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1 Introduction

Recently Early, Guevara, Mizera, and one of the authors introduced and studied a natural

generalization of the scattering equations, which connect the space of Mandelstam invari-

ants to that of points on CP1 [1–4], to higher dimensional projective spaces CPk−1 [5]. The

equations are obtained by computing the critical points of a potential function

Sk ≡
∑

1≤a1<a2···<ak≤n
sa1a2···ak log (a1, a2, . . . , ak). (1.1)
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Here sa1a2···ak are a generalization of Mandelstam invariants while (a1, a2, · · · , ak) can be

thought of as Plücker coordinates on G(k, n). The configuration space of n points on CPk−1

is obtained by modding out by a torus action C∗ on each of the points, i.e., X(k, n) :=

G(k, n)/(C∗)n [6].

The kinematic invariants are completely symmetric tensors satisfying

saabc··· = 0,
∑

a2,a3,...,ak

sa1a2···ak = 0 ∀ a1. (1.2)

These are the analogs of masslessness and momentum conservation conditions. These

conditions guarantee that the potential function is invariant under the torus action and

therefore one can choose inhomogeneous coordinates for points on CPk−1. For example,

when k = 3 one can use (xi, yi) while the Plücker coordinates are then replaced by

|abc| := det

 1 1 1

xa xb xc
ya yb yc

 . (1.3)

Having a higher k version of the scattering equations, the most natural question is to

determine the number of solutions, i.e. the number of critical points of the potential Sk.
The standard scattering equations, i.e. k = 2, possess (n − 3)! solutions and the original

proof given in [7] uses that a soft particle decouples from the rest and proceeds by induction.

The argument relies on the fact that as the soft limit is approached, all solutions stay away

from boundaries of X(2, n), i.e. the n points are in a generic configuration. These solutions

are known as regular solutions. The terminology comes from the study of factorization

limits, i.e. when a physical kinematic invariant vanishes. In such a limit, some solutions

give rise to configurations where the Riemann sphere degenerates into two spheres joined

by a single, emergent puncture. Such solutions are called singular solutions.

In [5] it was found that when k ≥ 3 regular solutions in a soft limit cannot possi-

bly account for all solutions. This was deduced by computing the regular solutions for

X(3, 7)→ X(3, 6) and X(4, 7)→ X(4, 6). The numbers were shown to be 1 092 and 1 152

respectively. Since X(3, 7) and X(4, 7) are isomorphic, they must possess the same number

of total solutions. Motivated by this, Rojas and one of the authors designed a technique

for determining the number of missing solutions for X(4, 7) as the rank of a matrix built

out of generalized biadjoint amplitudes thus finding 120 [8]. This implies that the total

number of solutions is exactly 1 272 and that the number of singular solutions for X(3, 7)

and X(4, 7) must be 180 and 120 respectively.

For X(3, 8) → X(3, 7) and X(5, 8) → X(5, 7) one can also compute the number of

regular solutions and find them to be 128 472 and 129 312 respectively. Once again, since

X(3, 8) is isomorphic to X(5, 8) there must be singular solutions. At this point there is

no technique for computing the total number of solutions from the scattering equations

or generalized biadjoint scalar amplitudes. However, Lam has suggested that the total

number of solutions can be related to the number of representations of uniform matroids

over finite fields.1 Using this one can reproduce the correct number for X(2, n), X(3, 6),

and X(3, 7). Moreover, it also predicts 188 112 solutions for X(3, 8).

1Private communication.
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In this work we study the soft limits of scattering equations on X(3, 7), X(4, 7), X(3, 8),

and X(5, 8) and find all singular solutions. In each case, singular solutions correspond to

configurations where the soft particle develops some linear dependence with subsets of

the hard particles while every minor containing only hard particles remains finite. Such

linear dependencies prevent the decoupling of the soft particle from the rest. The simplest

example corresponds to X(3, 7) when particle 7 is taken to be soft and a configuration

where |147|, |257| and |367| vanish. This means that the terms containing s147, s257 and

s367 cannot be dropped in the scattering equations for the hard particles as it is usually

the case for regular solutions.

We find that in every case it is possible to define a new set of scattering equations in

the strict soft limit. This is a completely novel phenomenon. The strict soft limit scat-

tering equations can be solved or its solutions counted using some of the same techniques

developed for the original scattering equations. In fact, using a soft-limit approach one

finds again regular and singular solutions.

Based on these examples we propose a general classification of all configurations that

can support singular solutions in X(k, n) for general k and n. For example, when k = 3

there are
⌊
n−1

2

⌋
− 2 distinct topologies corresponding to 3, . . . ,

⌊
n−1

2

⌋
lines intersecting at

the soft particle position. For higher k, there are configurations that are inherited from

lower k values as well as new ones corresponding to at least k (k−2)-planes intersecting at

the soft particle location. The general structure hints at a recursive structure for X(k, n)

similar to that found for X(2, n).

Very recently, an elegant structure of soft theorems was unearthed by Garcia and

Guevara in generalized biadjoint amplitudes [9]. One of the surprising results is the fact

that standard k = 2 biadjoint amplitudes serve as soft factors for k > 2 amplitudes. They

computed the leading order behavior of amplitudes in the soft limit, i.e., as τ → 0 with

sabn = τ ŝabn, assuming a decoupling of the soft particle from the scattering equations

governing the hard particles. We find that in all examples we studied their assumption is

indeed correct as singular solutions can at most contribute to subleading terms in the soft

limit expansion.

This paper is organized as follows: in section 2 we review the standard argument for

k = 2 adding an explanation for why no singular solutions are found. In section 3 we review

what it is known regarding regular solutions, in particular, how this led to the prediction

of the existence of singular solutions. In section 4 we find all singular solutions in the soft

limits X(3, 7)→ X(3, 6) and X(4, 7)→ X(4, 6). In section 5 we find all singular solutions

in the soft limits X(3, 8) → X(3, 7) and X(5, 8) → X(5, 7). In the latter we find for the

first time topologically distinct configurations leading to singular solutions. In section 6,

we make our proposal for all configurations that can support singular solutions and explain

the evidence supporting it. We end in section 7 with discussions regarding the contribution

of singular solutions to the soft expansion of generalized biadjoint scalar amplitudes. In

appendix A we show how the counting of the number of singular solutions works from

the bounded chambers method in some particular cases for k = 3, and in appendix B we

comment on the geometrical interpretation of some of the singular configurations in X(5, 8).

– 3 –
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2 Soft limits in X(2, n)

Scattering equations on X(2, n) have provided a direct connection between locality and

unitarity constraints in tree-level scattering amplitudes and properties of the moduli space

of punctured Riemann spheres. The way this happens is somewhat surprising. The scat-

tering equations for n particles possess Nn = (n − 3)! solutions and when a factorization

channel, in which particles separate into two sets L, R, containing nL > 1 and nR > 1

particles, is approached, N singular
n := (nL− 2)!× (nR− 2)! solutions become singular. More

explicitly, all punctures in L (or R) approach each other.2 However, cross ratios involv-

ing only particles on L (or R) remain finite and lead to the blow up picture where two

Riemann spheres are joined by a new puncture with one containing particles in L and the

other particles in R.

The singular solutions are the most relevant to ensure the correct physical behavior

of scattering amplitudes in the Cachazo-He-Yuan (CHY) formulation as they produce the

kinematic pole while the remaining N regular
n := (n− 3)!−N singular

n are regular. This means

that the CHY formula remains finite on them. This is precisely the opposite to what

happens in a soft limit. Indeed, in X(2, n) one finds only regular solutions and they are

the ones responsible for the leading order behavior of amplitudes in the limit and control

the corresponding soft theorems [10–13]. In this section we review the soft limit analysis

as preparation for X(k, n) with k > 2.

2.1 Regular solutions

Let us write the scattering equations in a form that manifestly exhibits the dependence on

particle n:

Ea :=
n−1∑
b=1

sab
xab

+
san
xan

with 1 ≤ a ≤ n− 1 and En :=
n−1∑
b=1

snb
xnb

(2.1)

with xab = xa − xb and the equations are obtained by requiring Ea = 0 for all a.

The soft limit in particle n is defined by taking san = τ ŝan with τ → 0. Regular solu-

tions are defined as those where none of the punctures approach another. More explicitly,

xab 6= 0 for all values of a and b. Under this assumption it is easy to see from (2.1) that all

n dependence can be dropped from the first n−1 equations. This set of equations precisely

corresponds to that of a system of n− 1 particles and therefore can be solved to find Nn−1

solutions. In other words, in the soft limit, the nth particle decouples from the equations

that control the rest. However, the possible values of xn are not arbitrary since τ drops

from the last equation in (2.1) to give

n−1∑
b=1

ŝnb
xn − xIb

= 0 (2.2)

where xIb is any one of the Nn−1 solutions for the hard particles. At first sight this equation

leads to a polynomial in xn of degree n − 2 but the coefficient of xn−2
n vanishes due to

2This is in some SL(2,C) gauge choice.
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momentum conservation and hence it leads to n− 3 solutions for xn. Since this is true for

each xIb one finds N regular
n = (n− 3)Nn−1.

Under the assumption that N singular
n = 0 one finds the recursion relation Nn = (n −

3)Nn−1 with N4 = 1 and whose solution is Nn = (n − 3)!. Now we turn to proving that

N singular
n = 0.

2.2 Absence of singular solutions

A singular solution is one which does not obey the condition for decoupling the soft particle

from the equations determining the rest. This can only happen when xin = τ x̂in, i.e.

vanishes in the soft limit for some values of i. Let us denote the set of such particles D.

Clearly D must contain more than one element for if |D| = 1 then the last equation in (2.1)

becomes En = ŝin/x̂in = 0 which has no solutions.

Let us assume that |D| ≥ 2 and parameterize xi = xn + τui for i ∈ D. Here we follow

an argument originally presented in [3] for factorization limits but perfectly applicable to

the situation at hand. It is simple to show that for any a /∈ D

xanEa =
∑
b/∈D

xan
xab

sab +
∑
b∈D

(
1 + τ

ub
xab

)
sab. (2.3)

Of course, this must be zero when the scattering equations are imposed. Adding all these

equations one finds ∑
a/∈D

xanEa = 0 ⇒

(∑
a/∈D

ka

)2

= O(τ). (2.4)

However, an implicit assumption in a soft limit is that the kinematics of the system of n−1

particles is generic and therefore no kinematic invariant involving only hard particles is

allowed to vanish. This means that (2.4) is a contradiction and therefore singular solutions

do not exist in the soft limit X(2, n)→ X(2, n− 1).

3 Regular solutions in X(k, n)→ X(k, n− 1)

In this section we review the known results for the counting of regular solutions in the soft

limits X(k, n) → X(k, n − 1). As discussed in the previous section, regular solutions are

defined as those for which the soft particle decouples from the equations determining the

configuration of the others. This means that we can assume that the system X(k, n−1) has

been solved and N (k)
n−1 solutions have been found. The task at hand is then to determine

the number of solutions for the position of particle n from the equations

OnSk = 0. (3.1)

Here the gradient is taken only with respect to the coordinates of particle n since all other

particle positions are assumed to have been found. Let us denote the number of solutions

to (3.1) as Softk,n. The notation is motivated by soft theorems. This means that the

number of regular solutions is N (k):regular
n = Softk,n ×N

(k)
n−1.

– 5 –
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In the soft limit X(2, n) → X(2, n − 1) we have seen that (3.1) is a single equation

with Soft2,n = n − 3 solutions and therefore N (2):regular
n = (n − 3) × N (2)

n−1. Of course, we

have seen that N (2):regular
n is also equal to the total number of solutions N (2)

n .

The only other case that is known for all n is the soft limit X(3, n) → X(3, n − 1).

In [5] it was found that

Soft3,n =
1

8
(n− 4)(n3 − 6n2 + 11n− 14). (3.2)

The first few values are Soft3,5 = 2, Soft3,6 = 13, Soft3,7 = 42, and Soft3,8 = 101. By explicit

computations it was found in [5] that N (3)
5 = 2 and N (3)

6 = 2× 13 = 26. This means that

there are no singular solutions for n ≤ 6. Therefore the number of regular solutions for

n = 7 is N (3):regular
7 = 42 × 26 = 1 092. In [8], it was proven that the total number of

solutions for n = 7 is N (3)
7 = 1 272 and with this the number of regular solutions in the

soft limit X(3, 8) → X(3, 7) is N (3):regular
8 = 101 × 1 272 = 128 472. In section 5 we show

that the total number of solutions for X(3, 8) is N (3)
8 = 188 112. Therefore the number

of regular solutions for n = 9 is N (3):regular
9 = 205 × 188 112 = 38 562 960. Since the total

number of solutions for X(3, 9) is not presently known we cannot determine N (3):regular
n

for n ≥ 10.

In [5], the number of regular solutions was identified with the number of bounded

chambers by real hyperplanes when the kinematics was chosen in a special region known

as the positive region (reviewed in section 4.1.1). This identification is also based on the

assumption that all solutions are real in the positive region. Using this approach Soft4,6 = 6,

Soft4,7 = 192 and Soft4,8 = 1 858 were computed. Here we have pushed the computation

of bounded chambers up to n = 16 leading to the following proposal

Soft4,n =
1

1296
(n−5)

(
n8−13n7−5n6+1019n5−7934n4+29198n3−57510n2+57276n−20736

)
.

(3.3)

These results imply that

N (4):regular
7 = 6× 192 = 1 152, N (4):regular

8 = 1 272× 1 858 = 2 363 376. (3.4)

For k = 5 much less is known: Soft5,7 = 24, Soft5,8 = 5 388 and Soft5,9 = 204 117. This

leads to

N (5):regular
8 = 24× 5 388 = 129 312, N (5):regular

9 = 204 117× 188 112. (3.5)

The last result uses that the total number of solutions of the scattering equations on X(5, 8)

is N (5)
8 = N (3)

8 = 188 112.

4 Singular solutions in X(3, 7)→ X(3, 6) and X(4, 7)→ X(4, 6)

We have already seen that there cannot be singular solutions for k = 2. For higher k,

however, it is possible to keep all minors without the soft particle finite while sending some

of the minors involving the soft particle to zero. This makes singular solutions possible

– 6 –
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Figure 1. Configuration of singular solutions in X(3, 7). Left : near the soft limit three lines 14,

25 and 36 almost cross the soft particle. Right : in the strict soft limit the three lines meet at the

soft particle.

for k > 2. In this section we study the first examples where singular solutions appear,

which correspond to X(3, 7)→ X(3, 6) and X(4, 7)→ X(4, 6). This analysis also explains

why there are not singular solutions for X(3, 6)→ X(3, 5) explaining the agreement of the

regular soft counting of solutions with the total number of solutions found in [5].

4.1 Singular solutions in X(3, 7)→ X(3, 6)

The first explicit example where we have singular solutions is in X(3, 7). In order to obtain

the singular solutions, we study the soft limit for, e.g., particle n = 7, i.e. sab7 → τ ŝab7
(with τ → 0). The singular solutions arise from configurations where three lines3 in CP2 (or

RP2 if all solutions are real), each defined by two hard particles, meet at the soft particle.

One such configuration is where lines 14, 25 and 36 meet at the particle 7 as shown in

figure 1. This implies that all three determinants |147|, |257| and |367| vanish. There exist(
6
2

)(
4
2

)(
4
2

)
/3! = 15 different such configurations.

For each configuration, it is possible to choose coordinates to find equations governing

the system at τ = 0. The new scattering equations have 12 solutions. Therefore there are

N (3):singular
7 = 12× 15 = 180 singular solutions.

The way to get the solutions is the following. Take the configuration where |147|, |257|
and |367| vanish as an example. A convenient choice of gauge fixing in projective space is

 1 0 0 1 1 1 1

x1 x2 x3 x4 x5 x6 x7

y1 y2 y3 y4 y5 y6 y7

 gauge fixing→

 1 0 0 1 1 1 1

0 1 0 1 x5 x6 x7

0 0 1 1 y5 y6 y7

 . (4.1)

Under the parametrization sab7 → τ ŝab7, terms containing s147, s257 and s367 cannot be

dropped in the equations for the hard particles

∂S̃3

∂xa
+
∑
b 6=a,7

τ ŝab7
|ab7|

∂|ab7|
∂xa

= 0,
∂S̃3

∂ya
+
∑
b 6=a,7

τ ŝab7
|ab7|

∂|ab7|
∂ya

= 0, for a = 1, . . . 6 (4.2)

3In this work we use the word “line” to refer to a complex line, i.e., CP1, or to a real line. The meaning

should be clear from the context.
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where S̃3 is the potential of hard particles, S̃3 ≡
∑

1≤a<b<c≤6 sabc log(a, b, c). They also

dominate in the two scattering equations for the soft particle

∂S3

∂x7
=
τ ŝ147

|147|
∂|147|
∂x7

+
τ ŝ257

|257|
∂|257|
∂x7

+
τ ŝ367

|367|
∂|367|
∂x7

+O(τ) = 0 ,

∂S3

∂y7
=
τ ŝ147

|147|
∂|147|
∂y7

+
τ ŝ257

|257|
∂|257|
∂y7

+
τ ŝ367

|367|
∂|367|
∂y7

+O(τ) = 0 . (4.3)

The subleading terms O(τ) in the above equations (4.2) and (4.3) can be omitted in the

soft limit.4 In contrast to regular solutions, where we solve the equations for hard particles

first, here the equations for the soft particle (4.3) are simpler and we solve them first. Note

that there are three dominating terms in each of the equations (4.3). Algebraically, one

can check that there would be no solutions for x7 and y7 if there were only two dominating

terms in each of the equations (4.3). In fact, this is the reason why there are no singular

solutions for X(3, 6)→ X(3, 5). The fact that at least three terms are needed has a more

intuitive geometric explanation which we give in the next subsection.

We then parametrize each determinant as |147| = τu, |257| = τv and |367| = τp, that is

x6 = y5 − τ(u+ v + p), x7 = y5 − τ(u+ v), y7 = y5 − τv. (4.4)

In the soft limit, the new set of scattering equations, with variables x5, y5, y6, u, v and p is

lim
τ→0

∂S3

∂xi

∣∣∣∣
(4.4)

= 0, lim
τ→0

∂S3

∂yi

∣∣∣∣
(4.4)

= 0, for i = 1, . . . 7. (4.5)

Among the 14 equations (4.5), only 6 of them are independent. Furthermore, we can sep-

arately solve for u, v and p from (4.5) and obtain equations involving only hard particles

(∂S̃3

∂y5
+
∂S̃3

∂x6

)∣∣∣∣∣
x6→y5

= 0,
∂S̃3

∂x5

∣∣∣∣∣
x6→y5

= 0,
∂S̃3

∂y6

∣∣∣∣∣
x6→y5

= 0 . (4.6)

Solving these equations we find that, compared to the original scattering equations for

6 particles, which have 26 solutions, now the requirement that lines 14, 25 and 36 pass

through a common point reduces the number of solutions to 12.

4.1.1 Singular solutions on positive kinematics

We have seen the kind of configurations that produce singular solutions in X(3, 7)→X(3, 6).

However, a purely algebraic approach sheds little light on why such configurations can

produce singular solutions while others cannot. Moreover, unless a more geometric under-

standing is reached, it seems hopeless to uncover the general structure for all soft limits

X(k, n)→ X(k, n− 1).

In this subsection, we make use of kinematic data in what is known as the positive

region K+
3,n to study and visualize the solutions (for more the details on K+

3,n see [5, 14]).

4This is because the terms shown explicitly in (4.3) are of order O(τ0) since the minors in the denomi-

nators vanish as O(τ) thus canceling the explicit factor of τ in the numerators.

– 8 –
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The main advantage is that one can develop intuition on why there are singular solutions

through explicit geometric pictures.

Let us briefly review the construction of kinematic data in the positive region K+
k,n for

general k. We start by selecting k+1 particles A1, A2, · · · , Ak+1 to be fixed by the action of

SL(k,C). This time k−1 particles, say A2, A3, · · · , Ak, can be sent to infinity in k−1 differ-

ent directions by setting their homogeneous coordinates to (0, 1, 0, · · · , 0), (0, 0, 1, · · · , 0),

· · · , (0, 0, · · · , 0, 1), respectively. The other two are chosen to be, in inhomogeneous coor-

dinates, at the origin and at (1, 1, · · · , 1) on the plane (x1, x2, · · · , xk−1) ∈ Rk−1.

Since interactions in the potential function are controlled by the determinants

|a1a2 . . . ak|, a given particle is not directly sensitive to the location of any other parti-

cle but only sensitive to the (k − 2)-planes defined by any other k − 1 particles. In order

to find the analog of the positive region, let us again consider the potential function

Sk =
∑

1≤a1<a2<···<ak≤n
|{a1,a2,··· ,ak}∩{A1,A2,··· ,Ak+1}|≤k−1
|{a1,a2,··· ,ak}∩{A2,A3,··· ,Ak}|≤k−2

sa1,a2,··· ,ak log |a1, a2, · · · , ak| . (4.7)

Therefore, this positive region K+
k,n is defined by requiring all invariants that explicitly

appear in (4.7) to be positive. This is possible because the set of all such invariants

form a basis of the kinematic space. Since critical points of the potential correspond to

equilibrium points, they can only lie inside the bounded chambers of this space, assuming

they are all real.

Let us define the subregion of K+
k,n where all solutions to the scattering equuations are

real by K+,R
k,n .

When k = 2, it is known that K+,R
2,n = K+

2,n. Moreover, since K+
2,n contains all soft

limits, it is possible to smoothly go from one to another without ever leaving K+,R
2,n . In [5],

it was argued that for k = 3 it turns out that K+,R
3,n ⊂ K

+
3,n is disconnected. In fact, each

soft limit seems to live in its own region. For our present problem of X(3, 7), it is enough

to know that sufficiently near the soft limit of particle 7 all solutions are real.

Singular solutions are called singular because they make some minors |ab7| containing

particle 7 vanish. Geometrically, this means that lines ab in RP2 space will dominate. The

remaining lines can be omitted for the soft particle at first. Therefore, in order to bound

particle 7 in RP2 space, we need at least 3 such dominating lines. That is, we need at least

three vanishing minors involving particle 7 while keeping the other minors still finite. For

n = 7, this can be achieved for example by letting |147|, |257| and |367| vanish. There

are 15 such kind of configurations. In appendix A.1, we further find out that there are

12 bounded chambers to bound the soft particle 7, which means there are 12 solutions for

each of the configurations.

4.2 Singular solutions in X(4, 7)→ X(4, 6)

Another simple example is X(4, 7). Taking again particle 7 to be soft, i.e. sabc7 → τ ŝabc7
(with τ → 0), all singular solutions come from 30 different configurations where determi-

nants of the form |1237|, |3457|, |1567| and |2467| vanish. We can geometrically interpret
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Figure 2. A configuration of singular solutions in X(4, 7). Left : near the soft limit four 2-planes

123, 345, 561 and 246 almost cross the soft particle. Right : in the strict soft limit the soft particle

lies in the intersection of the four 2-planes.

this configuration in the soft limit as having the soft particle as the intersection of four

planes, and each hard particle lying on the intersection of two of those planes. We give a

very schematic representation, i.e. drawing RP3 on a plane, of this in figure 2.

There are 4 solutions for each of these configurations, so we obtain a total amount of

N (4):singular
7 = 4× 30 = 120 singular solutions.

The way to get the solutions is the following. For a configuration where |1237|, |3457|,
|1567| and |2467| vanish, a convenient choice of gauge fixing in projective space is

1 0 1 0 0 1 1

x1 x2 x3 x4 x5 x6 x7

y1 y2 y3 y4 y5 y6 y7

z1 z2 z3 z4 z5 z6 z7

 gauge fixing→


1 0 1 0 0 1 1

0 1 1 0 0 x6 x7

0 0 1 1 0 y6 y7

0 0 1 0 1 z6 z7

 . (4.8)

We then parameterize each determinant as |1237| = τu, |3457| = τv, |5617| = τp, and

|2467| = τq, that is

x6 =
τ(vy6 + p) + y6

τ(q − u) + z6
, x7 = τv + 1, y7 = τ(q − u) + z6, z7 = τq + z6 . (4.9)

When we plug this into the original scattering equations and take the strict soft limit

τ → 0, we obtain a new set of scattering equations with variables u, v, p, q, y6 and z6

lim
τ→0

∂S4

∂xi

∣∣∣∣
(4.9)

= 0, lim
τ→0

∂S4

∂yi

∣∣∣∣
(4.9)

= 0, lim
τ→0

∂S4

∂zi

∣∣∣∣
(4.9)

= 0, for i = 1, . . . 7. (4.10)

Among the above 21 equations, only 6 of them are independent. The system is simple

enough that all variables except one can be eliminated using resultants producing an ir-

reducible polynomial of degree 4 for the left over variable. This means that there are 4

solutions. Note that in this case one can again eliminate u, v, p and q in the new scattering

equations (4.10) first and then reduce the system to one only involving hard particles(
∂S̃4

∂x6
+ z6

∂S̃4

∂y6

)∣∣∣∣∣
x6→ y6

z6

= 0,

(
∂S̃4

∂z6
+ x6

∂S̃4

∂y6

)∣∣∣∣∣
x6→ y6

z6

= 0, (4.11)

where S̃4 is the potential of hard particles, S̃4 ≡
∑

1≤a<b<c<d≤6 sabcd log |a, b, c, d|. Here

we just present two independent equations and the remaining variables are y6 and z6.
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Figure 3. Top: the soft particle lies inside a tetrahedron. Bottom: three projections of the

tetrahedron from the point of view of particles 2, 4 and 5, respectively, when these are sent to

infinity. In the strict soft limit, the tetrahedron as well as its three projections collapse to a point.

Compared to the original scattering equations for 6 particles, which has 6 solutions, now

the requirement that the planes 123, 345, 561 and 246 pass through a common point reduces

the number of solutions to 4. Therefore, the number of singular solutions for X(4, 7) is

N (4):singular
7 = 30× 4 = 120, as expected.

4.2.1 Singular solutions on positive kinematics

Now, we make the use of kinematic data in the positive region K+
4,n (or more precisely

in K+,R
4,n ) (4.7) to study the solutions. Singular solutions make some minors of the form

|abc7|, i.e. containing particle 7, vanish. Geometrically, this means that planes abc in RP3

space will dominate. The remaining planes can be omitted for the soft particle at first.

Therefore, in order to bound particle 7 in RP3 space, we need at least 4 such dominating

planes. That is, we need at least four vanishing minors involving particle 7 while keeping

the other minors still finite. For n = 7, this can be achieved for example by letting |1237|,
|3457|, |1567| and |2467| vanish. In figure 2 the soft particle is bounded inside a tetrahedron

whose volume is of order τ when we use the kinematic data from the positive region. It is

not trivial for six hard particles to form such a tetrahedron while any four of them are not

allowed to lie in a common plane. One can check that this is the only kind of configuration,

up to relabelling, that achieves this goal for X(4, 7).

Here we introduce another description of the tetrahedron, which can be generalized

to describe more complicated polytopes. We view each vertex of the tetrahedron as an

auxiliary point and give each of them a label, ranging from 8 to 11, see figure 3.

Note that particle labels are from 1 to 7. Hard particles 1–6 lie on the lines determined

by {8,11}, {8,9}, {9,11}, {9,10}, {10,11} and {8,10} respectively. Using the auxiliary
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points, we can understand the relative positions of the hard particles. Alternatively, now we

can ignore the auxiliary points and imagine how these hard particles form some dominating

planes to bound the soft particle.

We can also describe this tetrahedron through its projections from 3 orthogonal direc-

tions. As particles 2, 4 and 5 are sent to infinity in different directions, we can say that the

three projections in figure 3 are just what the tetrahedron would look like if one stands at

the position of 2, 4 and 5 respectively. In the first projection, vertices 8 and 9 are pinched

from the view of particle 2, which has been sent to infinity. We can say that particle 2 lies

on the lines determined by {8,9}. The remaining two projections are completely analogous.

There are 4 solutions for this particular configuration. For generic points in K+
4,7 there

are complex solutions. However, the region K+,R
4,7 is non-empty and therefore resting to it

one can find all four real solutions. Looking at the new equations (4.10) for X(4, 7), it is

very hard to see whether there are solutions. Using the positive kinematic data in K+,R
4,7

and viewing the solutions as equilibrium points, we see at least that there are possible

solutions for the soft particle 7.

A beautiful way to count the number of solutions is from the dual limit in the dual

space X(3, 7) as we explain now.

4.2.2 Singular solutions from a dual hard limit

One new feature of k > 2 kinematics is that in addition to soft limits there are also “hard

limits”. In fact, these are dual to each other under the isomorphism X(k, n) ∼ X(n−k, n)

with the corresponding action on kinematic invariants [5, 9]. In the case at hand, the soft

limit of particle 7 in X(4, 7) is dual to the hard limit of particle 7 in X(3, 7). It is important

not to confuse it with the soft limit of particle 7 in X(3, 7) analyzed at the beginning of

the section.

The reason for the name is easily seen from the relation among kinematic invariants.

Consider X(4, 7) ∼ X(3, 7) and the relation sabcd = sefg with {e, f, g} = {1, 2, . . . , 7} \
{a, b, c, d}. This means that the soft limit in X(4, 7), i.e. sabc7 → 0 with the rest finite,

implies sabc → 0 if 7 /∈ {a, b, c} and finite for any invariant containing 7, i.e. sab7. Going

back to the singular solutions in X(4, 7), one can explicitly visualize the four solutions

for each of the 30 configurations by using the dual hard limit in X(3, 7). Recall that the

singular solutions in X(4, 7) come from configurations where the determinants of the form

|1237|, |3457|, |1567| and |2467| vanish. Just as for kinematic invariants, this corresponds

to having the determinants |456|, |126|, |234| and |135| vanishing in X(3, 7).

If we gauge fix the homogeneous coordinates of particles 3 and 6 to infinity as (0, 0, 1)

and (0, 1, 0), and of particles 4 and 1 to be the origin (1, 0, 0) and (1, 1, 1), then the con-

figurations that give rise to singular solutions automatically fix particles 2 and 5 to be at

(1, 0, 1) and (1, 1, 0) respectively.

Therefore, for generic positive kinematics in RP2 we are left with four bounded cham-

bers, which correspond to equilibrium points where particle 7 can be. These points corre-

spond to the 4 solutions of the system. We give a graphical representation in figure 4.
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Figure 4. Four bounded chambers from the hard limit in X(4, 7). Left: the gauge-fixed particles

1, 3, 4 and 6 create repelling black lines. Right: the singular configurations automatically fix the

position of particles 2 and 5 to be in the two remaining vertices of the square [0, 1]2, and create a

new repelling (orange) line. This produces four bounded chambers (shown in grey) where particle

7 can be.

5 Singular solutions in X(3, 8)→ X(3, 7) and X(5, 8)→ X(5, 7)

Now we move on to two more complicated cases, X(3, 8) and X(5, 8), each of which having

their own new features. In the former, the equations are complicated enough that counting

solutions directly is not straightforward as in previous cases. Instead we use that the new

scattering equations at τ = 0 can also be analysed in soft limits to count solutions. The

new equations also turn out to have both regular and singular solutions. In the latter case,

we find the first example in which several topologically distinct configurations contribute to

singular solutions. Of course, we expect this to be the generic behavior for higher k and n.

5.1 Singular solutions in X(3, 8)→ X(3, 7)

In order to obtain the singular solutions, we study the soft limit for, e.g., particle n = 8,

i.e. sab8 → τ ŝab8 (with τ → 0). The singular solutions arise from configurations where

three lines in CP2, each defined by two hard particles, meet at the soft particle. In the

same spirit as for X(3, 7), we let e.g. |148|, |258| and |368| vanish and we find 568 singular

solutions. The large number of the solutions is the reason this case resists a direct approach

as mentioned above. There are
(

7
2

)(
5
2

)(
3
2

)
/3! = 105 different configurations of this kind and

therefore N (3):singular
8 = 105× 568 = 59 640.

Let us now explain how to count the solutions for each singular configuration. The 568

solutions can be counted by taking a second soft limit, say that of particle 7. The solutions

to the new scattering equations come in three different types. The first corresponds to

regular solutions and the other two to singular solutions. Since the three kinds come from

the singular solutions for the particle 8 we can denote them as (regular7, singular8) and

(singular7, singular8) of type A and type B.

The first class of solutions, (regular7, singular8), come from decoupling particle 7

from the remaining hard particles. We obtain 12 solutions for the hard particles and each

gives 41 solutions for particle 7 leading to 12 × 41 = 492 such solutions.

The first kind of (singular7, singular8) solutions come from configurations in which

particle 7 belongs to one of the already existing three lines and lies in the intersection
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Figure 5. Left : representation of (singular7, singular8) type A configurations. Right : represen-

tation of (singular7, singular8) type B configurations.

of two other new lines (see left side of figure 5). For instance, this would correspond to

vanishing determinants of the form |147|, |267| and |357|. We find 6 solutions for each of

the 6 possible configurations of this kind.

The second kind of (singular7, singular8) solutions corresponds to the case where

three new lines intersect at particle 7 (see right side of figure 5). For instance, this would

correspond to vanishing determinants of the form |167|, |247| and |357|. We find 5 solutions

for each of the 8 possible configurations of this kind.

Notice that in these last two cases there is a symmetry between particles 7 and 8.

Combining these results one finds that the number of solutions to the equations that arise in

a particular singular configuration in the soft limit of particle 8 is 41×12+8×5+6×6 = 568.

Let us now explain how the procedure is implemented. We can again use a similar

gauge fixing as in previous cases and parameterize the space as

x6 = y4 − τ(u+ v + p), x8 = y4 − τ(u+ v), y8 = y4 − τv. (5.1)

When we take the strict soft limit τ → 0 we obtain a set of new equations with 8 variables:

u, v, p, x5, y5, y6, x7 and y7. The equations are given by

lim
τ→0

∂S3

∂xi

∣∣∣∣
(5.1)

= 0, lim
τ→0

∂S3

∂yi

∣∣∣∣
(5.1)

= 0, for i = 1, . . . 8. (5.2)

More explicitly, we have

lim
τ→0

∂S3

∂x8

∣∣∣∣
(5.1)

=
s368

p
− s148

u
, lim

τ→0

∂S3

∂x8

∣∣∣∣
(5.1)

=
s148

u
− s258

v
,

lim
τ→0

∂S3

∂y5

∣∣∣∣
(5.1)

=
s258

v
+
∂S̃3

∂y5

∣∣∣∣∣
x6→y5

, lim
τ→0

∂S3

∂x6

∣∣∣∣
(5.1)

= −s368

p
+
∂S̃3

∂y5

∣∣∣∣∣
x6→y5

, (5.3)

with S̃3 defined as the potential S̃3 ≡
∑

1≤a<b<c≤7 sabc log(a, b, c). This allows us to easily

eliminate u, v and p and reduce the new set of equations (5.2) to ones involving less

particles, {
∂S̃3

∂y5
+
∂S̃3

∂x6
,

∂S̃3

∂x5
,

∂S̃3

∂y6
,

∂S̃3

∂x7
,

∂S̃3

∂y7

}∣∣∣∣∣
x6→y5

= 0 . (5.4)
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Now we have 5 independent equations and the remaining variables are x5, y5, y6, x7 and

y7. So we have reduced a problem of 8 particles to one of 7 particles.

This means we can now start with the set of equations (5.4) and study them inde-

pendently of where they came from, i.e. the eight-particle problem, just like we did in the

X(3, 7) case. As mentioned above, when the soft limit sab7 → εŝab7 (with ε→ 0) is taken,

there are again both regular and singular solutions for (5.4).

For the (regular7, singular8) solutions, all terms involving particle 7 can be omitted

in the first three equations in (5.4), which become exactly the same equations as (4.6)

and give 12 solutions for x5, y5 and y6. We plug each solution into the last two equations

in (5.4) and obtain 41 solutions for x7 and y7. Compared to the regular solutions in X(3, 7),

roughly speaking, we can see that the requirement x6 = y5 reduces the number of solutions

for x7 and y7 from 42 to 41. In total, we obtain 12 × 41 = 492 solutions from this sector.

We give a graphical representation and counting of these solutions in appendix A.2.

For the (singular7, singular8) solutions, note that the three lines 12, 34 and 56

already intersect at the same point (i.e. the position of particle 8, but this fact is irrelevant

for our present problem). Now we need another 3 lines intersecting at the position of

particle 7 in the CP2 in the strict second soft limit ε → 0. There are 2 different kinds of

configurations that we graphically represented in figure 5.

For the first configuration, which corresponds to requiring |147|, |267| and |357| to

vanish, we re-parameterize the CP2 space using the constraints

|147| = ε q, |267| = ε r, |357| = ε s, (5.5)

that is

y6 = ε(q + r + s) + x5, x7 = sε+ x5, y7 = ε(q + s) + x5. (5.6)

If one plugs them in into (5.4) and takes the strict soft limit ε→ 0, a new set of scattering

equations with variables q, r, s, x5 and y5 arises. Again we can easily eliminate q, r and s

and reduce the new set of equations to those only involving the six hard particles

∂Ŝ3

∂y5
+
∂Ŝ3

∂x6

∣∣∣∣∣
x6→y5,y6→x5

= 0 ,
∂Ŝ3

∂x5
+
∂Ŝ3

∂y6

∣∣∣∣∣
x6→y5,y6→x5

= 0 , (5.7)

with Ŝ3 defined as the potential of 6 particles, i.e. Ŝ3 ≡
∑

1≤a<b<c≤6 sabc log(a, b, c). It

turns out that there are 6 solutions to these equations.

For the second type of configuration, i.e., where |167|, |247| and |357| are taken to

vanish, we re-parameterize the CP2 space using the constraints

|167| = ε q, |247| = ε r, |357| = ε s, (5.8)

that is

x7 = εs+ x5, y7 = 1− εr, y6 =
−ε(q + ry5) + y5

εs+ x5
. (5.9)

When we plug this into (5.4) and take the strict soft limit ε → 0, we obtain a set of new

scattering equations with variables q, r, s, x5 and y5. Again we can easily eliminate q, r

– 15 –



J
H
E
P
0
5
(
2
0
2
0
)
1
4
8

Topology
type Vanishing minors Number of

configurations
Number of
solutions

1 |57238|, |57148|, |53468|, |51268| 210 96

2 |12358|, |12468|, |15678|, |23478|, |34568| 420 24

3 |12378|, |12458|, |13568|, |23468|, |25678|, |34578| 210 8

4 |12348|, |12358|, |12368|, |12378|, |14568|, |24578|, |34678| 840 32

Table 1. Four different topologies of singular configurations for X(5, 8) defined by the list of

vanishing minors.

and s and reduce the new set of equations to those only involving 6 hard particles

∂Ŝ3

∂y5
+
∂Ŝ3

∂x6
+
x5

y5

∂Ŝ3

∂x5

∣∣∣∣∣
x6→y5,y6→x5

= 0 ,
x2

5

y5

∂Ŝ3

∂x5
+
∂Ŝ3

∂y6

∣∣∣∣∣
x6→y5,y6→x5

= 0. (5.10)

These equations have 5 solutions. Therefore, we obtain a total of 6 × 6 + 8 × 5 = 76

(singular7, singular8) solutions.

Summarizing, we have proven that there are 568 solutions for the new set of equa-

tions (5.4). Therefore, as mentioned above, we find that the total number of singular

solutions for X(3, 8) is N (3):singular
8 = 105×568 = 59 640. Together with the already known

128 472 regular solutions, mentioned in section 3, we get a total of N (3):total
8 = 188 112

solutions, which is consistent to a proposal made by Lam that this should be related to

the number of representations of uniform matroids as defined in [15].

Of course, the challenge now is to reproduce the same number of total solutions for the

dual space X(5, 8). Confirming that N (5):total
8 = 188 112 would be a very strong consistency

check on our constructions and on the number itself.

5.2 Singular solutions in X(5, 8)→ X(5, 7)

Unlike any case considered previously, the soft limit X(5, 8) → X(5, 7) has four kinds of

topologically distinct singular solutions. In order to describe them let particle 8 be soft.

As summarized in table 1, the four kinds of singular solutions come from the configurations

where either 4, 5, 6, or 7 minors involving particle 8 vanish. Each class has 210, 420, 210,

and 840 different configurations, respectively. For each of them, there are 96, 24, 8, and 32

solutions respectively, as we show below. Thus we obtain N (5):singular
8 = 210× 96 + 420 ×

24 + 210× 8 + 840× 32 = 58 800 singular solutions.

5.2.1 Type 1 configuration

The first configuration in table 1 is slightly subtler than the remaining ones so we describe

it in a separate subsection. The soft particle 8 can be thought of as being projected from

CP4 space to CP3 space through the particle 5 and then being crossed by four 2-planes in

the projection space just like the case X(4, 7). We give a very schematic representation, i.e.

drawing RP3 on a plane, of the projection in figure 6, where particle 5 is sent to infinity. The

four vertices of the tetrahedron in this projection actually correspond to four parallel lines

in RP4 space. We can think of these four lines intersecting at the infinity point, particle 5.
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Figure 6. The geometrical interpretation of the topology type 1 near the soft limit, from the point

of view of particle 5, is that the projection of the soft particle lies inside a tetrahedron just like in

X(4, 7). In the strict soft limit, in projection space, the tetrahedron collapses to a point where the

projection of the soft particle 8 lies while in CP4 space, the four 3-planes 5723, 5714, 5346, and

5128 share a common line that crosses particles 5 and 8.

There are no analogs to this case for k = 3 because there are no singular solutions

for k = 2. Starting at k = 4, however, the soft particle can be projected into a lower-

dimensional space and its projection satisfies the requirement of that particular dimension

as long as n is large enough.

The way to obtain the solutions in the soft limit sabcd8 → τ ŝabcd8 (with τ → 0) is the

following. First, we parameterize X(5, 8) as
1 0 0 0 0 1 1 1

x1 x2 x3 x4 x5 x6 x7 x8

y1 y2 y3 y4 y5 y6 y7 y8

z1 z2 z3 z4 z5 z6 z7 z8

w1 w2 w3 w4 w5 w6 w7 w8


gauge fixing−→


1 0 0 0 0 1 1 1

0 1 0 0 0 1 x7 x8

0 0 1 0 0 1 y7 y8

0 0 0 1 0 1 z7 z8

0 0 0 0 1 1 w7 w8

 . (5.11)

Notice that a direct consequence of sending particle 5 to infinity in the direction of w is

that all vanishing minors |57238|, |57148|, |53468| and |51268| become independent of w8.

Next, we make a reparameterization under the constraints

|57238| = τu, |57148| = τv, |53468| = τp, |51268| = τq , (5.12)

that is

y7 =
τ(−qx7+ux7−v)+x7z7

τp+1
, x8 = τp+1, y8 = τ(u−q)+z7, z8 = τu+z7. (5.13)

We then plug this into the original scattering equations and take the strict soft limit τ → 0{
lim
τ→0

∂S5

∂xi
, lim

τ→0

∂S5

∂yi
, lim

τ→0

∂S5

∂zi
, lim

τ→0

∂S5

∂wi

}∣∣∣∣
(5.13)

= 0, for i = 1, . . . 8. (5.14)

Since all vanishing minors are independent of w8, the above 32 equations only depend

on 7 variables u, v, p, q, x7, z7 and w7. Correspondingly, only 7 of these equations are

independent since e.g. the leading order of ∂S5
∂w8

in τ vanishes. Hence, we must require its

subleading contribution to vanish

lim
τ→0

1

τ

∂S5

∂w8

∣∣∣∣
(5.13)

= 0. (5.15)
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One can solve the equations for the leading order in (5.14) and obtain 16 solutions for u, v,

p, q, x7, z7 and w7. When each of these solutions is plugged into the subleading term (5.15),

we find 6 solutions for w8. Therefore, the total number of solutions is 16×6 = 96 as shown

in table 1.

Now we can again use the kinematic data from the positive region (4.7), assuming

all solutions are real, to interpret the singular solutions. Singular solutions make some

minors |abcd8| containing particle 8 to become singular. Geometrically, this means that

3-planes abcd in RP4 space will dominate. The remaining planes can be omitted for the

soft particle at first. Therefore, in order to bound particle 8 in RP4 space, it seems we need

at least five such dominating planes. This is the case for the remaining 3 configurations

in table 1. However, it is not the case for type 1 configuration described now. The four

dominating 3-planes don’t bound the soft particle. They produce equilibrium lines instead

of equilibrium points for the soft particle.

As shown in figure 6, any equilibrium point in the projection space will correspond to

an equilibrium line in RP4 space. The soft particle 8 can lie at any point of these equilibrium

lines and won’t be pushed to infinity by the dominating 3-planes. This corresponds to the

fact that the leading order of ∂S5
∂w8

in τ vanishes. It has no constraints on the positions of

particle 8 in the direction from which 5 is sent to infinity.

The position of the soft particle 8 is finally determined by considering the normal 3-

planes determined by the hard particles as well. This corresponds to equation (5.15). In

each of the equilibrium lines, there are 6 equilibrium points considering both dominating

and non-dominating minors.

5.2.2 Other three types of configurations

For the second configuration in table 1, we make a reparameterization of (5.11) under the

constraints

|12358| = τu, |12468| = τv, |15678| = τp, |23478| = τq, |34568| = τr , (5.16)

that is

w7 = −τ(−ry7 + rz7 − qx7 + qz7 + ux7 − uy7 + vx7 − vz7 + p)− y7 + z7

x7 − z7
,

x8 = τr + 1, y8 = −τ(rz7 + ux7 − ry7 − uy7 + p)− y7 + z7

x7 − z7
, z8 = −τu,

w8 = −τ(−ry7 + rz7 + ux7 − uy7 + vx7 − vz7 + p)− y7 + z7

x7 − z7
. (5.17)

When this is plugged into the original scattering equations and the strict soft limit τ → 0

is taken, we obtain a new set of scattering equations with variables u, v, p, q, y6 and z6{
lim
τ→0

∂S5

∂xi
, lim

τ→0

∂S5

∂yi
, lim

τ→0

∂S5

∂zi
, lim

τ→0

∂S5

∂wi

}∣∣∣∣
(4.9)

= 0, for i = 1, . . . 8. (5.18)

Among the above 32 equations, only 8 of them are independent. One can find that there

are 24 solutions by solving the system above. We can also easily eliminate u, v, p, q and
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Figure 7. Geometrical interpretation for the topology type 2 near the soft limit. The soft particle

is bounded by a 4-simplex. Here we show four projections of the 4-simplex from the viewpoint of

particles 2, 3, 4 and 5, respectively. In the strict soft limit the 4-simplex collapses to a point where

the soft particle lies.

r in the new scattering equations (5.18) and then reduce the system to one only involving

hard particles{
∂S̃5

∂y7
+
x7−z7

y7−z7

∂S̃5

∂x7
,

∂S̃5

∂z7
+
y7−x7

y7−z7

∂S̃5

∂x7
,

∂S̃5

∂w7
+

(x7−z7)2

z7−y7

∂S̃5

∂x7

}∣∣∣∣∣
w7,y8,w8→ y7−z7

x7−z7

= 0,

(5.19)

where S̃5 is the potential for hard particles, S̃5 ≡
∑

1≤a<b<c<d<e≤7 sabcde log |a, b, c, d, e|.
In (5.19) we presented only three independent equations for the three remaining variables

y7, z7 and w7. Notice that even though the equations in (5.19) are different from the

original scattering equations for X(5, 7), they share the same number of solutions.

It is not obvious that there are solutions for the new equations (5.18). Let’s use the

positive kinematic data to clarify it. Recall that, in the soft limit for X(3, 7), the soft

particle is bounded by a 2-simplex, i.e. a triangle, formed by three lines in RP2. For

X(4, 7), the soft particle is bounded by a 3-simplex, i.e. a tetrahedron, formed by four

planes in RP3 space. It turns out that for X(5, 8), we can geometrically interpret the

second configuration in table 1 as having the soft particle bounded by a 4-simplex formed

by five 3-planes in RP4. Its four projections are shown in figure 7.

The five vertices of the 4-simplex can be seen as auxiliary points, each of them having

a label ranging from 9 to 13. The five facets of the 4-simplex, each of them corresponding

to a tetrahedron, have vertices labelled by {9, 10, 12, 13}, {9, 10, 11, 13}, {9, 11, 12, 13},
{9, 10, 11, 12} and {10, 11, 12, 13}, respectively. They are passed by the five dominating

3-planes 1235, 1246, 1567, 2347 and 3456, respectively.

In the first projection shown in figure 7, two points {9, 10} are pinched from the

viewpoint of particle 2, which has been sent to infinity. We can say that particle 2 lies

on the line determined by {9,10}. Particles 1 and 6 lie on the line determined by {9,13}
and {11,13} respectively. Particle 7 lies on a 2-plane determined by three vertices of the

4-simplex {9, 11, 12}. The remaining three projections are completely analogous.
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The polytopes in the remaining two configurations in table 1 are slightly more compli-

cated. Actually, now there are two bounded chambers formed by the dominating 3-planes

for the configurations type 3 and type 4. The soft particle can lie in either of the two

bounded chambers. See appendix B for more details. In the following, we just show how

to get the solutions for general kinematic data.

For type 3, we make a reparameterization of (5.11) under the constraints

|12378| = τu, |12458| = τv, |13568| = τp, |23468| = τq, |25678| = τr, |34578| = τs ,

(5.20)

that is

y7 =
τ(s+ r − v + vz7 − p) + x7 − z7

τ(s− p) + x7 − 1
, w7 =

τ(qz7 + u)− z7

τ(p− s)− x7
,

x8 = τs+ x7, y8 = τv, z8 = τ(s− p) + x7, w8 = 1− τq. (5.21)

When this is plugged into the original scattering equations and the strict soft limit τ → 0

is taken, we obtain a new set of scattering equations which has 8 solutions.

Likewise for type 4, we make a reparameterization of (5.11) under the constraints

|12348| = τu, |12358| = τv, |12378| = τp, |14568| = τq, |24578| = τr, |34678| = τs ,

(5.22)

that is

z7 =
τ(rv − rp+ qv − qp+ uv + sv − uvx7) + vx7 − vy7 + wy7 − w

u (−τ(r + q) + y7 − 1)
,

w7 =
τ(r + q + u+ s− ux7) + x7 − y7

τ(r + q)− y7 + 1
,

x8 = −τ(q + r) + y7, y8 = y7 − τr, z8 = −τv, w8 = τu , (5.23)

which will make |12368| = τ(u + v) vanish as well. When we plug this into the original

scattering equations and take the strict soft limit τ → 0, we obtain a new set of scattering

equations which has 32 solutions.

As mentioned before, combining all these results we obtain N (5):singular
8 = 420 × 24 +

210 × 8 + 840 × 32 + 210 × 96 = 58 800 singular solutions. In addition to the already

known N (5):regular
8 = 24 × 5388 = 129 312 regular solutions, the total number of solutions

for X(5, 8) is N (5)
8 = 188 112, which is exactly the same as the result obtained for X(3, 8).

6 General configurations that support singular solutions

In this section we explain what we believe are all configurations of points that lead to

singular solutions in soft limits X(k, n)→ X(k, n−1) for general k and n. Our proposal is

based on the examples already computed and on many other configurations for which we

have been able to compute particular solutions.

In general, recall that singular solutions will make some minors involving the soft

particle vanish while keeping all other minors non-vanishing. In particular, no subset of
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Figure 8. All configurations of singular solutions in n = 11. The soft particle is represented as a

red point and the hard particles are represented as blue points. Left : one possible situation is when

we have 3 vanishing minors involving the soft particle. Namely, we have three lines, each one passing

through two hard particles, intersecting at the soft particle. The rest of the hard particles do not

develop any linear dependence. Center : another possible situation is when we have 4 vanishing

minors involving the soft particle, i.e. 4 lines. Right : the last possibility in n = 11 is when we have

m = 5 vanishing minors involving the soft particle, i.e. 5 lines.

only hard particles should develop any linear dependence detected by the vanishing of a

single minor as this would imply that the hard-particle kinematics is not generic. We start

by assigning each hard particle a position in the CPk−1 and each vanishing minor will

correspond to a (k − 2)-plane determined by (k − 1) particles.

We state our conjecture distinguishing k = 3 from k > 3. The reason is that k = 3 is

the base case for the rest since k = 2 does not have singular solutions.

For k = 3 and n = 2m + 1 or n = 2m + 2 with m ≥ 3, we conjecture that singular

solutions come from configurations where 3, 4, · · · ,m lines meet at the soft particle respec-

tively. Each line is determined by two hard particles and of course no subset of three hard

particles are allowed to be collinear. We have checked that up to n = 14 there are indeed

solutions supported by all such configurations. In figure 8, we show all three configurations

for n = 11.

For k ≥ 4, we conjecture that singular solutions come from two kinds of configurations.

The first kind of configurations is obtained from the cases with lower k and n. More

explicitly, this kind requires that all vanishing minors share a set of hard particles. Besides,

the remaining hard particles together with the soft particle are projected by the common

hard particles to a lower dimension space and their projections satisfy the requirement of

that particular dimension.

For example, we already know there are singular solutions where three minors of the

form |14n|, |25n| and |36n| vanish for k = 3 and n ≥ 7. Thus we expect that for any

k ≥ 4 and n ≥ k + 4, there will always be solutions coming from configurations where

three minors of the form |1478 · · · k + 3, n|, |2578 · · · k + 3, n| and |3678 · · · k + 3, n| vanish.

The hard particles 1–6 together with the soft particle are projected to a lower dimension

space through the hard particles 7, 8, · · · , k+ 3 one by one. Finally, they are projected to

CP2 and the projection of the soft particle is crossed by three lines. We have numerically

checked that for any n ≤ 12 and 4 ≤ k ≤ n− 4, there are indeed solutions of this kind.

Similarly, we already know there are singular solutions where four minors of the form

|123n|, |345n|, |561n| and |246n| vanish for k = 4 and n = 7. Thus we expect that for

any k ≥ 4 and n ≥ k + 3, there will always be solutions coming from configurations
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I |1478|, |2578|, |3678|
II |1238|, |3458|, |5618|, |2468| III |1238|, |3458|, |5678|, |2468|
IV |1478|, |2578|, |3678|, |1238|, |4568| V |1238|, |1458|, |1678|, |2468|, |2578|
VI |1238|, |1458|, |1678|, |2468|, |2578|, |3478|
VII |1238|, |1248|, |1258|, |1268|, |1278|, |3458|, |3678|

Table 2. Seven different topologies of singular configurations for X(4, 8) defined by the list of

vanishing minors.

where four minors of the form |12378 · · · k + 2, n|, |34578 · · · k + 2, n|, |56178 · · · k + 2, n|
and |24678 · · · k + 2, n| vanish. The hard particles 1–6 together with the soft particle are

projected to a lower dimension space through the hard particles 7, 8, · · · , k+2 one by one.

Finally, they are projected to CP3 and the projection of the soft particle is crossed by four

planes. We have numerically checked that for any n ≤ 11 and 4 ≤ k ≤ n − 3, there are

indeed solutions of this kind.

The second kind of configurations correspond to those where at least k (k − 2)-planes

meet at the soft particle location. Each of the (k− 2)-planes are determined by k− 1 hard

particles. Besides, by slightly changing the position of hard particles, these (k − 2)-planes

can form a polytope with infinitesimal volume around the position of the soft particle

without any hard particle as one of its vertices. Of course, no subset of k hard particles

can lie on a single (k − 2)-plane as this would imply an unwanted linear dependence. In

particular, any configuration that supports singular solutions must still support singular

ones for higher n and the same k.

For example, for k = 4 and n = 8, we find 7 different topologies of configurations

that satisfy the requirements to support singular solutions, as shown in table 2. We have

numerically checked that there are solutions for each of them.

The first topology belongs to the first kind of configurations which are related to that

of X(3, 7) through projection. For the remaining six topologies, there are at least 4 planes

meeting at the soft particle location.

The second topology is the same configuration that supports the singular solutions in

X(4, 7). The third topology has one hard particle changed in the third vanishing minor

with respect to the second topology. Note that no matter what hard particle in a single

minor in the second configuration is changed as 7, they all lead to the configuration of the

same topology.

Comparing the first and fourth topology, we see in addition to three common minors

|1478|, |2578|, |3678|, the fourth topology has two more vanishing ones |1238|, |4568|, which

supports singular solutions. However, if we just add one more vanishing minor, such as

|1238|, to those of the first topology, there will be no singular solutions. This is because

by slightly changing the position of hard particles, the four planes 147, 257, 367 and 123

can form a polytope with infinitesimal volume around the position of the soft particle but

with the hard particle 7 as one of the vertices, which is forbidden.

Another way to think about it is to use the geometry description using positive kine-

matic data (4.7). For the first configuration, three planes 147, 257 and 367 share a common
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k n Vanishing minors

4 9 |123n|, |345n|, |567n|, |781n|
4 9 |123n|, |124n|, |126n|, |127n|, |345n|, |368n|
4 10 |123n|, |345n|, |567n|, |789n|
4 10 |123n|, |145n|, |167n|, |246n|, |257n|, |347n|, |389n|
5 9 |1235n|, |1246n|, |1567n|, |2347n|, |3458n|
6 10 |12358n|, |12468n|, |15678n|, |23478n|, |34589n|

Table 3. Some explicit examples supporting singular solutions, where particle n is the soft one.

line that crosses particles 7 and 8. The final position of the soft particle 8 in the line is

determined by both vanishing and finite minors. However, we can also fix the position

of 8 in the line by imposing two more vanishing minors. That is the case of the fourth

configuration. One can imagine that we cannot just impose one more vanishing minor as

this will push the particle 8 in the line into infinity, i.e. there will be no singular solutions

where only 4 minors of the form |1478|, |2578|, |3678| and |1238| vanish.

We have also checked many other examples up to k = 6, all of them having solutions

(see table 3).

7 Discussions

In this work we have started the study of singular solutions in soft limits. This is a new

phenomenon for scattering equations on X(k, n) with k > 2. We computed all singular

solutions for all cases with n < 9, except for X(4, 8). This proved that studying sin-

gular solutions is an effective technique for computing the number of solutions in cases

where other known techniques cannot be applied. For example, we have proven that

N (3)
8 = N (5)

8 = 188 112. Also, even in cases where indirect approaches are possible, singu-

lar solutions prove to be a much simpler route as seen in the alternative determination of

N (3)
7 = N (4)

7 = 1 272.

One of the most pressing issues is to extend our study to all X(3, n) → X(3, n − 1)

cases with n > 8. In section 6, we presented a conjecture for all configurations that can

support singular solutions. It is very tempting to suggest that in this case, it would be

possible to count solutions using a recursive approach. Recall that in X(3, 8) → X(3, 7)

we resorted to a second soft limit in order to count solutions. Such “fibration” structure is

familiar in the k = 2 case where X(2, n) can be thought of as a fibration over X(2, n− 1)

(see e.g. [16]). For k = 3 the structure we have uncovered is much more interesting and we

leave its study for future work.

The scattering equations have been a powerful tool for studying properties of scattering

amplitudes via the CHY formalism [4, 7]. The quantum field theory whose amplitudes have

the simplest CHY formulation is a theory with a U(N)×U(Ñ) flavour group and a scalar

field in the biadjoint representation with cubic interactions (for related developments see

e.g. [17–28]). It is not surprising that this is the first theory to have been generalized so that
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it has a CHY representation based on X(k, n) with k > 2 [8]. We now turn to a discussion

on such biadjoint amplitudes and their soft limit behavior on singular solutions using the

explicit cases we have computed and the conjecture regarding the general configurations

that can support them.

7.1 Generalized biadjoint scalar soft limit

Recall the generalized biadjoint scalar amplitude [8]

m(k)
n [α|β] =

∫ [
1

Vol[SL(k,C)]

n∏
a=1

k−1∏
i=1

dxia

]
n∏
a=1

k−1∏′

i=1

δ

(
∂S
∂xia

)
PT(k)

n [α]PT(k)
n [β], (7.1)

where the Parke-Taylor functions correspond to

PT(k)
n [12 · · ·n] =

1

|12 · · · k||23 · · · k + 1| · · · |n1 · · · k − 1|
. (7.2)

Now consider the soft limit for one particle, for instance sabn = τ ŝabn.

Following our conjecture in section 6, one can analytically show that when τ → 0 the

singular solutions for k = 3 and general n can at most contribute to order O(τ−1) to the

amplitude. The argument goes as follows. For k = 3 and n ≥ 7 we have seen that there

is always one singular configuration with 3 vanishing minors involving the soft particle.

If we choose e.g. particle n to be the soft one, we parameterize the vanishing minors as

|abn| ∼ uτ . This means that the Jacobian for the change of variables will give an O(τ3)

factor in the amplitude.5 Moreover, given the form of the singular configurations, we can

at most have two vanishing determinants in the Parke-Taylor functions. This produces an

O(τ−4) factor in the amplitude. Hence, the leading contribution of the singular solutions

to the biadjoint scalar amplitude in k = 3 is of order O(τ−1).

Now we move on to explain the contribution to the amplitude for the cases k = 4

and n = 7, and k = 5 and n = 8 in the soft limit. Consider again the biadjoint scalar

amplitude (7.1). For k = 4 and n = 7 the singular configurations are those where 4

vanishing minors involve the soft particle. The Jacobian for the change of variables thus

gives an order O(τ4) to the amplitude. From the Parke-Taylor functions (7.2) we again

obtain a factor of O(τ−4), hence the contribution to the amplitude in this case is of the

order O(τ0).

For k = 5 and n = 8 the analysis is slightly different. In this case the configuration

that gives a more dominant contribution to the amplitude is the one with only 4 vanishing

minors. Following the same procedure as for k = 4 and n = 7, this would naively give us

again a total contribution of order O(τ0) to the amplitude. However, recall that the leading

order in τ for one of the soft scattering equations vanished in this configuration. This means

that we get an extra factor of O(τ−1) in the amplitude, coming from the subleading term of

the vanishing soft scattering equation (5.15). Therefore, the contribution to the amplitude

in this case is of the order O(τ−1).6

5Note that for singular configurations with m vanishing minors the Jacobian gives orders of O(τm).

That’s why having only 3 vanishing minors corresponds to the leading contribution.
6Singular configurations with 5, 6 and 7 vanishing minors give orders of O(τ1), O(τ2) and O(τ1), re-

spectively.
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k = 3 k = 4 k = 5

Regular solutions O(τ−2) O(τ−3) O(τ−4)

Singular solutions for n = 7 O(τ−1) O(τ0) –

Singular solutions for n = 8 O(τ−1) O(τ−2) O(τ−1)

Singular solutions for n ≥ 9 O(τ−1) O(τ−2) O(τ−3)

Table 4. Leading order contribution in the soft limit expansion. The results in black are got from

analytic derivation. The results in red come from what we conjecture.

We haven’t obtained the whole set of singular solutions for higher values of k and

n, but in what follows we make a prediction on their contribution to the biadjoint scalar

amplitudes in the soft limit expansion based on our conjecture in section 6.

For any k ≥ 4 and n ≥ k+ 3, as we have already explained, there will always be some

singular solutions from configurations where four minors of the form |12378 · · · k + 2, n|,
|34578 · · · k + 2, n|, |56178 · · · k + 2, n| and |24678 · · · k + 2, n| vanish. We can use the

gauge redundancy of SL(k,C) to send 7, 8, · · · , k + 2 to infinity in different directions. A

direct consequence is that the leading order for the scattering equations of the soft particle

corresponding to these directions vanish. See section 5.2.1 as an example. This means

that we get a factor of O(τ4−k) from the subleading term of the vanishing soft scattering

equations. The Jacobian for the change of variables in this case gives an order O(τ4) and

the Parke-Taylor functions (7.2) also give a factor of O(τ−4). Thus we expect that the

contribution to the amplitude in this case is at most of the order O(τ4−k). Besides X(5, 8),

we have numerically checked the existence of such kind of solutions for X(6, 9).

Similarly, for any k ≥ 3 and n ≥ k + 4, singular solutions from configurations where

three minors of the form |1278 · · · k + 3, n|, |3478 · · · k + 3, n| and |5678 · · · k + 3, n| vanish

will contribute to the amplitude with order O(τ2−k) at most. The reason is as follows.

Consider the second kind of configurations conjectured in section 6. The Jacobian for

the change of variables in this case gives an order O(τk) at most since there are at least

k vanishing minors. Although any Parke-Taylor function has k minors involving the soft

particles, there can be at most (k−1) vanishing ones, otherwise some minors only involving

hard particles must vanish. Since in this case all the scattering equations keep their leading

terms, the upper bound of the contribution of the singular solutions is of order O(τ2−k).

We have numerically checked the existence of such kind of solutions for X(4, 8) and X(5, 9).

The leading contribution to the biadjoint scalar theory amplitude is O(τ1−k). This

actually implies that singular solutions do not contribute to leading order. We summarize

these results in table 4.7

From table 4 one can notice an interesting pattern. For k ≥ 4 the singular solutions

for n = k + 3 do not contribute to the subleading term. For n > k + 3, though, the

singular solutions will always be relevant, i.e. will contribute to the subleading term in the

biadjoint scalar amplitude. This special case k ≥ 4 and n = k + 3 is nothing but the case

that just comes after n = k + 2, i.e. when no singular solutions arise. This phenomenon

7We thank A. Guevara for results and comments on this table.
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does not appear in k = 3 since for n = 6 there are no singular solutions, as explained before.

Therefore, for k = 3 the singular solutions will always contribute to the subleading term.

These results in fact resonate with the recent work of Garcia and Guevara [9]. More

precisely, they computed the leading order behavior of biadjoint scalar amplitudes in the

limit when a soft particle decouples from the scattering equations of the hard particles.

Hence, no singular configurations were taken into account. With this assumption, they

found that the leading soft factor for the m
(k)
n amplitude is

S(k)
n = m

(k)
k+2(I|I)

(
T̂

(p,q)
k+2 → T̂

(p,q)
n

)
(7.3)

where the canonical ordering is assumed and

T̂
(p,q)
n :=

n∑
a1,...,ar=1

ŝ12...qa1...ar(n−k+q+r+1)...n−1n (7.4)

are planar kinematic invariants, 0 ≤ r ≤ k−2 and 1 ≤ q ≤ k−r, and r denotes the number

of summed indices. The fact that singular solutions do not contribute to the leading order

in the soft limit expansion of the biadjoint scalar amplitudes serves to corroborate their

statement (7.3) for the cases already mentioned. Indeed, they numerically checked that

only regular solutions contribute to leading order for k = 3 and n = 7, 8, for k = 4 and

n = 7 and for k = 5 and n = 8.
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A Singular solutions in X(3, n) from bounded chambers counting

In this appendix we show how to visualize and count the number of singular solutions

in X(3, 7) and the number of (regular7, singular8) solutions in X(3,8) with positive

kinematics.

A.1 Singular solutions in X(3, 7)

We have seen in section 4.1 that with positive kinematic data all the solutions we obtain

are real. This means we can analyze them by counting bounded chambers in RP2 space

when |147|, |257| and |367| vanish. We expect to find 12 bounded chambers, which would

correspond to the 12 solutions for each of the 15 existing configurations.

The bounded chambers come in the following way. First, we use the same gauge fixing

for the first four particles as explained in section 4.1. This creates 5 repelling lines, one of
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Figure 9. Left : the first four particles are gauge-fixed. This creates 5 repelling lines, drawn in

black, and particle 7 must be on the line that passes through 1 and 4. Center : we now consider

the situation in which the soft particle 7 is in the outside-right(left) of the square [0, 1]2. Right :

particles 5 and 6 must lie on the blue dashed lines created by particles 7, 2 and 3. This only

happens if both particles bound each other through particle 4(1) (red and orange lines). The two

grey bounded chambers are those where particles 5 and 6 can be.

Figure 10. Left : the first four particles are gauge-fixed. This creates 5 repelling lines, drawn in

black, and particle 7 must be on the line that passes through 1 and 4. Center : we now consider the

situation in which the soft particle 7 is inside the square [0, 1]2. Right : particles 5 and 6 must lie

on the blue dashed lines created by particles 7, 2 and 3. This only happens if both particles bound

each other through particle 4(1) (red and orange lines). The two grey bounded chambers are those

where particles 5 and 6 can be.

them crossing the diagonal of the square [0, 1]2 created by particles 1 and 4. It is precisely

on this line where the soft particle 7 must be. We can have solutions where particle 7

is outside the square [0, 1]2, since particles 5 and 6 can simultaneously create bounded

chambers for each other. We represent this situation in figure 9.

This configuration gives rise to 2 different solutions, since particles 5 and 6 can bound

each other through particles 1 and 4 when particle 7 is outside the square [0, 1]2.

Next, we also find solutions in the particular situation in which the soft particle 7 is

inside the square [0, 1]2, but particles 5 and 6 are both outside of it. In this case, particles

5 and 6 also bound each other. We represent this situation in figure 10.

This configuration also gives rise to 2 different solutions, since particles 5 and 6 can

bound each other through particles 1 and 4.

Finally, we also find solutions coming from having the soft particle 7 and the two

remaining hard particles inside the square [0, 1]2. We represent this situation in figure 11.

This last situation gives rise to 3 solutions where both hard particles are in the same

original bounded chamber, and 1 solution where both are in the different two original

bounded chambers. Hence, there are a total of 2 × (3 + 1) = 8 solutions, since we can

also choose particle 5 to be in the upper-left bounded chamber at first. Therefore, for this
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Figure 11. Left : the first four particles are gauge-fixed. This creates 5 repelling lines, drawn in

black, and particle 7 must be on the line that passes through 1 and 4. Center : we now consider

the situation in which the soft particle 7 is inside the square [0, 1]2. This means that e.g. particle

5 must be in one of the two existing bounded chambers. Right : particles 5 and 6 must lie on the

blue dashed lines created by particles 7, 2 and 3. If we choose particle 5 to be e.g. in the lower-

right bounded chamber, this creates 3 additional repelling lines, drawn in orange, which leave four

bounded chambers where particle 6 can be, shown in grey.

configuration, we count 2 + 2 + 8 = 12 different solutions which correspond to the singular

solutions already found before.

A.2 (regular7, singular8) solutions in X(3,8)

It turns out that the (regular7, singular8) solutions studied in section 5.1 are all real too.

This opens the possibility to count them in RP2 space in the same way as in appendix A.1.

If we use the same gauge-fixing as in section 4.1 and consider the singular situation in which

e.g. |148|, |258| and |368| vanish, we find ourselves in a similar fashion as in A.1, i.e. with

12 different situations. Yet, now we deal with one more particle (in this case particle 7)

which is decoupled from the other hard particles. This particle can be found in 41 different

equilibrium points, which gives the 12×41 = 492 solutions. In figure 12 we give an explicit

visualization of one of the 12 different situations we can have.

B Geometry descriptions of type 3 and 4 configurations in X(5, 8)

We can use the positive kinematic data to help us visualize the geometry underlying the

singular solutions of the topologies type 3 and type 4 in table 1.

For the topology type 3, there are two bounded chambers formed by the six dominating

3-planes. See their projections in figure 13.

The F-vectors of bounded chambers are both {8,16,14,6}. The 8 vertices of each

bounded chamber are labelled by {9,10,11,12,13,14,15,16} and {9,10,11,12,17,18,19,20},
respectively. For convenience, let’s call the two bounded chambers as blue and red.

Among the six facets of each bounded chamber, two are tetrahedrons and the remaining

four are truncated triangular prisms. The two bounded chambers don’t share any facet but

a dim-2 boundary of vertices {9, 10, 11, 12}. Any dominating 3-plane passes through both

facets of different bounded chambers, see table 5. Particles 1, 4, 6 and 7 lie in the lines that

pass through {9, 13, 18}, {12, 15, 17}, {10, 14, 20} and {11, 16, 19}, respectively. Whilst

particles 2, 3, and 5, which are sent to infinity, can be thought of as the intersections of

– 28 –



J
H
E
P
0
5
(
2
0
2
0
)
1
4
8

Figure 12. Top-Left : particles 1, 2, 3 and 4 are gauge-fixed. This creates 5 repelling lines, and

particle 8 must be on the line that passes through the two black points, which correspond to particles

1 and 4. Particles 2 and 3 are sent to infinity. Top-Right : we now consider e.g. the third situation

seen in A.1. The two new black points correspond to particles 5 and 8, and new repelling lines

appear due to their interaction with the other particles. Bottom: if we choose particles 5 and 6 to

be e.g. on the two different original bounded chambers (see Top-Left figure), this leaves us with 41

bounded chambers where particle 7 can be.

Figure 13. Four projections from the viewpoint of particles 2, 3, 4 and 5, respectively, of the two

bounded chambers (shown in blue and red) for the topology type 3 in table 1 and near the soft

limit. Here we represent the case in which the soft particle is bounded by the blue chamber. The

green edges correspond to shared edges by the blue and red chambers. In the strict soft limit, the

two bounded chambers collapse to a point where the soft particle lies.

– 29 –



J
H
E
P
0
5
(
2
0
2
0
)
1
4
8

Particles to determine
dominating 3−planes

Vertices of the facet passed
by the blue chamber

Vertices of the facet passed
by the red chamber

{1,2,3,7} {9,10,11,12,13,16} {9,10,11,12,18,19}
{1,2,4,5} {9,12,13,14,15,16} {9,12,17,18}
{1,3,5,6} {9,10,13,14} {9,10,17,18,19,20}
{2,3,4,6} {9,10,11,12,14,15} {9,10,11,12,17,20}
{2,5,6,7} {10,11,13,14,15,16} {10,11,19,20}
{3,4,5,7} {11,12,15,16} {11,12,17,18,19,20}

Table 5. Dominating 3-planes and the facets they pass by in figure 13.

four lines determined by four pairs of vertices. See the first, second and fourth projections

in figure 13.

The auxiliary points have proven to be very useful to understand the relative positions

of the hard particles. Alternatively, now we can ignore them and imagine how these hard

particles form some dominating planes to bound the soft particle.

In the strict soft limit, the two bounded chambers collapse to a point. Some sets of

four dominating 3-planes share a point where the soft particle lies, while some share a line.

For example, the four dominating 3-planes 1237, 1245, 2346, and 2567 share a common

line where particles 2 and 8 lie.

There are 8 solutions of variables u, v, p, q, r, s, x7 and z7 for the new set of scattering

equations,

{
lim
τ→0

∂S5

∂xi
, lim

τ→0

∂S5

∂yi
, lim

τ→0

∂S5

∂zi
, lim

τ→0

∂S5

∂wi

}∣∣∣∣
(5.21)

= 0, for i = 1, . . . 8. (B.1)

These 8 solutions can be divided into four pairs. Although the two solutions of each pair

are different, using the reparameterization (5.21), they produce the same set of values for

{x7, y7, z7, w7, x8, y8, z8, w8}, which corresponds to the fact that the two bounded chambers

collapse to a single point.

For the topology type 4, there are two bounded 4-simplices formed by the dominating

3-planes using positive kinematic data. See their projections in figure 14.

As summarized in table 6, these two bounded chambers share a tetrahedron of vertices

{9, 10, 11, 12} as a common facet, which is passed by the dominating 3-plane determined

by {1, 2, 3, 6}. Another three dominating 3-planes pass both facets of different bounded

chambers. Two dominating 3-planes only pass a facet of either the blue or red bounded

chamber. As for the last dominating 3-plane, it just passes a dim-2 boundary determined

by {9, 10, 11} of the shared facet.

The six hard particles 1, 2, 3, 5, 6 and 7 lie on the lines determined by {9,11}, {10,11},
{9,10}, {11,12}, {9,13}, {10,14}, respectively, while particle 4 lies on the line that passes

{12, 13, 14} at the same time.
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Figure 14. Four projections from the viewpoint of particles 2, 3, 4 and 5, respectively, of the two

bounded 4-simplices (shown in blue and red) for the topology type 4 in table 1 and near the soft limit.

In the strict soft limit, the two bounded chambers collapse to a point where the soft particle lies.

Particles to determine
dominating 3−planes

Vertices of the facet passed
by the blue chamber

Vertices of the facet passed
by the red chamber

{1,2,3,6} {9,10,11,12} {9,10,11,12}
{1,4,5,6} {9,11,12,13} {9,11,12,14}
{2,4,5,7} {10,11,12,13} {10,11,12,14}
{3,4,6,7} {9,10,12,13} {9,10,12,14}
{1,2,3,5} {9,10,11,13} –

{1,2,3,7} – {9,10,11,14}
{1,2,3,4} – –

Table 6. Dominating 3-planes and the facets they pass by in figure 14.
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