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1 Introduction and results

Universality, or the stringent constraint of scale invariance and unitarity, implies that a
number of quantum field theories and other many body systems are described by the same
Conformal Field Theory (CFT) when tuned to a fixed point. Strikingly, different CFTs
themselves share ‘super-universal’ features, such as the spectrum and correlators of large
spin [1–4], large charge [5–8] and heavy [9–12] operators. Some of these features can be
established and studied in the absence of a small parameter in the underlying CFT.

In CFTs with an internal global symmetry, operators of large charge Q� 1 under that
symmetry can be probed by turning on a chemical potential µ. Doing so can drive the CFT
into a number of phases, including a superfluid, a Landau Fermi liquid, an extremal black
hole, or possibly a non-Fermi liquid. In any of these examples the chemical potential sources
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both a finite energy and charge density in the thermodynamic limit,1 implying a scaling of
the lightest operators at fixed charge ∆min(Q) ∼ Qd/(d−1) in d spacetime dimensions.

In this paper, following refs. [5, 6] we study the large charge sector of CFTs in d = 3
with a global U(1) symmetry, assuming they enter a superfluid phase. Superfluids are
described by a local effective field theory (EFT), which provides a simple tool to make
controlled predictions about the large charge spectrum of the underlying CFT. We focus
on CFTs that do not have parity (or time-reversal) symmetry. In this case, we find that
the EFT contains a single parity-violating 1-derivative correction. It is best formulated in
dual language in terms of a gauge field aµ, and takes the form

SEFT[a] = −α
∫
d3x |f |3/2

+ κ

8π

∫
d3x
√
−g aµεµνλεαβγuα

(
∇νuβ∇λuγ −

1
2Rνλ

βγ
)

+O(∂2) ,

(1.1)

where fµν = ∂µaν − ∂νaµ, and uµ is a unit vector proportional to εµνλfνλ. The leading
term with coefficient α is the superfluid stiffness and preserves parity; it controls the
trajectory of the lightest large charge operators ∆min(Q) =

√
2παQ3/2 + O(Q1/2). The

second term has a quantized coefficient κ ∈ Z, and was first introduced in ref. [13]. It is
O(∂) and hence suppressed compared to the stiffness, but more relevant than the O(∂2)
parity-preserving higher-derivative corrections [6]. Despite its derivative suppression, it has
crucial consequences for the spectrum of lightest operators at fixed large charge, which are
described as finite density states on the sphere R × S2. We show that the EFT (1.1) can
only be consistently placed on the sphere with vortices, with total vorticity κ (in the dual
picture (1.1), the new term introduces a background charge density on the sphere which
must be neutralized by charged particles). Classically, the ground state is then described by
|κ| vortices in a configuration which minimizes their Coulomb energy — an extremization
problem known as Whyte’s problem in the mathematical literature. Although the solution
is not known for general κ, it can be shown to have vanishing angular momentum when
|κ| 6= 1, so that the spin of the corresponding lightest operator vanishes. When |κ| = 1,
the ground state contains a single vortex with angular momentum J = Q/2 — the lightest
operators of large charge Q in CFTs with |κ| = 1 therefore also have large spin J = Q/2. In
all of these cases, the vortex fugacities give a contribution to the dimension of the lightest
large charge operators

∆min(Q) =
√

2παQ3/2 + κ

12
√

2πα
√
Q logQ+O(

√
Q) . (1.2)

Quantizing the system leads to a rich low-lying spectrum of vortex excitations, which are
softer than superfluid phonons and hence describe the lightest operators of large charge
and finite spin 0 < J .

√
Q. For example, when κ = 2 one finds

∆min(Q, J) ' ∆min(Q) + 1
6
√

2πα
J(J + 1)
Q3/2 . (1.3)

1There are also situations where this does not happen, such as a free complex scalar, or in theories with
a moduli space.
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(a)

∆

∆min(Q)
∆min(Q, J)

∆min(Q) +
√

J(J+1)
2

J
(b)

Figure 1. Classically, the superfluid ground state has κ vortices arranged to minimize their poten-
tial energy, shown in (a) for κ = 2. Quantum mechanically, the true ground state has vanishing spin
but vortex excitations are soft. For κ = 2, the spectrum of vortex excitations is given in eq. (1.3)
and shown in (b) in red with the spectrum of single phonon states in blue.

The spectrum of large charge states is illustrated in figure 1. Although the spectrum
in CFTs with |κ| > 2 is more complicated, eq. (1.3) still holds parametrically, i.e. the
lightest operators still satisfy ∆min(Q, J) −∆min(Q) ∼ J2/Q3/2. Quantization also shows
that although the vortex configuration is inhomogeneous classically, in the true quantum
ground state the vortices are delocalized.

These results should hold in any 3d parity-violating CFT that becomes a superfluid
at finite density. We show that these predictions are borne out in a weakly coupled
Chern-Simons matter theory, consisting of a single Dirac fermion coupled to a dynamical
gauge field

Sanyon CFT =
∫
d3x ψ̄i��Dψ −

k

4πε
µνλaµ∂νaλ , (1.4)

with level k � 1. A non-relativistic cousin of this theory goes under the name of anyon
superfluid [14, 15], and we show that the CFT (1.4) also becomes a superfluid at finite
density. Weak coupling ∼ 1/k of this CFT allows one to derive the corresponding superfluid
EFT (1.1) directly from (1.4), thereby obtaining expressions for the EFT parameters α and
κ. Large charge operators in this theory are monopoles, dressed with fermions occupying
the first k Landau levels. The degeneracy of Landau levels on the sphere (or monopole
harmonics) implies that κ fermions are missing from the kth Landau level — these are the
κ vortices expected from the EFT.

The rest of this paper is organized as follows: the EFT (1.1) for parity-violating
conformal superfluids is constructed and studied classically in section 2. It is quantized
in section 3, where the spectrum of lightest operators at large charge is discussed, and
eqs. (1.2), (1.3) are obtained. As the leading parity-violating effect in the EFT, κ also
gives the leading contribution to parity-odd heavy-heavy-light OPE coefficients in the large
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charge limit, which are also discussed in section 3. Finally, we test these predictions in the
weakly coupled CFT (1.4) and discuss further applications in section 4.

2 EFT of conformal superfluids

2.1 Review of parity-preserving EFT

We briefly review the construction of the EFT for conformal superfluids, referring the
reader to ref. [6] for details. In a superfluid phase, a Goldstone φ nonlinearly realizes
the internal U(1) symmetry (as well as certain spacetime symmetries); the most general
invariant Lagrangian may be easily obtained requiring U(1) and Weyl invariance. Retaining
terms up to second order in derivatives, one obtains:

S = − c1
d(d− 1)

∫
ddx
√
g|∂φ|d

+ c2

∫
ddx
√
g|∂φ|d

{
R
|∂φ|2

+ (d− 1)(d− 2) [∇µ|∂φ|]2

|∂φ|4

}
(2.1)

+ c3

∫
ddx
√
g|∂φ|d

{
Rµν

∂µφ∂νφ

|∂φ|4
+ (d− 1)(d− 2) [∂µφ∇µ|∂φ|]2

|∂φ|6

+(d− 2)∇µ
[
∂µφ∂νφ

|∂φ|2
] ∇ν |∂φ|
|∂φ|3

}
+ · · ·

where Rµν and R ≡ Rµµ are the Ricci tensor and scalar for the background metric g. We
will only need the leading term with coefficient c1 in this paper. The terms beyond the first
line are two-derivative suppressed compared to the leading term, and · · · denotes higher
derivative terms. In the next section, we will see that the leading parity-violating terms
are only one-derivative suppressed compared to c1.

The microscopic U(1) symmetry is nonlinearly realized on the scalar field as φ→ φ+c.
In addition, the superfluid phase has an emergent (d − 2)-form symmetry U(1)(d−2) that
counts the winding of φ. The currents for both of these symmetries are

jµ = c1
d− 1 |∂φ|

d−2∂µφ+ · · · , Jµ1···µd−1 = 1
2πεµ1···µd∂

µdφ , (2.2)

where · · · denotes higher derivative terms. The currents are normalized such that their
integrals over closed manifolds produce integer valued charges

∫
Md

?j and
∫
M1

?J .

2.2 Parity-violating terms

Parity-violation is better studied after dualizing, namely replacing the scalar degree of
freedom φ with a gauge field (see e.g. [16] where this is done in a similar context). This can
be achieved by replacing ∂µφ → vµ and introducing a Lagrangian parameter i

2π
∫
a ∧ dv

that forces vµ to be longitudinal. Integrating vµ out then leads to the effective action

S = −α
∫
ddx
√
−g|f |

d
d−1 + · · · (2.3)
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with fµ ≡ εµλ1···λd−1∂
λ1aλ2···λd−1 and |f | ≡

√
−fµfµ, and · · · denotes higher derivative

terms coming e.g. from c2 and c3 in (2.1). The coefficient α is given in terms of c1 by
eq. (2.6) below. The currents (2.2) are now given by

jµ = 1
2πfµ , Jµ1···µd−1 = α

d

d− 1εµ1···µd
fµd

|f |
d−2
d−1

, (2.4)

and the stress tensor is

Tµν = d

d− 1α|f |
d
d−1

(
uµuν + 1

d
gµν

)
+ · · · , (2.5)

where we have introduced a unit vector uµ ≡ fµ/|f | satisfying uµuµ = −1. Around finite
density backgrounds 〈jµ〉 = 1

2π 〈f
µ〉 = ρδµ0 , the energy density is ε = α(2πρ)

d
d−1 , which

leads to the relation ∆min(Q) ∼ αQ
d
d−1 for large charge operators studied in section 3. The

dimensionless charge susceptibility of the superfluid is given by

χ0 ≡
1

µd−1
dρ

dµ
= c1 = d− 1

(2π)d
(
d− 1
dα

)d−1
. (2.6)

We will interchangeably use χ0 or α in the rest of the paper.
We now specialize to d = 3 spacetime dimensions. In this dual picture it was found in

ref. [13] that one can write two parity-violating terms consistent with symmetries that are
only one-derivative suppressed compared to the leading term (2.3)2

S = −α
∫
d3x
√
−g |f |3/2

+ ζ

∫
d3x |f |εµνλuµ∂νuλ

+ κ

8π

∫
d3x
√
−g aµεµνλεαβγuα

(
∇νuβ∇λuγ −

1
2Rνλ

βγ
)

+O(∂2) ,

(2.7)

We are focusing here on parity-violating superfluids with conformal symmetry, the more
general case is discussed in appendix A. The two new terms ζ, κ are less relevant than
the leading term α, but more relevant than the subleading corrections c2, c3 in (2.1). The
advantage of working in the dual picture is now clear: the ζ term would vanish if written
in terms of uµ = ∂µχ/|∂χ|, and the κ term would be non-local.3 Note that this term is
gauge invariant because aµ is contracted with an identically conserved current

JµEuler ≡
1

8πε
µνλεαβγu

α
(
∇νuβ∇λuγ −

1
2Rνλ

βγ
)
, (2.8)

2The action (2.7) can presumably also be obtained directly using an appropriate coset construction,
along the lines of ref. [17]. One advantage of this somewhat more tedious approach is that all terms can be
obtained ‘algorithmically’, including the κ term which arises as a Wess-Zumino term following refs. [18, 19].

3Said differently, the κ term explicitly breaks the emergent winding (1-form) symmetry, which acts on
the gauge field as aµ → aµ + cµ. Non-conservation of the 1-form current will have crucial consequences in
section 2.3.
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called ‘Euler current’ in ref. [13]. The name stems from the fact its integral on a spatial
manifold is proportional to its Euler charateristic — see e.g. eq. (2.16) below. Invariance
under large gauge transformations requires

κ ∈ Z . (2.9)

We do not include a Chern-Simons term in (2.7); as a relevant term breaking the 1-form
symmetry, it would gap the system. For generic values of the Wilson coefficients, the
superfluid phonon would receive a mass of the order of the EFT cutoff.4 Since the coefficient
of the Chern-Simons term is quantized and does not receive radiative corrections, choosing
its coefficient to vanish is technically natural.

In the conformal context, the EFT (2.7) can in fact be simplified. Since the ζ term
vanishes on the leading equations of motion (because of conservation of Jµν in (2.4)), one
might expect that it can be removed with a field redefinition. Although this is not quite
correct in the general case (cf. appendix A), it is for the conformal superfluid where the
field redefinition is

aµ → aµ + 2ζ
3α

fµ
|f |1/2

. (2.10)

Now this field redefinition does not preserve the normalization
∮ a

2π ∈ Z, unless ζ =
(

3α
2

)2
n

with n ∈ Z. In this case (2.10) reads

aµ → aµ + n(?J)µ , (2.11)

which preserves the normalization because of the quantization of the higher form
charge (2.4). The part of ζ that cannot be removed is therefore circle-valued ζ =

(
3α
2

)2
θ

2π
with θ ∈ [0, 2π) and has similar properties to a θ-term in gauge theory. The final EFT for
parity-violating conformal superfluids hence takes the form

S = −α
∫
d3x
√
−g |f |3/2

+ θ

∫
(?J) ∧ d(?J) + κ

∫
d3x
√
−g aµJµEuler

+O(∂2) ,

(2.12)

The θ term is a total derivative and it does not contribute in perturbation theory around the
homogeneous background. Nonetheless, it has simple nonperturbative effects; for example,
it will split the energy of positive and negative winding vortices on the plane R2. Since
we will be working on a compact spatial manifold, namely the sphere S2, we can drop all
total derivatives and simply work with the action (1.1).

The stress tensor of the theory (2.12) is given by

Tµν = 3
2εu

µuν + η̃
[
uαε

αβµ∇βuν + (µ↔ ν)
]
− trace + · · · , (2.13)

4In section 4.1, we apply the EFT to a weakly coupled CFT, where the presence of a small parameter
allows the inclusion of a Chern-Simons term without producing an empty theory below the cutoff (see in
particular eq. (4.12)).
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with ε = α|f |3/2 and η̃ = κ
8π |f |. This expression fits into the general form a stress tensor

takes in a parity-violating fluid [20]; a more thorough comparison with the hydrodynamics
is given in appendix A, where details for obtaining the stress tensor from (2.12) are also
given. In hydrodynamics, η̃ is referred to as the Hall viscosity, because it describes parity-
odd momentum transport in finite density states 〈fµ〉 = 2πρδµ0 through the Kubo formula
(see e.g. [21])

η̃ = lim
ω→0

1
iω
GRTxxTxy(ω, k = 0) . (2.14)

Eq. (2.9) implies that η̃ is quantized in units of ρ/4 in relativistic superfluids.

2.3 Placing the EFT on the sphere requires vortices

In order to study the large charge spectrum of local operators in CFTs, we place the
EFT (2.7) on a spatial sphere S2. Strikingly, it turns out that, despite its gradient sup-
pression, the leading parity-odd term κ has an important qualitative effect when study-
ing the theory on the sphere: it forbids a homogeneous finite density solution 〈fµ〉 =
2πρδµ0 [13, 22, 23]. This can be seen from the equation of motion for aµ, which reads
as a non-conservation of the 1-form current (or simply as charged electric matter in dual
language)5

∇µJµν = κJνEuler . (2.15)

Looking for a solution close to the homogeneous finite density profile 〈fµ〉 = 2πρδµ0 , which
is a solution of the leading order equation of motion, one finds that the right-hand side is
proportional to the Euler density on the sphere

JνEuler ' δν0
R
8π = δν0

1
4πR2 . (2.16)

Eq. (2.15) then requires a velocity field with a constant vorticity on the sphere, which is not
possible without producing vortices.6 In dual language, (2.15) introduces a constant electric
charge density, which on the sphere must be neutralized by charged matter for Gauss’s law
to hold. Although we have here expanded around the finite density background, these
conclusions hold more generally, see ref. [13].

We therefore generalize our EFT to include vortices. The spacetime trajectories of the
vortices can be parametrized with worldlines Xµ

p (τ). The most general action compatible
with the symmetries of the system reads:

S = Ssuperfluid + Svortices , (2.17)

5We expect the existence of higher derivative O(∂3) terms in the EFT that also break the 1-form
symmetry (perhaps related to the gravitational Chern-Simons term, see refs. [24, 25]). These will give
contributions to the right-hand side of (2.15), which however vanish when evaluated on the background,
and therefore do not affect the discussion in this section.

6This vorticity can also be neutralized with a background flux of magnetic field for the U(1) symmetry.
In this context κ is related to the ‘shift’ of superfluids and quantum Hall systems [13, 26–28]. Since CFT
operators map to states on the sphere without any fluxes, we do not turn on any background fields in
the following.
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with Ssuperfluid given by (2.7) and [16, 29]

Svortices = −
∑
p

(
wp

∫
Xp
a+ γp

∫
Xp
|f |1/2 dXp + · · ·

)

= −
∑
p

∫
dτ

(
wp aµẊ

µ
p + γp|f |1/2

√
−gµνẊµẊν + · · ·

)
,

(2.18)

where wp ∈ Z are the windings and γp the dimensionless tensions of the vortices
p = 1, 2, . . . , Nvortices. Equation (2.15) now instead reads

∇µJµν = κJνEuler − jνvortex . (2.19)

A natural derivative counting scheme in the superfluid and vortex system is f ∼ ∂a ∼ 1
and ∂X ∼ 1. In this scheme the α term is O(∂0), the κ term and Wilson line term are
O(∂) (note that δ2(x −Xp) ∼ ∂2), and the contribution from the vortex velocities in the
tension term is O(∂2). In this paper, we only study the leading effects of parity violation
— we therefore only keep terms up to O(∂) and work with the action

S = −α
∫
d3x
√
−g|f |3/2

+
∫
d3x
√
−g aµ

(
κJµEuler −

∑
p

wpδ
2(x−Xp)Ẋµ

p

)
+O(∂2) .

(2.20)

Quantum mechanically, the spectrum of a point particle on the sphere in a monopole
magnetic field consists of Landau levels [30]. Dropping the mass term for the vortex
is equivalent to restricting the description to the lowest Landau level [31, 32]. Indeed,
the gap separation of higher Landau levels is given by the cyclotron frequency formula
ρ/mvortex ∼

√
ρ/γ, which coincides parametrically with the EFT cutoff.

We now can compute the energy and angular momentum deriving from the action (2.20)
for an arbitrary classical state; our analysis will be almost identical to the one in ref. [16].
The results obtained here will then be used in the next section to study the CFT spectrum.
We begin by expanding the fields around a solution with finite density ρ:

〈jµ〉 = 1
2π 〈f

µ〉 = ρδµ0 , (2.21)

and write the electric and magnetic fields as

f0 = 2πρ− b , f i = −εijej . (2.22)

To first order in perturbation theory, the equations of motion reduce to the ones of elec-
trostatic for point charges on the sphere in the presence of a homogeneous charge density:

α
3/2√
2πρ∇ · e = κ

4πR2 −
∑
p

wpδ
2(x−Xp) , ei = f ij(Ẋp)j . (2.23)

– 8 –



J
H
E
P
0
5
(
2
0
2
1
)
1
1
5

The first equation is just Gauss’s law on the sphere; to this order, the magnetic field
perturbation b is unsourced. The second equation in (2.23) implies that vortices move
with small drift velocities | ~̇Xp| ∼ 1/√ρ in trajectories of vanishing Lorentz force. This is
consistent with the absence of fast cyclotron degrees of freedom in the EFT. Integrating
the first equation in (2.23) we obtain ∑

p

wp = κ . (2.24)

As expected, consistency of Gauss’s law on the sphere implies the net charge of the vortices
must neutralize the homogeneous contribution from the Euler term. Finally, it is easy to
solve equation (2.23) — for example, for a single vortex (κ = 1) placed on the north pole,
one finds

α
3/2√
2πρesol(θ) = − 1 + cos θ

4πR sin θ θ̂ . (2.25)

Solutions for κ > 1 can be obtained by superposing (2.25) with coordinates rotated to the
location of the vortices.

To leading order, the stress tensor is not affected by the presence of vortices and is
still given by eq. (2.5). We then find the energy of the classical state as

∆/R = α

∫
d2x
√
−g

[
(2πρ)3/2 + 3/4√

2πρe
2
]
, (2.26)

with the electric e field given by the solution to Gauss’s law (2.23). Solving in terms of the
vortex worldlines, we obtain:

∆ = 2
3
√

2πχ0
Q3/2 +

√
2πχ0
8

√
Q

[
κ2(log 4− 1)−

∑
p,r

wpwr log(~Rp − ~Rr)2
]
, (2.27)

where ~Rp = (sin θp cosφp, sin θp sinφp, cos θp) is the position of the pth vortex in the R3 em-
bedding of the unit sphere, and where the dimensionless susceptibility is χ0 = 1

9π3α2 (2.6).
The first term in parenthesis is the electrostatic energy due to the homogeneous charge
induced by the Euler current, while the second one is the electrostatic potential for the
interacting vortices. The terms with p = p′ diverge, but they will be cutoff at distances
of order the vortex size δX ∼ α−1/

√
ρ.7 These correspond to the usual fugacities of the

vortices, which give a constant contribution ∼ √ρ log ρ to the energy. Notice that because
of the self-energy term, vortices with charge wp = ±1 are generically energetically favored.
We neglected contributions from higher derivative terms and from the particle masses in
eq. (2.27).

Finally we can compute the angular momentum by evaluating the stress tensor (2.5)
on the solution (2.25). To leading order this is given by

~J = 3α
2
√

2πρ
∫
d2x
√
g ~niεij

√
gej = Q

2
∑
p

wp ~Rp , (2.28)

7This estimate is obtained considering the distance from the vortex core at which the electric field (2.25)
becomes comparable with the leading monopole magnetic field.
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where we denoted collectively ~ni = (nix, niy, niz) the Killing vectors associated with rotations
and we used Gauss’s law to obtain the right hand side. When all vortices have the same
charge, eq. (2.28) implies that the angular momentum is proportional to the center-of-mass
of the system. This property will be important in the following.

Finally we mention that in the EFT (2.17) we neglected the possible existence of ad-
ditional degrees of freedom living in the vortex cores. In particular, vortices may carry
internal spin degrees of freedom. These may be included in the EFT straightforwardly
introducing Grassmanian fields on the wordlines and would provide additional O(1) contri-
butions to the angular momentum, as well as a O(

√
Q) contribution to the energy due to

Pauli interaction between the spin and the monopole magnetic field (see [33] for a more de-
tailed analysis in a similar context). Both of these contributions are subleading with respect
to the ones we consider in this paper, and therefore, in what follows, we shall consistently
neglect any additional dynamics of the vortices other than the motion of the worldlines.
We will nonetheless return to this point when considering microscopic realizations of the
superfluid vortices for specific theories in section 4.

3 Large charge CFT spectrum and OPEs

In this section we apply the EFT discussed in the previous section to the study of the
spectrum of conformal field theories, following the strategy presented in ref. [5]. More
precisely, we consider generic non-parity preserving CFTs with a U(1) global symmetry
which enter a superfluid phase when coupled to a chemical potential µ� 1/R on R× S2,
where R is the sphere radius. Such CFTs have a large charge spectrum of operators
controlled by a superfluid EFT description. The EFT, combined with the state-operator
correspondence, then allows to extract the CFT data of the corresponding operators in a
systematic expansion in inverse powers of the charge.

3.1 The lightest operator at fixed charge: classical analysis

To leading order in 1/Q, the dimension of the lightest operator of charge Q is independent
of the presence of vortices or higher derivative terms. It can be found simply from eq. (2.5)
and reads:

∆min(Q) ' 2
3
√

2πχ0
Q3/2 + · · · , (3.1)

where χ0 is the dimensionless charge susceptibility of the CFT. The notion of a charge
susceptibility is meaningful regardless of the phase of matter that the CFT enters at finite
density.8 It is a property of the CFT that cannot be revealed by light operators only
(it is similar in that respect to the coefficient bT in d > 2 which controls the Cardy
density of states of heavy operators [9, 11, 35]). For CFTs that enter a superfluid phase
at finite density, it is related to the superfluid stiffness by eq. (2.6). The result eq. (3.1)
is independent of the discrete symmetries of the theory, and in fact follows from simple

8For example the charge susceptibility of the O(2) Wilson-Fisher CFT was obtained from Monte-Carlo
simulations in ref. [34] to be χ0 = ( 2

3c3/2
)2 ≈ 0.6225.
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dimensional analysis [5].9 However, subleading corrections to (3.1), the angular momentum
of the ground state, and the spectrum of nearby operators are drastically affected by the
parity-violating terms in the second line of (2.20), as we now discuss.

Let us now consider the classical ground state for the theory including vortices. This
amounts to finding the classical configuration minimizing the expression (2.27). We recall
first that, because of their logarithmic self-energy, vortices with |wp| = 1 are energetically
favored. Therefore we consider κ identical charges interacting through the electrostatic
field. The problem of finding the configuration of charges minimizing the logarithmic
potential (2.27) on the sphere, or equivalently the product of their distances, is known as
Whyte’s problem [37] in the mathematical literature. The solution is known for a few values
of κ, but not in general.10 However, we shall need only the following general property of
the solution [38]: the minimal energy configuration for κ > 1 has center of mass at the
origin of the sphere, i.e. vanishing dipole. In terms of the superfluid and its vortices, this
implies that the ground state has vanishing angular momentum (2.28) for κ > 1. For
κ = 1 instead, eq. (2.28) implies that the ground state has spin J = Q/2. In summary the
classical spin of the lightest operator of charge Q reads:

J(Q) =

Q/2 |κ| = 1 ,
0 |κ| 6= 1 .

(3.2)

The leading correction to its dimension ∆min(Q) (3.1) comes from the fugacities of the
vortices, which can be obtained from (2.27) without solving the interactions:

∆min(Q) = 2
3
√

2πχ0
Q3/2 + κ

√
2πχ0
8

√
Q log Q

χ0
+O(

√
Q) . (3.3)

In words, each vortex gives a
√
Q logQ contribution to the dimension of the large charge

operator. This is more singular than the non-universal O(
√
Q) corrections, which arise from

the vortex tensions and interactions, as well as from the subleading terms in the EFT (2.1).
We do not write the O(

√
Q) term explicitly; its coefficient depends on additional Wilsonian

coefficients of the EFT. We stress that unlike in ref. [16], where it was found that the lightest
state with charge Q and spin

√
Q . J < Q also contains vortices (with again a

√
Q logQ

contribution to ∆), we are here discussing the lightest operator at any spin in a parity
violating CFT. When |κ| 6= 1, this state has no angular momentum but still contains
vortices. Higher spin operators with the same charge Q will also exist but have larger
dimension — they correspond to phonon or vortex excitations on top of the ground state
and will be discussed in section 3.3. We have kept track of the charge susceptibility inside
the logarithm in eq. (3.3); although one expects χ0 = O(1) for strongly coupled CFTs, in
weakly coupled theories χ0 can take parametrically large or small values as we will see in
section 4 (see also [39]).

9More precisely, eq. (3.1) follows from the assumption that the scaling dimension ∆min(Q) admits a
non-trivial macroscopic limit [7]; this assumption might be violated when additional symmetries require the
existence of flat directions, as in free theories or theories with extended supersymmetry [36].

10Here are some examples: for κ = 2 the charges are at opposite poles; for κ = 3 they are on the corners
of an equilateral triangle; for κ = 4 they are on the corners of a tetrahedron.
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The present classical analysis leaves some open questions. For instance, though the
ground state for |κ| 6= 1 has angular momentum J = 0, it is classically inhomogeneous —
what is then its quantum mechanical spin? What is its degeneracy? And are there quan-
tum corrections to eqs. (3.2) and (3.3)? Addressing these questions requires a quantum-
mechanical description of the vortex worldlines. We shall illustrate how to proceed in
section 3.3, where we show that quantum corrections provide only subleading corrections
to our results (3.2) and (3.3), and discuss the low-lying spectrum of vortex excitations.
We study in particular the dimension ∆min(Q, J) of the lightest operator at large charge
Q and finite spin J — lightest states at fixed quantum numbers are more easily accessible
via numerical methods.11

Before doing so, we briefly review the spectrum of superfluid phonons, which arises
even when κ = 0 and whose treatment is almost identical to the parity-preserving case [5].

3.2 Superfluid phonons

The dynamics of the superfluid phonons can be described expanding eq. (1.1) to quadratic
order in the gauge field fluctuations:

S ' α 3/4√
2πρ

∫
d3x

[
e2 − 1

2b
2
]

+O(b3/ρ)

+ κ

8π
1

2πρ

∫
d3x εije

iėj +O(∂b3/ρ) + · · · .
(3.4)

If coefficients α, κ are order unity, both derivatives and interactions are suppressed by the
same scale Λ ∼ √ρ. The theory could be quantized as such, with κ giving a contribution to
the Goldstone propagator. However we prefer to remove the κ term with a field redefinition;
the quadratic action will then match that of parity-preserving superfluids so that the
quantization of refs. [5, 6] applies, at the cost of introducing new terms in operators such
as the currents jµ and Tµν . The appropriate field redefinition is aµ → aµ + δaµ with

δa0 = κ

8πα
1/3√
2πρb , δai = κ

8πα
2/3√
2πρεijej . (3.5)

Note that for the purposes of doing perturbation theory, the normalization
∮ a

2π ∈ Z need
not be preserved. The action is now given by only the α term in (3.4), i.e. it is identical
to that of parity-preserving conformal superfluids, which were quantized on the sphere
in [5, 6]. The canonically normalized Goldstone degree of freedom is mode-expanded on
the sphere of radius R as

πc(t, n̂) = π0 + π1t+
∑
J>0

∑
|m|≤J

1√
2ΩJ

(
aJmYJm(n̂)e−iΩJ t/R + h.c.

)
, (3.6)

11For example, it should be straightforward to extend the Monte-Carlo simulations of ref. [34] to obtain
∆min(Q, J) for the first few spins. Although their current results are consistent with any phase of matter at

finite charge and energy density, observing the (close to) linear dispersion ∆min(Q, J) = ∆min(Q)+
√

J(J+1)
2

would essentially confirm superfluidity. On a cubic lattice, spins J = 0, 1, 2, 3, 4 should be accessible, since
the cubic subgroup of SO(3) has 5 irreps. In parity-violating CFTs with κ 6= 0, we find that ∆min(Q, J) is
instead very different and not controlled by phonons, see e.g. eq. (3.14).
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with creation and annihilation operators satisfying [aJm, a†J ′m′ ] = δJJ ′δmm′ , and ΩJ =√
J(J+1)

2 . The Hilbert space of the EFT in the sector of charge Q = 4πR2ρ consists of
phonon Fock states

|Q, {nJm}〉 =
∏
J>0

∏
|m|≤J

1√
nJm!

(a†Jm)nJm |Q〉 , (3.7)

with energy 1
R

∑
J≥|m| nJmΩJ above the ground state |Q〉. States with n1m > 0 are de-

scendants, and their matrix elements are determined in terms of the primaries from which
they descend: in the EFT this follows from the momentum operator obtained from the lin-
earized stress tensor which satisfies Pµ ∝ a†1m+h.c.. The spectrum receives corrections due
to interactions; however at large Q these are suppressed by 1/Q. The fields b, ei appearing
in (3.4) are related to the canonically normalized scalar as

ei =
(√

2πρ
3α

)1/2

εij∂jπc + · · · , b = −2
(√

2πρ
3α

)1/2

π̇c + · · · . (3.8)

3.3 Quantization and the spectrum of vortices

We now turn to the vortices. At a quantum level, the spectrum of vortices consists of
Landau levels on the sphere, or monopole harmonics [30]. The lowest Landau level has spin

J = 1
2

∫
S2

f

2π = Q

2 , (3.9)

in agreement with the classical angular momentum obtained in eq. (2.28). Higher Lan-
dau levels are separated by a gap given by the cyclotron frequency ωc ∼ ρ/mvortex ∼

√
ρ/γ

which is at the cutoff. This implies that the EFT describes κ particles in the lowest Landau
level. Quantization then imposes the following algebra for the vortex coordinates12

[Jpa , J
p′

b ] = iεabcJ
p
c δpp′ , ~Jp = Q

2
~Rp . (3.10)

Because of the non-commutativity of the vortex coordinates, this system is sometimes re-
ferred to as a “fuzzy sphere” [40]. In the following, we will use eq. (3.10) to study the
spectrum of vortex excitations at a quantum level.

We start with the case |κ| = 1, which is special in several aspects. Since there is only
a single vortex, eq. (2.27) only produces the fugacity contribution accounted for in (3.3).
The spectrum simply consists of a single spin J = Q/2 state, tensored with the spectrum
of phonons. The most striking aspect of this result is that it implies that the lightest
operator of charge Q� 1 has a large spin J = Q/2, and therefore transforms non-trivially
under rotations. Classically, the vortex could take any position on the sphere. Quantum
mechanically, the large degeneracy of the ground state is resolved to be Q

2 (Q2 + 1). It is
also interesting that this spin is half-integer for half the values of Q — a CFT that enters
a superfluid phase with |κ| = 1 is therefore necessarily fermionic. Notice that whether the
ground state is fermionic for even or odd values of Q depends on the internal spin of the

12Specifically, this follows from the vortex kinetic term aiẊ
i
p in (2.20), see e.g. [16].
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vortex, and thus might depend on the specific theory under consideration. More generally,
CFTs with κ odd are necessarily fermionic.

Let us now turn to the case |κ| > 1. The κ vortices each have spin J = Q/2 and
interact through the potential in (2.27). We must therefore solve the problem of κ spins
with the following all-to-all interaction:

H = −
√

2πρ
3α

∑
p<p′

1
2π log | ~Jp − ~Jp′ |2 + const. . (3.11)

Let us start by considering κ = 2 vortices. In this case the Hamiltonian can be diagonalized
in terms of the Casimir

( ~J1 + ~J2)2 = J(J + 1) , ~J 2
1 = ~J 2

2 = Q

2

(
Q

2 + 1
)
, (3.12)

and is given by

H = −
√

2πρ
6απ log [Q(Q+ 2)− J(J + 1)] + const. , (3.13)

so that the ground state is unique and has spin J = 0. Recall that classically, the ground
state for κ = 2 consists of two vortices at opposite pole — the total angular momentum
vanishes but the state is inhomogeneous and highly degenerate, as it can be rotated into
other configurations. Here we see that at the quantum level the degeneracy is lifted and the
true ground state minimizing (3.13) instead has spin J = 0. It has energy given by (3.3)
with now κ = 2. The low-lying vortex excitations are states with J > 0 — expanding (3.13)
for J � Q shows that they have energy

∆min(Q, J) = ∆min(Q) +
√

2πχ0
4

J(J + 1)
Q3/2 + · · · . (3.14)

These excitations are much softer than the superfluid phonons discussed in the previous
section, which have ∆Q, J − ∆min(Q) =

√
J(J + 1)/2. The lightest operator of charge Q

and spin 0 < J . Q is therefore an excitation of the vortices. The full spectrum consists
of a tensor product of the vortex spectrum and the phonon Fock states — part of this
low-lying spectrum is shown in figure 1. Notice also that we expect the two vortices to be
identical, hence their wave-function should be properly symmetrized or antisymmetrized
depending on their internal spin. For instance, assuming bosonic vortices, this implies that
only even values of J are allowed in eq. (3.14).

We were not able to solve the Hamiltonian (3.11) exactly for larger values |κ| > 2.
Exact diagonalization of the Hamiltonian (3.11) for low values of κ and Q suggests that
the ground state minimizes its spin — i.e. it has J = 1/2 when κ · Q is odd and vanishes
otherwise. In general, the commutation relations (3.10) imply that the non-commutativity
of the vortex coordinates is proportional to 1/Q, which hence controls quantum correc-
tions. This implies that the classical angular momentum (2.28) may receive at most O(1)
corrections due to quantum effects. This may be seen more formally as follows: since the
Hamiltonian (3.11) describes κ interacting spins with spin Q/2 and we are interested in
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the Q� 1 limit, it can be studied using the coherent state approximation [41]. This leads
to the following representation for the partition function of (3.11):13

Z[β] = Tre−βH = Tr
[
e
β
∑

p<p′ log( ~Jp− ~Jp′ )2
]

=
∫
D ~Np δ( ~N2

p−1)exp

β∑
p<p′

log( ~Np− ~Np′)2− β
Q
δE( ~Np, ~Np′)+O

( 1
Q2

) , (3.15)

where we introduced an inverse temperature β to be taken to infinity. The coherent state
representation amounts to a replacement of the spins ~Jp → Q

2
~Np+O(Q0) where the ~Np are

continuous unit vectors. The subleading in 1/Q pieces in the map depend on the operator
under consideration, see ref. [41] for examples. The energy and angular momentum of
the ground state can be obtained evaluating the partition function in the saddle-point
approximation and taking the β →∞ limit. To leading order, this yields the same answer
as the classical solution to Whyte’s problem: ~Np = ~NWhyte

p . However, the δE/Q correction
implies that it is advantageous to turn on a slight deviation ~Np = ~NWhyte

p + δ ~Np, with
δ ~Np ∼ 1/Q, to minimize the energy. This may in turn produce a small magnetization.

The spectrum of vortex excitations becomes richer as κ increases. Although we will
not attempt to study it in detail for |κ| > 2, we expect low-lying vortex excitations to
still be softer than phonons as we found for |κ| = 2. Indeed, the dimension of the lightest
large-charge operator with a spin 1 � J � Q can be estimated classically by again
considering a small deviation δ ~Np from the Whyte solution. This will produce a total spin
J ≤ κQ2 maxp |δNp|, and an energy cost δE ∼ κ2

√
ρ
α δN

2. This leads to the estimate

∆min(Q, J)−∆min(Q) ' aκ
√

2πχ0
J2

Q3/2 , (3.16)

with aκ = O(1) for general κ satisfying 1 < |κ| = O(1).14 The fact that the spectrum
of vortex excitations is softer than phonons also holds in the κ → ∞ limit studied in
section 3.6.

3.4 Classical OPE coefficients for κ = 1

The EFT can also be used to study matrix elements of light local operators in between
the superfluid ground state and/or its excitations. In the following we shall analyze the
predictions for some of the OPE coefficients involving the U(1) current or the stress tensor,
mostly focusing on the leading parity violating effects. When doing so, it will be convenient
to distinguish between semiclassical correlators, whose leading value can be obtained by
simply considering the classical expectation values of specific operators, and quantum ones,
which are instead controlled by the (small) quantum fluctuations of the fields. We study
the former here and the latter in section 3.5.

13Here we rescaled away the constant in front of eq. (3.11) for notational simplicity.
14The O(1) coefficient can be obtained from the explicit solution to Whyte’s problem, when known. The

κ = 2 solution in eq. (3.14) gives a2 = 1
4 . For the κ = 3, 4 configurations described in footnote 10, we find

a3 = 1
3 and a4 = 9

16 .
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In this section we first demonstrate how to compute classical OPEs, focusing on matrix
elements of the U(1) current in between the |κ| = 1 ground state with J = Jz = Q/2.
These can be obtained considering the classical expectation values of these operators for
a configuration with a single vortex at the north-pole (θ = 0). For instance, from the
expression for the U(1) current (2.4), we obtain the following matrix elements:

〈j0〉 = − Q

4πR2 , 〈jφ〉 = − 2
3α

√
2πρ

8π2R
(1 + cos θ) . (3.17)

Here we used fµ ' 2πρδµ0 and eq. (2.25).
The predictive power of the EFT is easily illustrated comparing eq. (3.17) with the

most general possible structure for the CFT matrix elements:15

〈vorJ |j0(x)|vorJ〉 =


∑J
m=0 am sin2m θ + cos θ

∑J−1
m=0 bm sin2m θ , J = integer ,∑J−1/2

m=0 am sin2m θ + cos θ
∑J−1/2
m=0 bm sin2m θ , J = half-integer ,

〈vorJ |jφ(x)|vorJ〉 =


∑J
m=1 cm sin2m θ + cos θ

∑J
m=1 dm sin2m θ , J = integer ,∑J+1/2

m=1 cm sin2m θ + cos θ
∑J−1/2
m=1 dm sin2m θ , J = half-integer ,

(3.18)

where |vorJ〉 is the J = Jz ground state. The coefficients am and cm multiply parity-even
structures, while the coefficients bm and dm parity odd ones. To compare this eq. with the
EFT result (3.17), we notice that not all the structures in eq. (3.18) can be predicted, as
some of them will be peaked at the vortex core or they might involve Fourier components
with frequency larger than the EFT cutoff ∼ √ρ. It is in turn convenient to use half-angle
formulas to rewrite the matrix elements in eq. (3.18) as:

〈vorJ |j0(x)|vorJ〉 =
∼
√
Q∑

m=0
αm cos2m θ

2 + terms outside the EFT ,

〈vorJ |jφ(x)|vorJ〉 =
∼
√
Q∑

m=1
βm cos2m θ

2 + terms outside the EFT ,

(3.19)

The αm and βm in eq. (3.19) are linear combinations of the coefficients in eq. (3.18).
Terms with m &

√
Q contain Fourier components with frequency larger than the cutoff

and are exponentially suppressed away from the vortex core, therefore we neglected them
in eq. (3.19). We may now compare with eq. (3.17) to obtain:

αm = − Q

4πR2 δ
0
m , βm = −

√
χ0Q

2
√

2πR2 δ
1
m , for m�

√
Q . (3.20)

We may similarly compute the matrix elements for the stress-energy tensor. Using
eq. (2.5) the EFT provides

〈T00〉 ' α(2πρ)3/2 , 〈T0φ〉 '
2πρ(1 + cos θ)

4πR , 〈Tφφ〉 '
α

2 (2πρ)3/2 , (3.21)

15Eq. (3.18) can be obtained imposing rotational invariance on the sphere; the conformal group addition-
ally relates these matrix elements to different ones involving descendant states, but it does not constraint
further the expressions (3.18).
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where we neglected subleading orders. Proceeding as before, we compare eq. (3.21) with
the following general parametrization:

〈vorJ |T00(x)|vorJ〉 =
∼
√
Q∑

m=0
ᾱm cos2m θ

2 + terms outside the EFT ,

〈vorJ |T0φ(x)|vorJ〉 =
∼
√
Q∑

m=1
β̄m cos2m θ

2 + terms outside the EFT ,

〈vorJ |Tφφ(x)|vorJ〉 =
∼
√
Q∑

m=0
γ̄m cos2m θ

2 + terms outside the EFT .

(3.22)

As a result we obtain:

ᾱm = 2γ̄m = 2Q3/2

3
√

2πχ0R2 δ
0
m , β̄m = Q

4πR2 δ
1
m , for m�

√
Q . (3.23)

Finally we comment that a purely classical approach cannot be used to compute OPE
coefficients in the ground state for κ = 2. This is because it does not have macroscopic
spin; in fact it has J = 0, and there is no semiclassical approximation for the homoge-
neous quantum wave-function of the vortices. Instead, one must properly integrate over
the zero-modes of the saddle-point configuration in the corresponding path-integral.16 A
semiclassical approach does however allow to compute the OPE coefficients of the excited
states (3.14) with J � 1 for κ = 2. The procedure is analogous to the one described above
and we do not report the results here.

3.5 Quantum OPE coefficients and transport

Phonon excitations lead to transport properties — namely two-point functions of currents
jµ, Tµν in the finite density state — that are characteristic of superfluids. One such
feature for parity-violating superfluids is the Hall viscosity (2.14), proportional to κ. In
a CFT, transport can be studied with 4-point functions involving two heavy operators,
e.g. 〈QTTQ〉. At a more basic level, transport signatures should be visible in off-diagonal
heavy-heavy-light OPE coefficients 〈QTQ′〉 [11]. When the large charge sector is controlled
by the superfluid EFT, we can make this manifest: the intermediate states in 〈QTTQ〉
that give the dominant contribution to transport correspond to the ground state dressed
with a single superfluid phonon — choosing Q′ = QJ ≡ a†Jm|Q〉 to be such a state (see
eq. (3.7)), one expects OPE coefficients 〈QjQJ〉 and 〈QTQJ〉 to capture the salient features
of transport in the superfluid state. This is illustrated in figure 2. Similar OPE coefficients
were studied in refs. [6, 7]; we follow the strategy presented there to compute heavy-heavy-
light OPE coefficients from the EFT. We are focusing on privileged light operators —
the U(1) current jµ and stress tensor Tµν — which are universally present in the CFTs of
interest. Moreover, their fixed normalization implies that matching these operators to the
EFT only involves, to leading order, the charge susceptibility χ0 (or equivalently α (2.6))
which can already be read off from the spectrum (3.1).

16A similar procedure involving the zero mode of the Goldstone field ensures charge conservation in
correlation functions [6].
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∆

jµ, Tµν

Q

∼ Q
d+1

d

Figure 2. Spectrum in the large charge sector of a CFT. The triangle shows an example of a
heavy-heavy-light OPE coefficient that can be computed from the superfluid EFT.

We therefore proceed to computing 〈QjQJ〉 and 〈QTQJ〉, focusing in this section on
phonon physics. At small wavevectors k ∼ 1/R on the sphere, phonons will be sensitive
to the presence of the κ vortices. To cleanly separate the phonon dynamics from that of
vortices, which were studied in the previous sections, we focus on wavevectors k � 1/R,
i.e on operators QJ with spin

1� J .
√
Q . (3.24)

In this regime, we can ignore curvature corrections, e.g. to the stress tensor (2.13). As
discussed in section 3.2, in order to utilize the phonon algebra of refs. [5–7], we needed to
perform a field redefinition (3.5). After this field redefinition the U(1) current is no longer
given by jµ = 1

2π εµνλ∂
νaλ but rather, to linear order in b, ei, by

j0 = ρ− 1
2πb , ji = − 1

2πε
ij
(
ej + 2/3√

2πρ
κ

8πα∂jb
)
. (3.25)

The stress tensor also receives an additional contribution shown in appendix A.4. It is then
straightforward to compute matrix elements of the current between single phonon states
and the vacuum, by expressing ei and b in terms of the canonical phonon field (3.8) and
using the algebra (3.6). For the time component of the current, one obtains:

〈Q|j0(t, n̂)|Q, Jm〉 = − 1
2π 〈Q|b a

†
Jm|Q〉

' −i
√

ΩJ
(χ0ρ/2)1/4

R
YJm(n̂)e−iΩJ t/R .

(3.26)
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where in the second step we used (3.8) and (3.6). For the spatial component,

〈Q|ji(t, n̂)|Q, Jm〉|odd ' −
1

2π
2/3√
2πρ

κ

8πα〈Q|∂jb a
†
Jm|Q〉

' −iκ
√

ΩJ
(2χ3

0/ρ)1/4

8R2 ∂jYJm(n̂)e−iΩJ t/R ,
(3.27)

where we focused on the parity-odd part, proportional to κ; the parity-even part can be
computed similarly and is related to (3.26) by the Ward identity. Matrix elements for the
stress tensor are obtained in appendix A.4.

These expressions can be recast into OPE coefficients after choosing a basis for CFT
three-point functions. On general grounds we expect the three-point functions to involve
one parity-even and one parity-odd OPE coefficient, see ref. [42]. In their notation, the
three-point function of O1 = Q†, O2 = jµ and O3 = QJ takes the form

G(P1, P2, P3;Z1, Z2, Z3) = 〈Q† j QJ〉|even

J2∑
α=0

cα(J2, J3) V J2−α
2 Hα

23V
J3−α

3

P
τ12,3/2
12 P

τ23,1/2
23 P

τ31,2/2
31

+ 〈Q† j QJ〉|odd

J2−1∑
α=0

c̃α(J2, J3)ε1V
J2−α−1

2 Hα
23V

J3−α−1
3

P
τ12,3/2
12 P

τ23,1/2
23 P

τ31,2/2
31

,

(3.28)

with J2 = 1 and J3 = J (recall that J > 1 for the single phonon state to be a primary).
The three point function with O2 = Tµν is similar, with J2 = 2. The coefficients cα and
c̃α are entirely fixed up to two overall constants c0 and c̃0 from the Ward identities. In
order not to lose the reader to technical details, we will not specify the overall normalization
conventions (which depend on the spin J) — the OPEs listed below therefore have an overall
J-dependent normalization which we are not keeping track of (their relative J dependence
is meaningful however). We are now left with the dynamics, in the OPE coefficients

〈Q† j QJ〉|even , 〈Q† j QJ〉|odd , 〈Q† T QJ〉|even , 〈Q† T QJ〉|odd . (3.29)

We only report the result to leading order in Q� 1 and for spins
√
Q & J � 1, dropping

numerical factors and emphasizing instead the parametric dependence on the quantum
numbers Q, J and CFT properties χ0, κ. The OPE coefficients involving the current jµ
can be obtained from eqs. (3.26) and (3.27):

〈Q† j QJ〉|even ∼ (χ0Q)1/4J1/2 ,

〈Q† j QJ〉|odd ∼ κχ
3/4
0 Q−1/4J3/2 .

(3.30)

For the stress tensor, one finds

〈Q† T QJ〉|even ∼
Q3/4

χ
1/4
0

J1/2 ,

〈Q† T QJ〉|odd ∼ κχ
1/4
0 Q1/4J3/2 .

(3.31)

To leading order in 1/Q, both parity-even OPE coefficients only depend on the quantum
numbers of the operators (Q and J) and on the susceptibility χ0 — they are entirely fixed
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once χ0 is measured through (3.1). The leading parity-odd OPE coefficients involve a
new parameter: the quantized coefficient κ ∈ Z appearing in the EFT (2.12). Eqs. (3.30)
and (3.31) exemplify how transport can be captured by off-diagonal heavy-heavy-light
OPE coefficients — for example the product of the two lines in (3.31) computes the Hall
viscosity (2.14) of the superfluid.

3.6 Large κ and vortex lattices

So far, we implicitly considered κ as an O(1) parameter. It is natural to ask what happens
in the limit κ � 1. Though we expect such situation to be mostly relevant in weakly
coupled theories, such as the ones we discuss in section 4, here we provide some general
comments from the EFT perspective.

Let us focus first on the properties of the ground state. The limit κ→∞ of Whyte’s
problem received considerable attention in the mathematical literature [38, 43]. It is sim-
ple to understand the main feature of the solution in our setup. For κ � 1 the vortex
distribution may be treated as approximately continuous. To minimize the energy, it is
then convenient for the vortices to arrange homogeneously on the sphere:

ρv(x) ≡
∑
p

δ2(xi −Xi
p)

κ�1≈ κ

4πR2 (3.32)

where the last equality holds in the sense of distributions clearly. In this way their contri-
butions cancels the charge sourced by the Euler term in the Gauss’s law (2.23), which thus
gives ei ≈ 0, hence minimizing the electrostatic energy. It may be shown that the contri-
bution to the electrostatic energy from pairwise interactions in this limit reads [38, 43]:

−
∑
p 6=r

log(~Rp − ~Rr)2 = −κ2(log 4− 1)− κ log κ+O (κ) . (3.33)

The leading term in this formula cancels the electrostatic energy due to the homogeneous
charge sourced by the Euler current in eq. (2.27), as expected. The logarithmic −κ log κ
correction then recasts our result (3.3) for the ground state energy in the form:

∆min(Q) = 2
3
√

2πχ0
Q3/2 + κ

√
2πχ0
8

√
Q log Q

κχ0
+O(

√
Q) . (3.34)

For the EFT to hold, we need to require that the one derivative terms in the second line
of the action (2.20) be subleading with respect to the leading order action; this leads
to the condition κ � α

√
Q ∼

√
Q/χ0.17 In practice eq. (3.34) might be of interest in

weakly coupled theories, where the Wilson coefficients also depend explicitly on κ. In that
case, it might happen that the subleading contribution from the vortex masses and the
higher derivative terms are numerically more important than the logarithmic fugacity of
the vortices in eq. (3.34) for non-exponentially large charge.

The large κ limit provides us with a handle on the otherwise complicated spectrum of
excited states. It was indeed observed numerically that the configuration minimizing the

17This condition is generically stronger than the one which follows from the requirement that vortex cores
are not overlapping: κ� χ2

0Q (recall the comments below eq. (2.27) on the vortex size).
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potential energy takes a regular structure in this limit [43], analogous to the usual triangular
lattice which is observed in superfluids [44, 45]. Therefore, at distances much larger than
the typical vortex separation 1/√ρv ∼ R/

√
κ, we may resort to a simplified description in

terms of the collective lattice coordinates of the vortices to study the CFT spectrum.
Rather than constructing the generic vortex lattice action, we prefer to adapt the

vortex lattice EFT of [46] to our problem; we do not expect significant differences in the
most general case. We therefore consider the following quadratic Lagrangian:18

L/√g ' α 3/4√
2πρ

(
e2
i −

1
2b

2
)

+ κ

4πReiu
i − κ(2πρ)

8π uiu̇jεij

− C1
2
√

2πρ(∇iui)2 − C2
2
√

2πρ
[
(∇iuk)2 −Rijuiuj

]
,

(3.35)

where ui is a vector representing the displacement from equilibrium of the vortex lattice
coordinates. The first term is just the phonon action, whose spectrum is unmodified to
leading order. The terms proportional to κ arise from the Euler term and from the minimal
coupling of the vortices to the gauge field. The coefficients Ci’s parametrize the elasticity
of the solid. We can estimate their value from the expression (2.27) for the electrostatic
potential; this gives Ci ∼ κ/α. Finally notice the appearance of the curvature Rij in the
last term,19 whose role will become clear in a moment.

Imposing that the determinant of the inverse propagator obtained from eq. (3.35)
vanishes, one finds the phonon mode, as well as a new mode with the following dispersion
relation:

ω2
J = 2C2

3α(2πρR2)

[
J(J + 1)
R2 −R

] [
1 +O

(1
κ

)]
, J ≥ 1 . (3.36)

The requirement J ≥ 1 arises since vector fields have no zero mode on the sphere. The
curvature contribution R = 2/R2 implies that ωJ vanishes for J = 1. This was to be
expected, since the lattice coordinates can be thought as the Goldstone bosons of the
rotations broken by the lattice. This implies that, analogously to the descendants created
by the J = 1 mode of the phonon, the rotation generators are proportional to the J = 1
mode of the lattice fluctuations, which should hence be gapless. Finally, we notice that
the sound speed of this mode is much smaller than the one of the phonons. Therefore,
as we found previously for κ = 2, the lightest mode with non-zero angular momentum is
provided by fluctuations of the vortices and its energy reads:

∆min(Q, J) = ∆min(Q) + C

√
χ0κ

Q

√
J(J + 1)− 2 , 1 ≤ J2 � κ , (3.37)

where C is a O(1) Wilson coefficient. The prediction (3.37) holds as long as the angular
momentum does not exceed the scale set by the vortex density.

A remark is in order. The reader familiar with spinning superfluids might find the
spectrum we just discussed rather bizarre. In particular, it is known that the low energy

18Here we neglected an higher derivative term − κ
8π(2πρ)eiε

ij ėj from the expansion of the Euler current
as well as a ∼

√
2πρ u̇iu̇i contribution to the kinetic term of the lattice coordinate fluctuations.

19This arises when expanding solid invariants — see [47] for details about the solid EFT on the sphere.
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spectrum of a vortex lattice usually consists of a single gapless mode, with quadratic
dispersion relation: the Tkachenko mode [48]. However, that result applies in a regime of
frequency which is inaccessible on the sphere for us, namely ω � mKohn where mKohn sets
the gap of the so called Kohn mode [49]. In our notationmKohn ∼ ρv

α
√
ρ , hencemKohn � 1/R

in our setup (see the discussion below eq. (3.34)). The two modes we find may instead be
considered as the extrapolation of the Tkachenko and the Kohn mode to higher frequencies
mKohn � ω � ρv.

Finally we notice that a similar EFT may also describe excitations of the large spin
states studied in [16], with appropriate modifications since the vortex density is not homo-
geneous in that situation.20

4 Applications

We expect our results to apply to a number of 3d CFTs, both strongly and weakly in-
teracting. Candidates without parity symmetry include QED3 with an odd number Nf

of fermions, or Chern-Simons-matter theories. Below we study a theory that has another
perturbative handle, where our predictions can be tested and extended to regimes beyond
the EFT discussed in the previous section. A number of perturbative checks have been
made for parity preserving theories, see e.g. [39, 50, 51].

4.1 Anyon superfluid

We consider a weakly coupled parity-violating CFT: a single Dirac fermion coupled to
U(1)−k+ 1

2
Chern-Simons term21

S =
∫
d3x ψ̄i��Dψ −

k

4πε
µνλaµ∂νaλ , (4.1)

with ��D = γµ(∂µ − iaµ). When the level k is large, 1/k acts as a loop counting parameter
and the theory is weakly coupled. For k = 0, this theory has time-reversal symmetry
(which acts non-trivially on the fermion field, mapping it to a monopole operator) and has
been conjectured to flow to the U(1) Wilson-Fisher CFT [52–54]. For generic values of k
it is however not time-reversal invariant. Moreover, non-relativistic versions of this theory
are known to enter a superfluid at finite density, at least at large k [14, 15, 55]. We will
in fact show that in this limit the EFT (1.1) can be derived from the microscopic weakly
coupled CFT (4.1) at finite density, confirming the validity of the framework in this context
and providing the EFT coefficients χ0 and κ.

Anyons on the plane. The theory (4.1) has a global U(1) symmetry carried by the
current

jµ = 1
2πε

µνλ∂νaλ . (4.2)

20We thank Angelo Esposito for discussions on this topic.
21The half-integer level refers to the fact that the theory is regularized such that gapping out the fermion

with +mψ̄ψ (−mψ̄ψ) drives the system to a topological phase S = − k′

4π

∫
ada with level k′ = k−1 (k′ = k).

Since we will work to leading order in k � 1, we will neglect this subtlety in what follows.
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The equation of motion for a0 is a constraint equation that attaches flux to fermion density

ψ̄γ0ψ = kj0 . (4.3)

We start by studying the theory on the plane R3, at finite density 〈j0〉 = ρ. Eq. (4.3)
then implies that the theory consists of a finite density nψ ≡ 〈ψ̄γ0ψ〉 = kρ of fermions
in a background magnetic field b0 = 2πρ. When k → ∞, the fermions decouple from the
fluctuating gauge field aµ so that the finite density ground state consists of k filled Landau
levels. Since the fermions are now gapped, they can be integrated out to yield a local
effective action for aµ. Specifically, the action will admit a natural derivative expansion
for momenta much smaller than

√
ρ/k, which sets the gap of the lightest particle-hole

excitations of the fermionic field. The Hall response of k filled Landau levels is σxy = k
2π

— this implies that the leading term coming from integrating out the fermions precisely
cancels the CS term in (4.1),22 so that the effective action for aµ starts at two-derivatives
and the photon is massless. This is the superfluid Goldstone boson. Since this is a CFT
which enters a superfluid phase at finite density, we expect it to be described by the EFT
in section 2, with κ 6= 0 since the CFT is parity-violating. To derive the EFT, we need
to integrate out the Landau level fermions. This was done in ref. [56], which obtained to
leading order in fields and derivatives

Seff = αk
3/4√
2πρ

∫
d3x

(
e2 − 1

2b
2
)

+ · · · (4.4)

with αk =
√

2
3π k

3/2 + O(k1/2). This matches the leading term in the expansion of the
EFT (3.4) (in particular the speed of sound cs = 1/

√
2, as expected for conformal super-

fluids), with susceptibility (2.6) given by

χ0 = 1
9π3α2

k

= 1
2πk3 +O(1/k4) . (4.5)

The fact that χ0 is small at large k implies that the strong coupling scale of the EFT is
parametrically larger than the scale set by the density

Λsc ∼
√
ρ

χ
1/6
0
∼
√
ρk � √ρ . (4.6)

However, as already commented, we do expect to see ‘new physics’ — e.g. in the form of
roton states [57] — at energies Λ ∼

√
ρ/k. The large charge spectrum of the CFT will

therefore contain operators with dimension ∼ ∆min(Q) +
√
Q/k corresponding to these

gapped excitations on top of the superfluid ground state.
Extending the calculation of [56] to higher point-functions and higher derivatives, one

could determine all the coefficients of the EFT (1.1) in flat space. By Weyl invariance this
would determine also the bulk action for the theory in R × S2 as an expansion in 1/RΛ,
where Λ ∼

√
ρ/k is the EFT cutoff. In particular, we could find the parity-odd coefficient κ

in this way. However this is tedious to do in practice; we will instead discuss a simpler and
more direct method to match its value below, where we discuss the theory on the sphere.

22The sign can be checked at the classical level from the Lorentz force: ∂µTµi = f iνjψν = 0 ⇒ jψi =
k

2π εijfj0 leading to a term in the effective action + k
4π ε

µνλaµ∂νaλ.
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Anyons on the sphere. Let us now consider the theory (4.1) on R× S2. The previous
discussion immediately allows us to obtain the leading order dimension of monopole opera-
tors of large charge Q in the theory (4.1). Indeed using the value (4.5) for the susceptibility
and (3.1), we obtain:

∆min(Q) ' 2
3(kQ)3/2 + · · · (4.7)

On general grounds, we expect that this equation will receive 1/k relative corrections
from higher loops in perturbation theory, as well as k/Q relative corrections from higher
derivative terms in the Lagrangian. We shall see that to leading order in the coupling
eq. (4.7) is actually exact. To show this, let us directly compute the dimension of monopole
operators in the theory (4.1) to leading order in coupling k, but all orders in Q/k, i.e. in
the double-scaling limit k →∞, Q→∞ with Q/k fixed, in analogy with [39, 58].23 As in
those works, this is achieved by means of the state-operator correspondence. To leading
order, the gauge field is set to a background value āµ, which provides the homogeneous
magnetic field on the sphere. The Dirac field in a monopole background is then quantized
using spinor monopole harmonics (see e.g. [60] for a definition). The constraint (4.3) implies
that the lowest energy state of charge Q consists of kQ particles organized in Landau levels.
Summing their energies gives:

∆min(Q) = 2
3k

3
(
Q

k

)3/2 [
1 +O

(1
k

)]
. (4.8)

This equation coincides with (4.7); this result is exact in Q/k to leading order in the
coupling.24 Fluctuations of the gauge field couple to particle-hole excitations of this state,
whose gap depends only on Q/k up to O(1/k) corrections. Since this gap does not scale
with k, the weak coupling of the theory ensures that fluctuations are indeed suppressed.
Of course, in principle one can compute all corrections systematically integrating out the
Dirac field on a finite charge state as in [56]. In practice, as we showed before, the gauge
field propagator receives large corrections in this limit. These make it non-local at short
distances, and the calculation is technically challenging.

We now turn to the effect of higher derivative corrections in the EFT. In particular, we
would like to determine the value of the parity-odd coefficient κ in perturbation theory. We
found in section 2.3 that κ controls the number of vortices (or charges, in the dual picture) in
the ground state when the theory is placed on a sphere. As we now show, this phenomenon
indeed happens in monopole states in the CFT (4.1), which will allow us to fix κ.

To leading order in 1/k, we can treat aµ as a background field. The constraint (4.3)
implies that the state consists of Nψ = kQ Dirac fermions on the sphere in a monopole back-
ground with flux Q. The fermions will populate monopole harmonics with degeneracy25

Q+ 2|p|, with p ∈ Z. Filling up the levels p = 1, 2, . . . , k therefore requires kQ+ k(k + 1)
23A similar double-scaling limit can be studied by a straightforward generalization of the ideas discussed

in [39] in Chern-simons theories coupled to bosonic matter; similar ideas were explored in [59] in a SU(2)
Chern-Simons theory coupled to a scalar field.

24This result agrees with [60, 61], where the authors worked in the limit of Q fixed.
25Landau levels for Dirac fermions have one more available state than regular monopole harmonics [30],

which have spin Q/2 + p and degeneracy Q+ 2p+ 1, see e.g. [28, 60].
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fermions. The missing fermions (or holes) in the kth Landau level are precisely the vortices
that were expected in the EFT. Their number fixes the parity-odd coefficient:

κ = k(k + 1) . (4.9)

This result can also be found in ref. [28]; note that κ is even, as expected in CFTs with no
gauge invariant fermionic operators. With a microscopic model in hand, we can investigate
the internal structure of the EFT vortices (cf. comments at the end of section 2): since
particles in higher Landau levels have angular momentum J > Q/2, we find that the
vortices here will carry non-zero internal spin s = J −Q/2 ∼ k.

The large number of vortices κ � 1 implies a rich low-lying spectrum of soft vortex
excitations above the ground state. In particular,the ground state will form a vortex
lattice as discussed in section 3.6. Eq. (3.34) gives the energy of the monopole operator.
The lightest excitation is instead provided by fluctuations of the vortex coordinates in
eq. (3.37), with energy scaling as ∆−∆min(Q) ∼

√
J/kQ for J � k.

The fermionic nature of the vortices has a striking consequence for the theory at hand.
Indeed we find that when κ > Q + 1 they will spill out to the next Landau level which
is not captured by the EFT, as discussed in section 2.3. The EFT (2.20) therefore only
correctly captures operators of large charge Q satisfying

EFT regime: Q & κ ' k2 . (4.10)

This window is much smaller than the one in which the superfluid EFT applies in flat
space, where the gap of the heavy states scales like

√
ρ/k. It is then natural to wonder if

there is an alternative low energy description for k2 & Q� k. To answer this question we
will make use of the weak coupling of this CFT.

We work to leading order in k in the following for simplicity. Now from the perspective
of the CFT, it is clear what happens when Q is taken below this threshold: the κ ' k2

missing electrons completely deplete the kth Landau level, and start depleting the (k−1)th
Landau level. Since the Landau levels have degeneracy ' Q, the number of filled Landau
levels is now no longer k, but rather

k −
⌊
k2

Q

⌋
. (4.11)

Integrating out the gapped Landau levels now no longer cancels the Chern-Simons term:

SEFT′ = − 1
4π

⌊
k2

Q

⌋ ∫
ada+ SEFT , (4.12)

where SEFT is still given by (2.20) with coefficients α, κ unchanged to this level of precision
(we are assuming that number of depleted Landau levels is small

⌊
k2

Q

⌋
� k). However, the

number of vortices in SEFT is now no longer given by the total number of holes κ ' k2,
but rather by the number of holes in the partially filled Landau level

Nvortices = k2 −
⌊
k2

Q

⌋
Q . (4.13)
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How is this consistent with eq. (2.19) for the nonconservation of the higher-form current,
which ties the number of vortices to κ? The resolution is that the Chern-Simons term also
breaks the higher-form symmetry, and therefore gives an additional contribution to the
divergence of the current

∇µJµν = −
⌊
k2

Q

⌋
jν + κJνEuler − jνvortices (4.14)

Integrating the ν = 0 component over the spatial sphere gives (4.13). We therefore find
that the upgraded EFT (4.12) with Chern-Simons term extends the regime of validity of
the EFT to

EFT′ regime: k2 & Q� k . (4.15)

The physics in this regime is very similar. For instance, the spectrum of phonons is unaf-
fected to leading order by the Chern-Simons term. In flat space, this would give them a
gap mphonon ∼

√
k
ρ ; however, this is much smaller than 1/R and it is hence invisible on the

sphere. The main difference is the reduced number of vortices in the ground state (4.13).
This affects the spectrum of their excitations as well as the coefficient in front of the fugacity
term in the scaling dimension of the monopole operator (3.3).

Finally, for Q/k . 1 there is no parametric separation between the gap of the particle-
hole excitations and the compactification scale 1/R, hence the EFT breaks down. As
explained around eq. (4.8), it may still be possible to exploit the weak coupling of the
theory to explore this regime. We leave this task for future work.

4.2 Further applications and prospects

Large Nc Chern-Simons matter theories. Chern-Simons theories with fundamental
fermion matter at infinite Nc and finite chemical potential have the thermodynamic prop-
erties of a (renormalized) Fermi liquid [62, 63],26 even though there are no gauge-invariant
fermionic operators for Nc even. However, these are unlikely to be the true ground states at
any finite but large Nc. Indeed, 1/Nc corrections in the presence of a Fermi surface may be
more relevant than the terms leading in Nc, changing the physics at low energies (similar
effects even spoil large Nf expansions in the presence of a Fermi surface [66]). Consider for
example the gluon propagator, which in axial gauges receives no loop correction at leading
order in 1/Nc and takes the form G(p) ∼ 1

p [67]. At order 1/Nc, it receives a self-energy
correction from the Fermi surface (Landau damping)

G(p) ∼ 1
p+ Π(p) , with Π(p) ∼ µ

Nc

p0
p
. (4.16)

We expect gauge invariant observables to receive similar corrections, leading to a break-
down of the large N solution at energies p . µ/Nc. It may be possible to reorganize the
perturbative expansion (see for example [68]) and establish whether the true ground state

26In [64, 65] it was also suggested that Fermi liquid states in N = 4 SYM at infinite Nc might be dual to
large charge extremal black holes in AdS5.
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is a superfluid or a non-Fermi liquid; we leave this for future work. IR instabilities due
to quantum effects may also plague near extremal black holes, and lead to a qualitatively
different ground state.

Non-relativistic CFTs. It was suggested in a non-relativistic context in ref. [69] that
superfluid EFTs may describe the large charge sector in scale invariant theories of anyons.
We believe the superfluid EFT can indeed be derived in these situations as well following
arguments similar to those outlined in this section, see in particuliar ref. [57]. A term
similar to κ also appears in non-relativistic superfluids, see e.g. refs. [23, 70].
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A General parity-violating superfluids

We review in this section the effective field theory for superfluids in 3 spacetime dimensions
without conformal symmetry, following ref. [13]. Similar EFTs have been studied in the
non-relativistic context of chiral superfluids, see e.g. [23, 70]. As in the main text, we
work in the dual formalism where the action is a function of an abelian gauge field aµ.
The stress tensor is then computed, and compared to the one obtained in ref. [20] from a
hydrodynamic approach.

A.1 General EFT without conformal symmetry

The most general action for parity violating relativistic superfluids in 3 spacetime dimen-
sions was constructed in [13], which we reproduce here

S = Sα + Sζ + Sκ + · · ·

= σ

∫
d3x
√
σg α(|f |)

+
∫
d3x
√
σg ζ(|f |)εµνλuµ∂νuλ

+ κ

8π

∫
d3x
√
σg aµε

µνρεαβγuα

(
∇νuβ∇ρuγ + σ

2Rνρβγ
)

+ · · · ,

(A.1)

where σ is the signature of the metric, and we have defined fµ = εµνλ∂νaλ, |f | =
√
σfµfµ

and uµ = fµ/|f | is a unit vector. As in the main text, Rνρβγ is the Riemann tensor of the
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spacetime manifold that the superfluid lives on. Without conformal symmetry α(|f |) and
ζ(|f |) are generic functions of |f |; in the conformal case in equation (2.7) they were given by

α(|f |) = α · |f |3/2, ζ(|f |) = ζ · |f |, (A.2)

where α and ζ are now constants. The last term in (A.1) is automatically scale invari-
ant, and has no generalization to the non-conformal case since it is constructed from the
identically conserved ‘Euler’ current

JµE = 1
8πε

µνρεαβγuα

(
∇νuβ∇ρuγ + σ

1
2Rνρβγ

)
. (A.3)

On Euclidean manifolds with a spatial factor of S2, the total charge
∫
d2x J0 measures the

winding number of the map uµ : S2 → S2, and is hence an integer. Invariance under large
gauge transformations imposes κ ∈ Z as in the conformal case.

The ζ term can be eliminated in the conformal case by the field redefinition (2.10), so
it is natural to ask if the same can be done in the general case. The equation of motion
from the leading term in the action is

εµνλ∂µ

(
α′(|f |)fν
|f |

)
= 0. (A.4)

So a field redefinition of the type

aµ → aµ + δaµ, δaµ = c
α′(|f |)fµ
|f |

, (A.5)

would leave local gauge invariant observables unchanged on-shell, since

δfµ = εµνλ∂νδaλ = cεµνλ∂µ

(
α′(|f |)fν
|f |

)
= 0. (A.6)

The change in the leading term in the action under this field redefinition is

δSα = −c
∫
d3x
√
−g(α′)2εµνλuµ∂νuλ. (A.7)

Hence, if (α′)2(|f |) ∝ ζ(|f |) as a function, this field redefinition can be used to eliminate
the ζ term altogether by setting

c ≡ ζ

(α′)2 (A.8)

In the conformal case α(|f |) = α|f |3/2 and ζ(|f |) = ζ|f |, so this is indeed true and we find
c = 2α/3ζ as in (2.10). However, ζ/(α′)2 isn’t a constant in the general case and the ζ
term cannot be eliminated, even perturbatively.

A.2 Gravitational stress tensor

We compute the gravitational stress tensor for the superfluid EFT in the general, non-
conformal case using the action (A.1). For simplicity, we restrict ourselves to Euclidean
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signature. The gravitational variation of the leading order term is straightforward and
results in the expression

δSα = 1
2

∫ √
g
[(
α(|f |)− |f |α′(|f |)

)
gµν + |f |α′(|f |)uµuν

]
δgµν

= −1
2

∫ √
g Tµνδgµν

(A.9)

from which we can read off its contribution to the gravitational stress-tensor to find

Tµνα = |f |α′(|f |)uµuν +
(
α(|f |)− |f |α′(|f |)

)
gµν (A.10)

In the conformal case α(|f |) = α|f |3/2 this expression simplifies to

Tµνα |conformal = 3α
2 |f |

3/2
(
uµuν − 1

3g
µν
)
. (A.11)

Moving on to the general ζ term we can use the variational identities

δ|f | = 1
2 |f | (u

µuν − gµν) δgµν

δuα = uµ (δνα − uνuα) δgµν
(A.12)

to simplify the variation down to

δSζ = −1
2

∫ √
g

[
|f |ζ ′(|f |)gµνudu+ (2ζ(|f |)− |f |ζ ′(|f |))uµuνudu

− 4ζ(|f |)uµεναβ∇αuβ + 2ζ ′(|f |)uµεναβuα∇β |f |
]
δgµν

(A.13)

where udu is short-hand for εµνλuµ∂νuλ. The contribution of this term to the stress tensor
is then given by

Tµνζ = |f |ζ ′(|f |)gµνudu+
[
2ζ(|f |)− |f |ζ ′(|f |)

]
uµuνudu

− 4ζ(|f |)u(µεν)αβ∇αuβ + 2ζ ′(|f |)u(µεν)αβuα∇β |f |
(A.14)

In the conformal case, this simplifies to

Tµνζ |conformal = ζ|f |gµνudu+ ζ|f |uµuνudu

− 4ζ|f |u(µεν)αβ∇αuβ + 2ζu(µεν)αβuα∇β |f |
(A.15)

Moving on to the Euler term, using the fact that δuα = −(uα/2)uµuνδgµν and δRβσνρ =
∇νδΓβρσ − ∇ρδΓβνσ we arrive at the following expression for the gravitational variation of
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the action
8π
κ
δSκ = 1

2

∫ √
gaµε

µνρεαβγu
α
(
∇νuβ∇ρuγ + 1

2R
βγ

νρ

)
gαβδgαβ

− 1
2

∫ √
gaµε

µνρεαβγu
α
(

3∇νuβ∇ρuγ + 1
2R

βγ
νρ

)
uσuλδgσλ

− 1
2

∫ √
gaµε

µνρεαβγu
αR βλ

νρ gγσδgσλ

+ 2
∫ √

gaµε
µνρεαβγu

αuσ∇ρuγδΓβνσ

+
∫ √

g|f |εµνρεαβγuαgγσuνδΓβνσ

+
∫ √

gaµε
µνρεαβγg

γσ∇ρuαδΓβνσ

(A.16)

Next, we can simplify the last three lines further using the variational identity

δΓβνσ = −1
2g

βλ (∇νδgβσ +∇σδgβν −∇βδgνσ) (A.17)

Simplifying further, we find that the variation of the action organizes itself into a sum of
two terms

δSκ = δSκ,f + δSκ,a (A.18)

where δSf contains terms depending directly on fµ that are local in the dual scalar lan-
guage, while δSa contains terms that explicitly depend on the gauge field and lead to
non-local, gauge dependent contributions to the stress tensor. We find, for the explicitly
gauge invariant part

δSκ,f = κ

8π

∫ √
g

(
|f |uµεναβuα(u · ∇)uβ − uµεναβuα∇β |f |

+ |f |uµεναβ∇αuβ − |f |uαεαβµ∇βuν
)
δgµν

(A.19)

The gauge dependent part, on the other hand, is given by the following sum
8π
κ
δSκ,a = 1

2

∫ √
g aµε

µνρεαβγuα∇νuβ∇ρuγ
(
gσλ − 3uσuλ

)
δgσλ

+ 1
2

∫ √
gaµε

µνρεαβγuαRνρβγ
(
gσλ − uσuλ

)
δgσλ

− 1
2

∫ √
gaµε

µνρεαβσuαR λ
νρβ δgσλ

−
∫ √

gεµνρεαβγaµ∇ν [(P‖)σγ∇ρuα]δgβσ

+
∫ √

gεµνρεαβγaµ∇β [(P‖)σγ∇ρuα]δgνσ

+
∫ √

gεµνρεαβγaµ∇σ[(P⊥)σγ∇ρuα]δgβν

+
∫ √

gεµνρεαβγ∇σaµ(P⊥)σγ∇ρuαδgβν

+
∫ √

gεµνρεαβγ∇βaµ(P‖)σγ∇ρuαδgσν

(A.20)
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where Pµν‖ = uµuν and Pµν⊥ = gµν − uµuν . To simplify these further, we use the following
strategy: each factor with a lower α, β or γ index is multiplied by a Kronecker delta
expanded in projectors parallel and transverse to u. Since the product of these factors is
multiplied by εαβγ , the only terms that survive upon expanding are those that have exactly
one factor of P‖ and two factors of P⊥, by virtue of the properties of scalar triple products.
We also use the fact that (P‖)λα∇δuλ = 0. This trick can be used, for instance, to show
that the last two lines in the expression above cancel with each other. Finally, we arrive
at the following expression

8π
κ
δSκ,a = 1

2

∫ √
gaµε

µνρεαβγuαRνρβγ
(
gσλ − uσuλ

)
δgσλ

− 1
2

∫ √
gaµε

µνρεαβσuαRνρβδ
(
gδλ − uδuλ

)
δgσλ

+ 1
2

∫ √
gaµε

µνρεαβγuα∇νuβ∇ρuγ
(
gσλ − 3uσuλ

)
δgσλ

+
∫ √

gaµε
µνρεαβγuα∇βuσ∇ρuσδgγν

−
∫ √

gaµε
µνρεαβγ∇ρuα

[
δλβ∇ν(P‖)σγ + δσβδ

λ
ν∇δ(P‖)δγ − δλν∇β(P‖)σγ

]
δgσλ

(A.21)
The terms in the integrand that multiply δg in the first two lines are linear in Goldstone fluc-
tuations while those in the last three lines are at least quadratic. Only terms linear in the
Goldstone are needed to study the transport properties of the superfluid at leading order in
small frequencies and momenta in sections 3.5 and A.4; we will therefore drop the last three
lines. The first two lines give contributions to transport on curved manifolds, such as the
sphere at small momenta k ∼ 1/R, and consequently will affect the OPE coefficients in sec-
tion 3.5 at small spin J ∼ 1. However, phonons with wavelengths of the order of the sphere
radius will be sensitive to the |κ| vortices distributed on the sphere — correlation functions
with k ∼ 1/R therefore require a careful treatment of the vortex-superfluid system (2.17).
We expect that such a treatment will also resolve the apparent gauge non-invariance of the
stress tensor on the sphere. In the remainder of this section, we focus on the leading stress
tensor on the plane, where all non-gauge invariant terms (A.21) can be ignored.

From (A.19) we find the gauge invariant part of the stress tensor

Tµνκ,f = κ

4π

[
− |f |u〈µεν〉αβuα(u · ∇)uβ + u〈µεν〉αβuα∇β |f |

− |f |u〈µεν〉αβ∇αuβ + |f |uαεαβ〈µ∇βuν〉
] (A.22)

where the angular brackets stand for symmetrization and trace subtraction. Putting this
together with (A.11) and (A.15), the gauge invariant part of the stress tensor is given by

Tµνf = 3α
2 |f |

3/2u〈µuν〉

+ ζ (tµν0 − 4tµν3 + 2tµν4 )
κ

4π (−tµν1 + tµν4 − t
µν
3 + tµν5 )

(A.23)
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in a basis of gauge invariant symmetric, traceless tensors constructed from a single factor
of f , one derivative and uµ’s

tµν0 = |f |u〈µuν〉εαβγuα∇βuγ
tµν1 = |f |u〈µεν〉αβuα(u · ∇)uβ
tµν2 = |f |uαεαβ〈µ∇ν〉uβ
tµν3 = |f |u〈µεν〉αβ∇αuβ
tµν4 = u〈µεν〉αβuα∇β |f |

tµν5 = |f |uαεαβ〈µ∇βuν〉

(A.24)

These tensors are not linearly independent and we find the following relations between
them

tµν3 = tµν0 + tµν1 , tµν2 = tµν0 + tµν1 + tµν5 (A.25)

so that the gauge invariant part of the stress tensor becomes

Tµνf = 3α
2 |f |

3/2u〈µuν〉

+ ζ (−3tµν0 − 4tµν1 + 2tµν4 )
κ

4π (−tµν0 − 2tµν1 + tµν4 + tµν5 )

(A.26)

Finally, to leading order in the derivative expansion in the EFT these terms can be simpli-
fied further on-shell using the leading equations of motion, whose projections parallel and
perpendicular to uµ are given, respectively, by

udu = 0

|f |(u · ∇)uα = 1
2(P⊥)βα∇β |f |

(A.27)

These result in the on-shell relations

tµν0 = 0, tµν1 = 1
2 t
µν
4 (A.28)

We then find that the ζ term vanishes and the κ term simplifies to give

Tµνf = 3α
2 |f |

3/2u〈µuν〉 + κ

4π |f |uαε
αβ〈µ∇βuν〉 . (A.29)

A.3 Comparison with parity-violating hydrodynamics

Ref. [20] obtained the most general constitutive relations for a U(1) current and stress
tensor of a parity-violating fluid in 2 + 1 dimensions, up to first order in gradients. These
are local expressions for the currents, in a derivative expansion, in terms of the fluid degrees
of freedom: fluctuations in temperature T , chemical potential µ and a velocity vector uµ

satisfying u2 = −1. These expressions should apply to our superfluid as a special case,
with the following restrictions: T is not a degree of freedom in a zero-temperature QFT,
dissipative terms such as the bulk and shear viscosities are set to zero, and finally in the
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superfluid the vorticity vanishes εµνλuµ∂νuλ = 0 (we ignore vortices in this section). The
constitutive relations of ref. [20] in Landau frame are then given by

Tµν = (ε+ P )uµuν + Pgµν − η̃σ̃µν + · · · , (A.30a)
jµ = ρuµ − σ̃εµνλuν∂λµ+ · · · , (A.30b)

with
σ̃µν = uµεναβuα(u · ∇)uβ + uαε

αβµ∇βuν + (µ↔ ν) . (A.31)

We used εµνλuµ∂νuλ = 0 to simplify terms. The theory contains two parity-odd 1-derivative
coefficients, the Hall conductivity σ̃ and Hall viscosity η̃. In studying the EFT (1.1), we
defined the unit vector to point in the direction of the current, so that jµ ≡ ρuµ. From
the perspective of hydrodynamic constitutive relations, this amounts to working in Eckart
frame, which can be reached with the redefinition uµ → uµ + δuµ with

δuµ = σ̃

ρ
εµνλuν∂λµ . (A.32)

After using the thermodynamic identities ε+P = µn, dε = µdn and the continuity relation
to leading order ∂µTµν , the 1-derivative stress tensor in Eckart frame can be expressed

Tµν = (ε+P )εuµuν+Pgµν+2η̃uαεαβ(µ∇βuν)+
(
η̃−µ2σ̃

)
u(µεν)αβuα(u·∇)uβ , (A.33)

where we denoted symmetrization by A(µν) ≡ 1
2(Aµν + Aνµ). This agrees with the stress

tensor obtained from the EFT (2.13), with

η̃ = κn

4 , σ̃ = κn

4µ2 . (A.34)

A.4 Linearized stress tensor

We obtain in this section the matrix elements of the stress tensor in single phonon states,
which lead to predictions for OPE coefficients in section 3.5. Linearizing the stress ten-
sor (2.13), after using the field redefinition (3.5), gives

T 00 = α(2πρ)3/2 + 3
2α
√

2πρ b + · · · , (A.35a)

T 0i = 3
2α
√

2πρ(−2πji) + · · · , (A.35b)

T ij = 1
2δ

ijα(2πρ)3/2 + 3
4δ

ijα
√

2πρ b+ κ

8π
(
∇iej +∇jei

)
+ · · · , (A.35c)

with ji given by (3.25). Using the mode expansion (3.6) and (3.8) then leads to the
following matrix elements

〈Q|Tµν |Q, Jm〉even = i

(
ρ3

8χ0

)1/4√
ΩJ

(
3δtµδtν + gµν

)
e−iΩJ tYJm(n̂)

+
(
ρ3

8χ0

)1/4 1√
ΩJ

(
δiµδ

t
ν + δiνδ

t
µ

)
e−iΩJ t∂iYJm(n̂)

(A.36)
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for the parity-even part, and

〈Q|Tµν |Q, Jm〉odd = i
κ

4

(
ρχ0
2

)1/4√
ΩJ (δµt δνi + δνt δ

µ
i ) e−iΩJ tεij∂jYJm(n̂)

− κ

8

(
ρχ0
2

)1/4 1√
ΩJ

(
gµiδνj + gνiδµj

)
εjk∇i∂ke−iΩJ tYJm(n̂)

(A.37)

for the parity-odd part of the stress tensor.
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any medium, provided the original author(s) and source are credited.
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