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1 Introduction

For non-supersymmetric theories there is a plethora of well-known results on the topic of
higher spin conserved currents [1-10] and higher spin cubic interactions [11-16]. Recently
some of these results have been extended to supersymmetric theories. In a series of pa-
pers [17-24] a variety of supersymmetric, higher spin, currents have been constructed for
miscellaneous matter and higher spin supermultiplets while the corresponding cubic inter-
actions between matter and higher spin supermultiplets or between higher spin and higher
spin supermultiplets have been discussed.

In most of these considerations, the multiplet of supercurrents were found by solv-
ing the appropriate conservation equations. However, for [18, 21] the foundation of the
construction was the discovery of a linear non-trivial consistent, first order, higher spin
transformation of matter superfields. Specifically, it was shown that the most general linear
transformation of matter superfields, which is non-trivial and consistent with the various
constraints of matter supermultiplets (chiral, or complex linear) is parametrized by terms
that match the gauge symmetry of free, massless, half-integer superspin [Y = s + 1/2]
supermultiplets (s + 1, s 4+ 1/2). The application of Noether’s method to this kind of
deformation lead us to the construction of higher spin supercurrents and higher spin su-
pertraces which generate the cubic interactions of the various matter supermultiplets with
the half-integer superspin supermultiplets. The construction is reminiscent of the way that
linearized superdiffeorphisms lead to the construction of the supergravity supercurrent
and supertrace of matter supermultiplets. Nevertheless, the absence of integer superspin
Y = s] supermultiplets (s + 1/2, s) from the above consideration was intriguing.



The purpose of this work is to find appropriate higher spin deformations of the mat-
ter superfields that lead via Noether’s method to the construction of integer superspin
supercurrents and generate the cubic interactions with free, massless integer superspin
supermultiplets. We find that there exist non-trivial, antilinear transformations' of the
matter superfields that will generate these interactions. Specifically, we write the most
general antilinear transformation for a chiral superfield, demand it to be non-trivial and
compatible with the chiral constraint. The result is that parameters of the transformation
have the same structure with the gauge symmetry of free, massless integer superspin su-
permultiplets. That means by performing Noether’s method, we can construct the integer
superspin supercurrent multiplet (includes the supercurrent Ja(s)a(s—1) and the supertrace
Ta(s—1)a(s—1)) and generate the cubic interactions between the free, massless chiral super-
field and the integer superspin supermultiplets (s + 1/2,s). The results are extended to
the case of a free, massive chiral and a free chiral with linear superpotential.

It is known that any N = 1 supersymmetric matter theory can be consistently coupled
to supergravity with the help of the gravitational superfield. For that case the calculation of
the conserved supercurrent is straightforward. One has to take the functional derivative of
the interacting action with respect the gravitational superfield (see e.g. [25, 26]). However,
this procedure is not applicable for higher spin theory because we do not know the fully
interacting theory at present. The only alternative option we have is to follow Noether’s
method in order to construct directly the higher spin supercurrent multiplet of the theory.

The paper is organized as follows. Section 2 reviews the philosophy and the details
of Noether’s method as well as it provides to the non-expert reader the essentials for the
description of 4D, N = 1 arbitrary integer superspin supermultiplets for both the Poincaré
and conformal cases. In section 3, we consider first order transformations (in the spirit of
Noether’s method) of the chiral superfield which are antilinear and demonstrate the fixing
of their parameters by requiring them to be consistent with the chiral constraint of the
superfield and non-trivial. Sections 4 and 5 consider the case of a single, free, massless
chiral superfield and derive the conformal and Poincaré supercurrents respectively using
the deformations of section 3. In section 6, we extend this results for the two case of a free,
massive chiral superfield and a free chiral with linear superpotential. In the last section 7,
we discuss and summarize our results.

2 Gauge invariant interacting theories of matter with gauge fields

It is a fact of physics that a manifestly Lorentz invariant and local description of massless
degrees of freedom with spin greater than 1/2 requires the identification of various field
configurations (gauge symmetries). As we transition perturbatively from free theories to
interacting ones, the notion of this identification has to be re-examined in every step. This
can be done systematically by expanding the action S[¢, h] and the transformation of all

YA map f:V — W from one complex vector space V to another W is called antilinear if f(au + bv) =
a”* f(u) + b" f(v) where a, b are complex numbers and u, v are elements of V. This is equivalent to a linear
map from V to the complex conjugate vector space W. The transformations we consider have this property,
they are linear in the complex conjugate of the superfield.



fields in a power series of a coupling constant g.

5¢ = 0+ ghrdp+ g0+ ...,
Oh = 50h+g51h+9252h+ .

In the above expressions we consider the interaction of a set of matter fields represented
by ¢ with a set of gauge fields represented by h. Matter fields do not have a zeroth order
gauge transformation (dg¢p = 0), whereas gauge fields do (dph # 0). The terms S;[¢p, h]
correspond to interaction terms of order ¢ + 2 in the number of fields and §; is the part of
transformation with terms of order ¢ in the number of fields. The invariance of the theory
under these transformations can be studied iteratively, order by order. For cubic order
terms S1[¢, h] we get

550 58 B
/{w 16+ 2L 5oh} ~0. (2.4)

The above expression is a symbolic one. There are a number of hidden summations over
‘repeated fields’® which are suppressed and represented by the integral sign. This invariance
condition (up to cubic terms) makes very clear the importance of the first order correction
in the transformation of the matter fields, §1¢. The starting action Sy is known and the
zeroth order transformations of gauge fields are also known. Hence, in order to find a
consistent set of non-trivial cubic interactions Si[¢, h] we must find a non-trivial d1¢. In
this consideration, trivial interactions and trivial transformations are the ones that can be
absorbed by an appropriate redefinition of the fields or in other words they vanish under
the consideration of the equations of motion.

Cubic interactions of a matter theory with gauge fields can be written in the form jh
where j is a current constructed out of the matter fields which plays the role of the source.
For these types of interactions, condition (2.4) takes the form

/{550 510+ j 60h} =0 (2.5)

0¢
from which one can recover the conservation law of the current j by using the equations of
motion (up to the appropriate order, for this case it is % = 0) and the structure of the

gauge transformation of h (dph = ON).

In recent papers [18, 21], this approach has been used in order to construct conserved,
higher spin supercurrents for the chiral (®, D4® = 0) and complex linear (X, D’y = 0) su-
permultiplets. In these papers we considered the most general, non-trivial, first order trans-
formations 61 ®, §;X which depend linearly on ® and X respectively. These transformations
are a higher spin extension of linearized superdiffeomorphism and like superdiffeomorphism

generate interactions to supergravity supermultiplet (2,3/2), they generate interactions to

2There is a summation over hidden external indices that count the number of matter and gauge fields,
there is a summation over the hidden spacetime indices of the gauge fields and an integration over the
spacetime coordinates.



arbitrary higher spin supermultiplets of type (s+1, s+ 1/2) (called half-integer superspin
supermultiplets) for any non-negative integer s.

In this work, we explore the possibility of non-trivial, first order transformations that
depend antilinearly on the matter superfield. In the following sections we will find that such
transformations do exist and generate interactions to arbitrary higher spin supermultiplets
of type (s + 1/2, s) (called integer superspin supermultiplets). We briefly remind the
non-expert reader that the superspace Lagrangian description of free, massless, super-
Poincaré, arbitrary high (s > 2), integer superspin supermultiplet involves a fermionic
superfield W, 5)4(s—1) and a real bosonic superfield V,(;_1)4(s—1) With the following zeroth
order gauge transformations

1 -
2
00¥a(s)a(s—1) = ~D " Lo(s)a(s—1) + G- Dia,_ 1 Aa(s)a(s—2)) » (2.6a)

60Va(s—1)a(s—1) = D*La(s)a(s—1) + D La(s—1)a(s) - (2.6b)

Off-shell, this supermultiplet carries 8s2 + 8s + 4 bosonic and equal number of fermionic
degrees for freedom.® The physical* (propagating) degrees of freedom are described by a
field strength® superfield Wa(2s)

~ 2 Qg Qg &
Wa(2s) ~ D D( (90%_1 s 180428_2 T2 8%“ 1‘1’04(5)6!(371) . (27)

Q2s

The super-field strength is chiral (D BWQ(QS) = 0) and on-shell satisfies the following equa-
tion of motion:

D Wga2s—1) = 0. (2.8)

There is also a super-conformal integer superspin supermultiplet. Its Lagrangian descrip-
tion is given in terms of the super-field strength W, (24). Similarly with the super-Poincaré
case, the super-field strength can be expressed in terms of a prepotential W g)4(s—1) (as
in (2.7)) whose gauge transformation saturates the maximum symmetry group of Wy

1 1
0¥a(s)a(s-1) = 7 DasZa(s—1)ats-1) + Go1 D, Aa(s)a(s—2)) - (2.9)

As is demonstrated in (2.5) the conservation law of the current (multiplet) is determined
by the gauge transformation of the gauge fields. Similarly, one can use (2.6a) and (2.9) to
extract the corresponding superspace conservation equations:

. , 1 s —
Poincaré: Dzja(s)d(s—l) = o D(asn(s—l))d(s—l) ) D 1*704(5)0'4(8—1) =0,
Conformal: D™ J,(s)a(s—1) =0 Dasflja(s)a(s—n =0 .

3A detailed counting of the off-shell degrees of freedom can be found in [36-38, 40].

4The on-shell degrees of freedom are the 2 helicities of spin j = s + 1/2 and the two helicities of spin
j =s.

5This is the simplest gauge invariant object that does not vanish on-shell.



These are the superspace conservation equations for the integer superspin supercurrent
Ja(s)a(s—1) and supertrace 7;(571))01(371),6 for the super-Poincaré and the super-conformal
cases respectively.

For a detailed review of free, massless, supersymmetric higher spins we refer the reader
to the following. The first Lagrangian description of supersymmetric, massless, higher spins
in 4D Minkowski space was done in [27, 28], using components with on-shell supersymme-
try. A natural approach to the off-shell formulation is to use the superspace and superfield
methods (see e.g. [25, 26]). A superfield description of free supersymmetric massless, higher
spin theories was presented for the first time in [29-31] for both Minkowski and AdS spaces.
This approach has been further explored in [32-35]. Later studies of free supersymmetric,
massless higher spin supermultiplets include [36—40].

3 Anti-linear transformation of the chiral superfield

Let’s consider a chiral superfield ®. The most general antilinear transformation one can

write is:”

5P = i {Aa(k)d(k-i-l) D
k=0

Dadek s DOél ]jo'él(T>
+Aa(k)a(k) Dadek v Dal Ddlé
+Fa(k+1)d(k) Dak+1D2Dadek T Do”]jdl(i

a(k)d "2 N D. &
+E20H DD, D, . Dy, Da, ) (3.1)

GQ+1

The consistency of this transformation with the chiral condition of ®, D4® = 0 constraints
the parameters of the transformation in the following way:

_ . 1 . .
Cpa(k)a(k+1) a(k)(a(k) §. dkr1) —
D;A T A §801) =0, (3.2a)
D;ARF) =0, (3.2b)
E+1 \ ar)ak+1) S palkrl)alk) _
m A CBle»l =+ DﬁF = 0, (32C)
. _ A 1 . .
a(k+1)a(k+2) ) pa(k+Dak+1l) - palk+l)(a(k) § . dk+1)
A Ciayy + D4 CES] r g0 =0, (3.2d)
A% Oy +DyE=0. (3.2¢)
The solution of the above set of constraints is:
1 o
Aakya(k+1) = ] Dy €atmak) — D lam)ak+1) » (3.3a)
Aamyatk) = D Eayat) (3.3b)
k41 g -
Lakr1)ak) = P ) D€ (k1) (3.3¢)
Eomatk) = —Catmyatk) — D a1 (3.3d)

SThe supertrace is relevant only to the super-Poincare higher spin supermultiplets because their
description requires an additional compensating superfield. For integer superspins this is the real
Va(s—1)a(s—1) superfield.

"We are following the “Superspace” [25] conventions.
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where Ea(k)d(k) and Za(k)d(k +1) are arbitrary, unconstrained superfields. An observation
is that all the Za(k)d(k+1) terms in (3.3a) can be adsorbed by doing a field redefinition

of fa(k)a(;j) (Ea(k)d(k) — Ea(k)d(k) - Dak+1ga(k)d(k+1)). However, because the fa(k)d(k)
and the £,(p)a(k+1) parts of (3.3a) are similar in structure to the terms that appear in
the complex conjugate versions of the conformal (2.9) and Poincaré (2.6a) transforma-
tions respectively, it will be convenient to consider them separately. The significance of
these two cases is related to the fact that conformal integer superspin multiplets have a
bigger gauge symmetry (2.9) than the Poincaré integer superspin multiplets (2.6a). Only
by further constraining the gauge parameter Z,(;_1)4(s—1) of the conformal case down to
Ea(s—1)a(s—1) = D Lg(s—1)a(s—1) one can introduce an appropriate compensating super-
field that will break the conformal symmetry to its Poincaré subgroup. It is interesting that
this mismatch between the corresponding gauge transformations of conformal and Poincaré
higher superspin multiplets appears only for the integer superspin values. In [41] it was
demonstrated that for the matter gravitino supermultiplet [Y = 1] (3/2,1) one can relax
the Poincaré gauge transformation to match the conformal one, by adding another com-
pensating superfield with an algebraic (no derivatives) transformation law. Recently [20]
this mechanism was applied to higher integer superspin supermultiplets. However, this
description is non-economical (requires more superfields than it is necessary) and one can
always use the algebraic nature of the transformation of the additional compensator in
order to remove it. Hence, we will work using the (2.6a) description where the transforma-
tions of the conformal and Poincaré supermultiplets differ. For the half-integer superspin
multiplets the corresponding gauge transformations between conformal and Poincaré cases
are identical. This is can also be seen as the reason why the equivalent analysis for the
cubic interaction of the chiral with the half-integer superspin multiplets [18, 21] gave a
unigue class of consistent transformations for the chiral superfield.

The most encouraging observation is the similarity between the structure of the gauge
parameters that parametrize the transformation of the chiral superfield and the gauge
transformations of the conformal or Poincaré integer superspin supermultiplets. This
is a hint that indeed we can find cubic interactions of the chiral superfield with the
integer superspins.

Therefore, based on the above results we will consider the following two classes of chiral

transformations:
00 1 ) B )
L 5®=) {(k‘+1)' D1 gaMak) Dy D, Dy, - - Doy Day @ (3.4a)
k=0 ’
+D2§_a(k)éz(k) Dadek ... DalDdl‘i)
k+1 - — . _ 9 _ -
s i EEFIGETD) D DDy, Day - - - Day Dy @
_geMa) p2p, b, Ddelcp}
o
2. 5d=3 {DQZQ(’W’““) Déy., Doy Daty - - - Doy Dty @ (3.4D)
k=0

+Dgy,, WD) DD, Dy, Ddel@}



We will demonstrate that the first will generate the conformal integer superspin supercur-
rents and the corresponding interactions with the conformal integer superspin supermul-
tiplets, whereas the second will lead to the Poincaré integer superspin supercurrents and
the interactions of matter with Poincaré integer superspin supermultiplets.

4 Conformal integer superspin supercurrents for free massless chiral

Let’s consider the case of a single, free, massless chiral superfield
So = /dsz PP . (4.1)

Using (3.4a) and the action above, we can follow the steps of Noether’s method, in order
to find the corresponding conserved supercurrents. These type of calculations are done on-
shell (modulo terms which depend on the equations of motion) where the conservation of
the (super)current is revealed. In this case the equation of motion takes the form D’$ = 0,
hence in the variation of the action we can ignore terms that depend on D?®. Notice that
our transformations (3.4a) have a few terms of these type, hence their contribution to the
variation of the action can be immediately ignored. The same conclusion can be reached
by a different argument which is based on the distinction of the various terms that appear
in (3.4a) into two classes. The first one is the class of terms that will generate non-trivial
effects. The second one is the class of terms that have trivial contributions which can
be absorbed by appropriate field redefinitions. The parts of transformations (3.4a) that
depend on D?® fall into the second class. As an example, consider the k£ = 0 part of (3.4a)
(—€+ DJC‘Y)D% and calculate its effect in the transformed action:®

Sy = / 50 + g / [q> (=& + Dal®)D%® + c.c.] | (4.2)
By doing an integration by part this can be written in the following form
Sy = / 50 + g / [D2 (® (—E+Dal™)} &+ c.c.] (4.3)

hence, one can do the following redefinition & — & — gf)2 [(T)(—E—i— Dd@d)] and
completely absorb the second term, up to order ¢g. Similar arguments holds for
all terms of (3.4a) that depend on D’®. Their effect in the variation of the ac-
tion can be counteracted (up to order g) by redefinitions of the type & — & —
g]_D2 {(f Zzio[a(k)Fa(k)d(k) + Do‘k+18(k)Ga(k+1)a(k)]} for arbitrary superfields F, 14 (k) and
Ga(k+1)ak)- These terms are precisely the terms that are dropped by following the “on-
shell” approach, so the two arguments are in complete agreement. With that in mind, we
use (3.4a) to calculate the variation of Sy to be:

> 1 o a & ;
5,50 — QZ/ [(l{:+1)!D( waga®)a0) {(j)ke 9hDa)
k=0

D2 { (o 8(%}} +ec (44)

8Keeping only terms linear in g.



The quantities inside the curly brackets are not uniquely defined because one can consider
improvement terms A,x11)a(k) and Bor)ar) that satisfy:

DAy (e D)a(k) = D2Ba(k)d(k) (up to terms that depend on e.o.m). (4.5)

A general expression for the improvement terms is

k+1 1.
Aa(k+1)ak) = T2 D (a1 Cam))ak) + HD“"“D Ka(k+1)atk—1)) T Xa(k+Dak) >
(4.6a)
1 (0%
Bakyatr) = Cak)ak) T o D@, DU Ko (er Datk—1)) T Yak)ack) (4.6b)

where D**+1.X 1 1)qk) = 0 and DQYa(k)d(k) = 0 modulo terms that depend on D?®.
. . 1 :
The superfield X, (x41)4(x) may include terms like D%+ P((l)€+2)o¢(k) or D P;(llﬂ) *) which
identically satisfy X’s constraint due to the algebra of the covariant spinorial derivatives.
However, it is important to state that there can be non-trivial solutions which do not fit into
this form. An example of this has been demonstrated in [22]. A similar statement holds

true for superfield Y, (z)a(r)- Therefore, equation (4.4) can be written in the following way

55‘):92/[@“)'

where

D(@kt1 gak)alk) Ta(k+1)ak) + D2gak))alk) Ta)ak) | Hec.  (4.7)

k1
Nk k
Tatki1yat) = (—)F® 9WD® + k321 DlenCa®)a)

+k;D( DQ”a(k+1)d(k—1)) + Xa(k+)a(k) » (4.8a)

Tawaty = (00 0@ + ¢ pyam + I D(ak T Kok D)ak—1)) T Ya(k)a(k) -
(4.8b)

Exploiting the freedom of the unconstrained (,(x)q(x) Improvement term we can select it
appropriately such that 7, )ak) = 0. With this ChOlce the variation of Sy reduces to:

=9 Z/ [(k Ty D Tagrnam | e (4.9)
k=0
with
(=) k+1,
Jale+atk) = 7 T2 o 0*FDo — m(—l)k DO 0P + X0 1)a0h)
k+1 1=,
T 2) DlewnYawam T g DD Fawinae-1)
k+1 1 _

“h 2 0rr D Dl D@D Ratau-) (4.10)



The Yo yak) and Kq(r+1)a(k) terms of (4.10) can be absorbed by appropriate redefinition
of Xo(k+1)a(k) (they are consistent with D1 X, 1y4(k) = 0), hence we can simplify the
expression for Jo(x+1)a(k):

—i)" k+1
Ja(k+1)a(k) = Sy oPDe — ——

P i 5 (=) D2 OWe 4+ Xogpnagy - (411)

In order to get consistent interactions with conformal integer superspin supermultiplets
(Vo(s)a(s—1)) We have to consider the full transformation (2.9) and not just a part of it as
it appears in (4.9). However we can write”

= 1 «a a(k))o(k
5,5 :gZ/H T D
k=1

D(dk)\a(k“rl)d(k_l)) } ja(k+1)d(k):| + c.c. (412)

1
k!
if and only if J,(x+1)a(x) has the property D Ja(k+1)ak) = 0, identically. An encouraging
observation towards this direction is that the first term in (4.11) has this property. However,
the last two terms of (4.11) do not comply for generic X,(x41)a(k)- This is reasonable
because both these terms originated from the improvement terms consideration and include

a lot of freedom. Hence, we must choose the improvement term X ;1 1)4(x) appropriately
such that

D X, (kt1)a(k) = 0 (up to D*® terms), (4.13a)

D™ | Xogkr1)agk) — m(—i)k D® a<’f><1>} =0 (identically) . (4.13b)

These two conditions will uniquely fix the improvement term X,xi1)ax)- To find the
explicit expression of X4 1)a(k), let’s consider the ansatz

k
Xa(k+1)d(k) = Z Cp P DY 9P | (4.14)
p=0

Constraints (4.13a) are equivalent to:

p+1
=P p=0.1,... .k 415
Ck—p ki—p—{—le p ( a)
k—p
Ch—p—1 = ¢, p=1,2,..., k=2 4.15b
kp 1 p+1 P p ( )
k(k+1 .
Ck’flzk‘CO_ (]€+2) (—Z)k. (4150)

9Notice that we ignored the k = 0 term, because it does not correspond to higher spin supermultiplets
(k > 1) but to the matter gravitino supermultiplet. Although the analysis will go through even in that
case, for simplicity we will not include it.



It is straightforward to prove that this system of recursive equations has a solution only
for odd valuesof kK (k=20+1, 1=0,1,2,... )

Ck,‘ = COZO’ (416&)
(—i)k k\ (k+1

= — —1)P =1,2,...,0k—1, k=2[+1 . (4.16b

Cp ]C+2( ) D p+1 y D s 4y ) ) + ( )

To complete the procedure and get an invariant action we must add to the starting action
the following cubic interactions term

Sr = —gZ/ g iH42)a2i4H) Ja@142)a(2041) T C-C. (4.17)
=0

where the superfield W, (949)4(2141) has a transformation that is dictated by the curly
brackets of (4.12). This transformation is of the same kind as (2.9) and therefore the
superfield W (2;49)4(21+1) unambiguously describes the conformal integer superspin Y =
2142 (I =0,1,...) supermultiplet. The cubic interaction term is generated by the integer

superspin supercurrent \7a(2l+2)a(21+1)1

. 20+1

i(—1)" 2041\ (20+2 o1

Ja@ira@ien) = 55— >, (1) ( > < )0(7’)D<I> PHIPIg . (4.18)
2043 =0 p p+1

Furthermore, one can check that J,(a42)a(214+1) satisfies the following conservation
equations:

D242 T o oty = 0 Da21+1ja(21+2)d(2l+1) =0 . (4.19)

Expression (4.18) matches the Minkowski superspace limit of the AdS integer superspin
supercurrents constructed in [23]. The above supercurrent is bilinear to the chiral superfield
which describes free massless fields of spin 0 and 1/2. In [42] it was shown that for such
composite objects their proper transformation under conformal symmetry is equivalent to
the conservation equation conditions and the on-shell equations of motion of its building
blocks. Using similar arguments one can confirm that J,2142)a(2141) 18 @ superconformal
primary with weights (1 + QITH, 1+ WTH) which are appropriate in order to make the
cubic interaction (4.17) superconformally invariant. This may feel unexpected because
our starting point, transformations (3.4a), break conformal symmetry because they do
not preserve the superconformal primary property of ®. Nevertheless, the fact that we
can find an improvement term that makes the supertrace to vanish and at the same time
generate a supercurrent with the appropriate conservation equations is a manifestation of
the conformal symmetry of this special case. At the level of the action, the same special
improvement terms that canceled the supertrace, recombined the effect of various terms
in the transformation in such a way in order to generate cubic interactions that respect
conformal symmetry. Obviously, this is not a general feature and highly depends on the
properties of the starting action. In this case, Sy has conformal symmetry, and for that
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reason we were able to reach the minimal supercurrent multiplet'® which resulted to a
higher spin supercurrent which satisfies the correct conservation equations in order to be
superconformally primary and thus restoring the conformal symmetry.

5 Poincaré integer superspin supercurrents for free massless chiral

Now, let’s consider the effects of (3.4b) on the single, free, massless chiral action (4.1).
We get:

k=0

As mentioned previously, the term inside the curly bracket has the property
D {(—i)ko 3(k)D<I>}:0, hence we can rewrite (5.1)

© . 1 — (o Glk—
5450 :gz/ H D2gelk+1)ak) 4 o Dk ya(k+1)a(k-1)) } Ta(k+1)a(k) ] +cc (5.2)
k=1 '

where
Jatkra( = ()@ 0F DO . (5.3)

Following Noether’s method we find that this supercurrent generates the following cubic
interactions between free massless chiral supermultiplet and the Poincaré integer superspin
supermultiplet

Sp = —QZ/ AT 7 as1) +cc (5.4)
s=2

In contrast with the previous conformal case, the supercurrent (and the cubic interaction)
is defined for every positive integer s and not just for the even values. Furthermore, one
can prove that J,(s)a(s—1) satisfy the following conservation equations:

D2Tns)a(s—1) =0 » D To(wa(s1) =0 (5.5)

and crucially D% 7, 5)4(s—1) # 0, thus it can not be a primary superfield and it is not
related with conformal supercurrent.

6 Integer superspin supercurrent multiplet beyond free, massless, chiral

In [22] we investigated the construction of half-integer superspin supercurrent multiplet for
a general class of non-linear sigma models of a single chiral superfields, parametrized by an
arbitrary Kihler potential C(®, ®) and a chiral superpotential W(®). The result was that
besides the free, massless case, the arbitrary half-integer superspin supercurrent multiplets

10This terminology was introduced in [43] and we have used in [18, 21] in order to emphasize that these
are special cases.
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exist only for K(®,®) = ®® with W(®) = f® or W(®) = m®?, which is consistent with
the expectations coming from [45-47]. Therefore, it will be interesting to investigate the
existence of arbitrary integer superspin supercurrents for the cases of a free chiral with a
linear superpotential or a free massive chiral superfield.

In both cases there is a dimension-full parameter, therefore only the super-Poincaré
higher spin supermultiplet is relevant. The general cubic interaction of the chiral with the
Poincaré integer superspin supermultiplet Y = s (2.6a) has the form

. 1 .
Si = / dsz[w““)a(s—” Tatsyats—1) + 5 VD T sy | +ee (6.1)

where J,(s)a(s—1) 18 the arbitrary integer superspin supercurrent and 7q(s—1)a(s—1) is the

11

arbitrary integer superspin supertrace.* Due to the gauge symmetries (2.6a) the super-

current and the supertrace have to respect the following:

1
2
D*Ja(s)a(s—1) = Sl Do, Ta(s—1)a(s—1) (6.2a)
D™ Tu(s)a(s—1) = 0 (6.2b)

where Ty (s—1)a(s—1) is real. In previous section, we demonstrated that for the free, massless
chiral case the supertrace vanishes. However if we go beyond that, it is reasonable to expect
corrections proportional to the dimension-full parameter that controls the added terms.

6.1 Free chiral with linear superpotential

Let’s consider the addition of a linear superpotential term in (4.1) controlled by a complex
parameter f:

Sp = /d% PP + f /dGZCI) + f* /d6z<i>. (6.3)

It is straightforward to show that in this case the supercurrent and supertrace are:
Ta@as—1 = (~)"V2 9"VDS (6.42)
Tots a1y = (=)D oD 4 (i) f 9t~V (6.4b)

The supercurrent does not acquire any modifications and remains the same as in the
massless case (5.3). The supercurrent and supertrace can be defined for any (s > 2) value
of the integer s.

HThe term supertrace originates from the cubic interaction of matter supermultiplets with the compen-
sator of Poincaré supergravity (see [26]). We have been using the same terminology for the higher spin
version of this type of interactions, meaning the interactions with the compensator of the Poincaré half-
integer superspin supermultiplet. For the case of integer superspin supermultiplets, we will continue to use
it in the same spirit. The supertrace generates the cubic interactions with the compensator of the Poincaré
integer superspin supermultiplet.
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6.2 Free massive chiral

Let’s consider the addition of a mass term in (4.1)
So = /dsz P +m /d62<l>2 +m /d6z<f>2 (6.5)

with a real mass parameter m. In this case one can show that the integer superspin
supercurrent and supertrace exist only for even values of s (s = 2,4,6,...) and they are:

Ja(@42)a(20+1) = (—1)D @ 9HIDY | (6.6a)
Tanasy = (DD im @ 0PHe — (1)) im & 9*HVS . (6.6b)

7 Summary and discussion

In recent work [18, 21] it has been shown that linear, higher spin transformations of matter
superfields (such as the chiral or the complex linear) exist and are responsible for generating
(by following Noether’s procedure) consistent cubic interactions between matter multiplets
and half integer superspin (Y = s+ 1/2) supermultiplets in terms of half-integer superspin
supercurrents. Following this method we were able to reproduce known supercurrents for a
massless chiral and find new half-integer superspin supercurrents for a massive chiral. An
interesting feature of these new supercurrents was the presence of a selection rule, meaning
they can be defined only for odd values of the parameter s (s = 21+ 1). These results were
later reproduced in [19] following a different approach.

In this work we prove the existence of antilinear, higher spin transformations of the
chiral superfield which via Noether’s method generate consistent cubic interactions between
the chiral and the integer superspin (Y = s) supermultiplets. This is a very interesting
feature because antilinear transformations do not appear frequently in physics. For linear
transformations we have the intuition of linearized superdiffeomorphisms that give rise to
the cubic interactions of the theory to supergravity. However, we do not know an analogue
example for antilinear transformations. Using them, we were able to generate new integer
superspin supercurrents for the massless chiral and extend them to the case of massive chiral
and to the case of a linear superpotential. For some of these theories various selection rules
emerge as well.

In detail, the work and results found in this paper are the following. We considered
the most general, non-trivial, antilinear transformation of a chiral superfield which is con-
sistent with the chiral constraint. In this case non-trivial means that we can not absorb
the transformation by superfield redefinitions. For example, terms of the transformation
that depend on the equations of motion (vanish on-shell) once they are introduced in the
variation of the action can be ignored because they can be removed by trivial superfield
redefinitions. This is equivalent with the usual argument of imposing the on-shell condition
when we calculate the supercurrent. It is important to realize that such terms are necessary
in order for the transformations to be chiral but once they are used in order to calculate the
variation of the action, they correspond to trivial redefinitions and do not contribute to the
generation of non-trivial interactions. Thus they can be ignored from the very beginning.
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In this way we find two classes [(3.4a) and (3.4b)] of effective transformations of this type.
Considering the effects of such transformations on the free massless chiral action we find:

i. Transformation (3.4a) leads to the construction of cubic interactions (4.17) with
the conformal integer superspin supermultiplet Y = s but only for even values of s
(s =2,4,--- = 21+42). The interactions are generated by the integer superspin super-
current Jo(2142)a(2i41) given by (4.18), which satisfies conservation equations (4.19).
This result is consistent with the flat spacetime limit of the results in [23] where
the AdS conformal integer superspin supercurrent was constructed by solving the

conservation equation.

i1. Transformation (3.4b) leads to the construction of cubic interactions (5.4) with the
Poincaré integer superspin supermultiplet ¥ = s for all values of s. The interac-
tions are generated by the supercurrent J,(s)a(s—1) given by (5.3) which satisfies the
Poincaré conservation equations (5.5) but not the conformal conservation equations.
This is a new supercurrent.

Next, we considered matter theories beyond the simple free massless theory. However based
on [22, 45-47] the most general theory we can consider for the construction of higher spin
supercurrents is the free, massless theory with the addition of a superpotential with linear
and quadratic terms. Due to the presence of dimension-full parameters that control these
additional terms, we consider only the extention of the massless Poincaré supercurrent.
The approach here is to add all possible corrections to the previous Poincaré result and
demand the conservation equations (6.2a) on-shell. The results we found are the following

new supercurrents:

i1i. For a free chiral superfield with a linear superpotential, we can construct cubic in-
teractions with the Poincare integer superspin supermultiplet Y = s for all values
of s. The interactions are generated by a supercurrent J(s)4(s—1) and a supertrace
Ta(s—1)a(s—1) given by (6.4a) with conservation equations (6.2a).

1. For a free, massive chiral we find cubic interactions with the Poincaré integer super-
spin supermultiplet Y = s, but only for even values of s (s = 2,4,--- =20+ 2). The
supercurrent and supertrace that generate the interaction are given by (6.6a).

In this work, we considered chiral superfields to represent the matter supermultiplets. How-
ever, similar constructions can be done for complex linear superfields as is demonstrated
n [21]. The fastest and easiest method to extract the corresponding supercurrent multi-
plets for a complex linear superfield is to use the chiral - complex linear duality. Starting
from the supercurrents for the chiral and performing the duality one can get the super-
currents for the complex linear as well as the relative coupling constant which relates the
charge of these two matter multiplets for the interaction with higher superspins (see [21]).
Additionally, it will be useful to comment that for any of the above higher spin supercurrent
multiplets, one can project the corresponding superspace conservation equations to com-
ponents in order to find the usual spacetime conservation equations and the corresponding
higher spin current multiplets. This has been illustrated in detail in [18, 21].
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Recently, the results of [18, 21] have been criticized in [23] as incomplete. For this
reason we feel the need to clarify the results obtained in [18, 21] in connection with the
results obtained here. In [18, 21] we considered only consistent, linear transformations of
the matter supermultiplets and proved (via Noether’s method) that they generate cubic
interactions only with half-integer superspin supermultiplets. On the other hand, in [23],
using a different method (solving the superspace conservation equations) various AdS cubic
interactions have been constructed for both integer and half-integer superspin supermul-
tiplets. The authors concluded that the results regarding integer superspin interactions
have been overlooked in [18, 21]. We communicated the context of our work to the authors
and we informed them that the interactions with the integer superspin supermultiplets will
originate from a consideration of antilinear transformations, as demonstrated in this work.
An updated version of [23], included this argument and an indicative expression of such
antilinear transformations was added.
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