again the previous analysis. This time the dependence on 1/ sinh(· · · ) is
accompanied by higher powers, namely 1/ sinh2(· · · ) and 1/ sinh3(· · · ). With computations
similar to the case λ = 1/2, we can also obtain with little effort the all order expansion

〈O(1)(τ)〉disk
β = e

− 2iπτ
β

π
1
2

∞∑
p=0

22pκpτp(β−τ)pΓ(p+ 1
2 )

(2p)!βp

[(
p−1

2p−1
β2

τ2(β−τ)2 − 3
τ(β−τ)

)
B(2)

2p

(
1,e−

2πiτ
β

)
− 3iπ

(2p+1)
β−2τ

βτ(β−τ)B
(2)
2p+1

(
1,e−

2πiτ
β

)
− 4π2

β2(2p+1)(2p+2)B
(2)
2p+2

(
1,e−

2πiτ
β

)
− ip

2π
β(β−2τ)
τ2(β−τ)2B(2)

2p−1

(
1,e−

2πiτ
β

)]
(4.13)

where also generalized Apostol-Bernoulli polynomials of degree 2 appears in the expansion.
The same analysis can be easily carried out for the trumpet. Here the starting point is

〈O(λ)(τ)〉tr.β = − π2Γ(2λ)N
22λ+1κ2(β−τ)

1
2 τ

3
2

∫ +∞

−∞
dv Resu=v

 u e
− u2

4κ(β−τ)(
cosh v

2 − cosh u
2
)2λ
 e−

(v+2bπ)2
4κτ (4.14)

The case λ = 1/2 and λ = 1 are again obtained along the same lines discussed above and
one gets

〈O( 1
2 )(τ)〉tr.β = e

− bπτ
β

π
1
2

∞∑
p=0

22pκpτp(β−τ)pΓ[p+ 1
2 ]

(2p!)βp

(
1
τB

(1)
2p

(1
2 , e
− 2bπτ

β

)
- 2bπ

(2p+1)βB
(1)
2p+1

(1
2 , e
− 2bπτ

β

))
(4.15)

and

〈O(1)(τ)〉tr.β = e
− 2bπτ

β

π
1
2

∞∑
p=0

22pκpτp(β−τ)pΓ[p+ 1
2 ]

(2p!)βp

[(
1
τ2 − β+bπτ

τ2(β−τ)(2p−1)

)
B(2)

2p

(
1,e−

2bπτ
β

)

− 4bπ
βτ(2p+1)B

(2)
2p+1(1,e−

2πbτ
β )+ 4b2π2

β2(2p+1)(2p+2)B
(2)
2p+2

(
1,e−

2bπτ
β

)
+ pβ
τ2(β−τ)(2p−1)B

(2)
2p−1

(
1,e−

2πbτ
β

)
+ 1
τ2(β−τ)(2p−1)

(
βB(3)

2p

(
1,e−

2πbτ
β

)
− 2bπτ

(2p+1)B
(3)
2p+1

(
1,e−

2πbτ
β

))]
(4.16)
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The trumpet expressions become a little bit more cumbersome since we lose the symmetry
τ → β− τ , as expected since we are working in the zero winding sector. As a consequence,
we also notice the presence of generalized Apostol-Bernoulli polynomials of degree 3.

4.2 The case of generic n

Having trained with the simplest cases, we are ready now to examine the case of generic
semi-integer λ. The details of the computation are presented in appendix A and ap-
pendix C. Here we summarise the mains steps of our analysis. To begin with, we have to
compute the residue for generic n. The structure of the answer is

Resu=v

(
u e−αu

2(
cosh v

2 − cosh u
2
)2λ
)

= e−αv
2
f(v) (4.17)

where α = 1
4κ(β−τ) and f(v) can be written as

f(v) = eλv
2λ−1∑
`=0

(−2)4λ−`−1α
2λ−`−2

2 H2λ−` (
√
αv)

(2λ− `− 1)!
∑̀
j=0

B(2λ)
`−j (λ)B(2λ)

j+2λ (λ, ev)
(`− j)!(2λ+ j)! . (4.18)

In (4.18) Hn(x) stands for the usual Hermite polynomials, while Bnk (x, y) and Bn
k(x) are

respectively generalized Apostol-Bernoulli of degree n and generalized Bernoulli polynomi-
als. Their definition and some of their properties are discussed in appendix A together with
the details of the computation. Then the remaining integral in v takes the following form:

〈O(λ)(τ)〉disk
β = − iπ2Γ(2λ)Nd

22λ+2κ3τ3/2(β−τ)3/2

∫ +∞

−∞
dv (v − 2iπ)f(v) e−

(v−2iπ)2
4κτ − v2

4κ(β−τ) . (4.19)

Next we perform the shift v 7→ v + 2πi(β−τ)
β to move the gaussian center around v = 0

and we expand the f around v = 0. Subsequently we reorganize the result exploiting the
properties of Hermite polynomials and perform the integration over v to get

〈O(λ)(τ)〉disk
β =− iπ

2(−1)2λΓ(2λ)κ2λ− 3
2 β

3
2

22λ+3π
7
2 τ

3
2 (β−τ)

3
2

∞∑
m=0

2m+1(κτ(β−τ))m+1
2

β
m+1

2 m!

2λ−1∑
`=0

(−2)4λ−`−1

(2λ−`−1)! c
(λ)
`,m(β,τ) (4.20)

×
(

1
4κ(β−τ)

) 2λ−`−2
2 2λ−`∑

k=0

(
2λ−`
k

)(
2πi
√
β−τ

β
√
κ

)2λ−`−k(√4κτ(β−τ)
β

Pk,m+1−
2πiτ
β

Pk,m

)
,

where
Pk,m =

∫ ∞
−∞

dv vmHk
(√

τ

β
v

)
e−v

2
. (4.21)

and

c
(λ)
`,m(β, τ) = e

− 2πiλτ
β
∑̀
j=0

(j +m)!
(`− j)!(2λ+ j +m)!j! B(2λ)

`−j (λ)B(2λ)
j+2λ+m

(
λ; e−

2πiτ
β

)
. (4.22)

The integral Pk,m yields a polynomial of order k in
√

τ
β and its explicit expression in terms

of the associated Legendre function is given in (D.6). Obviously Pk,m is different from
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zero only when m + k is an even number. We use this selection rule to rearrange the our
expression and to arrive to the final expansion

〈O(λ)(τ)〉disk
β = π2λ

β2λ sin2λ πτ
β

+ (−πi)2λ+1Γ(2λ)
(2β)2λπ

5
2

∞∑
n=1

(
4κτ(β − τ)

β

)n min(n,2λ−1)∑
`=0

(−2)4λ−`−1

(2λ− `− 1)!

×

min(2n−2`−1,2λ−`)∑
k=0

c
(λ)
`,2n−2`−k−1(β, τ)

(2n− 2`− k − 1)!

(
2λ− `
k

)(
β2

4πiτ(β − τ)

)`+k(
τ

β

) k
2−1

Pk,2n−2`−k

− 2πi
min(2n−2`,2λ−`)∑

k=0

c
(λ)
`,2n−2`−k(β, τ)
(2n− 2`− k)!

(
2λ− `
k

)(
β2

4πiτ(β − τ)

)`+k(
τ

β

) k
2

Pk,2n−2`−k

]
. (4.23)

We make a couple of observations on the above expression: first of all, we notice that at
sufficiently large order in κ the non-trigonometric dependence on τ cannot grow arbitrarily,
being a polynomial bounded by the weight of the bi-local operators itself. Moreover we
expect the original symmetry τ → β − τ to be preserved by the expansion: looking at the
structure of the coefficients it is not manifest but we checked its presence till the order
κ6. Making explicit this symmetry should probably simplify the final formula. A second
remark concerns the trigonometric dependence of the generic perturbative term and its
singularity properties as τ → 0. The trigonometric dependence is completely encoded into
the coefficients c(λ)

`,m(β, τ): we expect the presence of negative powers of sin(τ/β), generat-
ing a singular behaviour at small τ . This fact is also evident from the singularity appearing
in this limit for the generalized Apostol-Bernoulli polynomials.

5 Expansion for β → ∞

It is now interesting to concentrate on the zero temperature limit of the bi-local correla-
tor to check explicitly the agreement with [26]. The structure of our integrals simplifies
significantly as β → ∞: moreover we observe that both the disk and the trumpet share
the same behaviour in this regime, since we expected that as the total boundary length
diverges (while keeping b fixed) the presence of an hole in the interior becomes negligible.

However this limit cannot be directly extracted from the final result of subsection 4.2
since the limit of generalized Apostol-Bernoulli polynomial B(`)

n (x, µ) is discontinuous when
µ approaches one. Therefore it is convenient to go back to eq. (4.2) and take the limit β →
∞ at this level. The limit of the integrand and of its normalization is smooth and we get

〈O(λ)(τ)〉β→∞ = κ2λΓ(2λ)
22λ+4π

5
2κ

3
2 τ

3
2

∫ ∞
−∞

dudv
(u− 2πi)(v − 2πi)
(cosh u

2 + cosh v
2 )2λ e

− (v−2iπ)2
4κτ (5.1)

The integral over u can be now evaluated in closed form. The linear term in u vanishes
since it is odd, while the contribution proportional to 2πi yields

〈O(λ)(τ)〉β→∞ = 8πiκ2λΓ(2λ)
22λ+4π

5
2κ

3
2 τ

3
2

∫ ∞
−∞

dv
(v − 2πi)
sinh2λ v

2
e−

(v−2iπ)2
4κτ Q2λ−1

(
coth v2

)
, (5.2)

where we have used that
Qn(coth v

2 )
sinhn+1 v

2
= 1

4

∫ +∞

−∞

du(
cosh v

2 + cosh u
2
)n+1 . (5.3)
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In eq. (5.3) Qn(z) stands for the so-called Legendre function of the second kind. Next we
eliminate the dependence on the linear factor (v−2πi) by integrating by parts and we write

〈O(λ)(τ)〉β→∞ = 16πiκ2λΓ(2λ)κτ
22λ+4π

5
2κ

3
2 τ

3
2

∫ ∞
−∞

dv e−
(v−2iπ)2

4κτ
d

dv

(
Q2λ−1

(
coth v

2
)

sinh2λ v
2

)
, (5.4)

Exploiting the recurrence relation for the Legendre function of the second kind and its
derivatives for integer indices, it is straightforward to show that

d
dv

[
Q2λ−1

(
coth v

2
)

sinh2λ v
2

]
= −λ

Q2λ
(
coth v

2
)

sinh2λ v
2

(5.5)

Thus
〈O(λ)(τ)〉β→∞ = −16πiλκ2λΓ(2λ)κτ

22λ+4π
5
2κ

3
2 τ

3
2

∫ ∞
−∞

dv e−
(v−2iπ)2

4κτ
Q2λ

(
coth v

2
)

sinh2λ v
2

. (5.6)

Although the structure of the integrand suggests the possible presence of a singularity at
v = 0, it is not difficult to check this singularity is only apparent. In fact a careful analysis
of the integrand shows that it is completely regular at v = 0. When 2λ is an integer Q2λ can
be expressed in terms of the Legendre polynomials. Specifically the following identity holds

Q2λ
(
coth v

2
)

= 1
2P2λ

(
coth v

2
)
v −W2λ−1

(
coth v

2
)

(5.7)

with

W2λ−1
(
coth v

2
)

=
2λ∑
k=1

1
k
Pk−1

(
coth v

2
)
P2λ−k

(
coth v

2
)

(5.8)

Therefore the Legendre function of the second kind is not periodic under the shift v →
v + 2iπ, but we have

Q2λ
(
coth v

2
)
→ Q2λ

(
coth v

2
)

+ iπP2λ
(
coth v

2
)
. (5.9)

If we perform this shift in our integral we find

〈O(λ)(τ)〉β→∞ = −16πi(−1)2λλκ2λΓ(2λ)κτ
22λ+4π

5
2κ

3
2 τ

3
2

∫ ∞
−∞

dv e−
v2

4κτ

[
Q2λ

(
coth v

2
)

+ πiP2λ
(
coth v

2
)]

sinh2λ v
2

.

(5.10)
The combination sinh−2λ (v

2
)
Q2λ

(
coth v

2
)
is an odd function and so its contribution to the

integral (5.10) identically vanishes. So we are left with the term proportional to P2λ only,
i.e.

〈O(λ)(τ)〉β→∞ = 16π2(−1)2λλκ2λΓ(2λ)κτ
22λ+4π

5
2κ

3
2 τ

3
2

∫ ∞
−∞

dv e−
v2

4κτ
P2λ

(
coth v

2
)

sinh2λ v
2

. (5.11)

A remark is now in order. The final integral is singular at v = 0. If we perform, as we
should, the translation v → v + 2iπ as a change of path in the complex v−plane, we have
to deform a little bit the contour to avoid precisely v = 0 since the integrand possesses a
pole there. This small deformation provides us the prescription on how to regularize the
singularity (it is PV-like prescription). In the following, we neglect this issue and regu-
larize this singularity using an analytic regularization, which is more straightforward and
produces the same result.
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Next we use the following representation of the Legendre polynomials Pn(x)

Pn(x) = 1
2n

n∑
k=0

(
n

k

)2

(x− 1)n
(
x+ 1
x− 1

)k
(5.12)

For x = coth v
2 this representation simplifies

P2λ

(
coth v2

)
=
( 1
ev − 1

)2λ 2λ∑
k=0

(
2λ
k

)2

ekv (5.13)

and our integral becomes

〈O(λ)(τ)〉β→∞ = 16π2(−1)2λλκ2λΓ(2λ)κτ
22λ+4π

5
2κ

3
2 τ

3
2

2λ∑
k=0

(2λ
k

)2 ∫ ∞
−∞

dv e−
v2

4κτ

( 1
ev − 1

)4λ
ev(k+λ).

(5.14)
We can now expand part of the integrand in terms of generalized Bernoulli polynomials( 1

ev − 1

)4λ
ev(k+λ) =

∞∑
n=0

B(4λ)
n (k + λ)

n! vn−4λ. (5.15)

This expansion explicitly exhibits the aforementioned poles present in the integrand. Equa-
tion (5.15) is a Laurent series which contains negative powers up to −4λ. Then we have
to compute

〈O(λ)(τ)〉β→∞ = 16π2(−1)2λλκ2λΓ(2λ)κτ
22λ+4π

5
2κ

3
2 τ

3
2

2λ∑
k=0

(2λ
k

)2 ∞∑
n=0

B(4λ)
n (k + λ)

n!

∫ ∞
−∞

dv vn−4λe−
v2

4κτ .

(5.16)
Since 4λ is even, the integral is different from zero only for even n. If we set n = 2p with
p ∈ N, the gaussian integral can be now easily performed and we always get∫ ∞

−∞
dv v2(p−2λ)e−

v2
4κτ = (2

√
κτ)2(p−2λ)+1Γ

[2p− 4λ+ 1
2

]
, (5.17)

where we have defined the integral for negative powers of v by analytic continuation. By
substituting it in (5.16) we find

〈O(λ)(τ)〉β→∞ = (2λ)!(−1)2λ

22λπ
1
2

1
τ2λ

∞∑
p=0

(4κτ)p

(2p)!

2λ∑
k=0

(2λ
k

)2B(4λ)
2p (k + λ)Γ

[2p− 4λ+ 1
2

]
. (5.18)

To better understand the structure of this perturbative expansion it is convenient to sep-
arate positive and negative powers of τ . Recalling the value of the Gamma function for
seminteger values of the argument, we immediately find

〈O(λ)(τ)〉β→∞ = (2λ)!
τ2λ


2λ−1∑
p=0

(κτ)p

(2p)!
(−1)p (2λ−p)!

(4λ−2p)!

2λ∑
k=0

(2λ
k

)2B(4λ)
2p (k + λ) (5.19)

+ (−1)2λ

22λ

∞∑
r=2λ

(2κτ)r

(2r)!
(2r − 4λ− 1)!!

2λ∑
k=0

(2λ
k

)2B(4λ)
2r (k + λ)

}

One can easily check that for λ = 1
2 and λ = 1 this result exactly reproduces the expressions

given by [26], where the first perturbative orders are presented.
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6 Mordell integrals and bi-local correlators for integer 2λ

As anticipated in the introduction, in this section our goal is to show that the bi-local
correlator can be in general expressed as a combination of Mordell integrals. Concretely,
let us go back to the case 2λ ∈ N and to be more specific we focus on λ = 1/2 for the disk.
The expression (4.8) can be rewritten as follows

〈O( 1
2 )(τ)〉disk

β = − 2π
3
2 iκ− 1

2 β
3
2 e

iπτ
β

τ3/2(β−τ)3/2

∫ +∞

−∞
dv

 v2

(a)

+ i(β−2τ)
β v
(b)

+ τ(β−τ)
β2

(c)

e− π2βv2
κτ(β−τ) +πv

e2πv − e
2πiτ
β

, (6.1)

where we have also scaled the integration variable by 2π. We recognize three different
contributions: the third one can be immediately identified with the so-called Mordell inte-
gral [29], which appears in number theory and in the theory of Mock-theta functions [30].
The general form of the Mordell integral is

M(x, θ, ω) =
∫ ∞
−∞

dt
eπiωt

2−2πxt

e2πt − e2πiθ = e−πi(θ
2ω+2θx+2θ)F [(x+ θ)/ω,−1/ω] + iωF [x+ θω, ω]

ωθ11(x+ θω, ω) .

(6.2)
The function F (x, ω) admits a q−expansion of the form

F [x, ω] = −i
∑
m∈Z

(−1)mq(m+1/2)2
e2πi(m+1/2)x

1 + q2m+1 , (6.3)

where q = eπiω. The denominator is one of the usual Jacobi theta function and its
q−expansion is

θ11(x, ω) = −i
∑
m∈Z

(−1)mq(m+1/2)2
e2πi(m+1/2)x. (6.4)

In our case, we have x = −1
2 , θ = τ

β and ω = πiβ
κτ(β−τ) . The other two contributions, (a)

and (b), are proportional to the second and first derivatives of the Mordell integral with
respect to x. Then the complete result for the bi-local correlator at λ = 1/2:

〈O( 1
2 )(τ)〉disk

β =−2π
3
2 iκ−

1
2β

3
2 e

iπτ
β

τ3/2(β−τ)3/2

( 1
4π2∂

2
xM

(
−1

2 ,
τ

β
,

πiβ

κτ(β−τ)

)
(6.5)

− i(β−2τ)
2πβ ∂xM

(
−1

2 ,
τ

β
,

πiβ

κτ(β−τ)

)
+ τ (β−τ)

β2 M
(
−1

2 ,
τ

β
,

πiβ

κτ(β−τ)

))
The structure of the bi-local correlator for 2λ generic integer is not so different. In fact,
by carefully inspecting (C.1) we can easily verify that it is given by a sum of integrals of
the following form ∫ ∞

−∞
dt tn

eπiωt
2−2πxt

(e2πt − e2πiθ)m , (6.6)

where m and n are integers. However any integral of this kind can be evaluated in terms
of the original Mordell integral:∫ ∞

−∞
dt tn

eπiωt
2−2πxt

(e2πt − e2πiθ)m = (−1)n

(m− 1)!

( 1
2π∂x

)n(e−2πiθ

2πi ∂θ

)m−1

M(x, θ, ω) (6.7)

In other words, the correlators are completely controlled by this kind of functions.
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7 Final comments and outlook

In this work, we have considered JT bi-local correlators of operators with positive weight
λ, on the disk and the trumpet topologies. The perturbative series associated to these
correlation functions is harder to obtain than in the parent case λ ∈ −N/2, recently studied
in [26] in the zero temperature limit. We have been able nevertheless to distill some
aspects of the κ expansion of the two-point function, checking the agreement of the exact
non-perturbative expression with the Schwarzian perturbation theory for any value of β.
In the particular case of λ ∈ N/2, we derived an all-order formula for the perturbative
contributions, that becomes particularly handful in the limit of infinite β. We have also
shown that the exact expression for our bi-local correlators is closely related to the Mordell
integral, a basic constituent in the theory of Mock-modular forms [31].

There are some lessons that we can draw from our computations and some directions
that could be worth to study further. A feature that we may explore from the knowledge
of the entire perturbative series is, for example, the nature of possible non-perturbative
contributions to the full answer. For instance, let us consider the coefficient cr in the case
β →∞. We can easily read it from (5.19):

cr = (2λ)! (2r − 4λ− 1)!!
22λ

2rτ r−2λ

(2r)!

[( 2λ∑
k=0

(2λ
k

)2B(4λ)
2r (k + λ)

) ]
(7.1)

To understand its behaviour for large value of r we need to know the behaviour of the
generalized Bernoulli polynomials in that limit. This aspect was discussed in detail in [33],
where it was found that the dominant contribution is

Bm2r(z) ' − (2r)!
[
βm1

e2πiz

(2πi)2r + βm−1
e−2πiz

(−2πi)2r

]
(7.2)

where βmk (n, z) ' (−1)m−1 nm−1

(m− 1)! . At leading order these coefficients are independent of k

and (7.2) collapses to

Bm2r(z) ' (2r)! (−1)m+r (2r)m−1 2
(2π)2r (m− 1)!

cos (2πz) . (7.3)

If we choose m = 4λ the coefficient cr for r →∞ takes the form

cr '
(2λ)! (2r − 4λ− 1)!!

22λ
2rτ r−2λ

(2r)!
(2r)! (−1)4λ+r (2r)4λ−1 2

(2π)2r (4λ− 1)!
(−1)2λ

2λ∑
k=0

(
2λ
k

)2

= (2λ)! (2r − 4λ− 1)!!
22λ

2rτ r−2λ

(2r)!
(2r)! (−1)4λ+r (2r)4λ−1 2

(2π)2r (4λ− 1)!
(−1)2λ 4λ!

(2λ!)2 ,

(7.4)

where we have performed the sum over the square of the binomial coefficients. We can now
easily complete our large r−expansion with the help of the Stirling formula. After some
tedious algebra we find

cr = 4λ (−1)6λ τ r−2λe2λ
√
π (2λ)!

(−1)r r2λ− 3
2 r!

π2r (7.5)
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The coefficient grows as a power times r! and its global sign alternates with the parity of
r. Thus the perturbative series appears to be Borel-summable: in fact the leading pole ap-
pearing in the Borel-transform is located on the negative axis and thus one could argue that
non-perturbative instanton-like configurations should not play any role here. On the one
hand, there is no guarantee that the Borel resummation of a Borel summable series recon-
structs the non-perturbative answer. There are sufficient conditions for this to be the case,
which typically require strong analyticity conditions on the underlying non-perturbative
function. On the other hand, in most of the examples of Borel summable series in quan-
tum theories, Borel resummation does reconstruct the correct answer (see [34] for a lucid
discussion of these topics). The actual determination of non-perturbative configurations,
if any, remains therefore an important issue for future investigations, as well as to under-
stand their possible physical meaning with respect to the boundary gravitons appearing in
Schwarzian perturbation theory.

The obvious extension of the present work would consist in studying the perturbative
series associated to general four-point correlators of bi-local operators. While the exact
form on the disk and the trumpet is well known [17, 19], much less has been learned on its
perturbative incarnation, due to the appearing in the out-of-time-ordered case of a very
complicated vertex function inside the integrals. The relevant 6-j symbols involved there
can be expressed through Wilson function and, in principle, one could try to perform an
expansion using the analytical structure of the full amplitude. The success of such com-
putation would certainly improve our understanding of the properties of the associated
gravitational S-matrix.

Another generalization of our investigations would concern the perturbative aspects of
two-point functions in presence of defects [21]. The trumpet correlators studied here are
just a particular example within this class, being associated to a bi-local operator with the
insertion of a hyperbolic defect in the bulk and computed without taking into account the
winding sectors [21]. It could be interesting to extend our analysis to the winding case
and to consider elliptic and parabolic defects too. The fate and the physics of bi-local
correlators in presence of multiple defects [12] or for deformed JT gravity [11] could be also
explored. It would be nice also to understand the character of perturbative contributions
to bi-local correlators from boundary fluctuations in higher-genus geometry [35].

Another possible direction of work is to verify the N = 1 first subleading correction to
the two-point function; in fact both the exact results and the perturbative leading order
answer are known and contained in [26].

Finally we point out that the correlators studied here were obtained in [27] from
boundary correlators of minimal Liouville string, exploiting a particular double-scaling
limit. It would be interesting to see if the Mordell structure, underlying the exact form of
the bi-local correlator on the disk, could be understood from a Liouville perspective.
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A Evaluation of the residue

Most of our results can be expressed in terms of the so-called generalized Apostol-Bernoulli
polynomials B(`)

n (x;µ). If ` ∈ N, they are defined through the generating function:(
t

µet − 1

)`
ext =

∞∑
n=`
B(`)
n (x;µ) t

n

n! . (A.1)

This definition implies that B(`)
n (x;µ) = 0 for n = 0, . . . , ` − 1. The generalized Apostol-

Bernoulli numbers B(`)
n (µ) are then given by

B(`)
n (µ) ≡ B(`)

n (0;µ). (A.2)

The familiar Bernoulli polynomials are recovered when we set ` = 1 and µ = 1. The explicit
form of this polynomials can be obtained as follows. First we consider the combination(

t
µet−1

)`
and write its formal expansion in power of et − 1.(

t

µet − 1

)`
= t`

(µ− 1)`
(
µ− 1
µet − 1

)`
= t`

(µ− 1)`
(

1 + µ

µ− 1(et − 1)
)−`

= t`
∞∑
k=0

(
k + `− 1

k

)
(−µ)k

(µ− 1)k+` (e
t − 1)k (A.3)

Next we use that
(et − 1)k = k!

∞∑
r=k

S(r, k) t
r

r! (A.4)

where S(r, k) denotes the Stirling numbers of the second kind. Thus(
t

µet − 1

)`
=
∞∑
k=0

∞∑
r=k

(
k + `− 1

k

)
k!(−µ)k

(µ− 1)k+`S(r, k) t
r+`

r! =

=
∞∑
r=0

tr+`

r!

r∑
k=0

(
k + `− 1

k

)
k!(−µ)k

(µ− 1)k+`S(r, k) =

=
∞∑
r=0

tr+`

(r + l)!`!
r∑

k=0

(
r + `

r

)(
k + `− 1

k

)
k!(−µ)k

(µ− 1)k+`S(r, k) (A.5)

From eq. (A.5) we can immediately extract a representation for the generalized Apostol-
Bernoulli numbers B(`)

n (µ) by setting r = n− `.

B(`)
n (µ) = `!

n−∑̀
k=0

(
n

n− `

)(
k + `− 1

k

)
k!(−µ)k

(µ− 1)k+`S(n− `, k) =

= `!
n−∑̀
k=0

(
n

`

)(
k + `− 1

k

)
k!(−µ)k

(µ− 1)k+`S(n− `, k). (A.6)

Given the generalized Apostol-Bernoulli numbers B(`)
n (µ) , it is easy to write down the

expansion for the polynomial

B(`)
n (x;µ) =

n∑
k=0

(
n

k

)
B(`)
n−k(µ)xk. (A.7)
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The case µ = 1 are simply known as generalized Bernoulli polynomials and we shall denote
them as B(`)

n (x). Obviously we can also introduce the generalized Bernoulli numbers,
B(`)
n ≡ B(`)

n (0). These polynomials are not simply obtained by taking the limit for µ → 1
of the previous explicit expressions. The latter are in fact divergent in this limit.

In the following we show that the residue appearing in the computation of the bi-local
correlator when 2λ is an integer can be expressed in terms of these generalized quantities.
We start by observing that

1(
cosh v

2 − cosh u
2
)n = −(−2)n−1e

1
2nv

(2
y

)2n (y
2
)n
e

1
4ny(

e
y
2 − 1

)n
(A)

(y
2
)n
e

1
4ny(

ev+ y
2 − 1

)n
(B)

=

= −(−2)n−1e
1
2nv

(2
y

)n ∞∑
`=0

(
y

2

)` ∑̀
j=0

B(n)
`−j

(
n
2
)
B(n)
j+n

(
n
2 ; ev

)
(`− j)!(n+ j)! , (A.8)

where we have introduced y = u − v to keep a compact notation. We have expanded
the factor (A) in terms of generalized Bernoulli polynomials, while the remaining factor
(B) has been expressed as series whose coefficients are the generalized Apostol-Bernoulli
polynomials for λ = ev. If we use the property

B(n)
k (n− x, µ) = (−1)k

µn
B(n)
k (x, µ−1) (A.9)

we find that

B(n)
k

(
n

2

)
= (−1)kB(n)

k

(
n

2

)
e

1
2nvB(n)

k

(
n

2 , e
v
)

= (−1)ke−
1
2nvB(n)

k

(
n

2 , e
−v
)
. (A.10)

The first identity implies that B(n)
k

(
n
2
)
vanishes for odd k. Next we observe that the

combination u exp(−αu2) can be written as

ue−αu
2 = 1

2

∞∑
n=0

(−2)nα
n−1

2

n! Hn+1(
√
αv)e−αv2

(
y

2

)n
(A.11)

where Hn(u) stand for the usual Hermite polynomials. Thus we find the following Laurent
expansion for the function f(u) = ue−αu2

(cosh v
2−cosh u

2 )n :

f(u) = −(−2)n−1
(2
y

)n
e−αv

2+n
2 v
∞∑
p=0

(
y

2

)p
e−αv

2

×
p∑
`=0

(−2)p−` α
p−`−1

2

(p− `)!Hp−`+1(
√
αv)

∑̀
j=0

B(n)
`−j

(
n
2
)
B(n)
j+n

(
n
2 ; ev

)
(`− j)!(n+ j)! . (A.12)

It is a trivial exercise to extract the relevant residue form (A.12). We get

Res[f(u)]u=v = e−αv
2+n

2 v
n−1∑
`=0

(−2)2n−`−1α
n−`−2

2 Hn−`(
√
αv)

(n− `− 1)!
∑̀
j=0

B(n)
`−j

(
n
2
)
B(n)
j+n

(
n
2 ; ev

)
(`− j)!(n+ j)! .

(A.13)

– 24 –



J
H
E
P
0
5
(
2
0
2
1
)
1
4
0

B Some useful expansion for generalized Apostol-Bernoulli polynomials

In ref [36] they provide the following expansion for the generalized Apostol-Bernoulli
polynomials in terms of the generalized Bernoulli polynomials (i.e. µ = 1):

B(n)
j (x, µ) = e−x logµ

∞∑
k=0

(
j + k − n

k

)(
j + k

k

)−1

B(n)
k+j(x)(log µ)k

k! (B.1)

This expansion suggests that it is possible to expand the generalized Apostol-Bernoulli
polynomials at a given µ = µ1µ2 in terms of the same polynomials at µ = µ1. In fact,
exploiting the properties of logarithms

B(n)
j (x,µ1µ2) = e−x(logµ1+logµ2)

∞∑
k=0

(
j+k−n

k

)(
j+k

k

)−1

B(n)
k+j(x)(logµ1 +logµ2)k

k!

= e−x(logµ1+logµ2)
∞∑
k=0

k∑
`=0

(
j+k−n

k

)(
j+k

k

)−1

B(n)
k+j(x) 1

k!

(
k

`

)
(logµ1)`(logµ2)k−` (B.2)

We can disentangle the two sums by setting k = ` + m. Then the two sums becomes
independent:

= e−x(logµ1+logµ2)
∞∑
m=0

∞∑
`=0

(
j +m+ `− n

m+ `

)(
j +m+ `

m+ `

)−1

B(n)
m+`+j(x)(log µ1)`

`!
(log µ2)m

m! .

(B.3)
Let use rearrange the binomials coefficient as follows and perform the sum over `:

= e−x(logµ1+logµ2)
∞∑
m=0

∞∑
`=0

(j+m−n
m

)(j+`+m−n
`

)(j+m
m

)(j+l+m
`

) B(n)
m+`+j(x)(log µ1)`

`!
(log µ2)m

m!

= e−x logµ2
∞∑
m=0

(j+m−n
m

)(j+m
m

) B(n)
m+j(x, µ1)(log µ2)m

m! . (B.4)

Therefore we have shown

B(n)
j (x, µ1µ2) = e−x logµ2

∞∑
m=0

(j+m−n
m

)(j+m
m

) B(n)
m+j(x, µ1)(log µ2)m

m! . (B.5)

If we apply this result to our specific case we get

e
nv
2 B(n)

j+n

(
n

2 ; ev−
2πiτ
β

)
=
∞∑
m=0

(j+m
m

)(j+m+n
m

)B(n)
m+j

(
n

2 ; e−
2πiτ
β

)
vm

m! . (B.6)

C The case of generic n: the details

After performing the shift v 7→ v + 2πi(β−τ)
β in (4.19) to move the gaussian center around

v = 0, we find

〈O(λ)(τ)〉disk
β = − iπ2Γ(2λ)κ2λ− 3

2 β
3
2

22λ+3π
7
2 τ

3
2 (β−τ)

3
2

∫ +∞

−∞
dv

(
v − 2πiτ

β

)
f

(
v + 2πi(β − τ)

β

)
e
− βv2

4κτ(β−τ) .

(C.1)
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Using the result (B.6), we can immediately expand f
(
v + 2πi(β−τ)

β

)
in powers of v

f

(
v+ 2πi(β − τ)

β

)
= (C.2)

= (−1)2λ
∞∑
m=0

vm

m!

2λ−1∑
`=0

(−2)4λ−`−1α
2λ−`−2

2 H2λ−`
(√

α
(
v + 2πi(β−τ)

β

))
(2λ− `− 1)! c

(λ)
`,m(β, τ),

where c(λ)
`,m(β, τ) is given in (4.22):

c
(λ)
`,m(β, τ) = e

− 2πiλτ
β
∑̀
j=0

(j +m)!
(`− j)!(2λ+ j +m)!j! B(2λ)

`−j (λ)B(2λ)
j+2λ+m

(
λ; e−

2πiτ
β

)
. (C.3)

Plugging the expansion (C.2) into the integral (C.1), we get a series representation for our
correlator

〈O(λ)(τ)〉disk
β =− iπ

2(−1)2λΓ(2λ)κ2λ− 3
2 β

3
2

22λ+3π
7
2 τ

3
2 (β−τ)

3
2

∞∑
m=0

1
m!

2λ−1∑
`=0

(−2)4λ−`−1

(2λ−`−1)!c
(λ)
`,m(β,τ) (C.4)

×α
2λ−`−2

2

∫ +∞

−∞
dv vmH2λ−`

(√
α

(
v+ 2πi(β−τ)

β

)) (
v− 2πiτ

β

)
e
− βv2

4κτ(β−τ) .

To single out the dependence on κ, we scale our variable of integration as follows v →
2
√

κτ(β−τ)
β and we get

〈O(λ)(τ)〉disk
β =− iπ

2(−1)2λΓ(2λ)κ2λ− 3
2 β

3
2

22λ+3π
7
2 τ

3
2 (β−τ)

3
2

∞∑
m=0

2m+1(κτ(β−τ))m+1
2

β
m+1

2 m!

2λ−1∑
`=0

(−2)4λ−`−1

(2λ−`−1)! c
(λ)
`,m(β,τ) (C.5)

×
(

1
4κ(β−τ)

) 2λ−`−2
2
∫ +∞

−∞
dv vmH2λ−`

(√
τ

β
v+ iπ

√
β−τ

β
√
κ

)(
2

√
κτ(β−τ)

β
v−2πiτ

β

)
e−v

2
.

Next we exploit a simple rule holding for Hermite polynomials with shifted argument

H2λ−`

(√
τ

β
v + iπ

√
β − τ

β
√
κ

)
=

2λ−`∑
k=0

(
2λ− `
k

)
Hk
(√

τ

β
v

)(
2πi
√
β − τ

β
√
κ

)2λ−`−k

, (C.6)

to rearrange our correlator in the form

〈O(λ)(τ)〉disk
β =− iπ

2(−1)2λΓ(2λ)κ2λ− 3
2 β

3
2

22λ+3π
7
2 τ

3
2 (β−τ)

3
2

∞∑
m=0

2m+1(κτ(β−τ))m+1
2

β
m+1

2 m!

2λ−1∑
`=0

(−2)4λ−`−1

(2λ−`−1)! c
(λ)
`,m(β,τ) (C.7)

×
(

1
4κ(β−τ)

) 2λ−`−2
2 2λ−`∑

k=0

(
2λ−`
k

)(
2πi
√
β−τ

β
√
κ

)2λ−`−k(√4κτ(β−τ)
β

Pk,m+1−
2πiτ
β

Pk,m

)
,

where
Pk,m =

∫ ∞
−∞

dv vmHk
(√

τ

β
v

)
e−v

2
. (C.8)

This integral yields a polynomial of order k in
√

τ
β and its explicit expression in terms of

the associated Legendre function is given in (D.6). Obviously Pk,m is different from zero
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only when m+ k is an even number. We shall use this selection rule to rearrange the two
contributions proportional to Pk,m+1 [(A)] and Pk,m [(B)] respectively. For the former the
selection rule is m + k + 1 = 2p with p = 1, · · · ,∞. We can use this result to replace the
sum over m with a sum over p

(A) = − iπ
2(−1)2λΓ(2λ)

22λπ
7
2

∞∑
p=1

κp+`

(2p− k − 1)!

(
4κτ(β − τ)

β

)p+`−2λ
× (C.9)

×
2λ−1∑
`=0

min(2λ−`,2p−1)∑
k=0

(−2)4λ−`−1

(2λ− `− 1)!c
(λ)
`,2p−k−1(β, τ)

(
2λ− `
k

)(
4πi
√
τ(β − τ)
β

3
2

)2λ−`−k(
τ

β

) 2λ−`−2
2

Pk,2p−k.

Next we introduce a new index n ≡ k + `, which simply counts the power of the coupling
constant

(A) = (−πi)2λ+1Γ(2λ)
(2β)2λπ

5
2

∞∑
n=1

(
4κτ(β − τ)

β

)n min(n,2λ−1)∑
`=0

(−2)4λ−`−1

(2λ− `− 1)!× (C.10)

×
min(2λ−`,2n−2`−1)∑

k=0

c
(λ)
`,2n−2`−k−1(β, τ)

(2n− 2`− k − 1)!

(
2λ− `
k

)(
β2

4πiτ(β − τ)

)`+k(
τ

β

) k
2−1

Pk,2n−2`−k.

The same analysis is done for the latter contribution, taking into account the constraint
m+ k = 2p with p = 0, 1, · · · ,∞:

(B) =
(

2πiτ
β

)
iπ2(−1)2λΓ(2λ)

22λπ
7
2

∞∑
p=0

κp+`

(2p− k)!

(
4κτ(β − τ)

β

)p+`−2λ
× (C.11)

×
2λ−1∑
`=0

min(2p,2λ−`)∑
k=0

(−2)4λ−`−1

(2λ− `− 1)!c
(λ)
`,2p−k(β, τ)

(
2λ− `
k

)(
4πi
√
τ(β − τ)
β

3
2

)2λ−`−k(
τ

β

) 2λ−`−2
2

Pk,2p−k.

Setting again n = p+ `, we get

(B) = −
(

2πiτ
β

)
(−πi)2λ+1Γ(2λ)

(2β)2λπ
5
2

∞∑
n=0

(
4κτ(β − τ)

β

)n
(C.12)

×
min(n,2λ−1)∑

`=0

min(2n−2`,2λ−`)∑
k=0

(−2)4λ−`−1c
(λ)
`,2n−2`−k(β, τ)

(2n− 2`− k)!(2λ− `− 1)!

(
2λ− `
k

)(
β2

4πiτ(β − τ)

)`+k(
τ

β

) k
2−1
Pk,2n−2`−k.

Combining the two contributions, we obtain the final expansion

〈O(λ)(τ)〉disk
β = π2λ

β2λ sin2λ πτ
β

+ (−πi)2λ+1Γ(2λ)
(2β)2λπ

5
2

∞∑
n=1

(
4κτ(β − τ)

β

)n min(n,2λ−1)∑
`=0

(−2)4λ−`−1

(2λ− `− 1)!

×

min(2n−2`−1,2λ−`)∑
k=0

c
(λ)
`,2n−2`−k−1(β, τ)

(2n− 2`− k − 1)!

(
2λ− `
k

)(
β2

4πiτ(β − τ)

)`+k(
τ

β

) k
2−1

Pk,2n−2`−k−

− 2πi
min(2n−2`,2λ−`)∑

k=0

c
(λ)
`,2n−2`−k(β, τ)
(2n− 2`− k)!

(
2λ− `
k

)(
β2

4πiτ(β − τ)

)`+k(
τ

β

) k
2

Pk,2n−2`−k

]
. (C.13)
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D Computing gaussian integrals of Hermite polynomials

We consider the following integral

Ik =
∫ ∞
−∞

dv Hk (av) e−v2+xv. (D.1)

To find its expression for general k we construct the following generating functional

G(t) =
∞∑
k=0

tk

k!Ik =
∫ ∞
−∞

dv e−v
2+xv+2atv−t2 =

√
πe(a2−1)t2+atx+x2

4 (D.2)

=
√
πe
−(√1−a2t)2+2 a√

1−a2 (
√

1−a2t)x2 +x2
4 =

√
πe

x2
4

∞∑
k=0

tk(1− a2)
k
2

k! Hk
(

ax

2
√

1− a2

)
,

where we used ∞∑
n=0

tn

n!Hn(av) = e2atv−t2 . (D.3)

Thus
Ik =

√
π(1− a2)

k
2Hk

(
ax

2
√

1− a2

)
e
x2
4 . (D.4)

The integral Pkm defined in (C.8) can be computed by taking the mth derivative with
respect to x of Ik and then setting x = 0

Pkm =
√
π ∂mx Ik|x=0 =

m∑
j=0

(
m

j

)
(1− a2)

k
2 ∂jxHk

(
ax

2
√

1− a2

)
∂m−jx e

x2
4

∣∣∣∣∣∣
x=0

=
√
π

m∑
j=0

(
m

j

)
k!aj

(
1− a2) k−j

2 Hk−j
(

ax
2
√

1−a2

)
(k − j)! e

x2
4

(
− i2

)m−j
Hm−j

(
ix

2

)∣∣∣∣∣∣∣
x=0

= π
3
2

m∑
j=0

(
m

j

)
(−i)m−jΓ(k + 1)aj

(
1− a2) k−j

2 2k−j

Γ(k − j + 1)Γ
(

1
2(j − k + 1)

)
Γ
(

1
2(j −m+ 1)

) . (D.5)

This sum can be easily evaluated in terms of hypergeometric functions once we extend
the range of j to infinity. In fact the generic term, once written in terms of Γ−function,
vanishes for j ≥ m+ 1. We find

Pkm = π3/22k(−i)m
(
1− a2

) k
2

 2F1
(
−k

2 ,−
m
2 ; 1

2 ; a2

a2−1

)
Γ
(

1−k
2

)
Γ
(

1−m
2

) +
2ia 2F1

(
1−k

2 , 1−m
2 ; 3

2 ; a2

a2−1

)
√

1− a2Γ
(
−k

2

)
Γ
(
−m

2
)


= (−i)m2
k−m−1

2 π
(
1− a2

) k−m−1
4 P

1
2 (k+m+1)
1
2 (k−m−1)

(
− ia√

1− a2

)
, (D.6)

where Pµν (x) is the Associated Legendre Function.
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