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1 Introduction

New physics beyond the Standard Model (SM) can be characterized in a model independent
and systematic fashion within the Effective Field Theories (EFTs) framework, in which the
(renormalizable) tree-level SM action is supplemented with the terms (k > 5)

S — /d4a: S oM, (1.1)

where @i[k] are k-dimensional operators whose dimension dictates the suppression of the
corresponding coefficients cgk] in terms of powers of a high-energy scale A. The resulting

Standard Model Effective Field Theory (SMEFT) action

So = /d4:5§,”SM+ZS[k}, (1.2)
——— k25
Shea 59

is not renormalizable in the usual (power counting) sense; it is, nevertheless, renormalizable
in the modern sense [1], as all the divergences can be cancelled through the renormalization
of the (infinite) number of terms in the bare action while respecting the symmetries of
the theory.

When addressing operator mixing in such theories on-shell calculations are sufficient.
Indeed while it has been known since a long time that there is ultraviolet (UV) mixing
between gauge invariant and gauge variant (unphysical) operators (also known as ‘alien’
operators [2]), it has also been shown that such mixing can be made to vanish by a suit-
able choice of the basis in the space of local operators [3-6]; additionally, alien operators
have been shown to be cohomologically trivial and therefore have vanishing on-shell cor-
relators [3] (for a review see also [7]). This fact is at the basis of recent computations in
the literature [8-11] as it implies that for certain purposes, e.g., when evaluating anoma-
lous dimensions and/or S-matrix elements, one can consider only on-shell inequivalent
operators [12].

A separate issue, however, is the evaluation of the S-functions of the theory. For this
purpose one needs to extend the approach adopted in the power-counting renormalizable
case [13-15] to EFTs; in particular, one must work out a procedure to fix the generalized
field redefinitions (GFRs) that do arise in these models. Here ‘generalized’ means that,
at variance with the power-counting renormalizable case, these redefinitions are not linear
in the quantum fields (in fact, not even polynomial already at one-loop order, as we will
show). The matching of the couplings order by order in the loop expansion, once the GFRs’
effects are taken into account, is the next technical step required to match the model with
its UV completions while respecting the locality of the low energy theory also at higher loop
orders, since it allows to unequivocally fix the correct counter-terms needed to subtract
overlapping divergences with local counter-terms.

To attain these goals, in [16] it has been developed a general theory for the recursive
subtraction of off-shell UV divergences order by order in the loop expansion applicable to



EFTs displaying a spontaneously broken symmetry phase. This is achieved by solving the
Slavnov-Taylor (ST) identity to all-orders, which allows in turn to disentangle the gauge-
invariant contributions to the off-shell one-particle irreducible (1PI) amplitudes from those
associated with the gauge fixing and field redefinitions, which, in a general EFT, can be
(and indeed are) non polynomial (and cannot obviously be accessed staying on-shell). Next,
in [17] this algebraic technique has been applied to study the Abelian Higgs-Kibble (HK)
model in the presence of the dimension 6 operator (g/ A)nggb(D“qﬁ)TD“qb, which, giving rise
to an infinite number of one-loop divergent diagrams, maximally violates power counting.
In particular, the complete renormalization of all the radiatively generated dimension 6
operators has been carried out together with the determination of the full g-dependence of
the S-function coefficients.

Before moving on to consider the full dimension 6 SMEFT [18], there is just one
aspect that has been left out in the study of its Abelian sibling: namely, the analysis of the
full off-shell renormalization when all inequivalent parity-preserving dimension 6 operators
(classified according to [12]) are added to the power counting renormalizable action. And
this constitutes precisely the subject of the present paper.

From the point of view of the EFT renormalization programme of [1], what we achieve
here is to fully evaluate all the terms appearing in the renormalized action S at one loop
(in the relevant sector of dimension < 6), expressed as

50:S+hA1+"'. (1.3)

At zero antifields, Ay collects one-loop gauge-invariant counterterms. The renormalized
action has the same form as the original bare action Sp; in particular, it can be expanded on
a basis of gauge-invariant operators (in the zero antifield sector). However, these countert-
erms are not enough to renormalize the theory: one must also take into account the effects
of GFRs, that are implemented according to a canonical transformation with respect to
the Batalin-Vilkovisky (BV) bracket associated with the gauge symmetry of the model [1].
The transformed bare action Sj, takes then the form

So=S+n[Ar+ (FL,S)|+-, (1.4)

where F7 is the one loop term in the loop expansion F(t) = htF} + - -- of the generator of
the canonical transformation responsible for the field-antifield redefinition: ® — &'(®, &*),
d* — ¥ (P, d*) on SH[P,d*] = Sy[®,d*]. Being canonical, this transformation pre-
serves the fundamental BV brackets (CIJIi,(I);-*) = 6;, (@, 97 = (CID;*,CIJ;*) = 0, and is
obtained by solving the differential equation So(t) = (F'(t), So(t)) with the boundary con-
dition Sp(0) = Sp, see [1]. Such canonical transformation generalizes the usual linear wave
function renormalizations of the power-counting renormalizable cases. It plays a crucial
and ubiquitous role in the SMEFT renormalization program, as we will show.

The paper is organized as follows. In section 2 we set up our notation and, in order to
make the work self-contained we briefly review the most salient features of the X -formalism.
Then, in sections 3 and 4 the parameterization of the one-loop UV divergences both in the
X- and the target (original) theory is presented and the mapping between the two theory’s



formulations derived. GFRs are studied and their form explicitly obtained in section 5,
whereas the renormalization of dimension 6 gauge invariant operators in the X-theory is
explicitly carried out in section 6. Finally, in section 8 we describe the one-loop mixing
matrix in the original theory and compare our results with the literature. Conclusions are
presented in section 9. A number of technical issues are discussed in a set of appendices
presented at the end of the paper: functional identities of the X-theory and the propagators
in appendices A, B and C; the list of gauge invariant operators in appendix D; and, finally,
the on-shell operator reduction relations in appendix E.

2 Notations and conventions

In the X-formalism approach of [16, 17, 20], the tree-level vertex functional takes the form

2 2 2 2\ 2
ro - [ats [— P B, 1 (D) (D) - Mg <¢T¢ - )

2
—e(@d+m?)e+ %(X1 + Xo)(O + m?) <¢T¢ - % - ng)

3
2 g3v~ .3
XQFW + GAZ X5

+ 50" X20, % + 53 Xa(D"6) (D) +

+ Ty (D)1 (D) + UF;, + RX;

g2v
A2

2

+ % — b(@A + §evx) + (Z;(Dw + &e?v(o + v)bd)

2
+c <¢T¢) - % - UX2> + o (—ewy) + x ew(o + v)} . (2.1)

In the expression above, the first line represents the action of the Abelian HK model
in the X-formalism, where the usual scalar field ¢ = %(Géo +ix) = %(a + v+ ix)
with v the vacuum expectation value (vev) is supplemented with a singlet field X5, that
provides a gauge-invariant parametrization of the physical scalar mode. Notice also that
we defined ¢g = o + v with o having a zero vev. The field X; plays instead the role
of a Lagrange multiplier: when going on-shell with this field one recovers the constraint’
X5 ~ L(¢Tp—v?/2), which once inserted back into the first line of eq. (2.1), cancels the m?>-
term leaving the usual Higgs quartic potential with coefficient ~ M?/2v2. Hence, Green’s
functions in the target theory? have to be m?-independent, a fact that provides a very
strong check of the computations, due to the ubiquitous presence of m? both in Feynman
amplitudes as well as invariants.

!Going on-shell with X; yields the condition
2 i v”
(D+m)<¢T¢—?—’UX2>:O,

so that the most general solution is X = %(qf)% - g) + 7, 7 being a scalar field of mass m. However, in
perturbation theory the correlators of the mode n with any gauge-invariant operators vanish [16], so that
one can safely set n = 0.

2We define as ‘target’ theory the original theory defined in terms of conventional fields.



The X o-system comes together with a constraint BRST symmetry, ensuring that
the number of physical degrees of freedom in the scalar sector remains unchanged in the
X-formalism with respect to the standard formulation relying only on the field ¢ [19, 20].
More precisely, the vertex functional (2.1) is invariant under the following BRST symmetry:

2
3X1=ve; s =3X9=13c=0; dEz(;STqb—%—ng. (2.2)

The associated ghost and antighost fields ¢, ¢ are free. The constraint BRST differential 4
anticommutes with the (usual) gauge group BRST symmetry of the classical action after
the gauge-fixing introduced in the fifth line of eq. (2.1):

sA, = Ouw; sw = 0; sw = b; sb = 0; s5¢ = iewa. (2.3)

Here w (w) is the U(1) ghost (antighost); the latter field is paired into a BRST doublet
with the Lagrange multiplier field b, enforcing the usual R¢ gauge-fixing condition

Fe = 0A + Eevy, (2.4)

with £ the gauge fixing parameter.

The two BRST symmetries can both be lifted to the corresponding ST identities at the
quantum level, provided one introduces a suitable set of so-called antifields, i.e., external
sources coupled to the relevant BRST transformations that are non-linear in the quantized
fields. The antifield couplings are displayed in the last line of eq. (2.1); the ST identities
are instead summarized in appendix A.

The third line of eq. (2.1) contains the dimension 6 parity preserving subset of the
gauge-invariant operators described in [12], modulo for the fact that we use the zero ex-
pectation value combination ¢f¢p — % ~ vX, instead of ¢f¢p. We thus see that the clas-
sical power-counting renormalizable action is supplemented in the X-formalism by the
Xy-dependent operators®

2
o = fate r2 (0~ %) ~ [ate vxar, 250
. 2\ 3
ol = / d4z <¢T¢— ”2> ~ / d*z v3 X3, (2.5b)
2 2
o = [ata (M - ”2>m<¢f¢ - “2) ~ [ats 0%, (2.50)
2
of = [dta (sl 5 ) 040Dy~ [dle oxa(Dr0) Do (250)

Notice that the operator @gﬂ

is special in the sense that it does not give rise in the X-theory
to new interaction vertices: rather it modifies the propagator of the Xs-field by rescaling
the p?-term [20] (the full set of propagators of the model is summarized in appendix C).

Notice also that in comparison with the conventions of [16, 17] we have rescaled the higher

3In the spirit of [12] we drop operators that are on-shell equivalent, i.e., that differ by terms vanishing
once the classical equations of motion are imposed.



dimensional coupling constants by a factor v/A in order to obtain, when mapping back to
the target theory, the standard 1/A? pre-factor for dimension 6 operators.

To maintain a detailed comparison with [1], we provide in the following some techni-
cal details.

The relevant BV bracket is the one associated with the gauge symmetry, the constraint
BRST symmetry invariance being exhausted in the Xi-equation, as shown in appendix A,
see eqs. (A.4) and (A.6). Next, as the gauge group is Abelian: there is no ghost antifield,
since sw = 0; the BRST transformation of the gauge field is linear in the quantized fields
and thus there is no need to introduce the gauge antifield Ay, for controlling quantum cor-
rections? (although algebraically one is allowed to). Also, in the R¢-gauge that we employ,
there is no need to introduce the antifield i*, coupled to the Nakanishi-Lautrup field b = sw:
in fact, see appendix B, the b-equation (B.1) and the antighost equation (B.2) imply that
at the quantum level there is no dependence on the field b and moreover that the antighost
dependence can be reabsorbed by the antifield redefinition (B.4). On the other hand, in the
formulation of [1], where one introduces both w* and A7, the antighost-dependent sector of
the action is recovered from the antifield couplings [dz (A7,sA* + x*sx) via a canonical
transformation with fermionic generator F' = f d*z Few (that incidentally exactly yields
the antifield redefinition in eq. (B.4)). Thus, the dimension < 6 sector of Sy is

6
gl#
; 0

At one loop order further operators will be radiatively generated starting from I'(®).

= r(‘))‘ . (2.6)

A% =0"=0 b=w=0

Those operators can be however expressed in the target theory as gauge invariant poly-
nomials in the field ¢, its (symmetrized) covariant derivatives, the field strength and its
ordinary derivatives. This set of variables is particularly suited in order to obtain the
coefficients of the one loop invariants controlling the UV divergences of the theory [7].
Additionally, some of these operators will be on-shell equivalent; the reduction to on-shell
independent operators is carried out in some detail in appendix E.

Returning to eq. (2.1), we notice that the terms in the third line of eq. (2.1) respect
both BRST symmetries and thus they do not violate either the X;-equation (A.6) or the
ST identity (A.1). Finally, in the fourth row we have added the external sources 11, R, U
required to define the Xs-equation at the quantum level in the presence of additional non
power-counting renormalizable interactions, see eq. (A.7).

3 One-loop UV divergences

In this section we will work out the parameterization of the one-loop UV divergences in
the X-theory for all the operators giving rise to contributions to dimension 6 operators in
the target theory.

4This latter fact can be easily understood since the coupling
/ d'z AL sA* = / d'z A0 w

does not generate any interaction vertex involving Aj,, due to the aforementioned linearity of the BRST
transformation of A, in the quantum fields.



In what follows subscripts denote functional differentiation with respect to fields and

external sources. Thus, amplitudes will be denoted as, e.g., Fgéz, meaning

21(1
r) = et (3.1)
ox(—p)ox(p)

p=0

A bar denotes the UV divergent part of the corresponding amplitude in the Laurent ex-
pansion around € = 4 — D, with D the space-time dimension. Dimensional regularization
is always implied, with amplitudes evaluated by means of the packages FeynArts and
FormCalc [21, 22]. As already remarked, all amplitudes will be evaluated in the Feynman
(¢ = 1) and Landau (£ = 0) gauge; this will allow to explicitly check the gauge cancellations
in gauge invariant operators and in particular, as we will see, the crucial role of the GFRs
in ensuring the gauge independence of ostensibly gauge invariant quantities.

Consider now the UV divergent contributions to one-loop amplitudes. They form a
local functional (in the sense of formal power series) denoted by f(l). Since f(l) belongs
to the kernel of the linearized ST operator &y defined in eq. (A.3), i.e.,

So(y =0, (3.2)

W is the sum of a gauge-invariant functional ?(1) and

),

the nilpotency of & ensures that T’
a cohomologically trivial contribution $p(Y

=(1 —(1 —(1
V=7 + s, (33)

with GFRs described by the cohomologically trivial term & (?(1)). Eq. (3.3) bears in fact
a close resemblance with eq. (1.4), as, for the model at hand, we find the identifications

M=-F| (F1,9) = =So(T'). (3.4)
b=w=0

Ultimately, we are interested in the UV divergences of dimension 6 gauge invariant
operators in the target theory. To identify the invariants in the X-theory contributing
to these operators the mapping function from the X- to the target theory is needed. As
explained in [16, 17] this amounts to solving the X o-equations in the X-theory via the
replacements in eq. (A.8) and then going on-shell with X 5. At the one loop level it is

sufficient to impose the classical equations of motions for X; 2. The X;-equation gives

1 v?
Xo=—(¢lp— — 35
o= (-5 ) (35)
whereas the classical Xs-equation of motion yields (at zero external sources)
3
g1v g2V gsv
(04 m?)(X1 4+ X2) = —(M? —m?*) Xy — 20X, + F(D%)U)Hqﬁ + Fij + WX%.

(3.6)



By inserting egs. (3.5) and (3.6) into the solutions of the X 2-equations (A.9a) we obtain
the explicit form of the mapping for the HK model:

M2 o 2
& - (vm) (M ) (qs* 0 - ) (D)1 D6 + S5 FL,
2 2
2A2 (¢T¢ _ > (3.7a)
2 2
70 <¢T¢ - 2) %9 (M - 2) A g;;i; (qs*«zs - ) (3.7h)

4 Dimension six operators coefficients

For computing the UV coeflicients of dimension 6 gauge-invariant operators in the target
theory, we need to consider, see appendix D:

1. Operators which only depend on the external sources and contribute to dimension 6
operators in the target theory again due to the mapping in eq. (3.7). They are listed
in eq. (D.1), and their UV coefficients denoted by 9;’s;

2. Mixed field-external sources gauge-invariant operators contributing to dimension 6
operators in the target theory under the mapping in eq. (3.7); these are listed in
eq. (D.2j), and their UV coefficients by 6;’s;

3. Dimension 6 field-dependent gauge-invariant operators that do not involve external
sources; these are listed in eq. (D.3) and their UV coefficients denoted by A;’s.

Clearly, all the associated UV coefficients A;, 8; and 9; will be £&-independent. In order
to fix them, we need to evaluate a certain number of Feynman amplitudes and derive the
projections of these operators on the relevant 1-PI Green’s functions. However, and as
already noticed, UV divergences of the latter cannot be parameterized in terms of the A;’s,
0;’s and 19;’s coefficients alone, since one needs to take into account contributions from
GFRs. Indeed, the latter prove essential in order to ensure gauge independence of the UV
coefficients of gauge invariant operators, as we will soon explicitly show.

5 Generalized field redefinitions

The first and most difficult step for carrying out the off-shell renormalization program is
to work out the GFRs controlled by 50(7(1)). One needs to take them into account appro-
priately, otherwise the renormalization of gauge invariant operators is affected by spurious
contributions arising from the incorrect subtraction of UV divergences to be removed by
GFRs. In particular GFRs play a crucial role in ensuring the gauge independence of the
UV coefficients of gauge invariant operators, as we will explicitly show.

In the Algebraic Renormalization approach we adopt, GFRs can be written in terms
of two classes of invariants as

$o [t [P(®:0)(0"0 + X0 + Q@i 0)(o" (o + ) + X)) (5.1)



with P and @ some local functionals® depending on the fields (collectively denoted by ®)
and the external sources (collectively denoted by () and &y the linearized ST operator in
eq. (A.3). For convenience, we refer to these terms as P- and Q-invariants.

In order to get a better insight on the parameterization in eq. (5.1) let us first consider
the case where P and () are constant. Since one has that

(0) (0)
S$o /d4x (c*o 4+ x"x) = /d4x [05]; + Xég + ofexw — x"e(v + o)w
o X

D — /d4x evxw, (5.2)

the P-invariant is fixed in this case by the amplitude f((dl)z*. Similarly, if P depends on
the fields and the gauge invariant sources ¢*, R,T7,U, the P-invariant can be fixed by
looking at antifield-dependent 1-PI amplitudes. Indeed, since the antighost equation (B.2)
entails that the dependence on the antighost at loops higher than one only happens via
the combination x* in eq. (B.4), we do not need to consider antighost amplitudes and
antifield-dependent ones are sufficient.

The @-invariant is trickier. Let us first notice that it does not project on x*,o*
antifield-dependent monomials:

51 6T
So /d4:c (c*(c+v)+x"x) = /d4x |:(J +0) 5o TX ox + o¥exw — xFe(v + o)w

D /d4:1: v2Et — /d4m vm?o. (5.3)

However, eq. (5.3) clearly shows that it yields a contribution to ¢* (and the o-tadpole).

To understand the Q-invariant role in the renormalization of the theory, we remark
that it depends only on the combination ¢q; therefore it is useful to rewrite the counting
operator in terms of ¢, ¢!, i.e.,

T7(0) T17(0)
0 12 ) : (5.4)

56 "9 gt

Next, observe that we are only interested in the case when the right-hand side (r.h.s.)

50/0149@ (0 (o +v) + x*x) :50/01495 <¢>

is evaluated at X;o = 0;% an explicit computation shows that the r.h.s. is indeed
gauge-invariant (remember that we need to use the antifield y*, as a consequence of the
antighost equation):

6T 6T 2 2
50/61456 (¢> e ) :/d4x[—2¢TD2¢—2Z2L<¢T¢—U2)¢T¢

— T (¢' Dy + hec.) — Ti(¢T D*p 4 hec.) + 20*¢T¢] .
(5.5)

5We remind the reader that in EFTs field redefinitions are, in general, non-linear in the quantized fields.
6 X1 o-amplitudes being fixed in a purely algebraic way by eq. (A.8).



Notice in particular that the dependence on ¢*, x* has disappeared; as a consequence this
invariant contains a combination of gauge-invariant operators that vanish on-shell. Let
us now consider what happens in the power-counting renormalizable case (77 = 0 and

z = g; = 0). Imposing the mapping in eq. (3.7) on the r.h.s. of eq. (5.5) we obtain:”

o7 6T
5 [ata <¢ 55+ g )

:—/&waD%+

M2 2\ 2 2
- (M - 1;) - M? (qﬁ ¢~ ”2)} - (606

On the other hand, the gauge-invariant operators of the renormalizable Abelian HK model
with dimension < 4 are

2
/ d*z F,; / d*z (D"¢)' D, / d'z (¢* ¢ — “;) / d'z (qﬂqﬁ - ”22) . (57

whereas the number of physical parameters is 3, which are usually chosen to be: the
gauge coupling e associated with the coefficient of the field strength squared; the mass of
the vector meson M4, which is related to the renormalization of the vev via the tadpole
invariant; and, finally, the mass of the physical scalar M, which appears with the quartic
potential invariant. The scalar kinetic covariant term is related instead to the wave function
renormalization of the two-point Higgs field and as such cannot have physical effects. If
we denote by Z/2 the coefficient of the corresponding invariant (5.6), the combination in
the r.h.s. of that equation is exactly the one related to the wave function renormalization
¢ — (1+2%)¢.

Motivated by these remarks, we choose to express all Q-invariants in the X-theory of
the form

/ d'z Q(®; )6 D%, (5.8)

with Q(®;() gauge-invariant, as a linear combination of gauge invariant operators and
cohomologically trivial invariants of the form

S0 / A1z Q(®; C)(o™ (o + 1) + X*). (5.9)

This provides a consistent definition of the independent gauge invariant operators gener-
alizing the corresponding set of independent physical parameters discussed in the power-
counting renormalizable case.

We also notice that in the Landau gauge (£ = 0) ghosts are free and the theory enjoys
an exact global invariance

0p = ieaq; dol = —ieag! (5.10)

with a a constant parameter. As a consequence of this rigid U(1) invariance the only
allowed cohomologically trivial invariants in the Landau gauge are those of the Q-type;

"Observe that as announced the m?-dependence has disappeared.



P-invariants do not arise. We will verify this property in the explicit computations that
follow. On the other hand, notice that in a general gauge, @ need not be gauge-invariant
and both P and Q-type invariants are required, due to the fact that the vev renormalizes
differently than the fields, as is well known in the literature [23].

We now list the monomials in the expansion of P, contributing to the projections
needed to fix the coefficients of the dimension 6 operators in egs. (D.1), (D.2j) and (D.3).
Using the notation

Z1 = (0% + x*X); Fo = (0*(0 +v) +x*Y), (5.11)
we obtain
1) 4 2 2
YV =38 [d°x |(po+ p1o+ p20” + psx” + porTh ) Z1
S - 9 < 9 s 9
+ (po + P10 + p20” + p3X” + paox
+ porTh + porrTi + prrTio + ﬁ3TT1X2) Zz} : (5.12)

The different coefficients can be then evaluated by projection onto the relevant Feynman
amplitudes; their values are then

(1 —dgo) M} 1 (1—dgo) =M3

_ 1 __ 5.13
po 8r2v2 14 z¢€’ pL 4203 (14 2)% (5-13a)
(1—0¢0) 2(32 —1)M3 1 (1 —0d¢0) zM3% 1
- ’ = =- ’ = 5.13b
P2 8m2vd (1+2)3 € ps 8r2vt (14 2)%€’ ( )
(1—0go) M3 1 - (1=0g1) 5 o
=— ’ = = U v 1
por 8m2v?2 (14 2)%¢€’ po 167202 A (5-13c)
N (1 —6¢.1) 2M3 (1= 6¢1) 2(z — 1) M3
pP1L = — 253 A; P2 = 2£4 2A7 (513(1)
8r2v3 14z 8m2v (1+2)
(=10 2 : o0 2137 + (~1)Pe0] M3
_ . = —(—1)%¢0 —= 5.13
P8 T6n2h 1+ 2 pa (=1) 16m205(1 4+ 2)2 €’ (5-13¢)
" (1 —0¢n) M3 " (1= de1) M3
— ) . g 2 _— ]. f
por S22 ¢ POTT = g g o (5.13f)
o (1=0e0) 22+ 2)MF 1 s
Notice that in Landau gauge ?(1) reduces to
Ol _ o, M3 1 2
Y L:O _é’o/d T o= 2= 4Ty + 4T}
CRILT PIPRNA TG P W PR
v2142 2 vt (14 2)2 2 S

i.e., the polynomial () is gauge-invariant, as expected; moreover, as anticipated, all p’s
coefficients vanish in this gauge.

~10 -



5.1 GFRs in the target theory

It is instructive to obtain the explicit form of the GFRs in the target theory at linear order
in the higher dimensional couplings. For that purpose we need to apply the mapping in
eq. (3.7) to 7(1) retaining only the terms linear in the g;’s and z.

We remark that the coefficients in eq. (5.13) only depend on z. Moreover, the image
of the source 77 under the mapping is proportional to g; and hence from the 717 sector
we receive contributions at the linearized level only from amplitudes linear in 77, whose
coefficients need to be evaluated at z = 0. By taking these observations into account, one
easily sees that the GFRs in the target theory at linear order in the g;’s and z couplings
take the following form:

o M3
(X('] =14 T 2(1 = 2)(1 = bg0) + (1 — 0¢;1)
giv = 2z av z
- 2[(1 - 5€;O)<A2 + U) +(1- 56;1)<A2 + )}U
22+2 2 _ +g—1 . (5.15)

A2 Az )X T X € \X ‘
M3 L9 )

+{1+16W2v2{ 551—2(1—551)< Az )7 3oX

~-ae) (%4 4y )o - [ v —wi;]x? w1 <O) ,

where the dots denote higher dimensional contributions that are not relevant in the one

loop renormalization of the dimension 6 operators under consideration. Notice also that
the contribution proportional to the constant spinor (v, O)T is associated with the Q-type
invariants.

From eq. (5.15) we see that the GFRs are non-multiplicative already at one loop and
in the linearized approximation.

6 Renormalization of gauge invariant operators

Once the cohomologically trivial sector has been fixed as in eq. (5.12) and (5.13) we can
proceed to project on the one-loop amplitudes required to determine the coefficients of the
invariants (D.1), (D.2j) and (D.3). As the methodology is illustrated in detail in ref. [17],
we report here only the results, which have been explicitly evaluated in both Landau and
Feynman gauge and found to coincide as required.

6.1 Pure external sources invariants

The non zero ¥; coefficients are

1 M?+(1 M2 1 1 —M*+3(1 3MZ1
191:7 +( +Z) A,; 192: + ( +Z) A,’ (613)
1672 (1+2)2 € 1672 (1+2)3 €
3M41 1 M? 1
57 4n? e 4 812 (14 2)? (6.1)
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1 2+422+2°1 3 M'4+(1+2)'Mi1

U5 = 1672 (14 2)2 €’ Y6 = 1672 (1+2)4 € (6.1c)
97 = 9%31; 95 = ml (6.14)
13 = # [Mj - (1]\4{1)3] %; V15 = mi (6.1f)
the = 32]\7/;[51; thr = 4171@“]\_?;)31, (6.1g)
V19 = 32;2 2 ?_12_55222? Voo = 38]\:511’ (6.1h)
4
ﬁggzmi; 1926:—;2(1%/;)51, (6.11)
b _871r23M2 +(12$ ;;)4]\431; 95 — _471T2(1+1,z)31’ (6.1K)
U3g = 32]\7{51; U39 = —%1, (6.11)
14 m L om
6.2 Mixed field-external sources invariants
The non zero 6; coefficients are
6 = — 167:%2 P [2(1 M2 201+ 2)2M3 4+ (2 + 42 + 322 + z3)m2} % (6.2a)
6y — 87:21}2(1;)4{(2 S 6(1 4 2 M (o) [M2 (14 23 m2}%
(6.2b)
3 = ijz\fé %, (6.2¢)
7 N [(1 + 2ym? + 40?2, (6.2d)
8m2v2 (1 + 2)3 €
05 = —32;%2 q +1,z)2 [ —da(1+2) +4(1+ Z)gj\f e+ z)f’iﬂ % (6.2¢)
06 = _327r12v2 §l jz):g {2(2 + 4z 4+ 322 + 2%)m?
—(1+42) [ — 44827 - (8 + 12i12”2> 33\%4”4]1\43 + [4+ giqf(s + z)} MQ},
(6.2f)
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3M? 1 g1v> 1
PR WL S PR T TS 11 62
7 87T2U2 (1 + Z) z + A4 glv + 67 ( g)
2,2
___ 9 1 1
b = 16m2A% (14 2)% €’ (6.2h)
___o LI i
% = ~{or2az (1+2)2¢’ (6.2)
g1 1
107 7327202 (1 + 2)3
372 4g10? 2 2 3y 2|1 :
X | —2(1+2)°Mi+ 2+ A2 M=+ (24424 32"+ 2°)m o (6.2))
3M3% 1
— - 2k
11 An202 ¢’ (6 )
g1 1 1
G0 — — - .21
12 8m2A2 (1+2)%€’ (6.2
1 z 2 2 2 2] 1
1 1 2 2, .3y,4 2 2
014 = _mm{(l +2)°(24 32432+ 2)m" +4(1 4+ 2)m [(1 —2z)M
1
1+ z)ZMj] n 4[ 314 2)PME (1 — 4zt z2)M4} }E’ (6.2n)
6M7 1
b5 = 2ol e (6.20)
9 —L;[ze —1)M? + (22— 1) 2}1 (6.2p)
107 2n2p1 (14 2)4 : ? e P
2,2
g5v 1
017 = 22— - 2
1 1 2, 4772 2, 4 2 2 2
b8 =~ oner2 A (1 4 2)3{ — 040" MT 4 (1+2) [(2 +2)g10” 4 4107z 20207 + A7)
1
+ 42(8g5v* + 4go02 A% — (1 + z)Aﬂ Mi}g, (6.2r)
2,2
92V 1 [ 2 2} 1
hg=—"————|M 2(1 My |- 2
19 2m2A% (1 + 2)? 201+ )My €’ (6.25)
2,2
g5v 1 1
_ 1 2
920 47T2A4 (1 + Z>2 67 (6 t)
1 z
O = CAm202 (14 2)3 €’ (6:2u)
1 1 4 5 74 2 ayr2y 2]l
(6.2v)
36M4 1
923 = W;, (62W)
1 1 1
(6.2x)

Oy = — -
2T T2 (1+42)3¢€’
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1 1

_ 2 272 2 3. 4y, 2
GQS_WW (2—4z)M*4+2(1 4+ 2)° M3 + (2+ 52+ 62" +42° + 2%)m o
(6.2y)
1 (1-2)1
Qo — - 6.2
T a2 (1423 € (6.22)
6M5 1

fog = —A 6.2

7 22 e (6.222)
Org = — ! {2(2 VM2 4+ (1 + 2) 2]1 (6.2ab)
29_47r2v2(1+z)4 z Z2)m 6. .4a

6.3 (Gauge invariants depending only on the fields

The non zero \; coefficients are

_ 1 1 2 2 2 2 4 374 1
M=o (1+Z)3{(1+z) [M 4 (14 2) MA]m +2[M +3(1 4 2) MAH;, (6.32)
_ 1 1 _ 4 2712 3 4954
Ao = o (1+Z)4{4(1 2 )M+ 4m2M2(1 + 2)? + 12(1 + 2)* M4
1
FAmPM2(1— 22) + (14 2)%(2 + 22 + z2)m4}7, (6.3b)
€
1 z
= — 1—2)M* +2(1 4 2)*m*
As 167206 (1+z)5{8( M+ 21+ 2)"m
1
F(1+2) [4(2 M2+ (14 2)2%(5 + z)Mi} m2}g, (6.3¢)
- 1 1
T T 3222 (1+2)2
O TR P TRE.  CNY JLl By S I R R PYET & (6.3d)
A4 AZ |74 A2 A2 ¢’ '
- glv 1 1
A5 = 1927203 (1+z ¢ (6:3¢)
v? 9%”4 2
)\6:6471‘21}4 {[42:—#41—32) A2 —l—(1+z)—A4 ]M
2
1
+(1+z)2(4z—129X; —39/1\2 )Mi+4( Jrz)gjlX2 m2}, (6.3f)
1 1 g1v g3 2
Ay = dz —4(1+2) 8 M .
7 327T2U4(1—|—Z)3{|:Z ( +z )A2 +(5+ )A4:| (63g)
2
91
91“ 2| 1
+(1+42)| —42(14+2)+4(1+= )F+(2+ )A4 me e (6.3h)
1 1 92” 2
=_ 4 M
A8 = 02,2 (1+2)? { B\
4 2 4 4
ggv gzv v v 9V 911 .
+(1+z)[2+48( A2 + A >+2g11\2+24g192A4 +glA4]MA}e’ (6.31)
202 1 1 .
g = —-2 (6.3))

6m2AL (14 2) ¢’
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1 1 93v% gvt giv?
Ao = a2 2 4 Yoy
107 198720202 (1 + z)3{ Az M) 0 45
2
v

—8(2+ 2)g9192

— —16(2+2)(2 2“—2+ M2—16(1+z)@m2 E (6.3k)
A2 J2p2 T 92 )| A ¢ ‘

7 Mapping to the target theory

The UV coefficients in the target theory \; can be obtained by: applying the mapping
in eq. (3.7) to the invariants in egs. (D.1) and (D.2j); combining the projections with the
operators in (D.3); and, finally, using the results (6.1), (6.2) and (6.3). Notice that for these
coefficients all m?-dependent contributions must cancel out; we have checked this explicitly.

The coefficients so obtained represents the complete one-loop renormalizations of the
corresponding operators; in particular, no linearized approximation in the higher dimen-
sional couplings ¢;’s has been made so far. However, as the resulting general expressions
are rather lengthy, we report below the non zero coeflicients \; at linear order in the
g; couplings:

Mo~ |8 M 4 (M - 31\44)91—”2 C a2 4 g L (7.1a)
167202 A AJTA2 ATA2 A2 | €’
fo e - [(a0202 4 4200 2 4 4(300% + 22002 — 6t ) 1Y
2 4
g2v~ | 4 2 2\ g3v” |1
— 965504 + (11M +MA) e L, (7.1b)
2
~ giv
Ay~ —Tes [zM2(18M2 +5M3) + 2(5M* 4+ 2M>* M3 — GMj)?
st 20 (8M2 + M2)93U4 ! 7.1¢)
ATpZ ATpT | (7.1c
3 1 2 2 2 91?12 1
S 1 Lo ysar) - a2 9% a2 20| ! 7.1
6~ Tonzot | ZOM +3MA) = 2M; TG + 12MA75 | = (7.1e)
2
3 2 2 g1\ 1
A7~ g (4M + 11MA) <Z - A2> gy (71f)
~ 1 gov? giv?\ 1
A8 G2y [ po (M7 +5M) + ME‘( e )fe (T
< 1 gov? 1

We hasten to emphasize that GFRs do contribute also at the linearized level, as has been
discussed in detail in section 5.1. Failure to take their contributions into account would
lead to an erroneous determination of the coefficients in eq. (7.1).
The g;’s, z contributions to the g functions
d ~
A.

i = (4 2 i
B =Um) Tog
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can then be easily determined from eq. (7.1), leading to:

L lsanrt o (rt — 3 20 1o 20 4 2y, U 7.3
513—*2 2My + ( - A)?_ AA2+ g?’ﬁ’ (7.32)
2
g1v
B2D —— [(4M2M2 + 42M4)z + 4(3M4 +M2Mj — 6MA) A2
4
ggv 2 g3v
- 9675 M4+ (11M +MA> e ] (7.3b)
3 2 2 2 4 2712 1, g1v*
B3 D =5 |[2MP(I8M” + 5M{) +2(5M* + 2M* M — 6M}) =5
4
- 48M;§912 + (M2 + 035 ] (7.3¢)
1 g1v?
5~ 2[00 4 3003) — 2213 20 4 123 2] (7.3¢)
A A
4
Bz D ¥(4M2 +11M3) <z ~ g}é > (7.3f)
1 ga2v qv
Bs D — [6A2 (M2 +5M3) + Mi( z+ AQH , (7.3g)
4 gov
Bho ~ —771912 (207 + M3). (73h)

8 One-loop mixing matrices

We are now in a position to compare our results with those in the literature [24, 25]. By
inspecting eq. (7.1) we obtain the mixing matrix represented in table 1. We find agreement
with the results of [24, 25] with the exception of the mixing of ¢*D? operators with F2¢2.
More specifically, a closer inspection of eq. (7.1) shows that the operator

02
Ir = /d% <¢T¢ — 2) (D"¢)'D,¢, (8.1)
respects the mixing pattern derived in [24, 25|, whereas the operator
/ d'z <¢T ) (6!D% +hec.), (8.2)
does not, since it mixes with
02
T = / d'z F7, <¢T¢ — 2) . (8.3)

There is an elegant cohomological interpretation of this result. Omne can find $p-
invariant combinations of gauge invariant operators that do not depend on the antifields,
in very much the same way as in eq. (5.14). Notice that these invariants depend on o, x
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FQ ¢2 ¢4D2 ¢6
FQ ¢2
»*D? X
¢6

Table 1. One-loop operator mixing matrix in the Abelian HK model. Shaded entries denote a van-
ishing coefficient. The x indicates an entry that should vanish according to the non-renormalization
theorem of [24, 25] but that does not given the coeflicients in eq. (7.1).

only via ¢ and they are generated by Z2 (now to be understood in the target theory). In
particular one finds

cS’o/d4ac§Z°2 = /d4x < (;Z +¢T§5r>
M2 2
= [t | = oo - ip2 - 28 (o - Y )olo). )

which is gauge-invariant. Thus any invariant of the form

So / d'zQ(d, 8, A,) To, (8.5)

is gauge invariant if () is a gauge-invariant polynomial. Being cohomologically trivial, the
above family of invariants can be added order by order in the loop expansion without
changing the physical observables of the theory. Intuitively the simultaneous variation of
the coefficients of the operators entering in the invariants (8.5) cannot affect the physics
since the variation is proportional to the equations of motion. This is an example of the
aforementioned fact that the mixing between gauge-invariant and alien operators (which
are cohomologically trivial with respect to the linearized ST operator) can be made to
vanish by a suitable basis choice in the space of local operators [2-6].

This means that there is the freedom to replace the invariant fg with the linear
combination of % and #3 in eq. (E.16) up to a cohomologically trivial Sy-invariant. This
transformation induces the following shift on the space of the s parameters:

2M?

= X6 (8.6)

XQ*)}\/Q*M2}\/6; Xg—)f)\vgf

For this new basis then, the non-renormalization theorem of [24, 25] hold true.

Notice that in the analysis of the mixing of dimension 6 operators carried out in [24, 25],
the on-shellness of the external physical scalar particles has been explicitly assumed. This
meant in particular that (for external particles)

o ~ M?o, (8.7)

on—shell

This choice, however, makes compulsory the use of a basis for dimension 6 operators in
which D?¢ has been eliminated through its equation of motion, since only in this case the
linearized approximation gives back eq. (8.7).
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z

g1

92

93

Table 2. Dependence of the Xz-’s on the higher dimensional coupling constants. Shaded entries
denote that the dependence of the \; parameter on the corresponding coupling constant vanishes.

A related question is whether in the recursive subtraction procedure one can indeed
limit himself only to the on-shell inequivalent operators chosen at tree-level (in the present
case, in the given dimension 6 layer). The answer is in the negative. Neglecting on-
shell vanishing operators at order n in the loop expansion hampers the subtraction of the
next order UV divergences by local counterterms, thus destroying the consistency of the
procedure. Both the on-shell inequivalent invariants (in the chosen basis) and the §p-exact
operators have to be taken into account beyond the leading order.

In order to study the one-loop amplitudes dependence on the g;’s and z beyond the
single higher-dimensional operator insertion approximation commonly used in the litera-
ture, we have reported in table 2 the dependence of the (shifted) Ns coefficients on the gi’s
and z, based on the full one loop computation carried out in the present paper.

The vanishing entries in table 2 can be partially understood in terms of the underlying
amplitudes decomposition made transparent by the X-formalism. As explained above, the
X’s are a linear combination of the s coefficients multiplying gauge invariant operators
which are independent from external sources of the X-theory, and of the coefficients 1, 8’s
associated with invariants involving external sources insertions (the UV behaviour of which
is more constrained than that of the fields). In particular, we find for the relevant operators
in table 2:

A=A+ %; A5 = As; Xs = As + gj%; o = M. (8.8)

The 9¥1-terms can be neglected: they can only induce a z-dependence and thus do not
contribute to the cancellations in table 2. Hence, the problem is reduced to the determi-
nation of the g;’s dependence of the \’s coefficients in the X-theory. One immediately sees
that these coefficients cannot depend on g3 since this is a trilinear vertex in Xs that does
not contribute to the 1-PI amplitudes of the starting theory at one loop. Thus, the last
row of table 2 must hold, as the only possible dependence on g3 at one loop arises from the
mapping to the target theory in eq. (3.7) and therefore governed by external amplitudes
involving ¢* and/or R external sources, which do not enter in eq. (8.8).

The remaining three forbidden dependences just seem to be an accidental consequence
of the one-loop Feynman diagrams; as a result, cancellation patterns do not seem to lend
themselves to an easy generalization to higher orders.
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9 Conclusions

In the present paper we have completed the investigation of the one-loop off-shell renormal-
ization of the Abelian Higgs-Kibble model supplemented at tree-level with all dimension
6 parity preserving on-shell inequivalent gauge-invariant operators. This was the last step
towards the analysis of the SU(2)xU(1) case.

We have shown that the X-theory formalism provides an effective way to work out
the relevant GFRs, which in turn are found to have an ubiquitous effect on the one-loop
UV coefficients of dimension 6 operators. In fact, since the GFRs are non linear and even
non polynomial in the fields, it is advantageous to employ cohomological tools in order
to disentangle the UV coefficients of the gauge-invariant operators from the spurious (and
gauge-dependent) contributions associated with GFRs.

We have provided a full one-loop computation going beyond the customary linearized
approximation in the higher dimensional couplings. All coefficients have been evaluated
both in Feynman and in Landau gauge and the gauge independence of the UV coeflicients
of the gauge invariant operators explicitly checked. As expected, it does not hold unless
the effects of GFRs are properly accounted for.

We find that the pattern of operator mixing cancellations studied in the previous lit-
erature only holds off-shell if an appropriate choice of the on-shell equivalent operators is
made. This can be traced back to the freedom of adding cohomologically trivial combi-
nations of gauge-invariant operators at one loop order, thus selecting a particular basis of
gauge-invariant on-shell inequivalent operators.

Application of the method presented to the SMEFT is currently under investigation.

A Functional identities in the X-theory

A.1 ST identities

The ST identity (also known as the master equation in the BV approach) associated to the
gauge group BRST symmetry reads

or or o' o' 6T or
F — 4 R R — — = 1
S(T) (/}1x[auwéAﬂ_%50*50_%5x*5x-+b5w] 0, (A.1)

or, at order n in the loop expansion,

-1 . . . .
n STW) sT(n—3)  s70) sT(n—d)
‘S( ) ‘SO( ) + ;:1: So* So + (5X* 5X 0, ( )

where & is the linearized ST operator:

o™ oT(™) ) NSOR) N)
(™ :/ 4 - _ =
So (T d*z |Ouw 5A, + ew(o + ) ox ewx 5 +0b 5

ST 7™ §7O) sT(M)
i

. A.
0o do* + ox Ox* (A:3)
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&§o maps the antifields o, x* into the equations of motion of the fields o, y, while it acts on
the fields as the BRST operator s. Notice that, as explained before, we do not introduce
an antifield for the gauge field A, since in the Abelian case treated here the gauge BRST
transformation is linear.

The ST identity for the constraint BRST symmetry is

ST 6T 4T 5T 5T
M) = [de |vee + L0 [qte [oell — (0 LI Ad
So(T) / T [”%Xl T se 55] / [”%Xl O+mieg| =0 (A4)

where in the latter equality we have used the fact that both the ghost ¢ and the antighost

¢ are free:

oT oT

5= —(O+m?)c; Se = (O+m?)e. (A.5)

A.2 X, s-equations
By using eq. (A.5) one sees that eq. (A.4) reduces to the Xj-equation of motion

or
X1

or

1
O+
v( tm )50*

(A.6)
Notice that this equation stays the same irrespectively of the presence of higher-dimensional
gauge invariant operators added to the power-counting renormalizable action.

The Xs-equation is in turn given by

T 1 ST qgiv dT  gov 6" gzv3 6T
2 O g2v0° L 93V 90 X,
5%, — o Ot T e T Az sy T aazsr -~ (@ T™)
- (1—|—z)D+M]X2—vE*. (A7)

A.3 Solving the X 2-equations

At order n, n > 1 in the loop expansion the X >-equations reduce to

orm 1 or ()
X, o Ot e (A.82)
orm 1 9 T g dT™  gov 6T ggu3 6T

1 1w g2v . A
5%, o ) e T e e Y ar st anr R (A-8b)

By using the chain rule for functional differentiation it is straightforward to see that
eqs. (A.8) entail that '™ only depends on the combinations:

I v
¢t =+ (O m)(X) + Xa); :T1+€i2 X,
g2v 93’0
—v+ P —r+ 9% x A.
%= U+ 25 Xs; R =R+ 25X (A.92)

B The b- and the gauge ghost equation

The set of the functional identities holding in the X-formulation of the Abelian HK model
is completed by:
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e The b-equation:

or
— =¢&b— 0A — Levy; (B.1)
0b
e The antighost equation:
or or
— =0 . B.2
50 w + Eev o (B.2)

At orders n > 1 the b- and the antighost equations imply

ST (™M) SsT™ ST™
b =Y o ST (B:3)

so that at higher orders the vertex functional does not depend on the Nakanishi-Lautrup
field b and the dependence on the antighost is only via the combination

X' =x"+ Eevw. (B.4)

C Propagators

C.1 The X — o sector

Diagonalization of the quadratic part of the action in this sector is achieved by setting
oc=¢o + X7 + Xo.

Then one has

Aa’a/ = AXle = —]?27 AXQXQ = (1 T z)p2 M2

(C.1)

_m2’

Several comments are in order here. At g1, g2, g3 = 0 no higher dimensional interactions
vertices are present. However, the model is still non power-counting renormalizabile, since
the derivative interaction of the Xj o-system ~ (X1 + X2)(¢T¢) violates power-counting
renormalizability as a consequence of the fact that the combination X = X; + X» has a
propagator falling down as 1/p? for large p at z # 0, as can be seen from eq. (C.1):

1z 1
1+ zp?

Axx =Ax,x, + Ax,x, ~ (C.2)

On the other hand at z = 0 Ayx goes as 1/p* for large momenta and this compensates
the two momenta from the X ¢'¢ interaction vertex, giving rise to a power-counting renor-
malizable model (at zero g;’s) [20].

- 21 —



C.2 The gauge and ghost sector

The diagonalization in the gauge sector is obtained by redefining the Nakanishi-Lautrup
multiplier field

b =0b- 2314 — evy. (C.3)
Then, the A,-propagator is
Ay = —i<212TW + 112>, My = ev, (C4)
p*—Mj ep? — M3
whereas the the Nakanishi-Lautrup, pseudo-Goldstone and ghost propagators are
Ayy = il; Ay = %5 Agy = % (C.5)
§ p? —EMa p? —EM3

As usual, £ = 0 corresponds to the Landau gauge, whereas £ = 1 is the Feynman
gauge.
Finally, the ghost associated to the constraint BRST symmetry is free:

—1
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AEC — p2 _ mz . (C6)
D List of gauge-invariant operators
D.1 Pure external sources invariants
4, . 4, 0. 4,77, 4
% [d*xc’; Yo [ d%xTh; Y3 [d xU; Yy [d*x R, (D.1a)
9 9 9
/ d'z (&) =S [ @t T2 =L [a*zU? =3 [a'z R?, (D.1b)
2 2 2
4 Y10 [ 14 Y [ 4 Y2 [ 4
2 dz e 0c; o [dan0n; [ daUou; d*z ROR, (D.lc)
%3 / diz ey an / dizeU; Y15 / diz & R; Y16 / dzTyU,  (D.1d)
Y7 / d*z T\ R; P18 / d*z UR; Y19 / diz e 0OTy; Y9 / d*ze'0U, (D.le)
991 / d*z¢*0R; 992 / dizTOU; 93 / d*zTyOR; Yo / d*zUOR, (D.1f)
) 9 9 9
25/d4:13 (e)? 26/d4:UT13; 27/dzlzn U?; 28/d4:nR3, (D.1g)
9 9 9 9
2 [deern U [aa@p S faerr TP [dwery, o)
19 9
;3 / d*z e U?, ;’4 / d*r e R Ui / Pr U, s / 'z TR, (D.1i)
PR Uss [ 14 U39 [ 14 Ya0 [ 14 9 .
Os37 [d*z e UR; o [ 2 T{U; o [ daTiR: 5 [danu?, (D))
Y [ 4 2. 4 Yag [ 4 2 VYag [ 4 2
- d*z T R*; Y40 | A*xT1UR,; 5 d*zU*R; 3 d*zUR*. (D.1k)



D.2 Mixed field-external sources invariants

2
91/d4xa*<¢T¢—2);

2
94/d4xR<¢T¢—”2>;

0, / d*z U(D"¢)' D,¢;

010 / d*z Ty <¢>TD2¢ + h.c.) :
913 d4 . i ’02 2.
W fase (st )
916 4 1 1)2 2'

919/(1456 UFil,;

0 v?

f/d“fo@%—z);
4 1 v

tos [dx c T ¢¢*?;
4 i v?

Oog |d T U ¢¢—? ;

D.3 Gauge invariants depending only on the fields

dz <¢TD<WW>¢ + h.c.> ;

2
oo - ”2) (D) D

2
02/d4xT1<¢*¢—”2>;

2
03/d4xU(¢T¢—”2>,

(D.2a)
05 / d*z & (D"$)' D, ¢; 06 / d*z Ty (D"¢)' D¢,
(D.2b)
Os / d*z R(D"$)' D, ¢; 0y / d*z e <¢>T D%*¢ + h.c.) ,
(D.2¢)
011 / d*zU <¢TD2¢> + h.c.) P / dz R(&D% + h.c.> ,
(D.2d)
2 2
%*/d‘*x:rl (M - “;) ; 9215/d4:cU<¢T¢ - ”22) :
(D.2e)
017 / d'z e Fr,; 015 / Az T\ F},, (D.2f)
020/6143; RFiu; Oa1 /d4g; (5*)2 <¢T¢ _ U;>7
(D.2g)
 faa(so- ) B fatwr(so- %),
(D.2h)
2 2
026/d4x5*U<¢T¢ - ”2> 027/d4:c6*R<¢T¢5 - “2>
(D.2i)
2 2
929/d4x T1R<¢T¢ - ”2> 030/d43: UR<¢T¢ - ”2>
(D.2j)
v2 2
Ao /d4x <¢T¢ - 2) , (D.3a)
M / d*z (D*¢) D¢, (D.3b)
X6 /d4x <¢T¢ — ”2> (¢'D*p +h.c.), (D.3c)
2
s / d'z F7,, (D.3d)
Ao / d*z F2, <¢T¢ - “22) (D.3e)
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where D#1V) denotes complete symmetrization over p, v
D) = (D)2 4+ D*DYD,,D, 4+ D*D*D,)6. (D.4)

Notice that in the text we have denoted by .#; the invariant with coefficient A;.

E On-shell reduction of dim. 6 field-dependent gauge invariant operators

We consider in this appendix the on-shell reduction of dimension 6 operators in the target
theory. The relevant classical gauge-invariant action S is obtained from the first four lines
of eq. (2.1) by going on-shell with X .

The corresponding equations of motion for the gauge field and the scalar ¢ are

5575 = OPF,, +i [qﬁ*Dm - (Dm)%} ; (E.1la)
s =D - o (M -2, (E1b)
oS v2

Since we will be interested only in the one-loop corrections that are linear in the g;’s and 2
we can limit ourselves to the leading order equations of motion in eq. (E.1); also we recall
here the identity

(D, D] = —iFpu. (E.2)

The on-shell independent dimension 6 operators can be chosen to be #3, % and .
Notice that the operator in the tree-level vertex functional

fote (oo else-)
— /d4a: <¢T¢ - v;) [(D2¢)T¢ + ¢f(D%¢) + 2(Du¢)TDM¢]7 (E.3)

can be represented in terms of invariants in the contractible pairs basis as in the r.h.s. of
the above equation. Therefore we just need to reduce all .%’s invariants in terms of f3, %
and ¢ by using the equations of motion (E.1).

Let us start from #5. This operator contains three terms, namely:

/ d*z ¢t D¢ / d*z ¢ D*D*D,,¢; / d'z ¢'D* DD, D, ¢. (E.4)

Then one finds that:

o Integration by parts gives:

[ated 0?20 = [da o) Do~ [da’ <¢*¢—) oo (B5)
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where the equations of motion for ¢, ¢! have been used in the last line. Hence

we obtain
3 2
/d4x¢* (D*)26 ~ /d4 { <¢*¢—2> M4<¢¢—2> }
M4 M4

e The second term can be rewritten as follows
/ d'z ¢"'D* DD, ¢ = / d'z ¢'D*DP D, D, + / d'z ¢ D" DP[D,, D,)¢
= / d'z ¢! D*DPD,D,p — i / d'z (DPD ) Fpue, (BT
where in the last line we have used eq. (E.2) and integrated by parts. Now
~i [l (DD6) Byt = 5 [t (1D, Do) Fyuo =~ [t Fiyolo,
again by using eq. (E.2). Eventually we arrive at the result
/ d*z ¢'D*D*D ¢ = / d*z ¢! D*DPD,, D,

1 4, 2 v’ v’ )
—Q/dxFW<¢T¢—2> —4/d zF2,

= / d*z ¢"D*D? D, Dy — Ujfs - %fw- (E.8)
e We are finally left with the decomposition of the last term in eq. (E.4). One has
k6D DD, D6 = [ate 61D+ 61 D¥D7. D)D)
= / d'z |(D?6)! D% — iF,,(D"6) D9, (E.9)

where we have used eq. (E.2) and integrated by parts. It is convenient to split the
last term in the above equation as follows

i / d'a F,,(D"¢) DPg = = / d*z F,,{(D"¢) D¢ + (D"$) DPp}

_ /d4x { B iapr# [ngTD“qb - (D”gb)w}

—/d4x{

i [6110%, D716 + (D7, DY10)'0] |

Ns

0" Fy |1 D"6 — (D)) - 2F3p¢*¢}
(E.10)

N\N
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By using the A,-equation of motion (E.1) the first term in the last line of the above
equation becomes

-3 / d'z 9°F,, | D"6 — (D"6)'g)
~ =y [da (4D~ (D"6)'0) (61 Do - (Do)
= /d% {quqs (D*¢)T D, — % [¢TDM¢ o' Dl + h.c.} } (E.11)
Integrating by parts the last term in the last line of the above equation one finds
- % / d'z [¢TDM¢ ot DHo + h.c.}
- [ats {2¢*¢<D“¢>TDM¢ +5610[6'D% + (D)1 o] } (E12)
and thus
-3 / d'z 9°F,,, | D"6 — (D"6)'g)
~ =y [da (4D~ (D"6)'0) (41 Do~ (Do)
= / d'z {w ¢ (D"¢)T Do + %cﬂ ¢ [dﬁ D%¢ + (D%ﬁ)%} } (E.13)
Putting everything together we find
/ d*z ¢'D*DPD,D,¢
= / d'e {(D%)T D?¢—3¢'¢ (D*¢)'D,o

- 300[otD% + (D%)e] + SFE0f0)

2 2 2\ 3 2
~/d4x{]‘vﬂ< + 25 (M) 3(¢*¢1’2><D*‘¢>*DM¢

2\ 2
(o) Fwamacie(ss 1) o0-)

L2 of 4 v 2
R (e
M? M? M? 3
4M2 V2 A +M2<1+)J2+ <1+ )fg—v2f4
U

2
3.+ %Jg + Ejlo' (E.14)

By using egs. (E.6), (E.8) and (E.14) we obtain

3 M? M? 3M?
T ~ = L2y A+ M2+ S — Tt g2+ —5 )
2 2 v? V2

1 1
— 3039, — 677 + szfg + 5710 (E.15)
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We now move to %. By using the equations of motion for ¢, ¢! in eq. (E.1) we find

2 2\ 3 2\ 2 2
j6~/d4x{—2]‘v42<¢f¢—”2> —M2<¢T¢—”2> }:—2]\1fl2j3—M2j2. (E.16)

Finally we need to consider %9. Use of A,-equation of motion yields

o~ = [da 61D, - (D)0

~ [ate oo [6(D"0) Do+ 61D% + (D))

2 2 2 2\ 2 2
= [ate|(dfo- 5 )+ 5 [{owrerpe - 205 (st 5 ) - ar2(d0- 5 )}

M2 2 M2
= A = M — 2 Ty + 30T + 6 (E.17)
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