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1 Introduction

It is expected that classically integrable 2d o-models should be stable under the renor-
malization group flow, the intuition being that hidden symmetries will constrain the RG
evolution. Constraints on coupling constants required for integrability should thus be
RG-invariant. At the leading 1-loop order, this has been observed for some time (see,
e.g., [1-3]). It was recently found on various examples [4, 5] that the RG stability for
integrable theories extends also to higher-loop orders (provided the classical actions are
supplemented by particular finite counterterms or if RG evolution is considered on a larger
configuration space).

The aim of this paper is to explore the connection between integrability and the RG
flow on some new examples — integrable G x G and G x G/H models that were derived
from the affine Gaudin construction [6-8]. These models may be viewed as generalizations
of the PCMk,l

1 _
EPCMk =Loow kL, (9), Loow = ) hTr[JyJ-], J=gldg, ge@, (1.1)

1
4ra’

fd2§£ with the “string” notation for the loop counting
parameter o’ = h that may be set to 1 in some of the equations below. We also use 0+ = 0o £ 01.

In our conventions the action is S =




i.e. the principal chiral model (with inverse coupling h) with the WZ term (with “level”
k). The conformal WZW model is obtained at the special points h = +k.

The PCM}, admits various integrable deformations (see, e.g., [9-13]), which have been
interpreted [6, 7] as particular cases of integrable affine Gaudin models. The affine Gaudin
construction also produces natural generalizations of the PCMy, to integrable models on
products of group spaces G =G x ... x G [6, 7].

Here we shall consider a subclass of such models defined by

1 i) 10 i
£= =2 pi DTV TD 4 ki L4, (99), (1.2)
JO = g0 g0 de@y, i=1,...,N.

We denote by J® the Maurer-Cartan 1-form corresponding to i-th copy of G and pij is a
constant coupling matrix (summation over repeated 4, j is assumed).

The PCMy, (1.1) corresponds to the special case N = 1 (with p;; = h and k; = k),
and is integrable for any values of its couplings. However, for N > 1, the model (1.2) is
classically integrable only for special couplings (p;;, k;) that correspond to the affine Gaudin
models [6, 7]. These are selected as the solutions of certain polynomial equations. We will
focus on the first non-trivial case of N = 2, i.e. on G X G models.

As we shall find in section 2, the classical integrability condition for G x G theories (1.2)
is automatically stable under the 2-loop RG flow in a particular subtraction scheme (ex-
tending the 1-loop results of [14]). Here the 2-loop stability is obtained without the need
for any finite counterterms.

The model (1.2) is a special case of the 2d o-model

S— 47;, / PeL = 47:(1, / € [Grn (%) + Bon (2)] 01202 . (1.3)
This is a “two-coupling” theory, so the 2-loop S-functions for (G, B) generally depend on
a choice of a renormalization scheme [15, 16]. There exists a special 2-loop scheme [15-17]
that effectively treats G, and B, as symmetrically as possible (with the respective [-
functions being the symmetric and antisymmetric parts of a single tensor expression). We
shall refer to this G—B symmetric scheme as the “GB scheme”. Explicitly, in this scheme
one finds for the 2-loop B-functions [15, 16] (see also [18-20])?

& (ot Buun) = o B 0”500+

- 1 [ 5 PN 1
= o Ry + 0" o | R Rty = 5 RP o Rt + 5 Rt HUH |+
(1.4)

2Here 7 is the RG parameter. In general, the S-functions may contain also diffeomorphism and B-gauge
transformation terms corresponding to freedom of field renormalizations and shifts of the Lagrangian by
total derivatives depending on RG scale. We omit these terms since they automatically vanish in the
examples considered below due to manifest global G x G symmetry.



Here Hynx = 30p,Bny and R is the curvature of the generalized connection f’kmn =
I*(G) — LH” .. Applied to the case of the PCMy, in (1.1), the expression in (1.4) gives
(here we set o/ = 1)

d K c 342 d
Th—cg [1-5 ) 1458 (1-25 Zk= L.
dr CG( h2> [ +2h< n? )] =Y (15)

so that the position of the WZW fixed point h = +k remains unchanged at the 2-loop
order. The 2-loop PCMy, S-function (1.5) was found in [17] using a scheme equivalent (at
the 2-loop level) to the one of [15, 16] that leads to (1.4).%

The GB scheme is naturally “adapted” to the vicinity of the WZW conformal point:
the derivative %Bh]h:k
the anomalous dimension of the Tr(J,J_) operator (PCM Lagrangian) as computed [22]

of the S-function for h at the fixed point correctly reproduces [17]

using the underlying infinite dimensional Kac-Moody symmetry of the WZW model. Thus
this scheme is apparently consistent with the preservation of the KM symmetry in the
vicinity of the conformal point.

It is then natural to expect that this scheme should also play a special role in a
more general class of integrable models (1.2) containing WZW models as special limits,*
and should facilitate preservation of the hidden integrable structure of these models at
the quantum level. We will indeed see evidence for this below: the classical integrability
conditions for the G x G model (1.2) will be automatically preserved by the 2-loop RG
evolution provided one uses the S-functions in the GB scheme (1.4).

We shall also study, in section 3, a gauged analog of the models (1.2) defined on a coset
space G x G/H. This theory, which was recently derived from affine Gaudin models in [§],
may be viewed as a generalization of the standard G/H symmetric space o-model, also
including WZ terms. For these G x G/H theories to be gauge invariant, the corresponding
couplings must satisfy certain linear relations. In addition, for a gauge invariant model to be
classically integrable, the couplings should further satisfy certain polynomial relations [8].

We will compute the RG flow for these integrable G x G/H theories, finding that they
are stable under the 1-loop RG flow. However, at the 2-loop level, RG stability does not
automatically arise and, in general, requires certain finite redefinitions of the couplings.
These are equivalent to adding specific finite counterterms, which may be interpreted as
required for preservation of integrability at the quantum level (this is analogous to what
was observed on other examples in [4, 5]). There are still a few special cases, in particular
the integrable T%! model of [8], that are automatically stable under the 2-loop RG flow
(see section 3.2).

3To recall, part of the scheme freedom comes from the prescription of how one treats the antisymmetric 2d
tensor € appearing in the B-term in (1.3) in dimensional regularization. Ref. [17] used 't Hooft-Veltman
prescription of treating €?° as effectively 2-dimensional. In [15, 16] it was assumed that, in d = 2 + ¢
dimensions, e*c.q = f(€)(628y — 6362) where f = 1+ fie+ ..., and then the GB scheme corresponds to
the choice fi = —1. As noted in [21], the scheme used in [17] is equivalent (at least at the 2-loop level) to
f(d)= 75 =1—€+..., ie. to the choice fi = —1 [15, 16] of the GB scheme (1.4).

4Similar logic was recently used in [23] in the discussion of the 2-loop RG evolution of a “squashed” SUs
variant of PCMy.



In section 4 we shall present a new integrable o-model with target space metric
TH = SUy x SUs /Uy [24-27] and a particular B-field. The model admits as a special
limit the conformal GMM model with unequal levels [28-30]. Our central observation is
that, in the case of the subgroup H in G x G/H being abelian, the gauge invariance con-
ditions of [8] are too restrictive and there is also a second “branch” of gauge invariant
theories. This allows a natural generalization of the integrable 7! model of [8] to T4
with a general parameter g. We demonstrate that the resulting 719 model is classically
integrable, admitting a Lax representation. We observe that the 7% model is self-dual
under T-duality in one isometry direction, and argue that this property forces it to be
stable under the RG flow. We verify this fact explicitly by computing the corresponding
2-loop RG flow of the two coupling constants.

A few concluding remarks will be made in section 5. In appendix A we shall discuss
the integrability conditions for the G model (1.2). In appendix B we shall provide the
explicit formulae for the 2-loop S-functions of the G x G and G x G/H models and explain
how they were derived.

2 G xX G models

As was mentioned in the Introduction, the G model (1.2) is classically integrable for spe-
cial values of its couplings (psj, k;) satisfying certain polynomial relations, which originate
from the affine Gaudin construction [6, 7]. For such values of the couplings the model
admits a Lax connection of the form

Ly =a; 0", L =3 J%, (2.1)

whose flatness condition, F'y (L) = 0yL_ — 0_L4 + [Ly,L_] = 0, is equivalent to the
equations of motion following from (1.2). Moreover, the affine Gaudin construction guar-
antees that the Poisson brackets of the Lax matrix L, = %(L+ — L_) can be written in a
‘twist’ form, i.e. a special form of the standard non-ultralocal r/s Poisson bracket [31, 32].
This implies the existence of a tower of conserved commuting higher-spin charges [33].

Below we shall consider the simplest N = 2 case of the G model (1.2) for a simple Lie
group G. We shall parametrize the 2 x 2 matrix p;; in (1.2) in terms of the 4 components
s,t,u,b as follows

£==3 (t—b " ) T[0TV + ki L4, (97) (2.2)

Then the affine Gaudin condition for integrability is the vanishing of a cubic polyno-
mial [6, 7, 14],
f(s,t,u,b,kl,kg) = —t(S—i—t) (t+u) +b2 (s+t+u) +tk1 k‘g +b(uk1 — Skg) =0. (23)

Let us note that the affine Gaudin conditions for integrability (e.g. (2.3) in the N = 2
case) are certainly sufficient for integrability. However, it is not a priori clear if they are
necessary, since there could also be integrable theories of the form (1.2) that are unrelated



to the affine Gaudin construction of [6, 7]. In appendix A we presented a check that the
condition (2.3) is also necessary for the integrability of the G x G model (2.2), assuming
the natural ansatz (2.1) for the corresponding Lax connection.

2.1 RG flow in G X G models

The general GV model (1.2) has global (G1)"N x G symmetry acting as
g9 — u(Li) Dug, (u(Li),uR) e (GL)N xGpR. (2.4)

In fact, (1.2) is the most general 2-derivative local Lagrangian having this symmetry. This
implies that only p;; can run under the RG flow (with the WZ parameters k; not renor-
malized as usual).’

Starting with the o-model couplings (G, Bmn) corresponding to the G x G
model (2.2) and computing the corresponding 2-loop S-functions in the GB scheme (1.4),

we find

ip-- = 0/6-(-1) + o2 B-(?) +...
dr'™ K K ’ (2.5)
B = co B (s, tu,b, ki ke), B = ¢ (su—t2) 75 F (s, t,u, b,k ko),

where the matrices F®, F®) are homogeneous polynomials of degrees 4 and 9 in their
arguments and c, is the dual Coxeter number of the group G, as in the PCMj case

in (1.5). The explicit expressions for FW O

are given in appendix B.1 and also in some
special cases below.
Remarkably, despite the complicated expressions for the g-functions, one is able to

verify that the integrability condition (2.3) is, in fact, preserved by the 2-loop RG flow:

afl a2 a2 of
ar f_0—<a B@'j +a” by +...)apij

—a' x0+a?x0+... (2.6)
f=0

The vanishing of the 1-loop O(a’) term in (2.6) was already established in [14], and the
vanishing of the 2-loop term is a new non-trivial result. Let us stress that this property
of the integrability condition (2.3) not being deformed at the 2-loop level is specific to the
G B scheme (1.4).

2.2 Some special cases

Let us consider some particular examples of the integrable G x G models (2.2), (2.3).

2.2.1 p21 = 0 and the G X G model related to A-model

The most general integrable model with pa; = 0 corresponds to the following choice of the
parameters in (2.2) (this case was also considered in appendix C of [14])

b=t, u=—ky. (2.7)

5As in the PCMj, case, the RG invariance of k; follows from the fact that the corresponding field strength
H = dB is covariantly constant.



After the redefinition (¢(M), g®) = (¢9,51), the corresponding Lagrangian (2.2) depending
on s,t, k1, ks may be written as (cf. (1.1))

L= [sLpcy(9) +k1Ly;(9)] — k2 [Locu(9) + Ly, (9)] + t Tr [J1(9) K-(9)] (2.8)

where J = g~ dg, K(§) = dgg'. This is just a PCMy, and WZW model (with level —ks)
coupled via the J4 (¢)K_(g) term. In this case the global Gr symmetry in (2.4) is enlarged
to a chiral symmetry Gr(¢1),6

(9, 9) = (ugv, v igw(Er)), (u,v,w(€1)) € G x G x Gr(¢h). (2.9)

These symmetries protect the structure of (2.8) under renormalization so that only the
parameters s and t are expected to run with the RG scale. Indeed, in this case the RG
equations (2.5) take the following explicit form”

d o (s —k1) 2 2 3
—s=—"———= |k5(k1 + 5) + 4kot” — 2t
dT” (kys + 12)° [Fa(ks +5) + ks )

2 (s—k
o (57K 1) 5 (3862 — 11kt + 252 + Lst) (2.10)

2 (kgs +t2)
+ 2k3t° (—8kys — 42k1t + 9kT — 5s® + 18st) — 2k3t* (—Tkys — 46k1t + s° + 48st + 28¢)
+k3 (k1 + s) (s — 3k7) + 2k5t%(3ky + 25)(3s — 5ky) — 4t7(5s + 6t)] |

d Cq t(t—k‘g)

%t = m [k2 (k1 — s) + 2t(s + 1)]
t(t—ka) [ s , , ) .
m [4t° (t(4t — k1) + 5s” + 10st) — k5(s — k1) (s* — 3k7) (2.11)

+ 2k3t% (5%(28t — 3ky) + 2st(13t — 16k1) + 6k1t(ky — 4t) + 3s°)
—2kot? (—k1t(13s 4 19t) + 25° + 315t 4 45st> + 10t%) — 2k3t(s — k1) (5st — 3k (s + 4t))] .

At the obvious fixed point s = ki, t = ko, the model (2.8) becomes [14] the sum of two
decoupled WZW models, £ = (k1 + k2)Ly,w(9) — k2L ,w(99). As discussed in [14],
the fixed points are all decoupled WZW models of this type. The RG trajectories either
interpolate between such WZW-type fixed points or flow to them in the IR from the
asymptotically free UV fixed point s,t — oo.

An interesting special case of (2.8) is s = k; = —ko = —k’, when it becomes

L=k (‘szw(g) + ‘szw(g) —N'Tr [J+(g)K_(§)]) ) N =kt (2‘12)

This particular G x G model appears from the “tripled” version [5] of the A-model [34, 35]
after removing the decoupled WZW part. It is also a special case of the “doubly A-
deformed” model of [36-39]. Here the S-functions (2.10), (2.11) reduce to just A’ running as

d ., 2c,, A2 4c2 N4 (1 —2X)

— )\ = + .

e S U R T R U I U
SWe denote by G(¢7) right G’ multiplications depending on light-cone coordinate £ = %(50 + &Y.

"As in (1.5), here we set the loop counting parameter o’ to be 1. The 1-loop terms in (2.10), (2.11)
match those in [14] (after reversing the sign of the WZ terms k; — —k; to match the conventions).

(2.13)




This is the 2-loop [-function [5] for the A-model based on the group G with parameters

(k, A) related to (K, \') as k' = k+2c,, X' = ¢ +’;CG AL8

222 ki=ka=0
Setting the WZ levels to zero, k1 = ko = 0, the integrability condition (2.3) implies that

WWW} v (2.14)

b=>b(s,t,u) = [ rstu

We thus obtain from (2.2) an integrable G x G model with 3 independent couplings s, t, u,

1 s t+ b(s,t,u) @) 7(5)
o Te[JM g7 2.15
2 (t—b(s,t,u) u >Z.j M (2.15)

Since k; do not run, this special case of the model (2.2), (2.3) should also be stable under
the RG flow, i.e. (2.15) should be renormalizable with only s,t,u running. Indeed, using
for convenience the redefined couplings (s,t,u) — (z,y, z) with

r=s+t+u, yz?, z:%, (2.16)
the 2-loop [-functions (2.5) become
d Cé 2, .2
7% =26~ goe [16+32(y + 2) + 16(y” + %) + 88y= + 68y2(y + 2)
+1292(y? + 22 + by2) + 8y (y + 2) — 2y +2)?) (2.17)
d
Ty =Fy.2), 72 = Flz;2,y), (2.18)
o Yyt +2) [ 2
F(x;y,2) = W o [1—731/—3(734‘1) }
c? 1
6,2 6 2
_ ﬁm [—z y? — y5(32y — 382 — 44) + 22(y + 1)(262y + 101y + 58) + 20(y + 1)

— 2 (y(3y((y — 14)y — 100) — 296) — 38) — 2° (y(y(y((y — 4)y — 178) — 728) — 708) — 152)
+22%(y + 1) (y(y(5y + 89) + 262) + 105)}). (2.19)

The obvious symmetry between s and u in (2.15) is translated into the symmetry of the
RG equations under y <> z.

The fact that these 2-loop S-functions are much simpler than the general (not necessar-
ily integrable) case of (2.5) (see also appendix B.1) suggests that a substantial simplification
happens upon specifying the couplings to be at the integrable locus f = 0 in (2.3) (this
was already observed at the 1-loop order in [14]).

8See also [40]. For the 1-loop beta functions of the A-models based on G and G/H, see [41] and [42]
respectively.



3 G X G/H models

Let H be a subgroup of G such that G/H is a symmetric space (we assume that both G
and H are simple real Lie groups). Then the Lagrangian for the gauged G x G/H model
of [8] takes the form®

1 D) p)y L i) 7(j i
L= =5 Pij Tr[PJ(r)PSJ)] — 37 TI"[L(F)I(—])] + ki Ly (917), (3.1)
PO = PG/HJ(i) ; 1) = pyJ®, J0 = g(i)ildg(i) : (3:2)

Here Py g and Py are projectors to the corresponding parts of the algebra of G, and
pij, Tij are constant 2 x 2 matrices. The global symmetry consists of left multiplication
G X G, as well as the discrete Zs corresponding to the symmetric space structure of
G/H. The action for (3.1) is required to be gauge invariant under the local right action by
an element of H (acting the same on both g(V)

9@ = ¢Dw, w(Et, ) e H. (3.3)

For general choices of G and H, gauge invariance imposes the linear constraints [8]'"

kl = —]€2 = k, Tij = <_TT+ k _TT_ k) . (3.4)

The remaining free parameters of the gauge invariant model are then 7, k and the 2 x 2
matrix p;;.

Requiring integrability imposes further constraints which, as for the G models (1.2),
can be obtained from the affine Gaudin construction. The following parametrization of the
6 constants r, k, p;; in terms of 4 parameters K, z, (4, (~ was shown in [8] to be sufficient
for integrability

¢ - 1-)E*-¢) 1-3)@=* =)
7’=T11=7’22=Km, rig=2K (f_;)g , To1=—2K (1_;)3 +,
(3.5)
1—-2 2 2 2 1— 2 2 2
PllZK(fj :2§2_C+ : pP12=1 7“12=2Kx( (585;)3 ) ; (3.6)
- 1-3)=* =) -2+ G
por=a"'ry=—2K 20 _22)3 +, par =K"= xQ(ffo)Q , (3.7)
2 2 -2 22 | 2

(1—22)3 '

9Our conventions in (3.1) are related to the ones of [8] by r;; — 2/)1(;))7 pij — ZpEJI.) and the opposite sign
for the WZ terms, i.e. k; — —k;.
10The special case of abelian H will be discussed below in section 4.



This parametrization is simply equivalent to the gauge invariance conditions (3.4) combined
with the two extra polynomial integrability conditions

fi=r? —k* — p1apa1 =0,
fo=(r—k)'pra+ (r—k)*(r —k —2p11)(r — k 4 2pa2) p1 (3.9)
—2(r — k)(p11 + p22)p12p31 + (p12 + pa1)p12p3 = 0.

Two simple solutions of these conditions are found by setting r = k (i.e. ro; = 0 in (3.4))
and either po; = 0 or p1o = 0.

3.1 RG flow in G X G/H models

The structure of the gauge invariant G x G/H action (3.1), (3.4) is protected by the right
H gauge symmetry (3.3) and the global G x G and Zy symmetry. This rules out all
counterterms except those corresponding to renormalizations of the 6 couplings 7, k, p;; (of
which % is not renormalized as usual). Let us parametrize p;; as in (2.2),

pij = ( ’ ”b> . (3.10)

t—b u

Computing the p-functions (1.4) corresponding to the o-model couplings (Guun, Bmn) for
the model (3.1), (3.4), (3.10), we find for the 1-loop S-functions of the 5 running couplings

d 1
%hp = a’ﬁ,sp) , hy = (r,s,t,b,u), (3.11)
(1) Ce — Cq 2.2 2,2 2,2 4 2 2 2 2
B :ﬁ(r s — 2b%t° — 2r°t* + 27 — 2b“su — 2st“u + reu
— su
]{22
+4bstk + 4btuk — s*k* — 2t%k* — u2/~c2) + ¢,y (1 — r2> ., (3.12)
B = r(t2CG ) [b23 — st? + r?u 4 2r(t? — su) — 2btk + ukﬂ , (3.13)
— Su
gy = r(tQCj o =02t + b(s + w)k +H(r? — su— k2|, (3.14)
1 C
B = T [—b(% + su) + t(s + u)k] (3.15)
c
Bl = e < ) [7"23 + b?u — t?u + 2r(t* — su) — 2btk + skﬂ . (3.16)

We observe that the integrability conditions (3.9) are stable under the 1-loop RG
flow (3.12)-(3.16),

o
or

(1) 8fa
v Oh,

+0(a?) =0+ 0(a?), a=1,2. (3.17)
fi=f2=0

= alﬁ
fi=f2=0

However, it turns out that (as for some examples discussed in [4, 5]) this property of RG
stability does not, in general, extend to the 2-loop order. Computing the 2-loop S-functions



for the model (3.1), (3.4) in the GB scheme (1.4) (given explicitly in appendix B.2), we
find that the subleading correction to (3.17) is non-zero at general values of the couplings,

’(12) afa
? 8h7’ fi=f2=0

B £0, a=1,2. (3.18)

Moreover, we checked that (3.18) is also non-vanishing in arbitrary covariant 2-loop sub-

traction schemes.!!

As in other examples [4, 5], one may expect to restore the property of RG stability
at the 2-loop order by adding certain finite quantum o'-corrections to the target space
geometry. Because of the global and local symmetries, the only possible corrections would
correspond to redefinitions hj, — Bp of the couplings hy, = (7, s,t,b,u),

hp = hy+a'Qp(h) + ... . (3.19)

Such redefinitions may be interpreted as quantum corrections to the integrability condi-
tions (3.9): if the original couplings h, satisfied f,(h) = 0, then the corrected ones h,,
would satisfy a corrected version of the integrability conditions,

fa(h) =0,  fa=fatd Qpinfat ... (3.20)

3.2 Some special RG-stable cases

There are still special exceptional cases of the integrable GxG/H model (3.1), (3.4), (3.9)
that are automatically stable under the 2-loop RG flow in the GB scheme. Two of them
are discussed below.

3.2.1 G x G/H model related to G/H A-model

One solution of the integrability conditions (3.9) is
r=k, pa1=0, pn=pn==F, ie. r=s=u=k, t=»b, (3.21)
on which (3.1), (3.4) become (redefining (g,7) = (¢'V, (¢®)~1))

L=k (Lo (@) + Loy @ — T [T4(9) (Pt + X Peyrr) K-@)])

-1 ~ ~~1 / / -1 (322)
Ji(9) =9 0+g, K-(9)=0-g73 , E=-k, XN=k"t

This model is a “gauged” version of (2.12), similarly being constructed from a combination
of two WZW Lagrangians coupled by a current-current term. This particular G x G/H
model appears from the “tripled” formulation [5] of the G/H A-model [34, 35] (after re-
moving a decoupled third WZW part). Compared to generic G x G/H models, the G x G
global symmetry is enhanced to a chiral gauge symmetry G(£7) x G(£1) acting as (see
footnote 6)

(9. 9) = (w(€7) g, Gu(€D), (u(e), v(eh)) eGE) x G, (3.23)

1)\ore precisely, we considered arbitrary subtraction schemes related to the GB scheme (1.4) by covariant

redefinitions of Gy, and Bon.
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This symmetry protects the structure of (3.22), allowing only the coupling A’ to run. The 1-
and 2-loop fS-functions in (3.12)—(3.16) and appendix B.2 lead to the following RG equation
for N

d ., coN  cgNe, — (2¢, —cy)N?]

N = CEA 3.24
dr W K2(1— A2) (3.24)

This is the 2-loop S-function [5] for the A-model based on the symmetric space G/H with
parameters (k, \) related to (k', ) by k' = k4 2c,, N = ﬁ()\_l +2c,).

3.2.2 Integrable deformation of GMM model on G x G/H and T'! model

Let us consider a particular solution of the integrability conditions (3.9) that was studied
in [3),
’I”:k, p12:p21:0, ie. t=b=0. (3.25)

The Lagrangian of the corresponding theory (3.1), (3.4) is given by

1 O o _ B
L= T [hPy P 4+ hP.P |- L (LI + LT =200 |+ k[Ly,(9) = Ly, (@)
(3.26)

where we have set!?
(9", 9?) = (9,9), Pr=Pe(@), I.=1(7), h=pn=s, h=pp=u.
(3.27)
This is an integrable deformation of the special point h = h = k that corresponds to the
conformal GMM model [28, 29] on the homogeneous space G x G/H with equal levels.
Specializing the 1-loop and 2-loop S-functions in (3.12)—(3.16) and appendix B.2 to this
case, we find that the model (3.26) is automatically stable under 2-loop renormalization
with only h and h running,

%h = 2c, (1 — ﬁ) <1 + % {2(00 —c,) — (3¢, — QCH)fJ) , 29
%E = 2c,, (1 - g) <1 + % {2(% —c,) — (3cg — QCH)Q) , %k =0.

Remarkably, the RG evolution of h and h is decoupled. Note that the structure of their
p-functions is similar to the one in the PCMy case (1.5). As expected, the GMM model
h="h=Fkis a fixed point.

Let us consider the simplest example of this theory (3.26) with G = SUs and H = U;
and choose the parametrization
1T 01 T2 YT 7

g=e g= ¢~ #2Th o= 02T o= 9T , (3.29)

12Ref. [8] used the notation (k, h, H) = (A%, A3, AD).
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where the SUsy generators are Ty = %O’A and the generator of H = U; is T3. We shall fix
the H gauge freedom by setting @ = 0. As a result, we get an integrable 5-dimensional
o-model (cf. (1.3))

£ = (G + Bron)0s2™0_a™ — ik (0,000 + cos? 01 9191 + cos” 0 D 4D
+ 2c08 61 01101 + 2 cos O3 O+ 10— o + 2 cos 61 cos Oy 8+¢18_¢2}

1 1~
+ b [a+918_91 1 sin26, a+¢la_¢1} + b [a+02a_92 + sin? 0y a+¢ga_¢2] .
(3.30)

The resulting target space geometry corresponds to the TV metric and a particular B-
field [8]'3

1
ds%m = Gppdx™dx™ = Zk (dip + cos 61 dpy + cos b d¢2)2
1 1~
+ b (d6? + sin? 0, d¢?) + b (dO3 4 sin® 0 d¢3) (3.31)
1 1
B= §andacm Adz" = Zk (dip 4 cos 01 dp1) A (dip + cos b depa) . (3.32)

The 3 parameters h, E, k of (3.26) are thus mapped to the 3 parameters of the 7! metric
in [24-27].14 The 2-loop RG equations (3.28) become in this case (¢, = 2, ¢, = 0)

T A (| T (4 A

As we shall discuss in section 4, the 2-loop RG stability of this 7"' model may be under-
stood as consequence of the fact that the o-model (3.30) is self-dual under T-duality in the
1-direction.

4 Integrable T model

Let us now introduce a new integrable o-model with target space metric 759 and a par-
ticular B-field, which is a one-parameter generalization of the T'%!' model (3.30) of [8].
Its special conformal case will be the SUs x SUs /Uy GMM model, now with unequal WZ
levels [28-30] (with their ratio related to the parameter q).

Our central observation is that, starting with the G x G/H model (3.1) and considering
the case when the subgroup H is abelian, the gauge invariance condition (3.4) of [8] is too

3Due to differing conventions, the B-field here is opposite in sign to that in [8]. This difference is not
significant, and can be removed by a parity transformation.

Mo recall, the T"! metric (3.31) is an Einstein space if h = h= %k It then serves as a base of a Ricci
flat 6d conifold with metric dr? + r2ds2T1,1 if we formally set k = é so that R;; = 4g;;. In general, the non-
zero components of the Ricci tensor of the cone geometry ds® = Gy (X)dX™dX"™ = dr® 4 r2g;;(z)dz’da?
(with ¢ = 1,...,d) are Rij(G) = Rij(g) — (d —1)gs;. Thus it vanishes if g;; is an Einstein metric with a
particular value of the scalar curvature R(g) = d(d — 1) (this condition is satisfied, e.g., for a unit-radius
sphere S¢ when G, is flat).
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restrictive. At the particular point p12 = p21 = 0, there is also a second “branch” of gauge
invariant models,'®

1 oo 1 " .
L= —5 Pij Tr[Pj_)PSJ)] — 3T Tr[Ii)I(,J)] + ki Ly, (99,
(4.1)
roal=r =k 2 _
= po = = , = ok,
p12 =p21 =0, Tij (q(—r—l—kl) r ) q 2/k1

where ki, ko are assumed to be of opposite sign. The action for (4.1) is invariant under

the modified gauge transformation'¢

(g, g?) = (gMw, gPw), w=w(h ) eH. (4.2)
Here w? is the ¢-th power of the abelian group element w. In the case when the abelian H is
compact then, to make w? single-valued, one should assume that ¢ = % is an integer.'”

At the value ¢ = 1 (i.e. k; = —k2), this model intersects with the gauge invariant G x G/H
model (3.1), (3.4) considered above.
We claim that model (4.1) is integrable (admitting a Lax representation) if'®

r==k. (4.3)
In this case it becomes a generalization of (3.26) to the case of unequal levels k, E,

1 O | o o -
L= [h PP +hP+P_] —5Tr [k LI A kI T —2\kk I, I | +kLy,(9) — KLy, (3),

(4.4)
where we have set (cf. (3.27))
(g(l)’g(Q)) = (g’g)a ﬁi = Pi(g)a fi = Ii(..?j)’
7 (4.5)
hEpH, hEIOQQ, kEkl, k‘E—k‘Q, q = %

The fact that the k = k limit (3.26) is an integrable theory provides a first check of
the integrability of (4.4). Indeed, starting from the Lax connections [8] for (3.26) (with z

5Note that, in generic cases, WZ terms present a topological obstruction to gauging [43]. There are, how-
ever, special “anomaly-free” subgroups of the WZ term’s global symmetry G, x Gg that can be gauged [44],
satisfying Trr[TaTs] — Trr[TaTs] = 0. This condition is satisfied here by the gauge transformations (3.3)
and (4.2) on both “branches” of theories, due to cancellation between the two copies of G in G x G/H.

'6The reason for the restriction of H to be abelian if ¢ # 1 is that the variation of the Lagrangian (3.1)
under (4.2) with w € H will be proportional to (¢ — 1)L, (w), which vanishes for abelian H for any q. We
also need to assume p12 = p21 to prevent mixing between P and P® terms, which transform differently
under w and w? respectively.

"More generally, one could consider a “twisted” action of the abelian subgroup, (g(l)7 g(2)) —
(gMwa, gD wP) characterized by integers p,q satisfying ¢/p> = —ka/ki1. In the SUs x SUs/U; exam-
ple discussed below, that would lead to the T?'¢ model.

18The case r = —k is also integrable since it is related to (4.3) by parity.
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as spectral parameter),’

_ 1
kz?2 —h

[ (:)=T +2P, L) !

Li(z)=I +2'P, L_(2)= (k= h)(I + 2P) + k(> = )I], (4.6)

T2 1h [k =B)(Te + 271 Py) + k(=2 = DL ], (A7)

we have found the following Lax connections for (4.4) by replacing some factors of k by k,

Li(z) =TI +27'Py, L_(2)= ﬁ [(k SR+ 2P) 4+ k(2 1)f_] . (48)
[.(:)=T +2P, Li(z)= ’/5z—21_H [(% LR+ P + kR = )L

(4.9)

Assuming the simplest case G = SUs, H = U; (see footnote 29), using the same
coordinate parametrization of this SUs x SU,/U; model as in (3.29), and fixing again the
H = U; gauge as ¥ = 0, we find the following generalization of (3.30)

L = (Gmn + Bin)012m0_z" = ik [a+¢a_zp + cos? 01 01 ¢10_p1 + q* cos? O3 01 20— o

+ 2cos 61 01 10—1 + 2q cos 02 D+ 1p0_pa + 2q cos 01 cos O 8+¢18_¢2} (4.10)
+3h [emla_el 1 sin26, a+¢la_¢1} +3h [a+928_92 1 sin2 6, a+¢ga_¢2} ca=4g

The resulting target space metric is that of the 719 space [24-27] and the B-field is a
natural generalization of the one in (3.32),

1
ds2i,q = Gupdz™dz" = i (dip + cos 01 dey + q cos B dpy)?
1 1~
+ b (d63 + sin® 01 d¢?) + b (d63 4 sin® 0 d¢3) (4.11)
1 1
B = §andxm ANdz" = Zk (dip + cos By do1) A (dyp + g cos b dps) . (4.12)

Like the ¢ = 1 case [8] in (3.30), the presence of the B-field is crucial here for integrability
(the TH4 g-model without B-field is not integrable [47, 48]). The coordinate form of the

9These Lax connections were obtained in [8] from the affine Gaudin Lax connection of the general
integrable G x G/H model (3.1), (3.4), (3.9) by taking the limit r = k, pi12 = p21 = 0. It was found that
certain components of the Lax connection degenerate to zero and thus the flatness condition of the resulting
connection L4 does not imply some of the equations of motion. However, one can consider a generalized
limiting procedure by infinitely rescaling the spectral parameter while taking this limit, thus obtaining a
second connection Zi that “misses” a different subset of equations of motion. The flatness conditions of
the two Lax connections together encode the full set of the equations of motion. The fact of having two
separate Lax connections may seem unusual but should be sufficient for the integrability applications: for
example, each Lax connection will lead to its own family of conserved charges. Note also that for £k = 0 the
two Lax connections (4.6), (4.7) become the familiar ones of the two decoupled G/H o-models so the fact
of having two connections may not be totally surprising (we thank B. Hoare for this comment).
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Lax connections (4.8), (4.9) is (T4 are the SU; generators in (3.29))

L'y (2) =cos01 041 Ty + 21 (0401 Ty +sin by 0y 1 T1)

() = Wl_h [(k —h) (cos 6y Dy Ty + 2(9_61 T + sin 6, 0 T1))
—(22-1) <\/ﬁ cos Bg O_ g + ka_wﬂ , (4.13)
To(2) = %221_71 [(E ) (0882060 Ty + 2 (0402 Ty + sin 630,65 T1) )
VR = 1) (c0s01 0261+ 0:0)
L (2)=—cosbyd_¢oTs3+ 2 (—0_0Ts +sinho d_¢oT1) . (4.14)

To simplify the expressions we followed [8] here in replacing Ly by its gauge transformed
version L'y = wlLiw + w10.w, with w = exp(—T3).

At the special point h = k, h = k = ¢k, the model (4.10) becomes the SUs x SUs, /U;
case of the conformal GMM model with levels k; = k, ky = —k. It was pointed out in [30]
that the SUs x SUs/U; GMM model corresponds to the T4 metric and a particular B-
field, and its 2-loop conformality was explicitly checked (see also [45]). The general GMM
model has a current algebra symmetry [28, 29] and is also integrable in the Lax connection
sense [46]. What we have shown above is that it admits an integrable extension (4.10)
away from the conformal point h = k, h=k.

4.1 Stability under the 2-loop RG flow

Let us now show that the integrable 7" model (4.10) is stable under the 2-loop RG flow.
The general gauge invariant model (4.1) (with the » = k condition (4.3) relaxed) must
be stable under the RG with only (7, h, E) as running couplings.?’ This is due to its H gauge
invariance and global G, X G, symmetry prohibiting any new counterterm structures. We
shall see that the 79 model, obtained by fixing r = k, is a “fixed line” of its RG flow.

20At the point ¢ = 1 or k1 = —k2 where the two “branches” of gauge invariant theories (4.1), (3.4)
intersect, one may worry that the couplings pi2, p21 may also run, since this is no longer prevented by the
gauge invariance. However, in the abelian H case this is forbidden by an extra global “center” symmetry [8,
24-27), (g, 9) — (gz,9), z € Z(H) C H preserving the non-mixing of the coset parts of the current P

and P in (3.26). Note that this symmetry alone would not be sufficient to explain the stability of the Th4
model since it does not prevent r from running.
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Relaxing r = k has the effect of replacing & — 7 in the metric, with k still appearing
in the B-field (cf. (4.11), (4.12))%!
1 1 1~
ds® = 17 (At + cos 01 dy + g cos 0 dga)* + b (d63 +sin® 01 d¢?) + b (dO3 +sin’ 0y dg3) |

k

1
B= Zk (dip + cos 01 dpr) A (dp + g cos B2 dopa) , ¢=\7- (4.15)
The corresponding 2-loop B-functions in the GB scheme following from (1.4) are (k, k do
not run)??
d s o |1 k1 r2-3K2 (1 k1
L= k) | S e [ 4.16
=2 )l tim T vt e | (4.16)

e8] 5

l 8h2r? — 8hk?r — 12hr® + 402k% + 3k* + 514

+E—h2 (r? — k?)(3r% — k?) (4.17)
kh2 ’ '
LS PR PO k2 i 8h2r2 — 8hkkr — 12Eﬁr3 +4r22 + 312K + 5&04
dr k 2h 2 h3r2 k k2
%H2 2 2 2 2

Thus r = £k are fixed lines of (4.16), both at 1-loop and 2-loop order. The couplings
(r, h, H) grow linearly with 7 — oo in the UV (reflecting asymptotic freedom), while they
decrease to the GMM fixed point (r,h,h) = (k, k, k) in the IR.23

Specialising to the fixed line r = k of (4.16), the expressions (4.17), (4.18) simplify,
giving the 2-loop 3-functions of the integrable 7% model (4.4), (4.10),

d k 4 3k d ~ k 4 3k
—h=4(1-=-)|1+—-(1—=— —h=4|1—-=||1+=|1——||. (4.19
ar ( h){ +h< 2h>] ar ( h> +h< Qhﬂ (4.19)
21Rescaling r — 'k and ¥ — ﬁw’ this background can be put into the form symmetric under k <«

E, h ¢ h:

ds? = Zo/ (cw + Vi cos 01 dor + VE cos b5 d¢2> + ih (d62 + sin? 61 dg?) + %E (d62 + sin? 05 d2),

B =

»JM'—‘ rN»—‘

(dv' + Vi cos by dgy) A (dy' + V7 cos 0 dea) .

22Note that for k = k (i.e. ¢ = 1) this system of RG equatlons is obviously symmetric under interchanging
h and h. Note also that settmg k=k — 0 w1th 2 = 1 and h = h the 1-loop B-functions become

dTr = 42—2, ﬁh =4 —24 so that -7 =675 (5 — f) The point ; = 2 corresponds to the case when the
T5! metric is an Elnsteln space (Cf footnote 14), i.e. Ryn = AGmn With A=22

23 As was argued in [28, 29], the GMM model on G x G'/H is an exact CFT, assuming at least one of
the cosets G/H or G'/H is a symmetric space (as is indeed the case for the SUs x SUz/U; model).
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These are a natural generalization of the B-functions for the 7! model in (3.33) to the
case of k # k. Like in (3.33), the RG evolution of h and h happens to be decoupled (while
this is not the case for r # k in (4.17), (4.18)).

Let us note that, in addition to the r = k case of the T%¢ model, the o-model corre-
sponding to (4.15) admits another integrable limit, k = 0. In this case it factorizes into
a squashed S% with WZ term and a round S2.2* Then the 3-functions (4.16) and (4.17)
both become the same as those of this squashed S® model in [23] (for 1-loop B-functions
see [49-51]).25 Taking further limits, the S-functions (4.16), (4.17), (4.18) agree with other
previously known expressions:

(i) Setting k = 0 and 7 = h, we get from (4.15) the direct sum of the PCM;, (round S3
with a WZ term) and the S? o-model. In this case (4.16), (4.17) are indeed equivalent
to the S-function of PCMy, i.e. (1.5) with ¢, = 2.

(i) Setting k = 0 (i.e. ¢ = 0) and then k = 0, we instead get the direct sum of a squashed
S3 (with no WZ term) and a round S2. The S-functions for r and h agree with those
of the “squashed” PCM in [5] (with G = SU; and the “squashing” parameter € = 1 ):

1
B T N SR N (1 - rh_1> 4 9h3 (8h2 —12hr + 5r2) .
dr dr 2

4.2 Covariance under T-duality

One can argue that the RG stability of the integrable T™% model (4.10), i.e. the presence
of the fixed line r = k of (4.16), is related to its property of being self-dual under T-
duality in the isometric -direction. To see this, let us write the Lagrangian (4.10) in the

following form?°

1 1 -
L=k (0p+ U0y + Vo) = UV + L, (4.20)
U:t = 2cos 91 8:|:¢1 5 V:t = 2qcos 92 8i¢2 y (4.21)
E = ih 5'+918_91 + (sin2 91 + %COS2 01) 8+¢1a_¢1:|

1~
~h
+4

2
04620_05 + (sin2 0y + kg cos? 02) 8+¢28_¢2] . (4.22)

Starting from the interpolating Lagrangian (obtained by d+1 — Ay and adding the con-

dition 0 A_ — J_A = 0 with a Lagrange multiplier 1))

Lo = ok +L, (4.23)

AU+ V) - SUY - d0.A- —0 AL

24The B-function (4.18) for the coefficient h then matches that of the S? o-model, i.e. a special case of
the G/H symmetric space S-function [5] (here G/H = SO(3)/SO(2), i.e. ¢, =2, ¢, = 0):

%E =2, +4c,(cy —cy)h P =4+ 16071,

#5The relation to the notation used in [23] is n = kh™, A*> =27h™', k=1 —rh™"
26Note that £ becomes simply quadratic in the fields at the GMM point h =k, h = k = ¢°k.
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and integrating out A4, we obtain the following T-dual Lagrangian

L=k |@ 0+ U )00 V) + %Uw_ + L. (4.24)

This is the same as the original theory (4.20), with ¢ — 1 and a coordinate redefinition
¢2 — —¢2 (under which V_ — —V_).

To appreciate the special structure of (4.20), let us relax the condition » = k and go
back to the general model (4.1) corresponding to the background (4.15). Using again the
notation (4.21), we find the following generalization of (4.20)

r+k r—k

1 1 ~
£="25 @+ U@y + V) - §U+V_] + 2 {(a_¢+U_)(a+zp+v+) UV AL
(4.25)

Applying the T-duality 1) — 9 to (4.25) we get, instead of (4.24),
-1 - r+k r—k - r—k r+k r+k r—k ~
[, = ZT |:(a+"¢)+ 7[]_9_ + ?V_‘.) (a_w — o U_ — o V_) + dr U+V_ + ar U_V+ +[,
(4.26)

For general values of r and k, (4.26) is different from (4.25); the only self-dual theory
where (4.25) and (4.26) coincide is the 759 model (4.20) corresponding to r = k (or its
parity-conjugate r = —k).

By the standard path integral argument, the T-dual models (4.25), (4.26) should be
quantum-equivalent.?” Since the model (4.25) is stable under the RG due to its symmetries,
with the 3 running couplings r, h, h, its T-dual (4.26) must also be stable. Given that the
self-dual points r» = £k are part of both RG-stable families (4.25) and (4.26), then they
must also remain in both families after the renormalization. Hence r = £k must be fixed
lines of the RG flow. This was indeed confirmed above by the explicit computation of the
p-functions leading to (4.16).

5 Concluding remarks

In this paper we discussed some new instances of a close connection between the conditions
of integrability and a consistent restriction of the RG flow to a subspace of couplings.

We have found the 2-loop S-functions of the 6-parameter G x G model (2.2) and have
shown that its integrability condition (2.3) is automatically preserved by the RG flow.
In [14], the 1-loop S-functions for this integrable model were written in a universal form in
terms of the twist function, revealing a hidden simplicity. It would be interesting to see if

2"In general, the T-duality transformation rules may be subject to quantum o' corrections [52-54] that
may be attributed to extra finite counterterms resulting from integration over the auxiliary gauge field A+
(see, e.g., [4]). If the kinetic term of the isometric coordinate is non-trivial, i.e. the term quadratic in A4
is AL M (z)A_, then the leading quantum correction to the effective Lagrangian is represented by the term
AL ~ o' 81 log M O_log M (as well as a shift of the dilaton [55, 56]). In the case of (4.25) we have M =1
and thus this correction is absent.
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the complicated expressions we have found for the 2-loop S-functions (see appendix B.1)

simplify on the “integrable surface” once expressed in terms of the twist function.?®

We also studied the 6-parameter gauged G x G/ H model (3.1), (3.4), which is integrable
under the conditions (3.9). The latter were found to be stable under the 1-loop RG flow
but, in general, require a certain deformation (i.e. the addition of finite counterterms) at
the 2-loop level to preserve integrability. It is possible that there exists an extended target
space formulation of the G x G/H model in which no additional 2-loop counterterms are
needed (as was demonstrated for the A-model examples in [5]).

We have found that there are still some special cases in which integrable G x G/H
models are automatically stable under the 2-loop RG flow. One simple example is the 7!
model of [8]. We also constructed a new class of integrable G x G/H models (4.4) in the
case when the subgroup H is abelian (see (4.1), (4.3), (4.4)). For G = SU; and H = Uy,
this led to an integrable 79 model generalizing the T""' model, which we also found to
be stable under the 2-loop RG flow for any value of the parameter ¢. This model may
be interpreted as an integrable deformation of the conformal GMM model with unequal
levels [28, 29]. Since the GMM model admits a G x G'/H generalization (with G # G'),
this raises the question of whether there is a larger class of integrable G x G'/H models
that flow to such conformal theories.?? Another open question is whether the integrable
T model admits a description in terms of affine Gaudin models (like the %! case) or if
it is outside of that formalism.

Given a o-model with running couplings, it can be promoted to a conformal theory (and
thus embedded into string theory) by adding two light-cone directions u and v, replacing
the RG “time” in the coupling constants by u and adding a dilaton linear in v [59, 60].
Fixing the light-cone gauge on u, one then gets back the original o-model with “local”
couplings depending on 2d time according to the RG equations. It would be interesting to
study whether the connection between the classical Lax integrability of such local-coupling
models and the RG evolution of couplings observed in [61] applies also to the models
discussed in this paper.
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280ne may try to follow the method of [14] at the 2-loop order, computing the Riemann tensor and then
the 2-loop S-function in terms of the twist function. It would also be interesting to investigate the connection
to the “doubled” approach of [57, 58] which studied the model (2.2), (2.3) with additional integrable 7- or
A-deformation parameters turned on.

290One obvious possibility is to consider some analytic continuations, e.g., take G’ to be a different real
form of the complexification of G (assuming the resulting o-model couplings G, B remain real). For example,
the counterpart of the SUs x SUz /Uy model would be SL2(R) x SU2/Us.
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A Deriving the integrability conditions for the G¥ model

It was shown in [6, 7] that the coupled model (1.2) is integrable for particular choices of
the couplings (p;j, ki) corresponding to realisations of the affine Gaudin models. Here we
shall try to demonstrate the converse statement: these affine Gaudin models are the only
integrable cases of the coupled models (1.2).

We will assume a natural ansatz (2.1) for the Lax connection, valued in Lie(G) (here

we explicitly indicate the summation over i = 1,..., N)3
L= Z a;(z) JJ(f) , L_= Z Bi(2) g9 (A.1)
where z is the spectral parameter. The curvature of this Lax connection takes the form
Fro(D) =32 (B0 - 00) 02T — (1 = i) 017 ) + ;azﬁy TP (A2)
i i#]

The equations of motion of the model (1.2) are (for G with arbitrary N)
E = Z( pij = Bighy) Ox TP + (pij + 8i3kg) O- T + pig [1, T 4 pji I, J]) = 0.
(A.3)

We note that (A.2) and (A.3) are the unique ways to write these expressions without any
terms of the form [J}”, M g Z)] which have been eliminated using the identity F, _(J®) =0

If the model (1.2) is integrable then,3! for some v'(z), we have
= Z vi(2) By, (A.4)
i

which implies that

Bi(1 — aj) ZU pij — 0ijkj) , a;(1 = B;) Z” —pji — 0ijkj)
(A.5)

i = (U —v!)pij, i#7 (nosummation).

This is a system of N+ N +(N? — N) = N2+ N equations. Fixing the freedom to redefine
the spectral parameter by setting v! = z, there are N + N + (N — 1) = 3N — 1 “artificial”
variables, o, B;, v"7 1. After solving for these, there are (N2 +N)— (3N —1) = N2—2N +1
remaining equations to be solved for the N2 + N variables pij, ki. After solving all the

30While (A.1) is the natural ansatz for the Lax connection arising from affine Gaudin models, it does
degenerate at certain points in coupling space. For example, taking p;; to be diagonal (i.e. decoupled PCMy,
models), one instead requires a Lax connection valued in Lie(G)Y. Thus it would also be interesting to
consider other ansatze for the Lax connection.

31Here we are assuming integrability and deriving necessary conditions on the couplings. Thus we do not
need to worry about whether the v*(z) in (A.4) are independent functions (which would be relevant for the
converse question).
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equations, this leaves (N2+ N)— (N2 —2N +1) = 3N —1 free parameters for the integrable
theory (including the WZ levels, which may be continuous for non-compact groups).>?

Thus the space of integrable models is (3N — 1)-dimensional, which coincides with the
number of free parameters following from the affine Gaudin construction (see [14] and refs.
therein).

Specializing to the NV = 2 case of G x G, this counting suggests a 5-dimensional space
of integrable models. Then the 6 free parameters (s, ¢, u, b, k1, k2) in (2.2) should be subject
to only one relation to ensure integrability. Solving the equations (A.5) in this case, one
indeed obtains the condition (2.3) originally found from the affine Gaudin construction.

To summarize, for general N, the space of integrable models has the same dimension
as the space of affine Gaudin models. It remains to understand if there may still be extra
branches of integrable theories not corresponding to the affine Gaudin models (cf. the
G x G/H models, where this seems to be the case for abelian H, see section 4). For the
N = 2 case of G x G models, we found exact matching between the space of integrable
models (A.5) and the space of affine Gaudin models satisfying the condition (2.3).

B Explicit form of the 2-loop B-functions

Here we shall provide the explicit formulae for the 2-loop S-functions of the general G x G
and G x G/H models that were used in the main text.?* We will also briefly explain how

they were derived.

B.1 G X G model
For the G x G model (2.2), let us use the notation

st 0 b
pij = hij) + bpij) = (t u) T (—b 0) : (B-1)

Let the 2 x 2 matrix n;; be the “square root” of h;; = h(;;), and let m;; be its inverse,

ij)9

Nk Nk = hyj My Nk = 0ij Nij = Ny, Mij = Mj) - (B.2)
The target space metric of the o-model (2.2) is “diagonalised” by the vielbein 1-form?3*

EA =y WA A=1,... ,dimG, i=1,2,

B.
JB) =7, gmA = (g(k))—ldg(k) _ (B.3)

320ne might worry that the integrability constraints on the couplings p;j, k; resulting from (A.4) might
depend on the spectral parameter v' = z. However, this will not happen because there is a rescaling
ambiguity E; — ¢;E; in the definition of the equations of motion (A.3). One may thus rescale E; to
effectively set v' = z = 1 in (A.4). Since the constraints on the couplings from (A.4) must be invariant
under such rescalings, then they must not depend on z.

33The formulae derived in this appendix are also available in the Mathematica file attached to this paper
as supplementary material.

34We use the generators T4 satisfying [Ta,Ts] = if¢ ,zTc and we define fapc = Tr[TcTp|fP 45. For
simple groups G, the structure constants satisfy f*pof”1p = —2¢5Tr[TeTp] and [P pufPapfCpe =
¢, faBc, where ¢, is the dual Coxeter number of G. Note that ifABC in our present conventions is
equivalent to f* 5 in the conventions of [5].
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Then the coefficients of the metric ds? = GAi,BjEAiEBj and the 3-form H = dB =
%HAi’Bj,CkEAi A EBi N ECF are given by?°

1
GaiBj = —3 Tr[T4TR) 0ij , (B.4)

)
H i, Bj.ck = QfABC [k g gy g+ by (M g gy + g myp Mg 4+ Mg megmyg))
(B.5)
From Cartan’s structure equation dE4i4+54% 5. AEBI =T4% with torsion T4 =1 HA% 5. o, EBIA
q J 2 s
EC* we obtain the torsionful spin connection
~Ai oA
w Bj = if BCMijk7 (Bﬁ)
Ml = mgmjingg — magnmyg — gy (B.7)
+ kg mag mur mig =+ b (M M Mg 4 Mg M Mg -+ Mg Mg Mgy -

The torsionful Riemann curvature RAiBj = %RAiBj7Ck,DlECk A EPL = d@AiBj + oY A
Ck

w~"pg; is then found in terms of M;j; to be
~ 1
RYpj cnoi = 1 [Qf A et opMijphpgmigmug
(B.8)

+ s poMipkMpji — fADEfEBCMileij} :

It is then straightforward to substitute (B.5), (B.7), (B.8) into the 2-loop S-functions
in the GB scheme (1.4), obtaining explicit formulae for the RG equations -Lp;;
Bij(n11,n12, n22, b, k1, ko) depending on the components of n;;. Using a computer symbolic
algebra package (e.g. Mathematica) it is easy to rewrite these expressions in terms of the
components s,t,u of the “square” coupling h;; = n;;n i in (B.1), with all the square roots
cancelling out as the Riemann tensor and the H-field must clearly be rational functions of
h;;. We thus obtain the S-functions in the form given in (2.5),

d 1A 2 a(2)
i = By +a B+,

ﬁg) = c,(su—t%)72 Fi(j4)(s, t,u,b, ki, ka), ﬁg) = CZ (su —t?)7° Fi(jg)(s, t,u,b, ki, ka),
(B.9)

. . 4 9) .
where the explicit form of the homogeneous polynomials FZ(J) and Fi(j) is:
F@p=-b?s?-ab’st-2b2t?+s’t?+2st®+2t*-2b’su-2st?u+s’u’+2bt’ky+4btuk; -u’ ki

F(")n=2bzst+3b2t2+2bst2+2bt3—t4+2bzsu+bszu+2b2tu+4bstu+sztu+2bt2u+3st2u+bsu2
+stu-2btuk;-t?uk;-buk; -tulk +bs’ky+2bstky+s?tky+stiky-t?kyky

F@, =2b?st+3b%t?-2bst?’-2bt’-t*+2b’su-bs’u+2b’tu-4bstu+s’tu-2bt?u+3st’u-bsu?
+stu’-2btuky+t?uk;-bulk +tulk;+bs’ky+2bstk,-s’tky-stiky -t kik;

F®pp=-2b?t?+2t*-2b%su-4b?tu-2st?u+2tiu-b2u+s?u?+t?u’-4bstky-2bt’k, - s k2

35The overall factor of i in (B.5) simply reflects the fact that the vielbein (B.3) is imaginary. This makes
no difference and could be eliminated by just multiplying E4" — iE4.
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FOy =

%(2zb‘s’t’+9sb‘s’t’+115b‘s:‘-2eb‘s’t“+3eb‘t5-7sb’s’t5-ssb’st‘-zs’t‘-35b‘t’+7st"+5t’+5b‘s‘u+s4b‘s’tu+
214b*s*t?u-6b2s* t?u+200b*stu-24b? s’ tPu+30b* t*u-64b>s?tu+s* t*u-100b2st°u-12s*tu-36b*t°u-26s*tu-
12st’u+6tPu+22b*s*u’-b*s’u?+94b s tu?-6b’s*tul+70b st Ul +4b? STt sttPut a4’ PP ut s 12 P ul v abi sttt Ul
135 t*u’-6s’t u’-18stu’+8b*s?u’-ab?s*u’-16b?sPtut s 122 sP P Ut s st P Ut 1287 Ut 16 sP th U - TSP Ut -
5 t?ut +s*u®-30b st ki -42b°t ki1 +10bstki+18bt ki -40b>s*t?uk, -196b% st uky - 156 b3 t* uky + 12b s’ thuky +
44bst’uk, +68bt°uk;-2b*sPu’k; -68b°s?tu’ky -238b°st?ul ki -4bs’ t?uk;-108b° tPul ki -4bs? P u ki -10bstiulky +
52bt*u’k; -20b%s?ulk; -72bstuki-4bsPtulki-4bs?t? U’k -48bstPulky+14bs?tutky+30 b7 tPuki -2t ukl+
3ab’st?u’ki+ 12602 PP ki -stPulki-10tP uP ki +2bsPudPki+a8 b’ stul ki 962 P P ki +astP Pkl - 12t WP ki 15b7 sut Kk 4
13st?u'ki-4s?u’Kkl-24bt? ' ki-30btu*k}+3u ki +18b%s  tky+82b%s t?ky +100b> st ko - 18bs* tPky +30b st k; -
58bs’t'k,-58bs?t k;-18bst ko +8b°s*uks+44b’sPtuk, +40b st uk; +4bs* tPuks-4bs?tuky +2b° sTul ky+4bs tul ks +
4bs’t2u’ky-34b2 S22 kiky-64b st kika - 18b% t7 ki ko + 1052 t ki ko + 16 st ki ko + 6t kika - 8b2 s’ tuky ks - 64 b2 s? t2 uky ka -
64b’st’ukiky-4s’tPukiko+4st’ukika-4b’s*ulkiky-14b’ s’ tulkiko-4s P Ul kika-4s? 2wl kiko +6bt kiky +20bsti ukiky +
2abt*uklky+4bs’tu’klik, +18bst? Ukl k-6t ulkik, +3b2s K2+ 12b%s* tki+10b2s* P k2 -3s° t? ki -6s* tPki-3sPt' ki +
2b’s*uki-6bs’ P ki ki -8bs’ ki ki -4bsPtuki K+ st kik}+2s” t?ukik})

F®p =

%(-32b"szt3-79b4st"—zzbsszt"-38b4t5-44b35ts+18b252t5-lsb’ts+54bzst5+2bslt5+32b1t1+4bst7-651t7-155t’-
10t°-22b%s® tu-149b* s t?u-52b%s* t?u-236b*st’u-200b> s t*u-40b> s> t*u-79b* t*u-210b° st u-77b*s* t*u-44b’ t2u+
34b’st’u+6bs’t°u+10s’t°u+54b’t°u+18bstfu+18s’tu+abt’u-2st’u-15t°u-15b*s*u? - 7b*s*u? - 104b* s? tu® -
80b’s®tu?-5b%s*tu?-149b*st?u?-240b%s* t?u?-86b? s’ t?u? -3bs* t?u’-32b* tPu?-200b° stPu?-204b? s* tPu? - 12bsP P u? -
5s*tPu?-22b° t*uP - 77b st u? -18bsPt Ut -3t uP+18b* tuP+6bst U+ 167t u +2bt°uP+18st°uP -6t  u - 15b% sPu’ -
20bs*uP+b?s*udsbsiui-22b stu’-8eb s tud-24b?sPtuds2bsttudesttud o522 st?u’-86b7s?tPud-40bistiud -
12b51t3u3-453t3u3-352t4u3+1Bst5u3-7b352u4+b1szu“-szsztu4+stztu4-3bsztzu4-551t3u4+bszu5¢sztus+
12b°t° k1 +6b% t ki -8bt ki -2t ki +56b>stPuky +101b° t*uk; +49b* st uk; +67b’ tuky +10bst’ uky -27bt°uk; +3stuk, -
5t uky+22b®s?tu’k, +148b°st?ulky +27b% s? t?u ky + 152b° tPul ky + 152 b7 st ul ky + 16 bs? tP ul ky + 117b% t* ul ky + 55 b s t* u kg -
sPt'u’ k1 -26bt° Uik + TstPul k-5t Uik + 12b° ST Ui k- b2 STl ky + 82 b7 stut ki +24b? s tul ky + 54 b3 t2ud kg + 12107 s tP Ul kg +
ZGbsztzuzkx+56b2t3u3k1+72bst3u3k1—252t3u3kl—th"ujk1¢7st‘u3k1—1t5u3k1+9b3su‘k1+5bzszu4k1031bzstu‘k,+
8bs’tu'k;+25bst?u k-2’ t?ut ki +3stPut ki -bsPut ki -sPtutk-32b7 PPkl -19btt u ki+ 3t uPki-10b?stul ki -
63b’t?u’ki-8bst?u’ki-46bt’ P ki-6st P ki+3t*uPki-6b’suki-24b?tu*ki-8bstuki-24bt?u*ki-9st?utkl-
3bsuki-3stu'ki+ebtu'ki+3t?uki+3bukl+3tu’ki-54b7sPt?ky-152b>s? tPky, -50b%s® tPky - 101b° st¥ky - 117b%s? th k, +
6bs’t ky-12b° t ky-67b? st ko +26bs’t ko +25  t7 ko -6b7t ko +27bst ke + 55 t ko +8bt ko + 55t ka+2t° ko -9b*s*uk, -
82b®s’tuks-31b%s*tuk,-148b% s t?uk, - 121b%s® t?uk, - 25bs* tPuk, - 56 b> st uky - 152b% s’ tPuk, -72bs tPuks - 3s* T uk; -
49b’ st uky-55bs’t uk; -7’ t'uk;-10bst uks-7s’tPuk;-3st°uks-12b°sPul k; -5b%s*ulky+bsul ks -22b% s tul ks -
24b?stu’ky-8bs*tulky+s®tulky -27b2 s’ t?ul ko -26bsP tPul ko + 25  tPul k- 16bs? tPul ko + 2P Ul ka+ STt Ul ko 4
b?s’ulky+41b® st kiko +32b% t ki ks +26bst kiky +20bt ki ks - st ki ks +49b? s t?uky ky + 128b? st uki ky +30bs® tPuk; ko +
41b” t*uki ko + 76 bstukika+ 75’ t'uki ko +26 bt uki ke +4st’ uki ky - tukiky +3b*s*u’ ki ky +32b? s tu ki ka-2bs® tul ki ko +
49b’st? ki ko +12bs? Ul ki ka +30bsti i ki ko + 882t Wl ki ko + Tst Ul ki ko +3b? s’ Ul ki ko -2bs’ tul ki ko - 19 bt  ukl ks -
7tPuklk-14bst? U’ kKl ko -24bt? ¥ Kl ko -2stP U kKl ko -10t* Wl ki ko -6bstul ki ko +st?uP ki ko + 3 t2 Ul ki ky - 24 b? s* t ki -
63b2s*t?ki-24bs*t?k2-32b7 s t°ki-46bs’ P ki -19bs?t* k2 +3s t K2 +3s?t°ki-6b s*uki-3bs uki-10b’s’ tukd-
8bs*tuki-3s"tuki-8bs’t?uki-9s*t?uki-6s’tPuki+2abs’tPkiki+19bstikiki+10s’ t* ki ki +Tst kiki+6bs® tukyki+
1bs’tPuki k-’ uki k3 + 25’ uki k-2 t° ki k3 -ast’ukik}-3bs k3 -6bs* thy -3s° th]-3s' Pk} +3s° t* ki k3)

F(9)11=

%(—32b‘szt’—79b°st4+22b3szt4—38b4t5+44bast5+18b252t5+16b3t6+54b1sts—2b52t5+32bzt7—4bst7—652t’—lSsta—
10t°-22b*s®tu-149b* s> t?u+52b° s> t?u-236b*st’u+200b° s’ tPu-40b> s tPu-79b* t*us210b’st*u-77b*s* t*u+44b’ tPu+
34b?st’u-6bs?t°u+10s tu+54b2t°u-18bst°u+18s?tfu-4bt’u-2st’u-15tu-15b*s’u?+7b’s*u?-104b*s2tu’+
80b’s’tu’-5b*s*tu’-149b*st?u+240b° s’ t?u? - 86 b* Pt u? +3bs* tPu -32b* tPu? + 200 b7 s P u? - 204b? st u? + 12b s P u? -
ssttPu?+ 220 t*u? - 772 st u’+18bs? tPu? -3 t*u?+18b7 tPu? -6bstiu+ 167t u-2btf Ul + 185t Ul -6t uP-15b%sPud 4
20b°sPud+b?s*u’-bsPu’-22bstud+80b3sttud-24b2sPtud-2bsttud st tude52bst?ud-86b2s2tPut-40bistiud
12bszt3u3—4szt3u3-351t4u3+195tsu3+7b3szul'+bzsau4-5b152tu4-2bsztu4+3b51t2u4-551t3u4-b53u5+53tu5+
12b° t° k1 -6b” t ki -8bt ki +2t k; +56b° st uky +101b° t*uky -49b? st uk; -67b t*uk; +10bst uk; -27btuk; -3stuk; +
5t uky+22b®s?tu’ky+148b°st?u ky -27b? st ul ky + 152b° P Ul ky - 152b¥ st u ki + 16 bs? tP u ky - 117b7 t* u’ ky + 55 bs t* u kg +
szt4uzk;—2thsuzk1—7st5u2k1+5tsu2k1+12b352u’k1+bzs’u’k1+82bastu3k‘—24bzsztuakl+54b3t2u’k1—121bzstzu3k1+
26bs’t?ulk;-50b7 tPulki+ 2bstP ik + 28’ Pl k- 6btt Ui ki - 7st i k2t Pk + 9B  sut ki -5b% sPut k- 31b? stut kg +
8bs’tu'ki+25bst’utk+ 28’ tPu' ki -3stPutki-bsPutki+stut ki -32b7 P ulki+19bt U k43t uP ki -10b?stul k] -
63b?t?uki+8bst’uPki+a6bt’ P ki-6stPu’ki+3t*uPki-6bPsuki-24b’tutki+8bstutki+24bt?uki-9st?utkl
3bsu’ki-3stuki+ebtu'kl-3t2u'ki+3bu ki-3tu’ki-54bs*t?k;-152b° s tP ko +50 b7 s® P ky - 101b° sthky + 117b% s? t ky +
6bs’t ka-12b3t ko +67b st ko +26bs t ko -2 t ko +6b7t ko +27bst ks -55t°ky+8bt ka-55t ka-2t° ko -9b*s* uk; -
82b°s’tuks +31b*s* tuk; -148b° s® tuk, + 121bs® tuk, -25bs* t?uk; - 56 b’ st®uks + 152b* s t*u ks - 72b s’ tPuky + 35  tPu ks +
49bzst4uk;—55bsztqukz+7sat4ukz—lebstsukz+7szt5ukz43stsuk1—12b’s’u2k;+5b2s‘uzkz+bssu2kz—22b352tuzk1+
2ab’ s’ tulk,-8bs* tulky-stulky +27b  s? tPu ky-26bs tPulky - 25  tPulky - 16 bs? P ul k- 28 P ul ko - ST tP Ul k; -
b?s®ulky+41b’ st kike +32b* t°kike -26bst kike -20bt ki ka-stékika +49b? s>t uks ka + 128b* s t>uki ka -30bs? tPuky ko +
41b*t*uki ko -76bst ukike + 75’ t*ukikz-26bt ukike +4st uki ke -t uki ke +3b?s*u’ ki ke +32b* s tu’kika+2bs® tul ki ks +
49b’st?u’ ki ka-12bs?’ tPu ki ks -30bstPul ki ko + 85’ Pl ki ko + TstPulkika +3b2s? Wl ki ko +2bs? tut ki ko - 19 bt  ukl ks +
7tPuklks-1abst’u’kiky-24bt’ v’ klke+2stP U’ kKl ko + 10t WP Kl ko -6bstu’ kKl ko -st? U ki ka +3t2 ul ki ks - 24b? s* tk -
63b% s’ t’ki+24bs t? ki -32b2s? ' k2 +46bs k2 +19bs? t* k2 +3s  t* k2 +3s? t°ki-6b’s*uki+3bs uki-10b? s’ tukd+
8bs*tuki-3s"tuki+8bs’t?uki-9s*t?uki-6s’tPuki+2abs’tPkiki+19bsti ki ki-10s*t ki ki-Tst kiki+6bs’tukyki+
1bs’tPukik+sPtukiki-2s'Cukiki-2t°kiki-4st?ukikl-3bs’ki-6bs thki+3s°tki+3s* 2k +3s° P ki k3)
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F®y =

;(3eb"st°¢3eb‘ts—3szsts—36b2t7»Gsts+6t9+7eb"szt2u+Zeeb"st’u\\115b4t"u+4b2szt"u—leebzstsu—stztsu—
18s?t°u-12st’u+7tPu+8b*sPu?+94b s’ tul+214b* st?u? + 122 sP 2 u? + 98 b  tPu? + 44 b? P tPuP - 64 bistiu? + 1687 thu? -
78b2t°u?-6s’t°u?-26st°u?+22b s U’ -7b?s* U Babtstu o162 sTtut s 22bt 2P Akt SP P -5 st 2 - 24l s P Ut
2’ -20b t*uP+ 132t P 125t 0P -2t e sbtsut - ab?sPut e stut-eb?sPtut-ebistPut s st tPut v 1287 Ut
st"u"—bzszusosztzus—3eb3t°uk1+18bt6uk1—49bzst2uzk,—199b3t3u2k1+4bst4u2k,+58bt5u2k1—2b352u3k1—44b35tu3k1—
82b°t? ki -4bs?t?uk; +58bt*ulk, -8b suk; -18b%tutk -4bs?tuki-4bst?u'k +18btPut ki + 1007 2P K2 -3t P ki 4
2b?sutkl+2b? tut k-6t ut ki +3b? U kI -3 P Ut k2 +108b% s? Pk + 156 b3 sti ko +42b  t ko -52bs?t k- 68 bsti ko - 18bt ko +
72b° s’ tuk, +238b° s* tuk, + 196 b st uk, +48bs’ tPuk; +30 b  t*uk; +10bs’ tYuk; -44bst uky - 10 bt uky + 20 b7 s ul ko +
68b >s’tu’ky-14bs*tu’k,+40b’st?ul ko +4bs’ t?ul ko +4bs?tPul ko -12bst*u? ky+2b° s’ Pk +4bsPtuiky +4bs?t? Uik, -
18b%t ki ko +6t kika-64b*st’ukik; -64b2 t*ukika+4st ukiko + 16 t°uki ko -14b? s> tul ki ko - 64 b? s t? ul ki ka - 34 b? t% u? ky ks -
4s? PPk ky+10t° Wl ki ky -4b?s? WPk ky-8b2stulkiko-4s’ Pl kiko-4stP i kiko+8btP Ul kiko+4bstuikika+6bt? Ui kiky +
96b?s®t k3 +126b° s t* k3 +30b st k3 - 125t k}-10s?t° k3 -2st° k3 +15b s uk] +48b*> s’ tuk; +34b* st uk} + 135" tuk} +
4s’tPuki-s’tuki+2b?sPulki-4s WP ki-24bst ki ki-6bt ki ki-18bs?t?uki ki-20bstPukiki-4bs?tulky ki+tPukikl+
2st?u’kiki+30bs  thi+24bs® ki - 65’ P ki k3 +35°kj)

B.2 G x G/H model

The computation of the S-functions for the gauge invariant G x G/H model (3.1), (3.4)
is similar to the G x G case above, except that one has to correctly handle the gauge
invariance.

We shall again use the notation (B.1) and (B.2), with the symmetric “square root” of
h;; = p(;j) being n;j, and its inverse being m;;. In the computation below, we shall denote
certain combinations of n;; and m;; by

Pij = miimyj + maoimz; , Vij = M1iM1j — N2imz;
k b (B.10)
Xij = 5Pij T §(mlim2j + maimaj), Aij = M1iMm1j — MaiMma; .

We shall split up the generators T4 of G into T,, € Lie(H) and T, € Lie(G)/ Lie(H) (which
are orthogonal with respect to the Killing form).

Assuming from the beginning that the matrix r;; satisfies the gauge invariance condi-
tion (3.4),%% the target space metric of the o-model (3.1) is diagonalized by the vielbein®7

EM _ (eoz?ea, eai) _ (\/77(](1)& o I(Q)a)’ I(l)a + I(2)o¢, nikp(k)a>,

B.11
1 (B.11)

T, 1% — pH[(g(k))*ldg(k)] ’ pk) = 1 pkla Pg/H[(g(k))fldg(k)]

In this frame, the metric ds® = Gy nvEMEYN and the 3-form H = %HMNPEM ANEN A EFP
have the following non-zero components

1 1
Gap = 3 Tr[T, T3], Gaipj = 3 Tr[T,T3), (B.12)

i .
Hopy = 5k fopy,  Hapicj = ir"*Xijfase- (B.13)

36 Alternatively, one could obtain the same results by starting with r3; unconstrained, i.e. without gauge
invariance imposed. One could first compute the torsionful Riemann tensor for the target space geome-
try (3.1) with general 7;;, p;;. The gauge invariance condition (3.4) would then be imposed and the resulting
Riemann tensor projected onto the non-degenerate directions of the metric Gy .

37The index M denotes all tangent space directions. In the G' x G case in (B.3) we had M = (A4), while
here M = (o, &, ai). Both G and H are assumed to be simple.
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The H gauge invariance is reflected in the vanishing of all @ components of Grn and
Hjyrnp, and, in particular, the fact that Gy is degenerate as a result. One could explicitly
fix a gauge, eliminating some target space directions and removing this degeneracy. Instead,
we find it more convenient to lift the degeneracy with a small parameter e acting as a
regulator,3?

aBf
Computing the torsionful Riemann tensor as in subsection B.1, one finds that it has a finite

G — —%eﬂ[TaTﬁ] . (B.14)

€ — 0 limit. This means that the resulting Riemann tensor for € = 0 is unambiguous (since
there are no divergences that could create finite-term ambiguities). Finally, we project out
the @ directions to obtain the non-zero components

2

13

~

1
R%gs. = _Efaﬂvf’y&e + — (ST 8e — [Yen [T 85) 5

~ k 1 1
R%3 dk.el = (%Akl — 21%1) %y ae + ;Aijlj(fadchBe — fYecfBa)

~ 1 k 1
R%; 5.1 = _?Ajigjlfabcfcée - QjAhfaéyfvbe + —A;C5 f%ec f s
r r " (B.15)

R%yj kel = (Cij)\kl - ;5ijpkl> Sy T de + %AkiAljfad'yf’ybe - %Alz‘Akjfae'yffybda
pai 1 a 1 a c a c
R"y 50 = _E(Sikf by S se + ;Cijcjk(f sef b — fecf bs)
1 r 1 T
Ay = 1( i = Vij) = Xij + 3 Cij = _Z(Vji + vij) + Xij + 3 -

All that remains is to substitute (B.13), (B.15) into the 2-loop S-functions (1.4) in
the GB scheme. The resulting expression is hard to evaluate as it contains hundreds of
terms, each proportional to a contraction of the form (ffff)as or (ffff)a where each
f denotes a component f.s. or fyqe of the structure constants, and indices are contracted
using the Killing form Tr[7,73]. One can show, however, that there are only 11 independent
such contractions after accounting for the antisymmetry of the structure constants. This
allows for the efficient evaluation of the resulting B-functions for r and p;;. These are
first obtained depending on n11,n12, 722 but, as discussed in subsection B.1, they may be
rewritten in terms of s,¢,u with all square roots cancelling. As a result, we obtain the
2-loop generalization of the 1-loop S-functions in (3.12)—(3.16)

d 1 (1 12 (2

—hy=a B + 0”82, hy = (r,s,t,bu), (B.16)
38The use of the “regulator” € is a short-cut for the following gauge-fixing procedure. Fixing an “axial”

gauge z’X“(L(Ll) + L(LZ)) =y(&) € Lie H (u = 1,2 is the 2d index), the path integral should be independent of

the choice of the constant 2d vector X* and the algebra-valued function of 2d coordinates y(§). Inserting

the d-function of the gauge fixing condition into the path integral and then integrating over X* and y with

—%X“Xu—%ef d2¢ Tr[yy

a Gaussian measure, i.e. e ], the result should be independent of € (here we assume

Euclidean 2d signature but the same is true also in Minkowski signature after an analytic continuation).
Integrating first over y we get fd2X exp [—%X“X“ (&w - eTr[(le) + .7732))(11(,1> + L@)])}. Integrating
over X, restores the 2d Euclidean invariance and the result to leading order in the € — 0 limit is equivalent
to simply adding the regulator term AL = —1¢ Tr[(LSD + 1732))2] corresponding to (B.14).
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where 5,(3 are given by the following expressions:

B, =
cy? (3K -4k2r?srd)
2r®

1
om (Cc - CH) cu

(-Zbk’t(z (s +u) (tz-su)zoAr2 (s +u) (sZ+2tzou2) +3r(szu+su’+s2 (-t2¢uz) -t? (t2+uz))) -
2bkrt(—4r: (s’—stz—t2u+u3) +2r (s+u) (—5‘:"+Gst2u—szu2+,4b2 (t2+su)) - (tz—su) (—31:"+3st2u+b2 (t2+35u)) +
rP(st*+sPu-tPulesu’-s? (2+50%))) +
K* ((tz—su)2 (sz+2tz¢uz)+r2 (s"¢4szt2+2t4o4st2u+4t2u2+u4) +r(—s’t2+s'uo3sztzu—t2u(3t2+u2) os(—3t4+3t2uz¢uA)))¢
r2(rf (s*-as’ 2ttt rastPu-at? i) wr (-5t 455t usb? (3P 4su)) (-sPurtiues (P -u?)) 4
2((tz+su) (t’-stu)1¢h4 (t4+sst2u¢szuz) -b? (2t5+5$t°u-Bsztzuzoszu’)) -
3P (- asfu-sPusrPu (P -u?) +s (-0 s ut))
r? (—4szt2u+3s°uz—4stzu(t2+u2)+t4 (4t2+u2) +s? (£*+3u*) -2b7 (352t2-2t‘+szu+3tzuz+s(—6t2u+u3))))+
K (-2r* (s*-2t*+uf) +2 (P -su)? (t'-st?u+b® (tP+su)) +3r (-t*+st?usb? (3t7+su)) (sSPu-tPuss (-t7+u?)) +
2r? (—sat2¢54u—3szt2uo3t4u—t2u3+s(3t4—3t2u2ou4))+
2r (-5t°+6s’tPu-2s5tul-attuisestiu (B au?) s (At e P Ut 2ut) 4207 (3t 4 sPuas U’ s? (5674 0%) v s (8E7uru?)))))
,; (co-cu)?
2r (t2-su)?
(2 (t2+4su) (t:—stu)2—24bk:t(s+u) (sz+2t:2+u2)+6h'1 (t"+(§stzu+szu2)—8b2 (ts+4st“u—552t2u2) +
rf(s*-as’ 2t rastu-at?ul s ut) 3kt (sfast a2t s asurat? i s ut) e rt? (m2b7 4t - su) (-sPustiuss (B2 -u?)) -
8bkt(—2r2 (s’—stz—t2u+u3) +2 (s+u) (—2t4+stzufszuz+3b2 (t2¢su)) or(—53u+sz (t2—2u2) +t? (4t2+uz) —s(2t2u+u3))) -
ar’ (B2 (37t -2t*+sPus3t? W es (-6tPusud)) -t (-SPust? () 45t (£ 430%) -5 (4tPuedd))) -
4k (P2 (s* -2ttt ut) vart? (SPu-tuss (-t +u?)) + £ (260 -35%us3 Ui+ s? (37 -4u?) +s (282 u-30%)) -
3b? (3t4+sau+5tzu2+sz (5t2+uz)+s(8t2u¢u3))))

B =
1

—_—c
2rt (t’—su)3
(b*r*s (5t?+3su) -2b%krt (s (tP-su)+4r (s®+t?+2su)) +k* (-u (2 -su)?+r (P -su) (P +u?) +r? (stP+s’urat?usr20u’)) +
r2(5rfu(t?-su)?+s?tu (-2 +su) +rf (st?+35%u-8t7u+au®) 4P (287 2+ tt 72U 4350 (£ -30%)) -
re? (t*+sPusrstiu-s? (2 +207))) +
K (s (-stu)?-2r* (st?+2s5?u+2t?u-u®) -2r? (s e2st? -2t ussst?u? - 257 0) +rt? (-3t8 4 sPussstiu-s? (P e20%)) 4
2r% (P2 43t +4t?u’ - su (2 +30%))) -
2bkt(k2 (—(1:2—su)2+2r2 (sz+2tz+2$u+3u2)+r(st2—szu+2t2u—2su2))+
r(st2 (—t2+su)—2r’ (sz+4su—u2)+r2 (szu4»18t2u+3s(t2—2u2))4»}’(1:"—Gstzu+s2 (—4t2+u2))))+
b? (—r2 (ZrZ (35&:2+szu—2tzu+2su2)4»5(5t"¢25‘:1u+szu1)+|’(—9t4—szu+35tzu+s2 (t2—2u2)))+
K? (—s(ti—su)z—r(—3t4+53u+st2u—sz (ti—zuz)) +2r? (53+szu+1et2u+3s(3tz+u2)))))
e
2r? (t2-su)?
(28’ t?u (-t?+su) +4b*s (2t?+su) -12b°kt (s*+t?+2su) +k* (25t +sPu+6t?u+30%) +r? (PP -2st'+atfu-11st? U+ 857 0% +
2rf (282 P+ t* v a4 3su (P -20%)) +rf (25t +357us5u (2874 0%)) — 20 (e sPu-2s P ues? (-4 0?)) -
2bkt (-2t* (3s?+t?+2su) +3Kk* (s?+2t?+2su+30%) +r? (-357+4t7-4su+7u?) -2r (-st?+sPu-6t’us6su?)) -
K (3 +2t%uss? (arfu-2¢u) -arfu(?+u’) -2r (5t*+at?u’) +s (8tt+8ru’+tPutor+u))) -
b (-k* (35 +26st?+4s’u+30t?u+9su’) +2s (4t*+stPuss’u’) +2r (-5t -sPurastiuss? (E240?)) 4
r?(s*+2s?u-12t2u+s (4t +0?))))

H Co
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B(Z)(=
1
e e—
2rf (t2-su)?
(b4r1t(3t1+55u)—bskr(t4—51u2+4r(3st2+szu+3tzu+su2))+
I:zt(r'2 (—2t"+4stzu+652uz¢2r2 (2sz+t2—su+2uz)+r(3st2—7szu+3t2u—7suz))+
K? (—(1:2—su)2—31|'(szu—t2u+s(—t2+u2))02r2 (552+Bsu+5(t2+u2))))+
b(k3 ((s+w (tz-su)z-zl'z (s +u) (sz+Gtz+uz)¢r(sau+sz (-tzouz)-tz (3t29u2)+s(2t2u+u3)))+
kr'(1:5-45t4u+352t2u1-2r3 (s +u) (52¢4t2-25u+u2)¢r2 (-9‘:"+353u¢t2u1+sz (tz-uz)¢35(6t2u+u3))-
r(-3t'ussu’ss (-3t*+10t70?) + 57 (10 t7u+u?)))) +
t(k* (-(-su)?+r? (28?43t +susr20®) sr (st®-sPustPu-su?)) +
r? (ts—st"u+r4 (-452+7t:2+su—4u2)+|’3 (s +u) (sz-st:2+35u+uz)+rtz (stz—szu+t2u—su’)+
r? (sztz—2t4—szu+Zstzu+tzu2—su’))+
K? (—r3 (s+u)3+(t2—2$u) (tz—su)2+2r‘ (szoi<ltz—su+uz)«»rt2 (—szu+t2ufs(tz—u2))+
r? (Z<Issu+s2 (-t2+u2) -t (t2+u1)¢s(4tzuo3u3)))))
—_r
2r2 (t2-su)?
(4b" (t3+25tu)-6b3k(siu+3t2u+s(3t2+u’))+
bit(—2t"+6stzu+852uz+r2 (352—195u+3u1)+k2 (1551+1Gt1+265u+15u1)—7r(—stz+szu—tzu+su2))—
bk(3kz (s+u) (sz+61:2+uz)—2tz (st2—7szu+tzu—7suz)+r2 (s’—Sszu—Ssuz¢u’)—2r(—sztz—8t4+sau¢85t2u—t2uz+su3))+
t(2t* (P -su)+r® (-557+8t7+25u-5u7) +r’ (s+u) (25 -7t7+3su+20?) +k* (35744t +25ur30) 4
rt? (-st?+s?u-tPursu®) +r? (257 P -35°ur2st?us2t? U’ -3s0%) +

K (3su(s®+2t?+u?) -2r% (s?-2t7+2s5u+u?) -3r (-st? +sPu-tPu+su?))))

BMy =
1
————————cuce
2rf (t2-su)?
(0*r? (-t*-10st?u-5s"u’+2r (sPu+tiuss (P +u?))) +
t:zkrt(t’."+25t2u-352u1-4|'2 (sz+t2+35u+u2)+8r(Zszu+tzu+s(t2~2u2)))+
h(k2 (2su (tz—su)2+r3 (s +u) (sz+1et2+u2) +4rt? (-st1+szu-t2u¢su2) -r? (Bsztz+3t4+3sau+zest2u+szuz09t2u2~3su’))—
P ((B-stu)?er®(ssu) (-2 +0%) +6rt? (-sPustuss (2-0?)) -r? (3t*+sPu-5t2ul+s? (-587+u%) +s (4tPusu®)))) +
kt (K (-(s+u) (2 -su)?-2r° (s*+22+0%) 4207 (s+u) (sP+22+0?) w1 (-sPuss? (B +u?) + 2 (324 0%) -5 (4t u+u’))) +

r(zr3 (s-u)2(s+u)+r (s+u) (tz-su)z- (1:3-stu)202r'4 (sl-ztzz,uz)-r'z (-51:"«:4sau-3t’uz+sz (-3t2¢uz) «s(4t2u¢3u3)))))
1 2

+—
2r2 (t2-su)?
(-2b?kt (rt?+8st’-rsu+10s’u+8t’u+10su’) +
k':(r'3 (—4sz+6t2+lsu—4u2)—2r(t2—su) (—k2+sz¢3t2+u2) -r¥(s+u) (sz+2t2—4su+u2) -k? (s +u) (3sz+8t2—25u+3u2)) +
b (2 (t*+8st?u+3s?u?) +r (-sPustiuss (P -u?))) +
b (2 (t3—51:u)2+r'3 (s +u) (Zsz—3tz—su+2u2) -r (—552t1¢2t"¢3sau¢25tzu—5tzu2+3su3) +

K (1557 t?+10t*+3s’u+26st?u+15t7u +3s0%) +r (K*-5¢%) (sPu-tPu+s (-t7+u?))))

B, =
1

-————— CH Ce

2r% (t2-su)?
(zbkzt(-(tz—su)2+2r2 (3sz+2tz+25u+u2)+r(25t2-2s2uot2u-su2)) -

K (-s (£ -su)?-r (s?+ %) (-2 +su) +r? (25°+ Purs (47 +0?))) +

Zbkrt((b’-tz)u(t:z-su)+2r3 (sz-4su-u2)+r2 (-652u+3t2u+s(1(5t2¢u1))+|'(t"oszu2-21:’u(3s*2u)+4t:2 (tzou(25+u))))+
K? ((bz-tz)u (tz—su)2+r'1 (-253+2t2u+4s(t2+u2)) +2r? (-ltsztz+3szu+st:2u-t2 (3t2+uz)) -

2r? (Zst"-5sztzu-2t"u4»253u2—1’.2u3+b2 (195t2+3szu+9t2u+suz*u3))+

r(tz—su) (3t4+tzu (-2s+u) -b? (3tz+u(25+u)))) +

(-rt(as’-8st?+ Pus3su’) +r? (<7872 -t* 495 u-3stPur2t?0?) - (b7 -t?) u (su (P -su) +b? (5t7+3su)) +

r

r?(-5s (t?-su)?+2b% (-2st?+2s?u+3t?usrsu’)) +r (4t  (smu)urst?u® (-2s+u) +b? (-9t -su’ 2s+u) + U (3s+u)))))
1
2r? (t2-su)?

(-6bk’t (3s?+2t?+2su+u’) +r* (55 -10st?+2t7u+3su’)+2r (asP P+t -6sPus3stiu-2¢7u?) +
Z(I:z—tz)u(su(tz—su) +2b? (thosu)) +2r(t2—su) (—t‘*tzu(s+u) +b? (5t2+ (s-u)u)) +k* (3s3o2tzu+s (Gt’ouz)) +
K (-2r (4s®+5¢€%) (-t+su)+aris (sP+t?-u?) -t (2st?+s’u+8t?u-2su+30%) +b® (30st’+9s’u+26turasu’+30%)) -
2!7kt(r'2 (7szf4t2—4su—3uz) +6b? (t2¢Zsu+uz) -2t% (P +2su+3u’) -2r (6s’u-ttu+s (-6t7+u?))) -
r? (—4st4+1lszt2u¢2t4u—ss3uz—t’\‘:‘+b2 (szuo4t2u+u3+25(—Stzouz))))
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