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1 Introduction

The Standard Model (SM) of particle physics has been extraordinarily successful. It de-
scribes all observed fundamental particles and their gauge interactions and accounts for
the masses of the charged fermions. However, the picture painted by the SM is incomplete
since it predicts neutrinos to be massless. Several neutrino-oscillation experiments includ-
ing Super-Kamiokande [1] and SNO [2, 3] established conclusive evidence that neutrinos
are massive, which substantiates the need for new physics.

Introducing a Dirac mass term may be considered the most straightforward way to
generate neutrino masses, however, it does not provide an explanation for their smallness.
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Thus, Majorana neutrinos are generally favoured from a theoretical point of view. A Majo-
rana mass term is generated once the SM is considered a low-energy Effective Field Theory
(EFT) via the Weinberg operator [4], which is the lowest-dimensional non-renormalisable
operator and violates the conservation of lepton number by two units. Then, neutrino
masses are suppressed by the associated new-physics scale and hence are naturally small.
Among the numerous ultraviolet (UV) completions of the Weinberg operator are the differ-
ent seesaw mechanisms [5–15] at tree level. The first one- and two-loop neutrino mass mod-
els have been proposed more than 30 years ago [16–21] and in the past 20 years many more
models have been designed, as detailed in various reviews on neutrino mass models [22–24].

In recent years, several groups followed different avenues to systematically study neu-
trino mass models, based on simplicity [25–27], topology [28–36], effective operators of the
form LLHH(H†H)n with n = 0, 1, . . . [33, 37, 38] and more generally effective operators
which violate lepton number by two units (∆L = 2) [39–46]. The last option allows for
an efficient classification of a large number of models and their phenomenology associated
with lepton-number violation. However, processes which do not violate lepton number gen-
erally require us to resort to explicit models which are the origin of the different ∆L = 2
operators. There are systematic ways to use a ∆L = 2 operator as a starting point to
construct a UV-complete model [39, 42–44]. A complete set of tree-level UV completions
of ∆L = 2 operators up to dimension 11 has been constructed in [44]. The vast number
of UV completions, however, make a systematic study difficult. Lastly, some of us thus
proposed a classification based on simplified models [47] and identified 20 different particles
which carry lepton number and generate neutrino masses.

In this work, we focus on a singly-charged scalar singlet h which transforms under the
SM gauge-symmetry group SU(3)c × SU(2)L × U(1)Y as h ∼ (1, 1, 1).1 It features in a
large number of models, including the well-known Zee model [16–18] which has recently
been studied in [50], the Zee-Babu model [19–21] of which the phenomenology has been
studied in [51–53], the Krauss-Nasri-Trodden (KNT) model [54] and a number of other
models [32, 43, 55, 56]. Our approach is based on the most general form of the Majorana
neutrino mass matrix if at least one of the external neutrinos couples via the antisymmetric
Yukawa coupling yh of h to two left-handed SM lepton doublets. We focus on the case of only
one singly-charged scalar singlet which may be light, for which there are only two possible
forms of the neutrino mass matrix. The antisymmetry of the Yukawa coupling matrix yh
allows us to derive model-independent constraints for the elements yijh in terms of neutrino
parameters.2 Under the assumption that low-energy effects of new physics are dominantly
governed by h, we then perform a phenomenology study and derive conservative bounds
on parameter space which are applicable to any model of neutrino mass generation that
satisfies the above criterion. We also outline generalisations of our framework to multiple
singly-charged scalar singlets.

1Motivated by the cocktail model [48], the phenomenology of the doubly-charged scalar singlet has been
studied in [49].

2For the Casas-Ibarra parametrisation in seesaw models see [57], and for a general parametrisation of
the neutrino mass matrix see [58, 59].
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The paper is organised as follows. In section 2 we discuss the structure of the neutrino
mass matrix in models with a singly-charged scalar singlet and derive constraints for its
Yukawa couplings. The procedure to solve the latter is elaborated on in section 3. The re-
sulting phenomenological predictions are discussed in section 4. In section 5 we briefly com-
ment on the possibility of multiple singly-charged singlet scalars. In section 6 we summarise
our findings and draw a conclusion. Technical details are presented in the appendices.

2 Singly-charged scalar singlet

2.1 Lagrangian

In the following, it is assumed that the SM is extended by singly-charged scalar particle h
which in particular is a singlet under SU(2)L. The kinetic part of the Lagrangian pertaining
to h is given by

Lkin = −h∗
(
DµDµ +M2

h

)
h (2.1)

with the covariant derivative Dµ containing the hypercharge gauge boson in the unbroken
phase. After electroweak symmetry breaking, tree-level couplings to the photon and the
Z boson are generated, but not to W± bosons. There are also a bi-quadratic coupling
|h|2H†H to the SM Higgs doublet and a quartic self-coupling |h|4 at tree level, however,
their respective coefficients are free parameters and they are unrelated to neutrino masses.
Hence, these interactions are disregarded in the following. There is no tri-linear term
involving the Higgs doublet. The overall lepton sector is now enlarged to

Llept = yije ēiLjH
∗ + yijh LiLjh+ h.c. (2.2)

with the left-handed SM lepton doublet Li ≡ (νi, `i)T , the charge-conjugate ēi of the right-
handed SM charged leptons and the SM lepton Yukawa coupling matrix ye which can be
assumed to be diagonal, see also section 3.3 Repeated flavour indices i, j are summed over.

Besides electric charge and baryon number, this theory features another continuous
global U(1) symmetry that can be identified with lepton number and is conserved by the
Lagrangian in eq. (2.2) if one assigns +1 unit to Li, −1 unit to ēi and in particular −2
units to h. Crucial for the following analyses is the fact that the 3 × 3 Yukawa coupling
matrix

yh =

 0 yeµh yeτh
−yeµh 0 yµτh
−yeτh −y

µτ
h 0

 (2.3)

is antisymmetric in flavour space and therefore features a non-trivial eigenvector

vh =
(
yµτh ,−yeτh , y

eµ
h

)T (2.4)

with eigenvalue zero, yhvh = 0.
3Note that expanding the contraction of weak-isospin indices yields 2yijh νi`jh, hence the physical coupling

matrix is given by 2yh.

– 3 –



J
H
E
P
0
5
(
2
0
2
1
)
1
2
2

2.2 Conventions for the neutrino sector

Majorana masses for the active SM neutrinos are described by a symmetric complex 3× 3
matrix Mν . In line with the conventions in [60], we relate neutrino mass eigenstates νi and
flavour eigenstates να via

να =
3∑
i=1

Uαiνi (2.5)

with the unitary Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix U , and
thus mdiag ≡ UTMνU . Since three generations of active neutrinos are assumed,
mdiag = diag(m1,m2,m3) contains two or three non-vanishing eigenvalues. We have

U = PU23U13U12UMaj (2.6)

with

U23 =

 1 0 0
0 c23 s23
0 −s23 c23

 , U13 =

 c13 0 s13e
−iδ

0 1 0
−s13e

iδ 0 c13

 , U12 =

 c12 s12 0
−s12 c12 0

0 0 1

 , (2.7)

UMaj ≡ diag(eiη1 , eiη2 , 1) and P = diag(eiα1 , eiα2 , eiα3). The three phases αk will eventually
be removed from U upon a phase redefinition of the left-handed charged leptons `i, as
described in section 3. η1,2 are the physical Majorana phases in the case of three massive
neutrinos, and cij ≡ cos(θij) and sij ≡ sin(θij) with the leptonic mixing angles θ12, θ13
and θ23. The individual neutrino masses can be expressed in terms of the lightest neutrino
mass m0 and the relevant squared-mass differences ∆m2

ij ≡ m2
i −m2

j ,

m1 = m0, m2 =
√

∆m2
21 +m2

0, m3 =
√

∆m2
31 +m2

0 (2.8)

in the case of Normal Ordering (NO) m1 < m2 � m3, and

m1 =
√∣∣∆m2

32
∣∣−∆m2

21 +m2
0, m2 =

√∣∣∆m2
32
∣∣+m2

0, m3 = m0 (2.9)

in the case of Inverted Ordering (IO) m3 � m1 < m2 of neutrino masses. The ranges of the
different parameters entering U and mdiag which are compatible with current experimental
data are listed in table 1.

2.3 Neutrino mass matrix

In the following, we will discuss the two possible structures for the neutrino mass matrix
that are obtained in the presence of one singly-charged scalar singlet h. The main as-
sumption is that the dominant contribution to neutrino masses is generated by a diagram
in which one or both of the external neutrinos couple via yh. This is schematically de-
picted in figure 1 where the grey blob represents unspecified physics which involves the
breaking of the conservation of lepton number. Hence, we require that there are no size-
able contributions to neutrino masses which are independent of the one stemming from
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Figure 1. Self-energy diagram responsible for the generation of neutrino masses via a singly-
charged scalar singlet: linear case (left) and quadratic case (right). The grey blob represents all
other interactions which contribute to the diagram. It could be one effective vertex or a sub-
diagram consisting of multiple vertices and propagators. There are at least two insertions of the
Higgs vacuum expectation value somewhere in the diagram which are not explicitly shown.

the singly-charged scalar singlet h. This scenario is naturally realised in an effective field
theory (EFT) for which the grey blob represents an effective operator, but it is not limited
to it. Examples are provided below when discussing the two cases. The case of multi-
ple singly-charged scalar singlets which generate similarly large contributions to neutrino
masses is commented on in section 5.

2.3.1 Case I: neutrino masses linear in yh
If the main contribution to neutrino masses is generated by a diagram in which only one
of the external neutrinos couples via yh, as schematically shown on the left in figure 1,
neutrino masses are approximately given by

U∗mdiagU
† = Mν = Xyh − yhXT . (2.10)

Here, the coupling matrix X contains the information about the rest of the loop structure,
that is, particle masses, couplings, loop factors and further unknown parameters. It is
stressed again that the main assumption that there are no sizeable contributions to neutrino
masses which cannot be parametrised as above is essential for what follows. Multiplying
eq. (2.10) by vh defined in eq. (2.4) from the left- and the right-hand side, one obtains

vThU
∗mdiagU

†vh = 0 , (2.11)

which we identify as a necessary condition for neutrino masses being correctly explained
by h. Eq. (2.11) is very predictive in the sense that is does not involve X and hence the
mechanism of the breaking of lepton-number conservation does not have to be specified.
Instead, we maintain a model-independent approach throughout the analysis and do not
explicitly construct the neutrino mass matrix. Treating the elements of X as essentially
free parameters also implies that in general the determinant of Mν does not vanish and
hence all three active neutrinos are massive.4 Nevertheless, one may impose det(Mν) = 0
as a further condition which then necessarily also involves the elements of X. In this case,
the smallest neutrino mass and one of the Majorana phases vanish, the consequences of
which will be briefly commented on in section 4.3. See appendix A for the expression in
eq. (2.11) explicitly written out.

4Linear combinations of the elements Xij are constrained in the sense that eq. (2.10) has to be satisfied,
however, this does not uniquely determine the Xij in terms of the yklh since Mν is symmetric, whereas X
can be a general matrix.
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In case X is generated by some heavy new physics, one may use EFT to parametrise
its effect. As an example, let us consider the non-renormalisable dimension-5 operator [47]

cij

Λ h∗ēiLjH + h.c. (2.12)

which violates lepton number by two units. Here, the lepton-number breaking scale Λ is
assumed to be much larger than Mh, and c is a general complex 3 × 3 matrix. Then,
neutrino masses are generated at one-loop level and can be approximately written as

Mν ∝
v2

(4π)2Λ
(
c ye yh − yhye cT

)
. (2.13)

Hence, in this case
X ≈ c ye

(4π)2Λv
2 . (2.14)

There is in principle an infinite number of potential realisations of this effective description
of neutrino masses in terms of concrete models. Among them, several simple examples in
which neutrino masses are generated at three-loop level are discussed in [32].5 In addition,
the constraint in eq. (2.11) also applies to some of the minimal UV completions of lepton-
number violating effective operators discussed in [43]. Still, the most prominent realisation
of the general structure in eq. (2.10) is given by the Zee model and its variants [16–
18, 24, 50, 61, 62]. Here, the SM particle content is enlarged by h and a new Higgs doublet
Φ ∼ (1, 2, 1/2) which in particular allows for a tri-linear term HΦh∗ + h.c. at tree level
which violates lepton number. Then,

X = y′eme
sin(2ϕ)

16π2 log

M2
h+

2

M2
h+

1

 , (2.15)

with me the SM charged-lepton masses, ϕ the angle parametrising the mixing of the singly-
charged scalar mass eigenstates h+

1,2 with masses Mh+
1,2
, and y′e the Yukawa coupling of Φ

(in the so-called Higgs basis) to the SM leptons. Together with the tri-linear term, the
latter generates the effective operator in eq. (2.12) at tree level when the second Higgs
doublet Φ is integrated out.

2.3.2 Case II: neutrino masses quadratic in yh
If neutrino masses are dominantly generated by a diagram in which both external neutrinos
couple via yh, respectively, as shown on the right in figure 1, one obtains

U∗mdiagU
† = Mν = yh S yh , (2.16)

where S is a complex symmetric matrix. This can be considered as a special realisation
of the linear case (Case I) with X = yhS

′, where S′ is a general complex matrix and thus
5They are dubbed ‘Model 3’ and ‘Model 4’ therein. Another possibility mentioned is to take h as

accompanied by the scalar doublet ∼ (1, 2, 3/2) and generate neutrino masses at two-loop level. This can
be seen as a modification of the Zee model in the sense that one of the loops generates the tri-linear term
HHh+ h.c. which vanishes at tree level.

– 6 –
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S ≡ S′+S′T . Still, this identification is trivial if the main contribution to neutrino masses is
inherently flavour-symmetric. The lightest neutrino will be massless at this order, because
the determinant of Mν vanishes by construction due to yh being antisymmetric. Also, this
implies that there is only one physical Majorana phase.6

As in the linear case, the relevant assumption is that the model under consideration
does not generate any sizeable contribution to neutrino masses which is not given by the
structure in eq. (2.16). Then, one identifies the condition

mdiagU
†vh = 0 (2.17)

which trivially implies the one in eq. (2.11), but the converse statement is not true in
general. Explicitly, eq. (2.17) yields the two relations

yeτh
yµτh

= tan(θ12)cos(θ23)
cos(θ13) + tan(θ13) sin(θ23)eiδ, (2.18)

yeµh
yµτh

= tan(θ12) sin(θ23)
cos(θ13) − tan(θ13) cos(θ23)eiδ (2.19)

in the case of NO and

yeτh
yµτh

= − sin(θ23)
tan(θ13)e

iδ, (2.20)

yeµh
yµτh

= cos(θ23)
tan(θ13)e

iδ (2.21)

for IO.7 Note that these relations only depend on the leptonic mixing angles and the Dirac
CP phase and are independent of the Majorana phases and individual neutrino masses,
and thus they are more constraining than the one in eq. (2.11).

For a concrete example for S in terms of an EFT, one may consider the non-
renormalisable dimension-5 operator

dij

Λ (h∗)2ēiēj + h.c. (2.22)

which violates lepton number by two units. Here, the lepton-number breaking scale Λ is
assumed to be much larger than Mh, and d is a complex symmetric 3 × 3 matrix. Then,
neutrino masses are generated at two-loop level and can be approximately written as

Mν ∝
v2

(4π)4Λyh ye d ye yh . (2.23)

Hence, in this case
S ≈ yedye

(4π)4Λv
2 . (2.24)

6We choose η1 = 0 in the quadratic case which matches the convention in [51].
7Eq. (2.17) formally implies three equations, but one of them is trivially satisfied due to det(Mν) = 0.

Also, the expressions differ from the ones in [51] by a complex conjugation as per how the PMNS matrix
U is defined.
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The constraint in eq. (2.17) has been previously discussed [51–53, 63] in the context of the
Zee-Babu model [19–21]. Here, the SM particle content gets enlarged by h and a doubly-
charged scalar singlet k ∼ (1, 1, 2) with mass Mk which in particular allows for a tri-linear
term µh2k∗ + h.c. at tree level which violates lepton number. Then, neutrino masses are
generated at two-loop level and one may write [51, 53, 64]

S = 16me ykme µF

(
M2
k

M2
h

)
, (2.25)

with yk the symmetric Yukawa coupling matrix of k to right-handed SM leptons and F

a loop function. The effective operator in eq. (2.22) is induced at tree level when k is
integrated out. However, the constraint also applies to the KNT model [54] which features
a second singly-charged scalar singlet ∼ (1, 1, 1) and a fermionic singlet ∼ (1, 1, 0) both
of which are charged under a Z2 symmetry, as well as to some variants of it discussed
in [32, 55, 56] or to the extension of the Zee-Babu model by another heavy singly-charged
scalar singlet, see appendix D. Analogous toX in the linear case, the constraint in eq. (2.17)
does not involve S itself and hence is independent of the details of the breaking of lepton-
number conservation.

3 Solving the neutrino-mass constraint

In this section, the procedure of solving the constraint in eq. (2.11) is elaborated on. Both
the real part and the imaginary part of vThU∗mdiagU

†vh have to identically vanish which
yields two real conditions. We decompose the couplings into their respective magnitudes
and phases and use the constraint to determine two of the |yijh | in terms of the third one,
the phases and the active-neutrino parameters which enter mdiag and U . This amounts to
finding the roots of a single expression that is quartic in two of the yijh since both the real
and imaginary part of vThU∗mdiagU

†vh can be taken as quadratic in either of the couplings
yijh . Therefore, the constraint is numerically solved and one can obtain up to four solutions.
In the quadratic case, eq. (2.17) implies four real conditions which then also determine two
phases of the Yukawa couplings yijh in terms of neutrino data.

The smallest neutrino mass m0 can be arbitrarily small or even zero, whereas upper
bounds arise from cosmological surveys as well as experimental searches for tritium beta
decay and neutrino-less double beta decay. The cosmological bound is the strongest one
and, while model-dependent, it is assumed to apply in the scenario under consideration
since no new physics is introduced below the electroweak scale. The latest results published
by the Planck Collaboration in 2018 [65] comprise the upper bound m1+m2+m3 ≤ 0.12 eV
which implies m0 = m1 . 30 meV for NO and m0 = m3 . 15 meV for IO. |yijh | can in
principle also be arbitrarily small, whereas |yijh | . 2π due to perturbativity constraints with
the normalisation of the Yukawa coupling taken into account.8 Notwithstanding, both the
coupling magnitude assigned a value and the magnitudes obtained as solutions to eq. (2.11)
are required to satisfy |yijh | > 10−4 in order to limit the orders of magnitude sampled over.

8The constraint |yijh | . 2π may for instance be derived from requiring that the one-loop correction to
the physical coupling 2yijh remains smaller than 2yijh itself.
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The flavour observables discussed in the following section also depend on the mass Mh

which is not constrained by eq. (2.11). At the LHC the singly-charged scalar singlet is
dominantly produced in pairs via the Drell-Yan process and decays to a charged lepton
and a neutrino. Hence, for decays to electrons and muons the signal is a pair of oppositely-
charged leptons with missing energy. The branching ratio of the tau-lepton channel cannot
exceed 50%, as it is shown in section 4.4. A model-independent lower boundMh & 200 GeV
has recently been derived in [66] from the reinterpretation of a collider search for smuons
and selectrons [67]. Depending on the relative magnitudes |yijh |, the constraint is actually
slightly more stringent. Hence, we require Mh ≥ 350 GeV to safely operate beyond any
mass region potentially excluded. This is consistent with the earlier analysis in [68]. The
assumed upper bound Mh ≤ 100 TeV arises from an order-of-magnitude estimate based on
requiring the absence of unnaturally large corrections to the SM Higgs-boson mass [47].

Furthermore, a careful determination of the physical phases in the theory is in order.
Before electroweak symmetry breaking, unitary basis transformations applied to ēi and Li
can be used to diagonalise ye with real and positive eigenvalues, and the phases in yh can
be eliminated upon redefinitions of ēi and Li. After electroweak symmetry breaking, the
charged-lepton masses are already diagonal by construction, and the neutrino mass matrix
is diagonalised via the PMNS matrix U . Then, three phases in U can be eliminated via
redefining the left-handed charged leptons `i which reintroduces three phases in yh. One
of these can be set to zero upon exploiting the phase freedom of h. Therefore, yµτh is taken
real while arg(yeµh ) and arg(yeτh ) are randomly sampled over. As a side note, the presence of
complex couplings indicates that the singly-charged scalar singlet, accompanied by a source
of lepton-number violation, will in general contribute to leptonic electric dipole moments.
However, as these are linked to the violation of lepton-number conservation and hence no
strong constraints are to be expected, electric dipole moments are not explored further.
As of yet, the physical Majorana phases η1,2 are completely unconstrained experimentally
and hence also randomly sampled over. Note that the ranges of η1,2 can be restricted to
[0, π] without loss of generality since the sign of the Majorana field is unphysical.

The leptonic mixing parameters and neutrino-mass-squared differences which have
been constrained by experiments are assigned pseudo-random variates from normal distri-
butions of which the respective mean values and standard deviations are taken from the
latest fit results provided by the NuFIT collaboration [71]. Symmetric distributions are as-
sumed for simplicity. The numerical values used for the charged-lepton masses (me,mµ,mτ )
and the electroweak input parameters (GF , αEM,MZ) are summarised in table 1. For the
numerical scan we generated approximately 5× 105 sample points for each neutrino-mass
ordering.

4 Phenomenology

In the following, the contributions of h to various flavour observables are presented under
the assumption that the couplings yijh satisfy the constraints in eq. (2.11) or eq. (2.17) and
hence neutrino masses are dominantly generated by the singly-charged scalar singlet. The
considered observables together with the current experimental bound, prospected sensitiv-
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me [keV] mµ [MeV] mτ [GeV] GF [ 1
GeV2 ] α−1

EM MZ [GeV]

510.9989 105.6584 1.777 1.16638× 10−5 137.035999 91.1535

∆m2
3l [10−3 eV2] ∆m2

21 [10−5 eV2] δ [rad]

NO 2.517± 0.026 7.42± 0.20 3.44± 0.42

IO −2.498± 0.028 7.42± 0.20 4.92± 0.45

sin2(θ12) sin2(θ13) sin2(θ23)

NO 0.304± 0.012 0.02219± 0.00062 0.573± 0.016

IO 0.304± 0.012 0.02238± 0.00062 0.575± 0.016

|yijh | arg(yekh ) arg(yµτh ) m0 [meV] η1,2 [rad] Mh [GeV]

Prior Log-Flat Flat Fixed Log-Flat Flat Log-Flat

Range [10−4, 2π] [0, 2π] 0 [10−4, 30] (NO)
[10−4, 15] (IO) [0, π] [350, 105]

Table 1. The table at the top contains the experimental values for input parameters taken from [69,
70]; the one in the centre summarises the experimental values for leptonic mixing parameters and
neutrino-mass-squared differences taken from NuFIT 5.0 [71]. ∆m2

31 > 0 for NO, and ∆m2
32 < 0

for IO. Priors and the ranges sampled over in the numerical scan are given in the bottom table.
The flavour indices for the antisymmetric Yukawa couplings are i, j = e, µ, τ , and k = µ, τ .

ities for future experiments as well as the maximum contribution found in the numerical
scan are summarised in table 2. Note that the bounds on several observables can be (nearly)
saturated. Large tuning of the ratios of coupling magnitudes |yijh | is necessarily absent due
to the constraints in eq. (2.11) and eq. (2.17), see section 4.3, thus in particular the bounds
on µ → eγ and µ → 3e cannot be evaded and hence they efficiently shape the available
parameter space.

We assume that further new particles are weakly coupled or heavy enough not to
generate sizeable contributions to any of the observables under consideration. In particular,
particles which induce flavour-changing decays of charged leptons at tree level have to be
sufficiently decoupled, as the singly-charged scalar singlet generates these processes at
one-loop level. Significant destructive interference or fine-tuned cancellations are taken
as absent. Succinctly, we assume that low-energy effects of new physics are dominantly
governed by h. In that sense, the bounds on parameter space which is compatible with
neutrino masses as discussed in the following are conservative.
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Experimental Data

Observable Current Bound Future Sensitivity

Br(µ→ eγ) 4.2× 10−13 (90% CL) [72] 6× 10−14 [73]

Br(τ → eγ) 3.3× 10−8 (90% CL) [74] 3× 10−9 [75]

Br(τ → µγ) 4.4× 10−8 (90% CL) [74] 10−9 [75]

Br(µ→ 3e) 10−12 (90% CL) [76] 10−16 [77]

Br(τ → 3e) 2.7× 10−8 (90% CL) [78] 4.3× 10−10 [75]

Br(τ → 3µ) 2.1× 10−8 (90% CL) [78] 3.3× 10−10 [75]

|gµ/ge| [0.9986, 1.0050] (2σ) [79]

|gτ/gµ| [0.9981, 1.0041] (2σ) [79]

|gτ/ge|
[1.0000, 1.0060] (2σ) [79]
[0.9985, 1.0075] (3σ) [79]

|δMW |[GeV] 0.018 (3σ) [69]

Numerical Analysis

Linear Case Quadratic Case

Observable NO IO NO IO

Br(µ→ eγ) 4.2× 10−13 4.2× 10−13 4.2× 10−13 4.2× 10−13

Br(τ → eγ) 6.4× 10−11 4.9× 10−11 3.1× 10−13 6.8× 10−14

Br(τ → µγ) 1.6× 10−11 1.6× 10−11 2.9× 10−14 1.5× 10−12

Br(µ→ 3e) 10−12 10−12 10−12 10−12

Br(τ → 3e) 6.6× 10−9 1.3× 10−8 7.7× 10−13 1.6× 10−13

Br(τ → 3µ) 3.0× 10−9 1.2× 10−8 6.1× 10−13 8.8× 10−13

|gµ/ge| 1.0050 1.0047 1.0002 1.0000

|gτ/gµ| 1.0009 1.0014 1.0000 1.0001

|gτ/ge| 1.0048 1.0043 1.0002 1.0000

|δMW |[GeV] 0.018 0.018 0.002 0.007

Table 2. The upper table contains the current experimental bounds on and future sensitivities to
the relevant observables. The lower table shows the respective maximum contribution found in the
scan in the linear case and the quadratic case for either neutrino-mass ordering.
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4.1 Effective description of low-energy phenomenology at tree level

As derived in appendix B, the Wilson coefficient of the effective dimension-6 four-lepton
operator

OLL,ijkl ≡ L†αi σ̄
µLjαL

†β
k σ̄µLlβ (4.1)

receives a contribution at tree level from integrating out the singly-charged scalar singlet h:9

CijklLL = (yikh )∗yjlh
M2
h

. (4.2)

In the low-energy effective theory, this leads to the neutral-current Lagrangian

LNSId=6 = −2
√

2GF εklij
(
ν†i σ̄

µνj
) (
`†kσ̄µ`l

)
, (4.3)

(see also [53]) with the Wilson coefficients

εklij ≡ −
1

2
√

2GF

(
CijklLL + CklijLL

)
= − 1√

2GF
(yikh )∗yjlh
M2
h

(4.4)

which are commonly called non-standard interaction (NSI) parameters. They are an-
tisymmetric under the exchange of an upper index and the corresponding lower index,
εklij = −εkjil = −εilkj , and their complex conjugates are obtained via swapping the upper and
lower indices among themselves: εklij = (εlkji)∗. Note that there are no effective operators
with four neutrinos or four charged leptons due to the antisymmetry of yh and thus in
particular no tree-level contributions to flavour-violating charged-lepton decays.

Fermi constant and CKM matrix. Singly-charged scalar singlets affect the partial
decay widths Γa→b associated to the different leptonic channels `−a → `−b νaν̄b and `+a →
`+b ν̄aνb [51, 66, 81] and hence in particular modify the extraction of the Fermi constant
GF from measurements of the muon lifetime. In the framework of treating the SM as an
effective field theory (SMEFT), one defines (see e.g. [82])

GF = GSM
F −

√
2

4 (CµeeµLL + CeµµeLL ) (4.5)

with the Wilson coefficient CijklLL given in eq. (4.2) and GSM
F denotes the Fermi constant in

the SM.10 Hence,

GF = GSM
F −

√
2

4

(
(yeµh )∗yµeh
M2
h

+ (yµeh )∗yeµh
M2
h

)
= GSM

F + 1√
2
|yeµh |2

M2
h

, (4.6)

where we have used the antisymmetry of the Yukawa coupling matrix yh. Equivalently, we
can express it as GF = GSM

F +
√

2GF δGF with

δGF = 1
2GF

|yeµh |2

M2
h

≡ −ε
µµ
ee√
2
. (4.7)

9See [80] for integrating out h at one-loop level.
10Additional contributions from other operators to GF are omitted.
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Another observable which has recently attracted attention (see for instance [83–90]) and
is of interest for the scenario under consideration is the sum of the squares of the absolute
values of the first-row elements of the Cabibbo-Kobayashi-Maskawa (CKM) matrix:∑

i

|Vui|2 = |Vud|2 + |Vus|2 + |Vub|2 . (4.8)

The magnitude of the element Vus can be extracted directly from kaon and tau decays [91,
92], and indirectly via |Vud| from nuclear beta decays (see for instance [93, 94] for recent
theoretical progress) and the assumption of the sum in eq. (4.8) being equal to one which
in the SM is a built-in consequence of unitarity.11 The fact that there is significant tension
between the results is referred to as the Cabibbo Angle Anomaly (CAA). The discrepancy
between the “true” value of |Vus| and the one obtained from beta decays and CKM unitarity
in the SM can be explained via new contributions to muon decay and subsequently the
Fermi constant [66].

Universality of leptonic gauge couplings. One defines the lepton-flavour universality
ratios via the “effective Fermi constants” Gab ∼ gagb associated to the different leptonic
channels: [51, 81]

4

√
Γτ→µ
Γτ→e

∝ Gτµ
Gτe

= gµ
ge
≈ 1 + 1√

2GF
|yµτh |2 − |yeτh |2

M2
h

≡ 1 + εττee − εττµµ, (4.9)

4

√
Γτ→µ
Γµ→e

∝ Gτµ
Gµe

= gτ
ge
≈ 1 + 1√

2GF
|yµτh |2 − |y

eµ
h |2

M2
h

≡ 1 + εµµee − εττµµ, (4.10)

4

√
Γτ→e
Γµ→e

∝ Gτe
Gµe

= gτ
gµ
≈ 1 + 1√

2GF
|yeτh |2 − |y

eµ
h |2

M2
h

≡ 1 + εµµee − εττee . (4.11)

The experimental best-fit values of all three universality ratios are currently larger than
one, |gµ/ge| = 1.0018± 0.0032, |gτ/ge| = 1.0030± 0.0030, |gτ/gµ| = 1.0011± 0.0030 with
errors given at 2σ [79]. In particular, the channel τ → µ appears to receive sizeable
contributions from new physics.

In [66] it has been shown that the deviations of gµ/ge and gτ/ge from one and the
CAA, which will be collectively referred to as the “flavour anomalies” henceforth, can be
simultaneously explained with a singly-charged scalar singlet. Adopting the results for the
best-fit regions and using the terminology as in [66], for simplicity we take the anomalies
to be explained if both δ(µ→ eνν) ∈ [0.0005, 0.0008] and δ(τ → µνν) ∈ [0.0016, 0.004] are
satisfied,12 with

δ(`i → `jνν) ≡ 1√
2GF

|yijh |2

M2
h

= −εjjii . (4.12)

This immediately implies an upper bound Mh . 39 TeV if h explains the flavour anomalies,
given that perturbativity constraints require |yijh | . 2π. The experimental values used
in [66] are taken from [92].

11The magnitude of Vub is negligibly small in this context.
12These ranges are located within the region preferred at 1σ as presented in [66]. We refrain from

parametrising its elliptic shape.
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sality for NO (left) and IO (right). All shown sample points explain neutrino masses and respect
the bounds arising from the flavour observables considered in this work. For the blue points, the
deviation of gτ/ge from universality is explained at 2σ in the linear case (Case I), and for the black
points at 3σ, but not at 2σ. The red diamonds also explain the flavour anomalies, for which gτ/ge
must be respected at 2σ. Brown points pertain to the quadratic case (Case II) which only occurs
at 2σ for NO and at 3σ for IO. Solid lines indicate current experimental bounds (black for 2σ or
90 % CL, and green for 3σ).

In the top panel of figure 2 we show gτ/ge − 1 as a function of gµ/ge − 1 for NO (left)
and IO (right). The results of the numerical scan for the linear case are represented by
blue sample points which explain gτ/ge at 2σ, and by black sample points which explain
gτ/ge at 3σ, but not at 2σ, see also the caption of figure 2 for details. The 3σ region for
gτ/ge has been included to accommodate the SM prediction. If not indicated otherwise,
“at 2σ” and “at 3σ” always refer to this distinction. Red sample points in diamond shape
also explain the flavour anomalies which are briefly discussed below. The quadratic case is
shown in brown. In table 2 we summarise the respective confidence levels at which further
experimental bounds are imposed. For the sample points, the same colour code is used
throughout this work, except for figures 10 and 12.
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We find that there are solutions to the linear-case constraint in eq. (2.11) for both
neutrino-mass orderings which simultaneously explain the flavour anomalies introduced
above and respect the bounds from the considered flavour observables. One does in par-
ticular not have to assume that |yeτh | is negligibly small.13 Contrariwise, explaining the
flavour anomalies in the quadratic case is not possible.

In the quadratic case, no large deviations from universality can be generated. In
particular, none of the respective 1σ regions for the ga/gb which are currently preferred
by experiments can be reached. Still, the corrections to both gµ/ge − 1 and gτ/ge − 1 are
strictly positive (negative) for Normal (Inverted) Ordering in the quadratic case, hence a
conclusive experimental determination of one of the signs would rule out one of the mass
orderings being generated by h. Similarly, positive (negative) corrections to gτ/gµ − 1 are
severely disfavoured for NO (IO).

In the linear case, large contributions to gµ/ge (gτ/ge) are disfavoured for IO as they
enforce |yµτh | � |yeτh |(|y

eµ
h |), see section 4.3 for more details. On the contrary, for IO we find

more sample points with gτ/gµ > 1 as shown in the bottom panel of figure 2. This is due
to the fact that a hierarchy between |yeµh | and |yeτh | is easier to achieve in this case. Still,
the deviation of gτ/gµ from universality is measured to be smaller and an explanation of
its best-fit value via h would imply a further deviation from the best-fit values of the other
two ratios. A given mass Mh fixes the ranges of magnitude of |yµτh | and |y

eµ
h | for which

the flavour anomalies are explained, as in eq. (4.12). Together with the strict experimental
limit on Br(µ → eγ) which bounds |yeτh | in terms of |yµτh |, this determines the relative
positions of the red and blue sample points in figure 2.

A more precise determination of the lepton-flavour universality ratios ga/gb mainly re-
lies on reducing the uncertainties in measurements of the branching ratios Br(τ → µ(e)νν)
and of the tau lifetime [95]. An improvement of a factor of ten is suggested in [96]. Further
improvement would rely on determining the tau mass at higher precision, for instance upon
running a future tau factory at the production threshold [95–98]. Nonetheless, shifts in
the measured values ga/gb themselves cannot be predicted and we refrain from showing
estimates for prospective sensitivities in figure 2.

W -boson mass. The contribution to the Fermi constant induced by h results in a nec-
essarily negative correction [99]

δM2
W = − M2

W√
2GF

∣∣∣∣∣1− MWMZ

2M2
W −M2

Z

∣∣∣∣∣ |y
eµ
h |2

M2
h

(4.13)

to the W -boson mass which exacerbates the existing 1.5σ tension among the SM predic-
tionMW ±∆MW = (80.361± 0.005) GeV and the world average of measurements given by
M exp
W ±∆M exp

W = (80.379± 0.012) GeV [69, 70, 100]. In order to accommodate an explana-
tion of the flavour anomalies, we allow for a 3σ discrepancy which impliesMW ≥ 80.343 GeV
and gives rise to the constraint |yeµh |2/M2

h . 1.25 × 10−2/TeV2. To compare, the best-fit
value presented in [66] corresponds to |yeµh |2/M2

h ≈ 1.07× 10−2/TeV2. In figure 3 the pre-
13In order to avoid the bound from µ → eγ, yeτh was set to zero in [66] which in general is not a viable

solution to the constraint in eq. (2.11) and hence is incompatible with neutrino masses.
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Figure 3. Correlations among MW and deviations of gτ/ge from universality. The colours are the
same as in figure 2.

diction for the W -boson mass is shown as a function of the absolute value of the deviation
of the universality ratio gτ/ge from one. Note that in the quadratic case the maximum
correction to MW is much larger for IO than for NO, and there is a non-trivial correlation
in the linear case especially for |yeµh | > |y

µτ
h |. A large effect in gτ/ge − 1 together with a

conclusive determination ofMW close to its current SM prediction would severely disfavour
the scenario of h explaining neutrino masses with IO, but not with NO. Furthermore, a
result MW & 80.35 GeV would currently rule out an explanation of the flavour anomalies
via h. In proposals for next-generation lepton colliders, a reduction of the uncertainty
in the experimental determination of MW by a factor of roughly 10–20 [96, 101] is sug-
gested. As for the universality ratios ga/gb, any shifts in the obtained value MW itself, be
it determined at colliders or via electroweak fits, cannot be predicted though.

Leptonic non-standard interactions. As it can be seen from eq. (4.3), the singly-
charged scalar singlet induces leptonic non-standard interactions at tree level, whereas
NSIs with quarks only arise at loop level. Hence, we disregard the latter. The fact that the
constraint in eq. (2.11) disfavours large hierarchies among the coupling magnitudes (see
section 4.3 for more details) implies that the results found in studies in which only one NSI
parameter was switched on at a time (see for instance [102]) are not directly applicable
here. We obtain magnitudes of up to |ερσαβ | ∼ 10−3 in the linear case which to our knowledge
is below all current bounds and also appears to be challenging to observe in near-future
experiments. For instance, depending on the flavour channel, DUNE is prospected to be
sensitive to magnitudes down to |ερσαβ | ∼ 10−2 at 90 % CL [103]. Still, at a future neutrino
factory it might be possible to probe some of the NSI parameters relevant for neutrino
production in the νe → ντ and νµ → ντ channels [53]:

εeµτe ≡
(yeτh )∗yeµh√

2GFM2
h

= −(εeeµτ )∗, εeµµτ ≡ −
(yeµh )∗yµτh√

2GFM2
h

. (4.14)

Upon using a 2 kt OPERA-like near tau detector a sensitivity to |εeµµτ | ∼ 7× 10−4 and
|εeµτe | ∼ 6× 10−4 is prospected to be achievable [52, 104]. In that case, the simultaneous
explanation of neutrino masses and the flavour anomalies via h in the linear case could be
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Figure 4. Non-standard interactions. The colours are the same as in figure 2. Dashed lines indicate
prospected experimental sensitivities.

conclusively tested at a neutrino factory for both neutrino-mass orderings. The contribu-
tions in the quadratic case will remain beyond reach. This is illustrated in figure 4. As
indicated in eq. (4.14), the NSI parameter εeµτe is trivially related to the corresponding one
for the propagation of νµ and ντ neutrinos in matter.

4.2 Charged lepton flavour violation

The leading-order contributions to flavour-violating charged-lepton decays from singly-
charged scalar singlets occur at one-loop level. In fact, finite contributions to radiative
charged-lepton decays `i → `jγ are sourced by a single diagram with a neutrino νk, i 6= j

and i 6= k 6= j, in the loop. The branching ratios are given by [51, 66, 105–108]

Br(µ→ eγ) = Br(µ→ eνν̄) αEM
48πG2

F

|yeτh y
µτ
h |2

M4
h

, (4.15)

Br(τ → eγ) = Br(τ → eνν̄) αEM
48πG2

F

|yeµh y
µτ
h |2

M4
h

, (4.16)

Br(τ → µγ) = Br(τ → µνν̄) αEM
48πG2

F

|yeµh yeτh |2

M4
h

, (4.17)

with Br(µ → eνν̄) ≈ 1, Br(τ → eνν̄) ≈ 0.178 and Br(τ → µνν̄) ≈ 0.174 [69]. As it can
be seen in figure 5, any signal in radiative tau decays showing up at Belle II cannot be
induced by h alone, see table 2. For instance, one would need two singly-charged scalar
singlets which conspire to circumvent the strong bounds arising from flavour-violating muon
decays. Also the sizeable contributions to τ → eγ implied by simultaneously generating
neutrino mass and explaining the flavour anomalies will be beyond reach [66]. Instead, a
future search for µ→ eγ [73] efficiently probes parts of the parameter space pertaining to
h generating neutrino masses both in the linear case and in the quadratic case, as well as
the combined scenario in which also the flavour anomalies are explained in the linear case.
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Figure 5. Branching ratios of radiative charged-lepton decays. The vertical dot-dashed lines
correspond to the prospected sensitivities to Br(µ→ e; Ti) at PRISM/PRIME and to Br(µ→ e; Al)
at Mu2e which were then converted via Br(µ → e; Al) ≈ 0.0079Br(µ → eγ) and Br(µ → e; Ti) ≈
0.0125Br(µ→ eγ), see also appendix C. The colours are the same as in figure 2.

As it is well-known, if the contributions from on-shell photon penguin diagrams domi-
nate, the branching ratios for tri-lepton decays with only one flavour in the final state are
entirely fixed as functions of Br(`i → `jγ) and SM parameters14 [109, 110]:

Br(µ→ 3e)
Br(µ→ eγ) ≈

αEM
3π

(
log

(
m2
µ

m2
e

)
− 11

4

)
≈ 1

163 , (4.18)

Br(τ → 3e)
Br(τ → eγ) ≈

αEM
3π

(
log

(
m2
τ

m2
e

)
− 11

4

)
≈ 1

95 , (4.19)

Br(τ → 3µ)
Br(τ → µγ) ≈

αEM
3π

(
log

(
m2
τ

m2
µ

)
− 11

4

)
≈ 1

446 . (4.20)

14We do not expect more stringent constraints from tri-lepton decays with different flavours in the final
state and hence we do not consider them.
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Figure 6. Branching ratios of tri-lepton decays. The colours are the same as in figure 2. The solid
grey lines indicate the respective experimental bounds that would apply to the photon-penguin
approximation. Dashed lines indicate prospected experimental sensitivities.

For masses close to the lower bound Mh = 350 GeV, the photon-penguin approximation
is perfectly valid. In the quadratic case, the relative magnitudes of the couplings yijh are
quite sensitive to the neutrino-mass ordering, as dictated in eq. (2.17). Together with the
flavour-dependent suppression factors ∼ log(mk/ml), this efficiently determines the relative
size of the different radiative charged-lepton decay channels in the photon-penguin limit.
On the contrary, note how the contributions from box diagrams outperform those from
photon penguins for τ → 3µ in the case of NO, as can be seen in figure 6.

The vertical solid grey lines in figure 6 indicate the bound induced by µ→ eγ which is
the relevant one both for the linear case and for the quadratic case as long as the photon
penguin dominates µ → 3e. In the numerical scan, the full expression as given in [66]
is used, because larger masses Mh generally render larger magnitudes |yijh | compatible
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Figure 7. Branching ratio of tri-lepton tau decays as a function of the mass Mh. The colours are
the same as in figure 2. Dashed lines indicate prospected experimental sensitivities.

with the different experimental bounds, which in turn implies that the contributions from
box diagrams to tri-lepton decays become increasingly dominant. Since box diagrams are
proportional to the product of four Yukawa couplings, they can thus induce contributions
to tri-lepton decays which in fact grow if the mass increases beyond Mh ≈ 1 TeV and
further. Thus, h will decouple from the phenomenology at low energy only for even larger
masses Mh � 100 TeV. This is distinctively visible in figure 7 where we show τ → 3e(µ) as
a function of the singly-charged scalar singlet mass Mh. As the figures illustrate, masses
larger than Mh & 11 TeV and Mh & 15 TeV can induce an observable signal in τ → 3e and
τ → 3µ, respectively, at Belle II [75].

Besides µ → 3e [77] which will be sensitive both to the linear case and the quadratic
case, tri-lepton tau decay thus offer another avenue for testing the generation of neutrino
masses via h at larger massesMh in the linear case, complementary to µ→ eγ for which the
contributions start to decrease before the assumed upper limit Mh ≤ 100 TeV is reached.
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Via τ → 3e we are even sensitive to parts of the parameter space for which the flavour
anomalies are explained as well [66]. Still, the constraint in eq. (2.11) disfavours the
solutions yijh which induce large contributions to τ → 3e(µ) as there needs to be a hierarchy
among the coupling magnitudes |yeµh | and |y

µτ
h | (|yeτh |) entering the relevant box diagram

and |yeτh | (|y
µτ
h |) which must be smaller in order not to violate the experimental bound on

Br(µ→ eγ).
A further relevant process is µ−e conversion in nuclei which probes the same parameter

combination as µ → eγ and is dominated by photon-penguin diagrams. As of today, the
strongest constraint arises from the SINDRUM-II experiment in which a gold target was
used [111]. Taking into account both the short-range and the long-range contribution
(see appendix C), one finds Br(µ → e; Au) ≡ ωAu

conv/ω
Au
capt ≈ 0.0130 Br(µ → eγ) for µ − e

conversion in gold [66, 112, 113]. Hence, the process does not yield a competitive constraint
yet, still, in the photon-penguin approximation it is less suppressed with respect to µ→ eγ

than µ → 3e. In addition, future experiments on µ − e conversion are prospected to
outperform current and future searches for radiative charged-lepton decays in sensitivity
by far [114–116]. For instance, PRISM/PRIME can be expected to almost conclusively
test the simultaneous explanation of neutrino masses and the flavour anomalies.

As a side note, the singly-charged scalar singlet also generates contributions to anoma-
lous magnetic moments. However, the contribution is always negative [51, 117–119], hence
it is not possible to explain the long-standing anomaly δaµ ≡ aexpµ − aSMµ = (2.51± 0.59)×
10−9 [120–122].15 We find contributions to the anomalous magnetic moment of the muon
of up to δaµ ≈ −10−11. Similarly, in the electron case, the contribution δae ≈ −10−16 is
small compared to the experimental uncertainty which is of order 10−13 [124–127].

4.3 Magnitude of couplings

The constraint in eq. (2.11) tends to correlate the couplings yijh in such a way that in many
cases at least two of them are comparable in magnitude, as it can be seen in figure 8. We
show the ratios because the magnitudes |yijh | of the elements of vh in eq. (2.11) can always
be rescaled by a common factor and hence only the relative magnitudes are determined
via the constraint. It is distinctively visible how viable parameter space opens up upon
replacing the condition in eq. (2.17) by the more general one in eq. (2.11).

For NO, solutions with |yµτh | larger than both |yeih |, i = µ, τ are most abundant and
in particular the hierarchies |yeµh | < |y

µτ
h | < |yeτh | and |yeτh | < |y

µτ
h | < |y

eµ
h | are rather

disfavoured, hence, there is a tendency for |yµτh | & |y
eµ
h | ≈ |yeτh |. On the contrary, for IO

there are smaller differences in how often the different hierarchies are obtained. Note that
while the viable regions in parameter space in figure 8 do in general not feature a sharp
contour, the most distinctive deviation from that tendency occurs if both |yeµh |/|y

µτ
h | . 0.1

and |yeτh |/|y
µτ
h | . 0.1 for which viable solutions seem to be rigorously excluded in the case

of IO. Hence, if the coupling yµτh was experimentally confirmed to sufficiently dominate
over the electron-flavoured ones in magnitude, this would appear to leave us only with
the possibility of h generating the main contribution to neutrino masses with NO. The

15See e.g. [123] for an explanation in a new-physics scenario.
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Figure 8. Plot of the coupling ratios |yeµh |/|y
µτ
h | and |yeτh |/|y

µτ
h | as obtained in the numerical scan.

The colours are the same as in figure 2.

Figure 9. Plot of the coupling ratios |yeµh |/|yeτh | as a function of the smallest neutrino mass (m1
for NO, and m3 for IO). The colours are the same as in figure 2.

corresponding experimental signature would be a vanishingly small branching ratio for the
decay channel h→ eν, see also section 4.4.

Besides, as it can be seen in figure 9, if |yeµh | > |y
µτ
h |, which corresponds to black sample

points, the constraint in eq. (2.11) further disfavours solutions with |yeµh |/|yeτh | . 0.1. In
addition, if the lightest neutrino is not much heavier than m0 = m1 ≈ 1 meV in the case
of NO, |yeµh | > |y

µτ
h | is only viable for |yeµh |/|yeτh | . 10. We trace this back to the fact

that for NO the neutrino mass matrix is known to feature a slight hierarchy between the
magnitudes of the components in the first row (and column) and those in the 23-block,
which only diminishes if the smallest neutrino mass m1 becomes large.
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Figure 10. Plot of the coupling ratios |yeµh |/|y
µτ
h | and |yeτh |/|y

µτ
h | as obtained in the numerical scan

if approximately 95.45 % of the overall number of 547991 (542287) sample points generated for NO
(IO) are taken into account. Each square shown to be compatible with NO (IO) contains at least
97 (74) sample points. See also main text.

Of course, these solutions are not obtained if one solves the constraint in eq. (2.11) with
the additional condition of one Majorana phase and the smallest neutrino mass vanishing.
Still, there are no major differences in the obtained phenomenology compared to the general
case with three massive neutrinos. In particular, one does not enjoy the same predictive
power as in the quadratic case for which the smallest neutrino mass vanishes, m0 = 0,
automatically. On the contrary, for IO the |M ij

ν | are more similar in magnitude and less
sensitive to m3, and thus so are the |yijh |.

Furthermore, a determination of the relative size of the regions in the parameter space
of coupling magnitudes which are compatible only with NO or with IO, or with both is
performed. The strategy is to discretise the parameter space into a grid structure and to
count the sample points contained in each grid square, starting with the square containing
the largest number of points and then gradually moving on to those with fewer points, until
a specified portion of the overall number of sample points is taken into account. Figure 10
shows the region of approximately 95.45 % of the sample points.

4.4 Decay channels of the singly-charged scalar singlet

The partial width of the decay of a singly-charged scalar singlet into a charged lepton `

and a neutrino ν is given by [51]

Γ(h→ `aνb) = Γ(h→ `bνa) = |y
ab
h |2

4π Mh . (4.21)

Leaving the undetected neutrino flavour unspecified, one obtains the branching ratio for
the decay of h into a charged lepton of flavour a and a neutrino:

Br(h→ `aν) =
∑
b 6=a |yabh |2

2(|yeµh |2 + |yeτh |2 + |yµτh |2) . (4.22)

– 23 –



J
H
E
P
0
5
(
2
0
2
1
)
1
2
2

Figure 11. Branching ratios of h→ `ν. The colours are the same as in figure 2.

Figure 12. Branching ratios of the different channels h → `ν as functions of the Dirac CP phase
δ in the quadratic case (Case II).

Regardless of whether the magnitudes |yijh | are constrained in some way or not, the indi-
vidual branching ratios always take a value between 0 and 0.5.

A very small or vanishing branching ratio for the electron channel (and consequently
Br(h → µν) ≈ Br(h → τν) ≈ 0.5) is supported in NO, but severely disfavoured for IO,
as it can be seen in figure 11. Contrariwise, obtaining a (near-)maximal branching to taus
and a small one to muons is disfavoured by NO, but compatible with IO. For the more
restrictive constraint in eq. (2.17), the muon and tau channels exhibit a slight correlation
with the CP-violating phase δ in the case of NO which is illustrated in figure 12 and has
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been discussed before in [53] for the Zee-Babu model. It is due to the fact that for IO δ

only fixes the phases arg(yeih ), while it also determines |yµτh | in the case of NO.

5 Multiple singly-charged scalar singlets

Lastly, we comment on the possibility of generating 1, . . . , n sizeable contributions to neu-
trino masses via multiple singly-charged scalar singlets h1, . . . , hn and focus on n = 2 for
simplicity.

The overall lepton sector for two singly-charged singlet scalars is given by

Llept = yije ēiLjH
∗ + yijh1

LiLjh1 + yijh2
LiLjh2 + h.c.. (5.1)

We again can distinguish the linear and the quadratic case and focus on the latter first.
We assume that the main contribution to neutrino masses consists of diagrams in which
both external neutrinos couple to the respective loop structure via yh1 or yh2 . Then, the
most general neutrino mass matrix reads

U∗mdiagU
† = Mν = yTh1S1yh1 + yTh2S2yh2 + yTh1Zyh2 + yTh2Z

T yh1 , (5.2)

with the symmetric coupling matrices S1,2 and a general matrix Z. Multiplying eq. (5.2) by
the respective eigenvectors vh1,2 of yh1,2 with eigenvalue zero, one obtains three inequivalent
complex conditions:

vTh1U
∗mdiagU

†vh1 = vTh1y
T
h2S2yh2vh1 , (5.3a)

vTh2U
∗mdiagU

†vh1 = vTh2y
T
h1Zyh2vh1 , (5.3b)

vTh2U
∗mdiagU

†vh2 = vTh2y
T
h1S1yh1vh2 . (5.3c)

Contrary to the linear case and the quadratic case discussed for one singly-charged scalar
singlet before, here the constraint explicitly involves the matrices S1,2 and Z which
parametrise the breaking of lepton-number conservation. In that sense, eqs. (5.3a)–(5.3c)
are in general model-dependent and hence less predictive. In appendix D we present one
possible neutrino mass model with two singly-charged scalar singlets as an example.

In explicit models, some of the matrices S1,2, Z may vanish in the case of an additional
symmetry. Then, the respective expressions above would simplify accordingly and one could
solve them as in the linear case. Still, irrespective of the specific structures in S1,2 and Z,
all eqs. (5.3a)–(5.3c) have to be individually satisfied. Thus, the contributions yTh1

S1yh1

and yTh2
S2yh2 are not independent, but the elements of yh1 and yh2 are intertwined via

each of the right-hand sides and in particular also via the left-hand side of eq. (5.3b) even
if Z is taken to zero. Only if both Z and one of the matrices S1 and S2 are absent, one
trivially recovers the quadratic case for one singly-charged scalar singlet. The same limit
is obtained for a large hierarchy between the masses of h1 and h2 since one may integrate
out the heavier singlet and attain more predictive power. Lastly, it is straightforward to
generalise eq. (5.2) towards the case of n singly-charged scalar singlets generating sizeable
contributions to neutrino masses.16

16See for instance [128, 129] for studies of variants of the Zee-Babu model which contain three singly-
charged scalar singlets.
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In the linear case, one would generalise the structure of the neutrino mass matrix
towards

U∗mdiagU
† = Mν = X1yh1 − yh1X

T
1 +X2yh2 − yh2X

T
2 . (5.4)

Still, there is no non-trivial limit in which the derived constraints would become indepen-
dent of the model-dependent physics in X1,2.

6 Conclusions

We have presented a classification and phenomenological study for scenarios in which a
singly-charged scalar singlet particle h generates the main contribution to neutrino masses.
Among the SM fermions, h interacts only with the left-handed lepton doublets via an an-
tisymmetric Yukawa coupling yhLLh+ h.c. at tree level. It is possible to assign charges of
lepton number to h and the SM leptons in a way such that it is respected by all renormal-
isable terms in the Lagrangian. Thus, in order to generate Majorana masses for neutrinos,
one needs to introduce a source of lepton-number breaking. Our approach is indepen-
dent of the details of this breaking. The only assumption is that the main contribution of
neutrino masses is generated by a diagram in which one or both of the external neutrinos
couples via yh.

For the minimal case of just one singlet state, this gives rise to only two possible
structures for the neutrino mass matrix. Regarding the Feynman diagram which generates
the main contribution to neutrino masses, we distinguish between the “linear case” in which
only one external neutrino is linked to the loop structure via yh, and the “quadratic case” in
which both external neutrinos are. Several well-known models of neutrino-mass generation
fall into those two categories: the Zee model [16–18] is an example for the linear case and
the Zee-Babu [19–21] and KNT models [54] are examples for the quadratic case.

For each of the cases, we employ the antisymmetry of yh in flavour space to derive a
model-independent constraint which has to be satisfied to guarantee the correct description
of the measured mixing and mass hierarchy of neutrinos. In the linear case, the constraint
determines two of the magnitudes of the Yukawa coupling matrix elements |yijh | in terms of
the third one, the two phases of yeih , i = µ, τ , neutrino masses, leptonic mixing angles and
phases. In the quadratic case, the two constraints are independent of the neutrino masses
and Majorana phases and thus more predictive.

This enables us to perform a phenomenological study applicable to many different
types of models. The study is conservative in the sense that no other contributions to the
considered observables beyond the ones induced by h are taken into account. If the other
new particles involved in a specific model are sufficiently decoupled in the sense that they
are very heavy or very weakly coupled to the SM, the phenomenological bounds obtained
will approximately coincide with those of the actual model, otherwise the bounds will
be weaker. This is trivially satisfied in an effective field theory framework, in which the
singly-charged scalar singlet is much lighter than all other new particles.

For the linear case, the constraint disfavours large hierarchies among the coupling
magnitudes yijh and hence the available parameter space is mostly shaped by µ → eγ
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and µ → 3e and other low-energy processes are generally not competitive. The relative
magnitudes |yijh | display some sensitivity to the neutrino-mass ordering. Furthermore, we
demonstrate that the region in parameter space where the Cabibbo Angle Anomaly and
the deviation of leptonic gauge couplings from universality, collectively dubbed the “flavour
anomalies”, are explained by h is compatible with, albeit not preferred by neutrino masses.
A conclusive measurement of MW > 80.35 GeV would imply that h cannot explain the
flavour anomalies.

For the quadratic case, the parameter space is strongly constrained by neutrino masses
and thus the scenario is very predictive. The leptonic gauge couplings do not receive large
contributions and thus it is not possible to explain their deviation from universality as
indicated by current data and neither the Cabibbo Angle Anomaly. Furthermore, there
is a tight correlation between the different radiative charged-lepton decays and hence any
signal of a radiative flavour-violating tau decay at Belle II would imply that low-energy
effects of new physics cannot be assumed to be dominated by h. Also, one may derive sharp
predictions for the branching ratios of the different decay channels to satisfy Br(h→ τν) '
Br(h→ µν) ∼ 0.4 and Br(h→ eν) . 0.2 for NO and Br(h→ τν) ∼ 0.3, Br(h→ µν) ∼ 0.2
and Br(h → eν) ∼ 0.5 for IO. The branching ratios Br(h → τν) and Br(h → µν) exhibit
a slight dependence on the Dirac CP phase δ for NO.

Finally, we commented on the generalisation of our framework to multiple singly-
charged scalar singlets. One may also derive constraints in that case, but they depend on
the breaking of lepton number and thus do not allow for a model-independent study.

To conclude, this study of the singly-charged scalar singlet h is a neat example of a
model-independent approach towards neutrino masses and their phenomenological impli-
cations. The constraints originate only from the form of the neutrino mass matrix and the
antisymmetry of the Yukawa coupling of h to left-handed lepton doublets. We leave the
discussion of other simplified neutrino mass scenarios for future work.
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A Neutrino-mass constraint spelt in full

Written out, the constraint in eq. (2.11) explicitly reads((
c2

13m3c
2
23 + e−2iη2m2

(
e−iδc23s12s13 + c12s23

)2
+ (A.1)

e−2iη1m1
(
e−iδc12c23s13 − s12s23

)2 )
yeµh

−
(
c23m3s23c

2
13 + e−2iη1m1

(
e−iδc12c23s13 − s12s23

) (
c23s12 + e−iδc12s13s23

)
− e−2iη2m2

(
e−iδc23s12s13 + c12s23

) (
c12c23 − e−iδs12s13s23

) )
yeτh

+ c13
(
eiδc23m3s13 − e−2iη2m2s12

(
e−iδc23s12s13 + c12s23

)
+ e−2iη1c12m1

(
s12s23 − e−iδc12c23s13

) )
yµτh

)
yeµh

−
((
c23m3s23c

2
13 + e−2iη1m1

(
e−iδc12c23s13 − s12s23

) (
c23s12 + e−iδc12s13s23

)
− e−2iη2m2

(
e−iδc23s12s13 + c12s23

) (
c12c23 − e−iδs12s13s23

) )
yeµh

−
(
c2

13m3s
2
23 + e−2iη1m1

(
c23s12 + e−iδc12s13s23

)2

+ e−2iη2m2
(
c12c23 − e−iδs12s13s23

)2 )
yeτh

− eiδc13
(
e−2i(δ+η1)m1s13s23c

2
12 + e−iδc23

(
e−2iη1m1 − e−2iη2m2

)
s12c12

−
(
m3 − e−2i(δ+η2)m2s

2
12

)
s13s23

)
yµτh

)
yeτh

+
(
c13
(
eiδc23m3s13 − e−2iη2m2s12

(
e−iδc23s12s13 + c12s23

)
+ e−2iη1c12m1

(
s12s23 − e−iδc12c23s13

) )
yeµh

+ eiδc13
(
e−2i(δ+η1)m1s13s23c

2
12 + e−iδc23

(
e−2iη1m1 − e−2iη2m2

)
s12c12

−
(
m3 − e−2i(δ+η2)m2s

2
12

)
s13s23

)
yeτh

+
(
e−2iη2m2s

2
12c

2
13 + e−2iη1c2

12m1c
2
13 + e2iδm3s

2
13

)
yµτh

)
yµτh = 0 ,

with the abbreviations sij ≡ sin(θij) and cij ≡ cos(θij).

B Effective four-lepton operator

Starting from the full theory as defined via eqs. (2.1) and (2.2), one obtains the lowest-order
solution to the classical equation of motion for h:

h = −(yijh )∗

M2
h

L†jL
†
i . (B.1)
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The resulting effective Lagrangian reads

Leff = (yijh )∗yklh
M2
h

L†jL
†
iLkLl = (yikh )∗yjlh

M2
h

L†αi σ̄
µLjαL

†β
k σ̄µLlβ . (B.2)

In order to derive this result, one first observes that

L†jL
†
iLkLl = L†αj L

†β
i LkβLlα − L

†α
j L

†β
i LkαLlβ . (B.3)

Together with the antisymmetry of yh, this implies

(yijh )∗yklh
M2
h

L†jL
†
iLkLl = 2(yijh )∗yklh

M2
h

L†αj L
†β
i LkβLlα. (B.4)

Then, applying a Fierz transformation and relabeling flavour indices yields the result

(yijh )∗yklh
M2
h

L†jL
†
iLkLl = (yijh )∗yklh

M2
h

L†αj σ̄
µLlαL

†β
i σ̄µLkβ (B.5)

= (yikh )∗yjlh
M2
h

L†αi σ̄
µLjαL

†β
k σ̄µLlβ ≡ C

ijkl
LL OLL,ijkl.

C µ− e conversion in nuclei

We consider the photon-penguin contribution to the effective Lagrangian for µ − e con-
version in nuclei and neglect all other contributions following [66]. In addition to the
short-range contribution which has been discussed in [66] we also include the relevant
long-range contribution. Following [113], we identify the relevant terms

Leff = −4
√

2GF (mµARµ̄σ
µνeFµν + h.c.)− GF√

2
∑

q=u,d,s

[
gLV (q) e

†σ̄µµ (q†σ̄µq + q̄σµq̄
†)
]

(C.1)

in the effective Lagrangian, where the “barred” fields denote the charge-conjugates of the
respective right-handed fields and we employ the 2-component notation for spinors as
detailed in [131]. The Wilson coefficients are given by [66]

AR = − 1
2
√

2GF

√
4παEM

96π2M2
h

yeτh (yµτh )∗, gLV (q) = −
√

2
GF

4παEMQq
72π2M2

h

(yeτh )∗yµτh , (C.2)

where Qq denotes the electric quark charge, Qu = 2
3 and Qd = −1

3 . The resulting conversion
rate is [113]

ωconv = 2G2
Fm

5
µ

∣∣∣A∗RD + g̃
(p)
LV V

(p) + g̃
(n)
LV V

(n)
∣∣∣2 (C.3)

in terms of the couplings to protons and neutrons. The coupling to neutrons vanishes,
g̃

(n)
LV = gLV (u) + 2gLV (d) = 0, because the photon-penguin contribution is proportional to
the electric charge of the nucleon, and the effective coupling to the proton is

g̃
(p)
LV = 2gLV (u) + gLV (d) = −

√
2αEM

18πGFM2
h

(yeτh )∗yµτh . (C.4)
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Hence we find the conversion rate

ωconv =
∣∣(yeτh )∗yµτh

∣∣2 ∣∣∣∣∣α
1/2
EMD

96π3/2 + αEMV
(p)

9π

∣∣∣∣∣
2
m5
µ

M4
h

. (C.5)

The experimental limits for µ−e conversion are generally quoted in terms of the ratio of the
conversion rate ωconv over the capture rate ωcapt [113, 132], Br(µ → e; X) ≡ ωX

conv/ω
X
capt.

For X = Au,Al,Ti we use

ωAu
capt = 13.06× 106 1

s , ωAl
capt = 0.7054× 106 1

s , ωTi
capt = 2.59× 106 1

s . (C.6)

Currently, the SINDRUM II experiment places the strongest limit on µ − e conversion in
gold [111] with Br(µ → e; Au) ≡ ωAu

conv/ω
Au
capt < 7× 10−13. In the coming years, several

experiments with improved sensitivity will probe unexplored parameter space using µ− e
conversion: the Mu2e experiment at Fermilab [114] and the COMET experiment [115] are
expected to reach a sensitivity of 6× 10−17 and 2.6× 10−17, respectively, for an aluminum
target. Ultimately, PRISM/PRIME [116] is projected to reach a sensitivity of 10−18 for a
titanium target. The relevant overlap integrals for the long-range and short-range photon-
penguin contributions to µ− e conversion in gold, aluminum and titanium are given by D,
V (n) and V (p):

DAu = 0.189 , V
(p)

Au = 0.0974 , V
(n)

Au = 0.146 ,

DAl = 0.0362 , V
(p)

Al = 0.0161 , V
(n)

Al = 0.0173 , (C.7)

DTi = 0.0864 , V
(p)

Ti = 0.0396 , V
(n)

Ti = 0.0468 .

D Generalised Zee-Babu model

A natural example of the quadratic case with two singly-charged scalar singlets is given
by a generalised version of the Zee-Babu model. Hence, consider the extension of the SM
particle content by two singly-charged scalar singlets h1 and h2 and a doubly-charged scalar
singlet k. Assuming the mass basis for the singly-charged scalar singlets and neglecting
all terms in the scalar potential which are unrelated to the breaking of lepton-number
conservation, one finds the following Lagrangian:

L = −h∗1(DµDµ +M2
1 )h1 − h∗2(DµDµ +M2

2 )h2 − k∗(DµDµ +M2
k )k

−
((
µ1h

2
1 + µ2h

2
2 + µ12h1h2

)
k∗ + h.c.

)
(D.1)

−
(
y∗eL

†Hē† + yh1LLh1 + yh2LLh2 + ykē
†ē†k + h.c.

)
.

The contribution to neutrino masses corresponding to S1 (S2) which is defined in eq. (5.2)
can be obtained as in the Zee-Babu model and is proportional to µ1/M

2
k (µ2/M

2
k ) in the

limit Mk/Mh � 1.17 To our knowledge, a similar limit for the contribution corresponding
17This assumption may be relaxed without altering the form of the dominant contribution to neutrino

masses. Still, the relevant loop function acquires a simple form only in the limits Mk/Mh � 1 and
Mk/Mh → 0 [51, 53, 64].
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to Z has not been considered yet, but in analogy it may be expected to be proportional
to µ12/M

2
k . There are up to fifteen parameters in the model which are directly linked to

neutrino masses: µ1, µ2, µ12, six couplings in yk and three couplings both in yh1 and in
yh2 . In general, up to six of them can be determined via the constraint in eqs. (5.3a)–(5.3c)
upon fixing the other parameters. A detailed study of the full generalised Zee-Babu model
is left for future work.

In the case of a further hierarchy between the masses M1 and M2 (which is assumed
not to be cancelled by another hierarchy in |µ1| and |µ2|), such that the contribution
of the heavier singly-charged scalar singlet both to neutrino masses and to other flavour
observables can be neglected with respect to the lighter one, one may integrate out the
former. Hence, assuming M2 � M1,k and integrating out h2, we obtain the following
effective Lagrangian up to dimension-6 terms:

Leff ⊇ −h∗1(DµDµ +M2
1 )h1 − k∗(DµDµ +M2

k )k −
(
µ1h

2
1k
∗ + h.c.

)
−
(
yijh1

LiLjh1 + h.c.
)

−
(
µ∗2y

ij
h2
yklh2

M4
2

kLiLjLkLl + h.c.
)

+
(
µ∗12y

ij
h2

M2
2
kh∗1LiLj + h.c.

)
+

(yijh2
)∗yklh2

M2
2

LkLlL
†
jL
†
i

−
(
ykē
†ē†k + h.c.

)
. (D.2)

This corresponds to the Zee-Babu model extended by effective interactions. Thus, in the
effective field theory limit M2 � M1,k the dominant contribution to neutrino masses is
given by the renormalisable terms and therefore the same as in eq. (2.25) for h→ h1.
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