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ABSTRACT: Primordial SU(2) gauge fields with an isotropic background lead to the pro-
duction of spin-2 particles during inflation. We provide a unified formalism to compute this
effect in all of the inflation models with isotropic SU(2) gauge fields such as Gauge-flation
and Chromo-Natural inflation with and without spectator axion fields or the mass of the
gauge field from the Higgs mechanism. First, we calculate the number and energy densities
of the spin-2 particles. We then obtain exact analytical formulae for their backreaction on
the background equations of motion of SU(2) and axion fields in (quasi) de Sitter expan-
sion, which were calculated only numerically for one particular model in the literature. We
show that the backreaction is directly related to the number density of the spin-2 field.
Second, we relate the number density of the spin-2 particles to the power spectrum and
the energy density of the gravitational waves sourced by them. Finally, we use the size of
the backreaction to constrain the parameter space of the models. We find that the tensor-
to-scalar ratio of the sourced gravitational waves can at most be on the order of that of
the vacuum contribution to avoid a large backreaction on slow-roll dynamics of the gauge
and axion fields in quasi-de Sitter expansion.
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1 Introduction

Inflation [1-4] with SU(2) gauge fields [5-8] has a rich phenomenology that is not shared

by canonical single-scalar-field inflation models (see [9] for a review). As was first discov-

ered by one of the authors (A.M.), when the conformal symmetry of Yang-Mills theory is

broken by an effective (FF )2 term in the Lagrangian, non-Abelian gauge fields acquire an

isotropic and homogeneous background (vacuum expectation value; VEV) solution during

inflation [5, 6]. This VEV produces a copious amount of spin-2 particles which, in turn,

linearly mix with tensor perturbations in the metric, i.e., gravitational waves. The same



phenomenology is obtained when the conformal symmetry is broken by a Chern-Simons
interaction with an axion field @ FF |7, 8].

In addition to the original models,' there are several more inflationary models with
the SU(2) VEV which share the above features [11-16]. Despite differences in details of the
models, their tensor sector can be presented in a unified manner. As the sourced tensor
power spectrum is proportional to the density parameter of the gauge field during inflation,
these models violate the Lyth bound [17, 18]. Depending on the details of the slow-roll
dynamics of the gauge field VEV, e.g., a form of the axion potential, the tensor spectral
index ny can be negative or positive, and thus violates the conventional consistency rela-
tion of single-field slow-roll inflation, np = —r/8. Moreover, parity-violating interactions
in linear perturbations make this spin-2 field chiral and hence generate observable circu-
larly polarized gravitational waves as well as parity-odd correlations of cosmic microwave
background (CMB) anisotropies, i.e., non-zero TB and EB [19]. Due to self-interactions
of gauge fields, the gravitational waves can be highly non-Gaussian, yielding a large tensor
bispectrum with approximately an equilateral shape [20-22]. Finally, chiral gravitational
waves can generate baryon asymmetry via a gravitational anomaly [13, 23-25], and can
serve as a natural leptogenesis mechanism during inflation to explain the observed baryon
asymmetry in the Universe.

All of these signatures are robust consequences of having gauge fields during inflation
and carry important information about the matter content of the early universe. The
stochastic background of gravitational waves can be within reach of future CMB exper-
iments [26-28], and that of ny > 0 can be within reach of future gravitational wave
interferometers [13, 19, 29]. As none of these features exists in canonical single-scalar-field
inflation models, we can use them to distinguish the particle physics models of inflation.
For example, these models could be embedded in supergravity [30] and string theory [31].

In this paper, we take a closer look at the phenomenology of the spin-2 particles
generated from SU(2) gauge fields. Particularly significant is the backreaction of spin-2
particles on the background equations of motion of the gauge and axion fields, as it could
spoil significant properties of inflation with SU(2) gauge fields. We also gain better insights
into the power spectrum and energy density of primordial gravitational waves by relating
them to the number density of the spin-2 particles.

This paper is organized as follows. In section 2, we briefly review the existing models
of inflation with an SU(2) gauge field in a unified approach. We study the spin-2 particle
production in section 3. In section 4, we compute the backreaction of this spin-2 field on
the background field equations. We then relate the power spectrum and energy density of
the sourced gravitational waves to the number density of the spin-2 particles in section 5.
In section 6, we use the size of the backreaction to constrain the parameter space of the
models. Finally, we conclude in 7. In appendix A, we discuss the symmetry structure of the
background SU(2) gauge field. In appendix B, first, we discuss the action of the transverse-
traceless perturbed SU(2) field around its VEV in a unified approach. In B.1, we prove that

The original models of gauge-flation and chromo-natural inflation have been ruled out by the Planck
data [8, 10].



a perturbed SU(2) field around its VEV has a spin-2 field. The details of our analytical
study as well as some necessary mathematical tools are presented in appendices C-E.

2 Review of theory

Consider an inflationary model with a Friedmann-Lemaitre-Robertson-Walker (FRLW)
background
ds? = —dt® + a*(t)6;dx"dx? (2.1)

that can support slow-roll inflation with a slowly varying SU(2) gauge field VEV given
by [5, €]

- . 0 pw=20
Aut) = AL T, = ‘ (2.2)
ap(t)o¢ T, p=r1,
where {T,} are the generators of the su(2) algebra with a = 1,2,3
1 I abe
TaTb = Z(;abln + 526 ch (23)

¢ is the totally antisymmetric matrix. In ap-

where 1,0, is the identity matrix and e
pendix A, we show that ansatz (2.2) is the general background solution for a gauge field
with an isotropic and homogeneous energy-momentum tensor. We unify all the inflation

models with an SU(2) field in the literature in the following Lagrangian

S = /d4mJjg[£A(Au, ©) + asLo(x) + anLlu(Ay, H)], (2.4)

where Ly is the gauge field theory sector (with possibly an axion field @), Ly is a (possible)
scalar theory and Ly is a (possible) Higgs sector which makes the gauge field massive. The
parameters ag and ay classify models as (see table 1)

s =

{0 (axion)-SU(2) gauge field inflaton, {O massless models,
= 11 ag =

1 spectator (axion)-SU(2) gauge field, 1 Higgsed models .

In these models, the conformal symmetry of Yang-Mills theory is broken by either adding
a (FF)? effective term to the gauge theory, e.g. Gauge-flation [5, 6], or by coupling the
gauge field sector to an axion field ¢ with slow-roll dynamics, e.g. chromo-natural [7, 8].
The former models are given by [5, 6]

1 .
La— Lot = = FuF" + oo (Fu )2, (2.5)
while the latter are given by? [7, 8]
1 L, AP =~ 1
EA — ‘CCH = _ZFHVFM — HF'LLVFM — 58;”08“@ — V(SO), (26)

2 A more general action including two dimension six operators, tr(FFF) and the (PT violating) Weinberg
operator tr(FFF) [32], has been considered in [23].



Model as | ag | La | Original references
L 5, 6
o | o | Les [5, 6]
Lon [7, 8]
L _
Spectator 1 0 Gf
Lo [15]
L 12, 16
Higgsed o 1 |79 [12, 16
Lcn [14]
L _
Spectator-Higgsed | 1 1 o
ﬁCn -

Table 1. Inflationary models involving an SU(2) gauge field in the literature and their relation to
La, ag and agy.

where F},, = TaFﬁy is the field strength tensor
Ff, = 0,A% — 0,A% + gae™ Ab A,

while FHv = %e’“’ A7 F\., @ is the axion and V() is the axion potential.> Moreover, in
the Higgsed version of the models, the gauge field becomes massive by a Higgs field and
we have an extra term for the dynamics of the Goldstone boson which in the Stueckelberg
form is [33, 34]*
. 2
Ly = —g2 Z2tr (AM - ZU16MU> : (2.8)
ga

where U = exp(igam) and 7 is the Goldstone mode corresponding to the Higgs fluctuations
around its VEV, m = 7n%T,. We relate these models to the literature in table 1.

The (FF)? term in (2.5) comes as an effective theory of (2.6) by integrating out the
massive axion on energy scales below the mass of the axion, M ~ p2/f. In that case, the
parameter x is given as kK = %2 [9, 35, 36]. Therefore, gauge-flation models are effectively
equivalent to chromo-natural models in the limit that the axion is very massive, and they
have the same tensor and vector perturbations [9]. (See also appendix B.)

These models can be specified in terms of three dimensionless parameters, £4, £ and
&7,, which are defined in the following. First, the almost constant gauge field configuration

3In the original chromo-natural model, the potential is the standard cosine potential, V() = p*(1 +
cos(%))7 with f < Mp; and X 2> IOSMLH,
“Here, the full Higgs field theory is

L7 = —%DMZD“ZT —V(2), (2.7)

with a VEV given as Z4 = Zo(t)6% T, in which A = 1,2, 3 is the field’s internal index, and D,, = 8, —iga A,
is the covariant derivative. However, we are interested in the limit that the Higgs mass is much greater than
the Hubble scale. Therefore, the only relevant sector is the Goldstone boson part given in (2.8). Notice
that L is gauge invariant and it can be written as Lg = —ga Zgtr(UD, U™ /(—iga))?.



of the form (2.2) leads to a slowly-varying dimensionless parameter

€= gAw

ar (2.9)

Validity of perturbation theory in the scalar sector of the SU(2) gauge field requires [8, 10,
17]

€a > V2. (2.10)
A scalar mode in these models would have a negative frequency at % x (2 — fi) which is

unstable for €4 < v/2. Inrefs. [15, 20, 21], £4 has been called mgq. The second dimensionless
parameter is

= 2;‘;] (2.11)
In the Higgsed version of the models (ay = 1), we also have
€70 = g‘}IZO. (2.12)
Another important quantity in this setup is
eq=2 P —(1+£A)< v )2, (2.13)
p Mp,

which is the contribution of the gauge field to the total slow-roll parameter and equals
twice the ratio of the energy density of the gauge field background pyy to the total energy
density p. In refs. [15, 20, 21], e = €a€3 /(1 + £3) is used instead of €.

The background field equation of the gauge field is given by the u = i component of
the following equation®

D, <FW + dAe“”)‘JF)\U> + apgga ZEA* =0, (2.15)
where a bar denotes a background quantity and D, is the covariant derivative
D,=V, —igaA, (D“ = ?“ — z'gAflM),

and a4 is a function of the background fields which, depending on the form of L 4, is given

asﬁ

—2FF for La=L
aA:{ 96 or SATEGH (2.16)

Note that the zeroth component of (2.15) is a constraint equation which is equivalent to
zero for our background ansatz.

®The explicit form of the background field equation of A, is

6;‘(@ (m/}) + 2 Aw + OéHgAZ0¢ 20049t ) (2.14)

In (2.16), we have FF = 12ga (Hy + 1/'))1/12.



Assuming slow-roll dynamics in the background, equation (2.15) relates &a, £z,, and
aa/H as
aa (L +E+ %)

~ . 2.17
7 & 217
In the Lo, models, the background field equation of the axion is
N , 3\ .
G+ 3Hp+V, + ng V(4 + Hyp) = 0. (2.18)

2.1 Tensor perturbations

The existence of a spin-2 degree of freedom in the gauge field is a unique feature of the
SU(2) inflation models. This is the primary focus of our work. Once we have a slow-
roll background dynamics, the tensor perturbations in this family of models are entirely
determined by the background quantities &, {a, z,, and by the perturbed gauge field sector
of the model, L4 + ayLy. The vector and tensor perturbations in L5y and L¢y, are the
same. Let us first briefly review the spin-2 part of the perturbed SU(2) gauge field. More
details are presented in appendix B. See [5, 6] for the full decomposition of the field into
the scalar, vector, and tensor perturbations.

Once we perturb the metric and the SU(2) gauge field around their homogeneous and
isotropic solutions (2.2), we have the following spin-2 fluctuations

6Tgij (ta J_’:) = a27ij (ta f)u (219)
8, A7 (t, ) = Mpi 6% By;(t,7), (2.20)

where ¢, denotes the spin-2 subsector of the perturbed field. In appendix B.1, we prove
that 4;; = Bjj/a is a (pseudo) spin-2 field. Nonetheless, throughout this paper, we shall
call B;; a spin-2 field. In Fourier space, the vacuum (free) v;; and B;; can be expanded as

aMpyy(t,3) = V2 Y / ke ey (0,k) |ao (R)ho (R) + al (~R)R5(=F)| . (2:21)
o=%2

3 / Bre®Te; (o, k) [60(/2)30(12) + BL(—E)B;;(—E)} . (2.22)

1
MpB;;(t,%) = —=
V2
o=12

where h, and B, are the canonically normalized fields, e;; (=, l%) are the polarization tensors
associated with the £2 helicity states,” which are normalized as e;;(o, E)ei;f (o, E) = 2040,
and G, (k) and by (k) are the annihilation operators of the spin-2 modes of the metric and
gauge field, respectively, satisfying

o (R), ab, (K)] = [bo (F), bL,(K))] = 8°(F — K')30.

oa

"The polarization tensor of the spin-2 field in the direction k=—#is given as

eij(£2,k) = V2ei(£1, k)e;(£1,k)  where &(+1, —7) = — (0 F i¢), (2.23)

where 7, 6 and qg are the local orthogonal unit vectors in the directions of increasing r, €, and ¢. Note that
eij(o,k) = efj(0,—k), and k x &(£1,k) = Fike(o, k).



La references %’I;,—Lz(z\fpl)_2 Be | 0 Oc ZLE
_ | Ler 5, 6] (€3-1) | & My 2(2+€3)
1
o
3 7, 8, 11,
Lcon [13 15] (-1 éa | & 2(6a+¢) 2(1+&n)
= | Las 12,16) [ (&-1+&%,) |&n |&+es, | LR a1 +63)
g
Lcn [14] (EX—1+E%) |€a | EA+E3, | 2(6a+9) 2(1+&6a)+£2,
, (X -1+ A+ 6a 2(14+6a54) +
Unified an€,) éa ant, 2(6a+%) ont,

Table 2. Definition of parameters in the equations of tensor perturbations in (2.24)—-(2.25) in terms
of €A, € and &z, for each type of models. The last row shows the parameters in the unified form for
the generic action given in (2.4).

The tensor perturbations obey the following equations of motion

" 2
2
K+ [/& - % + Zﬂﬂ hy = Mi’fH [(—AoBek + 0H)B, — BL],  (2.24)
Pl
" ~ 2
B 2—00 _ai mi QB(T: ig 2.2
U+{k NoSckH — =+ 2 O (3000 ) (2.25)

where Ay = £1. See [5, 8, 14] for the expression on the right hand side of (2.25) which we
. 8 . . . . . . m2

ignore here.® The primes denote a derivative with respect to conformal time, 7, while 75,
%2, B¢, 0. and ¢, are dimensionless slowly varying parameters defined in table 2 for each

model. The field equation (2.25) can be written as a Whittaker equation as

1 & 1/1
2 o 2 _
where z = 2tk7 and we used the slow-roll relation aH ~ —%. The parameters k, and u
are given as
iAo Oc 5 9 m?
Ko = —— and p* = 1o (2.27)
Since |k | = |k—]|, we write
1
|| = |ko| = 5(56.

General solutions are given by linear combinations of the Whittaker functions Wi, ,.(2),
M, u(2). Imposing the Bunch-Davies vacuum condition in the asymptotic past, we have

¥
Mp)

horizon. However, after the horizon crossing when the homogeneous solution of B, decays due to its mass,

8The neglected term in r.h.s. of (2.25) is proportional to < 1 and therefore is subleading inside the

this term acts like a small source term for B,. See for instance [18]. However, this effect makes a negligible
correction to the sourced gravitational waves and the backreaction.



(see (C.12))

Ko™ /2

= e

Bo(r, k) = ————— W, ,(2ikr). (2.28)
2r):vae "

Using the above in the field equation of h, (2.24), we find the sourced part of the gravita-

tional waves.

Here, we summarize the main features of the spin-2 field with the field equation
of (2.25) and the quadratic action of (B.6).

B evolves as a massive field in de Sitter space with a parity breaking linear derivative
interaction term, Fo.kH B, with J. given by table 2. In terms of a4 (2.16), we can
write it in a unified form, J, = 2(¢a + 92).

The first term in J. (2£4) comes from the interaction of B, with the VEV of the
gauge field through the covariant derivative D,,, and is due to the self-interactions of
gauge field in Yang-Mills theory.

The second contribution in . (2%‘) is a time derivative of &4. As shown in (2.16),
for Lo = Lgy, this parameter is due to the VEV of FF while for £4 = Loy, it is
due to the derivative interaction with the VEV of the axion field.

The sound speeds of By field and GWs are unity in all of the models in this family.’

Due to the self-interactions of the gauge field, the B, is massive with a mass term
%ﬁ, given in table 2. The mass of the spin-2 field can be written in the unified form

ik A
Ty =2(14 %€a) + anty,.

In a similar Abelian field case (see (B.5)), the first derivative interaction as well as
the mass term are missing. Thus, the non-Abelian nature of the gauge field makes
i) a more efficient particle production, while making ii) the transverse field massive
and therefore decaying after horizon crossing.

As we will see in section 3, these derivative interactions are responsible for production
of the spin-2 particle by the background fields.

In SU(2) gauge field setups, the right hand side of the field equation of the gravita-
tional waves in (2.24) is non-zero and is given by an anisotropic inertia proportional

to Mipl. Therefore, the efficiency of the mixing between the spin-2 field and the

gravitational waves is specified by the VEV of the SU(2) gauge field.

This anisotropic inertia is parametrized in terms of 6., 8., and a small mass term for
2
m

the graviton, 77, given in table 2.

The term S, is the coefficient of a linear derivative interaction which is equal to £
regardless of the model. The other parameter can be written as 6, = fi + aHgéo.

2
The mass term is 5 = 2(¢/Mpy)*(3 — 1+ aHﬁéo).

9This is also valid in the presence of dimension six operators, tr(FFF) and the (PT violating) Weinberg
operator tr(FFF) [23].



e All the interaction and parameters in the tensor perturbation sector are specified
only by £4 and Ly, and therefore independent of whether the gauge field sector is a
spectator or not.

In this work, we assume (quasi) de Sitter expansion and keep terms up to first order in
slow-roll. The slow-roll time evolution of {s and £z,, which is model dependent, contributes
to the spectral tilt of the sourced gravitational waves. Depending on the details of the
evolution of the gauge field VEV, the spectral tilt of the sourced gravitational waves can be
positive or negative [37]. Since we are interested in the number density and the backreaction
of the B, particle as well as in the amplitude of the sourced gravitational waves which are
model independent, we neglect this effect in this paper.

3 Spin-2 Schwinger-type particle production

In this section, we study the spin-2 particle production due to their interactions with the
VEV of the background fields. The background fields act as a classical source for the
quantum fluctuations analogous to the well-known Schwinger effect [38]. However, unlike
the standard Schwinger process in which the quantum field is sourced only by a background
gauge field, here the spin-2 quantum field is sourced by both the backgrounds of axion and
gauge fields. The derivation given in this section follows closely section 3.2 of [39].

To have a better qualitative understanding of the particle production process, let us
write the field equation of Fourier modes using the (normalized) physical momentum

k.
aH’

.
as
2B, (7, k) + w2 (7)Bo (7, k) = 0, (3.1)
where w,(7) is the (time-dependent) effective frequency of the modes
Wi (7) :1¢%+ <2+”Hi> % (3.2)
In the limits that the effective frequency is slowly varying and

) N 2
<(9ng(7')> <1 and

w3 (7)

2wy (7)

S| < 1, (3.3)

the particle production is zero and the modes are in an adiabatic vacuum state. Then the
solution can be well-approximated by the WKB form,

BYSB(1.k) = o] 1%%(%) exp <j:i / wg(%)d%), (3.4)

in which B;’\{KB and B(%KB are the positive and negative frequency modes respectively.
The WKB approximation is the exact solution of

92By + w2(7) (1 - QU(%)>BU =0, (3.5)
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0.5 5 50 500
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Figure 1. Effective frequency squared (w?) and deviation from adiabaticity (|2|). The left panel
shows w? (3.2) as a function of 7 while the right panel shows |[Q.(7)| (3.6) for massless systems
(g = 0) with €4 = /2 (red line) and 10 (blue line). For comparison, the dotted black line shows
the vacuum gravitational waves. Here, the solid red and blue lines show the plus polarization modes
while the dashed blue and red lines show the minus polarization. The shaded areas in the right
panel show the particle production regime.

Figure 2. (left) 7y 5 interval for which B, has instability as a function of {4 and {z,. (Right) three
slices of the left panel. We show 71 2 as a function of {4 for {z, = 0 in (dashed) purple, £z, =5 in
(dotted) black, and £z, = 10 in (solid) red.

where (7) is defined as
T (3.6)

which quantifies the deviation of our mode function from the exact adiabatic solution (see
figure 1). We find that Q_ is always very small and thus B_(7, k) remains adiabatic.
However, Q2. becomes large around the roots of w4

1 52
fla=; (& +4/84 02 — 4%) ~ (|l % v/x P — [uf?), (3.7)

and the system experiences a large deviation from adiabaticity. The above roots are pre-
sented in figure 2.

~10 -



When the adiabatic conditions hold, i.e., |©2] < 1, we have a well-defined adiabatic
vacuum, and the field excitation about it describes particles. Deviations from adiabaticity
in the asymptotic past and future are

2;3<¢5C+73~_(§53+2_;32)>:o, it 7 — o0

. if 7 —0.
8(1— 1)

Oy (7) — (3.8)

In the asymptotic past, 7 — oo, the adiabaticity conditions are satisfied and the WKB
solution (3.4) is the Bunch-Davies vacuum (2.28). At later times the adiabaticity conditions
are violated and particles are produced. In the asymptotic future, recalling that £4 > /2
and using table 2, we have limz_,o|Q (7)| < 1072. Thus, the positive frequency modes

(vacuum mode functions) in the asymptotic future, v, (7, k), are given by the WKB solution
in (3.4), as

ve(T, k) = lim BWEB(r k) ~ SL
—irho (2m)% \/2HIj

in which we used p = i|p| and limsz_,ow(7) ~ |u|/7. Using (C.12), the asymptotic future

eluin? (3.9)

vacuum mode functions can be well approximated by the M-Whittaker functions as

. /2
Vo(T B) = — M, (—2i7). (3.10)

2(2m)2 /K[l
Using (C.14), the asymptotic past and future vacuum modes are related as
- - = +/2|pu|T(2 - - = +/2|p|0(2 -
U (T, k) = tlFe i3 MBU(T; i) + ieltrotms MB;(T7 —k). (3.11)
F(§+/UJ+KU) F(§+M_’€0)

Therefore, the spin-2 field can be either expanded in terms of the positive frequency modes
in the asymptotic past (2.28) as in (2.22), or in terms of the positive frequency modes in
the asymptotic future (3.10), as

1 - A e o - - - -
MpByj(7,%) = 7 y /dsk:em'zeij(a, k) ba(k)va(k,f)+bf,(—k)v§(—k,7-)], (3.12)
o=12

where by (k) and bf; (k) are the annihilation and creation operations of a particle with respect
to the asymptotic future vacuum respectively. By definition, we have

bo(K)|0mm) =0 and by (k)|Out) = 0, (3.13)

where |0ip) and |0pyt) are the vacuum states in the asymptotic past and future of the (quasi)
de Sitter spacetime, respectively.
Using Bogoliubov transformation, we can write by (k) in terms of by (k) and b} (k) as

bo (k) = v, bo (k) + B2 L (=), (3.14)
where a_ and 3 are Bogoliubov coefficients which satisfy the normalization condition

o, 12 = 16,57 = 1. (3.15)

- 11 -
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Figure 3. Efficiency of the particle production, |«| — |u|, as a function of {4 and £z,.

From the combination of egs. (2.22), (3.11) and (3.12), we find

a, - = /Al D210 (3.16)
E=V NE——
: - I'(2p)
B - = —ir/EpeVolsl-tupm2__ L) (3.17)
& T(3 +p— ko)

Having the BU,E coefficients, we are ready to determine the particle number density as well
as the vacuum-vacuum transition amplitude. The efficiency of the particle production for
o = +2 is given by the exponent |k| — |p|, which, recalling (2.10) and using (2.27), can be
approximated as

2
|| — |p| ~ % [1 + ( 1 —i—ozH(éhﬁ)2 — \/5) ] > S—A. (3.18)
€a 2

This quantity is presented in figure 3 as a function of {5 and {z, and has the following
asymptotic forms

¢ &z
2 —/2)6y if 2 <1

o=l ~ e s 2 (3.19)
FOH if 2> 1.

-

The number density of the created particles with a given comoving momentum, k, in

the asymptotic future is
e2)\(,|r'i|7r _|_ef2|,u,|7r
2sinh(2|p|T) 7

which has a k-independent spectrum for each polarization state. As we see, there is a large

ng (k) = (0o .5, ¢l0m) = 16,1* = (3.20)

pair production in the plus polarization while it is almost zero for the minus state

ny(k) > 2™ and n_(k) < e %A, (3.21)
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The total particle creation from the asymptotic past to the asymptotic future, there-

1 1 e2Aolhlr + e—2lulm poo
N, = 2 Bk = k2dk .22
e e (3.22)

which is divergent since it expresses the number of pairs created for all times. The physically

fore, is

meaningful quantity, however, is the pair production rate, i.e., the number of pairs produced
per unit time per unit physical volume

1 dN,
re. ———- -9 3.23
pairs CL(T) ( )

4 dr

To calculate the derivative we need to convert the wavenumber integral into a time integral.
It has been shown in the right panel of figure 1 that the system has two sharp deviations
from adiabaticity around the roots of wy. Therefore, pairs of particles with +2 helicity
state of a given comoving momentum, k, are produced mostly around (3.7)

T12(k) > = (|| £ Vs[> = |ul*)/k. (3.24)

Note that 7 = k/(aH) ~ —k7. As a result, the total particle creation at 71 (k) and 72(k)
are given respectively by

€2|m\7r 672\ |7 0
~ (|&] + VK[ = |ul?) 3 e )/ dr (a(r)H)", (3.25)

)2 sinh(2|p|7

62|H‘7r e 2|p|m 0
3(27r)2si;h(2m\7r) /_ dr (a(r)H)". (3.26)

Ny = (|6| = V&[> = |pl?)
The corresponding production rates are

5 3 el ‘ +6_2‘/J" 4
palrs ~ "‘i| + \% ”k';‘ ‘:u’ H (327)

)2 sinh(2|p|)
3 el ‘Tr_{_e 2‘“‘ 4
(2m)2 sinh(2|p|m)

We find that the particle production during 71 is much more efficient than during 7o, i.e.

Doairs ~ (5] = V/[5]% — [1?)

pairs

(3.28)

F2 ir:
P~ 1072 (3.29)

pairs

Therefore, we can neglect the burst of particles created at 7. After integrating eq. (3.23),
we find that the physical number densities of pairs created up to time 7 are also time
independent

!

1 [ Il
Npairs = )P / N dr a(n)'T boies & ;’;{ (3.30)

i.e., gravitational and Schwinger-type particle production are exactly balanced by the grav-

itational redshifting. We can approximate the above as

Npairs ~ ‘l‘f’ + ’/43‘2 ‘/J: 2(|wl=lul)m (331)

~13 -



108} 1
- §ZO=3 :

i §2o=5 |
104 1 0 ]
2 4 6 8 10

A

Figure 4. The number density of the created pairs, npairs/H 3, as a function of £ and ¢ Zo-

The particle production increases exponentially with (|x|—|u|) and has the following asymp-
totic forms ,
Npairs (2E§) éie2(2_\/§)£AW if % <1
H? L (b3, o &2 (332
g (F2) esa if 2> 1 (ag=1),

which may cause a large backreaction on the background VEV fields. This is the next

subject of our study, given in section 4. The number density of the created particles is
presented in figure 4.

Another interesting quantity to compute is the vacuum-vacuum transition amplitude
defined by

- xdra 1
|<00ut|0in>’2 = e( [f dPzdra*Yyae) _ exp |:_ (27r)3 /d31‘/dk3 ln(]. + |/8+,E|2):|7 (333)

where Yy, is the vacuum decay rate. Using eq. (3.20) and (3.24), we obtain

H4 2|k|m —2|p|m
Yoo = 2yl 4 VIE- WP 1 (G )| e

( 2 sinh(2]p|m)
which is well approximated by
H4
Toue & = (] + /Tl = ) (1] = L1l (3:35)

implying a sizable vacuum decay rate. Finally, in the Minkowski limit with H — 0,
this setup with an isotropic SU(2) gauge field does not experience Schwinger-type particle
production [39].

4 Backreaction

In this section, we compute the induced current and backreaction of the spin-2 field on the
inflationary background.
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4.1 Induced current and backreaction

The continuous global SU(2) symmetry (A.5) leads to the conserved Noether current as

06, L
JZ = _Ta (5A}Ea ) - 6B |:Dl/ <gu)\—l/0' + dAel“/)\o-> F)\O':| ) (41)
o
where ¢, denotes quadratic order action with respect to B;; field, a bar denotes background
quantities, and D, = 0, — igaA, is the covariant derivative. The current affects the
background equations of motion as (see (2.15))

(vu - igAAV) (F“y + O‘AG#VAUF)\U> + OZHQ,%Z%A# = 7<Jx>7 (42)

where @4 is a function of background fields given in (2.16). The expectation value of the
zero-component of J 1’; vanishes

(J3) = 0. (4.3)
Thus, the background field equation of 9 in (2.14) is sourced by J4 defined by
— %caqi gaMB, (1 ~
jA = 551 JA(Z = 3a2P1 (aﬁqujqaiij ‘I‘ OZAB22]>
gA 3 aa V12
= 2= — Ao — | |B, . 44
3@3;/dk< Ak+%H>| ()| (4.4)

In the L4 = Ly, models with axion-gauge field coupling, B;; induces another backre-
action term of the form V, PS5 where

o AMR,

v 23f 86 (€' 4pBajOiBpj + gaaBi; BY), (4.5)

with P; = 0. The divergence of the zero-competent then backreacts on the background
axion field as

¢+ 3Hp+V, + ?’AngwZ(me) = (Py), (4.6)

where S Qa);f Zf: % [ / 2B <_ Agk+H§A>|Ba(E)|2]. (4.7)

Note that P is not a Noether current. In figure 5, we plotted J4 and P, with respect to {a.
Both (J4) and (P,) can be written in terms of the following momentum integral

3 =
KIX] = (2r)’ / % (= Aok +HX)|By(F)[%. (4.8)
We find
3
(T) = S Klia ], (19)
A d 3NH*
(Py) = WC&GBH?”CKA]) o~ (zﬂ)ng[fA]v (4.10)
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Figure 5. Backreaction terms on the gauge (J4) and axion (P,) fields as a function of £x and
&z,. The dashed lines show negative values. We show ﬁj 4 and ﬁfpw

. 1+ 2_’_0‘7H 2
where we have used % ~ (%57;520) from (2.17). We work out the integral of K[X]

and its renormalization (using the adiabatic subtraction technique) in appendix D. Here
we present its final regularized form

1 olml—tul)r C(X 1. ‘
Kl X] = el a4+ 1506f 401wl X) + X0 Re [0 (5l il
1
0 (G +iul)|), @
where ¢(0)(z) = % InT'(z) is the digamma function, and C(X) is
_ 1 2 2 3 2 2
C(X)=3X 54—6/1 —2u —5(74—20/@' — 12p7)|K|. (4.12)

We find that Keg[X] is proportional to e2I®I=I#D™ 1 (see figure 3). In the limit that
|k| —|p| > 1, we can further simply Kyeq[X] to

L oul- CX), (Isl=lu
Kreg[X] = €25l W')”[ —4|p|?> +15]k)% — 4 — 9|Kk| X) + ln( . (413
reg[X] = & [l (=4l || [6I1X) + = PR (4.13)
in which we used (C.8) to expand 1(°)(z). This completes our derivation of the analytical
formulae for the backreaction terms.'® Using (3.31), we can relate Kreg[X] to the number
density of the spin-2 field as

7T2

K X] = T ] (252 ), (4.15)

10 H3

10 A5 we see in figure 3, the generated pair particle number is very large and thus we are in the classical
regime. Therefore, we can estimate the induced gauge field current, J%, by semi-classical approximations.
Specifically, we can approximate it as Ja ~ 2ganpairsv. Assuming that the particles travel with the speed
of light v ~ 1, we can approximate the induced gauge field current as

2gaH® 3_2(nl—|uhn
T~ =g (6] + V62 — [uf?) 7, (4.14)

which is in agreement with the result of our exact solution in (4.9).
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Figure 6. The prefactor Zppg[(1 + £ + O‘THﬁéo)/ﬁA] as a function of £4 and for different values of
&z,- Note that for massive cases with £z, # 0, we set ag = 1.

where Zpr[X] is of order unity and given as

| (4|2 + 15][2 — 4 — 9]re| X) + S5 I (JE A
Trr[X] = 10 710 () . (4.16)

(sl + Vsl = 1ul?)?

The backreaction is also directly related to npairs. In particular, the backreaction to the

field equation of the gauge field is

9aZprl(1+ & + 91E5,) /€]
60

where Zpg[(1 + €3 + O‘THg%O)/fA] is of order unity as presented in figure 6. Similar to Ja,

T4 ~ Npairs, (417)

the backreaction to the axion field equation is also directly given by the number density of
the spin-2 field, i.e. P, ~ /\Tanairs. This relation is valid for all the models considered in
this paper.

Equations (4.9)—(4.11) and (4.17) are the first main results of this paper. Equa-
tions (4.9)—(4.11) have been estimated only numerically for one model in this family previ-
ously in [40] which are in agreement with our formulae over the region where the comparison
is possible. The relation between the backreaction and the number density of the spin-2
field in (4.17) is derived here for the first time.

4.2 Energy density of spin-2 fields

The extra spin-2 field has a sizable energy-momentum density. The expectation value of
its energy density adds to the total energy density in the background, p, as

p(t) = 3" B1(t) + (8ap(t) o, (4.18)
I

Perturbing the energy momentum tensor and considering only terms quadratic in B;;, we
have
5BT00 = —goo (5Bp and 6BTij = Gij (SBP. (4.19)
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Figure 7. The energy density of the spin-2 field, d,p, as a function of {4 and for different values
of £7,. The dashed lines show negative values.

The contribution of B;; to the energy density, d,p, is
5.0) = M2 (0B1y) + —— (04 By)? + AL w B, 0B, + San@ Z2B2). (420
(0p) = Mpi(55(00Bij)” + 57 (0kBij)” + = 5-€?'Bjq0iBjp + SangaZyBy;).  (4.20)

The contribution to the isotropic pressure is

1 1
(3aP) = (5020 lasmo — cangk Z8MA(BY). (121)
In the absence of interaction with the Higgs field, oy = 0, B;; field has the equation of
state of radiation. On the other hand, for a massive gauge field with ag = 1, the B;; field
gets closer to dust.
We compute the normalized energy density in appendix D.2, and only show the result

here. Using (D.41), we find the energy density fraction in the spin-2 field B, as

ophes o (I > Bt 2A) s g 20010 —86n) — 1 (122)

Mpl 3(27T)2 50 + QfA ’

%%‘:H 2 1. We show the energy density as a function of o and £z, in figure 7.

Let us summarize the main features of the energy density:

where

e The energy density of B_ is always positive while the energy density of By can be
negative.

e The total energy density in B;; is negative for £z, < %5 A

e The energy density fraction is of order @ ~ (Mim)25c\u\362(|“|_|”|)”. Therefore,

reducing the energy scale of inflation decreases the energy fraction in B;; as (MLPI)Q'

e Validity of perturbation theory requires @Lﬁp) < 1075, which constrains the parameter

space of the models as a function of the energy scale of inflation.
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Although (6, p)reg is negative in most of the parameter space, it is always a small part
of the total energy density of the setup. The total energy-momentum tensor satisfies null
and weak energy conditions, while the B, field violates both. The reason underlying the
negative energy of the plus polarization is the existence of a short phase of instability for
each k-mode of B around horizon crossing. However, this phase ends as soon as the mode
exists the horizon; thus, the existence of the cosmic horizon evades (dangerous) infinite
energy extraction of negative energy systems, unlike in flat space.

5 Gravitational waves

Each polarization state of the spin-2 field B;; mixes with the corresponding polarization of
the gravitational waves, v;; (see (2.24)). In particular, in the presence of the gauge field,
we have

Vo (t, T) = 75"(t, ) + 75 (L, ), (5.1)

where 7¥2¢(¢,Z) is the vacuum gravitational waves (i.e. by quantum fluctuations of the
spacetime [41, 42]) with helicity o while 75 (¢, Z) is the part sourced by the spin-2 field.
Here, we compute the power spectrum and the energy density of +5 in terms of {4 and
£z, and relate them with the number density of B, npairs. We work out the exact form of
the sourced gravitational waves in (quasi) de Sitter in appendix E. The result in the super

i) = S () ()t 52

where the explicit form of G,(€a,&z,) is given in (E.6) and shown in figure 8. It can be

horizon limit is

well approximated as

ga (éAa gZo) -

™ { oPe i_ac2_“o
BN (E2. 55 PR ¥ 5 .

cos(mpu)T'(— Ko (3 — ke — )03 — ko +p) |

Taking the (classical) limit, |u| > 1, and using (E.8), we have

P At () (B (5.4)

(2m)2 k2

oo o %)

where Ay is (see (E.9))

A+ = |: 1 1
e +z[2§A+§ZO —V2(1+ & +€2))T(4 +z[2§A+£Z° +V2(1+E2 +€2,)3))
.
+Z§A5H] (5.5)
28a+ 2%A

Figure 8 shows |A,|? as a function of £y and £z,. We find that |.A,|? oscillates between
zero and unity as a function of £a.
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Figure 8. The prefactors |G | (left) and |A|? (right) as functions of 5 and £z,. The (black)
dashed line shows unity.

— £2,=0

Figure 9. The energy density (left) and power spectrum (right) of gravitational waves sourced
by the gauge field as a function of {4 and &z,. We show (IO_SME,I/Hw)QépSGW/ﬁ (left) and

(1072 Mp, /1/1)2P§a /Py?° (right). The dashed line in the right panel shows unity.

Finally, we can write the ratio of the power spectra of sourced and vacuum gravitational
waves in term of the spin-2 fields number density as

Py (i)

P¥ac < ,.yiac ,y_\'/_ac >

(0 Mpairs 67 | Ay |2 |k |
>\ 2 3 = 3 (5.6)
k<l Pl ([F] + /14 ? —= |pl?)

where Pj’i(k)é(?’)(E + ) = 8rk3( _’ﬁ(E)’yi(l%")) is the power spectrum of 7% where x =

—

(s,vac). Moreover, <713C(E)7Yrac(k’ ) = (23—;3 where avy, (k') is a canonically normalized
field. In the right panel of figure 9, we show (10_2Mp1/ w)2 %/ Pya¢. This is the second
main result of this paper.

The next interesting quantity is the energy density of the gravitational waves. The

energy-momentum tensor of the gravitational wave is

GW Mf2’l
tuu = T(aﬂfyijauf}’ijx (57)

which gives the energy density in the sourced part of the gravitational waves, §pSW = t(()}ow,
as

GW Mf%l '8
opS™ = L5 ) (5-8)
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In terms of the physical momentum, it can be written as

2H* H H
GW ~3 3~ ], S* Sk 1S s
5pSW = P ;:i/T drk((&ha + g > (aThU + h0>>. (5.9)

In the left panel of figure 9, we show (10_8M§1/H¢)25pSGW/,5. The energy density can be

written as
_ 4AH?

GW
5ps - 37_[_2

2
<J\Zl> Taw(En, Ez,)e2Ir= kDT (5.10)

where Zagw (€, £z,) is roughly

Taw(a,€20) ~ (6] + VK2 = |ul?)%. (5.11)

Comparing to the number density of the (gauge field’s) spin-2 particles in (3.31), we find

] 2
5pSW ~ ” ( v ) Hnpairs- (5.12)

(Il + Ik = [ul?) \Mep:

The above relation is correct up to order unity coefficients. The energy density in the

sourced gravitational wave is proportional to (Mipl)Q, the number density of By, Hnpairs,

and the inverse of 71 in (3.7).

6 Constraints on the parameter space

In this section, we use the size of the backreaction to constrain the parameter space of
the models. Validity of perturbation theory requires that the backreaction terms be much
smaller than the other terms in the field equations. To do this, we normalize J4 and P,
by H?* and NHga1?/ f respectively to construct two dimensionless backreaction terms

_Ja H Mp _ 1072Mp1 2 H 29 %108 ia

B4 = 1530 _< v ) <10_6MP1) s@nE Al 6D
_ Py (1072 Mp 2 H 23x10°8 1

Be = NHga3/f < b ) <106 MP]) (2r)? ?A/C[éA], (6.2)

where the explicit forms of K[X] for X = aa/H ~ (1 + &% + O‘THgéo)/fA and X = &y are
given in (4.11) and a good approximation is given in (4.13). Another backreaction is the
contribution of the spin-2 field, B, particle, to the total energy density which is presented
in figure 7 and is subleading comparing to the above quantities. As we see, both B4 and
B,, are proportional to the scale of inflation as (H/Mp;)? and hence decrease by reducing
the scale of inflation. These dimensionless backreaction terms are shown in figure 10. We
require both B4 and B, to be lower than 0.01 so that they are smaller than the slow-roll
suppressed terms in the background field equation. Figure 11 shows the available parameter
space corresponding to each scale of inflation.

Among the three backreactions, Ba, B, and 5%”, the first one is the largest. B4 is an
exponential function of £o and £z, while it depends on the scale of inflation as H2. For a
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Figure 10. The dimensionless backreaction terms to the gauge and axion field equations as a
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Figure 11. The parameter space (£a,&z,, Mipl, €4 = 2 x 107%) with dimensionless backreactions
less than 1072,

given ¢ and a bound on By, lowering H by a factor of 10 enlarges the acceptable domain
of £o and &z, by one unit (see figure 11). For instance, for a Mip] ~ 1072 and a GUT
scale inflation with H ~ 107%Mp;, we find that 0 < £z, < 4 and V2 < éa < 3.5 (lower
bound comes from stability of the scalar sector) are allowed. However, for a lower scale of
inflation with H ~ 10~ Mp;, we find that 0 < £z, < 5 and V2 < €a < 4.5 are allowed.
In this region, the energy density fraction of the spin-2 field is % < 1077 and decreases

linearly with the decrease of H.
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6.1 Parameter space of massless models

Up to now, our formulae have been presented in the unified form and are valid for any
models assuming slow-roll dynamics of the VEV of the gauge field and quasi-de Sitter
expansion. In this section, we use our backreaction formulae to further constrain the
massless models, i.e., £z, = 0 [11, 15, 40].

The total slow-roll parameter, €, is given by

€ = €y + 46y + €4, (6.3)

where €, and €4 are respectively the contributions of the axion and the gauge fields to the
slow-roll parameter, whereas €, is the contribution of the inflaton field in the spectator
case (with ag = 1).

In massless models with £z, = 0 and in the regime {a 2 2.5, the extra scalar fields have
little effect on the scalar power spectrum and scalar tilt, and thus we have the standard
result given by Py ~ i(#MPI)Q and ng — 1 ~ —2(3e¢ — 7). On the other hand, adding the
sourced tensor power spectrum given in (5.6) to the standard vacuum part, we have the

total tensor power spectrum given by

Pp ~ 2[1 + <J\14/}p1> e‘mwlg (€a) !2} (ﬂgpl)z. (6.4)

The tensor-to-scalar ratio, » = Pr/F, is

elftlm

T = Tvac + Tsource == 16€ |:1 + <]\;ppl>

W@ﬂ (6.5)

where 7y, = 16¢ is the standard vacuum value, whereas rgource 18 the contribution from the
gauge field. Using P; = 2.2 x 107 and €4 in (2.13), we write 7 and B4 in terms of 7yac,
ea/e and &5 as

(1+2¢3) (1+2§A)7r
14 S S G @] = a1 5 2] (60)
and - e
Baz o tall+ ) K| TE5). (67)
The exact form of K] +€A] is given in (4.11). It is approximately given by IC[1+5A] ~

5%62(2 f)fA+£A) ‘
In this section we constrain the parameter space of models in eg-£4 plane, following
refs. [21, 39]. Here, ep = g?¢*/(H?M3)) is related to €4 as eg = €a&% /(1 + £3). We can
relate this to the backreaction term as
g 88 & ..[1+&
?_3x1095 [ N ]

(6.8)

which puts a lower bound on <£ from backreaction.
We restrict the parameter space by imposing the following constraints:
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Figure 12. Excluded parameter space of the massless models with r,. = 1072. The blue shaded
area is excluded by the tensor-to-scalar ratio, the light red area by the large backreaction (Ba >
1072), the orange area by the inconsistent slow-roll condition (e4 > ¢), the cyan area by the tensor
non-Gaussianity, and the dark red area by the Schwinger pair-creation of scalar fields. The blue
and yellow lines show 7source = Tvac a0d Tsource = 1073, respectively, while the dashed cyan line

shows fif? = 1. The green line corresponds to the amount of backreaction as large as B4 = 0.1.

The BICEP2/Keck and Planck (BKP) upper bound on the tensor-to-scalar ratio,
r < 0.07 (95% C.L) [43];

The Planck upper bound on the tensor non-Gaussianity parameter, fi [21, 44];

Small backreaction given by By < 1072 or 10~1;

e Small Schwinger pair-creation of scalar fields [39];

e Consistency of the slow-roll parameter, €4 < ¢;

We show the constraints in figure 12 and 13 for 7y = 1072, 1072, and 10~%. We find that
large parameter space is excluded already. In particular, we find that rguce cannot be
much greater than rac.

To see this in more detail, in figure 14 we show the ratio rsource/Tvac = (* — Tvac)/Tvac
as a function of &5 for given values of €4/€ and 7. Imposing the bound on the size of
the backreaction, B4 < 1072, as well as on €4 /¢ < 0.9, we find that the maximum possible
value of (7 —7yac)/Tvac can be at most 5 for r = 3x 1073, and smaller for smaller r,. because
of Tsource/Tvac X Tvac for a given e4/€; see (6.6). The constraints weaken when we impose
a weaker bound on the backreaction, B4 < 10~!. For larger values of ryae = 3 x 1072,
the strongest constraint comes from the BKP upper bound on r < 0.07 rather than from
backreaction, yielding (7 — 7vac)/Tvac < 1.3.
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Figure 13. Same as figure 12 but for 7y, = 1072 (top) and 10~* (bottom). In the top panel the
blue and yellow lines show 7 = 1072 and Tsource = Tvac, respectively, whereas in the bottom panel
they show rsource = Tvac and rgource = 1077, respectively.
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Figure 14. Constraints on the fractional contribution of the sourced gravitational waves relative
to the vacuum one, rsource/Tvac = (' — Tvac)/Tvac, as a function of £a for three different values of
Tyac = 3 x 1072 (top left), 3 x 1072 (top right), and 3 x 10~* (bottom). The blue shaded area is
excluded by the inconsistency of the slow-roll condition (e4/e > 0.9), the yellow and orange areas by

the large backreaction B4 > 1072 and 107!, respectively, and the gray area by the tensor-to-scalar
ratio r > 0.07. The dashed green line marks rsource/"vac = 1-

The allowed parameter space we find in this section is much more constrained than
that found in the literature for the spectator axion-SU(2) model [15, 40]. The reason is two
folds. First, the upper limit of eg ~ 10~2 adopted by the previous study is too conservative
to satisfy the consistency of the slow-roll parameters given by eg/e = 16ep/ry,. < 1 for
a given value of ry,c < 0.07. Second, the region of the strong backreaction was defined
as Ja/(gaMp?¢/f) < 1, which is too conservative to satisfy the slow-roll dynamics of the
gauge field. The field equation of v for the massless case is given in (2.14)

(v | Hiav)

a a

+2g30° - PA2¥ Afwdﬁ — Ja. (6.9)

Assuming slow-roll dynamics of the gauge field, i.e., Hlé’ 7 < Hiw < 1, we can write it as

3HY + Hep + Vg 4 (¥) ~ 0, (6.10)

where the field derivative of the effective potential of 1 is

Vi) 2 2170 (1 + ) - 22202 (6.11)
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Slow-roll demands Veg (¢) < 1, while each of the terms in the right hand side can be
much larger, e.g., gATwllﬁ/Véff,w > 1. On the other hand, J4 should be at most on the
order of the slow-roll suppressed terms, i.e., Hj—é‘:ﬁ = B4 < 1, which is more restrictive.

Before we leave this section, let us comment on the Higgsed models, e.g., Higgsed
gauge-flation and Higgsed chromo-natural models [12, 14, 16]. Both scalar and tensor
perturbations are amplified by the Higgs VEV in this set up, with the scalar ones being
more strongly amplified; thus, the Higgs VEV, quantified by z,, reduces the tensor-to-
scalar ratio [14, 16]. On the other hand, in section 4, we find that the size of the backreaction
is much stronger in the Higgsed models with £z, # 0. Hence, requiring slow-roll dynamics
in the gauge field sector during (quasi)-de Sitter expansion, the Higgsed models cannot
evade /1y < O(1) bound either.

7 Conclusion

A background of axion and SU(2) gauge fields produces a copious amount of spin-2 particles
during inflation. In this paper, we have calculated the number [eq. (3.31)] and energy
densities [eq. (4.22)] of the spin-2 particles as well as their backreaction on the equations
of motion of the axion and gauge field backgrounds [egs. (4.9) and (4.10)]. We provided
analytical formulae which are valid for all the inflation models with SU(2) gauge fields
studied in the literature (see eq.s (2.24) and (2.25) for the definition of the model parameters
and table 2 for their correspondence to the literature). The former results are new. The
latter results were presented only numerically for a single model in this family but in [40].
With that exception, this is the first time that the backreaction constrains this family of
models on the equations of motion. The analytical formulae derived in this paper allow
us to easily estimate the importance of the backreaction for any parameters and constrain
the parameter space that is consistent with perturbation theory. Moreover, it enables us to
relate the backreaction in the gauge field and axion background equations to the number
density of the spin-2 field as J4 ~ ganpairs and Py, ~ )‘Tanairs respectively.

These spin-2 particles mix with gravitational waves. We related the number density
of the spin-2 particles to the power spectrum [eq. (5.6)] and energy density [eq. (5.12)]
of primordial gravitational waves from inflation as well as to the size of the backreaction
[eq. (4.17)]. The relation to the energy density 6pSW is intuitive: 5p$W is given by the
number density of spin-2 particles times particle’s physical momentum at horizon crossing
(ie., k/a ~ H), times the coupling strength squared, i.e., §pSW ~ (v»/Mp)?Hnpairs-
Moreover, the ratio of the power spectra of sourced and vacuum gravitational waves is also
proportional to the number density of the spin-2 field and the VEV of the SU(2) gauge
field, i.e., P5/Pya° ~ (¢ /Mp1)?(npairs/H?>). That gives us a physical insight into how the
strength of gravitational waves from SU(2) gauge fields is determined.

Finally, we constrained the parameter space of the massless models in this class of
inflationary scenarios. We find that the backreaction and the consistency of the slow-roll
condition exclude most of the parameter space. In particular, the tensor-to-scalar ratio of
the gravitational waves sourced by the gauge field can at most be on the order of that of
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the standard vacuum contribution. Going beyond the massless models, we argue that the
Higgsed models cannot evade this conclusion either.

The analytical study presented in this paper is based on quasi-de Sitter expansion
and slow-roll dynamics of the background gauge field. For more general situations, full
numerical analysis is required. At second order in perturbation, the spin-2 field couples to
the scalar sector and contributes to the scalar power spectrum and non-Gaussianity. This
non-linear effect may be important [45]. We expect that the loop contribution to the scalar
power spectrum is related to the number density of the spin-2 field, n}%airs /HS, that we
computed in this paper.
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A Symmetry of the VEV SU(2) field

In section 2, we present the metric and the VEV of the gauge field in a specific coordinate
system in which the spatial metric is a2(5,-j. Here we present the general solution of the
VEV of the gauge field which generates a homogeneous and isotropic energy-momentum
tensor in general spatial coordinates.

Fixing the time-function, ¢, under a global rotation, we have

M gt = AP Y (A.1)

where A%, = 0 and the tetrad fields (n®® = efjeﬁ“) transform as

e(t) — %, (t) = A”,e (). (A.2)

Since we choose to use the tetrad system with eg(t) = 0 and e;*(t) = ad?, under the action
of (A.1), we have ef}(t) = 0. The general form of the gauge field’s VEV in the temporal
gauge that can generate a homogeneous and isotropic energy-momentum tensor (hence
respect the symmetries of the FLRW background) is given by

AS(t,Z) = p(t)e(t). (A.3)

More precisely, using (A.2) and the above solution, the field strength tensor is

_ 1 _
iy = _oo(av)ei(t) and  Fjj = gavejei(t)ej(t), (A4)

which leads to a homogeneous and isotropic energy-momentum tensor for the gauge field
sector. In addition to the above global rotational symmetry, there is a residual gauge
symmetry, a continuous global SU(2) symmetry, as well

U(a) = exp(iaTy,), (A.5)
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which respects the temporal gauge and the form of the VEV in (A.3)

- 1
Ay

i UD, U =()el () UT,U " = (t)el ()T} (A.6)
—1gA

It is straightforward to see that the VEV gauge field in (A.3) also satisfies
VAR (t) = 0. (A.7)
Finally, action has a Zs symmetry, Parity, as
Y — (and for L= Lon ¢ —p),
which can be spontaneously broken by the VEV while it is still the symmetry of the

background energy-momentum tensor.

B Transverse-traceless field

In this part, we expand the gauge field’s action around the VEV as'!
Au(a") = Au(t) + A5V (%) + Bu(a"), (B.1)

where AEV({L‘V) parameterizes the scalar and vector modes in A, (longitudinal modes),?
while B,,(2") is the transverse part of the gauge field

V,.B"(z") = 0. (B.3)

Notice that under the action of the continuous global symmetry (A.5), B, transforms
similar to (A.6). We have
tr(B,A*) = 0. (B.4)

Perturbing action (2.5) and (2.6) and using (B.4), the quadratic action of B, (z") is'3

» » v v = 1
OpLalp, Al = =3 [DuB,)* (D' BY)" + 70,00 BLOAB; — San 932 BBl

1
T2
1 1
—5 ML U [BYBY]" = S [M, B, (MY B]", (B.6)

"nterestingly, the linear Einstein equations combine the B, with the GWs. However, it is independent
of the other parts of the perturbed gauge field. In other words, the linearized Einstein equations do not
combine B; and A" which makes the decomposition (B.1) physically meaningful and possible.

12More precisely, after fixing the gauge, the perturbed gauge fields have 3 x 4 — 3 = 9 degrees of freedom
which can be decomposed in terms of 3 scalars, 2 vectors and one tensor fluctuation. In particular, in the
temporal gauge, we have

SAL = 68Q 4 0% 0 Z + gavvae’; "0, (Z — Z) + 610iv; + €% w; + ad™ 7ij, (B.2)

where @, Z, and 2 are scales, v;, w; and 7;; are transverse fields and 4;; is symmetric. However, 4;; is the
only field that contributes to the transverse part of the Af.
13For an Abelian field with action (2.6), the quadratic action of B,, is

SuLalp, A = f%quyv“B" + %e“WaWByaABU - OCTHgiZSBMB“. (B.5)
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where ¢, denotes terms quadratic order in By, @4 is defined in (2.16), while the explicit

form of the covariant derivative, D/u and the mass terms are'?
D, =V, — 2igaA,, (B.7)
M}, = digae,)\"Oraa AT, (B.8)
M, = QQAAZTa« (B.9)

Note that (M, B,)? cancels the term proportional to A,4, in the (D, B,)?. Therefore, the
only actual masses are the one proportional to a4 and ap.

One can determine & as a function of A, by the gauge field background equation
in (2.15). Notice that a given value of 4, and Zj gives the same value for a4 regardless
of whether £4 is Ly or Lcn. That indicates that their tensor sectors are the same at the
linear order.

We emphasize that unlike the U(1) field in which its transverse part is a spin-1 field,
the transverse part of A7, (in the temporal gauge) can be written as

In the following, we prove that %;; is a (pseudo) spin-2 field.

B.1 (pseudo) spin-2 in perturbed SU(2) field?

At first, it may come as a surprise that there is a (pseudo) spin-2 degree of freedom in a
spin-1 SU(2) gauge field as in (2.20). In this appendix, we show that once the gauge field
is perturbed around its isotropic and homogeneous solution (2.2), there is a sector in the
perturbed field that transforms as a spin-2 field under rotations and is an odd eigenstate
of parity.'?

It is convenient to write the fields in the complex spherical coordinates (r, z, Z) which
are related to the standard spherical coordinates (r, 0, ¢) as

4 0 4 0
z = e tan 3 and Z=e “tan 7 (B.11)

The FLRW background geometry in this coordinate system is

ds? = —dt® + a*(t) (dr? + 2r2nzzdzdz>, (B.12)
where
2 (B.13)
nZZ - (1 +Z5)2' .

Moreover, consider a choice of the spatial triads (ef'e,; = gi;) as

e = a(t)6® and e = a(t)o?, (B.14)

s

! Note that comparing to the background covariant derivative D, = V, — igaA,,, the gauge field has
a factor of 2 in (B.7). That comes from the fact that [X,Y,]* = £[X,,Y,]* and therefore ([D,, B,])* =
(D.B,)“.

15 Another way to see the pseudo-tensor nature of the spin-2 degree of freedom is the fact that it always
couples with the tensor metric perturbation with a factor of ¢ which is a pseudo-scalar.
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where « is the index of the SO(3) algebra and runs from 1 to 3. One can write B{* in (B.10)
as
BY = 7,(t, 7)e 52 (B.15)

Then in the (7, z, z) coordinates and for a wave propagating in the direction k= —7, we
have B = 0 while B and B? are non-zero. Moreover, given the fact that tr(%;;) = 0, the
only non-zero components of ¥;; are 7., and zz. Under the action of a rotation around
the 23 —direction, we have

B w=e?r and 25 @ = e 9z, (B.16)

and
e By gaw _ oibgaz (B.17)
5 A B 5 AT = o705 AC (B.18)

Finally, from the combination of (B.17) and (B.18) we arrive at the desired result
~ R o~ 25~
Yzz P Yww = € Vzz> (Blg)

which shows that 7;; transforms as a spin-2 field under the action of rotations. Moreover,
under the action of parity, we have

5AT L 549, (B.20)
which leads to
. P
Yig P —Yig- (B.21)

Thus, 7;; is a pseudo-tensor. This completes the proof that 7;; is a (pseudo) spin-2 degree
of freedom.

C Mathematical supplement

Here, we present some mathematical formulae and relations which we need throughout
this work including some properties of Gamma and Whittaker functions as well as the
asymptotic form of the Meijer G-functions in the large argument limit.

The Gamma function has simple poles for non-positive integers

Res(T, —n) = —" (e n). (1)

n!

Moreover, for any complex z, it satisfies
I'(z+41) = 2I'(2), (C.2)

which for non-integer values of z, gives

™

L) (—z) = (z ¢ Z). (C.3)

~ zsin(nz)
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The derivative of the I'-function can be written as a polygamma function

dd
w(dfl)(z) =3 InT(z), (C4)

which has the following series representation

1
(z+ )4

YD (2) = (~1)*(d - 1)! i

j=0

(C.5)

which holds for d > 1 and any complex z not equal to a negative integer. Therefore, the
harmonic series can be written as

n

3" 2= 0+ 4O+ 1) ()

q=1

Furthermore, the asymptotic series

, 1 1 139
lim T(2) ~ v2r2° % exp(—2) (1 + — — C.7
Jim T(z) = v2ma™ exp( z)< 12 T 28822 T 518108 T > (C.7)

which is valid in the sector |arg(z)| < 7, leads to the following asymptotic expansion of the
digamma function

1 1 1

(0) -1 e T
v =In(2) = on — 55t 150

+..., where |z|— 0. (C.8)
For complex values of z in which z = x + iy with finite real z and y — oo, we have [46]
[z +iy) ~ V 27r]y|x_%e_”y/ze_i(y+%(%_x)). (C.9)

Finally, in the limit that z goes to zero, Gamma functions satisfy

lim 2I'(—2z —n) = — o and lim i(zf‘(—z —n)) = (1"

z—0 n! z—0 dz n!

PO (n+1), (C.10)

where n € N. For later convenience, we recall that in the complex analysis, if f(z) has a
pole of order k at z = zg then the residues are given as

k—1
Res(f,z0) = 1 d <(z - zo)kf(z)> (C.11)

(k— 1) dzk-1

z=z0

The W and M Whittaker functions, which are the solutions of (2.26), have the asymp-
totic expansions

Wiy ~ e #2251 + o)) for |z| — oo, (C.12)
My, ~ 2"T2(1+0(2)) for |z| — 0, (C.13)

implying that W /M functions correspond to positive frequency modes in the asymptotic
past/future limits of de Sitter, respectively.
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The W function satisfies the following relation
Wie—u(2) = Wi u(2).
In our setup in which 2, p and x are all imaginary quantities, we have Wy (2) = W_y ,(—2).
The W and M functions are related as
r'2u+1)

]\4’i __\err ) 71'(%+,u7m)7rv[/vfi
wu(2) F(%—i—u—{—/ﬁ)e u(2) +

Meimﬂ/_mu(e”z), (C.14)
I'(5+p—r)

which holds when 2 is not an integer and —3F < |argz| < Z [47]. The W-Whittaker

functions have the Mellin-Barnes integral representation [46]

-5 i (L Tt — T(—k —
W u(2) c 2/ G+ut sl —pts)li=x S)Z_Sds where |arg(z)|<§7r,

C 2 Jo TR+ p-rITE—p—r) 2
(C.15)
which holds when % +u—k#0,—1,—2,..., and the contour of the integration separates
the poles of I'(3 + p + s)['(3 — pu + s) from poles of I'(—rk — s).
The Whittaker functions satisfy the following integral identities

-n, 14+k
x"“G%:g (—22’3; . ) )
" —iz _ 3=ty —n—1
e W u(—2iz)dx = T T , (C.16)
Iz —r=pwI(z —r+p)

-n, 11—k
. . . (C.17)
3= H ptg5, —n—1

/m"eirW,@M(Qia:)dx = azn‘HG%:é (2ix

The Meijer G-functions with Re(p) > 0, Re(q) > 0 and p — g # 0, has the following
asymptotic form for x > 1

1 e a i(—2i) (3 3
nglzl*»(—?w . . > - A 5 ) F<2—p—u>F<2—p+u) I'(p—q),
r 3 Hy g+, p—1

i () o)

P q > i(=20 T —p—pT(E—p+p)
%7#” %+M7 pi]-

I 22 .
7_1G273 ( —2ix

xP

D Computation of the induced currents

In this appendix, we compute the momentum integral K[X] in (4.8) which is necessary
for the induced currents and energy density.'® First, we work out the total integral which
is divergent. In appendix D.1, we regularize this current by using adiabatic subtraction.
Finally, in appendix D.2, we compute the energy density of the spin-2 fluctuations.

'5The scalar induced current in the same setup has been worked out in [39]. The scalar induced current
due to a U(1) case has been worked out in [48].
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It is convenient to decompose K[X] in terms of polarizations as

KX =) Ko[X].

o=12

Using (2.28) and (4.8), we can write K, [X] as

: 1Ko T A%d% ~ -~ (2
Ko[X] :Ah_>H;oe - i 7(—)\(,7'—1—X)|VV,€U7#(—227')| , (D.1)

where 7 is a rescaled physical momentum and A is the physical UV cutoff which in the end
will be sent to infinity

ok kuy
T:E and A_ﬁ

Note that in our setup, both x and p are pure imaginary. In the following, for notational
convenience, we drop the argument X of I,[X] and o subscript in k, and A, unless
otherwise stated. Upon using the integral representation of Whittaker functions in (C.15),
we find

1. 1 1 1 1 -1
— I IR (= _ r(Z—,u— (= * (== *
Ko Agréog(%)Qe [ <2+u H) (2 I m) (2+u —i-li) (2 I —m)]
io0 i00 o / AA X 1 1
1 i(s—s' )% 2—s—s"[ - —
x/_ioods/_ioodse 2 (2A) < 3—S—s’+2—s—s’>r<2+M+S>F<2 ,u+s>

xI'(—k—s)T (;—I—u*—l—S/)F(;—M*—i-sl)f‘(/i—s'). (D.2)

The integrand has singularities at s’ = —% +pu—n, k+n,3—s,and 2 —s. Moreover, it is
proportional to A2~5~%" which vanishes for Re(s’) > 3 — Re(s) in the limit A — co. Upon
choosing the contour of s such that Re(s) > —1 and closing the s’-contour in the right-half
plane without passing through the poles,'” we are left with the following six poles

s =k, sSh=Kk+1, sh=rk+2, sh=r+3, s5=2—s, and s5z=3—s. (D.3)
Doing the s’-integral, we obtain

einT 1 1 1, 1, -1

100

X lim ds T’ (;+u+s> r <; —u—i—s) I'(—k —5)Ky(s,A). (D.4)

A—oo —ico

"Note that the integral of (D.2) over a finite path along the real axis vanishes at lim Im(s’) — oo0.
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where K, (s, A) is
Ky(s,A) = (2im)e "mel(st0)3 [3XF <2 + p - s> r ( — - s> T(k—2+s)
—I—gi)\F <;+u*—s>F<;—u*—s> I'(k—=3+s)
(B S (b1
+ z‘(2A)1—S—*’~<S fiA_ 573 f}f_ 1)1“ <Z +pt /-e) r (; -+ n)
(B I (e
— Zi(QA)SHs—I)iﬁP <;+/L*+/€)F(;—M*+Ii):|. (D.5)

This integral is divergent and includes terms proportional to A3, A? and A.

Let us first compute the (first two) finite terms in (D.5). Using (C.3), we write them
as

RIS +i00 ei(S'f’li)ﬂ' 1 1 1 1
I, = ds ————— T c+4p—s )T =—p*—s |T( = r(=—
@ w>/ * Sn(r(s+R) (2*“ ) (2 : ) <2+’”3> <2 “+S>

o g
(K+ )(H—i-s 1) (k+s—2) 2nts—3) |

[X +iA
It can be further simplified as

mo [ 1 1 1 1 ellstr)m
T, = ds T = 4p—s )T (= —p—s)T( r(-- L
<2m>/_m s (2“‘ ) <2 : ) <2+‘”5> (2 ““)smwﬂ))

X [é(s)—é(s—l)—l—m], (D.8)

in which C(X) and C(s) are

3
C(X )_BX( + 67 2M2)—2(7+20ﬂ2—12ﬂ2)|my, (D.9)
5. c(s+3)=3ci(s+2)+3ci(s+1) —ca(s+2) +2ca(s + 1)
C(s) =
K+ s
2) — 1) — 1 1
alst2) —dals+1) —alst )+01(8—1— )+9XS(S+1—2K;)
K+s—1 K+s—2
J%i/\(? +20K% — 12p%)s + 5ids(s + 1)(1 + 25 — 3k). (D.10)
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Here, c1(s) and cy(s) are the following functions of s

TS N LT3 N Ll N
AN 2 _ ) — S _s) - D.11
3X[ /3 2 0/ 2,

_3A 3\ S s) 2| D.12
Recalling that u is pure imaginary, the first two terms in integral (D.8) can be written as

= +ioo +ico—1 1 1

Iyl = —— ds — ds| ' = s Tz — -
! (2”‘-) </—zoo i /—ioo—l S) (2 G S) <2 g S)

r(2 r(2 T D.13
o (o) (o) s ) -

which has poles at

1
Syt = —3 +pu—n, Sp0=—K+n, (D.14)
1
gn,i =5E*put+n, <§n,O = —kR—n, (n S N) (D15)

2
Notice that s, o poles with n = 0, 1,2 are 2nd rank while the rest are simple poles. There-
fore, it is more convenient to close the contour path of s on the left half-plane which only
includes simple poles below

1
Slz—l—lf, SO,i:_iiM-

Doing the complex integral, we have
1 N 1 . 1 1 ~
Ioa =T |4+ p"+r )Tz —p"+r )T |{+p—%r )T |(z—pn—r){C(-1—k)
’ 2 2 2 2
i e2i7m 4 €2i7r/,L - 1 62i7m + ef2i7r,u - 1
—|—FC | —= - C|—=— D.16
5[ ¢ (2 ) T < (5]} 0w

in which the explicit forms of C(—3 + y) and C(—34 — p) are

115/ 1 s 1 9 3IA

3 [c <—2+u) +C <—2—u>] = 1X(—1+4/€—|—4,u2)—T(7+20/€2—12u2+5ﬁ(—1+4u2)),
[/ 1 /1 .
5|C\—g+n)—Cl—5—n1)| = 2X\|pl[—9X |k|—4—15K"+447]. (D.17)
Now we turn to the last term in (D.8) which is

C(X) [t 1 1 1 1
Too = dsT(-4+p —s )T (z—p* —s|T (= (- -
- L A R L RO CRES

s+R)T

el
. (k + s)sin(m(k + s))

(D.18)
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Closing the contour on the left half-plane with an infinite radius semicircle,'® we have
the poles s, + and 3,410, which are an infinite number of simple poles. Summing up the
contribution of s, poles and using (C.5), we have

1, 1, 1 1
L0215, 41,0 poles =C(X) (1) T (2 + +’f> r (2—M ‘Hf) r <2 +M—’f> I (2—,“—“) .
(D.19)
Moreover, using (C.5), we find the contribution of s, + poles as

1 1, 1 1
IU72‘Sn,i*pol€5:C(X) F<2+M*+K>F<2_M +H>F<2+H_E>F<2_’u_ﬁ)

L ik | 2ipmy,; (0) }_ o\ 2k | —2ipmy, . (0) }_ D.20
iz (4000 (o) = (@520 (Dowan) ), 020
where ¢(0)(2) = d%lnF(z) is the digamma function. Finally, adding (D.16), (D.19)
and (D.20), we obtain

_ 1 |- . 9 9 cos(2mp) —&—ezmﬁ 9
Kop = 51 {C( 1—K)+ 20\ p|(4p” — 15K* —4—9|k|X) [ Sn () ~1 (4p2
2i 2 o2i —2i
KT 4 e z;ur) 1 i IRT | e z,u7r
Oy L) o (Lo, )k
+C )<¢ (1)+ 2 sin(2un) g TH 2 sin(2p) 1/] By
3iA s 15 )
+T(7+20H —12u +12X]/§])—Z]/§](1—4,u) . (D.21)

Now we turn to the remaining 4 (A-dependent) lines in (D.5). Here, we close the
contour in the right-half plane which encloses the following poles at the A — oo limit

$1=—K, Sg=1—kK, s3=2—kK, and s4=3—K.

Some of the above poles are second rank and therefore the integral includes a derivative
of the Gamma function, i.e. 1(9)(z). Doing the second complex integral in (D.4) and
using (C.10) and (C.11), we find

Koo = iAhm [—4/\A3+6( |f@])A2+3/\A<4]/1X+2(1+12/<; —4pu )) C(X)In(2A)

+C(X)<”—¢ 1)+ (+u ﬁ)w (1—M FU)) C(—1-r)

30\ 3
—%(7-1—20/6 —12p* +12X |k|) — |/<|(2O+37/-@2)~|—X<2+21/<2+6,u2>]. (D.22)

8More precisely, we use (x+s)* (d > 1) in the denominator of (D.18) and then compute the d — 1 limit
solution. As a result, the added infinite radius semicircle integral vanishes.
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Adding (D.21) and (D.22), we finally find the desired K, as

1 1
Ko=— lim | =4\, A3+6(X —|6)A2+3X A [ 45| X + = (1+126% —472)
24 A—oo 2
2 21T Ko
—C(X)In(2A) — |x| <+37/12—15,u2> 1200 || (4p% — 1552 — 14— 9|k| X) {COS(SQZ;T) ]
7T
i <e2ing7r+e—2i,u7r) 1 (e2ing7r+e2iu7r) 1
terx (OF SN NG i A (O
3¢l ><7r+ sz © \greH snizpm) L \gTRe s
5
+3X <4+7/~£2—,u2)] : (D.23)

It has divergent terms of the order 3, 2, 1 and log of A. Summing over the polarization
states, we find

1
K = — lim {6(X —|s|)A* —C(X)In(2A) —|x| %—37\/{\%15\#12 +3X §—7\ﬂ|2+|u|2
12 A—oo 4 4

+2yuy(_4\u\2+15m24-91@){)%

+C(f)Re[(iﬁ&fﬁf)w” (;“lf”vl—i!u!)

ey (3 e ) e (5 el )
_ (e—;:}j&z—';;”)w(o) (;—i‘/ﬂ—f—im])] } (D.24)

We find that K is real and has divergent terms of the order 2 and log of A.

Before renormalizing K and removing A terms, let us take a closer look at the finite
terms in (D.24). Recalling (2.10) and (3.18) (|x| > 3.5), we realize that the dominant finite
terms are proportional to e2(5l=ItD™ - ™A 5 1 Thus, we can approximate K[X] as

1 otl e C(X 1
K1) = e f a2+ 2512 -4 0 ) + S Re [0 (5 il

1 C(X)

o (;H;HHM) } }+ Jim. [2<X— |nr>A2—121n<2A>] +O(E™ER). (D.25)

where (9(513(7”5%”0) with m = 0,1, 2,3 are the next leading terms and hence negligible. The
quantity (|k| — |u|) is presented in figure 3. In the next section, we renormalize the above
and find the physical quantity, Kyeg[X], as

Kreg[X] = K[X] — K[ X], (D.26)
where K£¢*[X] is the counter-term.

D.1 Regularized current

In this section, we use the adiabatic subtraction technique in curved QFT to remove the
divergent terms in the current. The mode function B_(7) has the following WKB form

1 —i [T diW_ (7
BYVEB(r) = e o Wi () (D.27)
” (2m)2, [2W_&(T)
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where W?2 p can be written in terms of the instantaneous frequency, wi o defined by

a,

= k2 = MOk H + 2, (D.28)

as

(D.29)

If W_r is real and positive, then BWKB (1) corresponds to canonically normalized
positive frequency modes in the asymptotlc past. For regularization in 4 dimension, we
need to expand W_ up to the second order of time derivatives with respect to a as

/ !
a 3 /W i 2 1w Z
W2.=w? .- 422 S D.30

Using (D.30) in (4.8), we obtain K¢![X] as'?

—

A 2 4
2
Kt = lim %’Qd%’QH (= Ao + X) (1 - % + —41{4 ( — 2 |k|7 + Z7 - 3u2>

A—o0 w_ 7 -
U7k O',k
5 HO L9 5)\?
30 ; <)\U]fi\7" + il > . (D.31)

Doing the integral, and summing over the polarization states, we obtain

K" = 15 Jim 00X~ JeDA? = COOmE2N)| + O "), (032)

The above counter term has divergences of the order 2 and log of A which cancel with the
divergences of the total K in (D.25). Moreover, it has finite terms of order O(£3 "¢ 7)
which are subleading compared to the dominate terms in X and we neglect them here.
Finally, subtracting (D.32) from (D.25), we have the desired regularized K[X] as

KreglX] = Le2(sl-lab {mu Al +15)sf2 — 4 -9lw)x) + SR [w@( +zw—zm)

6
w“”( +z|ﬁ\+z|u|)]}+0<gimsg)>, (D.33)

where O(fi_mfglo) with m = 0,1, 2,3 are the next leading terms and hence negligible.

19Note that the instantaneous frequency squared is negative in the interval 7 € (7, 71) in (3.7). Therefore,
technically, we have to consider an IR cut-off for the momentum integral, Arg 2 71. In principle it can be
a problem since Arg explicitly appears in the finite terms. However, this effect and the other finite terms
in K" are at most of the order (’)( mE%,) with m = 0,1,2,3 and are subleading comparing with the
dominant finite terms of K in (D.25). As a result, a more careful regularization process would not improve
our results.
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D.2 Energy density

Here we compute the energy density in the spin-2 fluctuations of the gauge field which is
presented in (4.20). Going to Fourier space, we can write (d,p) as

1 A
(5,p) = 274} / dk3 [\B{,F - <k2 — 20\ EAKH + aHg§OH2> |Bg|1 : (D.34)
- Y0

where in the end we send A to infinity. From (2.28), we can write B, as

o (7)-

- 1 -
Bg(T, k') — ﬁB

We then write the energy density as
A
(6,p) = (2m)H* Z/ Fdr [%2(]8;BU|2 + By ?) + (= 2Ae€aT + aHgéo)yBaP] . (D.35)
0
(o2
The first term in the integral can be written as
b > 12 A 35 0.8 _ 0252 =2 _ 35 o205
/ 7°dT|07 By | :/ dr [8; <7~' B,0:B, — 57: B, ) +37TB," — T BJO%BU]. (D.36)
0 0
Using the field equation of B, in (2.25), we arrive at
2
2

A 3 A m _ ~
/ 73d7|0; By |? = / Fd7 [1 + 72 = \gOeT + H] \BU|2] + Cet., (D.37)
0 0

where C,;. comes from integrating the total derivative term

(D.38)

A—oo

_ 3 .-
Cer. = lim <%3BU8;BU—2%2BUQ>

F=A

Using (D.36), we can write the bare energy density as

A 5 1—1—@24-0411520 -
(0gp) = (27r)H4{zU:/O Td7 |:((Sc+2§A)<)\O-T+ §£+2£A Z )+27-2] ’BU|2 +Cc.t}-
(D.39)

1+’;—§+a1{§%0
0ct+28a
its renormalized form in (D.33). The regularized part of the last term inside the brackets

From (4.8), the first two terms can be written in terms of K| | and we have

satisfies the following inequality (see figure 15)
Z/d%%3\BU]2 < 0.1 % (6. + 26p) Z/\BU]Q%Qd%, (D.40)

which implies that it is negligible comparing to the first term in (D.39). Thus, the regular-
ized energy density can be well approximated as

H4
(O P)reg = 753 (0c + 28a) Kreg [

=2
1+ 2 + apé,
5c+2€A ’
which, as we see, is given in terms of the regularized KC.es[X] in (D.33) with X =
1+2—§+a1{£§0
5c+2fA

TR (D.41)
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Figure 15. The ratio A = < ) as a function of {x and £z,. Here 7ir is the

minus polarization is smaller with the same order of magnitude.

E Sourced graviational waves

In this appendix, we work out the analytical form of the gravitational waves sourced by
the gauge field for the general action (2.4). The derivation given here follows closely [11].
The inhomogeneous solution of (2.24) sourced by B, is given as

A
B (r, F) = / G(7, #)ST(#)d#, (E.1)

where the source term, S (7), and the retarded Green’s function, G(7,7'), are given by

0 = 2 (1 )| (aete+ &) Bt B+ 0B D] 2
G(7,7) = <T/T,_TT cos(7 — 7) — <1 + Tle> sin(7 — %)) o(F —7), (E.3)

respectively. Here ©(7' — 7) is the Heaviside step function. Using the integral rela-
tions (C.16) and (C.17) and doing the integral (E.1) for —k7 = 7 < 1, we obtain

1, 1+k
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Figure 16. The exact form of G,(€a,€z,) in (E.6) compared to the approximated from in (E.7)
with respect to €4 for different values of £z,. The solid (black) lines are the exact forms while the
dashed line on the top of each curve is its approximated form.
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which implies that the sourced part of the gravitational wave can be written as
. eiligﬁ/Q( ¥ >< aH >
hg (7, k) = Go(8a5€20)- E.5
2B = o () (Jar ) 9rten e (E:5)
Using the asymptotic form of Meijer-G functions at 74 > 1 in (C.18)-(C.19), we can
simplify G, as

—iG373 <—2m

PGl G+m) [[(i+A8)  2N\oBet+i(246.)) | 4i(240)(1+ o)
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*[ (S S S B T ) }
(=)
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We show |G (€a,&7,)|? in figure 8. As we see, this function decreases with the increase of
éa and £z, and due to the Gamma function has infinite number of roots on the &4 axis.
We can well approximate the above as (see figure 16)

0 (1 4+ Aof3c) n (i — Ao )T (kg )

cos(mp)I'(—ko) Ko F(% — Ko — N)F(% — ke + )]

Go (8, €20) > (E.7)
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Finally, after using (C.9) in the limit that |u| > 1, and up to a phase factor, we have

Go (En, €20) = Ag /2™ (eIl IuD), (E.8)

where A, is the following quantity

_ (Z + )‘U/BC) (7' - Aoﬁc)ra(_”a)
A= < FR I —»eaw))'

(E.9)

In figure 8, we present | A |? as a function of £5 and &z, .
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