PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: February 27, 2020
ACCEPTED: May 9, 2020
PUBLISHED: May 27, 2020

Charges and holography in 6d (1,0) theories

Oren Bergman,® Marco Fazzi,*%¢ Diego Rodriguez-Gémez"*

and Alessandro Tomasiello®*
@ Department of Physics, Technion, Israel Institute of Technology,
32000 Haifa, Israel
b Department of Physics, Universidad de Oviedo,
Calle Federico Garcia Lorca 18, E-33007 Oviedo, Spain
¢ Instituto Universitario de Ciencias y Tecnologias Espaciales de Asturias (ICTEA),
Calle de la Independencia 13, E-33004 Owviedo, Spain
4 Dipartimento di Fisica, Universita di Milano-Bicocca,
Piazza della Scienza 8, I-20126 Milano, Italy
¢INFN — Sezione di Milano-Bicocca,
Piazza della Scienza 3, I-20126 Milano, Italy
E-mail: bergman@physics.technion.ac.il, marco.fazzi@mib.infn.it,

d.rodriguez.gomez@uniovi.es, alessandro.tomasiello@mib.infn.it

ABSTRACT: We study the recently proposed AdS;/CFTg dualities for a class of 6d N =
(1,0) theories that flow on the tensor branch to long linear quiver gauge theories. We find
a precise agreement in the symmetries and in the spectrum of charged states between the
6d SCFTs and their conjectured AdS7 duals. We also confirm a recent conjecture that a
discrete S symmetry relating the baryons in the quiver theories is in fact gauged.

KEYWORDS: AdS-CFT Correspondence, Field Theories in Higher Dimensions, D-branes,
Anomalies in Field and String Theories

ARX1v EPRINT: 2002.04036

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP05(2020)138


mailto:bergman@physics.technion.ac.il
mailto:marco.fazzi@mib.infn.it
mailto:d.rodriguez.gomez@uniovi.es
mailto:alessandro.tomasiello@mib.infn.it
https://arxiv.org/abs/2002.04036
https://doi.org/10.1007/JHEP05(2020)138

Contents
1 Introduction and summary

2 Field theory
2.1 Linear quivers
2.2 Global symmetry
2.2.1 SU(2) node
2.3 Charged operators
2.4 A discrete (gauge) symmetry

3 Supergravity

3.1 Solutions

3.2 Symmetries

3.3 Charged states
3.3.1 Open strings
3.3.2 DO-brane (and strings)
3.3.3 Matching the U(1) charges
3.3.4 Holographic chiral-ring relation

4 Plateau-less cases

5 Examples
5.1 A uniform quiver: M5-branes on C?/Z
5.2 A uniformly rising quiver
5.3 A simple symmetric quiver

A Particles in global AdS~
A.1 Killing spinors in global coordinates
A.2 Probe DO-branes
A.3 Probe Fl-strings

B Abelian charges of operators and dual string states
B.1 Field theory
B.2 Supergravity
B.3 Solving the constraints
B.3.1 The simplest case of s = 2
B.3.2 The case of s =3

N O e e NN

co Qo

11
13
13
13
15
17

18

20
20
22
24

28
28
29
30

31
31
32
32
34
34




1 Introduction and summary

The study of quantum field theory becomes harder as one increases the dimension of
spacetime: familiar interacting models become non-renormalizable and require new UV
completions. However when such completions can be found, they provide interesting win-
dows on non-perturbative physics, whose lessons can be useful in lower dimensions too.
For supersymmetric models, the renormalization group (RG) fixed points at high energies
should be superconformal field theories (SCFTs), which can only exist up to d = 6. Over
the years, many realizations for such theories have been proposed using various string-
theoretic techniques.

In this paper we will be interested in a class of 6d SCFTs with (1,0) supersymme-
try [1, 2], which have effective descriptions in terms of linear quiver gauge theories with
gauge group II;SU(r;), matter fields charged in bi-fundamental representations, and tensor
fields. Based on their brane engineering, these SCFTs were suggested in [3] to have AdSy
holographic duals in Type ITA supergravity, which have been classified [4] and written
down explicitly [5, 6]. A concrete check of this duality was performed in [6, 7], where the a
anomaly was compared on both sides and found to agree in full generality. While that test
was reassuring, one would like to have further quantitative tests to probe in more detail
the non-perturbative physics of these SCFTs.!

Here we will compare in detail the symmetries and the spectrum of charged operators.
It has been known already that the non-abelian symmetries are realized on the D8-branes
and D6-branes present in the gravity solutions, but the U(1) symmetries are more subtle.
On the field theory side, they should acquire masses through a Stiickelberg mechanism [2];
but some of them are in fact anomalous (the analysis becoming particularly interesting in
presence of SU(2) gauge groups). On the gravity side, these U(1)’s are particular combi-
nations of the RR gauge field and of the gauge fields that live on branes; we match them
with the non-anomalous combinations on the field theory side. Amusingly, the matching
involves a Stiickelberg mechanism on the supergravity side.

There are in general two types of charged operators in the field theories we consider.
The first are composed as strings of matter fields which we refer to as string-mesons,
and the second consist of antisymmetrized products of matter fields which we refer to
as baryons. These operators carry non-abelian flavor symmetry charges as well as U(1)
charges. Interestingly, the different baryons all have the same charges and dimension.
The baryons and string-mesons are expected to be related by chiral-ring relations. On
the gravity side, we identify the string-mesons with strings connecting the D-branes in
the solution, and the baryons with D0-branes. We also provide a realization of the chiral-
ring relation through an instantonic process: namely, DO-branes can turn into fundamental
strings (and vice versa) via the nucleation of a Euclidean D2-brane which wraps the internal
space of the dual gravity background.

When the DO-brane is in a region with non-zero Romans mass, it develops a tadpole
that should be canceled by strings ending on it; this corresponds nicely with the structure
of the field theory baryons, which are built from rectangular matrices and hence need

'Further tests of different aspects were performed in [8-12].
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Figure 1. The general 6d linear quiver theory.

to include sequences of fields charged under neighboring gauge groups. Taking this into
account, however, we find that the DO-brane mass has a single minimum. This suggests
that the field theory baryons should all be identified in the SCFT, in stark contrast with
most theories in lower dimensions. This is consistent with their charges being equal, and
with a recent conjecture [13] that these SCFTs have an Sy gauge symmetry. Below we
will provide a field-theoretic argument supporting this conjecture which exploits the fact
that, for 6d theories with an M5-brane origin, the Sy symmetry can be identified with a
subgroup of the gauge group in a certain duality frame (or, in other words, upon performing
a different reduction to Type ITA). Furthermore, we are able to match exactly and in general
the charges and dimension of this single baryon to the mass of the DO-brane (with strings
attached) at its minimum.

This paper is organized as follows. In section 2 we present the gauge theory de-
scription of the 6d (1,0) SCFTs, highlighting their global symmetries and spectrum of
gauge-invariant charged BPS operators. In section 3 we review the construction of the
AdS7 gravity duals; we identify the non-abelian gauge fields as well as the non-anomalous
abelian ones coming from the reduction of the ten-dimensional Type IIA theory on the
internal space; we construct the charged states and compute their masses and charges,
matching them with those of the dual operators. In sections 2 and 3 we concentrate on the
case in which the 6d quiver gauge theory has a segment in which the gauge group ranks
do not change, namely a plateau, and the dual Type IIA background has a region with a
vanishing Romans mass. In section 4 we briefly discuss the case in which the gauge theory
does not have a plateau, and the dual Type ITA background does not have a massless
region, mainly emphasizing the differences with the case containing a plateau. In section 5
we work out three explicit examples, including a plateau-less case. In two appendices we
include a supersymmetry analysis of DO-branes and strings, and some details related to
the computation of their U(1) charges.

2 Field theory

2.1 Linear quivers

The general structure of the theories we are interested in is shown in figure 1. These are
linear quiver gauge theories with N — 1 gauge nodes SU(r;), where i = 1,...,.N — 1, a
bi-fundamental hypermultiplet for each SU(r;) x SU(r;4+1) pair, and n; fundamental flavor
hypermultiplets for SU(7;). These theories are free of gauge anomalies provided that each
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Figure 2. Brane configurations for linear quivers. In (b) the first and last stacks of flavor D8-branes
of (a) are replaced by semi-infinite D6-branes.

gauge group SU(r;) has effectively 2r; flavors, namely that
n; = 27"1' —Ti+1 — Ti—1- (21)

There exists a simple brane construction for this theory in Type IIA string theory [1, 2].
It consists of N parallel NS5-branes separated along one coordinate, with r; D6-branes
stretched between the ith NS5-brane and the (i 4+ 1)st NS5-brane, and a stack of n; D8-
branes intersecting the D6-branes between the ith and (i + 1)st NS5-brane, figure 2a. The
first and last D8-brane stacks can be traded for semi-infinite D6-branes via a Hanany-
Witten transition, as shown in figure 2b. For each gauge node there is also a tensor
multiplet corresponding to the NSh-brane degrees of freedom. The anomaly cancellation
condition (2.1) is seen as a tadpole cancellation condition on the NS5-brane worldvolumes.

For our purposes we will assume that the flavored gauge nodes are well separated, so
that the quiver theories take the form of figure 3. We label the flavors by b=1,...,s, and
the flavored nodes are labelled by j,. We assume that the first and last nodes are flavored,
namely that j; = 1 and j, = N — 1. The anomaly condition (2.1) implies that r; is a
convex function of j, and therefore that it either has a maximal plateau in some segment
between consecutive flavors j, < j < jp41, or that it is maximized at one of the ends of the
quiver. In the remainder of this section, as well as in the next section, we will assume that
there exists a plateau between the pth and (p + 1)st flavors. In section 4 we will briefly
summarize the results for the plateau-less case.

The anomaly condition (2.1) can be solved by imposing the “boundary conditions”
ro =ry = 0, to give

Tmax — Zi):aR(j)(jb - ])nb for J < jp

7 =4 Tmax for 5, <7 < Jp+1 (2.2)

Tmax — Zi;]j_l(] - jb)nb fOI‘j > jp-l-l )

where ar 1,(j) labels the flavor nearest the jth node on the right and left, respectively, and
Tmax 18 the maximal gauge group rank, which is given by

S

p
Tmax = Zjbnb = Z (N _jb)nb- (23)
b=1

b=p+1



T

Y1

N

ni na ns3

Figure 3. The general 6d linear quiver theory with s sets of flavors. We denote by z;, Z; the two
complex scalar components of the bi-fundamental hypermultiplets, and by y,, y, the two complex
scalar components of the fundamental hypermultiplets.

2.2 Global symmetry

The gauge nodes are SU(r;) rather than U(r;), since the the U(1) gauge bosons acquire a
mass via a Stiickelberg coupling to a scalar in the tensor multiplet [2]. The U(1) symmetries
are therefore global symmetries in the low energy theory. However in general they are
anomalous. Let us denote by J!, with ¢ = 1,..., N — 2, the U(1) currents associated to
the bi-fundamental fields x;, and by Il’j , with b=1,...,s, the U(1) currents associated to
the flavor fields y,. The anomalies are given by

Oudlt = 1 Te(F2) — riga Tr(F?) (2.4)

(]
Ouly = mp ’I‘I‘(F’ng) :

Anomaly-free currents are found by summing from flavor to flavor with appropriate coef-
ficients. There are s — 1 independent conserved currents given by summing from the bth
flavor to the (b + 1)st flavor as follows (up to an overall normalization)

Jor1—1

Tp+1 NpNp41 np
J=—00 s Y Ry - It
b rs b i j rs b+1

Jb Jrj+1 Jbt1

(2.6)
J=Jv

The global symmetry of the 6d theory is therefore generically U(1)*~! x [T;_; SU(np).2 In
the next section we will see that this agrees with the gauge symmetry of the proposed dual
AdS7 background.

2.2.1 SU(2) node

There are a number of special cases that deserve our attention. These occur when there
is an SU(2) factor. The U(1) anomaly is absent for SU(2) since TrFng@) = 0. This would
suggest that there are additional U(1) symmetries in these cases. However this is not
the case as we will now explain. The most general situations with an SU(2) factor are
depicted in figure 4, which shows an edge of the quiver containing an SU(2) gauge node
with n flavors, where n = 0,...,4. There are actually two different theories with this
gauge field and matter content. Figure 4a shows the minimal theory with n flavors, and
figure 4b shows the theory which has an extra tensor multiplet associated to the edge.

2For an F-theory perspective on the global symmetry of these SCFTs, with particular emphasis on the
U(1) factors, see [18].
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Figure 4. An SU(2) piece of the quiver.
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Figure 5. Brane configurations for the quiver tails in figure 4.

This is represented as an “SU(1)” gauge node which is really a flavor. The corresponding
brane configuration is shown in figure 5b, where one of the D8-branes is traded for an extra
NS5-brane on which a single D6-brane ends. In the first case the U(1) symmetry associated
to y is anomaly-free by itself, and in the second case the two U(1) symmetries associated
to x1 and y are anomaly-free by themselves. However these symmetries are actually absent
in the SCFT.

Let us begin with the edge without the extra tensor multiplet, figure 4a. The relevant
cases are n = 0,1,2 and 4. The case with n = 3 is equivalent to the case with n = 4 of
figure 4b, which we will discuss below. For n = 4 this is just an SU(2) theory with 4 flavors.
The classical global symmetry of this theory is SO(8). However it has been argued that
the symmetry is reduced in the SCFT to SO(7) [13, 14]. The other cases can be obtained
by gauging an SU(4 — n) subgroup of the global symmetry. Classically this would leave
a U(1) global symmetry acting on the bi-fundamental field z; for n = 0, and two U(1)
global symmetries acting on x1 and on the flavor y for n = 1. For n = 2 it would leave
an SU(2)? global symmetry, with two SU(2) factors acting on the flavors and one acting
on the bi-fundamental field. However since the global symmetry of the n = 4 theory is
actually SO(7) these conclusions are modified. For n = 0 the edge has no global symmetry,
for n = 1 it only has a single U(1) corresponding precisely to the first two terms in (2.6),
and for n = 2 it has SU(2)%23 We conclude that the formula for the anomaly-free U(1)
currents (2.6) holds also in the cases with an SU(2) edge of the form shown in figure 4a
with n = 0,1, and that there are no extra U(1) symmetries. For n = 2 the full quiver is
actually fixed to be 2 4+ SU(2)V~! + 2. The classical global symmetry is SU(2)V*2, but by

3In more detail SO(8) D SU(4) x U(1)1 D SU(3) x U(1)1 x U(1)2 with 8, — 30,3 +30,—3 + 11,0+ 1_1,0,
whereas SO(7) D SU(4) D SU(3) x U(1) with 8 — 33 +3_3+ 15+ 1_3.



repeating the above analysis at each of the nodes one can show that this reduces to just
SU(2)3 [13].

Now consider the SU(2) edge with the extra tensor multiplet, figure 4b. Let us start
with the case n = 4, namely an SU(2) theory with 4 flavors and an extra tensor multiplet.
It has been argued that in this case the global symmetry is reduced to Gy [13]. As before
the other cases correspond to gauging an SU(4 — n) subgroup, now with n = 1,2.* For
n = 1 we get no remaining global symmetry, and for n = 2 we are left with SU(2).° So,
again, there are no extra U(1) symmetries associated to the SU(2) edge. The only U(1)
symmetries are those given in (2.6).

2.3 Charged operators

Our main interest is in the spectrum of gauge-invariant charged BPS operators. There are
two types of such operators in the theory. The first are given by strings of matter fields
beginning and ending with a flavor field, which we will refer to as string-mesons. There
are s — 1 independent string-mesons which we can take as beginning at the bth flavor and
ending at the (b + 1)st flavor:

Jo+1—1

Mo=yo- | J] 25| tbs1- (2.7)

J=iv
This operator has a scaling dimension A, = 2(jp+1 — J» + 2), and transforms in the
bi-fundamental representation of SU(ny) x SU(npy1). From (2.6) we also deduce that it
carries charges under at most three of the U(1) symmetries:
Np—1

- force=b-1
Tjy

n Jopa 7l npn n

Lan Z S L 0 fore=b

Qc(Mb> = Ty k=jp TETk+1 LT (2'8)

_ b2 fore=0b+1

T jpt1
0 otherwise

The first charge is zero for b = 1, whereas the third is zero for b = s — 1.
The second type of operators are given by antisymmetrized products. We will therefore

refer to them as baryons. There are NV independent baryon operators B; with j = 0,..., N—
1, given by
( P Jo—1 o
@) ] IT @ | v for0<j<j,—1
b=ar(j) [ \i=j+1
Bj = q (z;)™> = det z; for jp, < j < jgp41—1 (2.9)
aL(j+1) j—1 e
@) T oo | T # for jpp1 <j <N -1
\ b=p+1 Z:]b

4For n = 3 this is an SU(2) theory with 4 flavors and two extra tensor mutiplets. This theory has a
global symmetry SU(3).
°In more detail, G2 D SU(3) with 7 — 3 + 3 + 1, and G2 D SU(2) x SU(2) with 7 — (2,2) + (1, 3).
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where all products are antisymmetrized. All of these have the same scaling dimension
Ap; = 2rmax, they are all singlets under the non-abelian part of the global symmetry, and
all carry only U(1), charge:

Qc(Bj) = I'max (2.10)
0 forc#p.

The string-meson operators and the baryon operators are not completely independent.
The product of the N baryons can be expressed in terms of the s — 1 string-mesons in a
chiral-ring-like relation:

N-1 p—1 s—1
[T 8~ | TTMo - Mpoays |- My | TT My My )
§j=0 b=1 b=p+1

(2.11)

with appropriate antisymmetrization of the products on the r.h.s. . Here we are omitting
neutral mesonic factors of the form x;Z; and y,g,, and presenting only the charged com-
ponents of the chiral-ring relation. Note in particular that the r.h.s. is a singlet under all
the non-abelian factors of the global symmetry. The first term on the r.h.s. transforms as
(ﬁp)gg‘;’;_"pj” of SU(ny), the second term as (np, Bp11),00 of SU(np) x SU(np11), and the
third term as (npﬂ)g‘;;r’;"”“(]v*j”“) of SU(npy1). Antisymmetrizing the product of these
gives a singlet.

2.4 A discrete (gauge) symmetry

In addition to the continuous global symmetries discussed in section 2.2, the linear quiver
theories also appear to have an emergent discrete symmetry Sy, originally identified
in [13].5 This symmetry is not seen at the level of the action, but becomes apparent
at the level of the gauge-invariant operators discussed above. Since the N baryon oper-
ators B; all have the same scaling dimensions and charges under the continuous global
symmetries, there is an Sy symmetry that permutes them. From the point of view of the
Type ITA brane construction this corresponds to the permutation of the NV NS5-branes.

It has been conjectured in [13] that this symmetry is actually gauged. This was argued
using an auxiliary three-dimensional N/ = 4 quiver gauge theory, the so-called magnetic
quiver, whose Coulomb branch is conjectured to be identical to the Higgs branch of the
6d electric quiver. The Coulomb branch of the three-dimensional theory is given by the
closure of a certain nilpotent orbit of the global symmetry. When the N NS5-branes (or
Mb5-branes) are brought together, the new nilpotent orbit is the Sy quotient of the one for
the separated branes.

There is another way to see that the Sy symmetry is gauged, at least for the 6d
theories on Mb5-branes, as we will now explain. Some, but not all, 6d SCFTs are realized

5The authors of [13] considered a special class of quiver theories corresponding to M5-brane theories,
but their arguments are easily extended to the more general quiver theories considered here.



in terms of M5-branes in various M-theory backgrounds. These theories have two different
gauge theory deformations. The first is a 6d quiver gauge theory of the type we have been
discussing, corresponding to the low energy effective theory on the tensor branch of the 6d
SCFT. From the point of view of string/M-theory this corresponds to separating the M5-
branes and reducing along a direction transverse to them. For example, for the 6d (2,0)
theory of N Mb5-branes in flat space this gives a Type ITA brane configuration with a single
infinite D6-brane intersecting N NS5-branes, namely a theory of N free hypermultiplets
and N free tensor multiplets. As we explained above, this description exhibits an emergent
global Sy symmetry. The second gauge theory deformation is a 5d supersymmetric gauge
theory obtained by compactifying the 6d SCFT on a circle, namely reducing along one
of the M5-brane directions. This is the theory living on N D4-branes in Type ITA string
theory in a background corresponding to the reduction of the M-theory background. For
example the reduction of the (2,0) theory gives the 5d ' = 2 SYM theory with gauge group
U(N). In this case the permutation group Sy is part of the gauge symmetry: it is the Weyl
group of U(N). While the two gauge theories are clearly different, they both correspond
to deformations of the same 6d SCFT. We conclude from this that the Sy symmetry of
the 6d quiver theory is in fact gauged, at least in the case of Mb5-brane theories. While
this argument is not directly applicable to 6d quiver theories that are not deformations
of Mb-brane theories, since these do not have an obvious 5d gauge theory reduction, it
is plausible that the conclusion continues to hold, given that these theories can often be
related to ones that are deformations of M5-brane theories via Higgsing (see for example
section 5.3).

We will confirm that Sy is gauged in all of these theories using holography. A gauged
Sy implies that there is only one physical baryon operator corresponding to the sum of
the N baryons. Our analysis will show that there is indeed a unique bulk state dual to
this operator.

3 Supergravity

3.1 Solutions

We begin this section by briefly reviewing the Type ITA AdS7 solutions of [4] that are
conjectured to be dual to 6d (1,0) theories of the type described in the previous section [3,
5, 15]. The ten-dimensional geometry is a warped product AdS7 x Ms, with the internal
space M3 having the topology of S, given by an S? fibered over an interval. There is NSNS
3-form flux on M3 and RR 2-form flux on the S? fiber, and in general also a non-vanishing
RR O-form flux Fp, the so-called Romans mass. For Fy = 0 the Type ITA background lifts
to the M-theory background AdS; x S*/Z,.

The Type ITA background is defined by a single piecewise smooth function on the
interval a(z), with z € [0, N], satisfying the differential equation”

& (z) = —2m(97) 2 Fo(2), (3.1)

with appropriate boundary conditions corresponding to the asymptotics of the brane con-
figuration. Let us divide the interval into N equal segments with 7 < z < j + 1, where

"The first-order supergravity equations reduce to this single ODE.



j =0,...,N — 1, corresponding to the N NS5-branes in the Type IIA brane construc-
tion. The Romans mass Fy(z) is a piecewise constant function given in the segment
z€(j,j+1) by

27TFO(Z) =Tj+1—T5, (32)

where 7 is the rank (plus 1) of the jth gauge group in the dual quiver theory. Recall that
we impose the boundary conditions rg = ry = 0. The D8-branes present in the original
brane construction remain as sources localized at z = j, with b = 1,...,s, across which
the Romans mass jumps by 2rAFy = ny. The plateau is the region j, < z < j,41 in which
Fyp = 0. We will refer to this as the massless region. The case without a massless region
will be discussed in the next section. It follows from (3.2) and (2.2) that

- Zg:aR(j) ny forj < jp
27TF0(Z) =40 for jp < ] < jp+1 (33)
ZZigll np for j > jpi1.

The solution to (3.1) for j < z < j + 1 takes the form [6]

a(z) = a; = 2(9m)y;(z — j) - 7)(7341 —r)(z=3),  (34)

where o and y; are fixed in terms of r; by the boundary and continuity conditions (see [6, 7]
for the general expressions). The ten-dimensional metric is explicitly given by

CE2
ds?y = 24 ds? g + (4m)2e2AC) <d22 t oG dé‘%z) ) (3.5)

where dsids7 is the unit-radius metric on AdS7, dsgz is the unit-radius metric on S? with
coordinates {6, ¢} (and volume form dQy = sin 0df A d¢), and the warp factor is

24(2) _ o7/2_ (_ Q)12
e 204 ( d) . (3.6)
The dilaton is given by
4
o2 — L (3 e (6% — 20) 712 (3.7)
VT \2

The background is in general singular at the two poles of M3, reflecting the presence of the
semi-infinite D6-branes, or equivalently the D8-branes at z = j; =1 and z = j, = N — 1.
The gauge-invariant NSNS and RR field strengths are given by

Hs = h(z)dz A dQy, (3.8)
Fy = dC), — FyBy = f(2)d



where

£z) = — <d-“dag> , (3.10)

2(97)?2 a2 — 2aév
o
h(z) = - A1
(2) =m (z = —2ad> ; (3.11)
and the corresponding fluxes are

H3 = 47°N , (3.12)

M3
/ Fy = 4rnf(2). (3.13)

S2

The latter corresponds to the so-called Maxwell D6-brane charge, which is gauge-invariant
but not quantized.

A quantity that is more closely related to the number of D6-branes is the Page charge,
defined in general by F' = F A eP2, and given in this case by Fy = Fy + FyBy = dC,. Page
charge is quantized but not invariant under gauge transformations of the NSNS potential
By. It is convenient to work in a gauge in which By only has components along the 2, and
vanishes at the two poles of Ms. This requires performing a large gauge transformation
between the poles of Mz such that By — By — mINdS)s. We will assume that this gauge
transformation is performed at a point in the massless region, namely at z = zp where j, <
20 < jp+1. The gauge 1-form function is therefore given by Ai(z) = TNO(z — zp) cos 0d,
and we have

h(z) d for z < jp

Ba(z) = { mNG(z — 20)dz A cosOdg + (—mNO(z — z0) + h(2)) dQs  for j, < z < jpt1

(=N + h(z)) dQe for z > jpy1.
(3.14)
The D6-brane Page charge in the segment 7 < z < j + 1 is subsequently given by
(
Jri+1 — (J + D)y for j <j,—1
Fy . .
o g = § " "max for Ip < J < Jp+1 — 1
(U= N)rjpr = (G = N+ Drj forj>jpn
D D U for j < j, — 1
= —Tmax for jp < J < jp—i—l -1 (315)
= 2b—ar ()41 (N = Je)re for j = jpia

where in the second equality we used (2.2) and (2.3). This has a discontinuity across the
location of each D8-brane stack at z = j; that is accounted for by a D6-brane charge carried

~10 -



by the D8-brane stack itself. This is sourced by a worldvolume magnetic flux, which for a
D8-brane in the bth stack is®

: for b <
L {‘7” =P (3.16)

o= =
52 2m jp—N forb>p+1.

In particular the D6-brane charges carried by the first D8-brane stack at z = j; = 1 and
by the last D8-brane stack at z = j, = N — 1 account for the singularities at the two poles.
For large N these are effectively at z =0 and z = N.

3.2 Symmetries

As usual the global symmetries of the SCFT should correspond to gauge symmetries in the
bulk, namely to massless vector fields. The 6d conformal symmetry is of course dual to
the isometry of AdS;. The SU(2)r symmetry is realized in the bulk as the isometry group
of the S? fiber of Mj. In particular the U(1)g Cartan subgroup corresponds to the U(1)
isometry associated to the 1-form cosfd¢. These are the only symmetries arising from
the geometry. Additional symmetries arise from ten-dimensional supergravity gauge fields
and from the source D8-branes. There is a U(1) gauge field given by the RR 1-form C1,
and U(ny) gauge fields coming from the D8-brane worldvolumes.”? This appears to amount
to U(1)5™ x [];_, SU(np). However not all of the U(1) vector fields are massless in this
background. This can be seen from the appearance of Stiickelberg-like terms in the seven
dimensional theory on AdS7.

For the RR 1-form such a term comes from the reduction on Ms of Type ITA
supergravity

1 2 72
Se, :_2/ dCs NH3 NCy = - N dCs A C . (3.17)
2 K10 JAdS7xMs Ko AdS7

This is a seven-dimensional Stiickelberg term, where the Stiickelberg scalar field corre-
sponds to the dual of C5.

There are also Stiickelberg terms for the D8-brane worldvolume gauge fields that arise
from the worldvolume CS terms. The general form of the worldvolume CS action is given by

Scs = Tk / C AT (e%HBQ) — Ty / C ATy (e%f) : (3.18)

where C is the formal sum of all RR potentials, and we have defined the modified RR
potentials as

C=CAhneP, (3.19)

8This quantity is also not gauge-invariant under the gauge transformation of By. The gauge-invariant
combination is 2rF = 27 f 4+ Bz|ps. In the gauge (3.14) this gives (3.16).

9Due to the presence of the singularities at the poles, there is also a gauge field given by the reduction of
the RR 3-form Cs on S%. However this field is gapped by confinement, as can be seen from the fact that a
D2-brane wrapped on S? comes with strings attached due to the RR flux on the S2. A similar mechanism
was at work in Type IIB AdSs duals of 5d SCFTs [16].
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such that dC = F. The terms relevant for us are
- 1 -
Scs = Ty / [27707 ATr f 4+ =(27)%Cs A Tre(f A f)] . (3.20)
AdS+x 52 2

The first term gives the Stiickelberg terms

S\ = 2r Ty nb/ d (/ é7> Aay, (3.21)
AdS7 S2

where a is the diagonal U(1) gauge field of the bth D8-brane stack, and the Stiickelberg
scalar is given by the dual of the reduction of C7 on S2. These terms imply that the
combination ), npap is massive and therefore not part of the low energy spectrum.

The second term in (3.20) gives the Stiickelberg terms

5(52) = (27T)3 T3 ,ubnb/ dé5 N ap, (3.22)
AdS7

which together with the C Stiickelberg term in (3.17) seem to imply that the combination
NCy + 7 mynpap is also massive.'’ However this not completely correct. The modified
RR potentials defined by (3.19) are not invariant under By gauge transformations, and so
are affected by the large gauge transformations that we used above. In particular when we
cross the plateau C7 undergoes the transformation

07 — 07 + 65 A NdSQs , (3.23)

giving an additional contribution to (3.22) from (3.21). The net effect, given (3.16), is to
replace pp by b,

552) = (277)3 T3 jbnb/ dé5 N ayp . (3.24)
AdS7

So the second massive gauge field is given by NC1 + ), jpnpas.
We are left with s — 1 massless U(1) gauge fields A, with ¢ =1,...,s— 1, that can be
parameterized as

ap = ﬁbC)Ac , C1= 7(6)A07 (3'25)

where the coefficients ﬁéc) and 7(%) satisfy the conditions

S s =0, (3.26)
b=1
NAO > o8y = 0. (3.27)
b=1

We conclude that the gauge symmetry in the AdS7 supergravity background is U(1)5~! x
[T;—, SU(np), in agreement with the global symmetry of the 6d SCFT.

M)

OWith our conventions, k3o = 2° 77, while Ty = ﬁ Hence (27)%Ts = i%
10
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3.3 Charged states

The states charged under the symmetries identified above, and dual to the operators de-
scribed in the previous section, are described by open strings and DO-branes.

3.3.1 Open strings

The string-meson My, is dual to an open string between a D8-brane in the bth stack and
one in the (b + 1)st stack (and located at the origin of AdS7). Let us refer to this state as
F1,. The mass of this string is given by (with o/ = 1)

1 b1 . .
M(Flb) = 27T/ dz \Z detP[G]Ws = 2(]b+1 - ]b) ) (328)
J

where P[G]ws denotes the pullback of the metric in (3.5) onto the worldsheet, spanning
time in AdS7 and z. This agrees at large N with the dimension Anq, = 2(jp41 — J» + 2)
of the string-meson operator My we gave below (2.7). The non-abelian charges also agree,
since the open string is charged in the bi-fundamental representation of SU(np) x SU(np41).
The U(1). charges will be discussed shortly.

We will confirm that this is a BPS state by computing its R-charge. The charge
under U(1)g is given by the coupling of the string to a fluctuation of the 1-form associated
to U(l) R

d(cosBdp) = Ar. (3.29)

The relevant terms in the worldsheet action are given by

1
SFlb = 271'/ By +/(ab+1 - a(,), (3.30)
N R

with 35 = [jp, jo+1] X R. From (3.14) we see that the bulk term contributes an amount
N/2, but only for b = p, namely for the open string in the massless region. The boundary
terms contribute an amount given by (up+1 — up)/2. Adding the two contributions and
using (3.16) we find for all b

Qr(F1y) = 220 (3.31)

Comparing with the mass in (3.28) we see that this is a BPS state. (This is also confirmed
by solving the Killing spinor equation — see appendix A.3.)

3.3.2 DO-brane (and strings)

The baryon operators B; are dual to states containing a DO-brane. The mass of a DO-brane
at a point z on the interval (and at the origin of AdS7) is given by

o\ 12
Mpo(2) = e®3)\/—Gop = (9\7/32 < - a) (42 — 2a@)'/2 (3.32)

with G the ten-dimensional metric in (3.5). Generically the DO-brane is located in a massive
region with Fy(z) # 0. This requires the presence of 2w Fjy strings between the DO-brane
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and D8-branes. From (3.3) it follows that if the DO-brane is to the left of the massless
region the strings end one at a time on each of the D8-branes to the right up to z = jp, and
if the DO-brane it is to the right of the massless region they do so on each of the D8-branes
to the left down to z = jp41. If the DO-brane happens to be in the massless region there are
no strings attached. The mass of the D0O-brane-strings combination is therefore given by

2 Zé’:aR(j)(jb —z)ny,  forj <j,
Mpo+r1(z) = Mpo(z) + { 0 for jp <j < Jp+1 (3.33)
2 Zb—p+1 z = jb) fOI‘j > jp—f—l .

The BPS states dual to B; will correspond to minimizing this mass. While the functional
form of Mpo(z) in (3.32) looks rather daunting, minimizing the mass of the DO-brane-
strings combination turns out to be quite simple by realizing that the derivative of Mpg(2)
simplifies at the point where &(z) =0,

Mpo(2)| = 4 Fy(2) . (3.34)
a=
This minimizes uniquely the mass of the D0-brane-strings combination (3.33). Using the
explicit form of the solution (3.4) we then find

221) ar(j (b_]) for j < jp
MD0+F1(Z)|C'X:0 = 2T‘j +<0 for jp <j < jp+1

2 ZZLEJJ+1(] - ]b) for j > jp+1
= 2Pmax » (3.35)

where the last equality follows from (2.2). This agrees with the dimension of the baryon
operators B; we gave below (2.9), namely Ap, = 27yax. Importantly this also confirms the
conjecture that there is only a single baryon operator in the SCF'T, namely that the Sy
symmetry permuting the N baryons B; of the quiver gauge theory is gauged.

The non-abelian charges are trivial since in every stack of n, D8-branes there is either a
string ending on every D8-brane, giving an n-fold antisymmetric representation of SU(ny)
which is of course a singlet, or no strings at all. The U(1). charges will be discussed shortly.

To confirm that this is a BPS state we again compute its R-charge. The U(1)z charge
will get contributions from the coupling of the DO-brane to the RR 1-form Cj, as well as
from the coupling of the string ends to the D8-brane gauge fields. The contribution of the
RR field can be read off from (3.15) and is given by

sliris — G+ Dy for j < jp
Qr(D0) = { Lrma for jp < j < jpi1 (3.36)
G =N)rjpr— (G = N+1)r;]  forj > jpi1.
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The contribution of the string ends can be read off from (3.16):

2 Zb ar(j ]bnb for j < jp
QR(FI) =<0 for Jp < J < Jpt1 (3.37)
1 ()

3 2pmpr1 (o — Ny for j > jpia.
Adding the two contributions and using (2.2) gives

1
Qr(DO+F1) = 5 Tmax (3.38)
confirming that the BPS bound is saturated.

3.3.3 Matching the U(1) charges

Recall that there are s—1 global U(1) symmetries, U(1), with ¢ = 1,... s—1, parameterized
in terms of the RR 1-form and the s D8-brane U(1) worldvolume gauge fields by (3.25),
under the conditions (3.26) and (3.27).

The charges of the open string F1; are simply given by

Qc(Flb) 6b+1 6{56) : (3.39)

These can be matched to the string-meson charges (2.8), yielding (s —1)? conditions, which
together with the s — 1 conditions in (3.26), can be solved for the s(s — 1) variables ﬂéc).
This is a rather cumbersome calculation, the outline of which we sketch in appendix B. Of
course this by itself does not provide a test of the duality.

Now let us consider the DO-brane. There are in general three contributions to the
U(1), charge of this state. The first is the RR charge of the DO-brane, which contributes
an amount v(®). The second is the D8-brane worldvolume charge at the endpoint of the
DO0-D8 string, which contributes an amount ﬂéc) for each string ending on a D8-brane in
the bth stack. The third is a D8-brane worldvolume charge induced by the RR flux sourced
by the DO-brane, which contributes %Béc) for each D8-brane located to the right of the
DO-brane, and —% BISC) for each D8-brane located to the left of the DO-brane.!! The sum of
the last two contributions is independent of the position of the DO-brane. The total charge
is given by

Q.(DO + F1) =~ 4

s aL(j)
Z nb,BlEC) — Z nbﬁbc)] (3.40)

b=ar(j) b=1
Zb ar(j) bﬁl()(:) fOI‘j < jp
+40 for jp, < Jj < Jpt1
S B for j 2
Ll N~ 40N, 40
b=p+1 b=1

" This is due to the D8-brane worldvolume coupling fC’7 Afo = ng A ap. The D8-brane captures
half of the total Fs flux sourced by the D0-brane, and the sign depends on the relative orientation of the
D8-brane and the DO-brane. In fact the string creation effect can be understood from the requirement that
the worldvolume charge remains invariant as the DO-brane crosses the D8-brane.
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where in the second equality we used the fact that the charge is independent of the position

of the DO-brane to set j, < j < jp+1, and in the third equality we used (3.26).

Now comes a non-trivial test of the duality. Given the values of @Ec) obtained by

matching the string-meson charges and the condition (3.27) we obtain A, Then the

above charges should be compared with the baryon charges in (2.10). Doing this in the

general case is cumbersome. We will do it here for s = 2,'2 and later for some specific

examples. (See appendix B for the general expressions as well as the s = 3 case. However
we have not proven the relation Q.(D0 + F1) = Q.(B;) for arbitrary s.)

In this case condition (3.26) reduces to
ni1P1 +ngfa =0

and then condition (3.27) reduces to

Ny =n1(j2 — 1)1 -
In addition, (2.3) reduces to

Tmax = jin1 = (N — ja)n2

so

Jini + jang = Nng.
Matching the string-meson charge (2.8) reduces to

ny+ng  ning(je —J1)  ni+ne

nin2(j2 — Jj1)

Br— 1 = + -

Tmax Tr2nax nljl
We then find

~ n2(jini + jans)
n1j2(n1 + na)

b=

and thus

_ 302 — 1)
j3(n1 + na)

2,2
USWA

The charge of the DO-brane-string combination is then given by

n2 ning

Ql(DO—FFl):”y—nlﬂl:jT—

I

Tmax

in precise agreement with the charge of the dual baryon operator (2.10).

1211 this case ¢ = 1, so we can drop this index from 8, and ~.

~16 —

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)



BN HMéVb

<

N DO (N, F1,}

D2y,

—>

Figure 6. Holographic description of the chiral-ring relation. The vertical axis (labeled by r)
represents the radial coordinate of AdS7, with r = 0 at the bottom and r = oo at the top; the
horizontal axis (labeled by x) represents any of the other coordinates.

3.3.4 Holographic chiral-ring relation

The chiral-ring relation (2.11) also has a nice geometrical description. Consider a Euclidean
D2-brane that wraps the entire internal space Ms. The coupling of the background fluxes
to the D2-brane worldvolume induces tadpoles which must be cancelled by attaching both
DO-branes and strings to the D2-brane.

The NSNS flux on M3 induces a worldvolume magnetic charge via the DBI action,
whose expansion contains the term |[ Ms By A xf = [ Ms @ H3, where ¢ is the D2-brane
worldvolume magnetic-dual scalar potential. The amount of magnetic charge is given by the
NSNS flux on M3, namely N. This is a pointlike charge in the compact three-dimensional
Euclidean worldvolume of the D2-brane, and constitutes a tadpole which must be cancelled
by having N DO-brane worldlines end on the D2-brane at a point.

The RR flux on S? induces a worldvolume electric charge via the worldvolume CS
coupling |’ 1A= f M Fy A a, where a is the D2-brane worldvolume gauge potential.
The amount of charge in a given segment j, < z < jp,1 is given by the RR flux on S? in
that segment, i.e. (3.15). This charge also constitutes a tadpole, which must be cancelled
by open string worldsheets ending on the D2-brane along the above segment, where the
number of open strings F1; is given by the electric charge in the corresponding segment.
This gives

22:1 JaNa forb<p
Nr1, = < Tmax forb=7p (3.50)

ZZ:bH(N — ja)ng forb>p.

The wrapped Euclidean D2-brane therefore describes a process in which N DO-branes
turn into a collection of open strings, with Ngj, strings between the bth and (b + 1)st
D8-brane stack, or vice versa; see figure 6. This is precisely the content of the chiral-ring
relation in (2.11). The number of open strings Ng;, appears as the total power of the
string-meson My on the r.h.s. . The neutral meson factors, which we omitted, account for
the deficit or excess of energy in the process.
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4 Plateau-less cases

For a linear quiver without a plateau the rank is maximized at the edge. We will assume
this to be the right edge, and therefore ry.x = ry_1. Imposing rg = rny = 0 in this case
we find

s

Ty = (N - j)rmax - Z (]b - j)nba (41)
b=ar (j)
and
18
Tmax = TN—-1 = N Zjana . (42)
a=1

The expression for the non-anomalous U(1)’s is the same as before (2.6). The expressions
for the string-meson operators and their charges are also the same. The baryon operators
are slightly different in this case. There are again N baryons, now given by

s—1 Jp—1 L N—2 Ns —Tmax
Bi=(z;)" [] IT @) w IT @ | v for0<j<N-2,
b=ar(j) | \i=j+1 i=j+1
(4.3)
and
By-1= (gs)"™. (4.4)

All of these have a scaling dimension AB]. = 2Imax, they all transform under SU(ny) in the
(ns — rmax)-fold antisymmetric representation, and they all carry only U(1)s_1 charge:

ne_1 fora=s-1

@a(B;) = {0 fora#s—1. (45)

The chiral-ring relation is also a little different in the plateau-less case, and is given, modulo
neutral meson factors, by

1

(Ma e MS_I)naja . (46)
1

®
|

N—1
II 5~
7=0

a

In this case both sides transform in the N(ns; — ryax)-fold antisymmetric representation
of SU(ns).

The supergravity solutions dual to the plateau-less quivers do not have a massless
region, and the Romans mass for j < z < j + 1 is given by

21 Fy(2) = —rmax + Z np . (4.7)
b=ar(j)
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A convenient gauge choice for the NSNS field in this case is

h(z) dQ forz < N -1
By = (4.8)
(mN 4+ h(z))dQy forz= N,

namely the large gauge transformations are performed in the very last segment beyond
the last stack of D8-branes. The D6-brane Page charge in the segment j < z < j + 1 is
consequently given by

Ao [ e forj < y
2 2n - (49)
—Nrmax = —Nry_1 forj=js,
and the associated D8-brane worldvolume magnetic fluxes are
Jo .
— =y =Jp- 4.10
22 M= (4.10)

The analysis of the symmetries is unchanged, as is the analysis of the open strings dual
to the string-meson operators.

The results for the D0O-brane are slightly different. The DO-brane has 27 Fy strings
attached, where Fy is given by (4.7). It follows from (4.7) that for js—1 < z < js there are
Ng — max Strings, and ny additional strings for each stack of D8-branes that the DO-brane
crosses as it moves to the left. Therefore, unlike in the solutions containing a massless
region, this state is charged under the last flavor symmetry SU(n;), transforming in the
(ns—7max)-fold antisymmetric representation, in agreement with the dual baryon operators.

The U(1). charges are given by

Q.(D0 +F1) =~ 4 %

s ar(4)
Z nb/@bC) - Z anbC)]
b=1

b=ar (j)

s—1
Z nbﬁISC) + (ns - Tmax)ﬁgc)] s (411)

b=ar(5)

_|_

where the first term is the contribution of the DO-brane RR charge, the second term is
the contribution of the induced D8-brane worldvolume charges, and the third term is the
contribution of the string end charges. Establishing that these agree with the U(1). charges
of the baryon operators is again a tedious, yet straightforward exercise. We will do it for
a specific example with s = 2 below.
The mass of the DO-brane-strings combination is given by
s—1
Mposr1(2) = Mpo(2) +2 D> (o — 2)np + 2(ns — Pmax) (js — 2) - (4.12)
b=ar(Jj)

This again has a unique minimum when & = 0, in which case we again find that

M(DO + F1) = 2rpay , (4.13)

~19 —



X1 D) T3 LTN-—-2

/

Y Y
k k

Figure 7. Uniform quiver: N M5-branes on C?/Z;, at a generic point on the tensor branch.

in agreement with the dimension of the baryon operators, and confirming again that the
baryon permutation symmetry is gauged in the field theory.

The geometric description of the chiral-ring relation (4.6) is similar to the case with a
massless region. A Euclidean D2-brane wrapping M3 contains N units of magnetic charge
induced by the NSNS flux on M3, and 5—; units of electric charge induced by the RR flux on
S? in a given segment. As before, these charges must be canceled by having N D0-brane
worldlines and N1, string worldsheets between z = j, and z = j,41 end on the D2-brane,
where in this case

b
Ne1, = Y jala - (4.14)
a=1
This is precisely the content of the chiral-ring relation (4.6).

5 Examples

5.1 A uniform quiver: M5-branes on C2/Z

The simplest class of examples corresponds to N M5-branes on C?/Z;,, which at a generic
point on the tensor branch is given by the uniform linear quiver gauge theory shown in
figure 7. The global symmetry is SU(k) x SU(k) x U(1), where the single anomaly-free
U(1) current is given by

N-2
JE=I Y T T (5.1)
i=1

The charged operators consist of a single string-meson
N-2
M—y(Hw)-z}', (5.2)
i=1

and N baryons
BO = det Y, BZ = det i, BN—l = det g}’, (5.3)

whose properties are summarized in table 1. The chiral-ring relation takes the simple form

N-1
H B; o« det M . (5.4)

1=0
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operator | dimension | Q | SU(k) x SU(k)
B 2k k (1,1)
M 2N N (k, k)

Figure 8. A two-dimensional projection of the internal space M3 dual to the uniform quiver.

The dual supergravity background has Fy = 0 everywhere, and the solution is given
by [4]"
(97)°

a(z) = ?kz(N —2). (5.5)

Note that this is invariant under z — N —z, which is consistent with the reflection symmetry
of the quiver. The singularities at the poles z = 0 and z = N correspond to the semi-
infinite D6-branes, or equivalently to two stacks of k D8-branes at z =1 and at z =N —1,
with worldvolume magnetic fluxes 1 = 1 and pue = —1, respectively.

The RR flux on S? is independent of z and given by

F.
—— (5.6)
S2 27

The SU(k)xSU (k) symmetry is realized as the non-abelian part of the D8-brane worlvolume
gauge symmetry. There is also a single massless U(1) gauge field A parameterized by the
two diagonal D8-brane worlvolume U(1) gauge fields and the RR gauge field as

a1 = 1A, ax= A, Ci=19A, (5.7)

where
(617/827’7) = <_];[a g:k <1 - ];7>> . (58)

The string-meson operator M is dual to an open string connecting the two poles,
or equivalently between the two D8-brane stacks. This transforms in the bi-fundamental
representation of SU(k) x SU(k), and given (5.8), it carries N units of U(1) charge, in
agreement with the dual operator. The mass is given by (3.28), which in this case is

M(F1) = 2(N —2), (5.9)

!3The notation of [4] is slightly different. See [7, appendix A] for the dictionary between the notation
used there and the one adopted here (i.e. the z coordinate of [6]).
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Figure 9. A uniformly rising quiver.

which agrees for large N with the operator dimension. Note that the mass of a string
between the two poles is 2V, in precise agreement with the operator dimension. This is
consistent with the large IV equivalence of the two descriptions of the sources at the poles.

The baryon operator is dual to the DO-brane. This is a singlet of SU(k) x SU(k), and
its U(1) charge is given by

N kN
2 2

1
Q(DO) =7+ 5 (n2fz — mfr) =k (1 - =)+ =k, (5.10)
in agreement with the charge of the baryon operator. The BPS condition & = 0 has a
unique solution that fixes the position of the DO-brane at zp,i, = N/2, and its mass is

M(DO) = 2k, (5.11)

in agreement with the dimension of the dual baryon operator.
The geometric description of the chiral-ring relation (5.4) reduces in this example to
an instantonic D2-brane mediated process turning N DO-branes into k strings.

5.2 A uniformly rising quiver

As our second example we will take a quiver with a uniformly increasing rank, figure 9.
This is an example of a plateau-less quiver. For n = 0 this reduces to the previous example
of the uniform quiver. The global symmetry is SU(k) x SU(k+ Nn) x U(1), except if £ = 0
in which case it is just SU(Nn). The anomaly-free U(1) current is now given by
k+nN , =< k(k +nN) k
I+ . : JH— . (5.12)
k+n (k+gn)(k+ (j +1)n) (k+ (N —1)n)"¥

JH =

For k = 0 the first term is absent and there is no anomaly-free U(1) current.
The charged BPS operators include a string-meson of the same form as (5.2), now
transforming as a bi-fundamental of SU(k) x SU(k + Nn), and N baryons

N n
By = (y)*- H (5.13)

B; = (x;)Fn. (5.14)
j= z+1

By_1 = —n (5.15)
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operator dimension Q | SU(k) x SU(k + Nn)

B ok +(N—1)n] | k | (1,[k+Nn]~,.)
M IN N (k,k + Nn)

Table 2. Local operators and their charges.

Figure 10. A two-dimensional projection of the internal space M3 dual to the uniformly rising
quiver.

which transform in the n-fold antisymmetric representation of SU(k+ Nn). The properties
of these operators are summarized in table 2. The chiral-ring relation is given by

N-1
II B ~ (M)F, (5.16)
=0

where both sides transform in the Nn-fold antisymmetric representation of SU(k 4+ Nn).
For k = 0 we lose the string-meson M and the baryon By. On the other hand there is
a new independent baryon operator which we can call By,

N-2 n
By = [(H x) g’] : (5.17)
i=1 asym

with all the same properties. The chiral-ring-like relation reduces in this case to

N—-1
[[B~1. (5.18)
1=0

The solution dual to this theory has 27 Fy = n and

B (97)?
a(z) = 5

This reduces to the solution for the uniform quiver (5.5) for n = 0. The poles z = 0

2(N — 2)[3k + n(N + 2)]. (5.19)

and z = N are generically singular, and correspond to k D8-branes with p1 = 1 unit of
magnetic flux at z = 1 and k + Nn D8-branes with us = N — 1 units of magnetic flux at
z =N — 1. For k = 0 there is no singularity at z = 0.

The RR flux in this case is also independent of z and given by

LR (5.20)
S2 2
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Figure 11. The symmetric quiver.

The D8-branes realize the SU(k) x SU(k + Nn) part of the gauge symmetry, and for k # 0
there is again a single massless U(1) gauge field given in this case by

1

= o5 v CN(E+N)EN, B2 = N)(k+ Nn)) . (5.21)

(B1, Ba2,7)
Note that this reduces to the parameterization of the massless U(1) of the uniform
quiver (5.8) for n = 0.

The string-meson operator is again dual to an open string between the two D8-brane
stacks, and has the same mass as before. This state is charged in the bi-fundamental
representation of SU(k) x SU(k+ Nn), and carries N units of U(1) charge, as is easily read
off from (5.21). For k = 0 this state is absent.

The baryon operator is dual to a D0-brane, which now has n strings connecting it to
the south pole, or equivalently to n of the k + Nn D8-branes at z = N — 1. Since the
massless spectrum of the D0O-DS string consists of a single fermion, this state transforms
in the n-fold antisymmetric representation of SU(k + Nn), in agreement with the baryon
operator. The U(1) charge of this state is given by

Q(DO-l-Fl) =75+ %[(k—l—nN)ﬂg —k,@l] —nBy =k, (5.22)

also in agreement with the dual operator. The minimal mass of the DO-brane-strings
combination is given by

M(DO +F1) = 2rpay = 2(k +n(N — 1)), (5.23)

in agreement with the dimension of the baryon operator.
The geometric description of chiral-ring relation (5.16) again reduces to the identifica-
tion of N DO-branes with k£ open strings via a wrapped Euclidean D2-brane.

5.3 A simple symmetric quiver

Our third and final example is the quiver shown in figure 11. For n = 0 this reduces again to
the uniform quiver. For ¢ = 1 it also reduces to the uniform quiver with k replaced by k+n.
More generally this theory can be viewed as a Higgs branch deformation of the uniform
quiver with k replaced by k + gn [3]. The global symmetry is SU(k)? x SU(n)? x U(1)3,
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where the three U(1) currents are given by

q—1

p_ N I nk n_ k I
g k+n1+;(k+(i+1)n(k+in)J’ k+qn 2
N

(5.24)

IH

2 —g-1
n n n
JY = b JH — IY
2 l<:+qn2+(k‘+qn)2 p © k+4gn 3
N—2
k nk n
JE = I* JH .
3 k+qn3+ 2 (k+ (N —in)(k+(N—i—1n) "¢ k4+n1

i=N—q

For the special case of kK = 0 there is only the second U(1) symmetry. The spectrum of

charged BPS operators includes three string-mesons

q—1
My =yr1- (H 901) Y2 (5.25)
i=1
N—q—1
Mz =y, ( 11 961) Y3 (5.26)
i=q
N-2
Ms = ys < Hfz> Ya (5.27)
i=N—q
and N baryons
q—1 "
By = (y)*- zj | y2 (5.28)
j=1
()R Fin . KH?;@'IH @-) yg}n for1<i<g-—-1
B; = { (x;)Fr" = det x; forg<i<N-qg-—1 (5.29)
()bt (N =i=Dn . [gg (H;jv_q iﬂj)} for N—q¢<i<N-2
N—2 "
Byt = (fu)" - |73 H T ; (5.30)
Jj=N—q
whose properties are summarized in table 3. The chiral-ring relation is given by
N-1
I B ~ (M)F - (M) (M)F = det(My - My - M) (det Ma)?. (5.31)
i=0

For the case k = 0 we lose the string-mesons M1, M3, and the baryons By, By_1, and

gain two new baryon-like operators given by

r/g—1 n
By = <H 501) yz]
L \i=1 asym

r n

2
By-1 = |¥3 H Z

L i=N—g asym

(5.32)

(5.33)



operator |  dimension Q1 Q2 Q3 SU(k)? x SU(n)?
B 2(k + nq) 0 e 0 (1,1,1,1)
M 2(q+1) 1 e 0 (k,1,n,1)
Ms | 2N =20+2) | —ph | 2R | -k (1,1,n, 1)
M; 2(qg+1) 0 — i 1 (1,k,1,n)

Table 3. Spectrum of charged BPS operators in the symmetric quiver.

Figure 12. A two-dimensional projection of the internal space Mjz dual to the three-segment
symmetric quiver.

These have all the same properties as the other N — 2 baryons. The chiral-ring relation in
this case reduces to

N—-1
Bl' ~ (det M2)q . (5.34)
i=0
The background dual to this theory has three regions, with 27Fy = —n,0,n, see

figure 12. The solution in the three regions takes the form

— O [3k(z — N) +n(3q(q - N) + 22) for 2 < q
a(z) = { —O (g3 — 3N (k + ng)z + 3(k + ng)=?] forg<z<N—gq (535)
(9m)?

— (N = 2)[-3kz+n(3q(¢— N) + (N — 2)?)] forz>N—gq

and the RR flux on S? is given by

. —k for z < q
F
ﬁ: —(k+nqg) forg<z< N —¢q (5.36)
5'2
—k forz> N —q.

For k # 0 there are singularities at the two poles. As before, these are usefully described
as k D8-branes with yy = 1 at z = 1 and k£ D8-branes with yy = -1 at z =N —1. In
addition there are n D8-branes with uo = g at z = ¢, and n D8-branes with pus3 = —q at
z = N — q. The latter are visible in figure 12.
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The non-abelian part of the symmetry is again realized directly by the D8-branes.

There are now three independent massless U(1) gauge fields A, with ¢ = 1,2, 3, parame-

terized by the four diagonal D8-brane U(1) gauge fields and the RR gauge field as

a=B4., CL=~94A,,

with
, k+n.
0 (o)
1,3 k+n
(1,3) - - k+n.
f3 2(k + nq) —k (1 + k:+nq>
1,3 "
i n (a7 5im)
y3 nk(l—q)
ﬂ§2) —% + ngq
5y ik
@ |- " nN | L
63 (k‘—l—nq)2 2 +
Bf) % —ngq
~(2) n(k+n)(¢— %)

One can easily verify that these satisfy the conditions in (3.26) and (3.27).

(5.37)

(5.38)

The three string-mesons are dual to open strings between the corresponding pair of

neighboring D8-brane stacks. The non-abelian charges under SU(k)? x SU(n)? are precisely

those of the dual operators. The U(1) charges can be read off from (5.38), and are also

in complete agreement with those of the dual operators (see table 3). For example the

charges of the open string dual to M are

k k +ngq n k+ng
Fl,) = ——— |1 =1
@i(FL) 2(k:—|—nq)< +k+n>+2(k+nq) (p—l— k—i—n)

n niN niN n
@2(F1) (k:+nq)2< 2 T ”q> k+ng

k k + ngq n k + ng
Fly) = ———(1— - =
s(FL1) 2w+n@< k+n>+2w+n@(q k+n) 0

The masses of the open strings are given by

M(F1y) = 2(q - 1)
M(F1y) = 2(N — 29)
M(F13) = 2(q - 1),

(5.39)
(5.40)

(5.41)

(5.42)

which are in agreement, for large N and ¢, with the dimensions of the dual string-meson

operators.
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The baryon is dual to a DO-brane, possibly with n strings attached if it is located in
one of the two massive regions. By symmetry it is clear that the BPS state is described by
a DO-brane at the center z = N/2, with no strings attached. The mass is in general given
by 27max, which in this case is

M(DO) = 2(k + nq), (5.43)
in agreement with the dimension of the baryon. The U(1) charges are given by
1 C (& C C
Qe(D0) =7 + = (ng? + k() — k8 — ) . (5.44)
and explicitly
n2

Q1(D0) = Q3(D0) =0,  Q2(D0) = (5.45)

k+nqg’
in complete agreement with the charges of the baryon.

As in the other examples, the chiral-ring relation (5.31) is realized by a wrapped
Euclidean D2-brane. The NSNS flux induces IV units of magnetic charge that is canceled
by N DO-brane worldlines ending on the D2-brane. The RR flux induces k + gn units
of electric charge in the massless region that is canceled by k + gn worldsheets of open
strings ending on the D2-brane in the massless region, and k units of electric charge in
both massive regions that are canceled by k& open string worldsheets ending on the D2-
brane in those regions. The former accounts for the powers of My in (5.31), and the latter
for the power of M7 and Ms.
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A Particles in global AdS~

A.1 Killing spinors in global coordinates

In global coordinates, the metric of AdSy reads

d3124d5d = — cosh? pdT2 + dp2 + sinh? pds%d,g . (A.1)
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We can choose the Vielbein
¢¥ =coshpdr, e*=sinhpé®, e? ' =dp, (A.2)

where é* (a = 1,...,d—2) is a Vielbein for the unit-radius S$9=2_ In this frame, the Killing

spinors read
1 1 S
¢ =exp [2P'Yd—1} exp [2770] (gg) , (A.3)

where the gamma matrices have flat indices, and (i are two Killing spinors on S92
i
D% = FmcE (A4)

An S denotes quantities on the S92

For more explicit computations, we can choose
Yo =1i03® 1, Yo =01® 7, Ya-1 =02 ® 1, (A.5)

a=1,...,d—2 being flat indices on 42 and o; the Pauli matrices. Let us now specialize
to our case d = 7. The Majorana conjugation matrix can be taken to be B = oy ® BS;
it obeys By, = v,B (and BB* = —17), and yields the charge-conjugate spinor (¢ = B(*
(with * denoting complex conjugation).

A.2 Probe DO-branes

We want to see if a DO can be BPS in the AdS7 solutions. If we decompose the ten-
dimensional gamma matrices as

ly=7%®1®0, =100 0 (A.6)

for u=0,...,6 and ¢ = 1,2, 3, the BPS condition reads
Toer = €3, (A.7)
with €; 2 the two supersymmetry parameters of Type ITA. These have the form [4, (A.4)]

e1=((®x1+C X)) @vy,

. . (A.8)
e=((®@x2 - (x5 v,
where o3vy = +vi. (E.g. one can take vy = 1/\/5(3}1)) From (A.3) we compute
1 1 , S
Y06 = exp [—2pw_1} exp [2770] io3 <g§> : (A.9a)
1 1 S
¢¢ = exp [2p'yd_1] exp [2770} o1 <g‘§> . (A.9b)
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We now take p = 0, since we expect a BPS particle to be static.'* With this, we see that
we can obtain

Y06 = 1i¢ (A.10)
if we take ¢S = 0; its conjugate is v(¢ = —i¢°. Now (A.7) imposes

for the spinors on the internal space M3 of the ten-dimensional vacuum. From [4, sec-
tion 3.2] we find that for the AdS7 solutions

x1 = e O0/2 (cos(y5/2)x + sin(1/2)x°) (A.12a)

Yo = €202 (cos(1p/2)x — sin(1h/2)x°) | (A.12D)

where 01, 05,1 are local coordinates on the internal space. Imposing (A.11) then requires

01=0, ¢¥=0. (A.13)

Chasing the redefinitions in that paper (notably [4, (4.4), (4.8)]), these imply 8 = 0, which
denotes the north pole of the S? fiber, and z = 0. In the language of the present paper,

B=0, = (A.14)

(62 — 20)1/2”

where the function x approaches —1 at z =0 and 1 at z = N. Then (A.13) says § = 0 and
& =0.
All in all, we have found that a DO can be BPS at the locus

p=0, a=0, 0=0, (A.15)
where the latter denotes the north pole of the S2.

A.3 Probe Fl-strings

We now consider fundamental strings stretched along the z direction. The BPS condi-
tion reads
Fogel = €1, Fogﬁg = —€2, (A.lﬁ)

where Z denotes the flat index corresponding to the 2z direction. Using
again (A.6), (A.8), (A.10), this becomes

ViXa = Xa (A.17)
for both x,.
It is now convenient to use the expression for the spinors given in [17, section 3.1]:'
X1 = exp [—; <¢ + g)} Xs2, X2 =iexp [; <¢ - g)} Xs? (A.18)

MEvery point can be mapped to any other point by an isometry; however, mapping p = 0 to p # 0 will
produce a geodesic, but not a static one.
151 is also possible to use these to analyze (A.11) in the previous subsection, of course.
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where Y g2 is the Killing spinor on the internal S2. This is written in a frame where v; = o3,
which is also the chiral gamma in the S? direction. With this, we see that (A.17) requires
the component of xg2 with negative chirality to vanish. This happens at the north pole
of the S2.

Thus we have found that an F1 stretched along z can be BPS at the locus 6 = 0.

B Abelian charges of operators and dual string states

In this appendix we identify a consistent set of numbers {BIEC),V(C)} such that the U(1)
charges of the open string given in (3.39) coincide with those of the string-meson given
in (2.8), and the U(1) charge of the DO-brane-strings combination given in (3.40) coincides
with that of the baryon given in (2.10).

For later convenience, let us repeat here our conventions. In the generic brane config-
uration with plateau, there are s > 0 D8 stacks (i.e. flavor nodes) labeled by b =1,...,s,
each containing ny, > 0 branes and located at z = j = j, € [0, N| along the base interval.
(Remember that the n, may not be all independent, since once we specify all the ranks r;
then we must have ny = 2rj, —7j, -1 —rj,+1.) Accordingly we can define s —1 string-mesons
M, in field theory, beginning in the bth and ending in the (b + 1)st flavor.

The plateau is the subinterval [jp, jp+1] C [0, N], i.e. it begins at the last D8 stack in
the left region located at j = j,, and ends at the first stack on the right region located

at j = Jp+1.-
B.1 Field theory

The s — 1 U(1) charges of the s — 1 string-mesons are:

_nb_l(l—(sb,l) forc=b-1
T

n b Jeat npn n

b+1 + bTlb+1 + b for ¢ = b

Qe(My) = Tin =5 TRTRHL Tip (B.1)

b (1—6ps—1) forc=0b+1

Tjp41
0 otherwise

\

The Kronecker 0’s are there to enforce the absence of a contribution for b=1and b = s—1,
as appropriate. Compactly:

Nnp— n
QM) = — (1= 81)0ep1——t — (1= Gppo1)0epp1 —0

Jb LT
n Jora nyn n
b+1 blb+1 b
R e (B.2)
Tjp k—j TETE+1 Ty

On the other hand there are N baryons, which are all identified in the SCFT. Its s — 1
U(1) charges are

Qu(B) = 6,22+ (B.3)

Tmax

namely the baryon is charged only under the pth U(1).
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B.2 Supergravity
In supergravity the s — 1 U(1) charges of the Fl-string stretched between the bth and
(b + 1)st D8 stack are given by

Qe(F1,) = B, - 87 . (B.4)

The U(1) charges of the DO-brane-strings combination inserted in the plateau j, < j < jp+1
are given by

Q.(DO + F1) Z B . (B.5)

From the supergravity analysis we know the massless comblnations of U(1)’s have to satisfy
the constraints

S =0, N9+ S qmsY =0, (B.6)
=1

b=1
B.3 Solving the constraints

The strategy is to solve for the ,B,Sc). We have s of them but one is linearly determined by
the first constraint in (B.6) in terms of the others, so we are left with s — 1. Then we need
to solve the (s — 1) equations

Np—1 Nnp4-2
B = B = —(1 = 64,1)00p 1L — (1 = Bpo1)Bepr1—F
b LT
n Jb+1 ! npn Ny
b+1 btbp+4-1
+6ep| —— + Z = — | = fpe - (B.7)
T3 —ib TETE+1 LT

Each of these is an inhomogeneous first-order difference equation. Once solved together,
these provide the ,BIEC) in terms of an “integration constant”, say BEC), which we determine
via the first constraint in (B.6).

This then yields 4(¢) given the second constraint in (B.6). Finally we need to check
that, by plugging the expression for v(¢) and @EC) for b = 1,...,p we just determined
into (B.5), we get the number on the r.h.s. of (B.3) (which constitutes a nontrivial test of
the duality). This then represents a consistent set of charges {,BZEC), fy(c)} for the probe F1’s
and DO inserted in the gravity dual.

Let us sum the above equations from 1 to b — 1:

b—1
Z/Bk—H B =B — 8 =N fo, b=2,....s. (B.8)
k=1
Therefore -
V=B 4+ fre, b=2....5. (B.9)
k=1

On top of this we must impose

s s s b—1
0= "mpB =nmp + > mpy? =nmp? +> n, (/3@ +3° fk,c) . (B10)
b=1 b=2 b=2 k=1
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so that

© Syt fre)
B = 2Zk:1nk =-7. (B.11)

Therefore
b—1
n
:ka,c_ 2om= "m (2 fkc)zab,c—rc, b=2,....,s, (B.12)

D k1 Mk

having defined the sum o3, = 22;11 fre for b = 2,...,s. Notice that only the first

summand in the above line depends on b, whereas the second one, 7. forc=1,...,s—1,is

common to all 5(9’s. To have explicit expressions we need to evaluate ope forb=2,...,s,

as well as the nested sum Y > 5 1,0 . Finally, given (B.11), we can extend the above
expression to b = 1 by writing

B = (1= 6y1)0pe—Te, b=1,...,8, ¢c=1,...,s—1, (B.13)

which provides a closed expression valid for all 3’s.
Now we need to check that Q.(D0 + F1) in (B.5) gives Q.(B) = 0. M”il; namely

P rma
that
Qc(D0+F1) = anﬁb =T Z ny — *Zjbnb%c anﬁb
b=p+1
= Tcznb - anab,c N Zjbnbo'b,c
b=1 b=2 b=2
s p 1 S
= Z nbab’c — anab,c — N Zjbnbab,c (B14)
b=2 b=2 b=2
| NpNp1 NpNp+1 NpNp+1
L, el _ 5 p7ptl PP =Q.B). (B.15
op T'max “p g 1 JbT% Zb p+1( ]b)nb C( ) ( )
To go from the first to the second line we used the definition of ﬁéc) forb=1,...,s given

n (B.13); to go from the second to the third we used the definition of 7. given in (B.11). If
s = 2 then necessarily p = 1 (p < s by construction), and we simply drop the second sum in
the penultimate line. Even if s > 2, if p = 1 we drop that sum. Hence, forc=1,...,s—1:

S S
1 .
> mone — Z]bnbab,c forp=1
Q.(D0 +F1) = { =2
Z NpOhe — *Z]bnbabc for1#p<s

b=p+1

L Gep 2L — .(B) . (B.16)

9.
Tmax

In the following subsections we will prove the above identity in the s = 2 and s = 3 cases
for illustrative purposes.
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B.3.1 The simplest case of s = 2

Let us compute oy, and 7., with b = 2,...,s and ¢ = 1,...,s — 1 in the simplest case,
namely s = 2 (hence p = 1). The plateau is [j1,j2] C [0, N], which is (j2 — j1)-long, and
the ranks are all constant there: rp = rpax for & = j1,...,j2. In this case there are only
two sums, 021 = f1,1 and 71 = Ziiﬁé = Zi_{lni, so we only need to compute fi ;:
ng 2] ning ni ng ni 1
0271:f1,1:*+27+*= + +nina(je — j1)—5—
71 p— TETEk+1 Tjo Tmax Tmax Tmax
Tmax (T n lo — J1)N1N
_ Tmax(1 + 2)2+ (jo — j1)ning ; (B.17a)
rmax
n n Tmax (T n o — J1)N1n
= 2 = 2 max (11 + 2)2+ (J2 — J1)ning _ (B.17D)
n1 -+ no ni + ng Tmax
With this, let us evaluate (B.14):
1. 1 1 T'max
Ting — 7J2n2021 ~ n16§ )= nafi1 — N(an — Tmax) f1,1 = IX; fii. (B.18)
Remembering (B.17), we obtain
Fmax(n1 +n2) + (2 — ji)ming n2 Tmax (M1 + 12) + (J2 — J1)nane (B.19)
Nrmax Tmax + j2n2 Tmax ’ .
Upon plugging in rmax = n1j1, the above expression reduces to %, ie. (B.15), as

expected.

B.3.2 The case of s = 3

For s = 3 we have b = 2,3 and ¢ = 1,2. The endpoints of the plateau are now located at
Jo = jp and jg = jp41 (i.e. we picked p =2 # 1). We then place the first stack on the left
of the plateau, at ji, and the nearest stack on its right is at jo, i.e. ar(j1) = Jo.

We need to compute o3, . and 7.:

n202.c +nzose (N2 +n3)fic+nsfoe
09c = , 03¢c= + 3 Te= : == : ~ . (B.20
2,c fl,c 3,c fl,c f2,c c ny + ng + n3 ny + ng + n3 ( )

In turn the f; . are given by:

n Jo—1 e n n n J2—1 nmn
2 1M2 1 2 1 1742
f1,1:f+§ =" +
T P TETE+1 T'ja T'j1 Tmax k=31 TETk+1
ni + na 1
__n —— (B.21a)
(]1 — ]2)”2 + Tmax J1
ng ng
fla=-18 : (B.21b)
Ty T'max
ni ni
fon =T 7 (B.21c)
Tjo Tmax
ns 2 non n n n 1
3 2M3 2 3 2 ; o) —
fra="—"+Y ——+—= + + nans (s — j2)
Tie 5 TKTE+1 Tis Tmax  Tmax "'max
Tz + 15) + (s — G2)nans _ jrnans + jsnans + narimas (B.21d)
= 2 = r2 ) )
max max
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We used the identities rmax = jin1 + jane = (N — j3)ng and the fact 7; = rmax — (jo — j)ne
for all j < jo and rj = ryax for all jo < j < j3. Therefore

3 s
1 .
QC(DO + Fl) = Z NyTpec — N Z]bnbab,c (B.22a)
b=3 b=2
jong + NN3 — Tmax Nng —r
= n3(fe + fae) — 22 N3 == fre — %ﬁ,c
_ Tmax — Joamo Tmax . n3rmax(f1,c + f2,c) - j2n2n3f1,c
= ————flet+ fo.e= -
N N Tmax 1 J3M3
_ N3rmax(f1,c + fo,c) — jenons fic (B.22b)
Tmax + J3N3 '
L Qu(B) = Goa215 (B.22¢)
T'max

We need to check that the above identity is satisfied for both ¢ = 1 and ¢ = 2; namely that

1 ni Janans
N 3T max (* - 7) I —
J1 Tmax J1
: —0, (B.23)
Tmax 1 J3M3
and
_.n3 rmax(n2+n3)+(js—j2)nans . ns
N37max ( — - T enen3 e pong

: - . (B.24)
Tmax + J3ns T'max

The first is satisfied upon using rmax = jin1 + jone, the second is automatically satisfied
without using any further identity.
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