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one-loop virtual corrections and Feynman Diagram Calculation (FDC) to evaluate the real
emission, respectively. Being equipped with these computing tools, we investigate radiative
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electron-positron colliders: 250GeV, 500GeV, and 1000GeV. By scanning the parameter
space of IHDM, we identify the allowed regions which are consistent with constraints and
bounds, from both theoretical and experimental sides. We find that the radiative correc-
tions of the IHDM to e+e− → Zh0 can be sizeable and are within the detection potentials
of future Higgs factories. We also find that the new physics of IHDM could also be directly
detected by observing the process e+e− → H0A0 which could have large enough production
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1 Introduction

The first LHC run with 7⊕8TeV and the second one with 13TeV were successful operations
which led to the discovery of a new scalar particle [1, 2] including the recent observation of
its production in association with tt̄ [3, 4] and its decay to bb̄ [5, 6] among other achieve-
ments. The LHC program has already performed several precise measurements in term
of production cross sections and branching fractions. These measurements demonstrate
that the Standard Model (SM) works well to explain these observed phenomena at the
electroweak scale.

One of the main goals of the future run of the LHC with 14TeV and its High Lumi-
nosity option (HL-LHC) is to improve the aforementioned measurements and pin down the
uncertainties to few percent level [7–11]. On the other hand, it is also expected from the
future LHC run to establish a new measurement such as the triple Higgs coupling [12],
and Higgs decay into γZ and µ+µ−. Moreover, it is well known that a precise measure-
ment program which already began at the LHC, is expected to be performed at the e+e−
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CEPC CLIC FCC-ee ILC LEP3

Collision energy (GeV) 250 380 240+365 250 240

No. Of collision points 2 1 2 1 3

Run duration (years) 7 8 3240 + 4365 15 6

Integrated Lum (1/ab) 5 1 5240 + 1.5365 2 3

Projected precision δgZZh0/gZZh0 0.25% 0.6% 0.2% 0.3% 0.32%

Table 1. The projected precisions of δgZZh0 are tabulated.

machines [13–15] such as the Circular Electron Positron Collider (CEPC) [16, 17], the Com-
pact Linear Collider (CLIC) [18–22], the Future Circular Collider (FCC-ee) [23, 24], and
the International Linear Collider (ILC) [13, 25]. The e+e− machines which are expected
to deliver rather high luminosity and possess a very clean environment, would be able to
improve the Higgs couplings and production cross section measurements below the percent
level [13–15]. Such a precision, if achieved, will be very useful to discover the evidence of
new physics beyond the SM.

In table 1, we provide the projected experimental precisions for δgZZh0 at future Higgs
factories, which is taken from table 4.2 of reference [24]. It should be declared that the
numbers quoted here are just for illustration on the potential precision which could be
reached, but they are not necessarily exact what those Higgs factories are planned to
achieve since the actual precisions depend on more detailed run programs.

However, there are several evidences both theoretical and experimental which indicate
that the SM could not be the ultimate theory. Instead, the SM should be viewed as a
low energy effective theory of some more complete and fundamental one yet to be discov-
ered. It is believed that a precise measurement of Higgs boson productions and decays
can be a promising probe both to test the prediction of the SM as well as to search for
new physics beyond the SM. After the discovery of the new scalar particle, there have
been many theoretical and phenomenological studies devoted to non-minimal Higgs sec-
tor models that can explain such discovery and address some of the weakness of the SM.
One of the simplest non-minimal Higgs model is the popular Two Higgs Doublet Model
(2HDM) where both Higgs doublets possess a vacuum expectation value (VEV) and par-
ticipate to electroweak symmetry breaking. A subclass of the 2HDM, that can provide a
dark matter (DM) candidate, is the Inert Higgs Doublet Model (IHDM) where one Higgs
doublet does not develop a VEV and may act as a dark matter candidate while the other
one plays the role of the SM Higgs doublet [26]. We notice that the IHDM possesses an
exact discrete Z2 symmetry where the new Higgs doublet is odd under Z2 while all the SM
fields are even under this symmetry. Therefore, the Lightest Odd Particle (LOP) under
Z2 is stable and can be a viable candidate for DM [27–32]. The spectrum of the IHDM
contains one CP-even Higgs h0 which is identified with the 125GeV SM Higgs and four
Z2 odd Higgses: one CP-even H0, one CP-odd A0 and a pair of charged Higgs H±. As a
simple extension of the SM, recently, the IHDM has been under intensive phenomenological
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investigation. For example, there are works dealing with loop corrections [33–41], works
on collider signal searches [42–50] including the analysis of LHC constraints and indirect
searches [51–60], works on the vacuum metastability and the contributions of the inert
Higgs bosons to electroweak phase transition and gravitational waves [61–64], etc. It is
noteworthy that dedicated phenomenological investigations for the IHDM which address
DM [65, 66], astrophysics as well as collider constraints [46, 67–69], concluded that the
IHDM is still consistent with all theoretical and experimental bounds.

At e+e− machines, using the recoil mass technique one can measure σ(e+e− → Zh0)
independently of the decay modes of the Higgs boson. This measurement is expected to
be at the percent level and would be promising for precision analysis [13–15]. Therefore,
with such planed precision, this process would be sensitive to higher order effects at loop
level and could be used to disentangle between various models beyond the SM.

Radiative corrections for Higgs production at e+e− machines have been performed in
many models beyond the Standard Model. In the SM, full one loop radiative corrections
to e+e− → Zh0 have been evaluated long time ago in refs. [70–72]. These corrections
could be of the order of several percent and become large and negative for high center of
mass energy [72]. The next-to-next-to-leading order (NNLO) corrections to Higgsstrahlung
process have been presented in refs. [73, 74] where NNLO effects are integrated into the
total cross sections via the mixed QCD-electroweak corrections O(ααs). These corrections
turn out to reach 1.3% (resp. 0.7%) of the leading-order results for a center-of-mass energy
around 240GeV (resp. 500GeV). However, in the IHDM, one loop radiative corrections to
SM Higgs decays h0 → bb̄, h0 → ZZ,WW and also h0 → γγ and h0 → γZ have been
considered in [33, 75–80]. We notice that to our best knowledge radiative corrections to
e+e− → Zh0 and e+e− → H0A0 in the IHDM are still missing in the literature. The
aim of this paper is to calculate in the framework of IHDM the full one-loop radiative
corrections to: e+e− → Zh0 and e+e− → H0A0. We will include not only the full weak
corrections, but also the QED corrections including both soft and hard photon emissions.
In our analysis, we will take into account theoretical constraints on the IHDM as well as
experimental constraints from LHC, like the Higgs decaying into two photons, the invisible
Higgs dacay and the electroweak precision tests. We also take into account constraints
from dark matter and monojet searches.

The paper is organized as follows: in section 2, we briefly describe the IHDM, its
mass spectra and key trilinear and quartic Higgs couplings, list various theoretical and
experimental constraints that we will take into account in this work, and show our results
of the scan over the parameter space both for the degenerate and non-degenerate IHDM
spectrum. In section 3.1, we provide the leading order formula for differential and total
cross sections for e+e− → Zh0/H0A0 processes. In section 3.2, we introduce the on-shell
renormalization scheme for the IHDM and set up basic notations and conventions. Then
we study the one-loop contributions to e+e− → Zh0/H0A0 processes and examine the
importance of soft and hard photon emission in order to guarantee the cancellation of the
infrared (IR) as well as the soft collinear divergences at the next leading order calculation.
We present our numerical results for e+e− → Zh0 and e+e− → H0A0 in section 4. In
section 5, we propose six benchmark points (BPs) and examine the radiative corrections
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of them for future e+e− colliders. We end this work with concluding remarks and brief
discussions in section 6.

2 Review of IHDM, its theoretical and experimental constraints

2.1 A brief introduction to IHDM

The IHDM is a simple extension of the SM which can also provide a viable dark matter
candidate. It is a version of the 2HDM with an exact discrete Z2 symmetry. The SM scalar
sector parametrized by H1 is extended by an inert scalar doublet H2 which can provide a
stable dark matter candidate. Under Z2 symmetry all the SM particles are even while H2
is odd. We shall use the following parameterization of the two doublets:

H1 =

 G±

1√
2(v + h0 + iG0)

 , H2 =

 H±

1√
2(H0 + iA0)

 (2.1)

with G0 and G± are the Nambu-Goldstone bosons absorbed, after electroweak symmetry
breaking, by the longitudinal component of W± and Z0, respectively. v is the vacuum
expectation value (VEV) of the SM Higgs H1. The most general renormalizable, gauge
invariant and CP invariant potential is given by:

V = µ2
1|H1|2 + µ2

2|H2|2 + λ1|H1|4 + λ2|H2|4 + λ3|H1|2|H2|2 + λ4|H†1H2|2

+λ5
2
{

(H†1H2)2 + h.c
}

(2.2)

In the above potential, because of Z2 symmetry, there is no mixing terms like µ2
12(H†1H2 +

h.c.). In addition, by hermicity of the potential, all λi, i = 1, · · · , 4 are real valued. The
phase of λ5 can be absorbed by a suitable redefinition of the fields H1 and H2, therefore
the scalar sector of the IHDM is CP conserving. After spontaneous symmetry breaking of
SU(2)L⊗U(1)Y down to electromagnetic U(1)em, the spectrum of the above potential will
have five scalar particles: two CP even H0 and h0 which will be identified as the SM Higgs
boson with 125GeV mass, one CP odd A0 and a pair of charged scalars H±. Their masses
are given by:

m2
h0 = −2µ2

1 = 2λ1v
2

m2
H0 = µ2

2 + λLv
2

m2
A0 = µ2

2 + λSv
2

m2
H± = µ2

2 + 1
2λ3v

2 (2.3)

where λL,S are defined as:

λL,S = 1
2(λ3 + λ4 ± λ5) . (2.4)
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From above relations, one can easily express λi as a function of physical masses:1

λ1 =
m2
h0

2v2

λ3 =
2(m2

H± − µ2
2)

v2

λ4 =
(m2

H0 +m2
A0 − 2m2

H±)
v2

λ5 =
(m2

H0 −m2
A0)

v2 . (2.5)

The IHDM involves 8 independent parameters: five λ1,...,5, two µ1,2 and v. One parameter
is eliminated by the minimization condition and the VEV is fixed by the Z boson mass,
fine-structure constant and Fermi constant GF . Finally, we are left with six independent
parameters which we choose as follow:

{µ2
2, λ2,mh0 ,mH± ,mH0 ,mA0} . (2.6)

For completeness we list here the triple and quartic Higgs couplings that are needed in our
analysis:

h0H0H0 = −2vλL = −v(λ3 + λ4 + λ5) ≡ vλh0H0H0

h0A0A0 = −2vλS = −v(λ3 + λ4 − λ5) ≡ vλh0A0A0

h0H±H∓ = −vλ3 ≡ vλh0H±H∓

H0H0A0A0 = −2λ2 . (2.7)

As we will see later, these triple Higgs couplings are either directly involved in the processes
e+e− → Zh0 and e+e− → H0A0 under investigation or in the experimental constraints that
have to be fulfilled, while the quartic Higgs coupling H0H0A0A0 enters only in e+e− →
H0A0 production.

2.2 Theoretical constraints

The parameter space of the scalar potential of the IHDM should be consistent with theo-
retical requirements. The important theoretical requirements in our consideration include
perturbativity of the scalar quartic couplings, vacuum stability and tree-level perturbative
unitarity conditions for various scattering amplitudes of all scalar bosons.

• Perturbativity:
to guarantee the perturbation expansion, it is required that each of the quartic cou-
plings of the scalar potential in eq. (2.2) should obey the following conditions:

|λi| ≤ 8π (2.8)
1The value of the self-coupling λ1 is fixed by mh0 and v. Hence, the experimentally measured Higgs

mass, mh0 = 125GeV, implies that λ1 ' 0.13.
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• Vacuum stability:
the vacuum stability requires the potential V should remain positive when the values
of scalar fields become extremely large [26]. From this condition, we have the following
constraints on the IHDM parameters (for a review see [81]):

λ1,2 > 0 and λ3 + λ4 − |λ5|+ 2
√
λ1λ2 > 0 and λ3 + 2

√
λ1λ2 > 0 (2.9)

• Charge-breaking minima:
likewise, a neutral, charge-conserving vacuum can be guaranteed by demanding
that [82]

λ4 − |λ5| ≤ 0, (2.10)

which is a sufficient but not necessary condition for the vacuum to be neutral. Be-
cause, a neutral vacuum can also be achieved for positive λ4 − |λ5| with suitable µ2

1
and µ2

2, but in this case the dark matter (DM) particle can not be neutral. Condi-
tion (2.10) avoids this scenario.2

• Inert vacuum:
in order to insure that the CP-conserving minimum described earlier is the global
one, we need to impose the following conditions [82]:

m2
h0 ,m2

H0 ,m2
A0 ,m2

H± > 0 and µ2
1/
√
λ1 < µ2

2/
√
λ2 (2.11)

• Unitarity:
to constrain the scalar potential parameters of the IHDM, the tree-level perturbative
unitarity is imposed to the various scattering amplitudes of scalar bosons at high
energy. From the technique developed in [83], we get the following set of eigenvalues:

e1,2 = λ3 ± λ4 , e3,4 = λ3 ± λ5 (2.12)

e5,6 = λ3 + 2λ4 ± 3λ5 , e7,8 = −λ1 − λ2 ±
√

(λ1 − λ2)2 + λ2
4 (2.13)

e9,10 = −3λ1 − 3λ2 ±
√

9(λ1 − λ2)2 + (2λ3 + λ4)2 (2.14)

e11,12 = −λ1 − λ2 ±
√

(λ1 − λ2)2 + λ2
5 . (2.15)

We impose perturbative unitarity constraint on all ei’s. ei ≤ 8π , ∀ i = 1, . . . , 12.

2.3 Experimental constraints

The parameter space of the scalar potential of the IHDM should also satisfy experimental
search constraints. We will consider the following experimental constraints: 1) from Higgs
data at the LHC, 2) the direct collider searches from the LEP, 3) the indirect searches from
electroweak precision tests, and 4) the data from dark matter searches. Below we elaborate
more of these constraints.

2If H0 is the DM particle i.e. mH0 ≤ mA0 , then λ4 − |λ5| = 2
v2 (m2

H0 − m2
H± ). So condition (2.10)

implies that mH0 ≤ mH± . In the other case when A0 is the DM candidate i.e. mA0 ≤ mH0 , λ4 − |λ5| =
2

v2 (m2
A0 −m2

H± ). Consequently, condition (2.10) gives mA0 ≤ mH± . In both cases, mH0 ≤ mA0 ,mH± or
mA0 ≤ mH0 ,mH± is satisfied.
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1. Constraints from Higgs data at the LHC (HD).
In the IHDM, because of the exact Z2 symmetry, H2 does not couple to SM fermions
which lead to natural flavor conservation. Only SM Higgs doublet couples to fermions,
therefore all SM Higgs couplings to fermions and gauge bosons W and Z are the
same as in the SM. Therefore, Higgs production cross section through conventional
channels at the LHC such as gluon fusion, vector boson fusion, Higgsstrahlung
and tt̄h0 are exactly the same as in the SM. Similarly, all tree level Higgs decays
h0 → bb̄, τ+τ−, ZZ∗,WW ∗ are identical to SM. Nevertheless, Higgs data provides
important constraints to the IHDM.

(HD.1) The one-loop decay channels h0 → γγ and h0 → γZ can receive contributions
from charged Higgs boson via loop processes which may modify the SM pre-
dictions [78]. Therefore, in our analysis we will take into account the existing
constraints on h0 → γγ (see section 2.4 for details).

(HD.2) Besides, when a DM candidate is lighter than mh0/2, the Higgs decay into in-
visible channel can be open. To be precise, in the IHDM, h0 can decay into a
pair of dark Higgs χ = H0, A0: h0 → χχ if kinematically allowed where χ is the
LOP. Such invisible decay of the SM Higgs has been investigated experimen-
tally by both ATLAS and CMS and set an upper limit on the branching ratio:
Br(h0 → invisible) to 26% (resp. 19%) at 95% confidence level (CL) for ATLAS
(resp. for CMS) [84–86]. Moreover, global fit studies performed on LHC data
can in turn put limits on the invisible decay of the SM Higgs which is constrained
to be less than about 8.4% [87]. Note that the upper limit on the invisible decay
of the SM Higgs can be inverted into a limit on the coupling h0χχ [68]. A more
recent global fit [88] found that a tighter constraint on BR(h0 → invisible) . 5%
at 95% CL is achievable. In this work, we adopt the most recent result from
ATLAS [89] for which we have BR(h0 → invisible) < 11% at 95% CL.

2. Direct search from LEP (DS).
The direct search bounds from collider signatures of the inert Higgs bosons at hadron
collider or at lepton collider are rather similar to charginos and neutralinos production
of the Minimal Supersymetric Standard Model (MSSM) [90, 91]. We will follow the
strategy adopted in [78, 79, 90, 91]. These constraints can be roughly summarized
as follows:

(DS.1) mH± > 80GeV (adapted from charginos search at LEP-II),
(DS.2) max(mA0 ,mH0) > 100GeV (adapted from neutralinos search at LEP-II),
(DS.3) mA0 +mH0 > mZ from the Z width and mA0 +mH± > mW from the W width.

3. Electroweak Precision Tests (EWPT).
The EWPT is very sensitive to extra electroweak multiplets, which can contribute
to the vacuum polarization processes. Therefore it is reasonable to constrain the
Higgs spectrum of the IHDM by using the global electroweak fit through the oblique
parameters S, T and U [92]. The contribution to S and T parameters of an extra
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weak Higgs doublet [32] can be written as

S = 1
2π

∫ 1

0
x(1− x) log

[
xm2

H0 + (1− x)m2
A0

m2
H+

]
dx (2.16)

T = 1
32π2αv2

[
F (m2

H+ ,m2
A0) + F (m2

H+ ,m2
H0)− F (m2

A0 ,m2
H0)

]
(2.17)

where the function F (x, y) is defined by

F (x, y) =


x+y

2 −
xy
x−y log

(
x
y

)
, x 6= y

0, x = y .

From the above expressions, one can easily check that T parameter vanishes in the
following 2 limits: mH+ → mA0 or mH+ → mH0 while S parameter vanishes only in
the degenerate case mH+ ≈ mA0 ≈ mH0 .

To study the correlation between S and T, we define the χ2 test as follows:

χ2 = (T − T̂ )2

σ2
T (1− ρ2) + (S − Ŝ)2

σ2
S(1− ρ2) −

2ρ(T − T̂ )(S − Ŝ)
σTσS(1− ρ2) . (2.18)

Where S and T are the computed quantities in the IHDM given above, while Ŝ and
T̂ are the experimental central measured values of S and T , σS,T are their one-sigma
errors and ρ is their correlation. Using the PDG values of S and T with U fixed to
be zero, we allow S and T parameters, to be as follows [93]:

T = 0.06± 0.06 , S = 0.02± 0.07 (2.19)

with the correlation coefficient ρS,T = 0.92.
4. DM relic density, direct, indirect and collider searches (DM)
(DM.1) From Planck data, the dark matter relic density Ωh2 has been determined as

0.1200± 0.0012 [94]. In the current work, we set this value as an upper bound
since it is possible that some particles like the right-handed neutrinos or the
axion [95–97] can contribute to the relic density of our universe.

(DM.2) Generally speaking, dark matter can be detected by direct search (via the dark
matter particle scattering with nuclei), indirect search (via a pair of dark matter
particles annihilating into cosmic rays), and collider search (via mono-jet, mono-
photon, mono-W±/Z0/h0 boson processes to measure the missing energy). In
micrOMEGAs 5.2 [98], experimental constraints from XENON1T [99], PICO-
60 [100], CRESST-III [101] and DarkSide-50 [102] have been implemented. From
6GeV to 1000GeV, XENON1T provided the most stringent bounds. We will use
these bounds in this work. These bounds are obtained by assuming equal proton
and neutron spin-independent cross section and assuming a specific choice of
astrophysical parameters (i.e. the DM velocity distribution is Maxwellian). In
the IHDM, dark matter candidates can be either A0 or H0, they can scatter
with nuclei via t-channel by exchanging the SM-like Higgs boson (so-called Higgs
portal). At leading order, the scattering cross section is isospin-symmetric and
spin-independent. Therefore, these bounds will be taken into account.
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(DM.3) At the LHC, one can search for dark matter candidate directly by looking for
events with high pT monojet balanced by a large missing transverse energy [103,
104]. The mono-jet final states can arise from one of the following processes:
gg → χχ+g, qg → χχ+q and qq̄ → χχ+g where χ = H0, A0 is the dark matter
candidate. In the IHDM, most of these processes can proceed by producing SM
Higgs in association with monojet: {gg, qq} → h0g or h0q followed by the decay
h0 → χχ. Therefore these monojet processes are proportional to λL/S . An
attempt to set a limit on IHDM parameters using the ATLAS and CMS data
was done in [58] where a projection for future LHC run including the high
luminosity option is also provided. Ref. [60] did a recasting for ATLAS analysis
and set a limit on λL/S . It is found that for mχ < mh/2, λL/S > 3 × 10−2 is
excluded [58, 60] while for mχ > mh/2 the limit is weaker and λL/S > 5 apply
only to the case where 62.5 < mχ < 100GeV [60]. For higher dark matter
mass, the cross section is suppressed, therefore the constraints on λL/S would
be weaker.

2.4 More about the constraints from h0 → γγ

We now discuss the impact of the LHC experimental searches on the IHDM. Taking into
account the latest measurement of the di-photon signal strength, we study the constraint
on the charged Higgs mass and h0H+H− = −vλ3 coupling that are involved in h0 → γγ

with h0 being the SM Higgs. Since in the IHDM, the Higgs boson production cross section
is identical to the SM one. Therefore, the di-photon signal strength reduces to the ratio of
branching fractions of Br(h0 → γγ) in the IHDM and in the SM:

µγγ ≈ Rγγ ≡
Br(h0 → γγ)IHDM

Br(h0 → γγ)SM . (2.20)

Moreover, in case where the decay h0 → invisible is not open, the above ratio reduces to:

Rγγ ≈
Γ(h0 → γγ)IHDM

Γ(h0 → γγ)SM (2.21)

where Γ(h0 → γγ) is the partial decay width of h0 decay into two photons. The measured
signal strength relative to the SM expectation from ATLAS and CMS are given respectively
by: µATLAS

γγ = 0.99+0.15
−0.14 [105] and µCMS

γγ = 1.18+0.17
−0.14 [106]. The combined ATLAS and CMS

result at the 2 σ level is given by:

µγγ = 1.04± 0.10 . (2.22)

In the SM, it is well known that Γ(h0 → γγ) is dominated by the W loops. In the
IHDM, the charged Higgs loops can interfere constructively (respectively destructively)
with the W loops for λ3 < 0 (resp. λ3 > 0). In figure 1 (left), we present Rγγ in the
(mH± , λ3) plane. It is clear that for light charged Higgs boson, its contribution is rather
important and could violate Rγγ measurement. This is translated into a severe constraint
on λ3. Namely, for mH± = 200GeV, λ3 is forced to be in the range [−3, 2]. The al-
lowed range for λ3 becomes larger as far as the charged Higgs mass increase. When the
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Figure 1. Allowed regions in (mH± , λ3) plane (left) and (mH± , µ2
2) plane (right). Only µγγ

constraint is taken into account.

charged Higgs is heavier than 400GeV, the contribution of charged Higgs boson loops will
be suppressed, i.e. in the decoupling limit, there is no limit at all on λ3.

It is remarkable that there exists a small parameter region where a light charged Higgs
boson is allowed, i.e. the light charged Higgs boson can be around 100GeV but with a
large and positive λ3 (say λ3 > 10). For such a large λ3, the contribution of charged Higgs
boson is around twice larger than that of W bosons with opposite signs. While in the
SM case, the contribution of W bosons is the dominant one while the top contribution is
subleading. In figure 1 (right) we show the allowed region in (mH± , µ2

2) plane. From this
plot one can see that values of −40 × 103 GeV2 ≤ µ2

2 ≤ 0 are excluded for charged Higgs
mass 100 GeV ≤ mH± ≤ 420 GeV. While, values of 28 × 103 GeV2 ≤ µ2

2 ≤ 90 × 103 GeV2

are not allowed in a mass range of 100 GeV ≤ mH± ≤ 170 GeV.

2.5 Allowed parameter space and selected Scenarios

Before ending this section, we present the effect of the various aforementioned theoretical
and experimental constraints on the IHDM parameter space. To be precise, the degenerate
spectra are defined as the case where all Hidden Higgs bosons are degenerate, i.e.

mH0 = mA0 = mH± = mS . (2.23)

According to eq. (2.5), we have λ4 = λ5 = 0 while λ3 could be either positive or negative
depending on the splitting between mH± and µ2

2. Then IHDM is fully described by three
parameters which are:

{mS , µ
2
2, λ2} . (2.24)

We perform a systematic scan over these three parameters taking into account all the
above theoretical constraints. We notice that from vacuum stability constraints λ2 must
be positive. Using unitarity constraints e9,10 one gets the strongest limit on λ1,2 which
gives λ1,2 ≤ 4π

3 .
For non-degenerate spectra, there will be no relation of eq. (2.23) for Higgs boson

masses. Moreover, due to the direct search bounds on mass from LEP listed in (DS), no
degenerate scenarios can be defined if new invisible decay is open.
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Figure 2. Allowed parameter space in the degenerate IHDM spectra are shown, where the various
theoretical constraints and experimental bounds from the DS and EWPT are taken into account:
a) (λ2,mS) plane with µ2

2 colored on the vertical axis; b) (λ3,mS) plane with µ2
2 colored on the

vertical axis and c) (mS , µ
2
2) plane with λ3 colored on the vertical axis.

In figure 2, there are only three free parameters and we present the allowed parameter
space in (λ2,mS) plane with µ2

2 colored in figure 2a. It should be pointed out that large
and negative value of µ2

2 is excluded both by unitarity constraints as well as by the inert
vacuum constraints eq. (2.11). Only small region with negative µ2

2 survives. As one can
see, the decoupling limit mS � mZ is achieved for very large µ2

2, namely µ2
2 > 106 GeV2.

On the other hand, as discussed before, the size of h0H+H− triple coupling is directly
related to the value of λ3. Therefore, it is interesting to know the allowed space for λ3 and
its correlation with other parameters.

In figures 2b and 2c, we show the (λ3,mS) plane with µ2
2 colored on the vertical axis

and (mS , µ
2
2) plane where the values of λ3 are color coded as indicated on the right of

the plot, respectively. It can be seen from the figures that above decoupling limit could
be reached for quite a wide range of λ3. It is also clear that λ3 could be either positive
or negative depending on the splitting between mS and µ2

2. However, vacuum stability
constraints, request that λ3 could not take large negative values. This is clearly seen in
figure 2b where λ3 ∈ [−2, 12].

In figure 3, all five parameters of IHDM are free. In figures 3a–3c, we illustrate our
scan in a similar way to figure 2. Figure 3a seems almost the same as figure 2a, except
that there are less points near the right up corner in figure 3a and the difference is rather
tiny. Figures 3b and 3c have the same shapes with figures 2b and 2c, but we can see that
the upper bound of λ3 is changed from 12 to 16, which indicates that larger h0H+H−

coupling is allowed in this case. It is well known that the electroweak precision observables
S and T put a strong constraint on the splitting between the masses that contribute to
these parameters. This is clearly illustrated in figures 3d–3f. From figure 3d, one can see
that the splitting between A0 and H± can not exceed 600GeV. One can also see from this
panel that the decoupling limit with large CP-odd and large charged Higgs can be reached
for large µ2

2. It is also visible that in the decoupling limit, the splitting between A0 and
H± becomes small and does not exceed 100–200GeV. In figures 3e and 3f, we illustrate the
values of S and T parameters on the vertical axis as a function of mA0 and mH± . One can
see that in the degenerate case, as expected, both S and T parameters vanish along the
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Figure 3. Allowed parameter space in the non-degenerate IHDM spectra are shown, where various
theoretical constraints and experimental bounds like the DS and EWPT are taken into account:
a) (λ2,mS) plane with µ2

2 colored on the vertical axis; b) (λ3,mS) plane with µ2
2 colored on the

vertical axis; c) (mS , µ
2
2) plane with λ3 colored on the vertical axis; d, e, f) (mH± ,mA) plane with

µ2
2, S and T parameters colored on the vertical axis, respectively.

diagonal line mA0 = mH± . Away from the diagonal line, S and T get non vanishing values
but remain within the allowed range.

In figure 4, the allowed parameter space in Scenario III is shown. It is observed
that the constraints from dark matter conditions can kill 99% of points in figure 3. It
is remarkable that from last two plots in figure 4, it can be seen that they are the same
despite the permutation of mH0 to mA0 in th x-axis. As mentioned before, the independent
parameters in this work are chosen as in eq. (2.6). Actually it is found that not only all
the allowed parameter space, but also all the results of the processes studied in this work,
are totally symmetric under the exchange mH0 ↔ mA0 . In the following sections, we will
consider 5 Scenarios, which are tabulated in table 2 and categorized in terms of degenerate
and non-degenerate in Higgs boson masses, without/with new invisible decay open, and
without/with DM constraints.

We will propose benchmark points from Scenario III and V and examine their radiative
corrections, since both of them can pass all current experimental bounds.

3 Radiative corrections to: e+e− → Zh0/H0A0

3.1 Lowest order results

In our calculation, due to the tininess of electron mass and the corresponding Yukawa
couplings, it is justified numerically to neglect the contributions of the Feynman diagrams
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Figure 4. Allowed parameter space in the non-degenerate IHDM spectra using all theoretical and
experimental constraints are shown, which correspond to Scenario III defined in table 2.

Scenario I Scenario II Scenario III Scenario IV Scenario V
Theoretical constraints X X X X X

Degenerate spectrum X

Higgs Data X X X X X

Higgs Invisible decay open X X

Direct searches from LEP X X X X X

Electroweak precision tests X X X X X

Dark matter constraints X X

Table 2. Scenarios and their conditions are tabulated.

which involve e+e−h0, e+e−G0, e−νeG+ and e+νeG
− vertices. For this reason, at the tree-

level, the only one contributes in these two processes is the s-channel Z-exchange diagram,
as shown in figure 5.

From the covariant derivative of the Higgs doublet, one can derive the Higgs coupling
to gauge bosons. We list hereafter a part of the Lagrangian needed for our study

LV SiSj ,V V h0 = (−ieAµ + ie
(c2
W − s2

W )
2cW sW

Zµ)H+ ↔
∂ µ H

−

+ e

2cW sW
ZµH0 ↔

∂ µ A
0 + i

emZ

cW sW
h0ZµZµ, (3.1)

where cW = cos θW , sW = sin θW . We stress first that all the above couplings are fixed
just in terms of gauge coupling.

– 13 –



J
H
E
P
0
5
(
2
0
2
1
)
1
0
0

e

e

Z

h0
Z

e

e

A0

H0
Z

Figure 5. Tree level Feynman diagrams for e+e− → Zh0 and e+e− → H0A0.

For e+e− → Zh0, it is easy to compute the differential cross section which is given
by [107]:

dσ0(Zh0)
d cos θ = α2π

256s4
W c

4
W s

(
1 + (1− 4s2

W )2
)
κZh0

8m2
Z/s+ κ2

Zh0 sin2 θ

(1−m2
Z/s)2 (3.2)

where
κ2
ij =

(
1− (mi +mj)2

s

)(
1− (mi −mj)2

s

)
. (3.3)

The total cross section is obtained after integration over the scattering angle. The analytical
result can be found in [107]:

σ0(Zh0) = α2π

192s4
W c

4
W s

(
1 + (1− 4s2

W )2
)
κZh0

12m2
Z/s+ κ2

Zh0

(1−m2
Z/s)2 . (3.4)

The total cross section for the associate production e+e− → H0A0 is given by:

σ0(H0A0) = α2π

192s4
W c

4
W s

(
1 + (1− 4s2

W )2
)

κ3
A0H0

(1−m2
Z/s)2 . (3.5)

Because of the presence of two scalars in the final state, e+e− → H0A0 process has the
suppression factor κ3

A0H0 which reduces tremendously the cross section.
In the Higgstrahlung process e+e− → Zh0, since there is no mixing between the two

CP even neutral Higgs bosons, the cross-section is the same as in the SM. It is clear that
σ0(Zh0) scales like 1/s and is significant only at low energy just after the production
threshold

√
s ≈ mh0 + mZ . We stress that the term κ2

Zh0 in σ0(Zh0) originates from the
longitudinal component of the Z, therefore one could conclude that at high energy the
cross section is dominated by the longitudinally polarized Z boson. On the other hand, the
production cross section for σ0(H0A0) drops quickly due to the phase space suppression
factor κ3

H0A0 (see figure 13).

3.2 e+e− → Zh0/H0A0 at one loop

For all the above processes introduced in the previous section, we have evaluated both the
weak corrections as well as the virtual photons ones in the ’t Hooft-Feynman gauge. The
generic Feynman diagrams for e+e− → Zh0 are drawn in figure 6. These comprise: 1) one-
loop corrections to the vertices V Zh0 (V = γ, Z), G1 to G14; 2) t-channel diagram with
one-loop correction to e+e−h0 vertices, G15 and G16; 3) one-loop corrections to the initial
state vertices V e+e− (V = γ, Z) which is purely SM, G17 and G18; 4) one-loop corrections
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Figure 6. Generic one-loop Feynman diagrams for e+e− → Zh0 where F stands for SM fermions,
V stands for generic vector boson which could be γ, Z or W± and S could be either a Goldstone
G0, G± or a Higgs boson h0, H0, A0 or H±.

to Z boson and photon propagators as well as γ–Z and Z–G0 mixings, G19 to G29; 5) box
contributions, G30 to G34. The various counter-terms for initial and final states and also
the γ and Z propagators, γ-Z and Z-G0 mixings are also depicted in G35 to G38.

Similarly, we draw in figure 7 the generic Feynman diagrams for e+e− → H0A0 and
the corresponding counter-terms. For this process, the self energies are not drawn, they
are similar to the previous process e+e− → Zh0.

Evaluation of the one-loop corrections will lead to ultra-violet (UV) as well as IR
divergences. The UV singularities are regularized with dimensional regularization and
treated in the on-shell renormalization scheme while the IR ones are regularized with a
small fictitious photon mass λ and cancelled with real photon emissions.
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Figure 7. Generic one-loop Feynman diagrams for e+e− → H0A0 where F stands for SM fermions,
V stands for generic vector boson which could be γ, Z or W± and S could be either a Goldstone
G0, G± or a Higgs boson h0, H0, A0 or H±.

For both processes, owing to Lorentz invariance, the mixing Zµ–G0 is proportional to
(pµ1 + pµ2 ) where p1 and p2 are the momentum of the external electron and positron. After
contracting Zµ–G0 mixing with the initial state vertices e+e−Z and using Dirac equation
the amplitude would be proportional to the electron mass which is neglected in the present
calculation.

The presence of Z2 symmetry forbids the mixing between the SM doublet H1 and
the inert doublet H2 which tremendously eases the renormalization of the IHDM. The
full renormalization of the IHDM has been presented recently in [34]. In our study, we
will use the on-shell scheme developed first for the SM in [108–110] for all SM parameters
supplemented by an on-shell renormalization for the extra-inert Higgs fields and their
masses. Concerning the renormalization of the SM parameter and fields such as: the
electric charge, the on-shell definition of the W and Z masses, γ–Z mixing and Weinberg
angle, we refer to [110]. For the renormalization of the inert Higgses, we use similar
approach as in [110]. Because of Z2 symmetry, there is no mixing between h0–H0, G0–A0

and Z–A0. This simplifies the renormalization of the Higgs fields. Let us redefine the new
Higgs fields and masses as follows:

Φ → Z
1/2
Φ Φ =

(
1 + 1

2δZΦ

)
Φ

m2
Φ → m2

Φ + δm2
Φ, Φ = h0, H0, A0 . (3.6)

Inserting these redefinitions into the above Lagrangian in eq. (3.1), we find the following
counter terms:

δLZH0A0 = e

2cW sW
(δZe + δZH0

2 + δZZZ
2 − δsW (c2

W − s2
W )

c2
W sW

+ δZA0

2 )ZµH0 ↔
∂ µ A

0

δLZZh0 = i
emW

sW c2
W

(δZe + δZH0

2 + δZZZ −
δsW (c2

W − 2s2
W )

c2
W sW

+ δm2
W

2m2
W

)ZµZµh0 . (3.7)
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For the counter terms of the initial state vertices e+e−γ and e+e−Z, counter terms of the
Z boson, the photon propagators and their mixing, they are exactly the same as in the SM
and can be found in [110].

We first stress that the counter-term for e+e−h0 would be proportional to the electron
mass and then vanishes for me → 0. Second, in the case when both e−and e+ are on shell,
the one loop contributions coming from the e+e−h0 vertex are vanishing in the limit of
zero electron mass. However, from diagrams G15 and G16, one of the fermions (e− or e+)
coupled to the Higgs boson, is off shell. Consequently, for vanishing me the correction to the
vertex e+e−h0 are UV-finite but non-vanishing (because, in this case there are contributions
where the suppression factor me/mW is absent). We have checked analytically this feature
for this process. The remaining part, is of the same order as the other Feynman diagrams
and should be included in the computation.

The Higgs wave function renormalization constants and mass counter-terms are fixed
by the on-shell conditions for the masses and the Higgs fields and also by requiring the
residue =1 for the Higgses. These requirements will lead to:

Re∂Σ̂ΦΦ

∂k2 |k2=m2
Φ

= 0

ReΣ̂ΦΦ(m2
Φ) = 0 , Φ = h0, H0, A0 . (3.8)

However, all the counter terms for the gauge boson masses and wave function renormal-
ization and their mixing as well as Weinberg angle are fixed following ref. [110].

The electric charge renormalization constant δZe is fixed from the e+e−γ vertex. We
require that the renormalized three point function Γ̂µe+e−γ satisfies at the Thomson limit:

Γ̂µe+e−γ( 6 p1 = 6 p2 = me, q
2 = 0) = ieγµ,

and the renormalization constant for electric charge δZe is obtained as [108–110]

δZe = −1
2δZAA −

sW
cW

1
2δZZA = 1

2ΠAA(0)− sW
cW

∑AZ
T (0)
m2
Z

(3.9)

with
ΠAA(0) ≡ ∂

∑AA
T (s)
∂s

|s=0 . (3.10)

There is no reliable theoretical predictions available to extract ΠAA
hadron(0), but this

quantity can be extracted from the experimental data. A non-perturbative parameter
∆α(5)

hadron(mZ) is used to absorb the hadronic contribution, namely δZe is rewritten as

δZe|α(0) = 1
2ReΠAA(5)

hadron(m2
Z) + 1

2∆α(5)
hadron(mZ) + 1

2ΠAA(5)
remaining(0)− sW

cW

∑AZ
T (0)
m2
Z

. (3.11)

Another popular scheme, α(mZ) scheme, is more preferred, in which the large loga-
rithm from leptons are also absorbed into the redefinition of running coupling constant [73,
110, 111]. The corresponding renormalization constant can be converted from α(0)
scheme as:

δZe|α(mZ) = δZe|α(0) −
1
2∆α(mZ) (3.12)
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with
∆α(mZ) = ΠAA

f 6=top(0)− ReΠAA
f 6=top(m2

Z), (3.13)

and the running coupling constant is replaced with

α(mZ) = α(0)
1−∆α(mZ) . (3.14)

Let us now discuss the treatment of the IR divergences. In fact, the IR divergences
are present in two sources: i) wave function renormalization of charged particles such as
electrons; ii) vertex corrections to e+e−γ and e+e−Z: figure 6-G17 and figure 7-G10 with
V = γ, where incoming electron and positron exchange an virtual photon.

As mentioned before, in our calculation, to deal with the IR divergences, a small
fictitious photon mass λ is introduced to regularize the soft and the virtual emission of
the photon. Meanwhile, two cutoffs, ∆E and ∆θ, are introduced to deal with the IR
singularities in real photon emission process. ∆E = δs

√
s/2 defines the soft photon energy

cut-off for the bremsstrahlung process. It can be viewed as the photon energy cut that
separates the soft from the hard radiation. The cut ∆θ on the angle between photon and
the beam θγ is used to separate hard radiation into hard collinear and hard noncollinear
parts.

With λ, ∆E and ∆θ, the next-leading-order (NLO) corrections are decomposed into
the virtual (V), soft (S), hard collinear (HC), and hard non-collinear (HC) parts as follows:

dσ1 = dσV (λ) + dσS(λ,∆E) + dσHC+CT (∆E,∆θ) + dσHC(∆E,∆θ) . (3.15)

Here V denotes the virtual correction including loop diagrams and counter terms from
renormalization. CT denotes the “counter term” from electron structure function, origi-
nated from the 2nd term in eq. (A.2).

Notice that the soft bremsstrahlung for e+e− → Zh0 and e+e− → H0A0 processes
can be found in the literature. For completeness, we give the analytical expressions in
the appendix A, as well as many other details. The λ independence can be checked when
combining the soft bremsstrahlung (S part) with the virtual one-loop QED contribution (V
part) and this has been verified numerically with a good precision. Notice that we found a
good agreement when we compare the result from FDC and FormCalc. Moreover, we have
numerically checked that our results do not depend on ∆E, ∆θ and log(me), as shown in
figure 17.

The total cross section at NLO, σNLO, is the sum of LO cross section σ0, and NLO
corrections σ1, namely

σNLO = σ0 + σ1 ≡ σ0(1 + ∆) , (3.16)

where ∆ is the relative correction. Thus ∆ can be decomposed into two gauge-invariant
parts,

∆ = ∆weak + ∆QED . (3.17)

In the calculation of dσV , computation of all the one-loop amplitudes and counter-
terms is done with the help of FeynArts and FormCalc [112–114] packages. Numerical
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evaluations of the scalar integrals are done with LoopTools [115, 116] and we have also
tested the cancellation of UV divergences both analytically and numerically. The soft part
dσS is also done with FormCalc, while dσHC+CT and dσHC are obtained with the help of
FDC [117].

4 Numerical results

In this section, we present our numerical results for the two processes introduced above.
We adopt the following numerical values of the physical parameters from PDG [93]:

1. the fine structure constant: α(0) = 1/137.036, α(mZ) = 1/128.943 with ∆α(5)
hadron(mZ) =

0.02764

2. the gauge boson masses: mW = 80.379GeV and mZ = 91.1876GeV

3. the fermion masses: me = 0.511MeV, mµ = 0.106GeV, mτ = 1.78GeV, mt =
173.0GeV while the masses of light quarks are set as mu = md = 3.45MeV, ms =
0.095GeV, mc = 1.275GeV and mb = 4.66GeV.

In the IHDM, the CP even Higgs boson h0 is identified as the Higgs like particle
observed by the LHC collaborations and we use mh0 = 125.18GeV. For the other IHDM
parameters, we perform a systematic scan which include the physical masses mH0 , mA0

and mH± , λ2 and µ2
2 parameters. We take into account all theoretical requirements given

in the subsection 2.2 as well as all experimental constraints given in the subsection 2.3. It is
found that our numerical results are almost independent of λ2. Therefore, in the following
part, we will fix λ2 = 2.

In what follows, we will use the α(mZ) scheme described before to present our numer-
ical results.

4.1 Higgs-strahlung: e+e− → Zh0

Radiative corrections to e+e− → Zh0 in the SM are well known since long time [70–72].
Here we investigate them in the proposed scenarios given in table 2.

In figure 8, total cross section and relative corrections in Scenario I are shown. Three
typical collision energies of future electron-positron colliders, namely:

√
s = 250GeV,√

s = 500GeV and
√
s = 1000GeV are chosen to present the results. Once the mass of

charged Higgs boson is fixed, the triple Higgs boson couplings are simply determined by
the parameter µ2

2, as given in eq. (2.5). Accordingly, Scenario I also means that λ3 can be
non-vanishing while λ4 = λ5 = 0.

Therefore, in the upper panels of figure 8, the effect of the triple Higgs coupling λ3 on
the cross section is examined by varying the parameter µ2

2 as shown in table 3. Several
typical values of µ2

2 are chosen in the allowed parameter space, and the corresponding
results in the IHDM are marked with IDM1-5 in the figure. The values of µ2

2 are given
in table 3. It is observed that weak corrections in the IHDM are typically negative and
can reach 9%–14% at

√
s = 250GeV and become 18%–23% for

√
s = 1000GeV. When

the mass of Higgs boson gradually increases to 500GeV or so, the triple Higgs couplings
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Figure 8. In Scenario I, total cross section and relative corrections for e+ e− → Zh0 as a function
of the Higgs masses mS with three collision energies

√
s = 250GeV, 500GeV and 1000GeV. Corre-

sponding values of µ2
2 are given in table 3.

IDM1 IDM2 IDM3 IDM4 IDM5
µ2

2(GeV2) 40000 6000 0 −10000 −30000

Table 3. In Scenario I, typical values of µ2
2 labelled as IDM1-5 are shown.

proportional to λ3 also increases, which leads to an increased new physics contribution to
the total cross section. This seems to be against the decoupling limit, but it can be seen from
figure 9 that the decoupling limit is reached at an even higher scale, around 1∼ 2TeV. The
enhancement is mainly due to the triple scalar couplings h0SS, S = A0, H0, H±, which are
proportional to λ3 in Scenario I. Such triple couplings contribute into the corrections both
linearly through the virtual corrections and also quadratically through the wave function
renormalization of h0. A careful reader can also find that the starting points of the Higgs
boson mass are also different for different values of µ2

2, which can be attributed to the
theoretical and experimental constraints.

Another comment is about the real emission, which can be clearly seen from the lower
panels in figure 8. At the O(α(mZ)) order, it is found that the real emission contribution is
independent of the new physics parameter and can be 0.5%, 1% and 1% for three collision
energies, respectively.

In order to illustrate the effect of radiative corrections in the IHDM and to avoid
counting the pure SM effects, we define the following ratio given as:

δ =
σIHDM
Zh0 − σSM

Zh0

σSM
Zh0

, (4.1)

where σIHDM
Zh0 and σSM

Zh0 denote the one-loop total cross section in the IHDM and the SM,
respectively. This ratio is useful for this process. We emphasize that there are only the
contributions of new physics in the IHDM survived in numerator of the quantity δ while
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Figure 9. IHDM corrections to e+e− → Zh0 as a function of the Higgs masses with triple Higgs
couplings λh0SS normalized to the VEV on the vertical color bar for collision energy 250GeV,
500GeV and 1000GeV, respectively. From upper to lower panels, results for Scenario I, II, and III,
are shown, respectively.

the full SM one loop effect has been subtracted. In terms of Feynman diagrams, the QED
corrections as well as corrections to the initial state vertex e+e−Z figure 6-G17,18, correction
to e+e−h0 vertex figure 6-G15,16 and box contributions will cancel out in the numerator
during the subtraction eq. (4.1). Obviously, the QED and pure SM effects are still present
in the denominator of eq. (4.1).

In figure 9, we illustrate δ as a function of the Higgs masses as well as the triple Higgs
couplings λh0SS with S = H0, A0, H± in the color bar for Scenario I, II, and III. Only
the results as a function of the mass of H0 are displayed in Scenario II and III, as those
of other two mass parameters of A0 and H± are similar and are not shown. Same three
values of collision energy (250GeV, 500GeV, and 1000GeV) are chosen for all Scenarios.
It is noticed that the results for CLIC energy

√
s = 350GeV are rather similar to 250GeV

case and thus they are not shown here.
In Scenario I, from upper panels of figure 9, one can read that the ratio of new physics

with respect to the SM can change from 0.25% to −4.5% with
√
s = 250GeV, while they

are similar for
√
s = 500GeV and

√
s = 1000GeV. Generally speaking, the contributions

of new physics in the IHDM contributions reduce the production cross section, except from
a tiny bump near the region with mS = 100GeV.
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Figure 10. In the degenerate scenario after imposing all theoretical constraints for
√
s = 250GeV,

500GeV and 1TeV, the relative corrections of e+ e− → Zh0 are shown as a function of the Higgs
masses mS for several fixed value of µ2

2 from −2× 104 to 1× 106 GeV2.

In Scenario II, the contributions can change from −6% to 2% with
√
s = 500GeV and

−5.5% to 3% with
√
s = 1000GeV. Depending upon model parameters, the contributions

can either increase or decrease the production cross section.
The different behavior of Scenario I and II can be attributed to the different features of

triple Higgs couplings. In Scenario I, according to eq. (2.5), it is clear that both λ4 and λ5
should vanish. Then the triple Higgs couplings λh0SS depends only on λ3 which is severely
constrained from di-photon signal strength limit (see discussion in section 2.4). In such a
case, as shown in the first row of figure 9, there is clear dip near the region mS = 500GeV
where the ratio can reach from −1.5% to −4%. This occurs because the triple Higgs
coupling λh0SS = −λ3v which is driven solely by λ3 becomes large in magnitude (say
−8 ∼ −9). In fact, there are terms in δ which are proportional to the triple Higgs couplings,
linear and quadratic. The linear terms can come from Feynman diagrams figure 6-G5 while
the quadratic terms come from the wave function renormalization of h0 which contributes
to the counter-term of ZZh0 vertex in eq. (3.7). In contrast, in Scenario II, all λ3,4,5
can contribute to the triple Higgs couplings λh0SS , which can lead to more complicated
interferences for each of the terms and can change the signs of new physics contributions.

It is interesting to notice that as shown in the upper panel of figure 9, there exist a large
upside down peak near the region mS ∼ 500GeV and a tiny bump around mS = 150GeV.
When we look at these structures closely, we find that they are not caused by the mass of any
particles nor by threshold effects. Instead, they are caused by the theoretical constraints
such as unitarity, vacuum stability, no charged minima, etc. As shown in figure 10, for
a given µ2

2 (say the case µ2
2 = 0 with

√
s = 250GeV), the allowed region of mS by all

theses theoretical constraints produces a tiny bump near 150GeV and ends at 500GeV.
Similarly with

√
s = 500GeV and 1TeV cases, such structures appear. In other words,

these accidental structures are produced by the cuts on mS .
It is necessary to point out that figure 9 also illustrates the decoupling behavior of

IHDM in the process e+e− → Zh0. To demonstrate this, we include points with the Higgs
masses mS up to 1 or 2TeV and also take µ2

2 in a wide range in order to satisfy theoretical
constraints. As expected, the radiative corrections become smaller when mS increases,
such a decoupling behavior can be clearly seen in figure 9 in the region with a large mS

(say mS = 1 ∼ 2TeV).
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Figure 11. IHDM corrections to e+e− → Zh0 as a function of the Higgs masses are shown for
Scenario IV and Scenario V, where the condition of Br(h0 → A0A0) ≤ 11% is imposed. The upper
panel is for Scenario IV, and the lower one is for Scenario V.

In Scenario III, it is noteworthy that the parameter points with large radiative correc-
tions are ruled out by the dark matter constraints, especially by the direct search bounds
from XENON1T (only 1% of points in Scenario II are still survived). Meanwhile, the
radiative corrections can only lead to a change in cross section from −2.5% to 0.5% for√
s = 250GeV case. Similar ranges hold for

√
s = 500GeV and

√
s = 1TeV cases. It

should be emphasised that dark matter constraints indeed can significantly affect the al-
lowed parameter space and the range of allowed radiative corrections of IHDM.

The results of Scenario IV and V are given in figure 11. The band shapes in figure 11
are related to the fact that the mass region of dark matter particle is taken from 20GeV to
62.5GeV in Scenario IV and from 55 to 65GeV in Scenario V (the mass range of 20–55GeV
is excluded due to too large relic density). It is observed that only 10% of points from the
parameter space of Scenario IV can survive the dark matter searches constraints, which
are displayed in Scenario V.

In figure 12, we illustrate the angular distribution as a function of cos θ, where θ
is angle between outgoing Higgs boson and electron beam in the center of mass energy
frame. At high energy, it is well known that in the SM, the angular distribution behaves
like sin2 θ = 1 − cos2 θ [118] and keeps the same shape at the NLO. This can be seen
from eq. (3.2) where the dominant term is κ2

Zh sin2 θ. In the figure, we illustrate both the
LO and NLO distributions in the SM, as well as the angular distributions in the IHDM
for six benchmark points, BP1–BP6, which are given in table 4. From the plots, for√
s = 250GeV, one can see that the results of BP1 and BP6 (BP2 and BP4) overlaps

and for
√
s = 500GeV, the results of BP1 and BP4 (BP2 and BP6) overlaps. While for√

s = 1000GeV, the results of BP1 and BP4 (BP2 and BP5) overlaps. In all cases, the
IHDM contributions reduce the SM differential cross section. In the SM with 250GeV, away
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Figure 12. Angular distribution for e+e− → Zh0 with three different collision energies:
√
s = 250,

500GeV and 1TeV for six benchmark points defined in table 4.

from the forward and backward direction, the relative correction at NLO is about −10%
to LO, while in the forward and backward direction, because of the box contributions, the
relative correction could be slightly larger depending on the CM energy. As one can see,
the angular distributions in the IHDM have the same shapes as those in the SM. For the√
s = 500GeV and 1TeV cases, the curves of IHDM almost overlap with the one of the

NLO SM, i.e. the difference is very subtle and will be challenging to measure. While for
the
√
s = 250GeV case, sensible deviations from the NLO SM can be observed which are

detectable by experiments hopefully.
Before ending this section, we would like to stress that the case of 350GeV CM energy

is quite similar to that of 250GeV case and is omitted here.

4.2 e+e− → H0A0

In the general 2HDM or in the MSSM, there exists a sum rule between the two vertices
Zh0A0 and ZH0A0, which itself simply reflects of the mixing between two CP even Higgs
bosons h0 and H0 and the mixing between two CP odd Higgs boson G0 and A0 as well.
The sum rule implies that the process e+e− → H0A0 and the process e+e− → h0A0 could
always happen together for some specific choise of the mixing angles. Thus it is natural to
expect that both processes could be detected at the future electron-positron colliders.

In contrast, in the IDHM, due to the fact that there is neither mixing between two CP
even Higgs bosons h0 and H0, nor mixing between two CP odd Higgs bosons G0 and A0. A
natural consequence from this fact is that the process e+e− → h0A0 is forbidden. Therefore,
to detect the signature of e+e− → H0A0 and to prove that there is no e+e− → h0A0

occurred at the same time can help to distinguish the IDHM from other general 2HDM
and the MSSM.

It was pointed out in the refs. [119, 120] that triple Higgs couplings can greatly enhance
the tree level cross section of e+e− → h0A0/H0A0 in the general 2HDM. Such processes
are supposed to help to probe the structure of Higgs potential of the 2HDM. Below, we
examine the radiative correction to the cross section of e+e− → H0A0. In this process,
there is no SM results, only the ratio ∆ defined in eq. (3.17) is used.

We first give the numerical size for the tree level cross section. In Scenario II, figure 13
is to show the cross section of e+e− → H0A0 in a scatter plot as a function of mH0 and
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Figure 13. In Scenario II, tree level cross sections for e+e− → H0A0 are shown as a function of
mH0 and mA0 for various CM energy:

√
s = 250, 500, 1000GeV.
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Figure 14. In Scenario I, total cross sections and relative corrections as a function of the Higgs
mass for e+ e− → H0A0 with three CM energies

√
s = 250GeV, 500GeV and 1000GeV, where the

corresponding values of µ2
2 are given in table 3.

mA0 . As shown in eq. (3.5), the cross section depends only on the collision energy, the
mass of H0 and the mass of A0.

For Scenario I, we show the total cross section of e+e− → H0A0 in the IHDM with
three typical collision energies in figure 14. From the upper panels, it is observed that
when the collision energy is fixed, the total cross sections decreases with the increase of
the Higgs masses. The same values of µ2

2 given in table 3 are chosen to show the effect of
triple Higgs couplings. It can also be observed in the figure that the allowed ranges of mS

are different for different values of µ2
2 due to theoretical and experimental constraints.

From the left plots of lower panel, it is found that for CM energy
√
s = 250GeV, the

weak corrections can be −5.8%, −6% and −8% when µ2
2 are chosen 0, 4 × 104 GeV2 and

6×103 GeV2, respectively. For
√
s = 500 and 1000GeV cases, radiative corrections become

larger and change dramatically near the threshold regions, where mS ∼
√
s/2. For instance,

in the case when
√
s = 1000GeV and µ2

2 = 0, the radiative corrections change from −12%
to 30%. The change occurs in the mass range from 400GeV to 500GeV. Similar thing
happens to the cases of other two µ2

2. A careful reader might notice that the behaviour
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Figure 15. Relative weak corrections to e+e− → H0A0 are shown for
√
s = 250, 500, 1000GeV.

From upper to lower panels, Scenario I, II and III are displayed, respectively.

of endpoints looks different for the three CM energies. As a matter of fact, the different
behaviour near endpoints in figure 14 are simply determined by the collision energy and the
mass range of the new particles. Obviously, with a higher CM energy, the e+e− machine
can cover a larger region of parameter space in IHDM.

Therefore, the CM energy
√
s = 1000GeV can cover the largest region of parameter

space than those of
√
s = 500 and

√
s = 250GeV cases. Although the CM energy changes

the loop integral functions and causes its values to change, it is observed that when mS is
near 120GeV, ∆(e+e− → H0A0) is similar for these three cases of CM energies.

Similarly when mS = 240GeV, which is not reachable for
√
s = 250GeV case, the

behaviour of ∆(e+e− → H0A0) near the endpoint is similar for both
√
s = 500GeV and√

s = 1000GeV.
In the case

√
s = 1000GeV near the region mS = 400GeV, it is noticed that there

exists a fixed point where new particle’s contribution is independent of other parameters
of the IHDM. When mS becomes larger than 400GeV, the triple Higgs couplings become
larger and sizeable, and the contribution of the IHDM can even produce a positive value
near the threshold. Such a behaviour can also be observed in figure 15 for Scenario I with√
s = 500GeV at the region mS = 180GeV.
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It is also worthy to mention that as shown in figure 14, the ratio of QED corrections is
quite small and almost independent of the Higgs mass while the ratio of weak corrections
depend significantly on the scalar masses and could be quite large.

For Scenario I, II and III, we show the ratio of the weak corrections in the whole allowed
parameter space with corresponding triple Higgs couplings in the color bar in figure 15.

For Scenario I, in the case with
√
s = 500GeV, the corrections start from −9.5% or

so when mS = 100GeV. When mS increases from 100GeV to 240GeV, the ratio keeps
increasing and can reach −1.5%. In the case

√
s = 1000GeV, the corrections start from

−12% or so when mS = 100GeV. When mS increases from 100GeV to 490GeV, the ratio
keeps increasing and can reach 35%.

For Scenario III, less than 1% of points from Scenario II can survive when the con-
straints of dark matter are implemented, and the corrections can only be negative. It
should be also emphasised that the range of the radiative corrections for those allowed
points is shrunk by the dark matter constraints significantly. For example, for

√
s = 1TeV,

before the dark matter constraints, the allowed range of radiative corrections can spread
from −25% to 40%. But after the dark matter constraints, the allowed range can only
change from −18% to −8%. All points with positive radiative corrections have been killed
by the dark matter constraints.

There are a couple of comments on figure 15:

• As shown in Scenario I, the ratio of weak corrections is within the range from −8.5%
to −2.5% in the

√
s = 250GeV case, −10.5% to −2% in the

√
s = 500GeV case,

and −15% to 35% in the
√
s = 1000GeV case. Whether such corrections can be

detected at future electron-position colliders is determined by the production cross
section. Meanwhile, the increase in the magnitude of the ratio when collision energy
increases from 250GeV to 1000GeV does not mean the breakdown of the perturbation
expansion. As a matter of fact, it more or less demonstrates the decrease of the LO
cross section. Moreover, the larger collision energy also means a larger theoretical
parameter space can be probed.

• As shown in Scenario II, in the
√
s = 250GeV case, the ratio is around −9% when

triple Higgs coupling is around 1 ∼ 1.5; while it is around −1% when the coupling
is around −2 ∼ −1.5. For

√
s = 1000GeV case, when mH0 and mA0 are larger than

400GeV and when the triple Higgs couplings normalized to the vev become larger
than −14, the ratio becomes larger than +40%.

• As shown in Scenario III, only 1% points from the parameter space can survive,
which have been displayed. The radiative corrections can vary from −7% to −5.5%
for
√
s = 250GeV, from −11% to −7% for

√
s = 500GeV, and from −18% to −8%

for
√
s = 1000GeV. Points with positive corrections, like those shown in Scenario II

for
√
s = 1000GeV case have been removed by the dark matter constraints.

For Scenario IV and V, we display the scatter plots of the allowed points from the parameter
space in figure 16. Similar to figure 11, the band shapes are related to the mass range of the
dark matter particles. In Scenario IV and V, the radiative corrections are always negative.
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Figure 16. In Scenario IV and V, the IHDM corrections to e+e− → H0A0 as a function of Higgs
masses are shown.

It is noteworthy that there is a considerable amount of points that have been ruled out by
the mono-jet constraints, which is different from Scenario III where mono-jet constraints
has no perceivable affects to the parameter space.

5 Benchmark points

In table 4, we propose six benchmark points for the future e+e− collider search. Among
them, BP1–BP3 belong to Scenario V and BP4–BP6 belong to Scenario III. BP1–BP3 can
also be examined at the LHC or full higher energy pp colliders, via mono-jet measurement
as shown in [58] or mono-W/γ signal as shown in [121]. BP1–BP3 are chosen such that
the LOP is the CP-even Higgs boson H0. It has been checked that we can exchange the
mass of H0 with A0. For BP4–BP6, the invisible decay of the SM Higgs is not open.

A few more explanations on these BPs are provided below:

• In these BPs, BP1 represents a favourable case where the loop correction to the
process e+e− → Zh0 can be detectable and the new particles, rather light, can be
directly produced at the future Higgs factories via the process e+e− → H0A0 at all
energy cases.

• BP4 provides a case where for all the CM energies, the effects of new physics are
small and difficult to be detected in the process e+e− → Zh0. Although there are
light particles like H0, A0 and H± for BP4, the contributions of new particles yield
a small correction to the cross section of e+e− → Zh0 due to the smallness triple
Higgs couplings. But when we consider the process e+e− → H0A0, it is possible to
produce these new particles directly at the future Higgs factories.
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Benchmark Points BP1 BP2 BP3 BP4 BP5 BP6
Scenarios V V V III III III
mH0 (GeV) 59.3 62.0 57.2 94.1 105.6 514.2
mA0 (GeV) 170.5 339.3 307.9 101.9 576.9 740.3
mH± (GeV) 145.1 327.5 342.0 110.4 593.6 516.2
µ2

2 (GeV2) 3642.7 3733.9 3514.3 9059.5 10945.8 265875.8
λL(10−3) −2.055 1.824 −4.043 −3.501 3.549 −23.995

λS 0.418 1.834 1.503 0.022 5.300 4.646
Ωh2(×10−2) 1.870 0.092 6.490 0.298 0.089 0.060

Br(h0 → H0H0) 0.6% 0.2% 3.1% — — —
Br(A0 →W±(∗)H∓) ∼ 0% ∼ 0% — — — 32.4%
Br(A0 → Z(∗)H0) ∼ 100% ∼ 100% 100% 100% 100% 67.6%
Br(H± →W±(∗)A0) — — ∼ 0% 3.9% ∼ 0% —
Br(H± →W±(∗)H0) 100% 100% ∼ 100% 96.1% ∼ 100% 100%

Table 4. Benchmark points consistent with collider experiments and dark matter constraints on
the relic density are proposed. Decay information of H0, A0 and H± are also given.

• BP6 provides a case where the mass of new particles is too heavy to be produced
directly at future e+e− colliders with CM energy less than 1000GeV. But the effects
of new physics can be detected via the loop effects in e+e− → Zh0. The reason for
such a sizeable correction can be attributed to the large triple Higgs couplings for
this case.

• BP3 and BP5 represent more complicated cases where new physics contribution in-
duced via loop to the process e+e− → Zh0 can be sizeable, but to confirm the case
we need future colliders with high CM energies like 500GeV or higher.

• BP2 represents the case that a 250GeV Higgs factory might be difficult to detect the
effects of NP, but Higgs factories with a collision energy larger than 350GeV might
be better. The production of new particles needs a CM energy higher than 500GeV.

Except the collider searches, these BPs can also be searched by the future dark matter
searches, which can be left for future study.

In table 5, the total cross section for e+e− → Zh0 in the SM with various center of
mass energies are presented, as well as the total cross section for the benchmark points in
the IHDM. For the SM results, we present the LO cross section, one-loop QED corrections,
one-loop weak corrections and full NLO cross section. For the IHDM, as the LO cross
section and one-loop QED corrections are exactly same as the ones in the SM, only one-
loop weak corrections and full NLO cross section are presented, with the addition of ∆
and δ, where ∆ is the relative one-loop corrections to LO and δ is the relative correction
of IHDM to the full NLO SM result defined in eqs. (3.16) and (4.1), respectively.
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e+e− → Zh0

√
s (GeV) σ0

SM σ1,QED (fb) σ1,weak
SM (fb) σNLO

SM (fb)

SM

250 251.380 1.258 −23.890 228.748
350 135.381 1.034 −13.023 123.392
500 60.047 0.540 −6.059 54.528
1000 13.475 0.144 −2.436 11.183

IHDM
√
s (GeV) σ1,weak

IHDM (fb) σNLO
IHDM (fb) ∆(%) δ(%)

BP1

250 −22.942 229.696 −8.626 0.414
350 −12.457 123.958 −8.438 0.459
500 −5.955 54.632 −9.018 0.191
1000 −2.444 11.175 −17.069 −0.072

BP2

250 −24.103 228.535 −9.088 −0.093
350 −12.898 123.517 −8.763 0.101
500 −5.741 54.846 −8.661 0.583
1000 −2.487 11.132 −17.387 −0.456

BP3

250 −26.682 225.956 −10.114 −1.221
350 −14.249 122.166 −9.761 −0.994
500 −6.427 54.160 −9.804 −0.675
1000 −2.640 10.979 −18.523 −1.824

BP4

250 −24.115 228.523 −9.093 −0.098
350 −13.136 123.279 −8.939 −0.092
500 −6.084 54.503 −9.233 −0.046
1000 −2.425 11.194 −16.928 0.098

BP5

250 −29.138 223.500 −11.091 −2.294
350 −15.663 120.752 −10.806 −2.140
500 −7.089 53.498 −10.906 −1.889
1000 −2.516 11.103 −17.603 −0.715

BP6

250 −22.689 229.949 −8.525 0.525
350 −12.340 124.075 −8.351 0.554
500 −5.735 54.852 −8.652 0.594
1000 −2.341 11.278 −16.304 0.850

Table 5. Total cross section for e+ e− → Zh0 for different CM energy. The IHDM parameters are
fixed according to table 4.
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There are a few comments on the results in table 5:

• As shown in the column δ, when the CM energy
√
s = 250GeV, the ratio of the

contribution of new physics in BP1 and BP6 can increase the cross section by a
factor 0.414% and 0.525%, respectively. In contrast, the contribution of the new
physics in BP3 and BP5 decreases the cross section sizeably by a factor −1.221% and
−2.294%, respectively. The contribution of the NP in BP2 and BP4 is −0.093% and
−0.098%, respectively, which is less than the projected precision 0.1% of the future
Higgs factories.

• When the CM energy increases to 350GeV, the ratio in BP1 and BP6 keeps to
be positive and increase the cross section slightly. The corrections in BP3 and BP5
decreases the cross section by a factor −0.994% and −2.140%. While the contribution
in BP2 increases the cross section and the effect can reach 0.1%. However, the
contribution in BP4 is still small and the effect is −0.091%.

• When the CM energy increases to 500GeV, the corrections in BP1, BP2 and BP6
are positive, and can reach 0.191%, 0.583%, and 0.594%, respectively. The ratio of
BP3, BP4 and BP5 are negative, and is −0.675%, −0.046%, −1.889%, respectively.

• When the CM energy increases to 1000GeV, the correction in BP1 becomes negative
and is given by −0.071%, while in BP6 it remains positive and is 0.85%. The correc-
tions of BP3 and BP5 are negative: −1.824% and −0.715%. While the one of BP2
and BP4 becomes −0.456% and 0.098%, respectively.

In table 6, we present the LO and NLO results for e+e− → H0A0 with various center
of mass energies. We give the weak contributions and the QED ones as well as the total
NLO cross section. We also show the relative corrections with respect to the LO results, as
demonstrated by the results given in ∆ column. Roughly speaking, the contributions of NP
always reduce the cross sections from −5.5% to −17% for these BPs. When the precisions
of future Higgs factories are considered, obviously such large corrections must be taken
into account in any experimental analysis. For example, in term of the cross section of
BP4 and the projected precisions given in table 1, the CEPC with

√
s = 250GeV can find

3.075 × 105 raw events of e+e− → H0A0, which corresponds to a precision of 0.18% on
the cross section when only statistic errors are taken into account. Instead, the LO result
predicts that a total number of events is 3.284×105, which will lead to a deviation of 60 σ.
Meanwhile, such a huge number of signal events can also lead to a precise measurement on
the masses of H0 and A0, and impose a strong constraint on the parameters in the loop.

6 Conclusions and discussions

We have studied the one loop radiative corrections to the neutral processes: the Hig-
gsstrahlung e+e− → Zh0 and the neutral Higgs-pair production e+e− → H0A0 in the
IHDM. We have evaluated both the QED corrections, the soft and hard photon emissions
and the full weak corrections. The Feynman diagrams are evaluated using dimensional
regularization in the Feynman gauge. The full one loop analysis is done using the on-shell
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e+e− → H0A0

IHDM
√
s (GeV) σ0

IHDM (fb) σ1,weak
IHDM (fb) σ1,QED

IHDM (fb) σNLO
IHDM (fb) ∆(%)

BP1

250 12.080 −0.697 0.031 11.414 −5.513
350 44.391 −3.613 0.256 41.034 −7.562
500 35.880 −3.513 0.255 32.622 −9.080
1000 11.879 −1.637 0.104 10.346 −12.905

BP2
500 6.755 −0.539 0.028 6.244 −7.565
1000 8.947 −1.274 0.064 7.737 −13.524

BP3
500 11.422 −1.014 0.055 10.463 −8.396
1000 9.611 −1.449 0.073 8.235 −14.317

BP4

250 65.670 −4.475 0.313 61.508 −6.338
350 68.939 −5.443 0.457 63.953 −7.232
500 43.011 −3.972 0.335 39.374 −8.456
1000 12.378 −1.642 0.116 10.852 −12.328

BP5 1000 3.516 −0.638 0.018 2.896 −17.634

Table 6. Total cross section for e+ e− → H0A0 for different CM energies.

renormalization scheme. In addition, in the numerical analysis, we first performed a sys-
tematic scan over the IHDM parameter space taking into account theoretical as well as
experimental constraints and localized allowed parameter space.

For e+e− → Zh0 process, we first evaluated the one-loop radiative corrections in the
SM and checked that they do agree with the existing results in the literature. Next we have
evaluated the one-loop corrections in the IHDM and the relative corrections with respect to
the one-loop SM result. We have shown that the pure IHDM effect could reach about −4.5%
percent in Scenario I and could be slightly larger and reach −6% in Scenario II, and only
at most −2% in Scenario III. It is remarkable that for Scenario III (V) after imposing the
dark matter constraints, the allowed points in the parameter space significantly are reduced
when compared with Scenario II (IV). Meanwhile, the range of the radiative corrections
for the allowed points is also greatly shrunk by the dark matter constraints, as shown in
the lower panel of figure 9 and figure 15.

Results are shown for 250GeV, 500GeV and 1TeV center of mass energy. For 350GeV,
the situation is similar to 250GeV. Such effect is large enough to be measured in the precise
future linear collider program. We have also presented one-loop angular distributions for six
BPs. In addition, we have demonstrated that for the heavy internal IHDM spectrum, the
one-loop corrections decouple for large µ2

2. It has been demonstrated that the triple Higgs
couplings h0SS with S = H0, A0, H± which contribute into the one-loop virtual corrections
as well as to the wave function renormalization of h0 could contribute significantly to the
relative corrections.
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In the case of the pairwise production of neutral Higgs bosons e+e− → H0A0, since two
scalars are involved in the final state, large effect is found mainly coming from triple Higgs
couplings: either from the wave function renormalization of H0 and A0 or from the virtual
correction figure 7-G1. In the case of 250GeV center of mass energy, the mass of H0 and
A0 are restricted by mH0 + mA0 < 250GeV, the λi involved in the triple couplings could
not be significant, the effect is rather small and could not exceed −9% both in Scenario I
and II. While in the case of 500GeV CM energy, the effect is slightly larger and could
reach −15%. In the case of 1TeV center of mass energy, with this energy one can cover
a large range for mH0 and mA0 . Therefore, the quartic couplings λi become large than
in the previous cases which would make the triple scalar coupling large and the relative
corrections to the tree level result could be of the order −30→ +40%.

In Scenario III, after taking into account the dark matter constraints, the range of
weak corrections ∆weak of allowed points is confined in a narrower range when compared
with those of Scenario I and II. For example, for the case

√
s = 250GeV, ∆weak of allowed

points can only be in the range −6.8% to −5.5%. It should be emphasised that in both
processes e+e− → Zh0/H0A0, as demonstrated by the six BPs, the radiative corrections in
the allowed parameter space can be rather large. When the projected precisions of future
e+e− colliders given in table 1 are considered, it is mandatory to take them into account
in any realistic experimental measurements and data analysis.

Here it would be interesting to explore whether the future e+e− colliders have the
potential to distinguish different new physics models, like the IHDM, the general 2HDM,
and the MSSM. For obvious reasons (like huge parameter space in MSSM), an exhaustive
and thorough comparison is an impossible mission. Even a fair comparison is difficult.
Instead, we confine to compare the results of a few scenarios considered in literature at
their face values, and compile them in table 7.

• In the scenarios of the general 2HDM, the one loop radiative corrections to e+e− →
Zh0 and e+e− → H0A0 have been computed in refs. [111, 119, 120]. We compile the
results of scenarios in the recent Reference [111] for the purpose of comparison.

• In the context of supersymmetric models, the one loop corrections to e+e−→Zh0/H0A0

have been presented within the MSSM and complex MSSM (CMSSM) [122–124]. We
compare our results with those of scenarios presented in the Reference [122] the same
ratio δ is defined and used there.

According to the projected precision presented in table 1, the precision in measuring
δgZZh0/gZZh0 can reach 0.2% for future FCC-ee with

√
s = 250GeV, which roughly cor-

responds to a precision in measuring δ = ±0.4%. A recent global analysis given in [125]
demonstrated an even more aggressive precision ±0.09% might be achievable at CLIC with
a combo runs with three CM energy

√
s = 380/1500/3000GeV and polarized beams, which,

roughly speaking, means an error in δ can reach ±0.18%. In order to address the issue of
model discrimination, below we deliberately take an moderate optimistic assumption that
a precision δ = ±0.2% can be achievable.

Obviously, given a possible precision, whether two models can be distinguished is de-
termined by the central value of δEXP. Suppose that the future experiment could determine
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e+e− → Zh0

√
s (GeV) MSSM [122] CMSSM [122] 2HDM [111] IHDM

δ[%]

250 [−2.50,−1.00] [−0.80, 0.00] [−5.76,−0.02] [−2.60,+0.55]
500 [−0.80,+1.30] [+0.20,+0.60] [−5.51,+0.01] [−2.20,+0.60]
1000 [−6.63,+0.29] [−2.00,+1.00]

Table 7. The ranges of the size of radiative corrections for e+ e− → Zh0 for different SUSY and
non-SUSY models are tabulated.

δEXP = 0.0%± 0.2%, it could be able to rule out the parameter region of the MSSM anal-
ysed in [122] more than 5σ, while the parameter space of the CMSSM analysed in [122], the
SM, 2HDM and IHDM might still be consistent with experimental bounds. In contrast,
suppose the future experiment could determine δEXP = −2.5%±0.2%, then the parameter
region of the MSSM analysed in [122] and 2HDM and IHDM could interpret the experi-
mental data while the parameter region of the CMSSM analysed in [122] and the SM could
be ruled out in terms of 8σ and 12σ, respectively. While, suppose the future experiments
could determine δEXP = −5.5% ± 0.2%, then only 2HDM can interpret the experimental
data while the other models could be ruled out with more than 10σ. In the case with
δEXP = 0.55%± 0.2%, only IHDM could interpret with the experimental data comfortably
and the deviation from the prediction of the SM can reach to 2.5σ.

For future searches at e+e− colliders, we have presented six benchmark points that
satisfy dark matter and LHC constraints. For these BPs, we have given the weak and the
QED corrections for various center of mass energies. These BPs can be explored at the
future e+e− colliders, the LHC and future proton-proton colliders, and future dark matter
experiments.

For example, the discovery channel of e+e− → H0A0 can lead to some interesting
signatures, as explored in the reference [42, 47]. Moreover, for BP1-3, H0 is the LOP
and the final state of e+e− → H0A0 would lead to ZH0H0 final state since A0 → ZH0

dominantly, we expect a signature with dilepton plus missing energy. Since the Z boson is
on-shell, then we expect to observe two energetic leptons and a large missing energy in the
final state. For BP4, the Z boson is off-shell and two leptons from off-shell Z boson decay
in the final state are soft. Then two soft leptons and large missing energy would be the
characteristic signature of BP4. In the parameter space, there are some points where A0

can have a tiny decay width and its lifetime can be larger than 10−15 s, we expect that the
signature could be displaced vertex and large missing energy, as shown in [126].

At the LHC, it is believed that radiative corrections to pp → Wh0, Zh0, H0A0 would
be, to some extent, similar to our finding for e+e− colliders. Therefore, our BPs can also be
explored at the pp colliders via the processes pp→ H0H± → H0H0W±(∗) for BP1-6. The
signatures of these BPs can be a large missing energy plus a W boson, while the W boson
can be either on-shell (for BP1-3 and BP5) and off-shell (for BP4 and BP6). For both BP4
and BP6, the charged Higgs boson is almost degenerate with the LOP H0 and has a large
lifetime, which might lead to a signature of charged displaced vertex at the LHC.
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A More details about IR divergences

As mentioned in section 3.2, IR divergences in this paper are regularized with a small
fictitious photon mass λ. Meanwhile, two cutoffs, ∆E and ∆θ are used to separate the phase
space of real photon emission. Thus full NLO corrections are separated into four parts, as
given in eq. (3.15). The hard non-collinear part, dσHC , is obtained using traditional Monte-
Carlo integration techniques. Here we present results for the soft and hard non-collinear
parts, as well as the check on the independence of the cutoffs.

For the Higgsstrahlung e+e− → Zh0 and the associate production e+e− → H0A0, the
real photon is only emitted from the initial state electron and positron. The analytical
expression for the soft bremsstrahlung is given by:

dσS = −α
π
dσ0 ×

[
log 4∆E2

λ2 + log 4∆E2

λ2 log m
2
e

s
+ 1

2 log2 m
2
e

s
+ log m

2
e

s
+ 1

3π
2
]

(A.1)

where ∆E is the cut on the photon energy and λ is a small fictitious mass for the photon.
In the above formula, the IR term log 4∆E2

λ2 (resp. log 4∆E2

λ2 log m2
e
s ) are respectively canceled

by the wave function renormalization constant of the electron and by the virtual photon
correction to the one loop e+e−Z vertices. The large Sudakov term log2 m2

e
s is also canceled

by the virtual QED diagram.
One-loop radiation correction includes collinear singularities when me goes to zero. In

our calculation electron has nonzero mass, but the singularities will become terms pro-
portional to log(me). Some of them are cancelled when summing up virtual and real
corrections, and some of them are absorbed into the redefinition of running coupling con-
stant as mentioned above, but some are remained. To deal with this, we used following
fixed order electron structure function which can be derived [127]

fee(x, s) = δ(1− x) + α

2π log s

4m2
e

P+
ee(x, 0) (A.2)

with
P+
ee(z, 0) = 1 + z2

(1− z)+
+ 3

2δ(1− z), (A.3)
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Figure 17. One-loop corrections of e+e− → H0A0 as functions of δs, ∆θ and k.

being the regularized Altarelli-Parisi splitting function. The 2nd term in eq. (A.2) gives an
additional “counter term” which can be combined with hard collinear part.

The HC + CT part is obtained as

dσHC+CT ≡ dσ∗HC+CT + dσSC

dσ∗HC+CT = α

2π

[
1 + z2

1− z log ∆θ2 − 2z
1− z

]
×
[
dσ0(zk1) + dσ0(zk2)

]
dz

dσSC = −α
π

log s

4m2
e

[3
2 + 2 log δs

]
dσ0, (A.4)

where the approximation ∆θ � me/
√
s has been taken and ∆E is replaced with a dimen-

sionless parameter δs = 2∆E/
√
s.

∆E and ∆θ are unphysical cutoffs we introduced to deal with IR singularities. Our final
results should not depend on them. In figure 17, we show our check for this independence,
taking one of the processes as an example. From first subfigure, it can be seen that the
independence on ∆E is found in a wide range and we choose δs = 10−3 as our default
choice. In second subfigure, we can see that the result becomes cut dependent when
∆θ is smaller than 10−4. It is because the approximation used in eq. (A.4) demands
∆θ � me/

√
s ∼ 2× 10−6. Thus we choose ∆θ = 10−3 as our choice.

Collinear divergences in our calculation appear as terms proportional to log(me). After
including the counter term from electron structure function, such divergent terms should
vanish in the final result. In order to check this, we vary the mass of electron with a factor
of k from 2−4 to 28, namely me is taken k × 0.511MeV. The cancellation is shown in last
subfigure of figure 17, from which we can see that the result remains unchanged when k

varies. Also, we can see that singular terms only appear in σV+S and σSC parts.
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