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1 Introduction

How exactly do quantum field theories reassemble themselves into string theories (or M-
theory generalisations) in the large N limit? This question has been with us ever since
’t Hooft showed that Feynman diagrams of large N gauge theories admit a genus expan-
sion [3] which hinted at a dual string theory description. Maldacena’s discovery [4], through
the physics of D-branes, of the string dual for a large class of supersymmetric gauge the-
ories gave this question fresh impetus. It provided us with a set of quantum field theories
where one had a precise dictionary [5, 6] between observables, to those of a dual string
theory, with the latter often admitting a weakly coupled gravity description.

More specifically, the duality gives rise to a map between (single trace) gauge invariant
operators, and vertex operators for perturbative string states (w and h label the state, while
z is a worldsheet coordinate)

O(w)
h (x) ←→ Vwh (x; z) . (1.1)
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The relation then between n-point (Euclidean) correlators is,

〈
O(w1)
h1

(x1)O(w2)
h2

(x2) . . .O(wn)
hn

(xn)
〉

Sd

∣∣∣
g

=
∫
Mg,n

dµ
〈
Vw1
h1

(x1; z1)Vw2
h2

(x2; z2) . . .Vwn
hn

(xn; zn)
〉

Σg,n
, (1.2)

where g is the genus of the world-sheet, while on the CFT side (i.e. the l.h.s.) it captures
a certain contribution in the 1

N expansion. Both sides of this equality are autonomously
defined, and it should be possible to decipher the mechanism behind this remarkable cor-
respondence. However, up to now this question has remained unanswered in any precise
sense — the miraculous nature of the equality between the l.h.s. and r.h.s. of (1.2) has
remained so even after two decades.

Some time ago, a proposal was made for what this underlying mechanism might be [1,
7, 8], in an expansion around the free field point on the l.h.s. This weak coupling limit of the
quantum field theory translates into a tensionless (or high curvature) limit of the dual string
theory, and this is also the regime of the Feynman diagram expansion which underlies the
original ’t Hooft analysis. The basic idea behind the proposal of [1, 7, 8] was to reorganise
the sum over distinct worldline trajectories that Feynman diagrams represent, into a sum
over distinct world-sheets which are glued up versions of the original double line graphs. In
other words, it is a prescriptive procedure for how to go from the l.h.s. to the r.h.s. of (1.2).
Note that this is a reverse engineering problem in that one aims to reconstruct an integrand
on moduli space, and there is a priori no unique way of doing so. That does not, however,
obviate the possibility of a canonical or natural way of going between the two sides of (1.2),
and indeed the proposal of [1, 7, 8] gives rise to a particular integrand on the r.h.s.

The first step in this reorganisation was to group together genus g Feynman diagrams in
the free theory that contribute to a gauge invariant n-point correlator — the l.h.s. of (1.2) —
into ‘skeleton graphs’ [8]. This essentially involved gluing together homotopically equivalent
edges of the Feynman graph. These skeleton graphs capture, in a sense, the inequivalent
topologies of the worldlines. It was then seen that these skeleton graphs are precisely in
correspondence with a simplicial decomposition of the (decorated) moduli spaceMg,n×Rn+.
This can be thought of as a refinement of ’t Hooft’s association of a genus to Feynman
diagrams. The next step [1] was to make a one-to-one correspondence between individual
diagrams and individual world-sheets, i.e. the points on the moduli space on the r.h.s.
of (1.2). This exploited the mathematics of Strebel differentials which underlies the above
cell decomposition of moduli space.

Strebel differentials φS(z)dz2 are meromorphic quadratic differentials on a Riemann
surface Σg,n with double poles at the n punctures. Moreover, the (6g−6+3n) independent
Strebel lengths between any two of the (4g+2n−4) (generically distinct) zeroes are always
real, ∫ am

ak

√
φS(z) = lkm ∈ R+ . (1.3)

A theorem due to Strebel tells us that there is a unique such Strebel differential for every
point onMg,n if one fixes the n residues at the poles (which are necessarily real since they
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Figure 1. The grey lines are the horizontal trajectories of a Strebel differential, see eq. (6.4), while
the coloured lines describe the critical horizontal trajectories that make up the critical Strebel
graph, see section 6 for more details. The (double) poles zi of the Strebel differential are denoted
by black dots (z4 = ∞), while the zeros ai are represented by black crosses, see eq. (1.5). Finally,
the solid black lines between the poles describe the dual edges to the critical Strebel graph, and
therefore correspond to the edges of the skeleton graph of the field theory.

are linear combinations of the lkm). This is a bijective correspondence, i.e. if one specifies
the (6g− 6 + 3n) Strebel lengths then one lands on a unique point inMg,n ×Rn+ and vice
versa. Thus, if we fix the residues, the remaining (6g − 6 + 2n) independent real Strebel
lengths lkm can be viewed as a particular parametrisation of the string moduli spaceMg,n.
Furthermore, there is a so-called critical graph associated with the Strebel differential which
has n faces (with the topology of a disk), each of which contains exactly one double pole of
the Strebel differential; in addition it has (4g+ 2n− 4) vertices which are the zeroes of the
Strebel differential, and (6g + 3n − 6) edges which connect the vertices, see figure 1. The
idea of [1] was then that this critical graph is to be identified with the dual graph to the
skeleton diagram of the field theory; the skeleton graph itself is then represented by the
solid black lines in figure 1. In fact, this construction can be seen as a way of implementing
open-closed string duality, with the open string ribbon graphs of the field theory being
glued along the critical Strebel graph to form the closed string worldsheet [1].

In [1], an additional identification was proposed between the (inverse) Schwinger proper
times of the Feynman diagrams and the Strebel lengths (1.3). This was a concrete way to
promote the field theory answer into a dual world-sheet correlator; in particular it leads to a
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specific candidate integrand on moduli space — the r.h.s. of (1.2). However, it was pointed
out in [9] that this prescription had the disadvantage of not manifestly preserving the
global spacetime special conformal symmetry of the putative world-sheet correlators. An
alternative prescription was put forward by Razamat [2] which associated the number nij
of homotopic Wick contractions between a pair of vertices, to the corresponding Strebel
lengths (1.3) of the dual edges. This discrete prescription was particularly well suited
for the zero-dimensional Gaussian matrix model (where the correlators do not carry any
spacetime dependence), and was explored in [2, 10–13].

To summarise, the broad thrust of [1, 2, 7, 8] was a definite prescription1 by which the
mechanism of open-closed string duality is realised. It associates to individual Feynman
diagrams of the field theory, specific points in the moduli space of the dual closed string
theory, thus giving a constructive method to go from the l.h.s. to the r.h.s. in (1.2).

In this paper we will check this proposal in an example of the AdS/CFT correspondence
which can serve as a concrete testbed for understanding the precise working of the duality
and its dictionary. It has recently been understood that string theory on AdS3 × S3 × T4

with one unit (k = 1) of NS-NS flux is dual to the free symmetric orbifold CFT SymK(T4)
in the large K limit. The full perturbative string spectrum exactly agrees with that of the
symmetric orbifold [20] (earlier work on the k = 1 theory includes [21–25]). Furthermore, it
was shown in [26] how correlators in the world-sheet string theory localise on moduli space
to special points which admit a covering map of the AdS3 boundary S2, thereby manifestly
reproducing the symmetric orbifold correlators that can be calculated using such a covering
map approach [27, 28]. This was generalised beyond genus zero on the world-sheet in [29],
and to geometries with other boundaries in [30]. Recently, in [31] the crucial property
of world-sheet localisation was shown to follow from a twistorial incidence relation in a
free field realisation of the k = 1 world-sheet sigma model. In this example we therefore
understand in detail how the r.h.s. of (1.2) gives rise to the l.h.s.

This example therefore allows us to analyse whether the reconstruction proposal of [1,
7, 8] will indeed reproduce the correct world-sheet theory.2 To this end, we will start with
an n-point twisted sector correlator in the orbifold CFT — i.e. the l.h.s. of (1.2) —

〈σw1(x1) · · ·σwn(xn)〉 , (1.4)

and try to rewrite it as a world-sheet integral. The key idea is to study (1.4) in a special
Gross-Mende like limit [34], where the twist3 labels wi of the operators are taken large
(but small compared to K). The nice feature of this limit is that the covering maps which
contribute to the correlator actually become dense on the moduli space of the covering
surface. If we concentrate on the case where the covering surface (which will be identified

1This prescription was generalised to theories with fundamental matter in [14] and also applied to a
number of different correlators, see [9, 15–19] for a partial list.

2It would be interesting to see how to generalise the approach here to theories whose bulk duals are not
string theories, see recent work on reconstructing the bulk and thus deriving the AdS/CFT correspondence
for vector-like large N models in [32, 33] and references therein.

3This is not to be confused with τ = ∆ − J . In our context ‘twist’ refers to the twisted sectors of the
symmetric orbifold.
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with the world-sheet) is of genus zero, the computation of correlators via the covering
map [27, 28] simplifies significantly. In fact, we will be able to map the problem of finding
the different covering maps to that of solving for the large N limit4 of a special class of
matrix models with Penner-like logarithmic potentials.

The inequivalent covering maps for an n-point correlator will turn out to be para-
metrised by a set of (2n − 6) real parameters. These parameters determine the so-called
spectral curve of the matrix model at leading order in 1

N . This defines a meromorphic
differential y0(z)dz whose square has double poles at the points zi on the covering space
which correspond to the pre-images of the branch points xi in (1.4), see eq. (6.2)

y2
0(z)dz2 = α2

n dz
2∏n

i=1(z − zi)2

2n−4∏
k=1

(z − ak) = −4π2φS(z) dz2 . (1.5)

The (2n − 6) real parameters that specify the solution also determine the zeroes and
poles of this differential, and are nothing other than the period integrals of y0(z)dz along
inequivalent homology cycles on the covering surface.

The upshot of this analysis is therefore, quite remarkably, that the solution (1.5) to
the matrix model which determines the covering maps is (minus) a Strebel differential
φS(z)dz2 on the covering space — it naturally comes baked into the problem! In the
process we will also see that there is a one-to-one mapping between these solutions of the
matrix model, and the Feynman diagrams of the orbifold theory that can be associated to
every admissible covering map [35]; this is exactly as envisaged in the proposal of [1, 8].
The Strebel lengths (1.3), which are proportional to the periods, take arbitrary real values
which are equal to nij

2N to leading order in 1
N , where nij is the number of lines between

vertices. This is similar to what was proposed in [2], although it will also be clear that
such a simple relation will not hold when one takes into account subleading orders in 1

N .
Thus at large N the sum over admissible covering maps goes over to an integral, as the set
of allowed points on moduli space becomes dense inM0,n.

Having seen how the moduli space of world-sheets on the r.h.s. of (1.2) emerges natu-
rally from the different Feynman diagram contributions, one can then address the second
aspect of the program of [1]. Namely, to determine the integrand on moduli space on the
r.h.s. of (1.2) from the field theory. This can, again, be read off from the symmetric orbifold
calculation of Lunin-Mathur, see eq. (2.7). In the large N limit, the dominiant contribution
turns out to be the Liouville action (2.6), and this weighting factor has multiple fascinating
interpretations. On the one hand, it is proportional to a Nambu-Goto action for the Strebel
metric — which is the natural metric on the world-sheet one can associate to the quadratic
differential φS(z)dz2, see eqs. (7.7) and (7.8). Another striking form for this action arises
from the observation that, to leading order in 1

N , the Strebel differential in (1.5) is nothing
other than the Schwarzian of the covering map. The action is therefore also proportional
to the absolute value of the Schwarzian, see eq. (7.11), and this leads to a suggestive AdS3

4This N should not be confused with the parameter of the ’t Hooft genus expansion of the orbifold
theory — that was denoted above by K, the rank of the symmetric group, and will be taken to ∞ as we
will always be at genus zero. N is more like a charge, proportional to the large twists wi, see eq. (3.2),
which is separately taken to be large.
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generalisation of the universal AdS2 expression for the spacetime action [36]. Finally, there
is a third interpretation of the action from the spacetime S2 point of view which is very
reminiscent of the action for a rigid string that had been proposed in pre-holographic days
to describe large N gauge theories [37–39], see eq. (7.10).

In [26] the above Liouville action on the symmetric orbifold was shown to agree with
the classical action of the AdS3 string theory, evaluated on the covering maps onto which
the world-sheet path integral localises. This therefore essentially completes the circle by
showing how the broad procedure of [1, 2, 8] applied to free field orbifold CFT correlators
can reconstruct not only the string moduli space in a precise way, but also what the world-
sheet correlators are, at least in the large twist limit. It is a proof of concept that it is
possible to go in both directions between the two sides of (1.2).

The paper is organised as follows. After a brief recap of the covering space approach
to computing symmetric orbifold correlators in section 2, we set up the problem of finding
the relevant covering maps in the large twist limit in section 3. Section 4 is the technical
heart of the paper where the equations determining the covering map are mapped onto the
saddle point equations of a Penner-like matrix model. We use conventional matrix model
technology to find the saddle point solutions, but then interpret the parameters in a slightly
different way than for usual matrix models. We also make some comments on the finite N
generalisation in section 4.3. With these results in hand we are then ready to understand
their consequences: in section 5 we use the connection between covering maps and Feynman
diagrams to see that the free parameters that enter into the matrix model solution are pro-
portional to the number of Wick contractions, to leading order in 1

N . Further, in section 6
we see that (the square of) the spectral curve of the matrix model is (minus) the Strebel dif-
ferential, again to leading order in 1

N , and hence that the sum over covering maps goes over
to an integral over the string moduli space. We comment on the relation of the Strebel dif-
ferential to the Schwarzian, at finite N , in section 6.1. Section 7 then goes on to reconstruct
the weights associated with each point in moduli space, and briefly discusses their different
avatars. Finally, section 8 contains a somewhat extended list of open questions, categorised
by theme. There are a couple of appendices with some additional technical sidelights.

2 Correlators in the symmetric orbifold CFT

In this section we give a brief review about how correlation functions of symmetric orbifold
theories can be computed in terms of covering maps; this approach goes back to the work
of Lunin & Mathur [27, 28]. In the following we shall mainly concentrate on the twisted
sector ground states, although the method is also believed to be applicable to descendant
states, see eq. (2.7) below.

Let us start by recapitulating some basic features of symmetric orbifold theories. Let
S be a conformal field theory — the case we primarily have in mind is that S is the
superconformal field theory associated to T4, but this will not matter for the following
— then the symmetric orbifold theory of S is obtained by considering the K-fold tensor
product theory S⊗K and taking the orbifold by SK , where SK permutes the K copies. As
is familiar from general orbifold constructions, the orbifold theory consists of the so-called
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untwisted sector — these are the states in S⊗K that are invariant under the action of
all generators in SK — as well as twisted sectors. These twisted sectors are in one-to-
one correspondence with the conjugacy classes of SK . Every permutation in SK can be
written in cycle decomposition, and the cycle shape is invariant under conjugation; thus
the conjugacy classes of SK are in one-to-one correspondence with the cycle shapes, and
thus with partitions of K. In the following we shall exclusively consider the ‘single cycle’
conjugacy classes, i.e. those permutations that are conjugate to a single cyclic permutation,
say of length w. Note that under the AdS/CFT correspondence the states from these single
cycle twisted sectors correspond to single string states in AdS. We will always be working
in the large K limit so that there is no restriction on the range of w; this corresponds to
the limit in which the string coupling constant gs of the dual string theory is small.

Let σw be the ground state of the single cycle twisted sector of length w, and let πw be
a representative of the corresponding conjugacy class of permutations, i.e. πw = (j1 · · · jw),
where jm ∈ {1, . . . ,K} and jm 6= jn for m 6= n. The twisted sector state σw has the
property that as we analytically continue a field φl from the l’th copy of S⊗K around σw,
it gets transmuted into the field φπw(l) associated to the πw(l)’th copy,

V (φl, e2πiz)σw(0) = V (φπw(l), z)σw(0) . (2.1)

The main quantity we want to calculate are correlation functions of such twisted sector
ground states σwi ,

〈σw1(x1) · · ·σwn(xn)〉 , (2.2)

where xi are coordinates on the sphere S2. Such a correlation function is only non-zero if
there exist representatives πwi — recall that the twisted sectors are associated to conjugacy
classes, so there are many different w-cycle permutations πw = (j1 · · · jw) — such that

πw1 · · ·πwn = id . (2.3)

Let us assume this to be the case, and let us take σwi to be the twisted sector field
associated to this representative permutation πwi . (Note that for the calculation of the
actual correlation function one also needs to include combinatorial factors, see e.g. [35].)

As is familiar from general CFT considerations, it is often useful to consider not just
the correlation function (2.2) itself, but to insert in addition chiral fields φl from S⊗K .
(If S is the T4 theory, φl could, for example, be one of the 4 free bosons associated to
the l’th copy of S⊗K .) It follows from (2.1) that with respect to these individual fields
the correlation function is not single valued since the fields φl change identity as they go
around the different twisted sector insertions.

The basic idea of Lunin & Mathur [27, 28] is to use the conformal symmetry to lift
these correlation functions via the holomorphic covering map Γ : Σ → S2 to single-valued
functions on the covering surface Σ. Here Σ is another Riemann surface — we shall mainly
be interested in the situation where Σ is also a sphere, although in general Σ may have
higher genus — and the condition that the correlation functions become single valued on
Σ is that near Γ−1(xi) = zi we have

Γ(z) = xi + aΓ
i (z − zi)wi + · · · for z ∼ zi (i = 1, . . . , n) . (2.4)
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(Thus the covering surface looks like a wi-fold multi-storey car park near zi, and hence the
fields φl become single valued near zi.) We note that the genus g of Σ is determined by the
Riemann-Hurwitz formula in terms of the degree N of the covering map, i.e. the number
of preimages of a generic point x ∈ CP1, as

g = 1−N + 1
2

n∑
j=1

(wj − 1) . (2.5)

From the symmetric orbifold perspective N is the number of active colors, i.e. the number
of different jn appearing in all the permutations πwi in eq. (2.3).

Returning to the correlator, if the σwi are the twisted sector ground states, they dis-
appear entirely from the discussion once one has gone to the covering surface, i.e. they
are invisible to the chiral fields φl. As a consequence, the resulting correlation function on
the covering surface is the vacuum correlator, which is therefore equal to unity. Thus the
covering map transforms the correlation function (2.2) to a trivial amplitude, and (2.2) is
just equal to the conformal factor associated to this covering map transformation. This
conformal factor can be calculated using the Liouville action

SL[Φ] = c

48π

∫
d2z
√
g
(

2 ∂Φ ∂̄Φ +RΦ
)
, (2.6)

where c is the central charge of the ‘seed theory’ S, e.g. if S is the T4 or K3 theory c = 6,
and we have explicitly [27, 28]

〈Ow1(x1) · · · Own(xn)〉 =
∑
Γ
WΓ

n∏
i=1
|aΓ
i |−2(hi−h0

i )e−SL[ΦΓ] , (2.7)

where
ΦΓ = log ∂zΓ(z) + log ∂z̄Γ̄(z̄) . (2.8)

Here we have written the expression for the more general case where Owi is some operator
of conformal dimension hi in the wi-twisted sector, i.e. not necessarily equal to the ground
state σwi whose conformal dimension equals h0 = cw

2−1
24w , with c the central charge of S.

The parameters aΓ
i are the coefficients appearing in (2.4), and the WΓ are expected to be

constants independent of Γ [40]. Here the sum is over all possible covering maps — for a
given choice of wi only a finite number of branched coverings exist. (In general the different
covering maps will involve covering surfaces Σ of different genus g, though.)

While this is, in principle, a very powerful method for the calculation of these twisted
sector correlators, it requires finding the corresponding covering maps. In general, this is a
difficult problem, but as we are about to explain, it actually simplifies in the limit in which
the wi become large.

3 The large twist limit for branched covers

As we have seen in the previous section, the computation of correlators in the symmetric
orbifold theory reduces to finding all the branched coverings of the n-punctured sphere S2
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of the spacetime CFT. We will restrict to the case where the genus in (2.5) equals g = 0,
i.e. we will consider covering maps

Γ : CP1 −→ CP1 , (3.1)

for which the degree N is given by, see eq. (2.5)

N = 1 + 1
2

n∑
j=1

(wj − 1) . (3.2)

The number of covering maps up to equivalence, i.e. up to the composition with Möbius
transformations, is finite; for example for n = 4 and fixing the xi (but allowing for a Möbius
transformation to act on the zi), it equals [41]

#(branched coverings) = Minj wj(N + 1− wj) . (3.3)

An explicit formula for the general case of n > 4 does not seem to be known, but it follows
from our analysis in section 5 below that the corresponding number scales as N2n−6 for large
wi, see eq. (5.3). The problem of explicitly determining these branched covers for given
branching data {zi, wi} is difficult, even for a four-point function (n = 4). We will show in
this section that there is a systematic way in which to compute genus-zero covering maps
for connected n-point functions of single-cycle twist fields, if we consider the limit of large
twist for all the operators.5 More specifically, we will always assume that the ‘rank’ K of the
symmetric group SK is taken to infinity first, before we take the twists wi ≤ K to infinity.6

Before we continue let us pause to mention that this limit is the analogue, in the dual
AdS3 space, of a Gross-Mende like limit [34] in that we are looking at the scattering of
states with high (spacetime) conformal dimension or energy in AdS3. (This follows from the
fact that h0 = c w

2−1
24w scales as w in the large twist limit.) Our twisted sector ground state

operators are the analogue of tachyonic or massless states in flat space. Since we are keeping
the positions xi fixed, we are considering the analogue of fixed angle scattering. (This is
to be contrasted with a Regge-type limit, which it would also be interesting to explore.)

It follows from eq. (3.3) (or eq. (5.3) for n > 4) that we have a large number of covering
maps in this limit, and one of our main results is that the sum over all of these covering
maps becomes, in a precise manner, an integral over the moduli space of the covering
space (which is an n-punctured sphere with n− 3 moduli). Furthermore, the weight with
which these different covering maps contribute equals the Nambu-Goto action, with the
world-sheet metric in Strebel gauge. Alternatively, one may write this action in terms of
the modulus of the Schwarzian of the covering map, see section 7 below. We expect this
action to have a Gross-Mende saddle point as in flat space.

5While there have been many analyses of correlators of heavy operators in AdS/CFT, a Gross-Mende
like limit for extremal correaltors in 4d based on the prescription of [1] was attempted in [18]. Recently a
very interesting ‘large p’ limit of half-BPS operators was taken with a view to study the analogue of the
Gross-Mende regime(s) in AdS5 × S5 [42].

6This will ensure that the states we are considering correspond to perturbative string states in the dual
theory and not, for example, to D-branes which would backreact on the geometry.
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Let us return to the problem at hand and determine the covering maps that contribute
to the correlator (2.2) in the large twist limit. We shall assume that infinity is a generic
point of the covering map, i.e. that xi 6= ∞ for i = 1, . . . , n, and we shall denote by
λa, a = 1 . . . , N , the preimages of ∞, i.e. the poles of Γ(z). In what follows, it will be
convenient to use the Möbius invariance on the covering space Σ to fix z1 = 0, z2 = 1 and
zn =∞. Then the covering map takes the form of a rational function of degree N ,

Γ(z) = pN (z)
qN (z) = pN (z)∏N

a=1(z − λa)
, (3.4)

where both pN (z) and qN (z) are polynomials of degree N . We have chosen the latter,
without loss of generality, to be a monic polynomial with N distinct zeroes corresponding
to the poles λa of Γ(z).

Following [43] we now observe that the poles and zeros of ∂Γ(z) are determined as
follows.7 From (2.4) it is clear that the only zeros of ∂Γ(z) occur at z = zi with order
(wi − 1). On the other hand, the only poles appear at z = λa, and they are all double
poles. Thus ∂Γ(z) necessarily has the form

∂Γ(z) = MΓ

∏n−1
i=1 (z − zi)wi−1∏N
a=1(z − λa)2

, (3.5)

whereMΓ is a non-zero constant. Note that ∂Γ then also has the right branching behaviour
at infinity since ∂Γ(z) ∼ z−wn−1 as z → ∞, see eq. (3.2). It is furthermore clear that the
residue of ∂Γ(z) at z = λa, i.e. the coefficient of the simple poles 1

z−λa
, must vanish (since

Γ(z) does not contain a logarithmic term). This leads to the N “scattering equations” [43]8

n−1∑
i=1

wi − 1
λa − zi

=
N∑
b 6=a

2
λa − λb

, (a = 1, . . . , N) . (3.6)

On the face of it, this seems to give rise to N equations for the N unknowns λa, up to
permutations. However, there are actually only (N − 1) independent equations here since
the sum of all the residues vanishes necessarily. Thus we can solve, for example, for λa for
a = 1, . . . , N − 1 in terms of λN . Once one has determined these (N − 1) λa, one is left
with three undetermined parameters for the covering map: λN , MΓ and the constant of
integration in going from ∂Γ(z) to Γ(z). These are fixed, for instance, by requiring that
Γ(zi) = xi (for i = 1, 2, n), with xj 6=∞.

Our key observation here is that in the large N limit — because of (3.2) this is the limit
when we take the wi large — this equation has a natural matrix model interpretation: the
λa can be thought of as the eigenvalues of a matrix model, with the r.h.s. being the usual
eigenvalue repulsion while the l.h.s. is playing the role of an external potential determined
by the zi. We will exploit this connection in what follows, working mainly at large N , but
commenting on the finite N case at various points.

7We should alert the reader that [43] takes one of the branch points to be xn = ∞, which implies a
coalescence of the poles and the zeroes of ∂Γ(z). As a result, the specific expressions in [43] have a different
power of z in the denominator.

8This is, again, very similar to the Gross-Mende equations of [34].
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4 A Penner-like matrix model and its solution

In this section we use matrix model techniques in order to solve the eigenvalue prob-
lem (3.6), which we rewrite as

1
2

n−1∑
i=1

αi
λa − zi

= 1
N

N∑
b 6=a

1
λa − λb

,

[
αi = wi − 1

N

]
, (4.1)

where αi is held fixed in the large twist limit. Note that (3.2) implies that

1
2

n∑
i=1

αi = 1− 1
N

=⇒
n−1∑
i=1

αi = 2− αn −
2
N

. (4.2)

As noted in the previous section we actually have N−1 independent equations here leaving
one additional undetermined parameter in the solution. We will see later, see the discussion
around eq. (4.30), how this works for the large N solution.

We want to interpret eq. (4.1) as the saddle-point equation for the large N matrix
integral

Z =
∫

[dM ]e−N TrW (M) =
∫ N∏

a=1

dλa
2π ∆2({λb}) e−N

∑N

a=1 W (λa) , (4.3)

where the potential has a logarithmic Penner-like form

W (z) =
n−1∑
i=1

αi log (z − zi) , (4.4)

and therefore

W ′(z) =
n−1∑
i=1

αi
(z − zi)

. (4.5)

Furthermore ∆(λa) is the usual Vandermonde determinant. The covering map is related
to the matrix model as

1
N

log
[
M−1

Γ ∂Γ(z)
]

= W (z)− 2
N

N∑
a=1

log(z − λa) , (4.6)

where we have used (3.5).
We should remark that the matrix integral is, at least at this stage, just a convenient

prop for solving the equations (3.6). In particular, in our problem, the λa (and zi) are
complex and so are not, strictly speaking, eigenvalues of a Hermitian matrix model. What
the mathematical correspondence to saddle point equations for matrix integrals suggests
is a method to solve them in the large N limit. In fact, as we will indicate below, our
question will dictate a slightly different angle and interpretation of the problem from the
more traditional matrix model point of view.

The class of matrix models with logarithmic potential as in (4.4) are known as Penner-
like models and have appeared in a number of physics contexts, including recently in the
connection between AGT and topological strings [44–48]. We will draw upon some of
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these results in what follows though, as mentioned, we will have a somewhat different
interpretation. It will, nevertheless be interesting to see whether the appearance of the
same matrix models, in the context of topological strings and Liouville theory in the above
references as well as in the present context, is more than a technically fortuitous coincidence.

In any case, we proceed by introducing a (normalised) density of “eigenvalues”

ρ(λ) = 1
N

N∑
a=1

δ(λ− λa) . (4.7)

We expect that in the large N limit this will go over to a smooth function which has
support over some set of curves (which we denote below by C) on the complex plane. The
equation (4.1) determining the covering maps becomes then (for λ ∈ C)

1
2W

′(λ) = P

∫
C

ρ(λ′)dλ′
λ− λ′

, (4.8)

where P denotes the principal value. This integral equation for ρ(λ), including its support,
can now be solved using conventional matrix model technology. We will do so in the next
subsection using the method of loop equations. The advantage of this method is that it gen-
eralises beyond the leading large N limit. There is also an equivalent method for solving the
large N equations in terms of a Riemann-Hilbert problem, which we outline in appendix A.

Either way, we note that we expect to find a family of solutions corresponding to the
large multiplicity of covering maps in the large twist limit, see eqs. (3.3) and (5.3). For any
of these solutions for ρ(λ), the corresponding covering map will be determined, at leading
order in N , by (4.6)

1
N

log
[
M−1

Γ ∂Γ(z)
]

=
n∑
i=1

αi log (z − zi)− 2
∫
C
dλ ρ(λ) log(z − λ) . (4.9)

We will also see in section 4.3 that it will be natural to go somewhat beyond this leading
large N answer.

4.1 Solving the matrix model

We can convert the saddle point equations for the eigenvalue density into a set of equations
for the resolvent — which are known as loop equations [49] and can actually be written
down for finiteN . These are then solved in terms of an auxiliary spectral curve, see [50] for a
very nice exposition of these techniques. For the multi-Penner potentials the corresponding
solutions and spectral curves have been explicitly studied to leading order in 1

N in [47].
To obtain the spectral curve we first define the resolvent via

u(z) = 1
N

N∑
a=1

1
z − λa

=
∫
C

ρ(λ)dλ
z − λ

, (4.10)

from which we can deduce the eigenvalue density (in the large N limit) by the discontinuity
across the support C

ρ(λ) = − 1
2πi

[
u(λ+ iε)− u(λ− iε)

]
(λ ∈ C) . (4.11)
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The loop equations are now obtained as follows. First we rewrite (4.1) as
1
2W

′(λa) = 1
N

∑
b 6=a

1
λa − λb

, (4.12)

multiply both sides by 1
(λa−z) , and then sum over a, see for example [50]. A short calcula-

tion9 then leads to the so-called loop equation that the resolvent must obey,

u2(z)−W ′(z)u(z) + 1
N
u′(z) +R(z) = 0 . (4.13)

Here we have introduced the function R(z), see eq. (B.9),

R(z) = 1
N

N∑
a=1

W ′(λa)−W ′(z)
(λa − z) =

n−1∑
i=1

αiu(zi)
z − zi

. (4.14)

As the derivation in appendix B shows, the loop equations (4.13) actually hold at any finite
N . They are, moreover, in a form which is suitable for a large N expansion.

Next we introduce the so-called quantum corrected spectral curve, which is defined in
terms of the resolvent via

y(z) = W ′(z)− 2u(z) . (4.15)

We can then rewrite (4.13) as an equation that determines the spectral curve

y2(z)− 2
N
y′(z) =

(
W ′(z)

)2 − 2
N
W ′′(z)− 4R(z) . (4.16)

It is natural to view y(z)dz as a differential on the underlying Riemann surface that emerges
in the large N limit, as we will see below.

We should note that in terms of our original problem, the function y(z) defined
by (4.15) equals

y(z) =
n−1∑
i=1

αi
(z − zi)

− 2
N

N∑
a=1

1
(z − λa)

= 1
N

∂2Γ(z)
∂Γ(z) = 1

N
∂ ln ∂Γ, (4.17)

where we have used the expression (3.5) for ∂Γ(z), as well as the relation Nαi = (wi − 1)
from eq. (4.1). This identification (4.17), which will be important in what follows, is also
true at finite N .

For the rest of this subsection we shall concentrate on the leading large N limit, and
discuss what happens for finite N in section 4.3. Starting from eq. (4.16) let us replace y(z)
by its leading term in the large N limit, which we denote by y0(z). Then (4.16) reduces to

y2
0(z) =

(
W ′(z)

)2 − 4R0(z) , (4.18)

where we have dropped the terms with the explicit factors of 1
N , and replaced the function

R(z) by its leading piece in the large N limit, which we have denoted by R0(z); using (4.14)
and (4.15) this can be written as

R0(z) =
n−1∑
i=1

αiu0(zi)
z − zi

= 1
2

n−1∑
i=1

αi
z − zi

(
W ′(z)− y0(z)

)∣∣∣
z→zi

. (4.19)

9For the convenience of the reader, this is reproduced in appendix B.
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Together with the form of (4.5), this now allows us to rewrite eq. (4.18) as

y2
0(z) = W̃ 2

n−2(z)−∏n−1
i=1 (z − zi)R̃n−3(z)∏n−1

i=1 (z − zi)2 ≡ Q2n−4(z)∏n−1
i=1 (z − zi)2 . (4.20)

Here W̃n−2(z) is a polynomial of degree (n− 2) that is determined by W ′(z), and R̃n−3(z)
is similarly determined by R0(z) after rationalisation. Naively one may have thought that
R̃n−3(z) is of degree (n−2), but it actually has degree (n−3) since the leading 1

z coefficient
of R0(z) is proportional to ∑i αiu0(zi), which vanishes because of eq. (B.10).

Note that while R̃n−3(z) implicitly depends on y0(zi) via (4.19), we will think of its
n−2 parameters as initially unknown, i.e. not directly related to y0(z). Then we can think
of eq. (4.20) as determining y0(z) in terms of these unknown parameters. We will explain
below (in section 4.2) how these parameters can subsequently be fixed by self-consistency.

Returning to eq. (4.20) we now note that the numerator defines a hyperelliptic curve
with (n− 2) cuts (and genus (n− 3)),

ŷ2(z) = Q2n−4(z) =
(
W̃n−2(z)

)2 − n−1∏
i=1

(z − zi)R̃n−3(z) ≡ α2
n

2(n−2)∏
j=1

(z − aj) . (4.21)

The one form y0(z)dz is then a meromorphic differential on this Riemann surface, and it
has poles at z = zi with residue αi. We furthermore require that the residue at zn = ∞
equals αn, and this then fixes the overall coefficient in (4.21). We also see from (4.15) that
the leading order solution for the resolvent, u0(z) = 1

2(W ′(z)− y0(z)), has branch cuts and
therefore discontinuities giving the eigenvalue densities as in (4.11). An alternative form
for y0(z) and the resolvent u0(z), exhibiting their single pole structure, is given in (A.4)
and (A.3), respectively.

4.2 Independent parameters

In the usual matrix model treatment of this problem, the final step is to obtain from
the spectral curve the complete solution by determining the unknown polynomial R̃n−3(z)
in (4.20), see the comment above eq. (4.21). Often this is done by specifying the (n − 3)
“filling fractions” of the eigenvalue density along the (n − 3) independent A-cycles,10 i.e.
the (n− 3) periods

1
4πi

∮
Ai

y0(z)dz =
∫
Ci≡[a2i−1,a2i]

dλ ρ(λ) = νi , i = 1, . . . , n− 3 . (4.22)

Note that we actually only need to specify (n− 3) such periods since the overall coefficient
of R̃n−3 is fixed by the overall normalisation of Q2n−4(z) in (4.21). More specifically, the
coefficient of z2n−4 in (W̃n−2(z))2 equals (∑n−1

i=1 αi)2 = (2−αn)2, where we have used (4.2),
and the zn−3 coefficient of R̃n−3(z) is thus determined by the condition that the coefficient
of z2n−4 in Q2n−4(z) equals α2

n.
10There are alternative conditions one could impose to determine these unknowns, such as demanding

that eigenvalues do not tunnel, see [50].
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As a consequence the (n−3) conditions in (4.22) are enough to solve for the polynomial
R̃n−3(z), and this then also fixes the locations aj of the branch points of the cuts in (4.21).
In this approach, the other set of periods (over the B-cycles) are determined in terms of
the effective action of the matrix model

1
4πi

∮
Bi

y0(z)dz ∼ ∂Seff({zj , νj})
∂νi

. (4.23)

Note that from the matrix model perspective, the zj are given ab initio — they define the
matrix model potential W (z) as in (4.4). Thus we solve for the spectral curve and thus
the eigenvalue density (including its support) in terms of the input data of the (αi, zi, νi).

As we will see more fully in section 5, our present problem dictates a slightly different
perspective: for us the zi are not specified initially, since they live on the auxiliary covering
space which we are constructing by solving for the covering map. Instead, we will think of
equations like (4.23) as determining the zi in terms of the B-cycle periods.

More specifically, in our context it will be natural, instead, to specify the 2(n − 3)
independent periods of the spectral curve — over both the A- and B-cycles. We can then
use these period integrals to determine the (n − 3) independent parameters of R̃n−3(z)
together with the (n − 3) cross ratios of the zi. (Recall that we have used the Möbius
invariance to fix three of the zi). This is the sense in which our approach exhibits a slightly
different angle and interpretation of the matrix model solution.

4.3 The solution at finite N

Having determined the spectral curve and thus the solution to the covering map to leading
order in N , we will now study the solution at finite N ; much of sections 5 and 6 will be
independent of the considerations here, and readers can return to this subsection at a later
stage if they wish. We start with the loop equation (4.16) that was derived without taking
the large N limit (and therefore also holds at finite N)

y2(z)− 2
N
y′(z) =

(
W ′(z)

)2 − 2
N
W ′′(z)− 4R(z) . (4.24)

It is striking that the combination that appears on the l.h.s. is, in terms of the covering
map, see eq. (4.17), precisely

y2(z)− 2
N
y′(z) = 1

N2

[(Γ′′
Γ′
)2
− 2Γ′′′

Γ′ + 2
(Γ′′

Γ′
)2]

(4.25)

= − 2
N2

[
Γ′′′
Γ′ −

3
2

(Γ′′
Γ′
)2]

= − 2
N2S[Γ] , (4.26)

where S[Γ] is the Schwarzian derivative of Γ(z). We furthermore rewrite the r.h.s. of (4.24)
in terms of the tree level curve y0(z) in (4.18) as

− 2
N2S[Γ] = y2

0(z)− 2
N
W ′′(z)− 4

N
R1(z) , (4.27)

where R(z) = R0(z) + 1
NR1(z). Next we observe that the arguments leading up to (4.20)

equally apply without taking the large N limit — in particular, the leading 1
z coefficient
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of R(z) is proportional to ∑i αiu(zi), and thus also vanishes because of eq. (B.10) — and
we can therefore write (4.24) as

ỹ2(z) ≡ y2
0(z)− 2

N
W ′′(z)− 4

N
R1(z) = Q̃2n−4(z)∏n−1

i=1 (z − zi)2 . (4.28)

We can therefore interpret ỹ2(z) is the 1
N -corrected version of y2

0(z). Note that, because of
the − 2

NW
′′(z) correction term, its “residue” at zi is

ỹ2(z) ∼ w2
i − 1
N2

1
(z − zi)2 , (4.29)

whereas the coefficient of the double pole of y2(z) at z = zi equals (wi−1)2

N2 . This shift is
required in order for it to agree with the Schwarzian of the covering map, see eq. (4.27).
The two correction terms in (4.28) will also affect the periods (4.22) and (4.23).

As we will see below in section 6, (−y2
0)(z)dz2 defines a Strebel differential at leading

order in 1
N . As a consequence, the same is therefore true for the Schwarzian of the covering

map. This is quite a remarkable relation between the Schwarzian derivative and Strebel
differentials, and as far as we are aware, this connection had not been noticed before.
Obviously, the Schwarzian derivative of the covering map can also be evaluated at finite
N , and one could ask whether the Schwarzian at finite N also defines a Strebel differential.
Similarly, one could analyse this question in the large N limit, but including subleading 1

N

corrections. It would be interesting to explore these directions further.
Let us close this section by explaining how the matrix model approach leads to the

correct number of solutions, see the discussion below (3.6). As we have explained above in
section 4.2, we can determine the leading order spectral curve y0(z), as well as the function
R0(z), by specifying the periods. This argument also applies to the exact loop equation,
and thus the periods determine the r.h.s. of (4.27). This leads to a differential equation
determining the covering map Γ(z) which is of Sturm-Liouville type, see e.g. [51].

At finite N , the l.h.s. is the Schwarzian derivative of the covering map Γ(z), and the
equation therefore only determines Γ(z) up to a Möbius transformation in the x-space.
This is a consequence of the transformation property of the Schwarzian [51]

S[f ◦ g] = (S[f ] ◦ g)(g′)2 + S[g] . (4.30)

Indeed, if we take g = Γ and let f be a Möbius transformation, we see that the Schwarzian
is invariant under Möbius transformations in the x-space,11

S[f ◦ Γ] = S[Γ] , if f is a Möbius transformation. (4.31)

Thus (4.27) only allows us to determine the covering map up to Möbius transformations
in x, which means that we have the freedom to specify three of the branch points xi as
expected.

11This follows from S[f ] = 0. Note that this should not be confused with the transformation of the
Schwarzian under a Möbius transformation in the z-space, see eq. (4.32) below.
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This should be contrasted with the leading order analysis, for which the loop equations
determine y2(z). This is related to the covering map as in (4.17), but the r.h.s. of (4.17)
is not invariant under replacing Γ 7→ f ◦ Γ, where f is a Möbius transformation. Thus to
leading order in 1

N the resulting solution would not allow us to specify three of the branch
points xi at will. In retrospect, the fact that this subtlety is related to a 1

N effect is also
clear from the original discussion below eq. (3.6): in that context it was important that
there are actually only (N − 1), rather than N independent scattering equations (which,
in the large N limit, is ‘a 1

N effect’).
Finally we note that the r.h.s. of (4.17) does not transform covariantly under Möbius

transformations, but it is only the combination y2(z)− 2
N y
′(z) = − 2

N2S[Γ](z) that appears
in (4.27) which has a nice transformation behaviour. In fact, Γ(z) transforms as a quadratic
differential

S[Γ(f(z))] = f ′(z)2 S[Γ(z)] , (4.32)

where f(z) is a Möbius transformation, and we have used (4.30). Obviously, the difference
between y2(z), and y2(z)− 2

N y
′(z), is subleading in 1

N , and hence to leading order it does
not matter which one considers. But the considerations of the last two paragraphs suggest
that it is more natural to include the − 2

N y
′(z) correction and consider the l.h.s. of (4.24)

instead of just y2(z).

5 The spectral curve and Feynman diagrams

In the previous section we have outlined the method for solving the equations (3.6) and
hence for determining the branched covers for correlators with large twist. The result
is encoded in the spectral curve in the form of eq. (4.18), which in turn determines the
resolvent, see eq. (4.15), and thereby also the discontinuities (“eigenvalue densities”) see
eq. (4.11). The branched covers themselves are then obtained via eq. (4.17), or more
accurately via eq. (4.27), see the discussion at the end of section 4.3.

As we discussed at the end of section 4.2 it is natural to fix the independent parameters
(including the zi) by specifying the period integrals over both the A- and the B-cycles. It
is the aim of this section to explain in more detail why this is so. In the process of doing
so we will also exhibit the meaning of the periods themselves.

Let us begin by describing the covering map using the diagrammatic picture of [35].
They associate to each covering map a diagram by considering a Jordan curve passing
through the n points xi (in some prescribed fixed ordering) on the spacetime sphere, and
enclosing x =∞.12 This curve then has a pre-image in the covering space, where it defines
a graph with the vertices being the branch points zi with Γ(zi) = xi. The poles λa of the
covering map Γ(z) are, on the other hand, the pre-images of x =∞, and since the Jordan
curve encloses x =∞, they are associated with the N faces (or so-called “coloured loops”)
of the resulting configuration.

The complement of the above Jordan curve defines another set of N faces (the so-
called “dashed loops”). The construction of [35] therefore associates to each covering map

12More precisely, they actually introduce a “bifundamental” double line curve, with the inner solid curve
enclosing x =∞, and an outer dashed curve, see figure 2.
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x = Γ(z)

bz bx

(a) (b)

Figure 2. An illustration of the Feynman graph of a symmetric orbifold correlator, constructed
via the preimage of a Jordan curve under Γ. The case with n = 4 and all wi = 2 is depicted, for
which N = 3.

a Feynman-like double line diagram comprising of “Wick contractions” between the n

vertices, see figure 2. These diagrams are the analogue of the free field ’t Hooft diagrams
for n-point correlators in Yang-Mills theory.13 As in that case, we associate a genus to the
diagram which is that of the covering space that is triangulated by the above faces.

Since we are considering here genus zero covering spaces, our double-line diagrams are
planar. Following [8] we associate to each such allowed diagram a skeleton graph whereby
we glue all homotopically equivalent edges. It is easy to verify, using Euler’s formula for
genus zero,

nV − nE + nF = 2 , (5.1)

that the resulting skeleton graph G will have nE = (3n− 6) edges and nF = (2n− 4) faces
(which are generically triangular), as well as obviously nV = n vertices. It will also be
useful to consider the dual graph GD which then has n faces, (2n− 4) vertices and (3n− 6)
dual edges which are transverse to the edges of the original skeleton graph.

Given that we have ‘collapsed’ homotopic Wick contractions, a given skeleton graph G
accounts, however, for many inequivalent double-line diagrams. The additional data that
is needed to reconstruct the double-line diagram from the skeleton graph is simply the
number of edges between pairs of vertices (i, j) in the original double-line diagram, which
we denote by nij = nji. These integers nij are constrained only by positivity and the
requirement that at each vertex (labelled by i) they satisfy∑

j 6=i
nij = 2wi , (∀i = 1, . . . , n) . (5.2)

Since there can only be (3n−6) edges (and therefore as many non-zero nij), and taking into
account the n constraints from (5.2), we see that only (2n− 6) of the nij are independent.
So far, everything we have said is true for finite wi.

13Note that in the present case we have 2wi double lines emerging from each vertex with twist wi.
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Figure 3. The Feynman graph for a four-point correlator with wi = 5 and therefore N = 9. The
critical points are denoted by ⊗. The dual of its skeleton graph, GD, is described by the black solid
lines (and its vertices are denoted by crosses); it corresponds to the graph of critical horizontal
trajectories of the Strebel differential as discussed in section 6.

We are interested in the regime where we scale the twists as wi ∼ αiN with N large,
and then the nij , when they are non-zero, also generically scale as N . We note in passing
that the number of covering maps scales in this limit as

#(branched coverings) ∼ N2n−6 , (5.3)

as follows from the argument below eq. (5.2); for n = 4, this is in agreement with eq. (3.3).
In the original double-line diagram we had one pole λa for each of the N coloured faces,
but in the skeleton graph only (2n− 4) (generically triangular) faces remain. This implies
that, at large N , most of the N poles are associated with the two-edged faces formed from
homotopic Wick contraction, i.e. with the faces that disappear when we glue the double-
line diagram to form the skeleton graph, see figure 3. In fact, as we have learnt in section 4,
these poles coalesce in the large N limit into a system of cuts C, which are transverse to the
original edges, and are now seen to build up the edges of the dual skeleton graph GD. Thus
we can identify the different cuts in the cut-system C with the edges of the dual skeleton
graph GD, and the (2n− 4) vertices of GD with the end-points of the cuts, i.e. the (2n− 4)
aj from eq. (4.21). Furthermore, the number of poles associated to the dual edge (̂ij), i.e.
the edge of GD that is transverse to the edge (ij) of G, is approximately nij

2 in the leading
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jth vertex

ith vertex

∮
Cij

dz

2πi
y0(z) =

nij

N

Cij

Figure 4. The period integral along the cut that corresponds to the dual edge (̂ij).

large N limit.14 Finally, the n faces of GD each contain one of the n vertices zi of G; these
can be identified with the simple poles of the spectral curve y0(z) as in (A.8).

It should now be clear how the matrix model solution characterised by the spectral
curve y0(z), is related to the covering map described in terms of the skeleton graph G
and the numbers nij . Starting from the spectral curve, we identify the cut system C with
the dual skeleton graph GD. The discontinuity of y0(z) across a cut counts the fraction
of λa poles associated to this cut, and thus the period integral of y0(z) along this cut is
exactly twice the fraction nij

2N one associates to the corresponding dual edge (̂ij) of GD, see
eqs. (4.15), (4.11) and figure 4. As we have seen above, see eq. (5.2), there are precisely
(2n − 6) independent such nij from the viewpoint of GD. In terms of the spectral curve,
this follows from the fact that the integral of the spectral curve y0(z) around the edges of a
given face of GD, say the one that contains zi, equals the residue of y0(z) at zi, i.e. αi = wi

N .
This leads to n constraints among the (3n − 6) integrals of y0(z) along the edges of GD
(or the cuts of the cut-system C), and hence reduces the number of independent period
integrals to 2n− 6. If we denote an appropriate set of (2n− 6) independent nij by n(l) and

14Note that, at large N , only approximately half of the Wick contractions nij correspond to poles in the
coloured loops, see figure 4.
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ñ(l), with l = 1, . . . , n− 3, we have15

1
4πi

∮
Al

y0(z)dz ≡ νl = n(l)

2N ,
1

4πi

∮
Bl

y0(z)dz ≡ µl = ñ(l)

2N . (5.4)

This therefore determines the dual skeleton graph GD and the ratios nij

N in terms of the
spectral curve.

Conversely, the ratios nij

N along the edges of the dual skeleton graph GD fix the periods
of the spectral curve, and hence determine it by the arguments of the previous section. Note
that the discrete family of covering maps, labelled by the different double-line diagrams,
goes over, in the large twist limit, to a continuous family labelled by the periods (νl, µl) as
in (5.4).

Let us illustrate this for the simplest nontrivial case of n = 4. The skeleton planar graph
G is a tetrahedron with six edges, and so is the dual graph GD. The four constraints (5.2)
at the vertices of G imply that there are only two independent sets of nij . We can take
them to be, say, n12 and n13, and then all other nij are determined in terms of these. The
spectral curve determining the branched cover is of genus one, and thus there are four aj
in eq. (4.21), which correspond to the four vertices of GD. Generically there are therefore
six period integrals taken along the six different cuts (or edges of GD), but only two of
them are independent. If we choose these to be the cuts transverse to the edges (12) and
(13) of G, the corresponding periods in (5.4) are proportional to n12 and n13. Fixed values
of these periods correspond to a particular graph with specified values of n12 and n13, and
each of them gives rise to a distinct covering map.

6 The spectral curve and the Strebel differential

In the previous section we have explained how the matrix model results are related to the
Feynman diagrams of symmetric orbifold correlators that capture the different covering
map contributions. In this section we want to show that, in the large twist limit, the sum
over these discrete contributions becomes an integral over the moduli space of the covering
space. The key observation that makes this possible is a remarkable relation between the
spectral curve of the matrix model, and the Strebel differential on the moduli space of
the covering space. As we will explain, our system therefore realises very explicitly the
mechanism put forward some time ago in [1, 7, 8] by means of which the string world-sheet
path integral emerges from the dual CFT correlators.

Recall from section 4 that, to leading order in the large N limit, the spectral curve
y0(z) has the form, see eqs. (4.20) and (4.21)

y2
0(z) = α2

n∏n−1
i=1 (z − zi)2

2n−4∏
j=1

(z − aj) . (6.1)

15Since y0(z) is meromorphic with simple poles at zi (A.2), we have to consider the nontrivial homology
cycles of the hyperelliptic curve with n punctures. Since the residues around the poles are fixed (= αi), we
have a choice in picking (2n− 6) independent periods. This precisely corresponds to the freedom of picking
different independent nij .
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We also noted in section 4.3 that it agrees in the large N limit with the Schwarzian of the
covering map. Since the latter is a quadratic differential, see eq. (4.32), it follows that also

4π2φS(z)dz2 ≡ −y2
0(z)dz2 = − α2

n∏n−1
i=1 (z − zi)2

2n−4∏
k=1

(z − ak) (6.2)

defines a quadratic differential. It is clear from this explicit form that the quadratic differ-
ential φS(z)dz2 has double poles at zi, as well as at zn =∞, and it follows from (A.4) that
the “residues” at these double poles are −α2

i , which are therefore real and negative. We
also see from eqs. (4.21) and (4.20) that the only zeros are at z = ak. Finally, the discussion
of the previous subsection implies that all the periods around pairs of branch points ak,
see eq. (5.4), are real and positive (with the appropriate orientation of the integral).

These properties are precisely what characterises a Strebel differential on the n-punctu-
red sphere.16 Recall that at any point on the moduli space of n-punctured Riemann surfaces
Mg,n there exists a Strebel differential, i.e. a unique meromorphic quadratic differential
with only double poles (and specified negative residues) at the n punctures, such that all
the “lengths” between zeroes are real,

lkm =
∫ am

ak

√
φS(z) ∈ R+ . (6.3)

Each such Strebel differential φS(z) defines a critical graph on the Riemann surface, the
so-called Strebel graph, whose vertices are the zeros of the Strebel differential, and whose
edges are the critical horizontal trajectories. Here horizontal means that the curve z(t)
satisfies

φS
(
z(t)

) (dz
dt

)2
> 0 , (6.4)

and a horizontal trajectory is critical if it is not closed, but rather connects two zeros of
the Strebel differential, see figure 1. These edges divide the Riemann surface into n ring
domains (faces with the topology of a disc), each of which contains exactly one double pole
of φS . This Strebel graph is therefore nothing other than GD — the dual to the skeleton
graph G of the previous section.

The reason why this is significant is that Strebel differentials are, on the other hand,
known to parameterise the (decorated) string moduli space. This is known as Strebel’s
Theorem [54]: for every Riemann surface Σg,n with n > 0 and 2g + n > 2, and any
n specified positive numbers (p1, . . . , pn), three exists a unique Strebel differential. This
Strebel differential is holomorphic everywhere on Σg,n, except at the n marked points where
it has double poles with “residue” equal to −p2

i at the i’th pole.
As a consequence, each covering map is a contribution from a single point on moduli

space since it is uniquely specified by the Strebel lengths in (5.4). Furthermore, the sum
over all the branched covers defining the symmetric product correlator in (2.7) goes over,
in the large twist limit, to an integral over the moduli space of the n-punctured sphere
M0,n, where Strebel’s Theorem guarantees that we cover the moduli space exactly once.

16For a physicist friendly introduction to Strebel differentials see, for example, section 3.2 of [52], section 3
of [1], section 2 of [53], or appendix A of [2].
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Thus we have rewritten the symmetric orbifold correlators in the large twist limit as
a world-sheet integral, with the world-sheet being the covering surface of the symmetric
orbifold correlator. This therefore ties in very nicely with the proposal of [27, 28, 35] that
the covering surface should be identified with the world-sheet of the dual string theory;
this was recently confirmed by an explicit world-sheet calculation [26, 31]. It also realises
beautifully the general picture about how field theory diagrams combine into a world-sheet
integral that was put forward by one of us some time ago [1, 7, 8].

6.1 Finite N generalisation

We should note that the Strebel lengths are, in our large N limit, proportional to the
positive integers nij which count the number of edges between vertices in the Feynman
diagrams. This is somewhat reminiscent of the relation proposed by Razamat [2] as an
alternative to identifying the Schwinger parameters of the field theory [1] with the Strebel
lengths. Such a discrete relation was also seen to be very natural for the zero-dimensional
Gaussian matrix model where one does not have any spacetime dependence in the corre-
lators [2, 10]. In fact, the connection between Gaussian correlators and Belyi branched
covering maps [55] (see also [56, 57]), and between the latter and integer length Strebel
differentials [58], made this relation compelling. It also suggested a candidate dual closed
topological string theory [11–13].

This raises the natural question of what exactly the picture at finite N should be in
our case. For finite twist, there are only a finite number of covering maps, see e.g. eq. (3.3),
and thus the symmetric orbifold correlator only gets contributions from isolated points
in the moduli space, see also [26, 31]. It would be very interesting to understand what
characterises the corresponding Strebel differentials. Note that this localisation fixes the
cross-ratios of the world-sheet coordinates zi in terms of those of the spacetime CFT, i.e.
the xi, and that the values of these cross ratios vary smoothly as we vary the xi. In other
words, the discrete points in the moduli space of the covering space (i.e. the world-sheet)
are continuous functions of xi, and cannot just be labelled by the discrete nij , unlike in the
case of the Gaussian matrix model. The answer is presumably some discrete interpolation
between the proper time prescription of [1] and the integer length prescription of [2]. We
leave this important question for future investigation.

It is also rather striking that to leading order in N , the Strebel differential is the
same as another natural quadratic differential one can associate to the covering map Γ(z),
namely the Schwarzian S[Γ]. In fact, we see from (4.27) that

4π2φS(z) = −y2
0(z) = 2

N2S[Γ]− 2
N
W ′′(z)− 4

N
R1(z) . (6.5)

Despite appearances, the first term on the r.h.s. is actually of O(1) in the large N limit,
whereas the other two terms are down by factors of 1

N . In fact, the 1
N corrections are

relatively mild: as described in section 4.3, the second term on the r.h.s. of (6.5) only
corrects the residue of the double pole at z = zi from being proportional to (wi − 1)2 to
(w2

i − 1), while the last term in (6.5) shifts the coefficient of the subleading simple pole at
z = zi. One may therefore think that, in some sense, the Strebel differential is essentially
the Schwarzian of the covering map to all orders in 1

N , although maybe not at finite N .
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7 Reconstructing the world-sheet

In the previous section we have seen that one part of the program of [1, 8] is beautifully
realised for the case of the symmetric orbifold correlators, at least in the limit of large
twists: the sum of all Feynman diagram contributions to (free field) CFT correlators gives
rise to an integral over the moduli space of Riemann surfaces of the dual string theory,

∑
{nij}

−→
∫ n−3∏

l=1
[dνldµl] =

∫
M0,n

|ω(n−3)(zi)|2 , (7.1)

where the flat measure in terms of the periods goes over to a top form in terms of the
conventional zi parametrising the n-punctured sphere. Here we have used that the discrete
sum over covering maps is indexed by the independent parameters nij , and that the sum
over all such contributions goes over to an integral over the (2n− 6) independent periods
or Strebel lengths in (5.4) in the large twist limit. The second equality uses the Jacobian
of the transcendental relation between the Strebel lengths and the conventional moduli zi,
see [16] for a complete form of the relation for the n = 4 case.

The second part of the program of [1, 8] is to obtain the integrand on moduli space
from the dual CFT correlators, i.e. to reconstruct the actual world-sheet correlators from
the spacetime perspective. As we have seen in (2.7) the spacetime CFT correlators are of
the form

〈σw1(x1) · · ·σwn(xn)〉 =
∑
Γ
WΓ

n∏
i=1
|aΓ
i |−2(hi−h0

i ) e−SL[ΦΓ] , (7.2)

where the coefficients aΓ
i are defined via,

∂Γ(z) ∼ aΓ
i wi (z − zi)wi−1 , as z → zi. (7.3)

Here the sum over Γ denotes the sum over all branched coverings, and this will become the
integral over moduli space as in (7.1). We are therefore interested in the large N limit of
the different summands in (7.2).

Let us start with the first term, the one involving aΓ
i . Using the form of ∂Γ(z) in (3.5)

and (4.9), it follows that at leading order in 1
N , aΓ

i behaves as

aΓ
i = 1

wi
MΓ

n∏
j( 6=i)

(zi − zj)wj−1e−2N
∫
C dλ ρ(λ) log(zi−λ) . (7.4)

We also note that the factors of (hi − h0
i ) ∼ O(1). Therefore the contribution from

∣∣aΓ
i

∣∣−2(hi−h0
i ) ∼ e−N . (7.5)

This will turn out to be subdominant at large N compared to the Liouville term which
we analyse next. To evaluate the Liouville action, we note that the conformal factor ΦΓ is
given by (2.8)

ΦΓ(z, z̄) = ln(|∂Γ|2) ,
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which implies, using (4.17), that

1
N
∂ΦΓ = 1

N
∂ log ∂Γ = y(z) , (7.6)

where y(z) is the spectral curve. To leading order in N , y(z) ∼= y0(z) = i
√
φS(z), and thus

the classical Liouville action becomes, to leading order in 1
N

SL[Γ] = c

48π

∫
d2z

(
|∂ΦΓ(z)|2 + 2RΦΓ

)
= cN2

48π

∫
d2z

(
|φS(z)|+ 2

N2RΦΓ

)
. (7.7)

As explained in [27] the RΦΓ term is only needed to regularise the contribution from infinity
(in z-space), but does not otherwise contribute. If we ignore this regulator term the action
is just given in terms of the Strebel differential, which defines an almost flat metric on the
world-sheet with a line element given by

ds2 = |φS(z)|dzdz̄ →
√

det g = |φS(z)| . (7.8)

Thus eq. (7.7) is essentially the Nambu-Goto area action for the world-sheet in “Strebel
gauge”. Note that this Strebel gauge is characterised by the property that all its curvature
is localised at the punctures or insertions of vertex operators, zi, as well as at the zeroes ak
of φS(z). The latter can be viewed as the interaction vertices of the string [1]. This gauge
had already appeared in the putative dual to the Gaussian model as was observed in [12].

We should emphasise that the Strebel metric in (7.8) is distinct from the induced
metric on the covering space [28], which is given by the pullback from the boundary S2 of
the covering map

ds2
pull =

∣∣∂Γ(z)
∣∣2dzdz̄ . (7.9)

The Strebel metric is instead to be thought of as an induced metric from the full dual AdS3
geometry. Indeed, the Liouville action (7.7) has been shown to arise as the classical on-shell
action on AdS3 with the conformal factor Φ being identified with the radial direction [26].
From the AdS3 perspective, the relevant world-sheet is pinned to the insertion points at
the boundary, but extends into the interior of AdS3, and (7.7) should describe the ‘area’
of this surface, i.e. the Strebel metric should be induced from this AdS embedding.17 It
would be very interesting to work this out in more detail.

In this context it is very curious to note that there is also another way of viewing
the on-shell Liouville action, which connects to old ideas of the rigid string [37, 38]. If we
substitute (7.6) in (7.7) and recall that the covering map Γ(z) is nothing other than X(z),
which parametrises the boundary S2, then the Liouville action can be suggestively recast
as (dropping as before the curvature term)

SL[X] = c

48π

∫
d2z

1
∂X∂̄X̄

∂2X(z) ∂̄2X̄(z̄) . (7.10)

17Since the AdS3 background also has a BNS-field, this will not just be the geometrical area. More
generally, this picture also ties in with the general philosophy of [1, 8], namely that it is a signature of the
holographic nature of the dual world-sheet action.
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This is an action for the purely two dimensional modes X, X̄ of the large N CFT. It is a
four derivative action of the form very reminiscent of that which appears for rigid strings
where one adds an extrinsic curvature term, compare with, say, eq. (8) of [37]. Here, the
curvature term may be some effective way of incorporating the extra (radial) dimension,
and one would also have to incorporate the BNS-field that is ultimately responsible for the
field X(z) to be holomorphic.

Finally, there is yet another interesting way in which we can cast the Liouville action,
again to leading order in 1

N . Using (6.5) we can write, again dropping terms down by 1
N

as well as the regulator term

SL[Γ] = c

48π

∫
d2z |∂ΦΓ(z)|2 = c

24π

∫
d2z

∣∣S[Γ](z)
∣∣ . (7.11)

This suggests a direct spacetime description somewhat analogous to what appears in the
near AdS2 dual of the SYK models. Indeed, it was realised there that in terms of a bulk
description such as the JT gravity action, the Schwarzian action for the reparametrisation
of the boundary S1 captures the low energy physics [36]. This can also be viewed as arising
from a coadjoint orbit quantisation of the Virasoro group [59]. On the other hand, the
broken conformal symmetry of the SYK model [60–63], also dictates a Schwarzian action
for the low energy modes [64]. In the present case, the presence of the correlators can
be viewed as slightly breaking the 2d conformal symmetry and perhaps similar arguments
can explain the universal nature of the Schwarzian action that governs the physics of the
almost topological k = 1 AdS3 string theory.

8 Discussion and outlook

Let us conclude by making a number of comments, and suggesting interesting directions
for further research. To make this somewhat longish list of ideas more readable, we have
organised the different points according to themes.

The Gross-Mende like limit.

• The large twist limit seems to be a fruitful regime to investigate correlators in the
symmetric orbifold CFT, given how difficult it is to explicitly compute these even
for small twist. It would be interesting, for instance, to study the four-point func-
tion specifically and connect with some of the techniques already employed in, for
instance, [27, 35, 40]. Can we understand the limiting geometries of these covers
better? Can we get a handle on systematic 1

N corrections?

• Another question is the extension of the considerations here to the case where the
covering space/world-sheet is of higher genus. Is there a corresponding set of scat-
tering equations and a role for a large N matrix model reformulation? Gross-Mende
saddle points in flat space, at higher genus, [34] were very simply related to those
at genus zero. Is there also such a relation here? See also the discussion below on
world-sheet correlators.
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• Relatedly, eq. (3.6) essentially gives rise to the flat space Gross-Mende equations if
one also includes the poles λa of the covering map as dynamical quantities. Is there
a sense in which these are building up the world-sheet in our setup?

• We have looked at the correlators at fixed xi. It would be interesting to look at
Regge-like limits, perhaps in Mellin space.

• Recently, a ‘large p’ limit has been considered for half-BPS operators in 4d N = 4
Super Yang-Mills theory at strong coupling, with a similar aim of studying a Gross-
Mende like limit [42]. The analogous scenario at weak coupling, informed by the
approach of [1, 8], is currently being investigated [65].

The relation to matrix models.

• We used matrix model technology to study the large N limit of (3.6). Is it possible to
extend this to finite N as well? Note that studying solutions of (3.6) at finite N is not
the same as studying the finite N matrix integral in (4.3). The loop equations (4.13)
and (4.16), on the other hand, do hold at finite N , and we have taken some steps
towards including the subleading effects. It would be good to do this more system-
atically and apply it to studying covering maps. In this context it is likely that the
Schwarzian of the covering map, which naturally appears in the finite N equations,
see eq. (4.26), will play a significant role.

• Relatedly, the fact that the equations (3.6) can be viewed as the saddle point equa-
tions for a matrix integral cries out for a deeper explanation. The fact that these are
the same Penner-like potentials which appeared in the AGT context, in a triad with
Seiberg-Witten theory and 2d Liouville CFT, might perhaps be a clue. Note that
Strebel differentials have also made an appearance in Seiberg-Witten theory, see for
example, [53, 66].

• Even apart from the connection to Seiberg-Witten theory, one can ask the question
whether these Penner-like matrix models have a meaning in the present context of
the AdS3/CFT2 duality. Note that in the language of the matrix integral (4.3),
the potential (4.4) corresponds to insertions of powers of the operator det(zi −M).
These are suggestive of D-brane like operators, and perhaps one has an alternative
open string description here along the lines of the open-closed-open string trialities
of [67], see also [68, 69].

Feynman diagrams and Strebel differentials.

• We saw that a Strebel differential was naturally associated to the covering maps
(and the corresponding Feynman diagrams) at large N . The corresponding Strebel
lengths (5.4) took continuous real values signifying that one was covering all of moduli
space. This leads to a measure on moduli space as in (7.1). Can we get a handle on
this top form in any natural geometric way? This should play an important role in
understanding the world-sheet correlator.
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• This leads to the important question of how all of these considerations are modified
for finite N when we will only have a few discrete points on moduli space. What
is the distribution of these points on moduli space? What characterises the Strebel
differentials and the corresponding discrete Strebel lengths? In which way does it
deform away from the large N result of eq. (5.4)? Is the finite N Strebel differential
given by the Schwarzian of the covering map? The latter has all the right features
but it is not clear if it has real periods.

• While finite N is maybe too ambitious, it would also be interesting to consider the
large N limit, but to include all subleading 1

N corrections. Can we understand the
structure of the Schwarzian of the covering map in this limit, and does this define a
Strebel differential?

• It is crucial for future generalisations to understand exactly the dictionary between
the Strebel lengths and the position dependent field theory amplitudes, extending in
some way the proposals of [1, 2]. One possible way to obtain the relation between the
Strebel lengths and the insertion points xi, at finite N , is to see how this translates
into a world-sheet OPE (along the lines of [16–18]) which should then match that of
the world-sheet correlators obtained in [26, 31]. More generally, it will be interesting
to understand in more detail the connection this approach suggests between the
world-sheet OPE and the spacetime OPE, see [70, 71].

Reconstructing world-sheet correlators.

• In this paper we have found a very concrete realisation of the idea of [1, 8] for how
to reconstruct the world-sheet theory describing strings on AdS, from the dual con-
formal field theory perspective. However, for the case of AdS3 that is relevant for
this paper, we actually knew already the world-sheet beforehand: the relevant string
theory has minimal pure NS-NS flux, and it can be described in terms of an sl(2,R)
(or psu(1, 1|2)) WZW model [20, 26, 31]. It would therefore be interesting to confirm
that the ‘reconstructed’ world-sheet theory actually agrees with this WZW model.
To a large extent this is already manifest — in particular, the world-sheet correla-
tors have exactly the expected form — but there are some aspects that it would be
interesting to check further. In particular, the analysis of section 7 allows one to
reconstruct the weight WΓ with which the different world-sheet configurations con-
tribute to the correlator, see eq. (7.2), and it would be interesting to rederive this
from first principles from the WZW model perspective. (From that viewpoint, these
weights should be fixed by crossing symmetry.) There is again an interesting inter-
play here between the spacetime CFT and the worldsheet CFT, and their respective
bootstrap conditions [72].

• Continuing in this vein, it was already clear from [26] that the underlying Liouville
action, see eq. (7.7), agrees with the on-shell sigma model action for the exact semi-
classical branched cover solutions of AdS3. However, in this paper we found different
microscopic interpretations for it: we could either think of it as the Nambu-Goto
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action but in a special world-sheet gauge where the metric is that given by the
Strebel differential. Alternatively, we saw that we could view this action purely in
terms of the boundary S2 — the naive target space of the string theory — where
it takes a form similar to that of rigid strings [37, 38]. And finally, we could write
it in terms of a Schwarzian action that is very reminiscent of what happens for the
AdS2 duals of SYK models. It would be very interesting to understand these different
viewpoints more directly. In each of these approaches, there is a signature of an extra
dimension, and it would be very interesting to see how one can reverse engineer the
entire off-shell AdS3 sigma model from these different viewpoints.

• In any of these different ways of phrasing the action to leading order in 1
N , it would

be very interesting to identify the relevant saddle point that dominates at large N .
For example in the Schwarzian approach, this amounts to identifying the covering
map which minimises the Schwarzian functional, see eq. (7.11), as we vary the zi over
the n-punctured sphere, subject to the branching conditions at these insertions. Can
we find this saddle point, and is there a nice geometric interpretation to it? Can we
also understand the role of the finite N corrections to this saddle point?

• If we can find this Gross-Mende like saddle point for the genus zero covering space,
we can ask about the corresponding saddles at higher genus. Are they related in some
simple way through covers of the genus zero solution as in the flat space case [34]?
Can we do a resummation of the pertubative expansion of the string theory in this
limit?

• The reader might have noticed that we have not used much information about the seed
CFT whose symmetric product we are taking. We have also not used supersymmetry
anywhere in our analysis. It is likely that there are further criteria that must be
obeyed by the integrands on moduli space to be correlators of a bona fide string
background. It will be important, going ahead, to understand what these are, and
to see how they arise on the field theory side.

Other questions.

• It might be timely to revisit the dual of the Gaussian matrix model along the lines
of [2, 11]. In [11, 12], based on the association of Feynman diagrams for the Gaussian
correlators with Belyi maps [55], a dual A-model closed topological string with target
P1 was proposed. Recall that Belyi maps are also holomorphic covering maps of P1

with special branching, and thus the setting is very similar to the present one. In
fact, in [12, 13] n-point correlators were compared on both sides, with there being a
precise matching in the limit of large operators, quite analogous to the large twist
limit considered here. It would be instructive to see this matching at the level of
world-sheet correlators like in our present example.

• It would be very nice to use the present approach to get a more complete under-
standing of the string dual to 2d Yang-Mills theory [73, 74]. This, once again, is
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formulated in terms of branched covers of a target space by the world-sheet. The
proposals of [39, 75] predate holography, and it is likely that we can lift the topologi-
cal rigid string theory of [39] to higher dimensions, as suggested by the considerations
of section 7. One obstacle to overcome is to generalise the considerations here to the
partition function and non-local observables like Wilson loops.

• Finally, to generalise these considerations to the all important case of four-dimensio-
nal gauge theories, it would be fruitful to make a connection of this approach with
the hexagon program and integrability, perhaps along the lines already put forward
in [76].
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A Riemann-Hilbert solution to the Penner-like models

In this appendix we present an alternative way of solving the matrix model to leading order
in 1

N . The idea is to solve the Riemann-Hilbert problem that is defined by the integral
equation (4.8)

W ′(λ) = −
[
u(λ+ iε) + u(λ− iε)

]
(λ ∈ C) , (A.1)

which we have rewritten in terms of the resolvent (4.10). Note that the eigenvalue density
itself is then given by the discontinuity of the resolvent to leading order in large N , see
eq. (4.11). The general solution to this Riemann-Hilbert problem is of the form, see e.g. [50]

u0(z) = 1
2

∮
C

dv

2πi
W ′(v)
z − v

√√√√√ 2∏̀
j=1

z − aj
v − aj

, (A.2)

where ` is the number of cuts [a2i−1, a2i] with i = 1, . . . , `.
For the case that is of interest to us, the potential W (z) is given by eq. (4.4). The

integrand of the contour integral in (A.2) has poles at v = z, as well as at v = zi, while
there is no pole at infinity (since W ′(v) ∼ 1

v ). Carrying out the integral we therefore find

u0(z) = 1
2

W ′(z)−
n−1∑
i=1

αi
(z − zi)

√√√√ 2∏̀
k=1

z − ak
zi − ak

 , (A.3)
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and the spectral curve (4.15) equals

y0(z) =
n−1∑
i=1

αi
(z − zi)

√√√√ 2∏̀
k=1

z − ak
zi − ak

. (A.4)

The positions of the branch cuts, i.e. the ai, are now determined by the requirement that
the resolvent (A.3) goes as 1

z as z → ∞. This is not obvious since the second term in the
bracket goes as ∼ z`−1 + · · · . Requiring that these higher powers of z vanish (and that the
coefficient of the z−1 is equal to 1), leads to the `+ 1 equations

n−1∑
i=1

α̃iz
m
i = α0 δm,` , m = 0, . . . , ` , (A.5)

where we have defined

α̃i = αi√∏2`
k=1(zi − ak)

, and α0 =
n−1∑
i=1

αi − 2 = −αn −
2
N
, (A.6)

and we have used eq. (4.2) for the final equation. We would expect a maximum of ` = n−2
cuts because there are (n−2) critical points ofW ,W ′(z∗j ) = 0, j = 1, . . . , n−2, and usually
the branch cuts emerge from the different critical points. For ` = n−2, the system of `+ 1
homogeneous equations in (A.5) is invertible α̃i,

α̃i = αi√∏2n−4
k=1 (zi − ak)

= a∏
j 6=i(zi − zj)

, i = 1, . . . , (n− 1) , (A.7)

where a is a constant. Plugging this solution into eq. (A.4) the spectral curve then simplifies
to

y0(z) = αn∏n−1
i=1 (z − zi)

√√√√2n−4∏
k=1

(z − ak) . (A.8)

Here we have used the fact that the residue at zn =∞ is αn. We see that we have arrived
at the same leading order spectral curve as we did through the loop equations — see
eqs. (4.20) and (4.21).

Note that in this way of solving the matrix model, we use the (n−1) resolvent equations
in (A.5), as well as the 2(n− 3) independent period equations of the spectral curve — over
both the A- and B-cycles — in (5.4). These are then (3n− 7) conditions for the (2n− 4)
ak’s, as well as the (n−3) cross ratios of the zi. (Recall we have used the Möbius invariance
to fix three of the zi). Thus the counting also works out as expected.

B Deriving the loop equations

In this appendix we derive the loop equations (4.13). We begin with the scattering equa-
tions rewritten as (4.1)

1
2W

′(λa) = 1
N

∑
b 6=a

1
λa − λb

. (B.1)
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Following [50], we now multiply both sides by 1
(λa−z) and sum over a to obtain

1
2

N∑
a=1

W ′(λa)
(λa − z) = 1

N

∑
a 6=b

1
(λa − λb)(λa − z) ≡ S . (B.2)

We can rewrite S in terms of partial fractions as

S = 1
N

∑
a 6=b

1
(λa − λb)(λa − z) = 1

N

∑
a 6=b

1
(λb − z)

[ 1
(λa − λb)

− 1
(λa − z)

]
. (B.3)

The first term on the right-hand-side equals −S — it is obtained from S in (B.2) upon
exchanging the dummy variables a↔ b — and thus we deduce that

S = − 1
2N

∑
a 6=b

1
(λa − z)(λb − z) = − 1

2N

( N∑
a=1

1
(z − λa)

)2
+ 1

2N

N∑
a=1

1
(z − λa)2

= −N2 u
2(z)− 1

2u
′(z) , (B.4)

where u(z) is the resolvent of eq. (4.10), which for finite N becomes

u(z) = 1
N

N∑
a=1

1
(z − λa)

. (B.5)

Plugging this back into eq. (B.2) we therefore deduce that

1
2N

N∑
a=1

W ′(λa)
λa − z

= −1
2u

2(z)− 1
2N u′(z) . (B.6)

If we introduce the function R(z) via

R(z) = 1
N

N∑
a=1

W ′(λa)−W ′(z)
(λa − z) , (B.7)

then (B.6) becomes
u2(z)−W ′(z)u(z) + 1

N
u′(z) +R(z) = 0 , (B.8)

see eq. (4.13). We note that for our Penner like potential

R(z) = 1
N

N∑
a=1

W ′(z)−W ′(λa)
z − λa

= − 1
N

n−1∑
i=1

αi
z − zi

∑
a

1
λa − zi

=
n−1∑
i=1

αiu(zi)
z − zi

, (B.9)

where we have used the definition (4.10) for the resolvent. We also note that

n−1∑
i=1

αiu(zi) = − 1
N

n−1∑
i=1

∑
a

αi
λa − zi

= − 2
N2

∑
a

∑
b 6=a

1
λa − λb

= 0 , (B.10)

where we have used the saddle point equation (4.1) in the second last equality, and anti-
symmetry under (a, b) exchange in the last. These relations again hold at finite N .
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