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ABSTRACT: We compute the superconformal partial waves of the four-point correlator
(JJJJ), in which the external operator J is the superconformal primary of the 4D N = 2
stress-tensor multiplet J. We develop the superembedding formalism for the superconfor-
mal field theories (SCFTs) with extended supersymmetry. In N' = 2 SCFTs, the three-
point functions (JJO) with general multiplet O contain two independent nilpotent su-
perconformal invariants and new superconformal tensor structures, which can be nicely
constructed from variables in superembedding space, and the three-point functions can be
written in compact forms. We compute the superconformal partial waves corresponding
to the exchange of long multiplets using supershadow approach. The results are consistent
with the non-trivial constraints by decomposing the AN/ = 2 superconformal blocks into
N = 1 superconformal blocks. Our results provide the necessary ingredient to study the
fascinating 4D N = 2 SCFTs using conformal bootstrap.
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1 Introduction

The conformal bootstrap program [1-3] has made remarkable progress to provide strong
constraints on the conformal field theories (CFTs) in higher dimensions D > 2 [4]. The con-
straints are obtained from general consistency conditions of the theories, including crossing
symmetry of four-point correlator and unitarity while no information on the Lagrangian is
needed. Further developments show that the critical 3D Ising model can be numerically
solved using conformal bootstrap with reasonable assumptions [5-7].! It is tempting to ask
how the conformal bootstrap can improve our understanding on more complex CFTs.

4D superconformal field theories (SCFTs) with N/ = 2 supersymmetry provide a fas-
cinating laboratory to study the dynamics of quantum field theories. There are abundant
N = 2 SCFTs that can be constructed from different ways. In the conventional Lagrangian
approach, these theories can be built from gauge theories with proper matter representa-
tions which lead to vanishing beta function of all the gauge couplings. A large set of SCFTs
can be obtained from the class S constructions [9, 10]. They correspond to a web of dual-
ities, most of which do not admit Lagrangian description. Hopefully these SCFTs with or
without Lagrangian description could be classified in a more fundamental frame, such as
conformal bootstrap.

The program to study general 4D N = 2 SCFTs using conformal bootstrap has been
initiated in [14], in which the four-point correlators of the moment map and chiral op-
erators have been studied. These correlators have been explored further in [15] and [16]
with emphasis on the simplest Argyres-Douglas fixed point. The stress-tensor four-point
correlator? is expected to be quite important to carve out the space of N' = 2 SCFTs. The
stress-tensor operator is universal in any local CFT so it is a natural candidate to bootstrap.
The 3D stress-tensor four-point correlator without supersymmetry has been bootstrapped
in [11]. Remarkably the conformal collider bound on the conformal anomaly coefficients
a/c [12] automatically appears without extra assumptions besides the general consistency
conditions.® The supersymmetric stress-tensor correlator has been bootstrapped in [17, 18]
for 4D N =4 SCFT and in [19] for 6D (2,0) SCFTs. The results are more restrictive due
to the extra constraints from supersymmetry. Nevertheless, for 4D N = 2 theories, the
superconformal partial wave expansion, or the superconformal blocks of the stress-tensor
four-point correlator was not unknown before. The three-point function of the stress-tensor,
or the selection rule of the J x J OPE has been studied in [20, 21]. In this work, we com-
pute the superconformal partial wave expansion of the stress-tensor four-point correlator.

Conformal partial wave (or conformal block differing by kinematic factors) describes
the contributions on the four-point correlator from exchange of a primary operator and its
conformal descendants. The unitarity and crossing symmetry of four-point correlator, as
consistent conditions employed in conformal bootstrap, are imposed based on the confor-

!A comprehensive review on these developments is provided in [8].

2In 4D N = 2 SCFTs, the stress-tensor stays in the supercurrent multiplet 7 in which the supercon-
formal primary J is a scalar. In this work, the stress-tensor four-point correlator means the four-point
correlator of the superconformal primary operator.

3The conformal collider bound also appears in the 3D conserved current bootstrap [13].



mal partial wave expansions of the four-point correlator. The conformal blocks for external
scalars in general spacetime dimensions have been obtained in [24-26] as series expansion
of the two conformal invariant cross ratios. The expressions are further simplified into
compact forms based on Hypergeometric functions in even dimensions. The superconfor-
mal block consists of finite many conformal blocks and its explicit form depends on the
specific superconformal algebra and the representations, which in general is an involved
technical problem. The major challenge is to fix the coefficients for each conformal block
appearing in the decomposition of superconformal block. For the theories with N = 1
supersymmetry, the superconformal block can be obtained from straightforward approach,
i.e., decomposing the exchange supermultiplet into several conformal primary families and
fixing the coefficients from two and three-point functions [34-36]. However, this approach
turns into extremely cumbersome and out of control for theories with extended supersym-
metry. For external operators which are superconformal primaries in %—BPS multiplet, the
superconformal blocks can be solved from the superconformal ward identities [23, 27, 28].
This method has been used to compute the superconformal blocks of shortened operators
in SCFTs with extended supersymmetry [14, 18, 29-33]. The superconformal Casimir ap-
proach can also be used to compute the superconformal blocks of shortened operators as
solutions of the superconformal Casimir eigen-equation [38, 39, 42]. While for more general
operators, the superconformal blocks involve complex structures and above methods are
not quite helpful. Specifically, the 4D N = 2 stress-tensor multiplet has no shortening at
the first level. The shortening appears at level 2 while it does not lead to the BPS-like
condition for the four-point function.

We will employ the superembedding formalism to compute the superconformal partial
waves of the 4D N = 2 stress-tensor four-point correlator. The superembedding formalism
for 4D N = 1 superconformal blocks has been developed in [39, 40] and it has been applied
to obtain the superconformal blocks for general external scalars [41]. The superembedding
formalism is the supersymmetric generalization of the embedding formalism in which the
conformal transformations are realized linearly and the conformal correlation functions can
be simplified drastically [43-57]. To construct superconformal correlation functions, the
fundamental elements are the superconformal invariants and tensor structures. The 4D
N = 1 superconformal invariants and tensor structures have been constructed in superspace
decades ago [64-66], and they can be nicely rewritten as functions of variables in the
superembedding space [58-62]. These functions have compact form and can be used to
simplify the computations of the 4D AN = 1 superconformal blocks significantly [39-41].

We will generalize the superembedding formalism to describe the 4D N = 2 stress-
tensor multiplet correlation function. Previous studies on the 4D N = 2 superconformal
correlators are restricted in the superspace [20, 66-68]. In [66] the author constructsl two
independent nilpotent superconformal invariants that can be built from three points, which
appear in the three-point correlator (JJO) with a general long multiplet O [20]. Moreover,
due to the extended supersymmetry, the three-point correlator (JJO) contains new tensor
structures which are completely different from these known for N/ = 1 theories [20]. Dif-
ferent from the 4D N = 1 analogs, it is less clear to construct 4D N = 2 superconformal
invariants and tensor structures in superembedding space, which are the main obstacles to



study the N = 2 stress-tensor four-point correlator using superembedding formalism. In
this work, we will illustrate the method to construct the N/ = 2 nilpotent superconformal
invariants and tensor structures in N' = 2 superembedding space. The constructions follow
a systematical correspondence between the functions of variables in superembedding space
and superspace. By writing the A/ = 2 superconformal invariants and tensor structures in
superembedding space, we obtain a compact form of the three point correlation function
(JJO), which is consistent with the results in superspace [20]. Then we will further use
our results on three-point functions to compute the superconformal blocks up to overall
normalization factors. This is accomplished through supershadow integration of product of
two three-point functions, similar to the method employed for 4D N = 1 superconformal
blocks [39, 40].

This paper is organized as follows. In the next section, we briefly review the represen-
tations of 4D N = 2 superconformal algebra that are relevant to the stress-tensor OPE,
and also the selection rules for the J x J OPE. In section 3 we introduce the superembed-
ding space with N' = 2 supersymmetry and construct the two independent superconformal
invariants and tensor structures. We show their relations with the results obtained from
4D N = 2 superspace analysis. In section 4 we solve the three-point functions (JJO) in su-
perembedding space. The four-point correlator and its superconformal partial wave expan-
sion are studied in section 5. Our main results are presented in (5.24), (5.41), (5.58), (5.64)
and (5.67). In section 6 we decompose the N/ = 2 superconformal blocks for long multiplets
into N = 1 superconformal blocks, which provide nontrivial consistency checks for our re-
sults. Conclusion and discuss are made in section 7. More details on the superconformal
invariants and tensor structures in superembedding space and the conformal integrations
will be presented in the appendices.

2 N = 2 superconformal algebra representations and selection rules

2.1 Representations of A/ = 2 superconformal algebra

The N = 2 superconformal algebra su(2,2|2) is the supersymmetric extension of the con-
formal algebra so0(4,2). Its maximum bosonic subalgebra contains conformal algebra and
the R-symmetry algebra SU(2)r x U(1),, with generators {Rﬁ,r} In addition, there are
eight Poincaré supercharges {Q¢, Q;s} and eight conformal supercharges {S%, S;s}, where
a ==, & = + are the Lorentz indices and i € {1,2} are the SU(2)g indices.
Representations of su(2,2]2) can be constructed from highest weight states, or super-
conformal primaries which are annihilated by the conformal supercharges S. The repre-
sentations are characterized by the quantum numbers (A, j1, j2, R, r) of superconformal
primaries, where A is the conformal dimension, ji, jo are the Lorentz indices and R, r are
the SU(2)g x U(1), Dynkin labels. For general representations they may also have extra
quantum numbers corresponding to the flavor symmetries which commute with su(2, 2|2).
While in this work, we focus on the stress-tensor multiplet and operators in the J x J OPE.
These operators are invariant under the flavor symmetries. The superconformal primary
and its super-descendants form a supermultiplet. It can be shown from the superconformal
algebra that a supermultiplet consists of finite many conformal primaries. In consequence,



Shortening Quantum Number Relations Multiplet
% A>2+42j +2R— (—1)r, i=1,2 AR (1)
B! A=2R+r j1=0 B, (0,52)
B, A=2R—r Jj2=0 BRr,r(jr,0)
B! N B2 A=r R=0 Er(0.42)
BN B, A=—r R=0 Er(31,0)

B N B, A =2R ji=r=0 Br

cl A=2+2j+2R+r CR,r(j1j2)
Co A=2+2j5+2R—7 5R,T(j1,j2>
cine? A=2+2j +r R=0 Co,r(j1.52)
C1NCsy A=2+2j—r R=0 Co,r(j1 )
C'neC, A=242R+ji1+ ja T =j2 — J1 CAR(th)
B*NC, A=1+js+2R r=j2+1 Dr0,52)
By Nl A=1+j1+2R —r=j1+1 Dr(ju,0)
B'NB*NCy | A=r=1+j, R=0 Do(0,5)
C'NBiNBy | A=—-r=1+j R=0 Do(j1.0)

Table 1. Classification of the unitary irreducible representations of the N’ = 2 superconformal
algebra.

the superconformal block which captures the contributions on four-point correlator from
exchange of a superconformal family can be decomposed into finite many conformal blocks.

Unitarity provides constraints on the quantum numbers of the representations. For
A
Ryr(j1,j2
unitary bound on the conformal dimension

a general representation, denoted as A ) following the notation of [69],* there is a

A > 2425 + 2R — (—1)r, §i 0, (2.1)
A=2j;+2R— (—1)'r or A>2+2j; +2R— (—1)'r, j;=0. (2.2)

If the conformal dimension saturates the unitary bounds, the superconformal primary can
be annihilated by certain combinations of the Poincaré supercharges. In another words,
part of the superconformal descendants become null and the multiplet shortens. The
shortening conditions are classified in [69, 74]. The results are summarized in table 1 (see
also ([14, 20])). There are two types of shortening conditions corresponding to saturating
different unitary bounds given above, namely the B type and C type:

B':Ql0=0, (2.3)
Bi: QisO =0,

; Qi 05 =0 n#0

v a ’ ’ 2.
¢ { EaﬁQ&ngO:Q jl :07 ( 5)
[ e%0i0, =0,  j2#£0,
g, 1 Qia0s 27 (2.6)

EQ’BQiaQiBO =0, Jj2=0.

4See [70-72] for early studies on extended superconformal symmetry and their representations.



In [69] the representations satisfying type B (C) conditions are called short (semi-short)
multiplets, as the semi-short superconformal primaries are annihilated by half number of
supercharges comparing with the short multiplets. In table 1, there are three special classes
of shortened multiplets (5r7BR,éo(j1,j2)) which satisfy the maximum number of short or
semi-shorten conditions. The multiplets &, (Bgr) obey two B type conditions with the same
(opposite) chirality. They are also called %-BPS multiplets since they are annihilated by
half of the Poincaré supercharges. In N/ = 2 theories, the multiplets &, correspond to
the Coulomb branch physics while the multiplets Br have connections with Higgs branch
physics. The four-point correlators of the chiral (anti-chiral) superconformal primaries &,
and the moment map B; have been studied using conformal bootstrap in [14, 15], which
lead to strong constraints on the CFT data in Coulomb and Higgs branches.

The multiplet CAO(ijQ) 1.2)
it obeys an enhanced semi-short conditions C' NC?NC; NCs. Its conformal dimension A =

is a special class (R = 0) of the shortened multiplet ¢ R( , and
2+ j1 + jo saturates unitary bound for general conformal operators and actually it satisfies
a generalized conservation equation. The conserved higher spin operators (ji + j2 > 0)
are not allowed in an interacting CFT [76, 77]. However, the conserved multiplet CA’O(OVO)
contains a conserved spin two currents so it is expected to be the stress-tensor multiplet.
Any local N' = 2 SCFT that cannot be factorized as a product of two local theories
contains a unique 80(070) multiplet. Its superconformal primary is a scalar invariant under
R-symmetry transformations. Moreover, the multiplet includes spin one superconformal
descendants which give the conserved currents for R-symmetry SU(2)z x U(1),.

2.2 J X J selection rules from N = 2 superspace analysis

The N = 2 stress-tensor multiplet correlators have been studied in [20, 67]. In these work
the three-point functions are obtained in terms of the superconformal covariant variables
in superspace developed in [65, 66]. Here we briefly review the analysis in superspace. The
results will be reproduced in superembedding space later.
Following the notation in [20, 67], the stress-tensor multiplet is denoted as a super-
field J
JI(x,0,0) = J(z) + J;M(Hia“éj) + Ty (0;5"0N) (0;5767) + .. ., (2.7)

which satisfies the reality condition J = J and the conservation equations
D¥DI T =0, DiDI*T =0, (2.8)

where D and D'® are covariant derivatives. The superconformal primary of stress-
tensor multiplet J has scaling dimension A; = 2 and is invariant under the R-symmetry
SU(2)r x U(1),, which is crucial for us to study its correlators in superembedding space.
The N = 2 superconformal two and three-point correlators are constructed based on the
superconformal covariant coordinates in superspace z! = (%%, 6;,60"). With two points
(21, z2) one can construct variables which transform as a product of two tensors at z; under
superconformal transformation:

X5 = X2 — X5 — 41605,07 = (%12)2* (2.9)
Ay =2 — 2, (2.10)



where we have employed the convention x = 2#(0,)aa = Xaa, X = 2#(5,)%* = X% and
the chiral combinations X% = X% F 2i§29".

With three points (z1, 22, 23) in superspace, one can construct the superconformal
covariant coordinates Z; = (X1,01,01):

X = X %os%y7 X = X| = %) %ap%,, (2.11)
O =1 (%501, — %5,'013) O1; =1 (012:%7,) — 013X, ) (2.12)
where X! = — 25 following the convention 2% = ahx, = —%tr(f(x). Z, transforms as a

“tangent” vector at zi. It also satisfies the “chiral” condition

Xiad = Xiaa — 407,014 (2.13)
Moreover, we have following relations
2 2
2 T3 <2 _ T3
X]= 22 2 Xi= 2 o2 (2.14)
2113 31712

Variables Zy and Zs can be constructed similarly by cyclically permuting (21, 22, 23) and
it is easy to show , , )
%:%:%Eu, (2.15)
1 2 3
The variable u is a superconformal invariant which appears both in A" = 1 and N = 2
theories [65, 66]. Another variable that is also invariant under continuous superconformal

transformation can be obtained by contracting Lorentz indices between X and X,5 [66]
Xi-Xi  tr(xpXasXisXisxgeXa) _

%<5 S~ (2.16)
2.2 .2 .2 .2 .2
1= 24/ 5 D3T3 TTH T3 T3,

which also admits a cyclical permutation symmetry as in (2.15). In N' = 1 superspace,
there is only one independent superconformal invariant u that can be obtained from three
points, while w’ is actually corresponding to u through an identity of A/ = 1 Grassmann
variables. In N' = 2 superspace, u and w’ are independent with each other from which
two nilpotent superconformal invariants can be constructed. Both of the two nilpotent
invariants are necessary to construct general N/ = 2 superconformal correlators. In the
next section, we will show that the two superconformal invariants can be nicely constructed
in superembedding space.

In N = 2 superspace, the three-point correlator (77 O) with general multiplet O reads

1
(213)2(231)? (723)? (232)?

The Lorentz indices in H(Z3) and the scaling conditions are fixed by superconformal sym-

(J(21)T (22)O(23)) = H(Z3). (2.17)

metry. The three-point function in (2.17) is further restricted by the conservation equation

of J
0?2 0?2

— H(Z3) =0, —H(Zs3)=0. 2.18
207 56 (Zs3) 9630650, (Z3) (2.18)

5 P . — . . . . .
5Combining with u 4 u~!, w’ is also invariant under superinversion [66].



The Grassmann coordinates O3, O3 are antisymmetric, so for two Grassmann coordinates
with the same chirality, either the Lorentz SU(2) indices or the R-symmetry SU(2) r indices
get contracted. Now the conservation equations (2.18) suggest that only the second choice
is possible for the correlators (7 J70O). Moreover, the three-point correlator is invariant
under the exchange of z; and 22, which requires the r.h.s. in (2.17) invariant under the
reflection (Xg, O3, (:)3) > (—Xg, —03, —(:)3).

The three-point function (77J) is of special importance for the stress-tensor boot-
strap. It has been studied in [67] and the corresponding function #H(Z3) in (2.17) reads

1 @ X3 aaX3 @
X3,03,0;) = Al _ 2D 68 2.19
H(X3,03,03) = X2 + X2 + X2 ; (2.19)
in which the Grassmann variables with symmetric Lorentz indices are defined by
05’ — gl — e, 63 = egesd =6y, (2.20)

and they are invariant under R-symmetry SU(2)r. The OPE coefficients Af;) depend on
the conformal anomaly coeflicients:

RO

5 = gis(da = 30), NG S (2.21)
7I8

The second term in (2.19) is nilpotent and invariant under the reflection transformation
due to the following identity
O XoaX 0% 077X iX ;6%
(X2)3 (X2)3

(2.22)

For the scalar multiplet with A > 2, the second term will be modified according to the
scaling condition and does not satisfy the reflection symmetry. Therefore there is only
one independent OPE coefficient for the scalar multiplets except the supercurrent 7. For
non-supersymmetric theories the conformal anomaly coeflicient a appears in the correlation
function of stress-tensor and conserved currents, accompanied by complicated tensor struc-
tures [63]. While in A/ = 2 theories, these tensor structures are packaged in a unique nilpo-
tent tensor structure because of the supersymmetry. Coefficients of these tensor structures,
or the conformal anomaly coefficients are subject to the constraints from causality [12, 86].

A comprehensive study on the three-point functions (JJO) with general O have
been provided in [20], which gives all the multiplets O that can appear in the J x J
OPE. The three-point functions (7 JO) have been fixed up to certain free parameters
that are corresponding to the dynamics of the theories. Specifically, it leads to following
selection rules:

(2.23)



The selection rules determine the multiplets that contribute to the superconformal par-

tial wave expansions of the four-point correlator (JJJJ). The multiplets Co( ) contain

J 4
202
conserved higher spin currents for ¢ > 1 so they will not appear in interacting theories
except for £ = 0. To obtain the general formula for the superconformal partial waves,

the most challenge parts are that of the long multiplets .AOAO (L and .AOAO( 2 1y which
b 272 b} 2 72

involve rather complex structures. The multiplets (fl( Lty arise from the long multiplet
272

.AOAO (L when A saturates the unitary bound. For the ‘A(?o (L4 ey and extra C multiplets,
’ 2792 0(=5=13

their superconformal blocks contain only one conformal block with undetermined overall
coeflicient.

3 N = 2 superconformal invariants and tensor structures in superem-
bedding space

In this section, we develop the 4D N = 2 superembedding formalism and show the vari-
ables and functions in superspace discussed before can be simply constructed based on
the variables in superembedding space. We aim to solve the three-point function (2.17) in
superembedding space, in which the superconformal invariants can be simply constructed
by the scalar products of variables with correct homogeneity. The local operators can
be uplifted to superembedding space with manifest superconformal transformations, and
the superconformal correlators have compact forms. The superembedding formalism, how-
ever, is not a complete approach for superconformal theories with extended symmetry that
it cannot describe multiplets carrying nonabelian R-symmetry charges [39]. Luckily the
stress-tensor multiplet in A/ = 2 theories and the most relevant multiplets in the OPE (2.23)
are invariant under SU(2) . In this work, we follow the notation and conventions in [39, 40].

In superembedding formalism, the fundamental elements are the (dual) supertwistors
ZA(ZA) S C4|N:

Za= | z° 74 = (Za Za Z) (3.1)

which contain four bosonic components and N fermionic components. The (dual) super-
twistors Z, (Z4) transform as (anti) fundamental of superconformal group SU(2,2|N).
Superspace is equivalent to the space spanned by a pair of supertwistors Z%, a € {1,2}
and a pair of dual supertwistors Z%4, a € {1,2} with constraint

774 =0, a,ac{1,2}. (3.2)

Besides, there is a gauge redundancy on the two-planes in supertwistor space which corre-
sponds to a change of basis

7% ~ Z5 M, M € GL(2,C), (3.3)

and similarly for the two-planes spanned by the dual supertwistors. By gauge fixing the
redundancy group GL(2,C) x GL(2,C), the space spanned by the (dual) supertwistors



reduces to the “Poincaré section”

5o
e e AR (S R A (3.4)
207

The constraint (3.2) now gives exactly the chiral condition and the (dual) supertwistor Z4
(Z4) is equivalent to the chiral (anti-chiral) coordinates in superspace. Here the “Poincaré
section” gauge fixing breaks the covariance of supertwistor and goes back to the classical
superspace, so it will not be applied until the final steps in the computations. Instead,
the GL(2,C) x GL(2,C) is partially fixed in another way that keeps the covariance of the
formalism, the bi-supertwistors:

Xap = 2870w, — XAB=Z70A70Bc (3.5)

Apparently the bi-supertwistors are invariant under the SL(2,C) x SL(2,C), which fix the
gauge redundancies (3.3) up to rescaling. The bi-supertwistor satisfies the null condition

XABXpo =0, (3.6)

and graded antisymmetry
Xap = —(—1)PAPEXpy, (3.7)

where p4 = 1 for fermion components while vanishes for bosonic components. We denote
the supertraces of products of X and X as®

(12...95) = X{Bxopc ... MV Xy a(—1) 2P (3.8)

where the indices X are those contracted from bottom to top. More properties of the
bi-supertwistors are given in [39]. The superembedding space refers to the space described
by (X, X). However, sometimes it is quite helpful to go back to the supertwistor, as will
be shown later.

By constructions, the scalar products of supertwistors are invariant under SU(2, 2|\)
transformations up to an overall scaling. Therefore the superconformal invariants can be
simply obtained by taking care about the scaling weights of each variables. However, when
there are several superembedding coordinates contracted consecutively, which is a product
of several matrixes in superembedding space, the results turn out to be quite obscure. In the
next part, we develop a systematical approach to expand the products of bi-supertwistors
in terms of the superconformal covariant variables in superspace.

3.1 Correspondence between supertraces in superembedding space and su-
perspace

Superconformal invariants in superembedding space can be obtained from supertraces of
products of Xs and X's.” However, when there are several X's and Xs involved in the

Following the notation in [39, 40], hereinafter the bi-supertwistors X; and X; are denoted by 4 and j
for simplicity.

"Another approach is to contract the superembedding space indices with auxiliary fields. This will be
employed later to construct the tensor structures.



supertrace, the results are quite obscure to be understood in terms of superspace variables
even taking the “Poincaré section” gauge fixing.® In this section we provide a method
that translates the supertraces of bi-supertwistors into superconformal covariant variables
in superspace. Interestingly, the problem has a rather simple and clear solution based on
supertwistor formalism.

We show that the invariants in superembedding space can be expanded in terms of
superconformal covariant variables in superspace through following identity:

(ijk...st) = tr(qu Xg;j - - . X5t X3t )- (3.9)

The Lh.s. in (3.9) gives the supertrace of bi-supertwistors, while the r.h.s. is the trace
in superspace. Superconformal variables x;; and %;; are defined in (2.9).

The n-point supertrace in (3.9) is hard to evaluate directly. To prove this identity, we
go back to the supertwistors. The trick is that instead of contracting the indices (a,b),
(a,b) to obtain (dual) bi-supertwistors, the problem is drastically simplified by contracting

the SU(2,2|N) indices! Specifically we use the identity

ZpAZiy = —ix8, (3.10)
which is obtained by taking the “Poincaré section” (3.4) of the supertwistors. With k = [,
we are back to the chiral condition ig% = f(i‘f - iz‘_‘i —4i 0y, 72”' = 0, as expected.

Now let us consider the supertrace with two bi-supertwistors. From the identity (3.10),
the supertrace turns into

= A « 7aA | =bb
('L])D = _IZia €ab Xij €oc Z;Da (3.11)
which can be simply proved by rewriting coordinates (7, j) in terms of the supertwistors and
recombining them through contractions of the SU(2,2|A\) indices (3.10). The supertrace
of (3.11) gives the two-point invariant product”
o\ 2
(ij) = —2x3;. (3.12)
It is straightforward to generalize this formula to products with more bi-supertwistors. For
instance, the three-point product reads
= T\AD N2 ZaA_ | =bb Z¢D
(17 k)" = (—1)" Z{ € X Xjgve 21 - (3.13)

1

Given k = i, the formula (3.13) becomes

AD 2 “AD
) = _xfj 7, (314)

(iji

which agrees with the result in [39].
The formulas (3.11), (3.13) suggest that the n point products in superembedding space
are essentially the contractions of superconformal covariant variables x;;. The identity (3.9)

follows this conclusion and is a trivial generalization of the form (3.12).

8With two points the results can be obtained from two matrices product. With three points, the problem
can be partially simplified by taking a special frame with z1 — 0, 22 — oo [59, 78]

9Note the convention used here differs from that used in embedding space (5.11) by a rescaling factor
X — %X . This factor has no effect on the definition of the superconformal invariants.
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3.2 Superconformal invariants in superembedding space

Superconformal invariants are constructed from the supertraces of products with n points
in superembedding space. The superconformal invariant u (2.15) consists of 2-traces from
three points (1, 2, 0). A nilpotent superconformal invariant is obtained from u by getting
rid of its constant part [40, 59]

(12)¢
a

Note that z is antisymmetric under exchange 1 <+ 2, z3> = 0 for A" = 1 theories and z° = 0

[\)
[N
(@)
l /C\JI
—_
~
|

(3.15)

for ' = 2 theories. Besides, we can also construct the superconformal invariants with
supertraces involving more points. It can be shown that the next supertrace with new in-
dependent structure is (120120). All other contractions from the three points either vanish
or degenerate to the 2-traces. With this new 6-traces we can build another superconformal
invariant

4 (120120
w = — < ) (3.16)

((12)(21)(10) (01) (02)(20))*

which is invariant under the exchange 1 <» 2. Using the identity (3.9) it is clear that

above formula gives the same result as in (2.16). In a non-supersymmetric theory with
0; = 0" = 0, we have w/ = —1. Then the new nilpotent superconformal invariant can be
obtained after removing this constant part

w=w +1. (3.17)

As discussed previously, in A/ = 1 theories, the superconformal invariants w is proportional
to z2 so it does not give a new independent superconformal invariant. This is expected
since we know there is only one independent superconformal invariant can be constructed
from three points in N/ = 1 superconformal theories. While for N' = 2 theories, there
are two independent superconformal invariants from three points [66]. In superembedding
space they are given by z and w. In [66] it also shows that there are only two independent
superconformal invariants from three points for any superconformal theories N' > 2. Al-
though in principle one can write down the irreducible supertraces of products with more
points (n > 6) in superembedding space. They are just polynomials of invariants z/w
instead of independent variables.

3.3 Superconformal tensor structures in superembedding space

Like in embedding space, the auxiliary twistors Sy, S? are introduced to absorb the
spacetime indices of fields in superembedding space. The fields in superembedding space
are subject to gauge redundancies. It is convenient to choose the gauge in which the
auxiliary twistors are transverse and null

XS=8x=85=0. (3.18)

The tensor structures of three-point functions are written in terms of the auxiliary twistors.
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From two points (1, 2) one can construct two tensor structures [39, 40]

S128 S21S8
— = S* = S’1<_>2 = — (319)

%= @r)

NI NI

and

S, = %(s +5.). (3.20)

The symmetric structure Sy is nilpotent and vanishes when 6; = 0. In N' = 1 superem-
bedding space, Si = 0, so the tensor structures terminate at order Sy; while in N' = 2
superembedding space, Si = 0 and we have tensor structures up to order Si:

1
¢ Lae o vt
st 2(5 +(-1) S*>, (3.21)
R N OV,

5851 = o (S (~1) S*>, (3.22)

2 qt—2 _ 1 ¢, ab—1 Cvaal—1 | [ 1\t

5355 = 1 (S 518, 4 (~1)E8S 4 (—1) s*). (3.23)

In (3.21) it is not an exact identity. Actually the tensor structure S2 S%2 has the same
“parity” as S¢ and it also appears in the expansion of r.h.s. of (3.21). In the following part
we denote the r.h.s. of (3.21) by the tensor structure S¢, indicating the parity (—1)¢ under
1 <» 2 exchange. The term proportional to Si 5472 is assumed implicitly.

Similar to the superconformal invariant, new tensor structures can be constructed with
more points in superembedding space. For instance, we have the following tensor structures
from three points (1,2,0)

_ 8120128 _ 8210218
= (121 = e

which contain only chiral or anti-chiral auxiliary supertwistors. Apparently above tensor

(3.24)

structures vanish when 6; = 0 so it only appears in supersymmetric theories. Different
from the superconformal invariant w, the tensor structures H, H are odd under exchange
1 < 2 as they contain odd number of bi-supertwistors. They are necessary ingredients
to compute the three-point correlators of multiplets with mixed symmetry in the OPE
selection rules (2.23), such as (“72, g) and (%, g)

Following the correspondence in (3.9), we can rewrite the tensor structures built in
superembedding space in terms of the superconformal covariant variables in superspace
Zy = (X,0,0).1

To reproduce the tensor structures from the invariants in superembedding space, we
remove the auxiliary supertwistors through the action (2\_’ 8_51)0‘ or (gg.)( )a. Then we ob-
tain products of pure bi-supertwistors, which can be expanded in terms of the superspace

variables Z3 according to the rule in (3.13). Take the tensor structure S for example:

sizs 1 o
S = T @( 120) o EZSQ (X1 X13%30€) 430 Z0 o
<a

0Henceforth we will omit the subindex 0 in the superspace variables for simplicity.

- 12 —



where we have used the formula (2.14) and the Poincaré section of supertwistors
Z§o =02, Z§s = 6% (3.26)

By exchanging 1 > 2, the Lh.s. of (3.25) gives tensor structure S, and superconformal
variables in the r.h.s. become chiral.
The tensor structures H can be expanded in superspace as follows

S12012S 1 X(aaXF)
= (0120120) (4 X — 1)
(12)(21) (12><21>( ) (X2X2)}
CHS IPCh

X —————7—

(X2X2)2

, (3.27)

where the two chiral indices (o, 3) are symmetrized. Besides, we have applied the chiral
condition (2.13) and also the fact that (X - X)) vanishes after symmetrizing the two
indices. The tensor structure H can be expanded similarly with two anti-chiral indices

symmetrized.

4 Three-point functions in superembedding space

In this section, we compute the three-point function (7 JO) in superembedding space. Here
the multiplets O are restricted to be invariant under the R-symmetry SU(2)g. According

to the OPE selection rules (2.23), this includes the long multiplets A , , , A2 ., , and
070(575) 070(T7§)

.AOAO (£ £y as well as several C type short multiplets. However, the C type short multiplets
are eitQhei" disappear in interacting theories or only contain unique conformal block, except
éo( ¢ by, whose solutions also closely relate to these of long multiplets. We focus on the
correlators involving in long multiplets.

In [20], the three-point functions have been solved based on the procedure that, firstly
write down the most general ansatz that are consistent with superconformal symmetry and
also the conservation equations (2.18), then applying the reflection symmetry (21 < 22)
to fix the coefficients of each term appears in the ansatz. While in superembedding space,
these constraints are fulfilled in a more straightforward way.

The procedure to compute the three-point function (7 JO) in superembedding space

includes two steps:

e Write the most general ansatz consistent with the homogeneity and reflection sym-

metry.

e Solve the coefficients by imposing the conservation equations (2.18).

In N = 2 superembedding space, a general superfield ® with quantum numbers
(A, 41,72, R = 0,r) satisfies the homogeneity

DX, AX) = NI NN TRH(X, X), (4.1)

where ¢ and ¢ are the superconformal weights given by
1 3 1 3
= - = q= = —=r|. 4.
q 2<A+2r>, q 2<A 27“) (4.2)
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The correlators in superembedding space are consisted of superconformal invariants and
subject to the homogeneity of the constituent fields. The superconformal invariants and
tensor structures are constructed following the rules we discussed before, which can be
decomposed into odd or even parts under the reflection transformation (z1 > z3). The
reflection symmetry is realized directly when writing down the general ansatz. Then we will
apply the correspondences between the variables in superembedding space and superspace
to impose the constraints from conservation equations (2.18). From this procedure the
coefficients in the ansatz can be fixed accordingly.

The fundamental elements to build three-point functions in superembedding space are
the superconformal invariants z" with n € {1,2,3,4}, w and the tensor structures St
Sy St Si S=2 H,H. For the invariant w, due to the algebra of supercharges, it has
several constraints

owz =z3, 2wz’ =1z*, 4w’ =5z wi=0. (4.3)
There are more restrictions involving the invariants and tensor structures, which signifi-
cantly reduce the possible terms in the general ansatz.

A
4.1 .AO 0(%,2)

The general ansatz on the correlators are different for odd/even spin multiplets due to the
constraint from reflection symmetry. We start for the multiplets with odd spin.
For odd ¢, the most general three-point functions consistent with superconformal sym-

metry and also the reflection symmetry are'!

<j(1, 1)j(2,§)0(0,6)> _ 75{()\1Z + )\3Z ) + S SZ 1( 0 + )\QZ ) (4‘4)

((12)(21))' =54+ ((01) (10)(02) (20)) 3 A+

There are extra combinations of invariants and tensor structures consistent with the super-

conformal symmetry and reflection symmetry, such as S_% S22, however, they actually do
not give new independent terms. In particular, the superconformal invariant w does not
appear in (4.4). The remaining restrictions on the general ansatz are from the conservation
equations (2.18), which requires that when expanded in terms of variables Zg, there are no
terms contain the variables @8”'@6 o OF O M(:)S‘j. The coeficients \; are fixed to

- A+l (A+0)(202—-20—8+6A+ (A~ A?)
)\(’):)\(’) 1,— 5 ’
2 (A —2) 8(A—2)
(A +0)(50° — 8+ 16A 4 20A — 3A?) (4.5)
48 (A —2) ' '

The solutions are reminiscent of the results from A = 1 theories [35, 40], where the three-
point function with one independent superconformal invariant is fixed up to an overall
constant by conservation equations. Expanding the three-point function (4.4) with above

"1n principle, one may also consider to introduce the tensor structures H or H in the three-point
functions (4.4) and (4.6). However, for the symmetric multiplets, H and H always appear in pairs, in this
case, they will not give new independent tensor structures.
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coefficients in terms of superconformal variables in superspace, we obtain the results con-
sistent with these presented in [20]. Here we have rescaled the coefficients by multiplying
an overall factor (4 + ¢ — A) comparing with the expressions in [20]. Otherwise the coeffi-
cients admit a pole at A = 4 + £ above the unitary bound, which is of course unphysical.
In (4.5) there is another pole at A = 2, nevertheless, it is below the unitary bounds of any
multiplets with odd spin.

For even ¢, we have the most general ansatz from superconformal symmetry and re-
flection symmetry

_ _ . S (Ao + Xoz? + Agw + Mazt) + Sy ST Nz + 52 52
((12)(21)) =5 (A0 ((01)(10) (02) (20)) 3 (A+0)

(4.6)
Here we have two independent nilpotent superconformal invariants in the three-point func-
tion. Because of the extra invariant w, coefficients in the three-point function cannot
be fixed up to an overall constant from conservation equations. Instead, there are two
independent solutions

XS):/\S)<1, (A+f)2(2—A)7(A—é—E)27O,
(A4 0)(64 — 303 + (A —4)2A — 2(5A — 8) — £(A? — 48))
384 ’
2+6—-A)2—-L—A)
! )
and
= A+¢ (—3A) (A+0)(£+3A At/ (—A
52— )0 (O’( + )(62+ 34) (A+ )é+3 NG )(T ) s
(A+0)(3(4+3A) —£(1 —2A +2((3 + L+ A))) 3(A—2)2—2£—£2)
96 ’ 2 '

The solutions given in (4.8) vanish in non-supersymmetric theories. They are from the
nilpotent structures with superconformal invariant w and correspond to the solutions 09?70
n [20]. The solutions given in (4.7) do not contain the term with w. Expanding the two
solutions in terms of the variables in superspace, we can reproduce the results in [20].!2
Here we have rescaled the solutions by factors (4 + ¢ — A) for (4.8) and ¢ for (4.7) to
remove the unphysical poles. In [67] the three-point correlator (JJJ) has been studied
in superspace, which admits two independent solutions with coefficients corresponding to
the @ and ¢ central charges. The two independent coefficients A(Y) will appear in the
superconformal blocks as well, and it is expected that through conformal bootstrap, more

constraints on these coefficients will be uncovered.

Scalar multiplet 'A()Ao(o 0)* The three-point function (JJO) with a scalar multiplet
AOAO(O 0) is more subtle. For a general scalar multiplet with A > 2, as shown from the

12The solutions in (4.7) are actually the linear superpositions of the two solutions in [20] in order to
remove the w dependence.
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analysis in superspace, the superconformal nilpotent structure (2.22) can not appear in the
three-point function and we have only one independent OPE coefficient. This can also be
seen from the two solutions (4.8) and (4.8) in superembedding space. Taking ¢ = 0 we
expect they give the solutions for the three-point function with scalar multiplet, in which
A1 = A5 = 0 by definition. However, in both solutions, by taking ¢ = 0 the two coefficients
do not vanish unless we have A = 2 as well. In another words, the solutions (4.7) and (4.8)
do not work for multiplets with (A > 2,¢ = 0). Instead the unique solution is given by
their linear superposition

Xo = A5 + X3, (4.9)

with a constraint on the two OPE coeflicients
A5 = =3A%) = a0 (4.10)

Now the coefficients in the three-point function with general scalar multiplet are
1

- 1
— 1 —A(4—- A
Ao Ao( , 0,0, ( )s 384

12 (A —-6)(A—-4)A(A+2), 0), (4.11)

in which the two redundant tensor structures vanish \; = A5 = 0.
When A = 2 the multiplet AOAO(O 0) hits the unitary bound and splits in several short
multiplets

AOA,():(%,o) = CAO((),O) + Dl(O,O) + @1(070) + 32, (4.12)

while only the semi-short multiplet éo(o,o) can appear in the J x J OPE and the corre-
sponding three-point function is given in (2.19) in superspace. In superembedding space
this three-point function is given by (4.6), and the coefficients are given in (4.8) and (4.7)
with (A = 2,0 = 0):

W _ 3 10L,3
)\O 3271'6( a 36)( 707 2707 870 )
7(2) -1 3 5
= (da— S -1,2,0). 4.1
Ao 327?6( a — 5¢) <0, 0, 5 L g 0 (4.13)

4.2 AA
0,0(442,4

In superembedding space, there are £ + 2 auxiliary supertwistors S and ¢ auxiliary dual
supertwistors S to absorb the indices of the mixed symmetry operator 'Aéo (L2 To
construct the three-point function from these auxiliary (dual) supertwistors, wé n2eed to
use the tensor structure H that only includes two Ss, which has been defined in (3.24).
For even /¢, the most general ansatz for the correlator reads
_ _ _ SE( Az + A3z®) + 5. S

DT B = g e (o oy oy e Y

From the conservation equations (2.18) the coefficients are fixed to

B} 2(A —2)
_ T it . 4.1
A AO(’ Atri+2 0) (4.15)
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Remarkably, above results, both the tensor structures (except H) and the coefficients are
almost the same (up to a shift ¢ — ¢ 4 2) as the solutions of the three-point correlator
(JJO) in N =1 theories [40], where the multiplet [ is the conserved current and O is
a general multiplet with odd spin. Here the tensor structure H relates to the Grassmann
superconformal variables and the constraints from conservation equations on the rest part of
the three-point function performs as the N' =1 theories. Nevertheless, the superconformal

blocks for the multiplets A()Ao (L2
g

the reasons will be explained in the next section.

¢y are still different from those in the A" = 1 theories, for
12

For odd ¢, the most general ansatz for the correlator reads

- _ _ St (o + Xoz?) + S84 ST Az

_ )
IEATRBO000 = ey e e aoeaopiaes 1Y
We have solutions of the coefficients
- 1
X=Xo (1, 0, 8(6+€—A)(2+€+A)>. (4.17)

Again, the solutions (4.17) are similar to the coefficients in N' = 1 correlators (JJ0O),
where O is a multiplet with even spin ¢ + 2.

4.3 AA
0,0(%%2,%)

For this operator, we have four more auxiliary supertwistors and there are two tensor

structures H in the three-point function. Therefore up to quadratic order of Grassmann

variables ©% or ©%, there is only one possible tensor structure in the three-point function
e o Mo HZSE 4.

D000 Gy e (on oy oz o e

The reflection symmetry enforces any correlators with odd £ vanishing. There are extra
terms depending on superconformal invariants z, w to cancel higher order terms of ©¢, @?‘,
however, they are irrelevant to the superconformal block analysis, as will be shown later.

5 Superconformal partial waves

In this section, we compute the superconformal partial waves We of the four-point corre-
lator (J(1,1)J(2,2)J(3,3).J(4,4)), in which the external operator J is the superconformal
primary of the stress-tensor multiplet 7 (z, 6, §)

J(x) = j(iU, 97 é)‘gizg’izo . (51)

This is equivalent to set the fermionic components of external bi-supertwistors i, to zero.
Following the method developed in [39, 40], we will use the supershadow formalism to
compute the superconformal partial wave Wex. The idea is to construct a non-local projec-
tor operator |O| based on a multiplet O and its shadow O, which projects the four-point
correlator (JJJJ) onto its specific part corresponding to the exchange of the multiplet O.
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Given a general multiplet O with superconformal weights (¢, ) and spin (ji, j2), its
supershadow operator is defined through

5 01(2,2,28,25)
0(1,1,8,8) = /D e q+31<12>2 Y (5.2)

where D[2,2] gives the superconformal measure in superembedding space and O with
spin (jz2, j1) is the Lorentz conjugate of O. The supershadow operator O is from non-local
linear transformation of multiplet O, so it is expected that O shares the same Lorentz
indices of Of. One the other hand, according to the definition (5.2), its homogeneity in
superembedding variables is

ONX, X, a8, aS) = A\~ N-ati) \-Q-N=a+i2) 21 22 0(x, X, 8,5),  (5.3)

which performs as a superconformal multiplet with superconformal weights (2 — N —¢,2 —
N — @) and spin (j1,72) instead of spin (ja,71)! The superconformal correlators with
supershadow operators are determined by the homogeneity (5.3) with quantum numbers
(J1,42,2 =N —¢,2 =N —q).

A conformal projector can be constructed from a pair of operator O and its shadow

0] = 12],2)!2/17[0,0] 00.0.5.8)) (55057) " (5097) " (00.0.7. 7| | .

(251)"%( M
(5.4)

which projects the four-point correlator to the superconformal partial wave corresponding
to the multiplet O

Wo o (T 0(0,0)| TT) ~ / D0,0] (770)D ;, 4 (OTT), (5.5)
where o 1
Dj17j2 = (850(97’)2jl (85()6?)23'2. (5.6)

(271)!2(272)!?
Above superintegrand contains two three-point functions for the exchanged operator and
its supershadow. In our case, we have obtained the three-point functions (JJ7O) for long
multiplets with general spins. The correlators with supershadow operators are given by the
same formulas with proper quantum numbers. Since we focus on the lowest components
of the external operators, the external Grassmann variables are set to zero. The tensor
structures appearing in the three-point functions, as well as the integrand will be simplified.
The superconformal integral has been analyzed in [39] for general . The original integrals
seem to be involved technical problems, nevertheless, it is shown that a superconformal
integral can be decomposed into the conformal integrals, whose general solutions have been
provided in [49].

To compute the supershadow three-point correlator (O(0,0,7,7)7(3,3)7(4,4)), we
will use the tensor structures 7,7 and superconformal invariants z, W constructed from
coordinates (0, 3,4) and their duals. Their definitions are analogously to those from points
(1,2,0):

{1,T,2,w} ={5,5,z, W}|{1,2,S,5}—>{3,477’,’7’}' (5.7)
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After setting the external Grassmann variables to be zero, the superconformal invariants
(z,w,z,W), as well as the nilpotent tensor structures (S5, 7 ) are actually proportional to
the Grassmann variables (6, 96) of the superspace coordinate zg.

As we have shown before, the three-point functions have different tensor structures for
odd and even spins. So the superconformal blocks are computed separately for odd and even

spins. While for the multiplets AOAO (L4 1)
) 2 k) 2

function and the superconformal blocks are actually equivalent to non-supersymmetric case.

, only those with even £ have non-zero three-point

5.1 AOAO(H with odd 2
AT

The superconformal partial waves are obtained by inserting the projector |O| in the four-
point correlator

Wo o (J(1,1)7(2,2)10(0,0)| 7(3,3)T (4, 4)

)
x /D[0,0] (7(1,1)7(2,2)0(0,0,8,8)) D (00,0, T, T)T(3,3)7(4,4)). (5.8)

The three-point functions of multiplets .AOAO( £ 1y
TTN272

replacing the scaling dimension A — —A in (4.4) we obtain the three-point functions of

with odd spin are given in (4.4). By

the supershadow operators with OPE coefficients ;. Applying the results to (5.8) we get

1
((12)(21))1= 1 (+2) ((37) (43)) 1= (=)
— A/‘Eull
’ / o ((10)(20)(01)(02)) 7 (“+2)((30) (40) (03) (04)) 3 (=2

Weo

(5.9)

where

NI = §C DT (N A2z + A Aszz® + Ashi2%2)
FSU DT T (M oz + Mhozz? + Ashoz®)
45, SEVDT oMz + Aahiz27 + Aohs7?)
1S, SCYD T T Modo + Aohaz? + Aaroz?). (5.10)

Here we have ignored the higher order terms that are vanishing when setting the external
Grassmann variables to zero. Note that in (5.10) the cubic and quartic terms of nilpotent
variables (z,z, w,w, S;, Ty ) are new for A" = 2 theories. The OPE coefficients \; are given
in (4.5). The coefficients \; are from the three-point functions with supershadow operator
O, and they are given by the same form in (4.5) with a replacement A — —A.

After setting the external Grassmann variables to zero, the external bi-supertwistors
X, X degenerate to the bi-twistors, which are 4 x 4 antisymmetric matrices Xag, X8 with
twistor indices a, 8 € {1,2,3,4}. The bi-twistors X,z are equivalent to vectors X,, of the
conformal group SO(4,2) ~ SU(2, 2):

1 1
XoP = 5ermaﬁ, Xop = ngrmaﬁ. (5.11)
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The supertraces of external superembedding variables turn into traces of bi-twistors

1
5 i (5.12)

The fermionic components of superembedding coordinates (Xp, Xp) are still important for
our analysis since it is the full-fledged multiplet O contributing on the superconformal
partial wave.

For the superconformal integration (5.9), it is convenient to integrate over the fermionic
components of (0,0) at first, after which we obtain an integration in the embedding space

and the superconformal partial wave becomes

1 4 4/\/?111
W(’)’e +=0 0.8 1 1 /D X(] 15~
ext = 2-Lt+A) 2-1(1—A) 0 D
Xio X3y ? ¢

, (5.13)

2 0=0

and D, denotes the products of supertraces containing superembedding coordinates 0 or 0
Dy = (X15X01 X0 X02) 1) (X X3 X 45 Xo4) 1), (5.14)

Note in (5.13) we have partial derivatives d; to the order four, which appear from the
integration over fermionic components of the (dual) supertwistors (2%, Z%7), with I € {1,2}
in N = 2 superembedding space.

The factor /\/IZqu in (5.9) contains the elementary tensor structure from four points

_ N 1 _
Ny = (8128)D o(T34T)" = W(%o&ﬂ%smomﬂﬁ (5.15)
and their coordinate exchanges, in terms of which the four-point tensor structures can be
expanded as

stDrt = 4<12/>\‘[é34>‘5 + (=1 & 2) + (=) (3 4), (5.16)
SEDT, T = 45(12/;/@ F (D162 - (D) Bed), (517
S.SDTt = M/M — (=1 & 2) + (=1)“(3 & 4), (5.18)

S, 81D, T = 4€<12/;/;<34>€ (D)1 2) — (—DYB4).  (5.19)

So far the formulas on the tensor structures remain the same as for the A" = 1 theories.
New tensor structures for A/ = 2 theories will appear in N}fuu for multiplet with even spin.
By fixing all the fermionic variables to zero the tensor structure N, becomes

ya
Nilpuao = No = (=1)4s2CP(ty), (5.20)

where le*)(y) is the Gegenbauer polynomial and

X13X90X.
to = — 15220240 —(12)—(3+4), (5.21)
21/ X10X20X30 X 40X 12 X34
1
50 = 2@X10X20X30X40X12X34~ (5.22)

—90 —



Ny has parity (—1)¢ under the coordinate exchange 1 <> 2 or 3 > 4. More complex tensor
structures will appear after taking partial derivatives 8(4) in (5.13). Most of them cannot
be directly reduced to the Gegenbauer polynomials and their conformal integrations are
in general unknown. We will resort to their recursion relations that correspond to the
specific forms of the tensor structures. There is an interesting correspondence between the
algebra of the tensor structures in embedding space and the properties of Hypergeometric
functions, in terms of which the 4D conformal blocks are expressed analytically.

Details on the partial derivatives and the conformal integrations of the tensor structures
are provided in the appendices. After some calculations, we obtain the final results

1
1 (L+2)%(A—t—2)
X <(A+€)(A+£+2)9A+1,€+1 + (A —0)(A +0)2 IA+1,0-1
(A-1XA -2
6(A — O)(A+ 1)2(A 10+ 1)(A+ L+ 3) I8t
(L+2)*(A—-1)*(A—1—2)
+16£2(A —l+1)(A—f—-1)(A+1)2(A +£)(A+€+2)9A+3,él> )

Wo‘eextio X AOA@

+ 1 (5.23)

in which the functions ga, = g&?é(u,v) are the classical conformal blocks for identical
external operators. The coefficient )5 for the supershadow operator is proportional to Ap.
This can be seen by inserting the supershadow transformation of O (5.2) in the three-point
correlator (JJ (5) X A3, and the exact ratio can be obtained, in principle, by completing
the superconformal integration (5.2) for the three-point function (JJO). Nevertheless, in
numerical bootstrap we only care about the positivity condition, the overall coefficient, as
long as it is positive, is not important for the analysis. For analytical bootstrap, the overall
constant involves the crossing equation and it can be fixed from the singularities and its
expansion in terms of superconformal blocks.

After removing the kinematic factors and the supershadow OPE coefficient, we obtain
the N = 2 superconformal blocks'?

N=2JJ30T 2 1 N (C+2)2(A—1-2)
N (A—-1)2(A—-1-2)
16(A — 0)(A+ 1)2(A+ 0+ 1) (A + 0 +3)9831
(0 +2)%2(A - 1)%(A -1 —2)?
- gA+3.0-1 | -
162(A — 0+ 1)(A — (- 1)(A+ D2(A+ (A + L+ 2)

(5.24)

It would be interesting to compare above N' = 2 superconformal blocks with those of N' =1

13In this work, the superconformal blocks are determined up to an overall normalization factor. This
factor is generically irrelevant for numerical conformal bootstrap, as it does not affect the positivity condition
applied on the superconformal blocks. See [73] for the normalization of 4D non-supersymmetric conformal
blocks. We also keep the OPE coefficients in the expressions of superconformal blocks, to track possible
mixing of different OPE coefficients (see e.g. 5.41).
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conserved currents, which have been obtained in [35, 67]:

GN=UITIT _ g2 1 N (L+2)*(A—1—2)
(5.25)
for odd spin and
N=1JJ:J] _ 2 (A=22(A—t—-2)(A+7)
Urteven =20 (gA,e + 16AZ(A+ 0+ 1)(D— (= 1)9A+2,£ (5.26)

for even spin. One can see that in (5.24), the coefficients of conformal blocks ga1¢+1 and
gA+1,—1 are similar to the NV = 1 superconformal blocks with odd spin (5.25) while the
ratio between the coefficients of ga41 041 and ga43 ¢41 is close to the N = 1 superconformal
blocks with even spin (5.26). Slightly differences appear in certain factors but these are
expected, since with more supercharges, the decomposition of the A/ = 2 superconformal
multiplet to conformal multiplets will be different from the pure A/ = 1 multiplets. The
N = 2 superconformal blocks in (5.24) are obtained through complicated computations.
The final results are quite compact and organized in an interesting way. It would be very
interesting to see if this property can be explained at algebraic level, and the complex
computations presented here may not be essential for the superconformal blocks.

52 A2 ,, with even ¢

0,0(3:32

The superconformal blocks for even spin multiplets are more involved since the corre-
sponding three-point functions have two independent solutions and contain more tensor
structures. By inserting the conformal projector we have the superconformal partial wave

of the even spin multiplet A 0oy

Wo /D[O,(_)] (j(l,T)j(?,Q)O(O,G,S,S»%)(@(O,(_),7', T)J(3,3)T (4,4))

/D _ Sf (Xo + Aoz? + Agw + \az?) + Sy ST Nz + 82 852 s
((12)(21))=5(EH)((01) (10)(02) (20)) 7+
Tf(A0+A2z AW+ Mz T T Nz + T2 T2
((34)(43))1~1(=2)((03)(30)(04) (10)) 14~

L

)

(5.27)

where we have applied the three-point functions (4.6) for the multiplet A2 and its

0 0(£ ﬁ)

272
supershadow ’Ao ﬁ‘( e The OPE coefficients \; and ); are the linear combinations of the
272
two solutions in (4.8) and (4.7)
NONRC 3 OBy
A =20+ 32, =04 XD (5.28)

As for the odd spin case, the supershadow OPE coeflicients \; are proportional to the OPE
coefficients \;. However, both the OPE coefficients \; and their supershadows include two
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independent overall coefficients ()\8), )\g) ) or ()\g), )\g)) and the transformation from \; to

supershadow coefficients )\; is described by a 2 x 2 matrix

AD A

@ _ i .

@ |~ (meao5), |G (5.29)
A A

The transformation matrix M(A,¢) can be determined by faithfully computating the su-
perconformal integration of the supershadow three-point function. Alternatively, as shown
in [40, 41], it can also be fixed up to an overall constant from unitarity

A A+ 0 (3= A)A2+ (A—1)A+2)0+4) AA(L+2)(+3)
M(A, £); o .
2A(0 — A)(A+0) (C=A)(A+3)A%+ (A2 + A+2)(+4)

(5.30)
One can show that above supershadow transformation matrix satisfies the constraint

M(=A,0) - M(A, ) o (A — £ —2)(A — 2) Toyo, (5.31)

which is expected since it gives the original coefficients by applying the supershadow trans-
formation twice. Derivation of the supershadow transformation matrix is provided in ap-
pendix D. In (5.31) we have explicitly shown the factor (A — ¢ —2)(A — 2), which suggests
the supershadow transformation becomes pathological at the unitary bound A = ¢+ 2. In
particular, for the stress-tensor multiplet with A = 2, the factor gives second order zeros.
We will discuss the origin of this factor and its effect later.

Setting the fermionic components of external coordinates to zero, and integrating out
the Grassmann variables in Xy and Xy, we obtain a form with conformal integration in
embedding space, like (5.13). The difference is the tensor structures ./\/'g““. Now it has a
more complex form

N = SETTE (ko + Aahoz? + Aoda® + AoAsW + Asdow + Aghoz? + AoAsz
+ Ao A3Z>W + A3 hawz2 + Ao hoz’Z? + )\35\3WV~V)
8 DTy T (Mohiz + AoMiz’2 + AsAwi)
45, STUD T (Mdoz + Mhoza? + A Asaw)
45, VDT T Az
+8E DT2 T2 (Mg + Aoz® + Asw) s
+82 S72DTE (Mg + Mz + AaW) A
+82 82 DT, T NE + Sy STV DT T2 Az

+82 72D T2 T2 %, (5.32)
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The last five terms in (5.32) contain new tensor structures. The expansions of these tensor
structures involve more elementary four-point tensor structures besides Ny:

My = (8128)' 18218 D (T3AT)" = (;)2(asoaﬂf(smc‘)szn)’f—lsizﬁsw, (5.33)
4 = (5128)" D (TST) 1 T4ST = (o5 (05007 (SUOSAT) 1 S2U045T. (5.34)
Ke = (SIQS)Z_lgﬂS%)(7‘3217‘)4—171437_

1 a1A07 - —
IR (950074 ((S21034T)" 1 S12043T

+(¢ —1)(8210347) 28120347 S21043T).  (5.35)

Note that after setting all the fermionic variables, including those from Xy and Xj to zero,
above tensor structures go back to Ny up to a minus sign. However, when taking the partial
derivatives 63, these tensor structures perform differently in a subtle way.

The new tensor structures in (5.32) can be expanded in terms of the elementary tensor
structures (Ng, My, Ly, Kp):

s¢ D2t = S _Af) Z;§£>§<34>€ S (D1 e+ (- 3o 4),  (5.36)

$2 §¢2DTt = 3 —foéff@av S 1)+ (-3 o), (5.37)

S, SIDT T = 570 _A%J(rlgf%w — (D)1 2) + (=D B < 4), (538)

$2 s, T = TG '/—vel;i/;/)lg(?;l)@ + (1)1 2) - (-D'B = 4), (5.39)
Ne+ Mo+ Lo+ Ky

$2 22Tt = s+ (D10 2)+ (=D (3 ¢ 4). (5.40)

16(£ — 1)2(12)¢(34)
Above tensor structures vanish in embedding space, which are expected for the nilpotent
variables. Their contributions on the superconformal partial wave turn into nontrivial
after taking partial derivatives d5. More details on these computations are provided in the
appendices.

The next steps are the standard computations on the embedding space algebra and
(4)
' o
OPE coefficients )\g) using the supershadow transformation M ¢. The final results of the

the conformal integrations. The supershadow coeflicients \Y’ are rewritten in terms of the

superconformal blocks are

gf?i'v‘i;’ T = aogas + a1gasarse + a29a 120 + A39A12.0-2 + G4gA 140, (5.41)
where
ag = (AQ)Q , (5.42)
((y + AN 121+ 0+ A))\g)>2
ap = (5.43)

6(1+0+M)B+l+A)
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(A1 =AY+ LB+ 02+ — M)A 122+ 0B+ 01 +£—AND)?

o = 60— 122(A — (- D)(A—(—1) » (544)

((C+ D)4+ B~ M)A+ 12+ (A - DAYX +42+ OB +HANG)*
MTTT056(A L+ D)(A (- DA+ 12(A+22A+ L+ (AT L+3) (5.45)
and

1
APA+ 12— AN (A +L+2)

x ((AS)2(A +0) (4(A +2) + A2+ 4) (2 = 2) + A (UL +2) +4))
FAL(TL+12) + 6300+ 2) +4)) + 220D (0 +3)(A + 0) (5.46)
X (—4(A—1)(A+1)(A+2) + AA+5)2 + (A (A% + A+ 14) +4) ()
FOAZ (432 (— (A - DAL +1)(A+2)

+(ATHAT1) A +2(A2+A+1)0)).

ag =

Above coefficients a; are guaranteed to be non-negative for i € {0,1,3,4}. This agrees
with the unitarity, which requires that any independent conformal blocks appearing in the
superconformal partial wave Wy should be positive. In contrast, the coefficient as seems
to be disorganized and it is not clear that the whole expression is always positive. This
problem can be clarified by decomposing the N' = 2 multiplet into N/ = 1 multiplets,
from which we can see that actually the coefficient as contains several contributions from
different A/ = 1 multiplets. Most of these contributions are restricted by the N' = 1
supersymmetry and the unitarity is satisfied term by term. More details on the N' = 1
decomposition will be given in section 6.

The specific expressions of the coefficients a; shown above rely on the definitions of the
OPE coefficients Xg), given by (4.7) and (4.8) in our case. While one can always obtain
different solutions from their linear superpositions, and the expressions of the coefficients
a; will be modified accordingly.

For a general scalar long multiplet A0A70(070) with A > 2, there is only one independent
OPE coefficient and the superconformal blocks are given by (5.41) with an extra constraint
on the OPE coefficients (4.9). If the scaling dimension saturates the unitary bound A = 2,
the multiplet degenerates to the stress-tensor multiplet and there are again two independent
OPE coefficients. The superconformal block QN 20757
stress-tensor multiplet 00(0,0) involves both a and ¢ anomaly coefficients. The expres-

corresponding to the exchange of

sion (5.41) is for general long multiplet. One may consider to obtain the superconformal

ock QN 2750 by analytically continuing (5.41) to A = 2,/ = 0 and also using the OPE
coefﬁments given in (4.13). However, the results obtained in this way should be treated
carefully since the supershadow transformation for A = 2, ¢ = 0 is pathological with second
order zeros (5.31). There are unphysical terms arising from the analytical continuation.'*
It is not clear if there are unphysical terms in the analytical continuation A — ¢+2 of (5.41)
for ¢ > 0. It would be interesting to see how they correspond to the superconformal blocks

of semi-short multiplets 01( £y We leave this problem for future study.
272

141 would like to thank Madalena Lemos for the discussion on this problem.
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5.3 AOA’O(HJ ¢, with odd £

2 2
The superconformal partial waves from exchange of the multiplets Aé0 (2.1 with odd
? read
_ H S (A1 + Aoz?
W@:/D[0,0] _ — 1 _(_1+_2Z_) — 1 D
((12)(21)) '3 CHHA((01)(10) (02) (20)) 3 GH+4)
HT! (M + Aoz?
— (s + A7) (5.47)

((34)(43))1—1(+=2) ((03)(30)(04) (10)) 1 (+-2)”

where we have used the three-point functions (7 J0O) (4.16) for the operator AOAO( 2 1
b 2 ’2
—A

and its supershadow Ao . The tensor structure H is given by

0(5,52)
- T34034T
H=H = ——. 5.48
‘{1,2,8}%{3,4,7—} <34> <43> ( )
Note that for the supershadow operator ASOA( £ ey its homogeneity in superembedding
b 2) 2
space performs like the operators with superconformal weight ¢ = ¢ = —% and spin
(“72, g) The partial derivative on the auxiliary supertwistors now becomes

= 1

D = W(asoaﬂm(agﬁaﬂf. (5.49)

Integrating out the fermionic components in (5.47) we obtain an expression with con-
formal integration in embedding space

Nfull

1
Wolp. _o / D*X, o2
fext=0 X1227§(2+£+A)X§47§(2+57A) 0 Dpio

: (5.50)
0=0

where the factor Dyyo is given in (5.6) with shifted subindex ¢ — ¢ + 2. Moreover, the

tensor structure N turns into

N = BSET AT (M + Aoz + Aahiz2), (5.51)
in which
CSETt - L w2y ((S21034T)° Y
HS'DHT! = (£+2)!2(8308¢) HH<4<1§>£<34>£ F (=D)L 2)+ (—1) B 4)).

(5.52)
The OPE coefficients \; are given in (4.17). The supershadow OPE coefficients A also
follow the solutions (4.17) with A — —A.
The partial derivatives 861 are simplified for the mixed symmetry multiplets. The tensor
structures H and H in N are nilpotent, they vanish in embedding space unless acted by
derivative dj. Therefore the conformal integrand in (5.50) only includes two parts:

R (o3m i) (ag DM )

0z
42

(5.53)

~ N
A l

0
Dita 5 =0 =0
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The first term reproduces the results of N'= 1 conserved currents with spin ¢ + 1. Specif-
ically, we have

- 1 . - 1 ~
864H OgaH om0 15’121””125 x T340, 34T = —4—3X12X345’1Fm25 x TT,34T

2
= 4—3X12X34(51TS234T — S2T'5134T)
0+ 1)

32

— — X12X34521034T, (554)
where the auxiliary twistors S, T are the non-supersymmetric parts of the auxiliary super-
twistors S, T. From the first line to second line, we have applied the contraction of the 6D
gamma matrices

IMABT, . op = 2(6668 — 6468). (5.55)

In the last step, we have employed the fact that the tensor structure Si7T always leads to
a factor Xy; regardless of extra tensor structures. The whole superconformal partial waves
remains different from those of A/ = 1 conserved currents due to the second term that is
new for N/ = 2 theories.

For the second term in (5.53), there is another constraint

O3 H 954 N¢ |5, o S12I"™128 x S21T,,34T
x eapop(512)4(521)8(521)¢(T43)P = 0, (5.56)
and similarly 864ﬁ 054Ny = 0. The non-vanishing contractions lead to a new tensor

structure

- 1
(005 mi ) (ao 105 Dm)
— (X,gT234T + XppT134T — X ,T243T — XpgT1437)
X (X50S2148 + X,552138 — X3551248 — X,5S1235) . (5.57)

0=0

Note it is different from the tensor structure SPT x SRT appears in the superconformal
integration of symmetric long multiplet. Here we denote it as SRS x T PT. Its recursion
relation is provided in appendix B and its conformal integration is given in appendix C.

After the conformal integrations in embedding space, we obtain the superconfor-

mal blocks
GN=21IIIT o N (A-2)A-1A-L-2)(A+{+2)
A 0+2|¢,0dd o\ 9a+1,+1 16(A + 1)<A + 2)(A 0 — 1)(A Iy 3) gA+3.0+1 | -

(5.58)
One can see that above superconformal blocks are similar to the A/ = 1 conserved current
superconformal blocks with exchanged even spin operator (A + 1,4+ 1) (5.26).
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A .
5.4 'Ao,o(‘*—z ¢y With even £

2 2
With even ¢, the superconformal partial waves corresponding to the multiplets AOAO (e2 1y
become ©
_ H (S Mz + Sy 871
W@:/D[0,0] o Mtz S ST A D
((12)(21))' 73 HEFA) ((01)(10)(02) (20)) 1 CHHA)
H(TEMz+ Ty TS
oo MR TT) . (5.59)
((34)(43))1~1+2)((03)(30) (04) (40)) 1 B+

The OPE coefficients ); and their supershadow A; have been solved in (4.15). By integrating
out the fermionic variables we obtain the same expression for the superconformal partial
waves as in (5.50). While the tensor structures A now turn into

N = B8O D AT \Mzz + HS. D AT, T\ oz
+HS, SEUD AT Mhz + HS, SV D AT, T Dok (5.60)

The new tensor structures in above formula can be expanded as follows

HS'DAT, T = M(asoaT)m
(ST e - (DB e )
s, e AT - (£+12)!2(33037)e+2 (5.61)
1 (ST — o2+ ()G ).
HS, S“ VD, AT, T = M(asoaf)“?

~ 210347)¢
" <m ~ (D12 - (D)3 e 4)> ,

Similar to the superconformal partial waves with odd ¢, the conformal integrand can
be separated into two parts, one of which reproduces the results of N’ = 1 conserved current
with spin £+ 2 and another one is new for N' = 2 theories. In particular we have following
new tensor structures

- X12
OMH Oz | = — 5210345, 5.62
0 04 |0:0 30X40 (5:62)
_ X
04 a@Az(_ = 23 7910347, (5.63)
0=0 10X20

The recursion relations of these tensor structures and their conformal integrations are
presented in appendix B and appendix C, respectively.
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After some algebra in embedding space and conformal integrations, we obtain the
superconformal blocks

Ta st N 1 IA+2,0+2
A, 42]4,even @ (A it 2)(A T 3) iy
(L+3)(C+4)(A—0—2)
+1)(A-L—-1)(A+1+ 2)29A+2,€ ) (5.64)

which are reminiscent to the A/ = 1 superconformal blocks for conserved currents with
exchanged odd spin operator (A + 1,4+ 1).

5.5 AOA,O (e, 0y

We have shown before that for the three-point correlator with the multiplet Aé0 (54 2); only
these with even ¢ can have non-zero three-point functions with two stress-tensor multiplet.
Moreover, from the three-point functions we have following superconformal partial waves

1 —0 Ny
Wolg. o /D4X0 o3 <H2H2>
GEXt 0 Xf;%(4+‘€+A)X§;%(4+E*A) 0 D€+4

, (5.65)
0=0

where we have ignored the higher order nilpotent terms which have no contribution on
the superconformal partial waves. Since both H and H are nilpotent, the four partial
derivatives have to act on these nilpotent tensor structures. Moreover, the contraction
between two 05H’s vanish

1

864H aﬁAH‘():O — 43

X195 X34510™28 % ST,,128 = 0. (5.66)
Therefore the contraction in (5.54) is the only way to obtain non-zero contributions from
nilpotent tensor structures. The superconformal partial waves now become

Niyo
1
(X10X20) 5 (4+0+A) (X30X4()) % (4+0—A)

WO|Hext:0 X /D4X0

0,0
X gA—l—Q,Z—‘,—Q(ua U)a (567)

where we have used the results of conformal integration in embedding space presented
n [49]. Actually from the representations of su(2,2|2) algebra one can show that contri-

butions of the multiplet A(?o (L4 on the four-point correlator are from the component

4
2 75)
with quantum numbers (A + 2,/ 4+ 2, R = 0,7 = 0). Here we provided another simple
explanation on this fact.

5.6 Comments on the semi-short multiplet él(g £y
2’2

The only remaining multiplet in the J x J OPE (2.23) with nontrivial superconformal
partial wave is the semi-short multiplet él (L,Ly: It arises from the splitting of long multiplet

303
.AOAO ( when A hits the unitary bound

L L
3:3)

= CAO(%?%) +CA%(871 %) +C’A%(§7271) +CAl(871 571) . (568)



For ¢ = 0 the splitting goes back to the form (4.12). For spinning multiplet £ > 0, there

are two semi-short multiplets ¢ ) and CAl(g £ satisfying the J x J selection rules.
272

0(272
However, the semi-short multiplet Co( Lty contains conserved higher spin operator and
should be absent in interactive theories [76, 77]. The multiplets 61( ¢ contain the “Schur
operators” [75] and play important roles in the 4d/2d correspondence. Their contributions
on the stress-tensor four-point correlator can be described by the 2d chiral algebra [22].
Unfortunately, this multiplet carries non-zero charge of the R-symmetry SU(2)g. It is not
clear how to uplift it to superembedding space and estimate its superconformal block. The

superconformal block of (fl ( can be computed indirectly. In the limitation A — 2 + ¢,

14
5.5)

the superconformal block of A2 can be separated into two parts for C (L, and

0,0(£,%) 272

272

C1( . The multiplet C 0(%,2) can be uplifted to superembedding space and the three-

point functlon (JT CO( Ty )) follows (4.6) by applying its semi-short conditions of on the
three-point function. Then its superconformal partial wave can be obtained accordingly.

Actually as shown in appendix D, the shortening condition has already appeared in

the superconformal partial waves with the supershadow OPE coefficients, that only the

coefficients of conformal blocks ga s and gais¢4+2 of the semi-short multiplet éo( ¢ 1y are

non-vanishing. Without extra constraints we cannot solve the supershadow OPE coef-

ficients just from these two terms directly, but they are expected to be relevant to the

analytical continuation of the supershadow transformation of general long multiplet. The

superconformal partial waves of the semi-short multiplets C ¢ £y, a8 well as their roles in

£
2

1(
the 4d/2d correspondence will be studied in a future work [8 17

6 Decomposition of N/ = 2 blocks into A/ = 1 blocks

The N = 2 superconformal blocks can be expanded in terms of N = 1 superconformal
blocks following from the decomposition of the N’ = 2 multiplets into A/ = 1 multiplets.
This relation has been employed in [34, 35, 40| for consistency check on the N' =1 super-
conformal blocks, which agree with the N/ = 1 decomposition of the superconformal blocks
of N = 2 global symmetry conserved current obtained in [27]. In this work, we show that
the A/ = 1 decomposition can also provide consistency checks on the N/ = 2 superconformal
blocks we obtained in the previous section.

For a general N' = 2 long multiplet AOA its A/ = 1 decomposition has been studied

20] 0(3,5)"
n [20]:
A A A+1 A+1
Aoog) 7 Ao ) T Aot g T Ao ) (6.1)
AH-2 A+1 A+1 ’
R R e

where the ' = 1 mutliplets are denoted as A and the subindex ' = 2(2R + r) is the
U(1),» charge of N' = 1 multiplets A. There are extra terms with non-zero r’ in the
decomposition, while they have no contribution on the correlator so are omitted in (6.1).
The N = 2 superconformal blocks then can be decomposed into N' = 1 accordingly.
Given odd ¢, the last two terms in (6.1) have no contribution on the four-point corre-
lator (JJ.JJ), since the components in the multiplets that could appear in the J x J OPE
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have odd spin. Therefore the A/ = 1 decomposition reads

N=2|JJ;J] N=1 N=1 N=1 N=1
gA,Z,odd = gA,E,odd + blgAJrl,Zfl,even + ngA+1,Z+1,even + b3gA+2,€,0dd7 (62)

where the N' = 1 superconformal blocks ng e Jeven D1AVE been given in (5.25) and (5.26).
Using the expressions of N' = 1 superconformal blocks in (6.2), we obtain an expansion of
N = 2 superconformal blocks in terms of conformal blocks

N=2|JJ:JJ
A’g,oldd X CLYA+1,04+1 + C29A+1,0—1 + C3GAL3,041 T CAGA+3,0—1, (6.3)

where the ¢; are abbreviations of coefficients depend on (b;, A, ¢). Remarkably, the coeffi-
cients ¢; obtained from A/ = 1 decompositions (6.2) are restricted to satisfy the constraint
(A—0-2) A+ 1)
(A—(—1)  “U+22A+0+1)

B 16(A +1)2 <03(A—|—€+3)_C4 (A —1+1) > ~0, (6.4)

(A —1)2 (A+0+2) (L+2)2(A -2

which provides nontrivial consistency check on our previous results. Adopting the coeffi-
cients ¢; from the results in (5.24), we find the L.h.s. of (6.4) vanishes.

For the multiplets A2 , , with even /, the last two terms in (6.1) AS*L, .~
0,0(3,5) r'=0(%5=,7%")

now contain conformal primary components with quantum number

&1

and /zo(u 5*71)

(A, ¢,r" = 0) and satisfy the selection rules of J x J OPE. So they have non-zero con-
tributions on the correlator which is described by non-supersymmetric conformal blocks.
The N = 1 decomposition of the superconformal blocks becomes

N=2|JJ;JJ N=1 N=1 N=1 N=1
Gnteven = 9Ateven T 019 0—1,0dd T 029711 r41,0dd T U39A T2 r.even T Dagatae. (6.5)

Different from the odd spin multiplet, above decomposition does not lead to any cancella-
tion, instead, each AN/ = 1 superconformal block in (6.5) contains a term proportional to
the conformal block gat2¢. The final results on ga;2, actually originate from five differ-
ent parts. This explains the disorganized behavior of as, the coefficient of gay2 ¢ shown
in (5.46).

The N = 1 decomposition (6.5) now provides the constraint on the N' = 2 supercon-
formal blocks (5.41) on the specific term ga42¢. From the coefficients given below (5.41),
we can obtain the N' = 1 coefficients b;,i € {1,2,3}, as well as their contributions on the

conformal block ga42¢. Then by subtracting these contributions from the overall coeffi-

A+1 A+1
A Dy A gy

which should be positive according to the unitarity. Since the conformal block contains two
independent OPE coefficients )\g) ,i € {1,2}, it is highly nontrivial that the three terms
()\8))\8), )\S)Ag), )\g))\g)) are organized conspiratorially to be positive. Indeed, from above

cient as (5.46), we obtain the contributions purely from

results we obtain

y (2D DOS(A+0 + 2D +3)a)° -
1 2000+ 1)2A2(A + 1) ’ (6.6)

5

which perfectly agrees with the unitarity condition.!

5The coefficient by includes contributions from both AA,JF;(PI e and AA/Jré(Hl 1)
=005 =005

the unitarity condition should be satisfied respectively, i.e., bs should be a summation of two positive terms.

AATL .. and ASTL | are conjugate partners in an A’ = 2 multiplet, their
=055 =057 "57)

contributions are expected to be equal.

so in general

However, in our case
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7 Conclusion and discussion

We have computed the superconformal partial waves of the four-point correlator (JJJJ),
where the external operator .J is the lowest component of the 4D A = 2 stress-tensor mul-
tiplet, and the exchanged operator is a singlet of R-symmetry SU(2)r. We compute the
three-point correlators (7 JO) in superembedding space. We find a method to systemati-
cally expand the invariants in superembedding space in terms of superconformal covariant
variables in superspace, from which we are able to construct the N' = 2 superconformal
invariants and tensor structures in superembedding space. Our results agree with the
consistency checks by decomposing into the N/ = 1 superconformal blocks of conserved
currents. It is straightforward to employ the method applied in this work for the super-
conformal partial waves of the other interesting AN/ = 2 four-point correlators, for example
(JJ®®T), where ® is a chiral operator.

Our results provide necessary ingredients for the A/ = 2 stress-tensor bootstrap. With
the A/ = 2 superconformal blocks it is straightforward to apply the numerical techniques
developed in [4, 7, 79, 80] to bootstrap the crossing equation of the four-point correlator
(JJJJ). We expect that the N' = 2 stress-tensor bootstrap will further promote the 4D
N = 2 superconformal bootstrap project initiated in [14], which aims to provide system-
atical studies on the extremely fruitful N' = 2 SCFTs. Specifically, it is quite promising
to bootstrap the simplest rank one Argyres-Douglas theory Hy, which saturates the lower
bound on the ¢ central charge of any N/ = 2 SCFTs. One of the characteristics of this
theory is that the semi-short multilet él( 11 decouples [20]. From the bootstrap point
of view, this is reminiscent of the phenomena discovered in [5-7] and [82]. The critical
3D Ising model locates at the kink of the bound on the CFT data [5-7], and this kink
corresponds to decoupling of certain spectra. In [82] the correspondence between kink (as
a solution of specific CFT) and decouple of certain spectra has been generalized to various
3D CFTs with global symmetry or supersymmetry. In particularly there is a putative new
3D N = 2 SCFT that corresponds to the decouple of spectrum in its BPS sector, or the
chiral ring relation ®2 = 0 [37, 38].1¢ It is tempting to expect this scenario works for 4D
N = 2 theories as well.

The N = 2 stress-tensor bootstrap provides a nice approach to study the conformal
anomaly coefficient a. Due to the N/ = 2 supersymmetry, the crossing equation is signif-
icantly simplified comparing with those of non-supersymmetric theories that also involve
a-anomaly coefficient [11, 13]. The a-anomaly coefficient satisfies the conformal collider
bound [12]. This bound has been proven analytically in [84, 85]. Remarkably the con-
formal collider bound automatically appears in the numerical conformal bootstrap of the
3D conserved current (J#) correlator (JJJJ) [13] and the stress-tensor (T#") correlator
(I'TTT) [11]. It would be very interesting to reproduce the N' = 2 supersymmetric version
of the bound from numerical N' = 2 stress-tensor bootstrap.

With additional assumption on the operator spectra of CFTs, the conformal collider
bound in 4D can be further restricted to be (a — ¢)/c < A2, where the parameter

gap’
Agap is the dimension of lightest single trace operator with higher spin ¢ > 3 [86]. This

16This putative SCFT has 4D N = 1 analogy with the same chiral ring relation [36, 79, 83].
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refined constraint on the conformal anomaly coefficients and the sparse spectra has been
derived in [87-89], see [90] for more results on the generalization of the conformal collider
bound. The N = 2 theories provide an ideal laboratory to study this constraint further.
With eight Poincaré supercharges, we can get access to the stress-tensor OPE from the
scalar component in the stress-tensor multiplet. On the other hand, there remains two
independent tensor structures in the stress-tensor three-point function and the refined
constraint is highly non-trivial. In contrast, for ' = 4 SCFTSs, a = ¢ and the constraint
is satisfied trivially. While for A/ = 1 SCFTSs, the stress-tensor is a component of the
spin 1 supercurrent multiplet, and its OPE is still quite involved [91]. It is expected to
obtain better understanding on the generalized conformal collider bound from the crossing
symmetry and unitarity condition of N' = 2 stress-tensor four-point correlator. We leave
these problems for future studies.
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A Superconformal invariants and tensor structures in superembedding
space

In NV = 2 superembedding space, we can construct two independent superconformal invari-
ants z and w from three points (0,1,2) ~ (Xp, X1, Xo):

__ {12)(20)(01) — (31)(10) (02) Al
= (12){20)(01) + (21)(10){02) |
w = 4 (120120) -+ 1. (A.2)

({12) (21){10) (01) (02) (20))*

In this work we also need the superconformal invariants z and w constructed similarly with
variable replacements 1 — 3,2 — 4. Both z and w are nilpotent and vanish when setting
external Grassmann variables to zero
75 = w3 =0,
(A.3)
Z’0ext:0 = Wygext,:o = 0

Therefore they actually have no effect on the superconformal integrations for the super-
conformal partial waves unless acted by the partial derivative d;. The derivatives on z
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are

D S, €L X129
oz = (2 — 1) <1 - 2) , 0%z = 22(2° — 1) , (A.4)
‘ X1 Xao ’ X10X20

e =t (s(3 XY (X ) (X% xpay)
00 Xip Xog/ \ X Xgp X15X15  Xo5Xo5/) )’

which are also anti-symmetric under the coordinate permutation z; <+ 29. Using above
results it is straightforward to get the higher order derivatives on z, as well as the derivatives
on z2,z3,z%.

The derivative 95" on w gives

16 (12T"™12 xm o xm
of'w = 61 0 T+ +(w—1) (1_ + 2) , (A.5)
(X10X01 X929 X02 X021 X12)?

which is symmetric under the coordinate permutation 1 <+ 2. Higher order derivatives are

given by
X12
Pw=—(w-—1 , A6
0 ( )Xszﬁ (4.6)
X0 X Xm X
oMt w = 0w (1 2) + Ofw (1 + 2)
00 0 X5 Xop 07\ X5 Xop
+<w_1><Xf”_X5”) (Xi‘ _Xg), (A7)
Xio Xon/) \Xig  Xop
X129 X129 (X{” ng)
Pw = —9"w —2(w—1 + , A8
00 07 X15X00 ( >X10X2ﬁ X5 Xy (4.8)
a2a2w—9(w_1)< X1z )2 (A.9)
00 X16X26 ’ '

where we have solved the SO(4,2) vector (121"120) in terms of 9"w from (A.5) for sim-
plicity. Setting w = 0 above formulas give the results with vanishing external Grassmann
variables fext = 0. In particular, we have

X12

= — X5 Al
fex =0 X10X20 " ° (4.10)

m
86W

This identity can be obtained by evaluating the trace (12 "1 2 0) explicitly, or alternatively,
the readers can simply convince themselves by showing that the two sides of (A.10) are
equal by multiplying vectors X;,,.

Replacing 1 — 3 and 2 — 4 in above identities, we obtain the derivatives on z and
W. Moreover, in the full tensor structures NfU!, like in (5.10) and (5.32), we also have
mixed terms that are proportional to zz, zw, ww, etc. The corresponding derivatives can
be evaluated accordingly based on above results.

The tensor structure Ay in the superconformal integration are

1

Ny = (51§$)£E(T31T)€ = ()2

(0s007)¢(S210347)". (A.11)
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By permuting the variables in §128 or 7347 we can also obtain extra tensor structures
appearing in J\/'}“H, such as My, L, and Kp. These tensor structures are constructed based
on the supershadow formalism and the variables Xj, Xy originate from

H _ ]. 21 _7 _ 22
Dj = W(asoaT) 71 (95007)7. (A.12)

When j; # jo, it gives the tensor structure for mixed symmetry multiplet .AOAO =
T

A
Aot )
and there is a null condition:

’Q H
. The derivative J; acting on the tensor structures is equivalent to acting on D,

<2
03 D jy,jo o €71°05,05507, 075 = 0. (A.13)

Therefore we have following constraint on the general tensor structures X, €
{Ne, My, Ly, Ky}
DX, =0. (A.14)

For N = 1 theories, there is at most one derivative 0§ applied on the tensor structures, and
the SO(4,2) index is contracted with another one from the derivative on superconformal
invariants or DLZ' While for N' = 2 theories, we have terms proportional to 05" 0 X,
which lead to various kinds of temsor structures in embedding space. The problem to
obtain superconformal block now is transferred to the conformal integration of the tensor
structures, which are usually cannot be expanded in terms of Gegenbauer polynomials
directly. For instance, in [41] the A/ = 1 superconformal blocks corresponding to exchanging
of symmetric multiplets with none-zero U(1)g charges have been computed. One of the
major challenges is to evaluate the conformal integration with the tensor structure

(85007)" (5210347) 71 (X305214T + X405213T — X30S124T — X405123T).  (A.15)

The tensor structures are more complex for A/ = 2 theories.

Take the odd spin long multiplet AOAO ( for example. The superconformal integrand

L ¢
777)
contains the following term o
~ 1
Mhizi— S DT, (A.16)
D,
Integrating out the fermionic variables we obtain the conformal integration in embed-
ding space:
02027) — N, + 4 (9005%2) (s~ ) Ne +2 (922) (95>~ | N
((‘)(‘)ZZ)E ¢+ 4 (0505 22) onp, ) Vet (9522) 0" p, ) M
1 1
+4 (86‘83%2) <8On80mD> Ny +4 (86‘8%zi) HaﬁnNg
¢ ¢

1 1 1
+8 (0505 2z) 9m 15, FonlVe + 4 (022%) aglaa@mz\@ + 4 (03" 08 2z) D, Pom0on N

(-1 1 =2+ (-1) (3¢ 4). (A.17)
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After taking the partial derivatives, we set Oext = 0, and above formula becomes

2(9 <((A+€)2+8) oS Y /N P A )

X15X20 X35X40
+2+0-AN)2+1+A) (408 + Q_QJF))[]\)IE
A+C+2 7 X5
2 Dy XXy
A—0—-210 Xg
2 D XXy
+1£(€ -1) X X34
8 Dy Xy5X95 X35X40
where the variables ., Pi and Ri are given in (B.2)-(B.13). As shown in (A.18), the
conformal integrand contains rather complicated tensor structures. More complex tensor

(QpP1 —Q_P3)

(QAR1 — Q_R3)

(POR3+ P1R1+ P2R2+ P3R0), (A.18)

structures appear in the conformal integrand for even spin. The whole conformal integrand
would take too much length to be presented here. The tensor structures and their recursion
relations will be given in the next appendices.

B Tensor structures and their recursion relations

In this appendix we summarize the tensor structures appear in the conformal integrand
and their recursion relations, from which we can evaluate the conformal integration in
embedding space.

For the simplest tensor structure Ny, it satisfies the recursion of Gegenbauer polyno-
mials C’él)(t) with variable
@12()5’;‘(”, s = 5 (01) (20)(38) 10) (21) (13) (B.1)

While for extra tensor structures, generally they cannot be expanded in terms of Gegen-

bauer polynomials directly.

The tensor structures, as well as the invariants in embedding space usually are con-
structed based on certain combinations which are (anti-)symmetric under coordinate per-
mutations 1 <> 2 or 3 < 4, it will be convenient to denote these elementary terms as follows

X X X X
Q+ _ 13 + 23 + 14 + 24 7 <B2)
X19X35  XogXsg  Xi9Xag  X20Xa0
X X X X
Q_ _ 13 _ 23 . 14 + 24 ? (B3)
X19X35  XogXsg  Xi9Xao  X20Xa0
X X X X
4 = 13 2 4 M (B.4)
X19X35  XogXsg  Xq19Xao  X20Xa0
X X X X
Op = 13 23 4 M (B.5)
X19X35  XogXsg  Xi9Xao  X20Xa0
and for the tensor structures
PO = X,55234T + Xp5S134T + X,55243T + X 551437, (B.6)
P1 = X,55234T + X,55134T — X,55243T — X,55143T, (B.7)
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P2 = X,55234T — Xp5S134T + X,55243T — X,551437, (B.8)

P3 = X,55234T — X,5S134T — X,55243T + X,551437, (B.9)
RO = X,355214T + X,;55213T + X,355124T + X,55123T, (B.10)
R1 = X355214T + X,55213T — X355124T — X 551237, (B.11)
R2 = X,355214T — X,;55213T + X355124T — X,;55123T, (B.12)
R3 = X355214T — X,55213T — X355124T + X,55123T. (B.13)

Note that the invariant {)_ is proportional to the variable ¢ty = t|g,,,—o in embedding space.
The tensor structures P2 and R2 vanish, and P3 = R3 = 8 5210347. PO and RO can be
simplified to be ST which is equivalent to Xo; up to a constant. So actually the nontrivial
terms are P1 and R1. Above terms arise from the partial derivative Jj* acted on the tensor
structures.

For N' = 2 theories, we also have higher order derivatives 05'0y acted on the tensor
structures, which lead to higher order tensor structures like

(X155234T)% 4+ (X455134T)? + (X,552437)% 4 (X5551437T)2, (B.14)
(X355214T)% + (X,55213T)? + (X3551247)% + (X,551237T)2, (B.15)

X,5X359234T S21AT + Xo5X 4551347 5213T
+ X,5X355243TS124T + Xo5X 55143751237, (B.16)

Above second order terms can be nicely decomposed in terms of Pi and Ri. For instances,
(X155234T)% + (X55134T)? + (X1552437T)% 4 (X5551437T)>
1
= Z(Po2 + P12 + P32 + P3%),  (B.17)
and
X15X3559234TS214T + X55X 455134752137
+X15X355243T S124T + X95X 45514317 5123T (B.18)
1
= E(PORO + P1R2 + P2R1 + P3R3).

The formula (B.17) is just the Euler’s four-square identity with four arguments fixed to
unit. Other higher order tensor structures can be expanded similarly.

Actually among the second order tensor structures, only P12, R1%2, P1 x R1 could give
nontrivial results. All the other tensor structures either vanish or degenerate to first order
tensor structures. We use the notation

SPT =P1, SRT=RI, (B.19)

to trace the auxiliary twistors S,7T" and the letters P/R refer to the combinations of the
coordinates in P1/R1. For example, in this notation we have

0500rSPT = tr(0P),  SPT 9 100sSRT = SPORT. (B.20)
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Besides, we also adopt the notation
Az = X10X20X30 X402, € {+,—, A, B}, (B.21)

in terms of which we have

1 1
tr(0P) = §AB’ tr(OR) = éAA’ (B.22)
SROPT = 5210347 (X30X40X12 + X10X20 X34 — A). (B.23)

Now we are ready to write down the recursion relations corresponding to the higher
order tensor structures. The recursion relations of SPT and SRT are provided in [41].
Recursion relation of SPT?:
(8s007)" §21034T* 25 PT?
= 0(£ —1)(€ — 2)(€ — 3)s0 (D5007) 2 5210347 1S PT?
1
+6—4£2(e —1)%(Ap)? (95007)" 2 521034742

1
+m£2(f — 1)(5 - 2)X10X20X34AA (850871)872 S21034T£735PT

1
+m£2(€ — 1)@ — 2)X10X20X34AB (85’081“)[_2 S21034T€735RT

1
+33€(€ — 1)? X10X20X34(X30 X0 X12 + X10X20 X34 — A4)
x (05007)" ™2 52103472, (B.24)

Recursion relation of SRT?:
(85007)" §21034T* 2 SRT?
= 00 —1)(£ = 2)(€ — 3)s0 (05007) 2 521034T**SRT?
+6i4€2(€ —1)%(A4)? (85007) 2 52103472

1
+5@£2(£ — 1)(£ — 2)X30X40X12AA (GSOOT)Z—Z S21034T€_3SPT

1
+5@,€2(£ — 1)([ — 2)X30X40X12AB (asoaT)ff2 S21034T£_3SRT

1
+335(f —1)2X30X40X12(X30X40X12 + X10X20 X34 — A4)
x (05007) 2521034772, (B.25)

Recursion relation of SPT x SRT"

(85007)" $21034T°2SPT x SRT
1
= 10— D X350 X1 X12 (85007) 1 52103473 S PT?

1
+ U= 1)Ax (85007)" ! §21034T 25 PT
+€(X30X40X12 + X10X20X34 — A+) (8508]’)871 5210341%71. (B.26)
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Tensor structures for mixed symmetry multiplets. New tensor structures appear

in the conformal integrands of the mixed symmetric multiplet Avo (22 1y They are
’ 2 72
TPT = (X 5T234T + XogT134T — X 572437 — X557143T) , (B.27)
SRS = (X35552145 + X,;552135 — X 3551245 — X,551235), (B.28)

for odd ¢ and 5210345, 17210347 for even £. They are involved in the following tensor
structures in the conformal integrand

(85007) 7% 5210345 x 1210347 $21034T", (B.29)

or

(85007)2 SRS x TPT 521034T*. (B.30)

Here we provide the recursion relations of these structures. The tensor structure (B.29)
can be decomposed into Gegenbauer polynomials directly

(85007) 2 §210348 T21034T521034T" (B.31)

(42
- _;TA— (95007) ™+ S21034TF + 2(¢ + 1)(€ + 2)%s0 (95007)" $21034T*.

The recursion relation of tensor structure (B.30) is more difficult to solve

(85007)? SRS TPTS21034T"

A
= (£ +2)? (95007) ! <SROPT — 1é“SPT) 5210347

+£(£+ 1)
128

000+ 1)2

LUy

512
2

+%8X10X20X34 (8506T)€+1 (SRS) (TRT>S21034T€—1

- 1)(2;1)(“ 2)

AAAg (85007)" 5210347

X30X40X12A5 (85007)° (SPT) $§21034T7¢*

s0 (85007)¢ (SRS) (TPT) 52103472, (B.32)

in which the tensor structure (95097) ™ (SRS) (T'RT)S21034T*~! can be solved through

the recursion relation

(85007) ! (SRS)(TRT)S210347¢

(41
_ %AA (9500r)" (SRT)S21034T!

AL+ 1)? _ -1 -1
732 X30X40X12 (X30X40X12 + X10X20X34 A+) (8508T) 521034T
(-1

= X3oXa0 X2 (0500)! (SRS)(TPT)S210347" 2. (B.33)

From above recursion relations, we can obtain the conformal integrations of the tensor
structures corresponding to the mixed symmetry multiplets.
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C Conformal integrations

In this part, we provide the formulas used in this work to evaluate the conformal integra-
tions. The conformal integration related to Ny, or Gegenbauer polynomial C’e(l)(:no) has
been studied in [24, 49]. The results are given by

(1) 7 r "
4 (_1) Cg (tO) . X14\2 ([ Xog\2 _ A& _ _A ¥
/MD Xo A+r  A-—r A+ A-F _gA,A,f,E )(713 X714 X122X3429TAT€(U,’U),
‘XIO2 ‘}(202 ‘X302 ‘)(402

(C.1)
in which r = Al — AQ’ r= A3 — A4 and
g B WQF(A 40— 1)]_‘\(A*2?+€ I\(A+2f+£) (C 2)
A,A,F,E = A—F A7 : :
(2= A)L(A + HL(S5H)D ()
The conformal blocks gzz(u, v) are
T, _ PP _ _
9N (u,v) = —— [kate(p)ka—e—2(p) — (p < p)]
8 —r B47
k’ﬁ([l}) :$22F1 <52 7623551:)7 (03)

where u, v are the conformal invariants u = pp, v = (1 — p)(1 — p). We will focus on
the superconformal block of the four-point correlator (JJJJ), so the r = 7 = 0 and
gZZ(u,U) ~ ga, in our notation, though conformal blocks with 7,7 = 1 also appear in
the intermediate steps.

For the conformal integration with extra invariant factor, like Qz%ﬁ, in principle one
can expand the invariant factor and get the results for each part directly from the for-
mula (C.1). However, due to the analytical properties of the conformal blocks, usually the
results can be organized in a compact way. The conformal integration of 2, /,g—i have
been provided in [40] with » = 7 = 0 and in [41] for general r, 7. In this work, we need to
evaluate the conformal integration with two extra invariant factors, as shown in (A.18).

Note in our case, the factor Dy for symmetric long multiplet is defined by

Dy = (X1 X01 XopXo) 1) (X0 X03 X9 X0a) 174, (C4)

The conformal integration with two €2, are given as follows

N,
4 2 iVe
D*XoQ7 D,
275 Ent00- nop [(16((A — ) (A +0) —20) 2(A —0—2)(A+0)
= A ¢ ALl gae ga+2.¢
T v s (A+L+2)(A—1) (A+L+2)(A -1
Xig Xgy

(A = O)(A +€) — 20)(A — £ — 2)(A +0)
16(A+0+3)(A+ L+ 1) (A—C+1)(A—f—1)7a+s
A+0
TAT013)(A_O)(A 1 1)IArR2

(C.5)

- A—t-2
(A—C(—1)(A— 0+ 1)(A+ 01 2)Iar2e?
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N,
4 2 V¢
D*XyQ% D,
275 a9 n0e (200 —C—2)(A+0)
- A—t _ A+ A g 4 2)(A o 6) gA+2,A€
X,y X3, 2 (A+
(A+0)(A—C-1) LAl A+ ) )
(A+10+3)(A _5)9A+2,£+2 B—l+D)(A+it 2)9A+2,€—2

2 Ve
ADZ
_ 2% s a0 < A(A =€ —2)(A+20)

5T 5 \UTBA+ 4+ 3)( A+ L+ )AL+ (A1)
X12 X34

(A—|—£+3)(A_£)9A+2,€+2 (A_£+1)(A+£+2)9A+2,€—2

(C.6)

D*XoQ

(C.7)

R INTT Y < 32A
Xy B A ) gal
(A—0—1)(A+0)
TAF13)(A—O)(A L 1)TATH2
(A—C—2)(A+(+1)
T(A—l-1)(A—C+ 1)(A+€+2)9A+“‘2>

Ny
Dy

_ P INETIPY, < 4(A+0) N 4A —(—2
XlAQT—ZXS_AlA;Z ALtl+ 29A+1,K+1 TA_7 ] gA+1,6—1
(A—€—2)(A+0)?

(A —0O(A+ 0+ 1)(A+ 01 3)Iarsest

(A—¢—2%A+0)

(A—l+1)(A—0—-1)(A +e+2)9A+37“) '

(C.8)

D Xo(Q4085 — Q.0Q)

"1

+4
Denote the tensor structures involving SPT and SRT as:

1 -
Pr= g (85007)" (521034T)*
X (XlOSQ?»ZlT + XQQSiSZIT - X105?4§>T - X205143T) , (ClO)
1

e (8500r)" (5210347)"

X (XgoSQlZlT + X405§13T — X3051221T — X4QST23T) . (Cll)

Above definitions are slightly different from those in [41]. Their conformal integrations have
been evaluated in [41]. In this work we also need to evaluate their conformal integrations
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with factors :

X12 P,
DX Qi
X10X2 Dy
2O s a1 (MA—L+1)
T Ia0 1A+ \ Al A) AR
X12 X34
4AA+1)(C+1) A+0+2
B - 12
A(A+0) 92202 T IR (A 4 3) 9 (C.12)
X12 P,
DX Qp—*
X10X20 Dy
A INT TN Y O I6(A+ (DA - L+1)
S ApIAt3L-1 AAT OB =) Jatie
12 34
(A+0+2)(A—0+1) >
C.13
(A—O)(A+ 0+ 1)(A+0+3)9at3 (C.13)
X34 Rg
DX Q4L
X30Xa0 Dy
2200 n 13- 00,01 A+1
- 1o \ 14
y2(8=0 y—5(A+0) < (A+ 0+ 1)(A—¢_2)a+m (C.14)
12 34
L L (@A-hEEDA+HEA -1
A£9A+1,£—1 16AUA+ 0+ 1)(A— (1) (A 1+ 1)9A+3,€—1
X34 Ry
D*X, Qp=t
*X30Xa0 Dy
25700 N 13- n0,0-1 < 4
= T A T~ - gne (C.15)
xp\ 80 x, 2810 A—1l—-2
+ A+t n (A-1+1)(A-10
INA+ 0+ )T T IA A — - 1) (A — )9tz
The conformal integrations of tensor structures P12 and R1? are
Xio \? 1 0¢-1) P
DX, ( ) = ) (95007)" (52103472 SPT?
"\ X10X20) D¢ (012 (95097)"( )
_ 276D €n 09 A0 -2 < 00+1) nrars
T @0 -0 \A 4170
X122 X342 Tt
- DAA+ DA+ L+2) -
16(A+2)(A 10+ D2(A +£+3)72H ) :
Xz \? 1 0¢-1) P
D'X, ( ) = ) (95007)" (52103472 SRT?
"\ X30Xa0/) D¢ (£1)2 (05007)" ( )
276D En 4_n 02 A+0—2
= l(A—() —l(A—i-Z) e(e_l)(A_€_2)(A+€_l)gA,e
X122 ‘){342
(A-2)(A-D(A+E-2)
(e+1) 16A (0= A2 —1) (A + 10— 1)9A+2,672 . (C.17)

The conformal integrations of tensor structures with SPT x SR vanish.
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Above conformal integrations are valid only for spin £ > 1. For £ = 0, the unphysical
conformal blocks ga _2 do not vanish automatically and their contributions on the identities
should be replaced by those with non-negative second subindex ¢ > 0. Nevertheless, the
final superconformal blocks obtained from the recursion relations can be correctly continued
to £ = 0 case.

We have new tensor structures for the mixed symmetry multiplet given in (B.29)
and (B.30). The conformal integration of (B.29) can be obtained directly from the rela-
tion (B.31). The conformal integration of (B.30) can be solved from its recursion rela-
tion (B.32). The result reads

1 1
((€+2)1)? Doy

_ 2-6(¢+1) EA+1,3—A0,0+1 (C.18)

3Bt 2)X L(A+e+2)
12

(3+0) (A-1DA-t-2)(A++2)
RICEEOIN <9A“’“1 (A DA - DA+ 3)9“3’“1) |

D*X, (85007) 2 (SRS)(TPT)S521034T*

D Supershadow transformation of the OPE coefficients

In this part we show how to solve the supershadow transformation matrix M(A,¢) (5.30)
from the unitarity condition.
By computing the superconformal integration in (5.27) and getting rid of the kinematic

i)

factors, we obtain the superconformal blocks containing supershadow coefficients )\E5

N=2]7J3J] ;
GAtoven = C0gae + C19a+2,0+2 + Chgatar + c3gatai—2 + cagatae, (D.1)

where
co o AG) (€= 2) (4+ (A+3)A% + £ (A2+4+2)) 25— 4(e+2)(t+3)200), (D.2)
1 x (Ag)(A + 0+ 222+ 1)) ()\g)(é A DAt 1)) : (D.3)
cg X (A—10—2)
X ()\(1)(4(1 S AL+ 3)(2 4 L= A)) + 20D (0 +2)(0+ 3)(1 £ — A))

< (20

AL+ A) + L0 +3)(A+L+2) + 22D (0 +2)(0+3)(A+ 0+ 1)) . (DA)

1)
ey X (A—10—2)
( M+ ( A)A2+((A—1)A+2)E+4)+4)\(2)A(£+2)(£+3)) A0,
(D.5)

where we have ignored the constant factors of the coefficients ¢; that have no effect on the
unitarity condition. For ¢}, as we discussed previously, it includes several contributions

and the independent parts cofrom multiplets Aﬁig (21 e51) and ATAJrl e are
- ) O\ T2

e3¢ (A — 0 —2) (AS)(A + 0+ 2P+ B)A) (A(l)(é A - APA@ 3)) . (D.6)

43 —



Note that for the coefficients ¢z, c3 and ¢4 (also for ¢f) there is a factor A — £ — 2, which
suggests the corresponding conformal blocks disappear when the scaling dimension of the
multiplet saturates the unitary bound. This is consistent with the multiplet splitting at
the unitary bound (5.68). The results in (D.1) with non-vanishing coefficients ¢; and ¢z
are expected to give the superconformal block of semi-short multiplet éo( ¢ ).

The unitarity condition requires that the coefficients ¢; in (D.1) are non-negative for

general OPE coefficients )\g). Therefore the supershadow coefficients )\g) should be the

linear superpositions of )\g) so that ¢; are positive quadratic polynomials of )\g).

As a 2 x 2 matrix, the four elements in M(A,¥¢) can be solved from the unitarity
constraints of (D.2), (D.3) and (D.5)

i (A+0((B3=A)AZ+ ((A—1)A+2)0+4) AA(L+2)(L+3)
M(A, £)} o .
2A(0 — A)(A+0) (=A)(A+3)A%+ (A2 + A+2) L +4)
(D.7)
While the unitarity conditions from coefficients co and c3 provide nontrivial consistency

check on the supershadow transformation matrix (D.7).

A

0,0(5,%5)

(JJ .AOAO (2t )>, there is a constraint on the two OPE coefficients
9’ 2 ’ 2

For a general scalar multiplet A with A > 2, in the three-point function

A5 = =3A%) = a0 (D.8)
(i)

o
shadow transformation matrix, indeed we have

1) |
(if%) = (Ma05),,, % (_1) 20 (f) 09
o 3/ le=o 3

Besides, the supershadow transformation matrix also satisfies the constraint

We should have the same constraint on the supershadow coefficients \1’. From the super-

M(=A,0) - M(A, £) x (A — € — 2)(A — 2)Toyo. (D.10)

For general long multiplets with A > ¢ + 2, above identity corresponds to the fact that
by taking the supershadow transformation twice, we obtain the original OPE coefficients.
However the product becomes null at the unitary bound. This is expected since we solved
the supershadow transformation matrix from the unitarity condition of one of the vanishing
coefficients.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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