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1 Introduction
Mixing of By mesons is experimentally well studied [1] and the mass difference AM; =
2| M7, is known with a high precision [2] (based on the individual measurements [3-7]):
AME®P = (17.757 £0.021) ps L. (1.1)
The corresponding theory expression for M7, reads
s _ G A2 )2 . 2
M7y = 19,2 i My So(ze)ipBfg,Mp, , (1.2)

with the CKM element A\, = ViVy and the Inami-Lim function Sy [8] describing the
result of the 1-loop box diagrams in the standard model (SM). Perturbative 2-loop QCD
corrections are compressed in the factor 7p [9]. Since this observable is loop-suppressed in
the SM, it is expected to be very sensitive to BSM effects. The bag parameter B = PSQ , and
the decay constant fp, quantify the hadronic contribution to B-mixing; the uncertainties
of their numerical values make up the biggest uncertainty by far in the SM prediction of
the mass difference. These parameters have been determined by lattice simulations [10-12]
and for the case of By mesons with HQET sum rules [13-16]. There is also a recent lattice
determination of the SU(3) breaking ratios [17].



Taking the most recent lattice average from the Flavour Lattice Averaging Group
(FLAG) [18], which is more or less equivalent to the result in [12], one gets [19] a SM
prediction for the mass difference, which is larger than the measurement:

AMSMOLT — (90,01 £1.25) ps L. (1.3)

Such a value has dramatic consequences for some of the BSM models that are currently
investigated in order to explain the flavour anomalies. In particular the parameter space
of certain Z’' models is almost completely excluded [19].

In this work we extend the analysis of [15] with effects of a finite strange-quark mass,
thus getting for the first time a HQET sum rule prediction for the mixing Bag parameter
of Bs mesons. Lattice simulations typically achieve a much higher precision than sum rule
calculations, but in our case a sum rule for B — 1 can be written down. Since the value of
the Bag parameter B is close to 1, even a moderate precision of the sum rule of the order of
20 % for B—1, turns into a precision of the order of 2% for the whole Bag parameter, which
is highly competitive. Thus our determination constitutes an independent cross-check of
the large lattice value found in [12]. In combination with a precise lattice determination
of the decay constant fp, our result for the Bag parameter can also be used for a direct
determination of |V;*Vj| from the measured mass difference AME*P". Taking instead a
ratio of the mass differences in the B, and the B system one can get a clean handle on
|Viq/Vis|. Taking further a ratio of AMy and the rare branching ratio Br(Bs — pu*u™) the
decay constant and the CKM dependence cancel and the Bag parameter will be the only
relevant input parameter.

Our paper is organised as follows: in section 2 we set up the sum rule for the Bag
parameter and determine the mg corrections, in section 3 we present a numerical study
of the sum rules and we perform a phenomenological analysis. Finally, we conclude in
section 4.

2 Sum rules in HQET

2.1 Operator basis and definition of bag parameters

In this work we use the full dimension-six AB = 2 operator basis required for a calculation
of AMj in the SM' and BSM theories and for a SM prediction of AT'y. The QCD operators
involved are

Q1 = bivu(1 —7°)si b (1 —7°)sj,
Q2 = bi(1 —7°)s; bj(1 —~°)s;, Q3 =bi(1—7")s; b;(1 —~)s;,
Q4 = l_)l(l — ’}/5)82' l_)j(l + ’75)$j, Q5 = l_)l(l — ’)/5)Sj _j(l + ’}/5)81 (2 1)

while our HQET basis is defined as
Qu = By =")s BT =4 Qo= T (1= 7)s AL = 47)s;,
Q4 = 712{(+)(1 — ")/5)81‘ Eg_)}(l + ’75)8j, Qg, = Bl{(+)(l — ’)/5)8]' B(_)}(l + ’}/5)Si,

IThe operator Q1 corresponds to the SM contribution to AMs.



where h(+/=)(z) is the HQET bottom/anti-bottom field and we use the notation
RAOT 48 AN T s = KT 48 BT s + ()T 4s AT gs. (2.3)
The matching condition is given by

Q) (1) =Y Coug, (@) +O1/my), (2.4)

for which the NLO HQET-QCD matching coefficients CQQ were presented in [15]. We also
use the same basis of evanescent operators. As mentioned in [15], the HQET evanescent
operators are defined up to 3 constants a; with ¢ = 1,2,3 in order to gauge the scheme
dependence. We also note that in all of the following we work within the NDR scheme in
dimensional regularisation with d = 4 — 2e.

The QCD bag parameters Bf) are defined through [20]

Q) = Aq fB,Mp, By (1) = Aq(n) f5,Mp, Bo(w), (2.5)

with the coefficients Ag given by

2

Ap, =24+ —

Q1 +Nc7
M? 1 M? 2

@ (mb+ms)2< Nc> Qs (mp + my)? N, (2.6)
2M?2 1 2M?2

(mb+ms)2 ch

where Mp, denotes the B, meson mass, m, corresponds to quark pole masses and the B,
meson decay constant fp, is defined by

(0l74°s|Bs(p)) = —ifB,p". (2.7)

The barred terms in the far right expression of (2.5) indicate that the quark masses used
there are in the MS scheme. For the reasons discussed in [15] we prefer to use the pole
masses for our analysis and then convert to this form at the end. Similarly, the HQET bag
parameters are defined through

Q) = Ay F2 (1) B3 (1), (2.8)

with the coefficients AQ given by

1 2
AQ~4:2—{—f AQ5:1+f (2.9)

1
Ar = -2+ —
Q2 + N, N.’

N.’

and where the matrix elements are taken between non-relativistically normalised states

(Q()) = (B4|Q(n)Bs) with
|Bs(p)) = \/2Mp, |B,(v)) + O(1/my). (2.10)



The HQET decay constant Fy(u), appearing in (2.8) is defined by
(O1RC)7t9[By (v) = —iFy ()", (2.11)
which is then related to the QCD decay constant fp, through

2

IB, = F&C(M)FS(M) + O (1/my), (2.12)

with [21]

C(n) = (a?). (2.13)

From our sum rule analysis we determine the HQET bag parameters B%. Using (2.4), (2.5),
(2.8), and (2.12) we arrive at the relation

as(p)
4

Z o QQJ( o0 b () +O(1/my), (2.14)

BQ Cz

2

which allows us to then match the values of Bz} onto their QCD counterparts.

2.2 Finite m; effects in the HQET decay constant

To illustrate our strategy for the treatment of finite mg effects we first consider the Borel
sum rule for the HQET decay constant Fy which has been derived in [22-24]. In the B;
system it takes the form

F2(py)e " = /0 dwe™% pri(w) (2.15)

where pr7 is the discontinuity of the two-point correlator
) =i [ e (T [0 @) 10). (2.16)

with w = p - v and the interpolating current j, = 575h(H). The leading perturbative part
of the discontinuity is given by

PR ) = oot [ ma) VeZ —m 0w — ma) + Ofas)] @10

In the remainder of this subsection we consider the finite-energy (FESR) version of the
sum rule (2.15) which is given by the limit ¢ — co to be able to present compact analytic
results. We obtain

N, m
Folulresm = 525 {(“’ - 22) (we + 2my) Vw2 —m2
3m§ M
1 o q .
i 2 (wc + 2 _ 2 + O(aw) + [condensates]

Ncwg 3m5 3m2 3m3 m2

- ! 92 a8 . 2.18
672 + 2we  2w?  4w? 4w2 + (2.18)



Figure 1. Sample diagram involving a soft light-quark propagator (red thick line).

In the last step we have expanded the result in the small ratio ms/w. ~ 0.1. The appearance
of a m3In(my) term in the expansion indicates that energies w of the order m; contribute

at order m3. These logarithms can be absorbed into the quark condensate [22, 25]. In the

2

< can be determined without knowing the

following we show how the terms up to order m
full ms dependence of the discontinuity (2.17). This will be essential for the determination
of the my effects in the Bag parameters where the calculation of the full m, dependence is
very challenging (3 loops and 3 scales). We first split the integration at an arbitrary scale v

with mg < v < w.. Above v we may expand the integrand in mg/w, yielding the identity

_K+m5
T (F2ule ™ = Tiz ez |

we? v dwe

/ dwe_?pn(w)—l-/cdwe_?Tm[pn(w)} ,

ms v

(2.19)
where 7,[...] indicates that the expression in square brackets must be Taylor expanded in
x. The dependence on the scale v has to cancel in the expanded result. We can therefore
take the limit v — my after expanding the result according to the scaling m; < v < we.
We note that the contribution from the integration of the full integrand between m, and v
does not vanish for v — mg, because the limit has to be taken after the expansion in m4 and
the two operations do not commute. It is however clear from dimensional analysis that this
contribution must be polynomial in mg starting at m? since the exponential can be Taylor
expanded. This demonstrates that it is sufficient to compute the discontinuity (2.17) as
an expansion in mg/w if we restrict the analysis to the linear and quadratic terms which
is clearly sufficient due to the small expansion parameter. In the FESR limit considered
above we find?

We Nc 3 s 2 3 2
Tm[/ dw’fﬂ;;[pnw)]]: e [1+3m _?ms_’%(l_sm”%>+...]

e 672
(2.20)
The difference between (2.18) and (2.20) is indeed of order m? and is compensated by the
contribution from the first term on the right-hand side of (2.19).
At NLO we therefore only compute the expanded result by using the method of re-

gions [26, 27]. The light degrees of freedom can be either hard with momentum k ~ w or
soft with momentum k ~ mg whereas the heavy quark field is always hard. Up to and
including the order m? there are however only contributions from diagrams where all lines
are hard. An example diagram involving a soft line is shown in figure 1. The integral

4 . 21 a
measure scales as m$ and the soft light-quark propagator scales as m !, yielding an overall
3

scaling of m3. Diagrams where only the gluon is soft are scaleless and vanish in dimen-

2Here the limit ¥ — m, and the Taylor expansion commute, because the integrand is polynomial in m.
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Figure 2. Examples for factorizing (left) and non-factorizing (right) contributions to the three-
point correlator (2.22) at NLO in a.

sional regularization. Contributions where both loop momenta are soft are of the order m?.
Therefore, we only need to consider the fully hard momentum region where the integrand

can be naively Taylor expanded in m,;. We obtain

II(w + i0) — II(w — 40)

= 2.21
() — (221)
N w? ms 1 /mg\2
o mafi 4 ()
272 (w ms){ T T2\
asCr Ar? 13 47® 1 1\ ms
174+ = +3In-2 +(20+ = +6In—2 —3In—2 )=
e [ Ty e T\ O T )

9 /L,% ,U;Q; ms\ 2 2
+<1 -5 lnm + 3lnm (?> +...| + O(a%) ¢ + [condensates],

s

in agreement with [22].

2.3 Finite mg effects in the Bag parameters

The sum rule for the Bag parameters is based on the three-point correlator

Kolonwn) = [ dhandasem =2 01T 1, (a)Q0)]- (1) 0. (2.22)

where w12 = p1 2 - v and the interpolating currents for the B, and B, mesons read

ji = 5v°h), jo =5y, (2.23)

The accuracy of the sum rule approach crucially depends on the observation that the
contributions to the correlator can be split into factorizable and non-factorizable ones,
examples of which are given in figure 2.22. The full set of factorizable contributions amounts
to B% = 1 which allows us to formulate a sum rule for the deviation ABZ} = BZ} — 1 based
only on the non-factorizable contributions [13, 15, 28, 29]

K«Fmsfwl +K+m57w2

S 1 e
ABg (1p) = W/o dwidwge  h 2 Apg,(wi,wa)  (2.24)

f(;uc dwldwge_ﬁ_fjﬁp@ (w1, w2)
_ ; _ (2.25)

Ag, (f(f dw1e_%9n(m)) (féd dwe_%pn(wz))




where the second equation makes use of (2.15). The quantity Ain is the non-factorizable
part of the double discontinuity

PO, (wi,wa) = AQipH(w:[)pH(WQ) + Ain . (2.26)

In [15] we derived a simple analytical result for the HQET bag parameters by compar-
ing (2.24) to the square of the sum rule for the decay constant (2.15) with an appropriately

chosen weight function
App}ert (wl , w2)
w@ (wl’ wg) = pert 2 pert
' P (wi)p (w2)

The generalization of this approach to the ms corrections is straightforward. Expanding

. (2.27)

the double discontinuity in ms, we obtain

2,2
NeCr wiu oy [ O (e, L)+ (m ; m) D, L)

A p~ert = \
Pg, Wiwe) === =117, wi o wy ) @i
m2  m?2
(2 ) D2+ 0~ men =)
Wi w3 ‘

(2.28)

where * = wy/w; and L, = ln(,u/%/ (dwiwz)). With this parametrization, the symmetry
of the three-point correlator under exchange of w; and wy manifests as a symmetry under
x <> 1/x of the r)

%

. The result for the deviation of the Bag parameters from the VSA reads

in(K—i— ms, A + ms)

s,pert o
B (1) = -
Qi
_ Cr as(pp) [ (0 B
“ Ny an '@ b Erem.)
2ms ) - (0) B
A+ mg {7’ i (L Lxgm,) "6 (L, LA+ms)}
2m; @) (1) 0)
+ m |:TQ7. (1, LK+m3) - 2TQ2 (17 LK—I—ms) + QTQz (1, LK—Fms)]
where Ly, = ln(,u% /(4(A +my)?)). We find that the result only depends on the value of

the double discontinuity at wi; = wy = A 4+ m,. Thus, the knowledge of the m -expanded
double discontinuity is sufficient to determine the mg effects for the Bag parameters in By
mixing. However, the use of this weight function approach relies on the expanded version
of the sum rule (2.15) for the decay constant. As discussed in the previous subsection, this
approach gives an incorrect result at the order m? and the result (2.29) is therefore limited
to the quadratic order in msg.

2.4 Non-zero mg corrections to the non-factorizable part

We compute the ms-expanded result for the leading non-factorizable part of the three-
point correlators using the expansion by regions [26, 27]. As in the case of the two-point
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Figure 3. Examples for soft corrections to the non-factorizable part of the three-point correla-
tor (2.22). The red, thick light-quark line carries momentum of the order of m, < w ~ A.

correlator, contributions involving soft propagators like the ones shown in figure 3 first
contribute at order m3. Thus, we only have to consider the fully hard momentum region
where all loop momenta admit the scaling [ ~ w; > mgs and the loop integrands can be
naively Taylor expanded in ms. We have performed two independent calculations. The
amplitudes are either generated using QGRAF [30] with further processing in Mathematica
or with a manual approach. The Dirac algebra is performed either with TRACER [31] or
a private implementation. We employ FIRE [32] to generate IBP relations [33] between
the loop integrals and to reduce them to a set of Master integrals with the Laporta algo-
rithm [34]. The required master integrals have been computed to all orders in € in [35].

We have expanded them up to the required order in € using HypExp [36]. For completeness
0 _ .0

we state the results r o, = 7o, (x, L) for ms = 0 previously presented in [15]
2
0 _g_ %2 8T
o, =8 2 3’
0) _ g5, @ _ 47
"oy = 25 + 5 3 + 6L, + ¢(x),
) _ 608 _ 47" )
rg) =16 - S - - 8L, +
©0) _ g9 93 8T
rg) =29 = = = + 6L, + d(a), (2.30)
with
2?2 -8z +6In(x), x<1,
¢(z) = 1 8 (2.31)
— ———61 > 1.
5~ 6@, =
For the linear terms rg) = é})(:c L,,) we obtain

1 2

2(18 — 6330—1— R +<2 3+:1c >ln(m), <1,
T(}):_“ﬁ_gl_gw) 91+
Q1 2 2(23 — 63x+18x 1+3:1:)

2 — In(x), x>1,
9z(1 + x) z(l+x)
243—|—162$—41$ +< 3+ 23 ) 5 <1

1y _ar Ar? 9(1+ 3z(l+x =

Do 6L,

"% T 2 3 @) 930 +162x—41 1+ 323 Lol
9z(1 + x) 3:1: 14 x) ’



(4 2 22
(36 + 9z + 22) n <3_ x) n(z), <1,
r(~1):—@—4i+3L . 91+ x) 3(1+x)
Qa 4 3 “ 4(1 4 9x + 3622) 2
—(3— ——— ) In(x), z>1,
L 9z(1 4 2) 3z(1+x)
29 + 11z — 222
2 Wle—2 o0 o1
(1) as 8w 1+zx
r) = =~ 4 6L, + )
Qs 2 3 292° 4+ 11z — 2
——— —6ln(z), =>1,
(14 z)
with
2
( wx) 2In(1—2) —In(z)], =<1,
2In(z — 1) —In(z)], =>1.
X
Last but not least, our results for the quadratic terms T(Q) = rg) (x, L) are
o _ 1 (1—2)%ay  27m%(1 — 4 + 2?) 1+
2 2 |
N [ 1 + 3 +2x9(x) ( 2+ T2 n(x)

_A6+60-22420%) | 99 4y 4 22)In(x) — 4(1 — 22)Lis(1 — 1/z), 2 < 1,

3

_202-at6a%462%) 901 _ gy 4 222)In(z) + 4(1 — 22)Lig(1 — z), @ > 1,

3z

(2.32)

(2.33)

)

)

82) : +1$2 [_(1 _496)2@1 —3(1 — )Ly, + (- ?;U +2%) + x(llj;) In(z)y(z)
N — 5198048927427 (3 _ 6 + 222) In(z) — 2(1 — 2?)Lis(1 — 1/z), =<1,
4 A=8901982% Toa® 4 (9 _ 6y 4 302) In(z) + 2(1 — 2?)Lig(1 — 2), x> 1,
gj 1 Jrle [(1 _8$)2a3 3 ; r)? L+ m[)(x) <1 N 3(1+;) ln(x)>
—(1+ 8z — 5952)%2 _ 24748:c+316x2+z‘ —(1+ x2) In(z) )
—(1 —2?)In?*(z) — 5(1 — 2?)Lia(1 — 1/x), x <1,
* +(5— 8z — xz)%? _ 1+16x—§i12+24m3 + (14 22)In(z) ’
+(1 — 22)In?(x) + 5(1 — 2?)Lis(1 — z), r>1, ]
+2z)(x) ( + 1 ti 111(.1?)) _B- 62;3 + 2927

—(1 —2)%In(z) — 4(1 — 2?)Liz(1 — 1/2), = <1,
+
+(1 —2)?In(z) +4(1 — 2?)Lig(1 — 2), o >1,

(2.34)



3 Results and phenomenology

We determine the Bag parameters in section 3.1, give our predictions for the Bs mixing
observables in section 3.2 and use the results to determine the CKM elements |V;4| and |V,
in section 3.3 and the top-quark MS mass in section 3.4. We then present an alternative
prediction of the branching ratios B(B, — p*p~) from the ratios B(B, — ptp~)/AM,
in section 3.5. Our analysis strategy closely follows the one we used in [15] in the limit
ms = 0 and we only comment on where they differ due to the non-zero strange mass while
referring to [15] for more details.

3.1 Bag parameters

We determine the HQET Bag parameters at the scale j1, = 1.5 GeV using the weight func-
tion approach (2.29). The strange-quark mass scheme in (2.29) is undetermined since any
scheme change would only affect the expressions at higher orders which are not taken into
account. We use the value in the MS scheme at the scale i, which is determined from the
central value of the average 75(2 GeV) = (9573) MeV [37]. To account for the uncertainties
related to the scheme choice and the truncation of the expansion in mg we increase the
parametric uncertainty and use ms(2 GeV) = (95 4+ 30) MeV. To the perturbative part we
add the condensate contributions [38, 39]. The lattice simulation [40] shows that light and
strange quark condensates agree within uncertainties and their result for the strange-quark
condensate has since been confirmed with a different method [41]. With the factorization
hypothesis (§Gq) = m%(tjq> the same holds for the quark-gluon condensate. We therefore
assume the condensate corrections to be the same in the B and BY systems. We obtain

Bg, (1.5 GeV) = (0.910 — 0.016,,, + 0.003,,2) 3030
= 0.897 *005 (&) 5030 (intr-) ;008 (cond.) F5830 (k1) T0003 (),

B (1.5 GeV) = (0.939 — 0.006,, + 0.002,,2) +o-0a1

0.014 0.020 /: 0.004 0.011 0.004
= 0.936 70016(A) Fo030 (intr.) T5:004 (cond.) T5:016 (1) 0004 (),

B, (1.5 GeV) = (1.003 — 0004y, + 0.001,,,2) *0038
= 1.000 ¥5:003 (A) T30 (intr.) T30 (cond.) 506 (1) To:005 (ms),
B (1.5 GeV) = (0.988 — 0.008, + 0.000,,2) 5057

= 0.980 15 (&) *5 550 (intr.) T5010(cond.) ¥67 (1) T06 (ma),  (3.1)

where we have indicated the orders in mg with subscripts and find good convergence of the
expansion. The differences in the leading terms with respect to the results for By mixing
obtained in [15] arise because the logarithms Ly are replaced by Lz +m, Which we do not
expand in mg/A.

The results (3.1) are then evolved to the matching scale p,, = () where they are
converted to QCD Bag parameters Bp) using (2.14). We do not consider the effects of a

non-zero strange-quark mass in the QCD-HQET matching. The matching corrections are

~10 -



of the order ag(my(mp)) /™ x Ts(Mp) /(M) ~ 0.001 and therefore subleading compared
to the linear terms as(u,)/m x Ms(p,)/ (A + ms(pp)) ~ 0.019 and even the quadratic
terms avs(p1p) /7 X [Mis(p1p) /(A + Ms(p1,))]? ~ 0.003 in the sum rule. We do not include
this uncertainty as a separate contribution in our error analysis since it is covered by
the conservative variation of the input value for mg. Lastly, we convert the QCD Bag
parameters to the usual convention which we denoted as ESQ in (2.5). We find

(M (M) = 0.85810:025 = (0.870 — 0.015,,, + 0.002,,,2) £0 035 (SR) £
(T (7715)) = 0.85470:07 = (0.857 — 0.005,,, + 0.002,,,2) 70036 (SR) T
By, (my(m)) = 0.90770:152 = (0.880 + 0.027p,, + 0.000,,,2) 70135 (SR) T
(M (M) = 1.03970:023 = (1.043 — 0.004,,, + 0.001,,,2) T0 031 (SR) £
(M (M) = = ( ) 0,025 (SR) G

050+0 .081

0081 = (1.058 — 0.007,, + 0.000,,2

where we have included the uncertainty from variation of s in the sum rule (SR) error
and M denotes the uncertainty from the QCD-HQET matching. We compare our results
to other determinations from lattice simulations [10-12] and sum rules [13] and the FLAG
averages [18] in figure 4 and find very good agreement overall with similar uncertainties. We
observe that the FNAL/MILC’16 value for By, is larger than all the other results — with
respect to our value the difference corresponds to 1.1 sigma. We note that FNAL/MILC’16
determined the combination f%SEQl and extracted the Bag parameter using the 2016 PDG
average for the decay constant. They are currently working on a direct determination and,
since their recent result [42] for fp, is larger than the PDG value used in [12], we expect
the Bag parameter to go down. On the other hand our Bag parameters for Q45 are in
good agreement with FNAL/MILC’16, while there is a tension of more than two sigmas
with respect to the results of ETM’14. Similar tensions have been observed in the Kaon
system [43] where it was conjectured that a difference in intermediate renormalization
schemes might be responsible. We also consider the ratios Egld = ESQ L /Eé , of the Bag
parameters in the B? and BS system where a large part of the uncertainties cancel

By (i (7)) = 0.9873007 = (1.001 — 0.017,,, + 0.003,,2) 73007 (SR) 992 (M),
By My (M) = 1.01373.989 = (1.017 — 0.006,, + 0.002,,,2) 73009 (SR) 392 (M),
By, () = 1108505 = (1076 + 0.033,,, — 0.001,,2) TS0 (SR) FH907 (M),
By (mp(mp)) = 0,991 = (0.994 — 0.004,5,, + 0.001,,2) 4000 (SR) *0-002 (M),
Egj(m(mb)) = 0.97970:01% = (0.985 — 0.007,,, + 0.000,,2) 0013 (SR) 005 (M) (3.3)

The leading terms in the mg-expansion differ from unity because we do not expand the
logarithms Lz, -~ in ms /A. Compared to the absolute Bag parameters we reduce the
intrinsic sum rule error to 0.005, the condensate error to 0.002 and the uncertainty due
to power corrections to 0.002 since the respective uncertainties cancel to a large extend in
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Figure 4. Comparison of Bag parameters relevant for B, mixing. The dark gray regions indicate
the ranges spanned only by the sum rule error whereas the light gray regions correspond to the
total uncertainties. The sum rule value GKMP’16 corresponds to the result [13] for the B, system
with an uncertainty of +0.02 for the m, effects added in quadrature as suggested by the authors
in [14].

—o— This work /= This work
- RBC/UKQCD'18 — RBC/UKQCD'18
F———— FLAG"9 (2+1) FLAG'19 (2+1)
A GMP'17 A GMP'17
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0.95 1.00 1.05 1.10 115 116 118 120 122 124 126 128 1.30
BG,/ By, ¢

Figure 5. Comparison of the ratios E; § /Fé , and ¢ defined in (3.4) with results from the litera-
ture [11, 12, 14, 17, 18, 45]. On the right side we also show our result obtained using the FLAG
Ny =241 average for the ratio of the decay constants as a hatched band. The GMP’17 [14] value
for ¢ corresponds to eq. (5.9) of that paper where the world average for fp_/fp is used.

the ratios. However, we enhance the intrinsic sum rule and condensate error estimates for
the operator Q3 by a factor of five since the sum rule uncertainties for this operator are
enhanced by large ratios of color factors Aq, ,/Aq; as discussed in [15]. A detailed overview
of the uncertainties is given in appendix A. The ratios (3.3) are in excellent agreement
with the parametric estimates 1 £+ 0.02 from [14, 15] with the exception of Q3 where this
uncertainty should have been enhanced like the other sum rule uncertainties listed above
to account for the large color factors in the QCD-HQET matching relation (2.14) for the
Bag parameter.
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Taking the FLAG [18]® value with Ny = 2+ 1+ 1 for the ratio fp,/fp of the decay
constants of B? and BY we obtain the most precise result to date for the ratio

£= J;BS By = 1.2014+0:095 — 1.2014 + 0.0050 (f BS) 00 (). 64
B /B

where the ratio of decay constants and Bag parameters contributes equally to the error

budget. A comparison with previous results is shown in figure 5. There we also show

how the result changes when the FLAG Ny = 2 4 1 average is used for the ratio of the

decay constants. Unfortunately FNAL/MILC and ETM do not provide values for Ezg/id for
i =2,3,4,5 so we cannot easily compare our results for these ratios.

3.2 B; mixing observables

In this section we present the results of our B mixing analysis. We consider the mass differ-
ences AM; and AMy, the decay rate differences AT'y and ATy, and the ratio AM,/AMy,
of which the latter benefits from a reduced uncertainty due to the cancellation of CKM fac-
tors and hadronic effects. For the bottom-quark mass we studied the MS, PS [46], 1S [47]
and the kinetic [48] mass schemes and found good agreement (see [15] for a more detailed
discussion) - below we just quote the result in the PS scheme. We choose as our CKM
parameter inputs the results of CKMfitter2018 [49] and collect these along with our other
numerical inputs in appendix A. For the non-perturbative input we use our SR determina-
tion of the Bag parameters (eq. (3.2) and eq. (3.3)) together with the lattice decay constants
(Ny=2+141) from [18] (dominated by HPQCD’17 [44] and FNAL/MILC’17 [42]).

Comparing our findings for AM; we see an excellent agreement with the experimental
measurement [2]:

AME® = (17.757 4 0.021) ps~ !,
AMSR = (18.5712) ps™*
= (18.5 + 1.1 (had.) £ 0.1 (scale) "3 (param.)) ps~*. (3.5)

We note that the update to our CKM input gives rise to an increase in AMS® from the
value presented in [15], despite the inclusion of mg-corrections which reduce the size of our
hadronic input. Using instead the non-perturbative input purely from lattice determina-
tions (FLAG 2019 [18], which is almost identical to the result in [12]), we get a consid-
erably higher SM prediction for AM,: AMMt = (20.3%]3)ps™' = (20.3 + 1.3 (had.) £
0.1 (scale) ™93 (param.)) ps—!, being about 1.5 standard deviations above the experiment.
Due to updated CKM inputs this number is slightly larger than the one quoted in eq. (1.3).
Averaging the SR and the lattice results, we get a further reduction of the uncertainties:
AMAY = (19.4719) ps™! = (19.4 4 0.9 (had.) 4 0.1 (scale) ™93 (param.)) ps~.
We also find perfect agreement between our result for AT’y and experiment [2]:

AT®P = (0.088 £ 0.006) ps 1,
AT = (00917555 ps ™!
= (0.091 £ 0.020 (had.) ") 057 (scale)t5-002 (param.)) ps™*. (3.6)

3The average is dominated by the HPQCD’17 [44] and FNAL/MILC’17 [42] results.
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Recent measurements [50, 51| that are not yet contained in the average [2] yield sig-
nificantly smaller values for AI's which are however still in the one-sigma range of
our prediction. The theoretical prediction for the decay rate difference includes NLO
QCD [52-55] and 1/my [56, 57] corrections. The latter depend on matrix elements
of dimension-seven operators which are currently only known in the vacuum satura-
tion approximation, which results in uncertainties of approximately 25-30%. The siz-
able scale uncertainty can be reduced with a NNLO computation of the HQE match-
ing coefficients - first steps towards this have recently been performed in [58]. Us-
ing instead the non-perturbative input from lattice [18], we again get higher values
ATLt = (0.10270:923) ps~! = (0.102 + 0.020 (had.) T5003) (scale) 0002 (param.))ps~'. Due
to the larger uncertainties this prediction overlaps at 1 sigma with experiment. Combin-
ing the the sum rule result with the lattice result we get ATAV: = (0.097f8:8§%) ps! =
(0.097 £ 0.020 (had.) 3599 (scale)T0-0%2 (param.)) ps~—'. Here the accuracy of the average
does not improve, because the uncertainty is dominated by the unknown matrix elements
of dimension seven operators and scale variation.

Due to new CKM inputs (compared to the By analysis in [15]), we are also updating
our results for By mixing observables:*

AMS? = (0.5064 £ 0.0019) ps~*,
AMG™ = (0.5475503) ps ™!

= (0.54775 553 (had ) F05,; (scale) ¥ 535 (param.)) ps~, (3.7)

ATGP = (1.3 £6.6) - 10 ps™ !,
ATER = (2.6755) . 1073 ps™!
= (2.6 £ 0.6 (had.) ™03 (scale)*0 (param.)) - 10 2 ps~*, (3.8)

where at present only an experimental upper bound on AI';™ is available. The SM value
of the mass difference agrees with experiment at the 1 sigma level. Figure 6 (left panel)
shows the comparison of the measurements of AI'y and AM; with the corresponding theory
predictions: in blue the 1 sigma region of our sum rule values, in the red the purely lattice
results and in black the average of both. The right panel shows the same comparison for
the By system. All in all the sum rule values agree well with experiment, while the pure
lattice results show a 1.5 sigma deviation for the mass differences - leading to very strong
bounds on BSM models that try to explain the flavour anomalies.

Finally, for the ratio of the mass differences we also find our results to be consistent
(within about 1.3 standard deviations) with the measured value:

AM,
<A 4) = 0.0285 % 0.0001,
MS exp
AMd =0 0297+0.0006 =0 0297+0.0004 (h d )+0.0005 ( ) (3 9)
AM =Y —0.0009 = V- —0.0003 \11ad-)_0.0p08 \CXP-)- :
s/ SR
“The corresponding lattice result reads AMy*" = (0.59670 023) ps~* (about 1.4 sigma above experiment)
and the average over SR and lattice is AMZV = (0.56575-934) ps~! .
®The corresponding lattice result reads AT5 = (3.0797) - 10® ps~! and the average over SR and

lattice is AT'}Y = (2.715:8) - 1073 ps™'.
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Figure 6. Our predictions (blue) for the mass and decay rate difference in the By (left) and By
(right) systems are compared to the current experimental averages and the predictions (red) based
on the latest lattice averages from FLAG [18] for f%qEqQI and the FNAL/MILC’16 [12] results for
f%qEqu with ¢ # 1 and (Rp). The weighted average over the sum rule and lattice results is shown
in black. We indicate the updated Run 1 and Run 2 combinations for ATy presented by LHCD [50]
and ATLAS [51] at Moriond EW 2019 by shaded gray regions.

Due to our new value for £ we get a theoretical precision of about 3% for the ratio of mass
differences in the By and B, systems, which poses severe constraints on BSM models, that
modify neutral B meson mixing. The uncertainty is now dominated by the CKM factors.
Using lattice inputs one gets a slightly less precise value (AMy/AM;)pat. = 0.0295f8:88%g =
0.02951 00008 (had.) ™0 5003 (exp.), which can be combined with the sum rule result to obtain

(AMy/ADL) , — 0.029703098 — 0029709002 (had. ) 00002 (xp).

3.3 Determination of the CKM elements |Vi4| and |Vis|

We also can use the measured values of the mass differences, together with our bag param-
eter, the lattice results for the decay constant (Ny =2+ 1+ 1 from [18, 42, 44]) and the
value of the CKM element Vj, (from [49]) to determine |Vi4| and |Vis|

[Vislgp = (40.74%130) - 1077
= (40.747125 (had.) 5% (1) £ 0.05 (param.)) - 1073,
Vidlgg = (8.367035) - 1072
= (8.3670:28 (had.) 392 (1) 4 0.02 (param.)) - 1072. (3.10)

These direct determinations overlap with the determinations based on CKM unitarity [49]
(see [59] for similar results) but they are a little less precise:

’%S|CKMﬁtter = (41691—(1](2)5) ’ 10_3

Vidlcxmgiveer = (8-71050:950) - 1072 (3.11)
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We note that the results of the full CKM fit include data on B mixing and are therefore
not completely independent. Thus, it is also interesting to compare to the results of the fit
where only tree-level processes are considered. A discrepancy here would be a hint towards
new physics in loop processes. The CKMfitter results are

|Vis|crmtitter, tree = (41.637032) - 1072

‘V;fd’CKMﬁtter, tree (908t8421§) : 10_3 . (3'12)

While there is good agreement for |Vis| the value of |Vy4| differs from our result by about
1.4 sigma. The value of the ratio |V;4/V;s| can be determined more precisely based on the
exact relation
AMy
AM,

Via

Vis

> 1 Mg,

£ Mp,

(3.13)

Using our value of ¢ from eq. (3.4) we can present here the most precise determination
of |Via/Vis:

Via/Vislsg = 0.204570:0012 — 0.2045+3:991 (had.) +0.0004 (exp.), (3.14)

which is compatible with the values obtained by the FNAL/MILC [12] and RBC-
UKQCD [17] collaborations
Via/Vis| = 0.2052 + 0.0033 [FNAL/MILC’16],

(3.15)
Via/Vis| = 0.2018+5-5029 [RBC-UKQCD’18].

These values are all somewhat smaller than the expectation from CKM unitarity taken
from CKMfitter [49] and UTfit [59]

Via/Vis| = 0.20887T0-00%0 [CKMfitter] , (5.16)
Via/Vis| = 0.211 £ 0.003 [UTfit] .
Compared to the CKMfitter result
Via/Vis| = 0.2186 750030 [CKMfitter, tree], (3.17)

from the fit to tree-level processes our value (3.14) is smaller by about 2.3 standard de-
viations. Thus, an improved determination of |Viy| and |Viq/Vis| from tree-level processes
might provide an interesting hint towards new physics in the By system. Similar consider-
ations have recently led to claims about an emerging A M, anomaly [60].

An overview of the various results is presented in figure 7, where the overlap of the one-
sigma regions for |Vi4|, |Vis| and |Viq/Vis| is indicated by the shaded regions. Our results
provide an important input for future CKM unitarity fits and can be used to extract the
angle v in the unitarity triangle from the linear dependency between ¢ and the CKM angle
~ observed in [61].
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Figure 7. Comparison of our constraints on the CKM parameters |Vi4| and |V;,| with other works
based on B mixing [12, 17] (solid boundaries) and unitarity [49, 59] (dashed boundaries). Since
the full CKM fit includes the mass differences we also show the tree-level fit from CKMfitter [49]
(dotted boundaries).

3.4 Determination of the top-quark MS mass

The parametric error from the top-quark mass currently dominates the uncertainty in the
determination of the stability or meta-stability of the electroweak vacuum [62]. Direct mea-
surements quote very precise values mMC = (173.0 = 0.4) GeV for the top quark mass [37],
but these results correspond to so-called Monte-Carlo (MC) masses and not the top-quark
pole mass. One therefore needs to account for additional uncertainties from the scheme
conversion [63] when these values are used for phenomenological predictions. Alternatively
one can determine the top-quark mass by fitting observables like the total top-pair produc-
tion cross section which can be predicted in terms of the top-quark mass in a well-defined
scheme like MS. Similarly, we can use the mass differences AM, for a theoretically clean
determination of 7 (m;). Using the CKMfitter values for V;4 and V;s as input we obtain

my(my) = (15813) GeV = (15877 (had.) 9 (1) 19 (param.)) GeV, from AM;, (3.18)
() = (15519) GeV = (15510 (had.)*0 (1) 78 (param.)) GeV,  from AM,.
Combining both results we find
my () = (15718) GeV = (15777 (had.) ™ (u)*] (param.)) GeV, (3.19)

where we have averaged over the hadronic and scale uncertainties, which are correlated,
and treated the parametric uncertainties, which are dominated either by V4 or Vi, as
independent. This is in good agreement with the PDG average [37]

my () = (16073) GeV, (3.20)
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of MS mass determinations from cross section measurements with our uncertainty being
about 50% larger. A very precise measurement of the top-quark PS or MS mass with a
total uncertainty of about 50 MeV is possible at a future lepton collider running at the top
threshold [64-66].

3.5 B(Bg— ptu7)

The branching ratio Br(B, — [*17) is strongly suppressed in the SM and theoretically
clean. Thus, it provides a very sensitive probe for new physics. At present it has been
computed at NNLO QCD plus NLO EW [67] and the dominant uncertainties are para-
metric, stemming from the decay constant and the CKM parameters. Both uncertainties
cancel out of the ratio [68]

Br(B, — IT17)  3GEMgmirgy L AmE [Ca)l? (321)
AM, s M3, So(z)ip B, (1) '

which in turn receives its dominant uncertainty from the Bag parameter Equ. Using

our result (3.3) and including the power-enhanced QED corrections determined in [69] we
predict the branching ratio by multiplying (3.21) with the measured mass differences

Br(BY — ptp )sm = (3.557030) - 1077,
Br(BY — ptp )sm = (9.407028) - 1071

Br(Bg — pp”)
Br(BY — ptp~)

) = 0.0265 = 0.0003 = 0.0265 = 0.0002 (Eﬁf) + 0.0002(exp) ,
SM

(3.22)

where the uncertainties for the branching ratios are completely dominated by the error
from Equ. The result for B — p+p~ is in good agreement with the current experimental
average [2]

Br(BY =yt )exp = (3.1 £0.7) - 1077, (3.23)

while the latest measurements only provide upper bounds at 95% confidence level for
By —
d 7T HH

11-10710, (CMS [70])
Br(BY = u 1 exp < $3.4-10710,  (LHCb [71]), (3.24)
2.1-10710, (ATLAS [72]).

We compare our prediction (3.22) to the direct predictions from [42, 67, 69] which depend
on the decay constants and CKM elements |V},|, the prediction [12] from the ratios Br(B, —
IT17)/AM, and the experimental average (3.23) in figure 8. The shaded regions correspond
to the overlap of the one-sigma regions for Br(B? — putu™), Br(BY — ptp~) and Br(B) —
ptp)/Br(BY — utp~) where they were provided. We find good consistency among the
various predictions with similar uncertainties for both approaches and good agreement with
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Figure 8. We compare our prediction for the branching ratios Blr(BfIJ — putp”) with ¢ = s,d
to other predictions using either the decay constants [42, 67, 69] (dashed boundaries) or the Bag
parameter Equ [12] (solid boundaries) as input. The experimental average for Br(BY — utu~) is
indicated by the region with the dotted boundary.

experiment whose uncertainty currently exceeds the theoretical one by a factor of about
3-4 in Br(BY — ptu~).
For completeness we provide our predictions for the branching ratios to electrons

Br(B? — ete )sm = (8.377053) - 10714 (3.25)

Br(BY — ete )sm = (2.227013) - 10719

<Br(Bg —ete)

—s/d
— 0.0265 - 0.0003 = 0.0265 =+ 0.0002 (B%) + 0.0002
Br(Bg—>e+e))SM 0.0265 + 0.0003 = 0.0265 = 0.000 ( Q1> 0.0002(exp) ,

and tau leptons
Br(B? — 7777 )sm = (7.5875:39) - 1077, (3.26)
Br(B) — 7777 )em = (1.987073) - 1078,

) — 0.0262 = 0.0003 = 0.0262 + 0.0002 (E‘Zﬁ) +0.0002(exp) .
SM

Br(Bg — 7))
Br(B? — 7t77)

4 Conclusions

We have presented in this paper a HQET sum rule determination of the five AB = 2 Bag
parameters describing Bg-mixing in the SM and beyond. For that we had to determine
ms and m? corrections to the three-point correlator at the 3-loop level. In particular we
obtain the most precise values for the ratios of Bag parameters in the B; and B, system.
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Combing this result with the most recent lattice results for fp, /fg, [18, 42, 44] we obtain
the world’s most precise value for the ratio

_ B, [5s/d 0.0065
€= T \/BQI = 1.20141500% , (4.1)

which represents a reduction of the uncertainty by more than a factor of two compared to
the latest lattice results [12, 17]. Our results enable a rich phenomenology: we get updated
SM predictions for the mixing observables A M and ATy, which are in agreement with the
experimental values. In particular we do not confirm the large values for A M, obtained with
the non-perturbative values from FNAL/MILC [12], which led to severe bounds on BSM
models. If Vi, and AM, are used as inputs, we can precisely determine the CKM elements
|Vid| and |Vis| and we obtain the world’s most precise determination of the ratio |Viq/Vis|.

Using all CKM elements as inputs we get constraints on the values of the top quark MS
mass which are compatible with direct collider determinations. Finally our results lead
also to precise SM predictions for the branching ratios of the rare decays By — Il.

In future a still higher precision of our HEQT sum rule results can be obtained by
the calculation of the HQET-QCD matching at NNLO (first steps in that direction have
been performed in [16]). Another line of improvement could be the determination of 1/my-
corrections to the HQET limit. The computation of mg corrections to the Bag parameters
of AF = 0 four-quark operators would enable an update of the predictions for the lifetime
ratios 7(Bs)/7(B%) [15] and 7(DF)/7(D) [73]. Finally a cross-check of our HQET sum
results for mixing and lifetimes with modern lattice techniques would be very desirable.
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A Inputs and detailed overview of uncertainties

Parameter Value Source

7y, (77 ) (4.20375:036) GeV [74, 75

mpS(2 GeV) (4.53210:035) GeV [74, 75

me(me) (1.279 £ 0.013) GeV [76]

mpere (173.0 £ 0.4) GeV [37]

as(Mz) 0.1181 £+ 0.0011 [37]

Vs 0.22474570 000523 [49]

Vb 0.00374610 000009 [49]

Vet 0.042407 550115 [49]

v (65.8119-55)° [49]

fB (190.0 £ 1.3) MeV [18]

fB. (230.3 £1.3) MeV [18]

fB./fB 1.209 £ 0.005 [18]

7(BYH) (1.615 £ 0.009) ps—! [37]

7(BY) (1.520 £ 0.004) ps~—! [37]

Table 1. Input values for parameters.
A intrinsic SR condensates o Mg 1/my L, a;
Bg, | Too0s  +0.018 £0.004  *ooer Togos 0010 TG ook
Bo, | fyti  #0.020 +£0.004 TG Tovor  £0.010 oo Toois
Bo, | Tooss  £0.107 +£0.023 0T ooz 0010 ooy To0ss
Bo, | Tyt 0.021 0011 5ty Thoos 0010 ooz o0
Bo, | Tooia  +0.018 £0.009  *ooor  Tooos  +0.010  FOUEr oo
Table 2. Individual errors for the Bag parameters in the B, system.

A intrinsic SR condensates Lo Mg 1/my Lo, a;
By, | 1080 +0005 +£0.002  Tgtos  Tooos  +£0.002 Fooag  Foono
Byl | 1008 +0.005 £0.002  T0g0s  Tooos  +£0.002 Fooao  Toono
By, | 108 002 +0.010 TS Toos 0002 ToUos oo
By, | 100 +0.005 £0.002  Tgges  Tooos  +0.002 Fgohg oono
Bor | 008 +0.005 £0.002 5o Tooos 0002 506 o0

Table 3. Individual errors for the ratio of Bag parameters in the By and By system.
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AMSM [ps™1]  ATES [ps™!]  AMSM [ps71]  ATSM [10~3ps~1]
By, +1.1 +0.005 +0.031 o
By, +0.0 To-ohs +0.000 o
Bf, +0.0 +0.004 £0.000 +0.10
BY, +0.0 +0.000 40.000 +0.01
B, +0.0 +0.000 +0.000 +0.01
Bh, +0.0 +£0.018 -£0.000 +£0.53
BY, +0.0 +0.000 +0.000 +0.00
B, +0.0 40.000 +0.000 +0.01
fn, +0.2 +0.001 ooos +0.04
11 +0.0 o008 +0.000 Bt
Iz +0.1 .08 0002 .08
my, +0.0 +0-000 +0.000 M
me +0.0 +0.001 +0.000 +0.02
s +0.0 +0.000 +0.001 +0.01
crv | e R e

Table 4. Individual errors for the B; and By mixing observables.
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