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1 Introduction

The AdS/CFT correspondence [2] has so far been mainly explored in its supergravity regime
or at tree-level in string theory. In string theory, it is notoriously difficult to evaluate the
moduli space integral at genera > 2, which hinders one to progress far in string perturbation
theory. Of course, there have been various instances of simplified string theories in the
literature, where this is not true, for example in the topological string [3] or the minimal
string [4, 5].

AdSs offers a playground, where one can potentially go further, even for the physical
string. The worldsheet theory is based on the SL(2,R) WZW-model, which is conceivably
fully solvable. This goal has only partially been achieved so far, see however [6-15] for
important milestones in its understanding. String theory on AdSs becomes simpler in the
tensionless limit on AdS3 x S2 x T*. It was proposed in [16, 17] that string theory for
one unit of NS-NS flux becomes equivalent to the symmetric orbifold theory Sym®™ (T*).
Thus, this proposal provides an example where both sides of the correspondence are in
principle under control. In [16, 17], evidence for this proposal was given by computing the
full tree-level string spectrum and matching it to the symmetric orbifold. It was found that
contrary to the higher-flux case, the tensionless-point with one unit of NS-NS flux (k = 1)
does not have a long-string continuum in its spectrum and the only surviving world-sheet
representations have sl(2, R) spin j = %.1

These ideas were developed further in [1], where genus 0 correlation functions were
discussed. Evidence was given that the string theory moduli space integral for genus 0
localises to a set of points, thus reducing the string theory correlation functions to finite
sums over certain punctured Riemann spheres. This is exactly the structure that one find
in the symmetric orbifold, where correlation functions can be reduced to correlators on
certain covering spaces that were proposed to be identified with the worldsheet [1, 18].
This mechanism makes the correspondence essentially manifest.?

We are referring here to the spin of the bosonic s[(2, R)s12 algebra. The spin of the supersymmetric
sl(2,R)x algebra can be 0, 3 or 1.

2See also the series of works [19-22], where localisation in free gauge theories is discussed from a Feynman
diagram point of view.



It was furthermore argued in [1] that the value of the localised correlators follows ezactly
from evaluating the on-shell action of the classical solution that corresponds to a given
correlator. This makes a direct connection with the method of Lunin & Mathur [23, 24] to
evaluate the symmetric product correlators and shows abstractly their equivalence. In [25],
an alternative argument to show equivalence was put forward. It was shown that when the
covering surface has genus 0, these correlators obey a differential equation and are hence
fully fixed by symmetry up to an overall normalisation.

The goal of this paper is to establish that this picture persists for higher genus world-
sheets. We will provide strong evidence that also in this case, the worldsheet correlators
localise on punctured Riemann surfaces that are covering maps of a given punctured Rie-
mann surface on which we want to compute the space-time correlator. We find that actually
the SL(2,R)x+2 WZW model possesses such a localising solution whenever we compute an
n-point function in which the s[(2, R) spins satisfy

Zji:k+2(n—2+29)—(3g—3+n), (1.1)

2

where g is the genus of the Riemann surface. Remarkably, this condition is always true
for the minimal flux case k = 1, where only j; = % survives. We take the fact that this
condition is always satisfied in the minimal flux case as evidence that this is the correct
solution of the constraints on the correlator in this case, although we have not been able

to give a full proof of this fact.

To our knowledge, the SL(2, R) WZW model has never been studied at higher genus
(apart from the thermal torus partition function). Thus, we spend some time discussing
background on CFT on higher genus surfaces. We try to give a user-friendly introduction
to these topics.

This paper is organised as follows. In section 2, we review some background and give
a non-technical overview over the results. The reader only interested in the results and
the ideas is invited to only read section 2. In section 3, we set up the technical machinery
to compute correlators on higher Riemann surfaces. In section 4 we derive the constraints
imposed by the affine symmetry on the spectrally flowed correlators. We prove then in
section 5 that the localising solution given in (5.1) indeed solves these constraints. Since
the constraints cannot be formulated in closed form, this proof is actually quite non-trivial.
We end in section 6 with a discussion and future directions. For the benefit of the reader,
we have included some relevant background material on Riemann surfaces and elliptic
functions in appendices A and B.

2 An exact AdS;/CFT; correspondence

In this section, we will give a motivation and a mostly non-technical overview of our results.
Most of this was already explained in [1].



2.1 String theory on AdS3z x S® x T* at k =1

String theory on AdSs x S® x T* with k units of NS-NS flux can be described in the
RNS-formalism by the worldsheet theory [26]

si1(2,R)Y @ su(2)V ® T @ ghosts, (2.1)

where the superscript (1) denotes an N' = 1 superconformal algebra. We follow the con-
ventions of [27]. The SL(2,R) WZW model based on the affine algebra 5[(2,R)§€1) =
5[(2,R) 42 @ (3 free fermions) features affine representations based on discrete representa-
tions and continuous representations of global s[(2,R), as well as their spectrally flowed
versions. In terms of the s[(2,R) spin j, we have j € R for discrete representations and
J € % +¢R for continuous representations. The spin of discrete representations is moreover
restricted to lie in the window (%, %) in order to be consistent with unitarity and modular
invariance [7, 8, 10, 12, 28].

This picture changes drastically for £ = 1 [16, 17]. Since 511(2)9) > su(2)_1 @
(3 free fermions), unitarity breaks down in the standard RNS-formalism. One way to
make sense of the theory is to use the hybrid formalism of Berkovits, Vafa & Witten [29],
where the worldsheet theory is instead based on the supergroup WZW-model PSU(1, 1|2),
which remains well-defined even for & = 1, but its representation content shrinks drasti-
cally. Intuitively, in terms of the RNS-formalism fields, only the representation j = %
survives on the worldsheet and the su(2)_; factor acts as ghosts, canceling four fermions
and one boson on the worldsheet [16]. Contrary to the k > 1 case, the kK = 1 theory has a
discrete spectrum. The worldsheet spectrum was evaluated in [17] and it was found that

it matches precisely the symmetric orbifold of T* in the large N limit.

2.2 Equivalence of the worldsheet theory to the dual CFT

The conjectured dual CFT to string theory on AdSs x S3 x T* for k = 1 is the symmetric
product orbifold of the sigma-model on T?. It is well-known how to compute correlation
functions in this orbifold theory, see [18, 23-25, 30-34] for computations using various
different techniques. There is one common theme to all these methods. A correlator

<@(w1)(x1) . @(wn)(xn)> (2.2)

of fields O (z;) in the twisted sector w; receives contributions from all possible covering
surfaces of the n-punctured Riemann sphere CP!\ {z1,...,x,} with given ramification
indices w;. For example, when computing a four-point function of fields in the 2-twisted
sector O (z;), there are five possible covering surfaces — four distinct 4-punctured Rie-
mann spheres and one 4-punctured torus, the latter being the pillow geometry [35]. The
problem of computing correlators in the orbifold theory can be reduced to computing cor-
relation functions on these covering surfaces in the un-orbifolded theory.

Lunin and Mathur [23] used this idea to compute correlation functions of twist fields.
The correlator on the Riemann sphere is lifted up to a correlator on the covering surface.
This conformal transformation introduces a factor that can be written as a Liouville action
evaluated on the Weyl factor ¢ of the conformal transformation,® see e.q. [36, part 3,

3We suppress various subtleties that appear for fermionic correlators. See [24] for details.



chapter 2| for a discussion
<()(w1)(w1) . @(wn)(mn)> — Ze*SL[qﬁ] Ha]:‘(zi)*hiéf‘(zi)*?li<6(zl> . 6(Zn)>zr ,
g,n
r i=1
(2.3)

where O(z;) are the corresponding fields on the covering surface (that we have assumed to
be primary). z; are the punctures of the covering surface Eg’n that is selected out by the
covering map. This expression is singular and has to be carefully regularised. This process
is described in detail in [23, 24].

It was suggested in [1, 18, 23] that these covering surfaces should be identified with the
string worldsheet in the AdS3/CFTy correspondence. At first glance, this seems wrong —
after all, in string theory one should integrate over all possible worldsheet geometries and
not sum over discrete number of them. The way out is that the string moduli space integral
should localise to these configurations. This would make the correspondence essentially
manifest.

Such a localisation property on the worldsheet is a rather unusual behaviour for a
worldsheet CFT. While localisation happens in flat space in the high-energy limit [37], we
expect the localisation to be an exact behaviour of the CFT.

We give strong arguments in this paper that such a localisation does indeed occur
for k = 1. We analyse correlation functions of spectrally flowed affine primaries of the
SL(2,R)+2 WZW model on the worldsheet?

(Vi @1, 2) - Vi @, ) (2.0

where the spectral flow w; is mapped under the correspondence to the twist w; in the
corresponding correlator in the dual CFT (2.2) [38, 39]. Here, z; is the worldsheet position
of the vertex operator and x; is a variable that transforms via Mobius transformations
under the global SL(2,R) symmetry — it can be regarded as the insertion point at the
boundary of AdSs. Finally, h; is the conformal weight under the global SL(2, R).

It turns out that affine symmetry imposes certain recursion relations on these correla-
tors that relates correlators with different values of h;. They take the schematic form

& <V,§j:1(xi, z) [ [ Vi) (a5, zj)> => W <v,§jl+1(xh ) [[Va) (a5, zj)>
=1

J# J#
n g n
+Q <H Vo (a3, zj)> +Y° <(<>;JJM + O35+ O;J&u) 11 AC zj)> . (2.5)
j=1 p=1 J=1

Here, the symbols &, #;, © and $j are very complicated functions of the involved variables
and act as differential operators in z-space. The zero-mode insertions Jg , introduce twisted
boundary conditions along the g b-cycles of the Riemann surface. Actually, we do not know
a general closed form expression for the symbols &, #;, © and 7.

4We will get around using the hybrid formalism. In fact, the only needed input from the hybrid formalism

is that only j = 1

5 representations survive on the worldsheet.



Rather remarkably, it turns out that these recursion relations simplify dramatically if
one assumes that the correlation function localises on punctured Riemann surfaces that
possess a covering map to the n-punctured Riemann sphere. In this case, the symbols &,
&; and © become simple functions determined entirely by the corresponding covering map
and {f, = 0. These simplified recursion relations possess then a very simple solution which
is given by”

<HV (xj,25) >
Yg.n
= B35y L =50 Wr(a, ... z) [[(af )~hi (2.6)
r

=1

Here, the right-hand side involves a sum over all possible covering maps I' that cover
the given n-punctured Riemann sphere. To each covering map I', there is an associated
covering surface Zg’n. The localisation of the solution now means that there is a d-function
present that imposes the Riemann surface on which we are computing the correlator to
be equal to the covering surface. The h; dependence of the answer is fully fixed by the

recursion relations and takes a simple factorised form. Here, af

is a certain coefficient
associated to the covering map, see eq. (5.5). The remaining part of the correlator is not
constrained by the recursion relations. It could be further constrained by using mixed
Ward-identities, i.e. the Knizhnik-Zamolodchikov equation [40] in this spectrally flowed
incarnation. However, the result is expected to be quite complicated for a higher genus

surface and we have not tried to evaluate these constraints.

If one considers a string theory correlator, one would combine the vertex operator
Vi, (i, 2;) with some internal vertex operator Vint(2;) of the sigma-model on T* and inte-
grate over moduli space. This leads to the genus-g string correlator

<HV (25,2 >

string
n _ n
29—2+ T\—h; (=T\—h; int /T
Jstring "ZWP $1>---axn)H(az‘) (@;) <H V;mt(zj)> : (2.7)
=1 7j=1 Eg,n
Here, 2! are the punctures on the covering surface, that are determined by I'. Thus,

J
the string correlator reduces to the internal correlator evaluated on the covering surface,

decorated with some universal prefactor that is independent of our choice of the internal
vertex operators. Comparing this expression with (2.3), we see that it has exactly the same
structure. In fact, after proper regularisation of (2.3), we see that the h; dependence of
the prefactor is precisely the same.

5This is true provided that the constraint (1.1) is satisfied, which is always the case for k = 1, see the
discussion below eq. (1.1).



2.3 On-shell action

What remains to be shown is that the rest of the prefactor Wr(x1,...,x,) coincides with
the regularised Liouville action. In the case of genus 0, a semiclassical argument for this
was given in [1], which can be extended to the higher genus case as follows.

One starts by writing the semiclassical action of the SL(2, R) sigma-model [26, 41]°

k _ L _
Shass = 1 / 42z /g (4 DO + By + BT — e 2®B5 — k'R <1>) . (2.8)

Here, 7y is a complex field that describes the boundary direction of AdSs. & is a real
field parametrising the radial coordinate. The boundary of AdSs is located at & — oc.
The complex field § is auxiliary and could be integrated out again. The linear dilaton
term is generated through renormalisation at the quantum level. It makes ® transform
anomalously under conformal transformations. The currents can be recovered easily from
these fields via the Wakimoto construction [26, 41]. The classical solution describing the
sphere correlator (2.4) is given by [1]

v(z) =T(z), (2.9a)
n .
D(z,2) :Z <,Z_wz) log |z — z|? +Zlog|z—z |* + const. , (2.9b)
i=1 a=1
where 2, a =1,..., N are the N poles of the covering map I'. The solution for 3 is more

complicated and we shall not need it. The constant in ®(z, z) is infinitely large and the
worldsheet is hence ‘glued’ to the boundary of AdSs.

This solution generalises to the higher genus case as follows. One still has v(z) = T'(2).
For ®(z, z), it is simpler to write down its derivative. d®(z) is holomorphic and is specified
by the following conditions:

Res 0®(z) = Ji_ T , (2.10a)
z2=2z; k 2
Res 09®(z) =1, (2.10b)
z=z}
/ 0P(z) =0, pw=1...,g. (2.10¢)
X
Here, ay, 1 =1, ..., g are the g a-cycles of the Riemann surface, see appendix A. Moreover,

0®(z) transforms under coordinate transformations as follows. For a conformal transfor-
mation f, we have

(=) ()
of(f~1(2)) 2k(<9f(f H2)?

Because of its anomalous transformation behaviour, 0®(z) obeys a modified residue theo-

(f - 0%)(z) = (2.11)

rem, which states that on the genus ¢ surface, we have

1 1—g
o v)=-—9 2.12
d_ Res0®(2) = -x(Tg) = — (2.12)
PEXy

5Since fermions are classically zero, we disregard them here. Moreover, we focus on AdSs, since we
assumed the operators to sit in the vacuum of the internal CFT.



Evaluating this leads precisely to the condition on j, see eq. (1.1). Clearly, the residue
conditions determine 9®(z) up to a holomorphic one-form, which in turn is fixed by the
condition that the integral along the «, cycles vanishes.

Let us now further restrict to the ‘ground state’ solution, which describes the twisted
sector ground state of the dual symmetric product orbifold. As shown in [42], it is described
by j = % However, one notices that for this value of j, the j-constraint (1.1) is only satisfied
when either g = 1 or k = 1.7 So in the following we will further restrict to & = 1, which is
our main interest. In this case, we realise that the solution is given by

9T (2)
S 20T(2)’

which has the correct residues and for £k = 1 also the correct transformation behaviour.

00(z) =

(2.13)

Hence we conclude that
1
O(z,2) = ) log |0T(2)|? + const. (2.14)

and so ¢(z,z) = —2®(z, z) + const. can be identified with the Weyl factor of the conformal
transformation given by I'(z). The additive constant is again formally infinite and hence
the fields are ‘glued’ to the boundary of AdSs. It was furthermore argued in [41] that
the semiclassical on-shell is ezxact, since the action becomes quadratic. The on-shell action

coincides with the Liouville action for the field ¢ = —2® + const. and we have
1 _
&@@mm—&m—%/&m@@wwwR@+mm, (2.15)

where the right hand side is the Liouville action that appears in the conformal transfor-
mation of primary fields in a ¢ = 6 CFT, see [43, eq. (13.2)]. The constant arises from the
constant shift in ¢, that is visible in the linear dilaton term.

Computing the correlator via the on-shell action hence leads precisely to the prefactor
e~5Ll¢l that appears in (2.3) and hence suggests that (for k = 1 and j; = %), the prefactor
in (2.7) is given by

Wr(21,...,2,) = const. x exp (—Sr,[¢ = log |0T|*]) . (2.16)
The overall constant can be reabsorbed into a redefinition of the string coupling constant
and this argument does not fix it.

Hence these arguments go a long way towards proving the equivalence of correlation
functions and hence the equivalence of the two theories.

3 The Ward identities on a higher genus surface

3.1 Notation and setup

Let us fix our notation and conventions for the SL(2,R) WZW-model. We follow the
conventions of [1], which we shall briefly recall here. Since we are mainly interested in
superstring theory on AdSs, we shift the level of the WZW model by two units, i.e. we are
considering SL(2,R)x12. See also the discussion below eq. (2.1).

"In the case of the sphere, one can also insert one field at infinity, which transforms under the conjugate
representation j =1 — g The j-constraint (1.1) can then also be satisfied for g = 0 and arbitrary k.



3.1.1 The SL(2,R)k42 current algebra

The three currents satisfy the following OPEs:
k+2

J3(2) I3 (w) ~ 3w (3.1a)
J3(2)JE (w) ~ iii_(lfu) : (3.1b)
3 w
T ()T (w) ~ (27”5)2 _ 2;] (w) . (3.1¢)

The zero-modes J§ generate the global SL(2,R) symmetry of the model. In particular,
JJ is identified with the translation operator in the dual CFT. It is hence convenient
to introduce a coordinate not only for the worldsheet position z, but also for the global
SL(2,R) symmetry, that we shall call . The x-coordinate transforms under the symmetry
action via M&bius transformations.

The algebra (3.1) has an outer automorphism of the form

JE(2) = 2T J%(2), (3.2a)
(k+2)w
2z

The SL(2,R) WZW model features importantly spectrally flowed representations, that is,
representations that are not conformal highest weight representations, but obtained by

J3(2) = J3(2) + (3.2b)

composition with the spectral flow automorphism.

3.1.2 Primary vertex operators

Next, we discuss spectrally flowed affine primary vertex operators, which are obtained from
the spectral flow automorphism (3.2). They are characterised by the following quantum
numbers: the spectral flow w, as it appears in eq. (3.2), the representation of the zero
modes before spectral flow j (i.e. its s[(2,R) spin) and its conformal weight h with respect
to the global SL(2, R) symmetry. Our convention for an s[(2, R) representation of spin j is

Jlm) =mlm),  JF|m) = (m = j)lm£1), (3-3)
for 5[(2, R) generators J* and J3. The Casimir of such a representation is given by
1
C= —(J3)2+§(J+J_+J‘J+) =—j(—1). (3.4)

Hence representations with j <> 1 — j are equivalent, as long as m + j # 0 for all m in the
representation, in which case the representation (3.3) truncates or becomes indecomposable.

We will suppress j in our notation and write the spectrally flowed affine vertex opera-
tors as V;""(x, z). They have defining OPEs

o= (Vi) (=€)

TV (2,0 =Y - + reg. , (3.5a)
2 G-0p
(J3(2) — 2] (2)) V¥ (2, ¢) = Vfu(xg 9 4 reg. | (3.5b)
(J_(z) — 2:1:J3(z) + ZL‘2J+(Z)) Y(x, () =0((z — C)w_l) . (3.5¢)



The shifts on the left-hand-side of thes OPEs can be derived by conjugating with the

translation €2/, see also [1]. We have moreover
(Jg Vi) (2, ¢) = 0 Vi(z, 2), (3.6a)
+ w k +2 w
(J:twvh )(fL‘, C) =|h- Tw + ] Vh:ﬁ:l(ajv C) ) (36b)

since Jy is the translation generator. (3.6b) follows from (3.2) and (3.3). It is convenient
to define the sl(2, R) generators acting on the field V;" (z;, z;) as

D = -0, , (3.7a)
D} = —(hi + 2i0s,) (3.7b)
D; = —(2hi$i + xf@xl) . (3.7C)

3.2 The global Ward identities

Let us first discuss the global Ward identities satisfied by the correlation function. For

<J“(z) [TV (=, zj)> (3.8)
j=1

for a = +, —, 3. It is a single-valued holomorphic one-form in z and hence the sum of all its

this, consider the correlator

residues has to vanish. In the coordinate z, singularities occur when z = z; fori =1,...,n.
We thus have

n

OZZB:%S; <J“ H x4, 7 > ZD“<HV (x4, 2 > , (3.9)
i=1

and hence correlators satisfy global Ward identities

OZZ&% <HV,:JU_j($j,zj)> ) (3.10a)
O:i@%+h<HV %%>, (3.10b)

i=1

— Z(xfaxi + 2h;;) <H Vi (), zj)> : (3.10¢)
j=1

3.3 The kernel A(z,()

To formulate the local Ward identities, we need a particular kernel A(z,() on the Riemann
surface.® It is a function in ¢ and a one-form in z. It satisfies the following properties:

8Strictly speaking, A(z, () is defined on the universal covering space, since A(z,¢) fails to be periodic
around the cycles of the surface.



1. Quasi-periodicity:

Az au(C)) = A(z,¢) (3.11a)
A(z, 8u(€)) = A(z, Q) + 2miwy(2) (3.11Db)
Alau(2),¢) = A2, (), (3.11c)
A(Bu(2),¢) = A(z,¢) — 2miw,(z), (3.11d)
forpy=1,...,9. Here, o, and 3, is a canonical choice of homology basis, as described

in appendix A.1. «,(z) denotes the endpoint of the path specified by «,, i.e. the point
that is once transported around the cycle a,. w,, are the corresponding g holomorphic
one-forms on the Riemann surface, normalised such that

/ Wy = By - (3.12)
A

2. As a one-form in z, A(z, () has the following simple poles:

ZZC, Qly---an—la (313)

where ()1, ..., Q41 are g—1 fixed points on the Riemann surface that do not depend
on (. The residue at all these points is one. As a function in (, the only singularity
occurs for ¢ = z.

For the torus, this object is well-known (and unique) and is given by (provided we choose
flat coordinates)

_ iz =(7)
A(%C)-W,

where ¥ (z|7) is the Jacobi theta-function. A similar construction works also for higher

(3.14)

genus surfaces, see appendix A for details. In the following we only need the existence of
this object.

3.4 The local Ward identities

Next, we derive local Ward identities on the correlators, which determines the correla-
tor with current insertions in terms of correlators without current insertions. They take
the form

<Ja(z)HVh’;’j(xj7z] > ZA (z,2:)D <H Vh (x5, 25) >
=1
J n wi l- “85 (2, 2) n ,
+ZZ <(J;V}Z}i)(xiazi)HV}Z](xj7zj)>

i=1 ¢=1 j#i
g

—I—Zwu(z)<JOMHV (z}, 2 > : (3.15)
pn=1

By the exponent ‘1 —a’, wemean 1 —a=0fora=+4+,1—-a=1fora=3and1—a =2

for a = —. We also used the action of the zero-modes (3.7).

~10 -



To derive them, consider the object

A(z,¢) <J“(() H Vi (), zj)> (3.16)

Jj=1

for a = 4, —, 3. It is by construction a one-form in ¢, though it is not periodic around the
cycles of the surface. We can apply the residue theorem to it in . It has poles for ( = 2
and ( = z; for i =1,...,n and hence the sum over residues is

- <J“<z> TV (aj, zj>> D ResA(z0) <J“<c> [TV (5, zj>> : (3.17)
j=1 j=1""" j=1

By the residue theorem, this equals the integral around the boundary of the fundamental
domain, which is

C=afra; Bt agﬁga;15;1 ; (3.18)

where juxtaposition denotes concatenation of paths. See also figure 3. The (3, integrals
cancel, since (3, and ﬁ;l appear pairswise in (3.18) and the integrand is periodic along
the ay-cycles. The «, integrals only partially cancel, due to the quasi-periodicity (3.11).
Thus, we have

% CA(@z)<Ja(c>HV,Z’;f'(xj,zj>>=—Zwu<z> f <J“<<)Hv,2§f<xj7zj>>' (3.19)
j=1 p=1 u j=1

Let us define

J6 :]{ J*(C)- (3.20)

©w

Then we have shown that

<J“(z) 11 Vi (aj, zj)> => E{:ezs_ A(z,¢) <J“(§) 11 Vi (aj, zj)>
j=1 =1 j=1
g n
+ ) wulz) <J&M [TV (a, zj)> . (3.21)
pn=1

J=1
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The residue can be further evaluated as follows. Recalling the OPE (3.5), we have

Vh (xj,zj)> A(z, ) $1< xj,zj)>
i—1 =1

oL A(z, 2)
)

+ Z - <(J£+sz Li, Zj H $],ZJ)> ; (3.22a)
= i
ﬁ > Az, zi)(2i0z; + hi) <ﬁ (2,2 >

:]:
:]:

Res A(z, C)< (<)

_Z’L

<
Il

Res A(z, () <J3(C)

J=1

!

w; ;0 ,A(Z,Zi) ws

DD <(JZth)($u zi) l;[ V. (). 25) > (3.22b)
JF#t

l
wj
Vi, (5,2
Y4
Z.

Res A(z,Q) <J_(C) HV;fjj(xj,Zj)> = A(z, %) (2] 0n, + 2him; <H :L'],z])>

j=
Wi 2 4
+ Z W <(JZFV“” Ti, 2 HV x],zj)> . (3.22¢)
(=1 j#i
We have separated out the action of the zero modes and used that positive modes of J3(¢)
and J~(¢) annihilate the field. Combining the ingredients, we arrive at (3.15).

We should note that the resulting expression is not obviously periodic along the (-
cycles, but is only so thanks to the global Ward identities (3.10). All terms in the local Ward
identities are manifestly periodic in z — (,(2), except for the first line in the eqgs. (3.22).

<J“(ﬁu(2)) [TV (=5, Zj)> — <J“(z) [TV (5, zj)>
j=1 j=1
= 2miw,(2) Y  Df <H Vi (aj, zj)> =0. (3.23)
i=1 j=1

Similarly, the expression seems to have poles as z — @Q);, where @; is one of the additional

Thus, we have

poles of A(z,() in z, see property 2 of A(z,() above. The same argument shows however
that these poles cancel out thanks to the global Ward identities.

We also remark that once that the correlator with a J* insertion is known, then the
correlator with any other current insertion can be obtained. This is intuitively so, since
they all sit in the same SL(2, C) representation. To see this, we analyse the Ward identity
resulting from the correlator

<J“(C)Jb(z) [TV (5, zj)> : (3.24)
j=1

This is a periodic one-form in ¢ and hence the sum over residues has to vanish. This
results in

—.

> o <Jb<z> [TV . zj>> -, <JC<z>

Jj=1 Jj=1

V}:jj(xj,zj)> N (3.25)

where % are the structure constants of sl(2, R).
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Thus, the local Ward identities relate the correlator with current insertions to the fol-
lowing quantities: the original correlator of spectrally flown affine primaries, the correlator
with zero-mode insertions along the g cycles and correlators with positive mode actions of
JT(¢) inserted. We will see below how these new unknowns are determined.

3.5 The zero modes

Let us discuss the zero-modes that come from integrating the currents along the cycles of the
Riemann surface that appear in the local Ward identities (3.15). We can get a clue about
their meaning by analysing their periodicity property along the 3, cycle of z;. We have

0= <Ja(z)V,Zfi (@i, Bu(z0)) [ [ Vi (=5, zj)> — <J“(z) [TV (=, zj)> (3.26)
j#i

g n
=Y wi(2) <J&,,V,:fi<xi,ﬂu<zi>> v <:vj,zj>> - <J&V [1v. <:cj7zj>>

J#i
— 2miw,(2) D¢ <H Vi (xj, zj)> : (3.27)
j=1

where we used that the other terms in the Ward identities (3.15) are manifestly periodic.
Thus, we have

<J61,VV;§? (@i, Bul=0) [T Vi (25, Zj)>
j#i

_ <J&V [TV . zj)> + 26, D! <H Vi (s, zj)> . (3.28)
j=1 j=1

Hence, correlators with zero-mode insertions are no longer periodic, but have twisted
boundary conditions along the 3,-cycles.

Following [44, 45], we introduce correlators with twisted boundary conditions satisfying
the boundary conditions

<Vhw (i, Bu(z) [T Vi (=, Zj)>

3 YireYg

= 7 M) 7 <v,§" (@), =) [T Vi (e zj>> , (3.29)
I Y15---57g

i.e. the correlators implement the action of the SL(2, C) group element ~,,, when transport-
ing the fields along the cycle 3,. As in [44, 45], one can now define the correlators with
zero-mode insertions as

a = w; d
<J07u H Vi, (5, Zj)> = 27715

Jj=1

<H Vi (), zj)> . (3.30)
t=0 \j=1

Y =CXP(tJ8)/Yu¢H=1
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Thus, to get a complete set of local Ward identities, one needs in principle also make a
proposal about the twisted correlators. We will actually get around this difficulty for the lo-
calising solution, as we shall see in section 5.3. In this case, the zero modes contribution will
eventually drop out. Thus, we will not discuss twisted correlators further in the following.

We should also note that the three zero-mode insertions are related, since upon taking
contour integrals of (3.25), we have

ZD?<JZ,OHVIZ?j($ijj)> = fabc< OHV (x5, %) > : (3.31)
i=1 j=1

4 The constraint equations and the recursion relations

4.1 The constraint equations

While we have discussed how in principle the zero mode insertions in (3.15) are determined,
we still have the unknowns

n

F?EE<(JJV$?)CW,%)IIYQ?CM,%)> (4.1)
J#1

appearing in the local Ward identities. They can be determined as for the sphere [1], which

we shall now review. First, we notice that Ffvl is in principle determined as follows. The

mode J,f. is the zero-mode before spectral flow and its action on the field Vi (@, 2i) 1s
determined by (3.6b). We hence have

k+2 w; = w;
Fw <h — Twz + jfL) <Vhifi-1(xi’ Zz) H thj (mi, ZJ)> . (4.2)
J#
To write more uniform formulas in the following, we will also use eq. (3.6a) to write
%:<MW@%M&»H%?@M@>:%<rpﬁ%%%». (4.3)
J#i =1

The other F, Z’s can be obtained as follows. Let us consider the correlator
<(J_(z)—2me3( )2 TT(z H iy 24 >
— T) 8 Az, 2;)

ZZZA(Z,Zi)hi( T <th (x5,25) >+ZZ F
i=1

i=1 (=1
g n ,
+ Zwu(z) <<J0_,u — meJg’M + a:,QnJ(;fM> H V}ZJ_J (x4, zj)> (4.4)
p=1 j=1

for a fixed m € {1,...,n}. The right-hand side of this equation is regular as z — z,.

However, the correlator should implement the more stringent condition imposed by the
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OPE (3.5), which demands that this quantity vanishes to order O((z — 2,,,)“~1). In other
words, we should require that

=0 (4.5)

Z2=2Zm

8;<(J_(z)—2me3( )+ 22 JT(z ﬁ (x4, 2 >

for r =0,. — 2. This yields Y, _;(wy, — 1) constraints on the correlator that can
be solved for the Zm 1 (W, — 1) unknowns F,” fori=1,...,nand £ =1,...,w; —1. We
will refer to (4.5) as the constraint equations.

One might be worried that the constraint equations might not be solvable, because the
linear system is not invertible. This can indeed happen for certain values of the spectral
flow parameters w;. The condition for the constraint equations to be solvable appears to be

w; <14+ w (4.6)
J#i
for all « = 1,...,n. We have checked this in Mathematica for various small examples,

but do not have an analytic proof for it. This is the same condition that was found for
the sphere correlators in [14] and discussed in [1]. Thus, if this inequality is violated, the
correlator of affine primary fields is forced to vanish.

4.2 The recursion relations

At this point, the correlator with a current insertion is fully fixed in terms of (possibly
twisted) correlators of primary fields. However, we want to use this construction to derive
constraints on the correlators of the primary fields.

For this, we observe that we know also an alternative expression for the leading term
in the correlator (4.4). We have

<(J(z) — 22, 0% (2) + 22,0 (2)) H Vhljj (4, zj)>

j=1

<(J_me}:fnm)(xm, Zm) H V,;U,j (x4, zj)> +0(z — zm)"™) (4.7)
Jj#Em

k+2
= (hm - %wm - jm> <V,:“mm Ty Zm,) H V (24,2 > +0((z — zm)“™) . (4.8)
JFm

On the other hand, by using the expression in the form of eq. (4.4) with the un-
knowns removed by solving the constraint equations (4.5), we can relate the correlator
<Vw 1 (@Tms 2m) HﬁémV (xl,zj)> to other correlators of primary fields and correlators
with zero-mode insertions. We will refer to these equations as the recursion relations (as
there are n of them, one for every choice of m). We gave their schematic form in (2.5).
Unfortunately, these recursion relations are very hard to write down in closed form, since
one first has to solve the system of the constraint equations (4.5). For illustration, we write
down the recursion relations explicitly in the simplest case of w1 = we = w3 = wyq = 1 and
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g = 1, where no constraint equations have to be solved. Using Mobius invariance to set
x1 =0, z9 =1 and z3 = 00, they take the form

4
k+2 .
<h1 —— - Jl) <Vh111(1’17 21) H Vi, (i, Zi)> = ((—hl +ho + hy — ha)A(z21, 24)

=2

+ (h1 — ha — hs + ha(1 — 2x4))A(21, 23) + 2hgx4A(21, 24 ) <H Vhll (4, 2 >

k+2
+ <J2 -t h2> 02, A(21, 22) <Vh12+1(w2, 22) H Vi (@i, zi)>
i£2

4
k+2
+ <33 B + h3> 023 A(21, 23) <Vh13+1(x3, z3) H Vhli (s, zz)>
i£3

4
. k+2
+ <J4 — T + h4> x2824A(zl, 24) <Vhl4+1($4, 24) H Vhll(xz, ZZ)>
i#4

4
+ 24— Alz1,22) + (1 — 24) A(21, 23) + 24A(21, 24) ) Oay <H Vi (i, 2 >

4
+ <J1,0HVhli($ini)> y (49)

=1

where we chose m = 1. There is a similar equation for m = 2, 3 and 4.

We will later derive the recursion relations in closed form under the simplifying as-
sumption that the correlator localises on certain points in the moduli space of Riemann
surfaces, see eq. (5.80).

5 The localising solution

The main purpose of this section is to show that the recursion relations always admit the
very simple solution

n n 39—3+n
<H V) (xjvzj)> =Y Wr(er,..ox) [T@)™ T 6(f1), (5.1)
j=1 r i=1 I=1
provided that the quantum numbers satisfy the condition
L k2
Z]Z': 5 (n—2+29)—(39g—34+n), (5.2)

to which we shall refer to as the j constraint. This is the solution we already discussed in
section 2 and whose existence was already anticipated in [1].

Here, the sum runs over branched covering maps I' with ramification indices w; at z;.
Such a covering map only exists for a discrete subset of the moduli space of genus g surfaces
with n punctures M, ,,, which is implemented by the constraints flr. The coefficients af
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are certain coefficients associated to the covering map. The function Wr(zy,...,x,) is not
constrained by the recursion relations, except that it satisfies the global Ward identities

sz’”l@xin(xl, ceyTp) =0 (5.3)
i=1

for m = —1,0,1.

In the following, we shall review the ingredients that go into this solution. We then
prove that this solution indeed satisfies the recursion relations in section 5.3.

We should note that computing the actual value of Wrp(z1,...,z,) is presumably very
hard. This is already the case in rational WZW models, where one uses null-vectors to
constrain the correlators [46, 47]. In principle, it is however fixed up to an overall constant
through the KZ-equations.

5.1 Covering maps
5.1.1 Definition

Let us introduce (branched) covering maps. A covering map I' : ¥, — CP? is a holomorphic
map satisfying the conditions:

1. T'(2) maps z; to z;, i.e.

2. Moreover, the points z; are ramification points of order w; of the map I'(z), meaning
that I'(z) has the Taylor expansion

[(z) =xz; + a{(z —z)V" 4+ (9((2 — zi)wi"'l) (5.5)
around z; for some coefficient a} and I'(z) has no other critical point.’

The degree N of T' (i.e. the number of preimages of a generic point z € CP!) can be
computed by the Riemann-Hurwitz formula:

Nzl—g—i—%Z(wi—l). (5.6)
=1

5.1.2 Existence and Hurwitz space

Let us compute the (virtual) dimension of the space of covering maps for fixed ¥, and
insertion points z;, i.e. for a fixed punctured Riemann surface ¥, ,. The map has degree
N given by (5.6). Thus it has in particular N poles (assuming that oo does not coincide

90ur definition is a special case of a more general definition, where several x;’s are allowed to coincide.
In this case, the ramification is described by a partition A;. Physically, colliding z;’s would correspond to
multi-string configurations. We only analyse single-string correlation functions, where all x;’s are distinct.
Our arguments go however through also for the more general definition.
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with one of the z;’s). The space dimension of the space of meromorphic functions with N
poles at fixed location is given by the Riemann Roch theorem, which yields!”

dimension for N fixed poles= N +1—g. (5.7)

The poles of I can however be at arbitrary locations, which introduces N further parame-
ters. Thus, we have!!

dimension for N arbitrary poles=2N+1—g. (5.8)

We then have to impose the Taylor expansion (5.5) around every point z;, which leads to
>oi, w; additional conditions on the map. This means that the space of covering maps
has expected dimension

dimension of covering maps for fixed ¥4, =2N +1—g — Z wi=3-39g—n, (5.9)
i=1

where we used the Riemann Hurwitz formula (5.6) to simplify the result. Thus the expected
dimension is generically negative, which means that for a fixed punctured Riemann surface
Y4.n, such a covering map does generically not exist.

Observing that this expected dimension equals —dim(M,,), we can however instead
of focussing on a fixed punctured Riemann surface consider the space of all n-punctured
Riemann surfaces of genus g, which introduces in turn 3g — 34 n new parameters and hence

dimension of space of covering maps for varying ¥,, =0, (5.10)

meaning that the condition for a covering map to exist selects a discrete subset
Ho(x1, ..., Tpswi, ..., wy) C Mgy, (5.11)

known in the mathematics literature as the Hurwitz space.'?> The cardinality'?

hg(wi, ... wy) = |[Hg(x1, ..., Tn;wi, ..., wy)| (5.12)

10T his is strictly speaking the virtual (i.e. ‘expected’) dimension, since the Riemann Roch theorem also
has a correction term which is the dimension of the space of holomorphic vector fields with N prescribed
zeros. Holomorphic vector fields only exist on the sphere and the torus and there are three resp. one of them
corresponding to the three Md&bius transformations and the translation, respectively. Thus the correction
term vanishes for g =0 and n > 3 or g =1 and n > 1 or g > 2. This is satisfied for all cases of interest
and hence we shall suppress this subtlety.

" The same conclusion can be also reached directly by computing H*(T*TCP!)—H*(T*TCP!) = 2N+1—¢
with the Riemann-Roch theorem and noticing that H®(T*TCP') parametrises infinitesimal deformations
of the map.

12Mathematicians view the Hurwitz space as an n-dimensional manifold H (w1, . . . , Wy ), where the points
x; are left arbitrary. It is known that the Hurwitz space is an n-dimensional complex connected manifold.

13Conventionally, one counts covering maps with enhanced automorphism group with a weighting factor
1/Aut(I"). The automorphism group of a map is the group of automorphisms ® of the covering surface
such that I'o ® = I'. For instance, the example of g = 1 and w1 = w2 = w3z = wa = 2 that we will discuss
in section 5.1.5 has an automorphism group of order 2 and hence h1(2,2,2,2) = 1. Similarly, the example

1

of g =1 and w1 = w2 = w3 = 3 has an automorphism group of order 3 and hence h1(3,3,3) = 3. The

cardinality is to be understood in this sense.
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is known as the Hurwitz number and is independent of x;. It gives the number of terms in
the sum of the localising solution (5.1). It is a classical problem in algebraic geometry to
compute the Hurwitz numbers and they have a combinatorial description in terms of the
representation theory of the symmetric group Sy.'4

While this dimension counting shows that it could be possible to find covering maps,
there are inequalities on the ramification indices that have to be obeyed for them to actually
exist. Since N > max;—1 . n(w;), it follows from the Riemann-Hurwitz formula that

n n

1
(w; — 1) < 52(%—1)—9, Z(wj—n € 27 (5.13)
7=1 7j=1
have to be satisfied for ¢ = 1,...,n in order for a covering map to exist. Note that these

are stronger conditions than the condition for the constraint equations to be solvable (4.6).

For every choice of I" in the sum of (5.1), the points z; as well as the moduli of the
Riemann surface ¥, are fixed. We can hence write down 3g — 3 +n functions on the moduli
space of Riemann surfaces,'® such that their zero set is the localisation locus of the covering
map. We denote such functions by f; forI =1,...,39—3+n. Different choices are possible,
but the ambiguity can always be absorbed into the function Wr(x1, -+, z,) in (5.1).

5.1.3 SL(2,C) covariance

The covering map is covariant under SL(2,C) transformations, which means that for v
a Mobius transformation, (I'(z)) is also a covering map on the same surface for the
points y(x;). Let us write momentarily I'(z;x1,...,z,) to emphasize the dependence of
the covering map on the points z;. Let us choose v(z) = 2 + ex™*! for m = —1,0,1 for
infinitesimal €. Then this implies that

n
C(zv(x1)y.. oy y(xn)) =T(z;21, ..., 2n) + € Zx;wrl@xif(z; Tly.eeyTp) (5.14)
i=1
ET(za1,... 20) +eD(z 21, .. )™ (5.15)
and hence .
> a9, T(z) =T(x)™H! (5.16)
i=1
for m = —1,0,1. This expresses the Mobius covariance of the covering map.

The existence of I'(z) is hence invariant under Mobius transformations, i.e.

Ho(y(@1), .. (@), wi,. .., wn) = Hg(T1, ... Tp,wr, ..., Wy) (5.17)

This also means that the constraints §(fI) are invariant under Mébius transformations, i.e.

> ao,6(f1) =0 (5.18)
=1

form=-1,0,land I =1,...,3g — 3+ n.

14This relation should not come as a surprise to the reader, since the connection can be understood to
be given via the symmetric product orbifold. See e.g. [25] for a discussion.
15These functions do not have to be well-defined globally, but only in the vicinity of the localisation point.
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5.1.4 The coeflicients af

The coefficients af that appear in the Taylor expansion of the covering map (5.5) play an
important role in the story, since they feature in the localising solution (5.1).

They are also SL(2, C) covariant, which follows readily from expanding (5.16) around
the insertion points,

n
> M oyaf = (m+ 1)afal . (5.19)
i=1

These facts imply that the localising solution (5.1) satisfies the global Ward identities (3.10).

5.1.5 Examples

w; = we = w3 = wy = 2 and g = 1. Let us start with the classical example
of covering the sphere by a torus, branched over four points with ramification indices 2.
In this case, the Hurwitz number is % and hence there will be one covering map with
an automorphism group of order 2. The degree as computed from the Riemann-Hurwitz

formula (5.6) is 2 and hence the covering map can be written as

Ap(z|T)+ B

M) = Gotm+D

(5.20)
for appropriate constants A, B, C' and D, since every degree 2 elliptic function can be
written in this way. See appendix B for some background on elliptic functions that we
shall use frequently. z; are fixed to be the critical points of I'(z). We have

T+1

(AD — BC)¢'(2|7) T
) 27 2 )

) = S Goi + D)2

=0 <<= z=0,

(5.21)

N |

where we used the form of the zeros of the derivative of the Weierstrass p function. Thus,
we set 21 = 0, z0 = %, 23 = 5, 24 = TTH We determine then A, B,C and D such that
I'(z;) = x; for ¢ = 1, 2,3, which determines I'(2) to be

w1 (w2 — 13)p(2|7) + w3(x1 — 22)p(3|7) + w223 — 21)0(5|7)

I(z) = - (5.22)
(22 — x3)p(2[7) + (21 — 22)p(5]7) + (w3 — 21)p(F|7)
Finally, we have to satisfy the condition
T4+1 1 T
r1(Tg — xg)p(%—;') +x3(21 — 22)p(5]7) + za(23 — 21)p(5I7) _ 4, (5.23)

(2 — 23) (T2 |7) + (21 — 22)p(3|7) + (23 — 1) p(F|7)

so that I'(z4) = z4. This determines 7 uniquely in terms of the cross ratio and the solution
can be written as, see e.g. [48, section 5.4.]

P l, l; 1; (z1—23)(z4—z2)
e =] o
2F1 (5’ 2> L (mg—xs)(u—wl))
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This is the unique covering map. Since it is an even map, it has an automorphism group of
order 2 generated by z — —z, which fixes z1, ..., z4. The coefficients a{ are straightforward
to evaluate. They are given by

2 _ -
o = T (21 — m2)(x3 331)193(7)47 (5.25)
Tro — I3
2 —
o = o (21 — z2)(22 953)794(7)47 (5.26)
T3 — X1
2 _
g T (22 — z3) (23 961)192(7)47 (5.27)
T, — T
2 _ -
o = T (21 — zq) (22 m3)194(7)4, (5.28)
r3 — T4

where 7 is given by (5.24) and 9, (7) are the Jacobi theta functions.

w; = wp = w3z = 3 and g = 1. Next, we consider a torus covering the sphere branched
over three-points with ramification index 3 each. From the Riemann-Hurwitz formula, we
see that such a map must have degree 3. It will turn out that the corresponding Hurwitz
number is %, i.e. there is a unique such map, with automorphism group of order 3. This
fixes the torus to be the hexagonal torus, i.e. 7 = e%i, since this the only torus with an
automorphism group of order > 3. Also the insertion points of the covering surface have
to be invariant under an order 3 automorphism, which fixes them to be

1
z1 =0, 20 = — 4+

T 2 2T
3 3’

23 =—-+ —, 5.29
=2+ (5.29)
with 7 = e5 . See figure 1 for a schematic depiction of the corresponding lattice. Requiring
the ramification around z; = 0 fixes the covering map to have the form

AP/ (z|T)+ B
T = 5.30
()= GG+ D (5-30)
for some constants A, B,C and D. We have
92=0,  p(22|r) = p(z|7) =0 (5.31)

for the hexagonal lattice. The latter follows from the duplication formula (B.8). From the
differential equation of the Weierstrass p function (B.6) we then also conclude that'6

O (z2l7) =ivgs,  ¢'(2]7) = —i/gs. (5.32)
The derivatives of I'(z) are given by

_ 6(AD — BC)p(z|1)?

M= "G+ bP

_ 12(AD — BC)p(z|7)(—2p(2|7)3 — g3 + ¢/ (2|7) D)
(Cp'(z|T) + D)?

)'® for the hexagonal lattice [49)].

(5.33)

0°I'(2) (5.34)

'%Incidentally, gs = (2r) " °T'(3
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Figure 1. The hexagonal lattice. The black points are z; = 0, the blue points are zo and the red
points are z3. One can clearly see that there is an order 3 automorphism that rotates the picture
around the origin.

and hence the first two derivatives at z = 29 and z = 23 indeed vanish, confirming that
7o and z3 are ramification points of order 3. A, B,C and D can again be determined such
that T'(2;) = z; is true. The coefficients a! are given by

Z\/gi‘g(l‘l — xg)(ﬂfl — .%‘3)

r
_ 9.35
a To — I3 ’ ( a)
x ivg3(w1 — @2) (w2 — a3) 7 (5.35b)
r1 — I3
of - iy/g3(z1 — x3) (22 — 73) _ (5.35¢)
T — T2

5.2 Non-renormalisation

We now discuss some striking consequences of the conjectured form of the solution. They
already partially appeared in [1].

From (5.6), it follows that there is a maximal genus that contributes to any given
correlator. This is a rewriting of (5.13)

g =<

D (wj—1) = (wi—1) | . (5.36)
J#i

N | —

Hence the string perturbation series truncates in this case. This is very different from the
usual string genus expansion, where the genus ¢ contribution diverges as (2g)! [50, 51],
gs_tl}mg — D-branes. Thus
the theory in flat space has a complicated non-perturbative completion. In the present

indicating the presence of non-perturbative objects of mass ~

case, the genus expansion truncates and hence a priori no non-perturbative objects are
needed to complete the theory.
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This conclusion is even more stringent for two-point functions, i.e. for the string spec-
trum. Since in this case we need w; = wsg for a covering map to exist, eq. (5.36) becomes
g < 0. Hence the string spectrum is tree-level exact. The tree-level string spectrum of
strings on AdSsz x S® x T* was computed in [17] and was found to match the symmetric
orbifold Sym®™ (T*) in the limit N — co. Our analysis implies that this should remain true
to all orders in 1/N. Since the perturbation series truncates, one would also expect the ab-
sence of non-perturbative corrections. Taken together, these results indicate the matching
of the exact spectrum (in o’ and Gstring) in this instance of the AdS3/CF Ty correspondence.

5.3 The proof

Now we shall present the proof that the ansatz (5.1) indeed solves the recursion relations
described in section 4, provided that the constraint (5.2) on the spins is satisfied. This will
provide strong evidence for its correctness. We will divide the proof in several small steps.

It will be convenient to choose a map I'(z) = T'(z1, ..., 2n, 21, . . ., Tpn, 2; 2) that defines
an extension of the covering map, i.e. we require that when the localisation constraints are
satisfied, I'(z) equals the covering map, but it is otherwise arbitrary. We even allow I'(z)
to be non-periodic (and hence only defined on the universal covering map of X,). Here, 2
is the period matrix of the surface and represents the 3g — 3 moduli of ¥,.

Let us define

G(z) = <(J_(z) —20(2)J3(2) + T H Nxj, 7 > , (5.37)

H(z) = <(J3(z) ~T(2)J7(2) [T Vi (5, zj)> : (5.38)
j=1

Note that these definitions make sense thanks to the extension of the covering map we have
chosen above. However they a priori depend on the choice of I'(z).

We analyse in the following the one-forms G(z) and H (z) for the localised solution (5.1).
Obviously, also G(z) and H(z) are then localised. We should note that G(z) and H(z)
contain a priori terms that are proportional to a product of delta functions of the form

139, 8(fr), but also derivatives of & functions of the form &(f7) H?,g;é ST 5(f) appear.
These terms are present, since the input parameters of the constraint equations (namely

the residues of the first order poles 0, <H§‘:1 th;j (x5, zj)> and the zero mode insertions
<J{i w11 th; x4, Zj)>) possess them. Note that because of the distributional identity
zd'(z) = —d(x), (5.39)

we can extract a term proportional to §'(f7) Hi“;é_l?’Jr” d(fr) in G(z) or H(z) by multiplying
with the constraint f7.

5.3.1 Step 1: G(z) has no derivatives of § functions

We will first show that while the terms defining G(z) involve in general derivatives of §
functions, these terms cancel out in G(z). To show this, let us consider

Gi(2) = f1G(2) . (5.40)
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Thus, G1(z) contains by construction no derivatives of ¢ functions. Hence, we may use
that I'(z) is only evaluated on its localisation locus. It follows that for r =0,...,wy, — 2

0:G1(z = zm)

= f10l <(J_(z) —20(2)J3(2) + [(2)2 T (2)) H V,Zj(aci, zj)> (5.41)
Jj=1 Z2=2Zm
= f10 <(J_(z) — 2z, J3(2) + $3nJ+(2)) H V,Zl;j (x4, zj)> =0, (5.42)
j:l Z2=2zZm

where we used the constraint equations (4.5). The replacement I'(z) — z,, would only
influence the correlator at order (z — z,,)“"~! and hence does not change the result.
Furthermore, G can only have poles where I'(z) has a pole and it has in fact a double pole
there. We thus see that

Gi(2)

dl'(z)
is a holomorphic function that does not have any poles and is hence constant. It follows
that

(5.43)

G](Z) = Alal“(z) . (5.44)

We finally compute the proportionality constant A;. Let N be the degree of the covering
map. Let us denote by z7,..., 2% the N poles of the covering map. We have

N
AN = — Z Res &) (5.45)

=z T'(2)

- —ZZR%S 2 <
J
= ZBZGZS fil'(z < ﬁ Nxj, 24 > (5.47)

n
x4, 2 > (5.46)
=1

_Zfiislfl z; + ay (z—z)“’l)<J+ th x],z])> (5.48)
j=1

= Zfz v F) + aj F}) (5.49)
— ZfI (-hj <ﬁ Vi (i, zi)> + a]F.ng) =0. (5.50)
j=1 i=1

We have used the following properties. In (5.45), we used that 0I'(z)/I'(z) has a pole with
residue —1 at zZ. In (5.46), we inserted the definition of G;(z) and used the fact that only
terms with a second order pole, i.e. the last term in the definition (5.37) may contribute
to the residue. In (5.47), we used that the sum over all residues of the integrand vanishes
and thus, we can alternatively sum over the other residues located at z = z;.'7 In (5.48),

"The integrand is periodic along the cycles, since fiT'(z) does not depend on the extension of the
covering map.
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we inserted the expansion of I'(z) (5.5) (which is possible because of the presence of the
localisation constraint fr). We then evaluate the residues in (5.49). In (5.50), we use the
global J§ Ward identity (3.10) on the first term. Using (4.2), the second term also equals
an affine primary correlation function. Thus, both terms do not contain any derivatives of
¢ functions and hence vanish when multiplied with the constraint f;.

We thus conclude Ay = 0 and so

Gr(z) = f1G(z) =0. (5.51)
Hence G(z) vanishes when being multiplied by any of the contraints f;. This implies that
G(z) does not contain any derivatives of § functions. We should also note that this proof
also works backwards: requiring that G(z) = 0 is equivalent to demanding the constraint
equations (4.5) for the derivative pieces.
5.3.2 Step 2: solving the §’ pieces

We can now solve the constraint equations completely for the terms that contain a derivative
d’. We claim that

fr <J+<z> Hv,:j%xi,zi)> = alf(fz)cz(z), (5.52)

i=1
where (z) is a quadratic differential on the punctured Riemann surface X, ,, ie. a
quadratic differential on ¥, that has at most a single pole at the insertion points z;. We
furthermore require that the quadratic differential satisfies Ward identities, i.e.

n
> @ 9,Q(z) =0 (5.53)
i=1
for m = —1,0,1. The space of quadratic differentials on the punctured Riemann surface

has dimension 3g — 3 + n, since it parametrises the cotangent space to the surface in the
moduli space My ,. These 3g—3+n parameters are tuned to satisfy the input conditions of
the constraint equations, namely the residues and the zero mode insertions of the currents.

We should note that this solution has a pole of order w; at the insertion points z;. This
is the correct order, since while the OPE of J*(z) with the affine primary field Vhlfi (x4, 2i)
has a pole of order w; + 1, the highest order pole is F!

w;

which according to (4.2) can be
written as a correlation function of affine primaries and hence does not contain derivatives
of § functions.

Using the transformation properties of the covering map under Mobius transforma-
tions (5.18) and the Ward identity (3.25), one can derive the form of the correlators with
J3(z) and J~(z) insertions.'® They take the form

I <J3(z) H Vi (i, zi)> = -gg((;) Q(z), (5.54a)
i=1

fi <J—<z> vaji<xi,zi>> - Iee). (5:51b)
i=1

8Note that applying (3.25) to terms with no § derivative only yields terms with no & derivative and thus
one can apply it on the derivative terms separately.
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It hence follows immediately that
f1G(z) =0, (5.55)

which ensures that all the constraint equations for the derivative terms are satisfied. Thus,
we have shown that this is the correct solution that follows from the constraint equations.
5.3.3 Step 3: H(z) has no ¢’ piece

Let us now consider H (z) as defined in eq. (5.38). From the solution of Step 5.3.2, it follows
immediately that frH(z) = 0. Hence also H(z) contains no derivatives of ¢ functions.
5.3.4 Step 4: G(z) is independent of the choice of I'(z)

Next, we show that our definition of G(z) (5.37) is independent of the choice of the choice
of extension of T'(z). For this, let T (z) and T®(2) be two possible extensions of the
covering map and let G(M(2) and G (2) be the corresponding G(z)’s. We then compute

G (2) — G (2) = —2(PM(2) =T (2))H(z). (5.56)

The prefactor (I'M) (z) —T'®)(2)) vanishes on the localisation locus and hence the right hand
side is a linear combination of terms of the form frH(z). But since frH(z) = 0, the right
hand side vanishes. Thus,

GW(z) = GA(z). (5.57)
This shows that G(z) is independent of the choice of T'(2).

5.3.5 Step 5: G(z) is proportional to 9T'(z)

We inspect the Taylor expansion of G(z) around z = z,,. Since G(z) is independent of the
choice of T'(z), we can choose I'(z) conveniently by requiring that the Taylor expansion (5.5)
also holds away from the localisation locus for z,, (but not for the other z;’s). We then

obtain for r =0,...,wy, — 1
gG(z =Zm) = % (J7(2) = 2T(2)J3(2) + T'(2)*T " (2)) ﬁ V2 (x4, 24)
r! Y '1hj 4> %
J:
+ Srwm—1 | aHFl = 2amh, <H Vi (aj, zj)> (5.58)
j=1
| k+2 i Wi i
= (57",’U)m_1< (hm - TUJm ]m) < B l(xm,Zm) H Vh ($172])>
Jj#Em
+ a2 Fl = 2amhiy, <H V,Z’;j (z4, zj)> > . (5.59)
j=1

Thus, the derivatives vanish for r = 0, ..., w,, — 2, while asking equality of the (w,, —1)-th
derivative with the right hand side is the recursion relation that we will analyse below.

From the definition of G(z) (5.37), it is also clear that G(z) has double poles located
at the poles of the covering map, but has no other poles.
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Thus, we obtain that
G(z)
dl'(z)

(5.60)

is a function on the Riemann surface that has no poles in z and is hence independent of z.
We thus have

G(z) = AdT'(2) (5.61)

for some constant A (that of course still depends on all the other parameters in the
problem).

5.3.6 Step 6: computing the proportionality factor

We want to compute the proportionality factor A. For this, we follow essentially the same
steps as for the computation of A; above. One has to be however more careful, since
derivatives of ¢ functions can be present. For this computation, it is convenient to make a
definite choice for the extension of the covering map, which we define as follows. We only
require that

for i = 1,2,3, but not for i > 4.' We moreover allow the covering map to be arbitrarily
twisted by group elements ~1,...,7, along the 3, cycles., i.e.

I'(Bu(2)) = 1 (T(2)).- (5.63)

This introduces 3g — 3 + n free parameters in the definition and by dimension counting,
one expects that such an extension always exists, at least in the vicinity of the localisation
locus. We then have

G(2)
I'(z)

N n
=-> Res I'(2) <J+(z) LTV, zj)> (5.65)
a=1 e 7=1

=y ResT'(2) <J+(z) [TV (=, zj)>
i=1 Jj=1

L e <J+(2)Hv,jjf(xj,zj)> , (5.66)
c e

o

N
AN == Res (5.64)
a=1 “Fa

where C is the contour (3.18) that bounds the fundamental domain of the Riemann surface.
Since our choice of I'(z) was not periodic, this term appears additionally. Let us first

9Requiring I'(z;) = x; for three points is always possible by the Mobius covariance discussed in sec-
tion 5.1.3.
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evaluate the contour integral further

‘ pn=1 Iz j=1
1 & n
ws
=5 f (u(T(2)) = T(2)) <J+(z) [Iv ($j,zj)> . (5.67)
u=1v% i=1
We now use that the correlator is localising and thus we only need to expand 7, up to first
order, i.e.
V(@) =v+ef +ez+e 2 (5.68)
Thus,

1 T w,
o ) <J+<z> 117 (a:j,zj>>
i % e —|—€3F( )+€ F <J+ ﬁ I'],Z] > (569)

2mi
"
n
l’j,ZJ)>+€ < H Nxj, 2 >
j=1

Sh (e
<J th xj,z]>> (5.70)

5< MHV xj,zj>+€i<J5’7MHVf::j(xj,zj)>

j=1
<J0,MHV (2,2 >> (5.71)

Here, we used that ), vanishes when the localisation constraint is satisfied and hence we

H’:]:

)
3
S,

‘ -
= =
Il < <
— —

_ L
21

=
I <
—_

can use the solution (5.52) and (5.54) for the &’ pieces to simplify the result. Finally, we
discuss the three terms. For this, we note that we can choose the 3g—3-+n constraints f7 as

{EZ}M:LM,Q, a=+,—,3 and {F(zl) — mi}i:4,...,n . (5.72)
We have then by definition (3.30)

< MOHV (), 2 >:_2ma€ﬁ <th1jj<mj’zj)>

J=1

(5.73)

a —
6H70

Hence, using (5.39), it follows that

1 T
~ 9 <JJr HVhJJ xj, %) >—3g<HV (xj,25) > , (5.74)
j=1

c

since every of the term in the sum of (5.71) contributes —2mi.
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Continuing the computation of (5.66), we have

AN =37 Res (T(z1) +al (= — 2)") <J*<z> LI Vi @i Zf>>
j=1

+3g <H Vi (), zj)> (5.75)

n
D(z)FS + aFFZ )+ 3g <H (x4, 2 > (5.76)

1 j=1

+ (F(Zl — ;) £E1<HV {L'],Z]> (5.77)
=4
— iami + <3g+n—3—2hi) <HV (25,2 > . (5.78)
=1

i=1

||M:

Here, we followed the same steps as in the derivation of A; above. There is an extra term
appearing, since I'(z;) for i > 4 is not equal to z;. See also [1]|, where this was discussed
for the sphere. We should also mentlon that we could insert for a its value for the true
covering map, since it multiplies Fy, , which does not possess derivatives of delta functions.

5.3.7 Step 7: the recursion relations

Finally, we derive the recursion relations under the assumption that the solution is localis-
ing. This is done by expanding G(z) around z,, and extracting the coefficient of the term
(z — zm)"™. We compute

G(z) = AOT'(2) = Aal w(z — 20)"" L+ O((2 — 2m)"™) . (5.79)

Imposing equality with the right-hand side of (5.59) yields the recursion relations, which
take the form

_ k42 . w - et
(ayljn) ! <hm - Twm - ]m) <thm—1(l‘m7 Zm) H thj (l’], Z])>

i#m

n - k ws n ny
=52 (5 )l (1= P ) (e LT )
1=1

J#

* (lj\}n <39—3+"_ihi) +2hm> <ﬁ Vijj(%,zj)>, (5.80)
=1 j=1

where N is given by the Riemann Hurwitz formula (5.6).

Finally, we have to check that the localising solution (5.1) indeed solves these recursion
relations. This is straightforward to check and one finds that it is the case, provided that
the constraint (5.2) on the spins is satisfied.
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This concludes the proof that the localising solution (5.1) indeed solves the recursion
relations.

6 Discussion

We have studied correlation functions of the SL(2,R);+2 WZW model on higher genus
Riemann surfaces. We have in particular included spectrally flown vertex operators in our
analysis. Let us summarise our most important findings.

We have derived the local Ward identities (3.15) for the correlators that relate cor-
relators with current insertions to correlators without current insertions, but zero-mode
insertions that introduce twisted boundary conditions along the cycles of the Riemann
surface. To fully solve the local Ward identities in the spectrally flown case, they have
to be complemented by the constraint equations (4.5) that allow one to solve for all the
unknowns that appear on the right-hand-side of the Ward identities.

We subsequently used these local Ward identities to derive a constraint on the corre-
lators of spectrally flown affine primary fields. This constraint takes the form of recursion
relations relating correlators with amounts of SL(2,R) conformal weight, see (2.5) for a
schematic version of the recursion relations. We have not been able to derive them in
full generality. We pointed out that these recursion relations always possess a very simple
natural solution that localises on a finite subset in the moduli space of Riemann surfaces
corresponding to the covering surface of a given n-punctured Riemann sphere on which the
dual CFT is defined. Given the complexity of the recursion relations, the existence of this
simple solution makes a strong case for its correctness.

Given the localising solution, we have explained in section 2 that this makes the equiv-
alence of the worldsheet theory with the dual CFT almost manifest and relates the genus
expansion on both sides of the duality directly. We are hence confident that a pertur-
bative proof of the AdS3;/CFTy correspondence in the instance of the tensionless limit of
AdS3 x S? x T* is possible and we have taken another step in this direction.

Let us now discuss various aspects of our construction and future directions.

Unique solution. We have shown that the localising solution (5.1) is a solution to the
recursion relations, but we have not shown that it is the unique solution. This is presumably
not the case and to show uniqueness of the solution one would need a further input that
constrains correlators. There are two sources of such additional constraints.

For k = 1, one can study the worldsheet theory directly in the hybrid formalism, as was
done in [1]. The WZW model PSU(1,1|2); has additional null-vectors in its vacuum module
and this is what restricted the representations to all have SL(2,R) spin % Hence one
expects that these additional null-vectors restrict the correlators further. This is explored
in [52].

For general k, correlators are further restricted by the mixed Ward-identities, i.e. the
Knizhnik-Zamolodchikov equations. They relate world-sheet coordinate dependence with
spacetime coordinate dependence. One could hope that all these constraints together can
determine the correlators completely (or rather up to an overall constant, which would
need to be fixed by crossing symmetry).

— 30 —



Why does the SL(2,R) WZW model encode covering maps? It is very striking
from a physical point of view that the SL(2,R) WZW model seems to have information
about covering maps encoded in its correlation functions. While the proof of section 5.3
explains in principle where this comes from, one would like to make the connection more
manifest. The theory has many aspects of a topological A-model, except that it counts
holomorphic maps to the boundary of AdS3 and not to AdSg itself.

Correlators away from j constraint. While for the tensionless limit k& = 1, the con-
straint (5.2) on j is always satisfied, this is not true for the SL(2,R) WZW model in
general. One would like to understand the solutions of the recursion relations away from
the constraint on j, which brings one closer towards solving the SL(2, R) WZW model.

Schottky parametrisation. The result we have derived is conceptually clear, but rela-
tively abstract. One could try to make it more concrete by choosing an explicit realisation
of the moduli space of Riemann surfaces of genus g. A parametrisation that is especially
suited for exposing the structure of moduli space is the Schottky parametrisation, where
one constructs genus g surfaces as a quotient of the complex plane by a freely acting
subgroup of SL(2,C). This group is generated by g group elements of SL(2,C) subject
to certain conditions and up to overall conjugation, which leads to a 3g — 3-dimensional
moduli space. This space was used efficiently in [45] to construct the relevant functions
explicitly on higher genus surfaces.

Boundary higher genus. We have in this paper considered the theory on a higher-
genus worldsheet. One could also try to put the boundary of AdSs on a higher-genus
surface. The case of a boundary torus is thermal AdSs and was considered in the literature
before [13, 17], although we are not aware of a construction that goes beyond the thermal
partition function. It is well-known that the thermal partition function of the SL(2,R)
WZW-model has poles in the moduli space of tori that correspond to covering surfaces of
the boundary torus [13]. This statement becomes sharper for the k = 1 theory of strings on
AdS3 x S3 x T*, where the thermal partition function is d-function localised on holomorphic
maps [17]. We hence expect that one can define a version of the SL(2,R) WZW model
with higher-genus boundary. For the tensionless limit on AdS3 x S? x T*, we expect that
correlators would again localise on covering surfaces of the boundary higher-genus surface.
It would be very interesting to give such a definition and explore it.

Topological version and Hurwitz theory. While we have argued that the worldsheet
theory possesses many properties that resemble a topological string theory, it is still a
physical string model. To sidestep the difficulties of the physical string one could try to
consider a topological version of the theory, for instance by topologically twisting string
theory on AdSz x S? [53], see also [54] for a recent twisted version of the correspondence
in the supergravity limit.

Higher-dimensional versions and Gromov-Witten theory. One might wonder
whether it is in general possible to construct other 2d CFTs with similar properties. For
instance, does the WZW model based on SU(1,2) carry similar information about the

~ 31—



holomorphic maps from the worldsheet to the boundary of the group, the Hermitian sym-
metric space SU(1,2)/(S(U(1) x U(2)))? Hurwitz theory is equivalent to Gromov-Witten
theory with curves as target spaces [55], so it is natural to suspect that possible general-
isations count holomorphic maps to the boundary of the group and are hence related to
Gromov-Witten theory.
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A Some background on Riemann surfaces

In this appendix, we review some useful concepts from the theory of (compact) Riemann
surfaces. We explain in particular the construction of the kernel A(z, ().

A.1 The period matrix

Recall that a Riemann surface of genus g has g independent holomorphic differentials. We
can moreover choose a canonical basis ai,..., g, B1,..., B, for the homology Hy(2,,7Z),
in which the intersection product takes the form

a,Noy, =0, BuNp, =0, ay N By =0u. (A.1)

Such a basis is unique up to Sp(2g,7Z) transformations. A Riemann surface together with
such a choice of homology basis is called marked Riemann surface and in the main text,
we fix one particular marking.

We can moreover choose the homology basis such that all a,’s intersect transversely
with £, in one single point zy. This is illustrated in figure 2. We can in particular realise
the Riemann surface topologically by a quotient of its universal covering space ig in which
the sides of a 4g-gon are glued as illustrated in figure 3. This follows by construction from
the choice of cycles as in figure 2.

We fix a canonical basis wi, ...,w, of the holomorphic differentials by imposing that

/ Wy = O - (A.2)
Op

The period matrix of the Riemann surface is the g x g matrix defined by

V= [ w0 (A3)

n

The Riemann bilinear relations state that

Q'=0Q and Im(Q)>0. (A.4)
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Figure 2. The choice of homology basis of the Riemann surface for the example g = 2.

Byt

Figure 3. The construction of a Riemann surface by gluing, here drawn for the example g = 2.

A.2 The Jacobian and the Abel map

The Jacobian associated to the Riemann surface X, is the complex g-dimensional torus
T?9 given by
Jac=CY/(Z9 Q7). (A.5)

The Abel map is the canonical embedding of the Riemann surface into its Jacobian given by

Ab: ¥, — Jac, (A.6a)

zr—)z:(/ wl,...,/wg>. (A.6Db)
20 20

Here, f;o is the integral along an arbitrary path connecting zy and z, where zy is some
fixed point on the Riemann surface. Clearly, the definition is independent of the choice of
the path. We will in the following denote by z the image of the point z under the Abel
map. The Abel map can also be lifted to the universal covering spaces ig and CY and we
continue to denote the image of the point z by z.

The Abel map is injective for ¢ > 1 and an isomorphism for g = 1.

A.3 The theta series

We define the theta series 9, 5(z | Q) as

Iy, B(Z ‘ Q) = Z ewinTﬂn+27rinT(z+ﬁ) ’ (A7)
neZI+a
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where o, 8 € RY/Z9 and z € C9. This sum is absolutely converging, because of the
Riemann bilinear relations (A.4).
We choose in the following o and 8 such that

1 1
20=28=0 and o'f¢c 1 + §Z (A.8)

and denote ¥, g(z | 2) resulting from such a choice just by 9(z | ). Such a choice is always
possible. We note that with this choice, J(0|€2) = 0, since the term 7 in the sum cancels
with —n.

¥(z | Q) has the following quasi-periodicity property: for m, n € Z9, we have

I(z+m+ Qn|Q) = ¢ 2wl (zf)f2mimlay ;| Q) (A.9)

We denote similarly

ﬁ(zl,sz)=z9(zQ_z1|n):19</Z2w1, /wg)n> (A.10)

21 z

for two points z; and zo in the universal covering space ig.

¥(z1, 29 | ) satisfies the analogue of quasi-periodicity properties (A.9) around the 2g
cycles of the surface. Moreover J(z, z|€2) = 0.

¥(z1, 22| €2) is known as the prime form on the Riemann surface in the mathematical
literature. Its significance is that it serves as a basis to construct all meromorphic functions
on a Riemann surface. An important property of 9(z1, 22 | 2) are its zeros. Even though
Y¥(z1, 22 | 2) is only quasi-periodic, its zeros are periodic and hence well-defined in ¥, since
the prefactor in (A.9) is non-zero. The zeros for 21, 23 € ¥, are

V(z1, 22| Q) =0 <= z=morzi=P,...,Pp10rzn=0Q1...,Q41. (A.11)

Here, the points P; (Q;) are independent of 25 (21).2°

A.4 The logarithmic derivative of the prime form

In the main text, a very important role is played by the logarithmic derivative of the prime
form,

A(z,¢|Q) = 0, log (9(z,( | £2)) . (A.12)

It is a function in ¢ and a one-form in z on the universal covering space f]g. The construction
of A depends on a marking, i.e. a choice of o, and 3, and a choice of the characteristics o
and [ in the theta-function. Its periodicity properties are given in eq. (3.11), they follow
directly from (A.9).
A(C,z|Q) has the following poles as a result of the singularities of the zeros of
¥(z,¢|€),
z2=¢, Q1 ..., Qg-1, (A.13)

all with residue one. We stress again that @)1, ..., Q4—1 are independent of ¢. The only
pole in ¢ occurs at ( = z.

20Sometimes 9(z1, 22 | ) is referred to as the prime function. The prime form then refers to a bi-half-
differential, where the additional zeros P; and Q; are cancelled. We will not have need for this quantity.
See e.g. [56].
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B Elliptic functions

In this appendix, we review some facts about elliptic functions, that are needed to check
the examples of covering maps of section 5.1.5.

B.1 The Eisenstein series

We define Eisenstein series for £ € IN as

G2k<7') = 2<<2k)E2k(T) y (Bl)
Eo(1)=1-— éfk nz:l ook—1(n)q", (B.2)

and B, are the Bernoulli numbers and o,,(n) are divisor sums. We write go = 60Gy,
g3 = 140G and suppress the 7 dependence.

1. We have the following relation to theta functions:

Ga(r) = —W , (B.30)
Gy(r) = Zg(@(fﬁ — 92(7) 95 + 93(7)®), (B.3b)
Ge(1) = ;:5(2192(7')12 — 3192(7')8793(7')4 - 192(7')4193(7')8 + 295(7)'?). (B.3c)

see [57, page 361]. Here, 9, (7) = ¥,(0|7) are the Jacobi theta functions. We elimi-
nated ¥4(7) by using the Jacobi abstruse identity

I3(T)t — 9y (1)t = Va(T) = 0. (B.4)

2. Zeros of G4 and Gg. Both Eisenstein series have only a single zero. From the valence
formula of modular forms one has
Gy(es) =0, Ge(i) =0. (B.5)
B.2 The Weierstrass gp function
We need the following properties of the Weierstrass g function:
1. Differential equation of p(z|7):

o' (217)? = 4p(2|7)° = g20(2|7) — g5 (B.6)

2. Addition theorem for p(z|7):

(z1]7) — @ (22|7) \ 2
e+ alr) = (SO =B o i) @)

3. Duplication formula for g(z|7):

"(27)\?
olestr) = 200610 + 1 (525 ) B
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