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1 Introduction

The AdS-CFT correspondence has by now shown itself to be a powerful tool to probe the
dynamics of theories on both sides of the correspondence. Since its inception it has stim-
ulated progress constructing many CFTys and their dual AdS4y1 solutions, in many cases
embedded into 10 dimensions. One area where progress on the CFT side has somewhat
outpaced the other is the AdS3-CFT5 correspondence. This is not to say that progress on
the gravity side has not been made (see [1-24] for an incomplete list), merely that there is
much more yet to be studied.

Two dimensional CF'Ts play an important role in physics, in string theory and beyond
so there is clear motivation to construct holographic duals. The barrier to this is that when
embedded into 10 dimensional supergravity, their internal space is 7-dimensional which is
rather large. Progress can be made tractable by assuming extended supersymmetry — in
this case the dual geometry will realise an additional R-symmetry reducing the number
of undetermined dimensions. An interesting feature of superconformal field theories in
2 dimensions is that a relatively large number of superconformal algebras exist for each
number of preserved supercharges, with each preserving a distinct R-symmetry. Those
that can be embedded into 10 and 11 dimensions were classified in [25]. Given this, and



the recent G-structure classification of A' =1 AdSs solutions in type II supergravity [26],
the time seems right to begin to seriously explore the possibilities.

An interesting class of AdS3 solutions with limited examples exhibiting a compact
internal space (as required for a holographic dual of a 2d CF'T) are those preserving at least
N = (4,0) supersymmetry with the so-called “large” superconformal algebra 0(2,1,«).
This has maximal bosonic sub-algebra s[(2) @ so(4), where the second term is an SO(4) R-
symmetry. Large N' = (4,0) includes a Kac-Moody algebra su(2);, @ su(2),_ (in contrast
to small /' = (4,0) which has just su(2);) and CFTs with this symmetry are characterised
by the following relations between their central charge ¢, the continuous parameter a;, and
the levels ki [27]

Eike a2k (1.1)
ky +k_ k+

Precisely what is assigned to be k4 and k_ appears ambiguous in ¢, but this is a manifes-

c=26

tation of the fact that 9(2,1, a) is isomorphic to 9(2,1,a~!) — as such the central charge
is sufficient to determine the value of o (up to identifying o ~ a~!) for a given large
N = (4,0) CFTs.

The canonical example of a supergravity solution dual to a CFTy with large supercon-
formal symmetry is AdSz x S3 x §3 x St (see also [3] for a worldsheet perspective) and its
M-theory avatar AdSz x S3 x S x T? [1, 4] which actually preserve large N = (4,4) su-
persymmetry (a maximal case for AdS3 [32]) with algebra 9(2,1,a) ©0(2,1, ), and where
« is related to the radii of the 3-spheres. In M-theory such solutions were classified locally
then globally in [10-12] where those consistent with a dual CFTy were claimed to be locally
AdS3 x §3 x §3 x T? and so all reduce to AdS3 x S3 x §3 x S! in ITA (at least locally).
Historically there was some difficulty ascertaining the CFT dual to AdS3 x S® x S3 x St [6],
though a recent attempt was made in [28]. In large part this difficulty was due to the fail-
ure of otherwise likely CFT proposals to reproduce the BPS spectrum of the supergravity
solution calculated in [4]. However this computation was recently found to be in error [19]
and the corrected spectrum was explicitly shown to match that of a certain symmetric
orbifold (S, [6]) in [29].}

Beyond the cases with maximal supersymmetry (for AdS3), solutions with A = (4,0)
were constructed from AdSsz x S x 2 x S! using T-duality (and its non-abelian counter
part) in [15, 16] and a class of AdS3 x S? x S? x CY3 solutions in M-theory was found
in [18]. Another interesting example is a flow from AdSs x TH! to a twice T-dualised
version of AdS;z x S® x 93 x S! preserving N = (4,2) [14] (other flows across dimensions
were found in [10-12], but these exhibit large N' = (4,4)). Finally, somewhat related to
this story, there is also a family of A" = (2,0) solution in IIB that are AdS3 x S3 x S x S*
only topologically [9].

In this work new AdSs preserving large ' = (4,0) supersymmetry will be constructed
that are neither locally AdS3 x S% x S§3 x S! nor related to it by duality. To do this
one needs to arrange for the internal space to realise an SO(4) R-symmetry. There are
several ways to arrange for this to happen with products of 2 and 3-spheres. Here it will

! Actually the match between Sy and AdSs x S% x 83 x S! additionally requires that some flux charges
are tuned.



be assumed that the R-symmetry is realised with a foliation of S® x S3 over an interval.?
Generically, such solutions will have a flavour SO(4) in addition to the R-symmetry.?
The reasons to make this choice are two fold: i) In short, it is the easiest example to
look at. However this simplicity will allow for a complete local description of all such
solution in type II supergravity. Additionally this should aid the process of finding a
CFT dual. ii) With S3 x S there is the possibility of an enhancement to large N = (4, 4)
supersymmetry, thereby generalising the classification of [10-12] to type II supergravity.
One should appreciate though that the assumption of S3 x S3 limits the scope of this work
to a small portion of the space of possible solutions with large N = (4,0). It will turn
out that this portion is far from empty, but one should view this as a first step in a much
broader classification endeavour with most solutions lying outside this ansatz.

The method used here to find new solutions with large A' = (4, 0) supersymmetry shall
be to construct spinors manifestly realising the bosonic sub-algebra of 9(2, 1, «)

sl(2) ® so0(4).

The first factor will be realised by Killing spinors on AdS3 — it requires a little more
work to construct general spinors on the internal space that manifestly transform under
the action of SO(4). Having such spinors we shall then find every solution with an S3 x $3
factor consistent with them. This follows the line of reasoning of the earlier works [33-37],
where many of the technical details exploited here were originally worked out. Here it
will be possible to give the explicit local form of every type II solution consistent with the
SO(4) spinor. Strictly speaking, as one is not imposing the entire superconformal alebra
0(2,1, «), the solutions that follow could in fact preserve some other algebra with bosonic
sector containing s[(2) ®s0(4). One possibility is a larger R-symmetry but given the ansatz
for the internal space, the only possibilities for enhanced R-symmetries (other than SO(4) x
SO(4)) are SO(8) and Spin(7) [25] which require the internal space to become S7 [26].
However S7 is never realised by the solutions constructed here. The other possibility is
that the SO(4) R-symmetry of the geometry is realising an SU(2) R-symmetry of the
dual CFT and an additional SU(2) outer automorphism symmetry, as is the case with
AdSy x S x T*. Such solutions are degenerate cases of 9(2, 1, a) with a — 0 where small
N = (4,0) is recover — we will find one such example in our analysis. That leaves the
question of how one calculates & — one could proceed as in [39] and carefully map bi-linears
of the spinors on AdSsz x S2 x S3 to the algebra and compute a directly. However, for the
examples with compact internal space (the only ones dual to well defined 2d CFTs), there
is an easier way. One simply computes the holographic central charge, and then read « off
from (1.1) — this will be the route followed here.

The outline of the paper is as follows: in section 2 we explicitly construct general spinors
that transform in the fundamental representation of one of the two available independent
SO(4) isometries on S? x S3, that are also singlets under the action of the other — this
ensures we are consistent with A' = (4,0) supersymmetry and an SO(4) R-symmetry. In

?Solutions with a similar local foliation were recently constructed in [30, 31] by utilising Romans F|4
gauged supergravity.

3We shall impose that this entire SO(4)xSO(4) is preserved by the remaining physical fields also.

4The same methods could also be used to probe the space of M theory solutions.



section 3 we use G-structure techniques to extract geometric conditions from the SO(4)
spinors that all solutions should obey, and in sections 4 and 5 we find all local solutions that
follow. The most interesting of these are clearly those that can be used to construct global
solutions with compact internal space. We explicitly construct two such examples (though
in ITA infinitely many are possible): a new N = (4,0) massive ITA solution with large
superconformal symmetry in section 4.1 and a new N = (4,0) IIB solution in section 5.1
with small superconformal symmetry and SU(2) outer automorphism symmetry. The ITA
solution is constructed by gluing two locally non compact solutions together with a D8
brane defect. Further new local solutions preserving N' = (4,4) and N = (4,0) can be
found in sections 4.2 and 5.2 respectively, but these are neither compact nor related to flows
across dimensions (at not least obviously). In section 4.2 we speculate that these might
also be used to construct globally compact solutions by using (this time) smeared Dp or
NS5 brane defects for p < 8 to glue them together, however a detailed study is beyond the
scope here. Finally appendix A details the conventions used throughout and B proves a
claim made in 2.

Given the results here and [26], where AdS3 solutions with exceptional R-symmetries
were studied, it has become clear that such R-symmetry based spinor constructions are a
powerful tool to study AdSs solutions with extended supersymmetry.

2 Realising an SO(4) R-symmetry on S3 x S3

In this section we will construct Killing spinors that realise the bosonic sub-algebra of
0(2,1,a), the conventions used and explicit representations of the of what follows can be
found in appendix A.

We are interested in large N = (4,0) AdSs solutions preserving an SO(4) R-symmetry.
Any AdSs3 solution can be expressed in the form

ds? = e*Ads*(AdS3) + ds?(My),

F = f+ *Vol(AdS3) Ax7A(f), H = hoVol(AdSs) + Hs, (2.1)
where F is the RR polyform® and H the NS 3-form fluxes. Both of these decompose
in terms of their magnetic components f, Hs which are defined on M7 only and electric
counterparts with legs on all AdS3 directions ensuring that fluxes respect the isometry of
AdSs3. The Bianchi identity dH = 0 fixes hg to be constant, while the electric component

of F' is fixed such the lower and higher fluxes are correctly related under 10d hodge duality
— for this reason the operator \ is defined such that

AXp) = ()27 VX, (2.2)

when acting on an n-form. Finally the AdS warp factor €24, and likewise the dilaton ®
have support on M7 only and the RR polyform obeys

dF —HAF =0, (2.3)

away from localised sources.

5Tn TIA it is F=Fy+ Fo+ Fy + Fs + Fs + Fio, in lIB it is F = F1 + F3 + F5 + F7 + Fy.



As we seek solutions preserving ' = (4,0) the 10 dimensional Majorana spinors may
be written as

4 4
a=Y ovex, e=Y oo (2.4)
I=1 I=1

where ¢! and X{,z are 4 independent spinors on AdS3 and My respectively and vy is an
auxiliary 2 vector, that is always required when decomposing an even dimensional spinor
in terms of 2 odd ones — = refers to chirality, so the upper/lower signs are taken in ITA/B.
The spinors on AdS3 are Killing, so they obey the equation

vénggI M AdS3<I (2.5)

where ﬁ = +1 parametrise a spinor that is charged under the SL(2)y,/g subgroup of
SO(2,2)=SL(2)1,xSL(2)Rr and is a singlet under SL(2)g 1.

As we want an SO(4) R-symmetry, X{,z should transform in fundamental of this group
and solutions should admit a local description with SO(4) realised geometrically. There
are several ways to do this, but from the perspective of finding solutions, the simplest way
to realise this R-symmetry is to decompose the internal space as a foliation of S} x S5 over
an interval in which the physical fields have support only, i.e. we take the internal metric
to be

ds®(My7) = ek dr? + e2C1ds?(S3) + e22ds?(S3) (2.6)

2k 201 202 and also now e and ® depend on r only and we impose

where the functions e
that the fluxes depend on S§ and S3 through their respective volume forms only. This
gives us an SO(4); xSO(4)s isometry on M7 to work with allowing for enhancements to
N = (4,4) supersymmetry with SO(4)xSO(4) R-symmetry whenever the physical fields
obey certain constraints we shall discuss at the end of the section. A Killing spinors on
Sig, &, obeys the equations

'Ll/ SS ZV SS

v = &, Ve = ¢ (2.7)

|4

for £ the Majorana conjugate of £&. This time = = +1 parametrise a spinor charged
under the SU(2);,/r subgroup of SO(4) = SU(2)1,xSU(2)r that are singlets under the

SU(2)g/r,- As shown in [34], in the Hopf fibration frame of S (A.7), the doublets of

SU(2)1/r are simply
a 2%
- , 2.8

and obey the S® Killing spinor equation (2.7) component by component. On S3 there
are two sets of one-forms that are charged under SU(2)1, and SU(2)g that are dual to the
corresponding SU(2)1,/r Killing vectors. We parametrise these in a unified language as K
such that

dK; + Qezij N K =0, (2.9)



where the sign of v determines the relevant SU(2) as before — these are of course the
SU(2)g 1, invariant 1-forms. The spinoral Lie derivative® of the SU(2),/g doublet along
the SU(2)y,/r Killing vectors is

w

L& =5 (0:)% €, (2.11)

where o; are the Pauli matrices, so it is the Lie algebra of SU(2) appearing on the right
hand side. Acting on the SU(2);, doublet with the SU(2)r Killing vector on the other
hand, or vice-versa, yields zero. One can exploit (2.11) to form a spinor transforming in
the fundamental of SO(4)r, /g =SO(3)11,/rx SO(3)ar,/r and as a singlet under SO(4)g1,
depending on the sign of . When one couples such an SO(4) spinor to an AdSs spinor as
in (2.4), the result will be a spinor realising the bosonic algebra

sl(2) @ so(4) (2.12)

as required for large N' = (4,0) supersymmetry. Thus let us now construct such an
SO(4) spinor.

In [36] it was established how to form an SO(3) triplet from products of two SU(2)
doublets — when the doublets are both formed from S Killing spinors, there is only one
such triplet (for each sign of v), namely

i = (020:)aéf © &5, (2.13)

it turns out that this is also Majorana. We define diagonal and anti-diagonal SO(3) Killing
vectors as
K =K!+K? K, =K} - K?, (2.14)

then it is a simple exercise in Pauli matrix manipulations to establish that
k

so that K realises the Lie algebra of SO(3). We can parameterise a basis for the Lie
algebra of SO(4) in block form as

€ijk |0 - O3x3 |¢i
(T:F)ij = <OJT 0) , (I7) = (Tf‘?) , (2.16)

where ¢; = (1,0,0)7, ¢3 = (0,1,0), ¢3 = (0,0,1)”. It is then clear that 3 components of
the SO(4) spinor one wishes to construct are simply the SO(3) triplet as these give rise to
the top left blocks of (2.16) under Kf and K, . The 4th component should be a singlet

SIn general, when taken along a Killing vector K, this is defined as
1
Lxp=K"Vnt+ ZVmKnFm”w (2.10)

for ¢ an arbitrary spinor, I',,, a basis curved gamma matrices, V,, the covariant derivative.



under the action of K f — such a spinor was also provided in [36], and for S® is once more
unique and Majorana

M = —i(o2)wél ® &5 (2.17)

So there is exactly one SO(4) spinor (for each sign of v) we can define on S x S3, namely
n' = (Mpall ® &, M; = (0201,0202,0203, —io3). (2.18)
It is not hard to confirm that

Len' =v(T) i’ n'ty? =61, (2.19)
where in the latter we fix an arbitrary normalisation. So the spinorial Lie derivative of
the SO(4) spinor along the SO(4) Killing vectors realise the associated Lie algebra. We
can now write the explicit form of the SO(4) spinors on My — given that they must be

A

Majorana, and satisfy | X{QHQ = e¢” component by component [26], the most general form

these can take may be parametrised as

;A sin(Bi+ Bo) I [_ 4 sin(B1 — f2) ,
X1 =€ (icos(ﬁ1+52)>®777 X2 =¢€ (icos(ﬂl—ﬂ2)>®n’ (2.20)

where (31, B2 are functions of r only. Now since each component of X{Q can be mapped into
every other through the action of the R-symmetry (2.19), which we assume the physical
fields also respect, we need only explicitly solve the supersymmetry conditions of an N' =1
sub-sector to know that N' = (4,0) is preserved. There are several ways to see this but
perhaps the most easy argument to follow comes from considering the conditions on (2.4)
that follow from setting the gravitino and dilatino variations to zero directly — we defer
the proof of this claim to appendix B.

Having established that solving for an A = 1 sub-sector of our SO(4) spinor is sufficient
to know that N = (4,0) is realised, we shall now take this sub-sector to be,

X1 =XL X2 = Xa (2.21)

but we stress that as long as the SO(4) R-symmetry is preserved by a solution, this choice
is totally arbitrary.”

Finally, before moving on we should address the issue of a potential enhancement of
supersymmetry. If one finds a solution with metric, dilaton and fluxes that do not depend
on the signs of u, v then there exists a second independent 10 dimensional spinor of the
form (2.4) charged under the second copies of SO(4) and SL(2) at our disposal. This
enhances supersymmetry to large N' = (4,4) — as we shall see, this will indeed happen in
some instances.

"This would no longer be the case if we were to break the R symmetry to some subgroup by for instance
fibreing one S3 over the other as in [36] or with the fluxes — then different choices of x1,2 would lead to
different amounts of supersymmetry preserved.



3 Supersymmetric bi-spinors conditions

Historically one established whether a supergravity solution was supersymmetric by solving
spinoral conditions that follow from setting the gravitino and dilatino variations to zero. A
more modern approach is the bi-spinor formalism where one instead attempts to solve a set
of (generalised) geometric constraints that are necessary and sufficient for supersymmetry.
Geometric conditions for AdSs solutions in type II, i.e. those of the form (2.1), to preserve
N = 1 supersymmetry were recently presented in [26], where it was additionally found
that a non trivial RR sector requires one to fix hy = 0.8
The fundamental object in the construction of [26] is the 7 dimensional bi-spinor x1® X;
that is defined in terms of two 7 dimensional Majorana spinors x 2 defined on the internal
space My as
1~ 1
XLEXF= 5D X Ve X1 A Al =l =t (3.1)

8 n=0

with v, a basis of the flat space gamma matrices in 7 dimensions and e® is a vielbein on M~
(ie (A.4)), as such the bi-spinor is a polyform. It is a general feature (in odd dimensions)
that the bi-spinor can be decomposed as

e @) =0, 400, (3.2)

for ¥4 two real polyforms containing only even/odd forms. An AdSs solution in type II
supergravity of the form (2.1) is guaranteed® to satisfy A/ = 1 supersymmetry if it obeys

(d— HA) (e P0g) =0,

3A

_ _ e
(d— HN)(2A7PW,) — 2uet 20, = £ M),

e~ (f, W) — SVoly =0, (3.3)

with the upper/lower signs taken in ITA/B and where (., .) is the Mukai pairing in 7
dimensions defined as
(X,Y) = <)\(X) A Y) , (3.4)
7
with the operator A defined in (2.2). The p that appears is a constant defining the AdS
radius as in (2.5), it can in fact be set to y = 41 by rescaling e?* without loss of generality,
but it will become useful to have kept track of it later.!”
In the previous section an A/ = 1 spinor was constructed, (2.21), on M7 = R x $3 x §3
that transforms under an SO(4) R-symmetry. When the physical fields respect this SO(4)

80ne can make this assumption without loss of generality because, while solutions with f = 0 and ho # 0
do exist, they all lie in the common NS sector of type II supergravity. As such, when viewed as solutions
in IIB, they are all S-dual to solutions with f % 0 and ho = 0.

9Strictly speaking the following statement is only true away from localised sources. When these are
present supersymmetry also requires some additional constraints that we shall discuss when this issue arises.

10The same applies for v and the two 3-sphere warp factor ¢2¢1-2 appearing in (2.7) and elsewhere in the
previous section.



the amount of supersymmetry preserved by any solution one can construct from this spinor
will be at least ' = (4,0), with the remaining independent spinors generated through the
action of the SO(4) R-symmetry. Specifically one has

[
[

X1 =—te

(02)at ( sin(B1452)

sin(B1 —f2) o b
icos(B1+52) (92)ap ( ) WS

a b EE—
) ®ETRE, Xx2=—ie icos(B1—P2)

as this is a tensor product of spinors in each factor of the foliated internal space (2.6) it
should be clear from its definition (3.1) that the 7 dimensional bi-spinor can be expressed
in terms of wedge products of bi-spinors on the interval and two 3-spheres — to this end
it is useful to know the bi-spinors on SiZ as these are the only non trivial building blocks
one requires. One can show, [34], that the matrix spinor!! following from the two SU(2)
spinor doublets of the form (2.8) are

a0t = <(1¢630mv01 (53,)) 6%+ <;eclv2K;’2 ;ezclv%iij;’z/\K;Q) (gi)“b>
(3.5)
where €2¢12 are the warp factor appearing in (2.6), and Kil’2 are the SU(2) forms on the
two 3-spheres that each obey (2.9). Given (3.5) it is now a relatively simply exercise to
construct Wi. These can be most succinctly written in terms of an SU(3)-structure as

1 . . 1 . ,
U,y = gRe [61526_” —efdr A Q] , Yo = glm [ —eP2ekdr p e 4 Q] (3.6)
where the specific SU(3)-forms are

1
J = 160”02 (K} ANK? + K3INK2 4+ K AK§>,

1.
Q= gezﬁl (ecle + ieCZK%) A (eClKQ1 + ieCZKg) A (601K§ + ieCQKg). (3.7)

At this point, in principle, once could blindly plug (3.6) into (3.3) and find every solution
that is consistent with the metric and spinor — but one needs to take a little more care
if one wants to ensure that SO(4)x SO(4) symmetry and N' = (4,0) supersymmetry is
preserved. As long as the dilaton and warp factors of the metric only depend on the
interval the only remaining issue is the fluxes. Specifically (3.3) only assumes N = 1
supersymmetry is unbroken so the second condition will generically define flux components
that break some (super)symmetry. To mitigate this issue we demand that all fluxes must
decompose in a basis of the invariant forms of SO(4)xSO(4), namely

dr, Vol(S}), Vol(S3), (3.8)

and their wedge products, with functional support on the interval only — this greatly
increases the number of independent conditions in (3.3) that give rise to purely geometric

" Component by component this is defined as in (3.1), but with n = 0,...3 and weighted by % rather

than £ with the veilbein just the e’ parts of (A.4).



constraints and allows for the exact local form of all solutions consistent with an SO(4) x
SO(4) isometry to be found in the following sections. We study type IIA in section 4 and
type IIB in section 5, in both instances we fix the NS 3-form as

H = ¢;Vol(53) + o Vol(S3), (3.9)

for constants ¢; without loss of generality.

4 All local solutions in type ITA

In this section we find all N' = (4, 0) solutions with an SO(4)x SO(4) isometry in type ITA
supergravity. There are two independent forms of local solution we study in sections 4.1
and 4.2 that (generically) preserve N' = (4,0) and N = (4,4) respectively. We show how
the former can be used to construct new compact global solutions, and provide a hint as
to how one might do the same with the latter.
Upon plugging the bi linears of (3.6) into (3.3) one quickly realises two zero form
constraints
(cos B1e1 — sin B1e9?) = (pucos B1et — vetsin By) = 0 (4.1)

these are very useful as they cannot be solved when any of cos 51, sin 31 or sin 5o are set
to zero, as this would require us to do the same to one of the warp factors. We can then
take (4.1) as general definitions for e in ITA and eliminate these factors from the rest of
the supersymmetry constraints, after some work we find the additional conditions

ﬁi = F2 = FO COS ﬁQ = O, (4.2)

c1 cos® By + egsin? By = p2eosin® By + 12 cos B4 sin(2p82) = 0, (4.3)

(24P sin® By) — 2ue*ATF® cos By sin? By = 0, (4.4)
3 3

(e34sin® By) — ?MBZAH“ cos By + 163’4*]“*(1) sin? o Fy = 0, (4.5)

where the last of these comes from imposing that Fj is constant — the rest of the Bianchi
identities then follow rather trivially. Clearly there are two cases, Fy = 0 and cos Sy = 0.

4.1 Case I: compact solutions from D8/08s back reacted on AdS3x §3x §3x S*

For Case I we set
cosffo =0, sinfs =35, s==I1, (4.6)

then (4.3) implies also
Cl =C = 0, (47)

so there is no NS flux turned on. We can solve (4.4) by fixing
AP = I, (4.8)
where L and ¢ are constants and we use diffeomorphism invariance to fix

ek = 4L (4.9)
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We can use (4.1) to define e“1,e“? which leaves (4.5) to solve. This becomes simply
(L*e*4Y = vFy, which is solved by

LY 4 = Hy, Hg= Four +c (4.10)

for ¢ another constant — i.e. the warp factor of a D8 brane or O8 hole depending on the
sign of Fy and v. We then fix
s=p=v==1 (4.11)

and find the following general form for local solutions in massive ITA

1 L?
ds? = L%ds®(AdS3) + —5—ds*(S}) + —5—ds*(S5 Hgq?dr?
= e (DaAdS0) + o ds(SH) + a8 ) + Vs,
Fy = 2¢*Hg( L*Vol(AdS3) + LVol(S% + LVol(S:‘) A dr
4 = &4 8 3 COS2 ﬁl 1 Sil’l2 Bl 2 )
5
e ® =qH{. (4.12)

Clearly when Fy = 0 we recover the standard solution on AdSs; x S% x 83 x S' which
preserves N' = (4,4) supersymmetry — in this limit none of the physical fields depend on
@ = v = %1 confirming the enhanced supersymmetry. The generic local solution is D8
branes or O8 planes or both!? back reacted on this. As the warp factor now depends on v
supersymmetry is broken to N' = (4,0) in the presence of the back reacted D8/0O8 system
— which is by no means a surprise.

When Fy # 0 the internal space of (4.12) is non compact, if we assume Fy > 0 and
v = 1, then the warp factor does bound the interval from below at r = —Fio where the
behaviour is consistent with a D8/O8 system wrapped on AdSz x S3 x S3, however the
interval is not bounded from above and r — oo is at infinite proper distance. Before giving
up though, one should remember that this is only a local solution — which is to say that
all coordinate patches of a global solution can be expressed in the form (4.12). One can
try to make a compact solution by gluing a second mirrored copy of (4.12) onto the first in
the spirit of [38]. At the point where the local patches connect there should be a D8 brane
defect where Fj jumps, but the metric and dilaton are continuous. The simplest way to
arrange for this is to glue the patches together at » = 0 and have Fy flip from positive to
negative as one crosses r = ( from below, i.e. one takes the warp factor to be

Hg=c+ |F0‘7", r <0, Hg=c— ‘FQ|T, r >0, (4.13)

so that the metric and dilaton are continuous without the need to further tune constants,
and only Fy jumps. This does indeed bound r to the interval Z between two D8/O8
systems at r = i\TC(ﬂ and one is now able to quantise the fluxes without issue. In units
where gs = o/ = 1 one requires that the following charges are integer valued

1 ; 1
ng = 27TFO, N2 = —/ *F4, N} = / F4. (414)
(27m)5 Js3xs3 P m)? Jso Jrer

12The near horizon geometry of a D8 brane is indistinguishable from the geometry near an O8 plane.
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This is not hard to achieve by tuning

2 Fy 1 1 Loq N
-t — Ny,  tanf = -4 4.15
c2?L? N} N2’ 4rmsin® By cos3 By ! b N} (4.15)

and the curvature of the solution is under parametric control. A standard computation'3

then leads to the finite central charge

N, N2
ATr N2 +0(1) (4.17)

c=6cgNgo————=
where O(1) parametrises sub leading terms that supergravity is insensitive to (at least with
the computation performed here). Note that this is independent of Fj and when ¢; = 1
is actually the same central charge as that of AdSz x S x S x S'. More generally it is
consistent with (1.1), i.e. what one expects from a CFT with large superconformal algebra
provided c¢; is integer — indeed one can identify

N4
ki =ciNoNf, k- =ciNoNZ, a=tanff =2 (4.18)

N
with « the continuous parameter of 9(2, 1, ).

This all sounds very positive, however to be sure this solution really exists, and pre-
serves supersymmetry, we need to check the Bianchi identities at the D8 brane defect are
satisfied and that the D8 brane is calibrated [42-44]. The Bianchi identities in the presence
of the defect require

N,
df = 27?5(74)6270”9 A dr (4.19)

where f, is a gauge field on the world volume of the D8 brane. We find ourselves in a far
simpler scenario than [38], because there is no NS flux and the only RR flux that shifts
across the defect is Fp as

AFy = 2|Fy|. (4.20)

Comparing this with the integrated form of (4.19), we find that the Bianchi identity re-
quires simply
Ng = 47T‘F0’ = 2’7&0‘, fg = 0. (421)

It is also not hard to confirm that the brane is supersymmetric — this is so whenever the
DBI action of a given brane satisfies a so called calibration condition. Here the DBI action
of the D8 should equal the integral of e34~®Vol(AdS3) A ¥g — a quick computation shows

13The holographic central charge for a warped AdSs solution in 10 dimensions at leading order is given
for instance in [20], converting this reference to string frame and setting o’ = g; = p = 1 gives

- 24?;6 /M e 72 Vol (My). (4.16)
7

Using this formula with Fp = 0 (ie the AdSs x S* x $3 x S! limit) one finds ¢ = 6N; Nl 4, which implies

+N
ky = NiN}, k- = N1 N7 and o = tan? ) = —i.
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this to indeed be the case. Thus we have constructed a bona fide N’ = (4,0) solution in
massive ITA.

The result of gluing the two local solutions together is essentially a global solution
with an orientifold under which a circle parameterised by r becomes a segment. At the
two ends there are two O8-planes with different charges and tensions. One can interpret
this as two O8_s with k£ and 16 — k D8s, or when k = 8 as an O8_ and an O8,4, the later
being similar to what appears in the recently constructed classical dS solutions in [40].

It would be interesting to find the local solution of (4.12) as a near horizon limit of
some intersecting brane set-up. This should be in some sense a trivial extension of the
realisation of AdSsz x 53 x S3 x S' in terms of D2 and D4 branes — however to the author’s
knowledge this first step is currently absent from the literature (see [4] for every near
horizon realisation of AdSz x S x S3 x S! except D2-D4), and finding it is beyond the
scope here.

Finally let us stress that there is not any particular need to place the D8 brane defect
at r = 0 and so there is no restriction to gluing together an arbitrary number of local
solutions of the form (4.12), with a D8 brane defect at each intersection in the vein of [41].
All one needs to ensure is that hg is continuous across each defect by tuning c;, Fjy and the
intersection points in each local patch, and that the interval has an upper and lower bound.
One can construct infinitely many globally distinct compact solutions in this fashion, so it
would be interesting to study this possibility in more detail. The dual CFT interpretation
of this infinite class will presumably be adding various amounts of conformal matter to the
CFT dual of AdS3 x S% x 3 x S! in such a way that N' = (4,4) is broken to N = (4,0)
— but that remains to be seen.

4.2 Case II: a new local N = (4,4) solution with O2 plane

For Case II we set
Fy=0. (4.22)

To avoid falling into a sub-case of the previous section one must demand cos 8 # 0 which
requires the same of ¢, co without loss of generality. We can solve the first condition
of (4.3) with

c1 =csin? B1, ¢y = —ccos? By (4.23)
and take the second condition as the definition of e?. Using this, and by taking a linear
combination of (4.4) and (4.5) such that e” is eliminated one finds (tan f2e=2®)’ = 0 which
is solved by

tan fre 2% = ¢ (4.24)

where ¢ is a constant. At this point it is useful to use diffeomorphism invariance to fix e*
in terms of another arbitrary function f(r) such that

3203eMMF = cpusin® By f (4.25)

the remaining conditions (4.4)—(4.5) both then reduce to f' = (sec f2)" which one can solve
without loss of generality with

cos g = (4.26)

1
7
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As the left hand side of this expression is bounded between 0 and 1, we must have that
1 < f < 00, a sensible choice is then

1

= , 4.27
f cos?r (4.27)
so that we simply have 8o = r. This leads to a completely determined local solution of
the form
1 sin® sinr 1 1
ds* = L? | —————ds*(AdS dr? ds*(S; ds*(S3) ) |,
§ [cosrsinr s (AdSs) + cosr | cost cos? 8 s (51) + sin? 3 s(5)
H=2L? tan 5 Vol(S3) — cot § Vol(S3) qe® = Vtanr (4.28)
cos? 3 V' sin2 20 ) ’ '
Fr =20 (4322 vor(adSs) + ¢ P20 (L vol(sh) + —vol(sd) ) | A dr
1 sin? 2r 3T 40627 \ cos? 6] VT sin? B 2 ’
where we have introduced
L? = g cos® Bsin® 3, (4.29)
and fixed
sinf8y =vsinf, p=v==l1, (4.30)

to simplify expressions. Notice that none of the physical fields depend on v = £1 — so

this solution experiences an enhancement of supersymmetry to large N = (4,4).
3
singularity of the metric. The behaviour close to r = 0 is intriguing, indeed after redefining
r = /¥y the behaviour is that of O2 planes at the base of a cone over S3 x 3, which

is rather novel. More disappointing is the behaviour close to r = 7 where the metric is

actually regular but the dilaton is infinite, which does not appear to be physical behaviour.

The internal radial coordinate is bounded as 0 < r < with the lower bound a

Worst still perhaps, is that 7 = 7 is at infinite proper distance, so the internal space is

non-compact. One way to see this is with the central charge which goes like

¢ ~ lim tan®r (4.31)
T35
which is clearly divergent. Thus any putative CFT dual will have a continuous operator
spectrum, a sign that it is sick.
One might be able to cure this issue as before by gluing two copies of (4.28) together.
As Fy = 0, one can no longer achieve this with D8 branes. However, since this sort of
gluing does work with D8 branes, T-duality and S-duality informs us that at the very
least, it should be possible to glue solutions together with other types of branes when
they are smeared over all but one of their co-dimensions — the options here are D2 and
NS5 branes. As this may be a way of constructing new holographic duals to well defined
CFTs with large N' = (4, 4) supersymmetry it would certainly be interesting to peruse this
possibility in future.
Finally, since this solution has no Romans mass turned on, it can be lifted to M-theory.
As such this solution fits within the classification of [10-12]. At first sight this sheds doubt
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on the possibility of constructing compact solutions by gluing copies of (4.28) together with
defects, as [12] claims that the only AdS3 solutions in M theory with compact internal space
are locally AdSs x S% x §% x T?2. This follows from ruling out the possibility of compact
solutions with localised sources on the boundary of the Riemann surface orthogonal to
AdS3 x 83 x S3, however senarios with addtional defects on the interior do not appear
to have be considered in [12]. Thus if compact solutions can be realised from (4.28) it is
then possible that a broader class of NV = (4,4) solutions with defects may also exist in
M-theory — but at this point this is just speculation.

5 All local solution in type IIB

In this section we find the local form of all solutions preserving at least an SO(4) R-
symmetry on S2 x S3. In section 5.1 we find a new compact solution containing D5s and
O5s which actually preserves small N' = (4, 0) supersymmetry, while in section 5.2 we find
a solution that back reacts D5s on AdSz x S x 83 x S, but is non compact.

Once again we begin by plugging the bi linears of (3.6) into (3.3). It is immediate to
establish the following zero form constraints

€1¢08 By = cacos B = psin B =0 (5.1)
which means that for AdS3 solutions we must set
c1=cy=sinfy =0 (5.2)

and so all flux components but fs and fr; are set to zero. We will thus parametrise the
3-form in terms of two constants cs, c4 as

f3 = c3Vol (Si))) + ¢4 Vol (Sg’) . (5'3)

Given this, and after some massaging of expressions, it is possible to extract the following
algebraic constraints

cos Bz = s, (5.4)
ved (cos B1eC1 — sin ,31602) — spef1te =, (5.5)
et (03 sin 81€3¢2 — ¢4 cos 516301) 4 2ue3C1 30— — (5.6)

where s = £1. Using these we can simplify the differential constraints to

(1) = cos By sin B (601_02)/ =0, (5.7)
(€2A+201+2C’2—<1>)’ = 2512 ATOTCFR=® (005 3,672 4 5in B1e“1) | (5.8)
(PAT2C1HC2= o6 3)) — 92ATCIHCath=® (oA 4 sin §)¢C1) | (5.9)
(PATC1H20=P iy g} — 92AFTCUHCath=® (A ) og 877 | (5.10)
(3AFBC2=® o5 3) — 9,2A+3CH+R=O iy g — ¢ 3A-3C1+3Cth. (5.11)
(B30 ipy §1) 4 2puPAHICIHR=® o g — ¢, IAFIC1—3Cath, (5.12)

which are not all independent, but this form makes finding a solution easier.
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It appears that there are 3 cases, cos 81 = 0, sin 5y = 0 and (601*02)’ = 0, however
there is no physical difference between the first two of these as one is mapped to the other

by relabelling the spheres — thus there are two physically distinct cases.

5.1 Case I: a new compact solution with D5s and O5s back reacted on AdS3 X
S3 x R4
For Case I we set
cosfpp =t ==l (5.13)

and take (5.5)—(5.6) to define the AdS warp factor and dilaton. Substituting this back
into (5.7)—(5.12) one is left with just two independent conditions

sveCth ¢ (€97C2) =0, vegel + eyste’@ (e722) = 0. (5.14)
We use diffeomorphism invariance to fix
vkt — gt (5.15)

which trivialises the first ODE of (5.14), and so allows us to integrate both as
eC1tC2 — Ly, L2402 = s =g + 7032’ (5.16)
cqr
for a an arbitrary constant and where we now fix s =t = p = v = £1. The resulting
solution then takes the form

1
ds* = L* [\/175 (dsQ(AdSP,) + d32(53)> + 1/ hs (dr2 + erSQ(Sf)>] , et = 20—2 hs,
Fy =4 <V01(Ad83) + vm(s%)) + ve3Vol(S3). (5.17)

When a =1 and z—i > 0, hs is the warp factor of a D5 brane so the solution is D5 branes
back reacted on AdS3 x S% x R*, which is non compact. When ¢3 = 0 the solution no
longer depends on v and so supersymmetry is enhanced to N’ = (4, 4), consistent with the
fact that the solution is locally AdSs x S3 x T in this limit.

It may be possible to construct a globally compact solution by gluing copies of (5.17)
together with D5 brane defects in a similar fashion to section 4.1, however for this case
there is an easier way to achieve this. The previous discussion depended on tuning a, c3, c4
in a certain fashion, but there is no requirement to do this — indeed if one assumes a < 1

then r becomes bounded to the interval [0, cffa\] and the solution is compact. To see

this more clearly one can perform the coordinate transformation and redefinition

r— 2 cosr, L2 |a|L? (5.18)
|ajey

which modifies the metric and dilaton as

ds? = L* [Césr <d$2(Ang) + dsz(S§)> 4 5T (sin2 rdr? + cos? rds%Sf))] ,
sinr cqcoST
F35=c4 <Vol(Ang) + Vol(SS)) +vezVol(S3), e ® = % tanr, (5.19)
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and leaves the flux unchanged. Clearly c3 can no longer be set to zero so the v dependence
of the flux means that only N = (4,0) supersymmetry is preserved in general. The internal
radius is now bounded as 0 < r < § and at the end points there are singularities, however
these have an obvious physical origin. It should not be hard to see that close to 7 = 0 the
metric becomes that of O5 planes wrapped on AdS3 x S5, while at 7 = 5 it behaves as D5s
wrapped on AdS3 and either of the two 3-spheres.

Flux quantisation requires that the following charges are integer

, 1 1
N = / F;, N;= —/ *F3. (5.20)
° (2m)? S3 (2m)® RxS$ %S5
This can be simply achieved by tuning
; cAL4
Ci+2 59 64C47T2 1 ( )

and the radius about the singularities for which the supergravity approximation does not
hold can be made arbitrarily small by making L (and so the D1 charge) large. We once
more compute the holographic central charge at leading order and find that it is finite with

the following form
c=6N; N2 +O(1). (5.22)

This behaviour is markedly different from that of AdS3 x S3 x S x S', indeed the form the
central charge takes is consistent with small ' = (4,0) superconformal algebra with level
k= NlNg. Since this solution is D5s and O5s back reacted on AdSs x S3 x R*, which itself
preserves (two copies of) small N = (4,0), this should not be surprising. It is of course
well known that small NV = (4,0) comes equipped with only an SU(2) R-symmetry which
at first sight may appear at conflict with the SO(4) R-symmetry preserving spinors from
which this solution is constructed. In fact this apparent conflict exists for AdSs x S3 x T4 as
well and the resolution is the same for both cases. The SO(4) R symmetry of the geometry
is actually realising both the SU(2) R-symmetry of the dual CFT and an SU(2) outer
automorphism symmetry'* and the dual CFT indeed has small superconformal algebra.
Such solutions lie within the o« — 0 limit of 9(2, 1, &) superconformal symmetry which is
isomorphic to psu(2, 1, a) xsu(2), so (5.19) lies within a degenerate limit of large N' = (4, 0).

This solution is a well defined AdS dual to an as yet to be determined CFTy with
small N' = (4,0) superconformal symmetry so is well deserving of further detailed study
— but this is beyond the scope here.

5.2 Case II: D5s back reacted on AdS; x S3 x 83 x S?

In case II we assume
O0<sinf; <1, s=p=v==L (5.23)

Due to (5.7) this means that the two 3-sphere warp factors can only differ by a constant,
thus we introduce a new function, H and constants by, by such that

Y = b;H. (5.24)

141 thank the reviewer for clarification on this point.
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We again use (5.5)(5.6) as definitions for e, e® and substitute for these quantities in (5.7)—
(5.12) — they once more reduce to just two conditions that may be easily solved with

b1 = by/c3, b2 = by/cy, etk —bg, H=c+ v, (5.25)

where we introduce

_qcosfy  gsinfy _cosfBy  sinfy

)\_ ) )
TV a7 Ja o

to ease notation and b, c are constants. The general local form of solutions can then be

(5.26)

written as

L2q2A% d7"2,

ds* = L’H <d32(AdS3) + e3Mods?(S3) + C4A2d32(s§)) +

1

Fy= —
3 )\g

Vol(AdS3) 4 ¢3Vol(S3) + c4Vol(S3), e® =2L2\3H, b= L)\ (5.27)
The warp factor H depends on v so this solution generically experiences no enhancement
beyond NV = (4,0). Similar to section 4.1 however, when one sets A\; = 0, v drops out
of all expressions and supersymmetry is enhanced to N' = (4,4) — this is because the
solution becomes AdSs x S3 x §3 x S! in this limit. The generic solution has D5 branes
back reacted on this. The attentive reader will note that H is not the warp factor of a D5
brane, however, if one assumes v = 1, then the interval is bounded from below at

(5.28)

where the near horizon geometry of a D5 brane wrapped on either S? is recovered. The
interval is not however bounded from above and r = oo is at infinite proper distance, so
the metric is non compact.

One might wonder about the possibility of making the solution compact by gluing two
copies of (5.27) together with D5 branes smeared on S — the issues are essentially the
same as for Case II in ITA.
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A Conventions for sections 2 and 3

In this section we detail a set of conventions that can be used to perform the calculations
in sections 2 and 3 — one should understand however that the result of these sections do
not strictly depend on this choice, which is why they do not appear in the main text.
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A.1 Spinors and gamma matrices on AdS3z X M~

We decomposing the 10 dimensional gamma matrices as in [45]
=700l Ta=1001®%, BY=IgceB, I=-Igcnel (Al

where yﬁdsi" are a real basis of flat space gamma matrices on AdSs, 7y, a 7 dimensional basis
such that B~1~,B = —v, and BB* =1, 0123 are the Pauli matrices and I is the chirality
matrix. A 10 dimensional spinor of + chirality on AdS3 x M7 can then be decomposed in
terms of this basis as
e=(Ru+ R Y, vi:<1,>, (A.2)
Fi
with ¢ a real Killing spinor on AdS3, x a spinor on M7 and vy an auxiliary 2 vector
which takes care of 10 dimensional chirality as —osv4 = +wvy and is required to make
a representation of the gamma matrices on AdSs x My 32 dimensional. If € is one of
the Killing spinor for type II supergravity it should be Majorana, here this just requires
imposing that y is Majorana, ie
X“=Bx" = x, (A.3)

as ( are real and vy = o3v}. This is what leads to the form of the 10 dimensional Killing
spinors taken in (2.4).
A.2 Vielbein and gamma matrices in on My

The internal space My is a foliation of S x S3 over an interval as in (2.6), we can define a

veilbein on this space as
. y y 1 _ .
e’ = ekdr, e2 = 601'2621’2, g2 = 1(Cl9172, S 9172d¢172, dl/)LQ—f—COS 9172d¢172)“’2, (A4)

where €112 are in the Hopf fibration frame mentioned before (2.8) in the main text. A
suitable basis of 7 dimensional gamma matrices are then

= b0y RIRL, 7, = C1oa@7 IR, i, = ¢ Cos@Ien?, B = A
Vr =€ Ul® & y Yip — € 0-2®’Yi1 & y Yig — € U3® ®’Y’£2’ B_Ul®02®027 ( 5)

S3 .
where 'yl-ll’? are the unwarped gamma matrices of 5:1372 that are flat with respect to é":2.
Fuclidean gamma matrices in 3 dimensions are always the Pauli matrices, up to signs and
ordering, so we can in fact take
S3 S3
'77;11 = Oiy, 71'22 = Oy (AG)

without loss of generality.

A.3 Conventions on S3

The SO(4) spinors we construct in (2.20) are a certain product of Killing spinors on Si2
that transform as (2.19) along the sum and difference of the SU(2)y,/g Killing vectors of
each 3-sphere. Here we will be more explicit about the form these Killing spinors/vectors
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in terms of (A.4)—(A.6). To this end, let us here label an objects dependence on SU(2)y, /g
explicitly — we will focus on an arbitrary unwarped 3-sphere of unit radius in the Hopf

fibration frame 1
¢ = 2 (df, sinbdo, dy + cosfdg)’ (A7)

which can be related to the main text by simply adding an index where appropriate. The
3-sphere Killing spinor equations (2.7) then becomes

Vieh = soigh, VIR = —coich, (A.8)

which are solved in general by
€L = 3091630730 ¢R = om3voagD, (A.9)

for €2 a constant spinor. We fix 03¢? = ¢Y without loss of generality. The SU(2);, /r Killing
vectors are given by

K+ i KR = €™ (i0p + csc 004 — cot 00)), K5t = 0y, (A.10)
Kt + iKY = e (0 + cot 00, — csc 00y), K} =0, (A.11)

Viewed as one forms these obey

dK} + %eiijjL ANK} =dK} - %eiijJR ANKR =0, (A.12)

and are given by
KR 4+ iKR = ™ (idf + sin 0dg), K = dyp + cos 0dg, (A.13)
KY + iKY = e7(id — sinfdyp), K% = d¢ + cosfdip. (A.14)

These expressions can be repackaged as
KF=—iTr [Uidgg_l], KP = —iTr [Uig_ldg], g= 6%03(156%0296%031’[], (A.15)

which makes clear that the SU(2), /g charged forms are SU(2)g 1, invariant.
With these definitions it is not hard to confirm that (2.8) obeys (2.11), which is the
fundamental relations one needs to construct the SO(4) spinors.

B Proof that A = 1 implies N/ = 4 for SO(4) spinors

In section 2 it is claimed that if an A/ = 1 sub-sector of the 7 dimensional SO(4) spinors
of (2.20) solves the supersymmetry conditions, the entire N' = 4 spinor also does. In
this appendix we prove this claim using an argument based on studying (in abstract) the
conditions (2.4) must satisfy to have vanishing gravition and dilaton variation — see for
example (2.10)-(2.14) of [15] for their explicit expressions in type ITA and IIB supergravity.

Since the solutions we consider respect the isometries of AdS3 the 10 supersymmetry
conditions that (2.4) must satisfy are implied by 7 dimensional conditions on X{,Q only. For
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clarity let us assume that X{ = Xﬁ = x! — the proof of the general case is in essence the
same, just more cumbersome to describe. Schematically the independent 7 dimensional

spinoral conditions for A" = 4 then take one of two forms!®
Arx! =0, (B.1a)
(Vu+ Doy)x' =0, (B.1b)
for I =1,...,4, where A; 5 are 8x8 matrices containing combinations of the physical fields

(dilaton, metric and RR and NS fluxes) and their derivatives contracted with the 7 dimen-
sional gamma-matrices 7, and where V, is the covariant derivative. If one now decomposes

=00 XY, i=1,2,3 (B.2)

it follows from (2.19) that
i1 g _ 1 4 _ 4
X' = 5LgaX" = 5LeX” = L (B.3)

It should then be clear that if one assumes that just the 4th component of (B.1a)—(B.1b) is
solved then one generates the other 3 automatically by acting with the spinorial derivative
along the Killing vectors provided

[ﬁKil,z, Al} X4 = [EKZ_LQ, (VM + Ag’yﬂ)} X4 =0. (B.4)

The first condition holds trivially whenever A; is an SO(4) singlet, which is true whenever
one imposes this condition on the physical fields as we are. The second condition is a little
trickier — while Ay commutes with the spinoral Lie derivative for the same reason as Aj
the individual p indexed terms in (B.1b) do not in general commute by themselves. One
can proceed by rewriting the 4th component of (B.1b) in the equivalent form

(Vy + Agyr) X4 =0, (B.5a)
(vKil + Aﬂd) X'=o0, (B.5b)
(vKig + Am?) X'=o0, (B.5¢)

where Vi = K¥V, and K = K*v,. The form of the metric (2.6) ensures that one can
always choose a frame where V, = 9, so that (B.5a) commutes with £ K2 trivially. The
proofs that (B.5b) and (B.5¢) commute are essentially the same so we focus on the former:
the 7 dimensional derivative term in (B.5b) decompose as

s 1
Vi = Kot - 53@&6 (B.6)

15The 10 dimensional dilatino and gravitino conditions along AdSs give rise to 7 dimensional conditions
of the from (B.la), while the gravitino condition along the internal space give rise to a condition of the
from (B.1la).
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where Vﬁl obeys the equation (2.7) when it acts on the components of the ¢§ factor of x4
— as such we can bring (B.5b) into the form

AsK y* =0, (B.7)

for Ag a new 8x8 matrix that is an SO(4) singlet. This is close to the required result,
which now follows if one can commute L1 past K 11 . To achive this, one more piece of
J

information about the spinors on S® is required, namely that

12, _ L. 4.4
K7€y = i(ai) b81,2 (B.8)

which is easy to verify, for instance one can read it off from (3.5). Given (B.8) and (2.11)
it is quick to establish that

12,4 1,2 a
EKZ,L?K]‘ 51,2 = Kz EK]!,2§1,2- (B-9)
Thus if one acts on (B.7) with £z1 one finds
J
Lo (BsKix") = DK Lax" = 203K %" = 0, (B.10)

where the first equality follows from (B.9) and because Az is an SO(4) singlet. Repeating
the same steps for (B.5c) one establishes that

(Ve 4+ A2y) X' =0, (B.11a)
(VK} + A2K§) X' =0, (B.11b)
(vK]g + AM?) X =0, (B.11c)

are implied by (B.5), from which it follows that the 4th component of (B.1b) implies the
other 3, which completes the proof.

One can extend this argument to the case where x! # x4 without difficulty, so solving
the supersymmetry constraints for an N' = 1 sub-sector of (2.20) implies that all compo-
nents of X{,2 also solve these constraints, provided the physical fields are SO(4) singlets.
Thus solving an N = 1 sub-sector is sufficient to know that A/ = 4 supersymmetry and an
SO(4) R-symmetry is preserved by all solutions consistent with X{,z'
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