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1 Introduction

In recent years, it has become evident that there exists a vast landscape of non-conventional
strongly-coupled theories that are not readily describable in terms of conventional La-
grangian path-integral approach. These so-called “non-Lagrangian” theories do not admit
a weakly coupled description that can be studied using perturbation theory. These theories
are mostly obtained via string/M-theory construction or realized as a special limit of cer-
tain known Lagrangian field theories. Nevertheless, plenty of quantitative properties have
been obtained via various methods mostly thanks to string/M-theory origin of the theory.

More recently, it was discovered that certain non-Lagrangian 4d N' = 2 SCFTs can be
actually obtained as infrared theories of A/ = 1 gauge theories, where supersymmetry gets
enhanced at the fixed points. This microscopic realization provides a useful direct way of
investigating quantitative nature of such theories. Two distinct classes of examples have
been found. One is the case of Fg SCFT, that is obtained in a way that utilizes S-duality in
a crucial way [1]. This gave a physical interpretation of the Spiridonov-Warnaar inversion
formula of the elliptic beta integral [2]. The other is the Argyres-Douglas (AD) SCFTs,



which are realized as fixed points of adjoint SQCDs or quiver gauge theories with a number
of gauge singlets, deformed by dangerously irrelevant operators [3-9].!

In this paper, we generalize the result of [1] to the SU(N) case to obtain a Lagrangian
description for the Ry n theory [12], which reduces to the Minahan-Nemechansky’s Eg
theory [13] for N = 3. Then by considering a partial Higgsing for the R4 theory, we
obtain the E7 theory [14]. These “Lagrangians” enable us to compute the supersymmetric
partition functions of the Ry n and the E7 theories. We compute the superconformal index
of the E7 theory, which can be considered as a straightforward generalization of [15] for
the Ejg theory.

We also consider a twisted dimensional reduction of the Ry x theory and the E7 theory
to2d N = (0,4) SCFT [16, 17]. Especially the E7 theory describes the one instanton string
of E; group, from which we compute its elliptic genus and compare with other results in
existing literature.

This paper is organized as follows: we describe the matter content and interactions for
the Ry ny and E7 theory in section 2. Following this, we compute the full superconformal
indices for these theories in section 3 and compare with the known results in special limits.
In section 4, we consider twisted dimensional reduction to 2d and compute the elliptic
genus of the E7 theory and compare with the known result. We then conclude with some
remarks. Some detailed results of the computations are given in appendices.

2 Lagrangian for the Ry n and E; theory

2.1 Ry N theory

The Ry n theory is a 4d N' = 2 SCFT with flavor symmetry SU(2N) x SU(2) and central
charges
TN? — 22 2N? -5

a=————, c=
6

o (2.1)

The chiral ring is generated by the following generators:

e Moment map operators, usyen) and pgy(z), transforming in the adjoint represen-
tations of SU(2N) and SU(2) respectively. The (I3,r) charge for both of them is
given by (1,0). Thus they both have a scaling dimension given by A(ugyen)) =

A(psu(z)) = 2.

 Q(v), transforming in the (A", 2) representation of SU(2N) x SU(2), with (I3,r) =
(81,0) and A(Q(ny) = N — 1. These three parametrize the Higgs branch of the
RO,N theory.

e The Coulomb branch operators, ug, where d = 3,4,..., N, with (I3,7) = (0,2d) and
A=d.

! Also see [10], where it has been shown, following the integral identities in [11], that upon dimensional
reduction, the S% partition function of the these Lagrangians matches exactly with that of the 3d mirror of
the corresponding AD theory.



Here AF is the k-index anti-symmmetric tensor representation and I3 and r are the charges
of the Cartan of SU(2)r and U(1), of N' =2 R-symmetry respectively.

The Coulomb branch is freely generated. On the other hand, the Higgs branch oper-
ators satisfy various chiral ring relation. For operators with low scaling dimensions, these
relations are as follows:

(M%U(QN))ff/ = Tmﬁu(g)é}c/, (2.2)
/ 1
(MSU(QN))f}/Q{]\}J;Q"“’fNa: ~ (Hsuee %)’ Qfl’fQ’ I (2.3)
' 1
(H50@N) € aten @y TN, = S 502 e ,fmcz{;;;l Py (24
Xud = 0, (2.5)

where X is arbitrary Higgs branch operator. The chiral ring relations were studied also
n [18, 19].

S-duality. The Ron theory was originally found as the strong coupling limit of the
N = 2 SU(N) SQCD with 2N fundamental hypermultiplets [12], by generalizing the
arguments in [20, 21]. More precisely, the N' = 2 SU(N) gauge theory with 2N fundamental
hypermultiplets is dual to the theory obtained by gauging the SU(2) C SU(2) x SU(2N)
flavor symmetry of Ry y and coupling it to a single SU(2) fundamental hypermultiplet [12].
When N = 3, it reduces to the Argyres-Seiberg duality [20] between SU(3) Ny = 6 theory
and the Fg SCFT. In appendix A.1, we will show that the chiral ring generators and the
relations are consistent with the duality.

From the class S perspective [21, 22|, the Ry n theory is realized as a low energy
effective theory obtained by compactifying the 6d NV = (2,0) theory of type Ax_1 on
a three-punctured Riemann sphere with two maximal punctures and the third puncture
being specified by the L-shaped partition [N — 2,12]. The flavor symmetry carried by the
punctures are SU(N)? x U(1) x SU(2), which is indeed a maximal subgroup of the full
flavor symmetry SU(2N) x SU(2).

Lagrangian for Ro n. We now describe the N' = 1 Lagrangian which flows to the Ry n
theory in the infrared. To do so, we apply the deformation described in [1] verbatim to
the N/ =2 SU(N) gauge theory with 2N fundamental hypermultiplets. This deformation
procedure utilizes the S-duality described above. Indeed in order to get the Ry n theory
on the dual side of SQCD, what we have to do is to ungauge the SU(2), gauge part and
decouple the additional hypermultiplet denoted here by (q,q). This is easily done in the
following manner: we first turn off the coupling for the superpotential term q¢pq, where
¢p is the N =1 chiral multiplet residing in the A" = 2 vector multiplet for SU(2),. Upon
doing this, the U(1)s flavor symmetry acting on the hypermultiplets is enhanced to SU(2)5.
We further gauge this SU(2)s by an A/ = 1 vector multiplet and add two chiral doublets
of SU(2)s. This step will bestow us with an additional SU(2),, flavor symmetry acting
on the newly added doublets of SU(2);. We will denote these new SU(2)s doublets as
(p,p) with p and p having SU(2),-spin +3 and —3 respectively. From the point of view
of the SU(2), gauge group, we now have an N' = 1 SQCD with Ny = N, = 2. This



Field | SU(N) | U(1); € SU(2)s | SU@2N) | U(1), | U(1); | SU(2)w
W | adj 0 1 1 0 1
o adj 0 1 2 -1 1
Q N + 2N 0 : 1
Q N ~-L 2N 0 . 1
W/, 1 {2,0,-2} 1 1 0 1
p 1 1 1 0 -3 2
p 1 -1 1 0 -3 2
T 1 0 1 2 1 1
T' 1 0 1 2 ~1 1
[ 1 0 1 0 1 3

Table 1. Supermultiplets appearing in the Lagrangian for Ry y.

implies that at low energies, the SU(2), gauge group will confine with a quantum deformed
moduli space constraint PfAM = A* [23]. Here M are the mesons/baryons constructed
from q, g, p and p and A is the dynamical scale of the SU(2), gauge symmetry. One can
now choose the vacuum where SU(2), x SU(2),, symmetry is broken down to its diagonal
SU(2) group by adding gauge singlet fields 7" and T coupled through the superpotential
terms T + T'b, where b = pp and b= qq with SU(2), indices contracted appropriately.
Finally, the remaining ¢p can be integrated out by coupling it to a new chiral field u, via
a superpotential mass term pu¢p. By these operations, one recovers the Ry ny theory.

By the deformation, the U(2)r symmetry is broken to its Cartans U(1), x U(1);, where
U(1); is defined by ¢t = I3 — 5. The U(1); charge of q and ¢p are 3 and 1 respectively.
That of p is determined by requiring that the SU(2), x SU(2),, x U(1); enhances to SU(4)
when we turn off the gauge coupling of SU(2),. Thus the U(1); charge is —%.

Let us consider this deformation on the SQCD side. We will denote the SU(N) vector
multiplet and hypermultiplets in the A" = 1 notation as (Wy, ®) and (Q, Q) respectively.
Taking the superpotential coupling to zero in the dual side maps to the large coupling limit
of Q®Q term in the SQCD side. In this limit, the enhanced SU(2), symmetry appears,
which we gauge by an N' = 1 vector multiplet W/ and introduce two copies of the SU(2)
doublet (p,p). We further add the singlet fields 7', T and p and three flipping terms
TB + T'B' + ¢, where B and B’ are made out of Q,Q and p, p respectively. Here
¢ is some operator that transforms in the adjoint of the emergent SU(2);. The various
fields appearing in the Lagrangian, along with their charges are given in table 1. Here we
simplified the presentations of [1] by making the SU(2N) global symmetry manifest. The
U(1), will mix with U(1); to give the R-symmetry at the fixed point in the infrared, the
exact linear combination being determined by a-maximization [24].

Note that the U(1), charges of @ and Q are determined by computing the anomalies
on the both sides of the original duality as follows: since on the dual side, the multiplets
q and q become a doublet of the SU(2),, their U(1), charges should be normalized as £1.



Therefore the anomaly TrRyx—1U(1)2 = (2/3 —1)-2-2 = —4/3. On the SQCD side,

letting the U(1), charges of @) and Q be £5(q, the corresponding anomaly is computed to
2.2

be TrRy—1U(1)2 = (2/3 — 1) - 322 ‘2N - N = —4]\7%. This fixes the sg = .

a-maximization. Let us parametrize the R-charge as R = r 4+ St, where the numerical

value of S is to be determined by a-maximization. The trial central charges are then

given by
Qtrial = —634(5 —2) (N?(38% + 65 — 4) — 215* + 125 - 8) , (2.6)
1
Corial = = 1(5 = 2) (N? (952 4185 — 8) — 635% + 365 — 16) . (2.7)

It is straightforward to check that atia gets maximized at S = 4/3. For this value of S we
find that the central charges are identical to those of the Ry y theory (2.1).

2.2 E7 theory from Higgsing of Rg 4

The Rp4 theory has an SU(8) x SU(2) flavor symmetry. Upon giving a nilpotent vev to
the moment map operator gy of the SU(2) part of the flavor group, the theory flows
to E7 SCFT in the infrared. From the class S perspective, this is tantamount to changing
the shape of Young diagrams for a three-punctured sphere of type ([14],[1%],[2,1?]) to
([14],[1%],[2%]). The resulting theory has a manifest flavor symmetry given by SU(4) x
SU(4) x SU(2) which enhances to E7.

We can also consider an analogous nilpotent Higgsing of Ry y theory. Let us call the
resulting theory RQ ~- In the class S language, it arises from the three-punctured sphere
with two maximal punctures and one puncture of type [N —2,2]. It becomes the E7 theory
for N = 4.

From the perspective of the “Lagrangian” in the previous subsection, we give a nilpo-
tent vev to the moment map operator p for the SU(2),, flavor symmetry. This can be done
by following the same procedure as in [25, 26]. Before Higgsing, we have the superpotential
term W O pu¢. Now, we give a nilpotent vev ot = o' + i0? to u, where ¢ are the Pauli
matrices. This will shift the U(1); charge by ¢ — t — 2ws where w3 denotes the weight of
the SU(2),,. Two out of three components of p (with ws = 0,1) will be decoupled after
Higgsing and we will be only left with the one with ws = —1, which we denote as j'.?
This yields the matter content for the ]:20, N theory as in table 2. This matter content is
consistent with the formula for the index we discuss in section 3.

The trial central charges are given as

Gtoial = —634(5 9) (N2 (357 + 65 — 4) — 425% + 65 — 4) , (2.8)

Ctrial = —6%1(5 —2) (N?(95% + 185 —8) —2(635% — 95 +4)) . (2.9)

2See section 3.3 of [27] for a detailed explanation of the nilpotent Higgsing that is identical to the
current case.



Field | SU(N) | U(1)s C SU(2) | SU2N) | U(1), | U(1),
W | adj 0 1 1 0
o adj 0 1 2 ~1
Q N ~ 2N 0 :
Q N ~-L 2N 0 1
W, 1 {2,0,—2} 1 1 0
p,p 1 {1,-1} 1 0 0
PP 1 {1,-1} 1 0 ~1
T 1 0 1 2 1
T’ 1 0 1 2 ~1
' 1 0 1 0 2

Table 2. Supermultiplets appearing in the Lagrangian for RO, ~- It becomes the FEr theory for N =4.

Upon maximizing the trial a-function, we again obtain S = %. This gives us the central
charges to be

(2.10)

When N = 4 we obtain (a,c) = (52, 12). They agree with the corresponding values for the

240
E7 SCFT [28, 29].

3 The full superconformal index

3.1 Index of the Ro n theory

The full superconformal index of the Ry n theory can be computed using the Lagrangian
described in section 2.1. This is equivalent to starting with the index of 4d N' =2 SU(N)
gauge theory with 2N fundamental hypermultiplets and using the Spiridonov-Warnaar
inversion formula [2] to extract the index of Ry, exactly in the same way as the index for
the Eg theory was computed in [15]. We will go through the details of this computation
explicitly in this section.

The N = 2 superconformal index is defined as
T = Tr(—1)Fphtiztagi-itapls=g — op(—1)F@E+02)y 2, (1) (3.1)

where I3 and r are the charges of the Cartan of the SU(2)z and U(1), of 4d N = 2
superconformal algebra respectively, while ji,j2 are the two Cartans of the 4d Lorentz
group SO(3,1) ~ SU(2); x SU(2)3. The fugacities (p,q,t) of the first definition can be
related to the second one (t,y,v) via p = 3y, ¢ = /y,t = t*/v.



The superconformal index of the 4d ' = 2 SU(N) gauge theory with 2N fundamental
hypermultiplets can then be written as

N 2N L 4 g s
H T <t2 (sﬁxiaf> > HF (t)
=1f=1 Ly
I ()
Lj

i#]

Zsy(ny(s,a) = E ) ]{[df'?]i

where s and a are the fugacities of U(1), and SU(2N) respectively, and [da] = ;" 54

=1 2mix;’

x = (p;p)(q; q). The repeated exponent denotes we multiply terms of each sign I'(z*!) =

[(zY)T(z71). The elliptic gamma function is defined as

m+1 n+1

1—2z 1p q
M(z)=T(zpg) = [[ —= e (3.3)

m,n>0

Each factors of I'((pq)™/?tT ...) denotes a chiral multiplet of U(1), charge r and U(1);
charge T'. The terms in the denominator and s comes from the vector multiplet and 1/N!
comes from the Weyl group of the gauge group SU(N).

As mentioned earlier, this theory admits an S-dual frame consisting of a single SU(2)
fundamental hypermultiplet coupled to the Ry theory via an N = 2 gauging of its
SU(2) € SU(2) x SU(2N) flavor symmetry. If we now let Zg, , (w, a) represent the index
of Ro ny with w being the fugacity of SU(2), then Zgy(y) can be written as

Tpow(w,a).  (34)

1
wI (P4 dw T tzsTlw* ) T (@wﬁ)
Tsu(n)(s,a) = () j{ - < ) '

2 2miw T (w*2)

As in the case of [15], we can use the Spiridonov-Warnaar inversion formula to obtain the
index of the Ry n theory. This gives

d r (f%silwil
K S

7 = I .
Ro, N (wv a’) a1 (z%qwiz) 7£C’s 2mis T (t_l) T (s:l:2) SU(N)(Sv a’) ; (3 5)

where the contour Cj includes the poles at s = w¥'t~/2 but not the ones at s = w¥¢!/2.
We find that this is indeed the index computed from the matter content in the table 1. To

see this, note that

1
T (BLw=2) T(t 1)

= T (tw*2) T(pgt) =T (tw*20) T (%) T(pqt), (3.6)

where we used the fact that I'(21)I'(z) = 1. These 3 terms come from the singlet fields
w, T, T



Evaluating the above integral for N = 4 explicitly up to O(t®) (after substituting
p=ty,q=1t/y,t =t*/v), we obtain

th/ su) . su@e) SU(8) U(2) XSU(S)XSU@)
N (xadj + X adj )+t6 (xadJ —1-0g DS A2 7 )
v
SU(8) SU(2)
S Xadj  T1HXadj s
vy _UQXQU( )(y)+ adj ad] XQU(Q)(?J)
v (3.7)
8 2
8 4 X%J(S)XgU(z) 123(2)+X720( )+1+Xadj( )Xadj( x5 X5 v
+t° | 20+v" — +
Vo v?
+O(¢"),

u@ (with no argument) denotes the character for the n-dimensional

U(Q)(

character for the n-dimensional representation SU(2); part of the Lorentz group. A similar

where the symbol Xn
representation of the flavor SU(2) and the symbol XE y) with argument y denotes the
notation has been used to denote the characters for various representations of the SU(8)
flavor symmetry of Ro4. We present the index for the Ry 4 theory up to order O(t'¥) in
appendix B. These are consistent with the chiral ring stated in the beginning of section 2.1.

3.2 Index of the E; theory

To obtain the index of the E7 theory from that of Ry 4, first recall that for T theories the
superconformal index is expected to be of the form [30-33]

Iry(a,b,c) ZCA% (b)¥a(c), (3.8)

where a, b and ¢ are the fugacities of the respective SU(N) group associated to the three
punctures of the Ty theory and v)(a) are symmetric functions of the N variables a =
(a1,--- ,an) with X being the label for irreducible representations of SU(N). It is useful
to rewrite ¥ (a) as

Ya(a) = K(a)¥y(a). (3.9)
If we now Higgs the puncture according to a partition A, then the index of the theory
with the reduced puncture can be obtained from that of Zr, by ¥(a) — ¥(ut}) and
K(a) — Ka(u), where we follow the notation of [25]. K (u) in the Macdonald limit was
obtained in [32, 34] and the general form was conjectured in [25] to be

tH — pqt’
K(a) - Kx(u) = PE < XR,(u)| . (3.10)
: zj:(l—P)(l—Q) "

Here, R;’s are irreducible representations of the flavor symmetry that arise upon decom-
posing the adjoint representation of the SU(N) according to the SU(2) embedding specified
by the partition A:

adj » P R; @V}, (3.11)
j



where Vj are the SU(2) spin-j irreducible representations. This expression is identical to
the contribution of the conserved current multiplet.

By using this and the fact that both the Rg 4 theory and the F7 theory can be obtained
from Ty, we expect

IROA = KA(b’ w) Z CA\I’A((bv w)tA)i/JA(b)%(C) , A= [27 1, 1] ) (3'12)
A
and
T, = Kar(0) Y ChU (" )n(b)in(e), A =1[2,2], (3.13)
A

where b and w are U(1), and SU(2),, fugacities coming from the puncture specified by
A. The former U(1), did not appear in the previous expressions because this together
with two SU(N)’s becomes the SU(2N) group. A little thought reveals that Wy (btY') =
U\ ((b, w)tA)|w_>t 3 From this we see that the indices of E7 and Ro4 are related by
. Ky (b)
Ip, = wh—il% <KA(b,w)IR°’4(b’w)> . (3.14)
This procedure can be thought of as picking up the residue at w = t3 in superconformal
index of Ry n (as described in [33]) and removing the Goldstone modes after Higgsing. Here,
upon Higgsing, the SU(2) part of the conserved current is being removed. To this end, we
simply get
T, = lim (Ksjij’(m%(w)) , (3.15)
with
Ksy(z)(w) = PE {t_pq(uﬂ +1+ wQ)] , Ky=PE [ﬁ_pqt} . (3.16)
(1-p)(1-q) (1-p)(1-q)
Upon explicitly computing this expression, we find that

K s sil flsil
Tp, = §F(t2)1“(pqt)1“ (%) j{/’s 2:;8“ F)(I;(;) )
kD)D) [ ds T(sTH0(HsE)

5 F(t%) %2’ F(Si;) ISU(4) (8> ’

which can be expanded in t to give

¢ t
Tp, =1+ X1373; — (X145 + D+ (1% + 1)x; ( )(y);

Er
X SU SU
+ (;3271 tut U4> + ¢ (*(vafa +2)x5" P (y) - o™ (2)(1/))

Tgu(ay(s)
(3.17)

2mis
S

(3.18)

Er Er Eq E; Su(2)
+ + +1 +1
410 <X8645 X:j:m X133 Lo+ (X133 )XS, (y) )

Er Eq Br
- +
Lot <X8645 X;;m X133 +ou+ v4> XgU(2) (y)

Er
12 [ B B X 3 E 3v. SU(2
i <X73771 + Xagz + 2?]%602 —v" = (X353 T2+ v7)x;s ( )(Z/)> +...,



where, X? denotes the characters of d-dimensional irreducible representation of E7 and
XEU@) (y) denotes the n-dimensional irreducible representation of SU(2); C SO(3,1)Lorents
that commutes with the supercharges used to define the index in (3.1). The appearance
of X%g as the coefficient of t = % shows that there is a conserved current of the E; flavor
symmetry. The coefficient of t5 captures the contribution from the conserved flavor currents
as well as the stress-energy tensor.

The coefficients of t? = ;—82 and t3 = tvl—: are given by the characters of the Fr repre-
sentations with Dynkin labels [2,0,0,0,0,0,0] and [3,0,0,0,0,0, 0] respectively. It follows
that our computation reproduces the first three non-trivial terms in the Hall-Littlewood
limit of the index (p — 0,¢ — 0) for the E7 theory. The Hall-Littlewood index can be iden-
tified with the Hilbert series of the Higgs branch. Since our theory realizes the 1-instanton
moduli space of E7, the Hall-Littlewood index should be given as [35-37]

E
Iur = Z X[n7,0,0,0,070,0]tn ) (3.19)
n>0

which is consistent with our result. The various terms appearing in the F7 superconformal
index up to O(t*°) can be found in appendix C.
One can also take the Schur limit (p — 0, — ¢) of (3.18) to get

v B B E
If%ihu =1+ X159 + (X791 + X195 + 1)¢°

3.20)
B B E Ery .3 4 (
+ (X238602 T Xsgas T X7371 + X133)¢° + O(q)

This result agrees with the computation done using the TQFT description [31, 32, 38].

4 Elliptic genus of the E; instanton string

N = (0,4) duality. It was shown in [16], that there exists a class of 2d A" = (0,4) the-
ories that admit duality transformations akin to the dualities of 4d N' = 2 class-S theories.
More precisely, the aforementioned 2d N = (0,4) theories arise from dimensionally reduc-
ing the 4d class-S theories on a CP! with a partial topological twist. For the Lagrangian
theories, the reduction simply maps 4d hypermultiplets to 2d (0,4) hypermultiplets, and
4d vector multiplets to 2d (0,4) vectors. It therefore follows that the 2d N' = (0,4) La-
grangian consisting of an SU(N) gauge theory coupled to 2N fundamental (0,4) hypers
admits an S-duality frame where it is described by the dimensionally reduced version of
Ry n coupled to a doublet of hypermultiplets via an SU(2) gauge group.

When a 2d N = (0, 2) superconformal theory admits a gauge theory description, one
can compute the elliptic genus using localization [39, 40]. It was shown in [16] that the
elliptic integrals that appear in the elliptic genus computation admit an inversion formula
which is similar in spirit to the Spiridonov-Warnaar inversion formula for the elliptic beta
integrals. This can then be used to extract the elliptic genus of Ry y starting from that of
the SU(N) gauge theory with 2N fundamental hypers.

Let us briefly summarize this procedure. The statement of the elliptic inversion formula
is: let f(z) is a meromorphic function such that f(z) = f(1/2) and f(qz) = ¢>2*f(2). Then

~10 -



the following identity holds

cq)4 d d O(v—2 6 (v?
WAL [ 2o [ om0 0 g e s O = 1) ()
JK JK
Here 0(x) is defined as
0(z) = (z:q)(a/z;q), (wiq) = [[(1—zq"). (4.2)
i=0

S-duality implies that elliptic genus of the SU(NN) gauge theory is related to the elliptic
genus of Ry n by the following 2d version of (3.4):

LT 2 (q;q)Q/ dw 0(v?)0 (v*w™?) H(wﬂ)ITQXsQ(w,a), (4.3)

su(v) (5:@) = = omiw flowrlstl) Ro,n
JK

If we now choose f(z) to be given by

U2Z:t2 2 2
1) = S The S ). (4.4

and subsitute in (4.3), we obtain the following integral expression of the elliptic genus
of RO7 N:

T2 %52 . (q; Q)2 ds H(Sjﬁ)e(v_Q) T2 %82
IRO,N (Cv a) - QH(UZC:I:Q) / 278 s 9(0_1Si1<i1) ISU(N) (8’ a’) : (4'5)
JK
Here a are the fugacities for the SU(2N) flavor symmetry carried by the SU(N) gauge
theory as well as the Ry ny theory. When N = 3, this gives the elliptic genus of Minahan-
Nemeschansky’s Fg theory [16].
We can now use the above identity to obtain the elliptic genus of Ry 4 theory and then

appropriately “Higgs” it to obtain the elliptic genus of Minahan-Nemeschansky’s Er theory.

Elliptic genus of the Ey instanton string. Repeating the same procedure as in the
case of 4d, it is straight-forward to write down the 2d N/ = (0,2) theory from the di-
mensional reduction of the 4d matter content given in table 2. Basically the dimensional
reduction maps 4d chiral multiplets to 2d (0,2) chiral multiplets, but when a 4d chiral
multiplet has U(1), charge 2, it becomes a 2d (0, 2) Fermi multiplet.

The elliptic genus can be obtained via following integral:

:q)20(v?)0(v=2) ds 0(s+2) o
IT2><S2 _ (q, Q) / ST | N
o 260(v?) gk 2mis O(sE1)f(v—2sE1)TSUM) (s) (4.6)

The 6 functions in the denominators come from chiral multiplets and the numerators come
from Fermi multiplets. One see that this expression can be obtained via simply taking
[(tT2) — 1/0(v*T2) from the integral expression for the 4d index (3.18). The integration
contour is chosen by the Jefferey-Kirwan formula [39]. Evaluating the integral, we obtain
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a large expression in terms of ratio of theta functions. Upon expanding in terms of ¢ and
v, we obtain

T2 xS? E; 2 E 4 E 6
T, """ =1+ X1330" + X79110" + Xoggeo2? + - - -
+ Q<1 + X155 + (1 + 2175 + X1 + X8Eg45) v’
E E E E E 4 4.
+ (X1373 + 2X7571 + Xsgas + Xasseo2 T X5773440> vt ) (4.7)

+ q2 <3 + 2X1E;373 + X1E5739 + X7Eg771 + .. )
+0(¢%).

The ¢° term reproduces the Hilbert series of the (centered) l-instanton moduli space of
E; [35-37], as it should. The stringy contributions agree with the result of [41].

5 Conclusion and discussion

In this paper, we have obtained an N’ = 1 Lagrangian theory that flows to the Minahan-
Nemeschansky N' = 2 SCFT with E; global symmetry following a method that is very
similar the one proposed for the Eg theory [1]. Along with the “Lagrangian” for the Eg
theory, our version shares an identical issue of not having manifest SU(2), gauge symmetry
that we gauge. This symmetry is visible in the S-dual frame, but not in the “electric” frame.
Even though our description has this short coming, it was enough for us to utilize it to
compute various supersymmetric partition functions, some of which have not been obtained
previously.

The method presented in the current paper (which is originated from [1]) can be
used whenever some dual description of an SCFT has SU(2) gauge group coupled with 2
fundamental chiral multiplets (=1 full hyper). Or from the class S perspective, any theory
that has the puncture of type [N —2,12] or [N — 2,2]. Unfortunately, we are not aware of
any such dual frames involving the Eg SCFT. From the class S viewpoint, this theory is
realized via 3-punctured sphere of A5 theory with puncture types [19],[23],[32%]. One can
easily obtain 2 out of 3 punctures from the S-dual description of the SU(6) SQCD upon
Higgsing one of the [1°] punctures, but not all 3 of them. It would be very interesting to
find a way to obtain the puncture of type [N — 3, 13] or [N —4, 22], which would be enough
for us to get the Eg theory.

One of the applications of our “Lagrangian” description is on the instanton strings that
appear in the “atomic classification” of 6d N' = (1,0) theories [42, 43]. Recently, ADHM-
like construction for Gy theories with fundamental matter multiplets have been found [44]
(see also [45] for the case of SU(3)). Our construction significantly differs from their gauge
theory attempts for the E7, and it would be interesting to see if our construction can be
related to (a modification of) theirs so that it can be generalized to arbitrary number of
instantons. Even though such a construction exists in class S [46, 47|, we are not aware
of a gauge theory realization which would enable us to compute the elliptic genus of the
instanton strings of F~ or Eg.
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A  More on Ry n theory

We consider the chiral ring of the Ry ny theory from the two different perspectives. In
section A.1, we see the chiral ring described in section 2.1 is consistent with the duality of
the SQCD. In section A.2, some chiral ring relations are shown to be obtained from those
of the T theory by nilpotent Higgsing.

A.1 On the duality of SQCD

We discuss the duality of N/ = 2 SU(N) SQCD with 2N flavors. As found in [12, 21],
this theory is dual to Ry where the SU(2) flavor group is gauged with a fundamental
hypermultiplet, ¢ and q. The global symmetry is SU(2N) x U(1), in addition to U(2)g
symmetry.

Electric side. Let us first see the chiral ring of the electric side. We denote the 2N hyper-
multiplets as Qf and Q 7. The ring is simply generated by mesons M ]]:,, baryons Bf1:f2:fn

anti-baryons Bfl, farfn s and Coulomb branch operators Tr®*, where M Jf, =Q7Q s and
Bfvf2rofn = QAQf2. .. QN where the gauge indices are contracted. We divide the meson
into the traceless part and the singlet:

of _apf 1 !
Mf/ —Mf/ - ﬁ(TrM)é

o M() = TI'M (Al)
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SURN) | U(1)s | UM | U,
M adj 0 1 0
M, 1 0 1 0
B AN 1 ¥ 0
B AN -1 ¥ 0
Trd’ 1 0 0 2i

Table 3. Charges of the gauge invariant operators of A" = 2 SQCD with 2N flavors.

See table 3 for the flavor charges of them. We normalize the baryonic U(1), charges of
baryons to be +1. The chiral ring relations are

MUPME M = BBy (A2)
VLN, = o M, (A.3)

NI, BI T — % My Bl f2vedn (A.4)
M} Byfy,...f = %Mﬂgfﬂfzw,fw (A.5)
XTrd! = 0, (A.6)

where X is arbitrary Higgs branch operator.

Magnetic side. On the magnetic side, the SU(2) gauge theory has a superpotential

W = Tr¢pusu(e) + Trépad, (A7)

where the gauge SU(2) indices are contracted properly. The F-term relations are

1 }
0= (usu@)% +a%as — 5474,95,  0=¢pa,  0=aép. (A.8)

From these, any gauge invariant operator involving fgy(9) can be written in terms of g and
g. In particular, Tr,u%U(Q) = (Trqq)2. Thus we list the operators constructed from HSU(2N)>»
Q(n), ¢D; 4, and q in table 4. Note that as discussed in section 2.1, the U(1)s charges of q
and q are normalized to be +1.

It is easy to see the agreement with the chiral ring of the electric side:

~

M. = psueny My = 4“qa,
BN = Q{zlv")"’fNaq“7 By fn = Gfl,...,szQ{z]\VJl""7f2Naﬁﬁﬁ‘w,
Trd? = Tre?, TrdF = uy,. (k> 3) (A.9)

Moreover one can identify the chiral ring relation. The (2.2) plus the F-term condition
leads to

Heuen) = (Trgd)*lanxan- (A.10)
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SU@2N) | U(1)s | U()g | UQ),
KSU(2N) adj 0 1 0
qq 1 0 1 0
Q)4 AN 1 g 0
e Qua | AV -1 g 0
Tro?, 0 4
Ug 0 2d

Table 4. Charges of the gauge invariant operators of the dual theory of SQCD.

This agrees with (A.3). Then the relation (2.3) multiplied by ¢* with the F-term condition

gives

/ Loa- IN o
(nsuen) QN oa™ = 5 (@ RQUNa® (A.11)

T 2N
where we have used the F-term condition. This is indeed (A.4). The similar analysis
for (A.14) leads to (A.5).

A.2 From Ty chiral ring

One could study the chiral ring of the Ry n from that of the T theory. The latter has
been found in [48] to be

e Moment map operators, p4, up, and uc, transforming in the adjoint representations
of SU(N )4, SU(N)p and SU(N)¢ respectively. The (I3, r) charge of them are (1,0),
thus the dimensions are A = 2.

® Qu), where k=1,..., N—1, transforming in (AF, AR AF) representations of SU(N) 4 x
SU(N)p x SU(N)¢. These have charge (M,O).

e The Coulomb branch operators, ug;, where d = 3,4,...,N andi=1,...,d -2, with
(I3,7) = (0,2d) and A =d.

See [49] for further investigation. There are chiral ring relations among them, for
example [48],

Trph = Teph = Trpk, (A.12)
AU =~ )5 = egQ e (aa
N N—-[-1
QiAJBJCQ _ N—l—1—m\ia m\iB A.14
1) (N=1)ja,jByic — Zvl Z (14 )jA(:U’B) ig’ (A.14)
=0 m=0
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1

QlA 19B,1tC,1 tA,21B,210,2 QiA,N—ﬂB,N—lic,N—l

m (1) (1) (1) €ip1ip,2ip,N—1i8Cic1ic2 - ic,N—1iC
0 \(ia, i i N—2yt )
= Q(N=1)iigic(1a) jill (14) ?AQQ(MA) ?A33"'(MA ) ?ANNll‘fJA aziasanN-1ia, (A.15)

1

(N— 1)! QiA,liB,lic,l QiA,ziB,zic,Q T QiA,N—1iB,N—1iC,N—1

= (—1)NNENQiatEe (UG (AR AR (YN e

€lB,19B,2 1B, N-11B (ic,110,2 10, N~1iC

(ia 14,2 ia3 iaN_1)TANTA2 A N-2]A,N-184>
(A.16)

where v; are defined by
Px(xz) = det(x1 — px) ZUXkl“ . (A.17)

There are also relations obtained by applying the cyclic permutation A — B — C — A to
the above relations. There should be other equations involving Q) with k =2,..., N =2,
however we do not know the form of the relations.

We start from these and see what happens if we close the SU(N)¢c puncture. If
we represent the Higgsing by the partition N = ), kny, the corresponding puncture is
represented by n; = 2, and ny_o = 1. Let us first consider the operator pc which are in
the adjoint representation of SU(N ). This representation is decomposed into

adj = Vas ® (202) 0 1h® (3) & & Vi1 ®1, (A.18)
where V; is the spin-s representation of SU(2). As the components of yic, only o3 = —j

component of each representation survives. Therefore, the moment map operator uc can
be written

N-2
pe—rpn-s s Titpn-s  ~os Tit+pusue)Tsue) trow o+ Z prk—1,—k+1Tk
k=2
Hu(1) (P(U+))12 0 0 0 0
: : . 0
_ | oo N 0 L, |
plN=3=(N=3) || N—4,—(N—4) [ pozor ol e 2
~N=3 _N=2
Bz o2 0 0 — S5 pum tJ3 Jy
~N*37,;272 0 0 J _N=-2 —J
K2 2 - 5 HU(1) — 3

where fins ;, and /uv 3 _N-3, arein 2 and 2 representations of SU(2) respectively,
2 2 ot

and J3, Ji formlng HSU(2) are SU( ) moment map operators. Since the IR U(1), symmetry
which is unbroken is

I3k = I3 — p(o3), (A.20)
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one can see that the operators pgy(z) and py(p) have charge one under this. By using the
chiral ring relation (A.12), the operators pig_1, 41 with K =2,..., N — 2 can be written
in terms of pa, up, Usu(2), Hu(1) HN—s N3 ; and [L%y_wz_%.

We now then turn to the operator Q) or Qy_1) in Tly. Since these are in the fun-

damental or the anti-fundamental representation of SU(N)¢, one needs the decomposition
of this:

N=Vis10Vh®2. (A.21)
2
Thus, we write Q(l) as
Qqy = Q™ + Q" (4.22)

where i = 1,2 are SU(2) indices, and m = 0, 1,..., N—3. The charges of Qiﬁ"iB and Q4B
are (I3,r) = (N —2 —m,0), and (%,0) respectively. The similar decomposition can be

obtained from Q(y_1). Note that there are I3 = 1 operator Qé{,“’_’? from Q1) and QN-3.i4.ip

from @Q(n_1). These transform in (N, N) and (N, N) representation of SU(N)4 x SU(N) 3.
In total, we have I3 = 1 operators:

pa, e, QXE. QNsiin, HUQ) (A.23)
in addition to pgy(z). These form the SU(2N) adjoint representation, thus are interpreted
as the moment map operator of SU(2N) flavor symmetry of Ry . Furthermore, by us-

1A'B
m

ing (A.13), other component of @

%‘f?. Thus these are not the generators of the chiral ring.

Moreover, as discussed in [18], the relation (A.14) leads to (2.2)

can be written in terms of ua, py(), psu(e) and

M%U@N) ~ TrM%U(Q) lanxan- (A.24)

Let us then see the other operators @) (1), which is in the AF representation of SU(N)c.
We will not fully work out the Higgsing, instead just see that to each decomposition of AF,
there appear the representation 2 of SU(2) which multiplied by ®Vj, representation. The

_ (k=1)(N—-k-1)
2

highest spin syax = . For example, one can explicitly calculate that

AN 5 Vrs®R20...,
2
N = V@28 ..., (A.25)
and so on. Since the largest spin representation has highest p(c3), this gives the operator
with the smallest I35 charge, which is I35 = % for any k. Therefore we have operators which
are in (AF, AR 2) with k =2,3,...,N — 2, with I3 = % In addition to these, there are

Qaisd Qi . and py-s _n-s,;, and fin-s _n-s;, which are in (A, A, 2), (AN ANTE 2),
b 2 9 2 3 2 b 2 b

(1,1,2)) and (1,1, 2)) representations respectively, with the same I3 = % charge. Since

NS an) = Breo(ASu(y 40 AU ) (A.26)

all those operators become the (A, 2) representation of SU(2N) x SU(2). We denote this
as Q(N)
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B Higher order terms for the R, 4 superconformal index

Here we give an explicit expression for the superconformal index of the Rg4 theory to
O(t'?). The characters x* denotes that of n-dimensional representation of SU(2),, sym-
metry, whereas x3, is for the SU(2); symmetry of the Lorentz group. We turned off other
flavor fugacities.

63 ¥ 70Xy w 64y YoxY
TRy ,(w) =1+t <U+5>+t6< 64+0°+ 373 —X3)+t7 <v2_v2xg+3vz

1953 T0¢Y 63! T0xYxY
+t8( e RS X5+’7ig>+t9<—65xg+ X2X2—x§“x§'>

\/{} 2 v3/2
3968 3654xY  128xY  TOxY XY  64x% X¥x4
10 2 2 3 4 X5 3_ 2.y, X3X3
A ( + w2y + v5/2 _7—1_7_” X3+T
3969X2 ! T0xyxy | 128X5'x5 | XE XS
X5~ NG V2 02
3977 8134y Y 3717Xw 140\ Y
12 3 3 .3 4
+t ( —65v% +0° — 372 2 166Xy + +uoxy — 52

63V T0X5x8 W
= 5 +——65xg+ 032/23_ng§ +

8134x5 x5 258x¥x5 | 140x¥x5  2x¥xH

8128
+t13< X2+191 X0+

v/ v vz
+64XZv2xZ+M>
[ [
70)\(;?% +192x2§“x§ B~ +2x§’2x§>
+t15<3182xg 122?}& 66v°xy — 6x-”5—m?§77;2uxg+70 SNE XS+ 133X XY
+10101;<§’x§+203X1;Xg_28?}§gx§ +ngxg+128;<§’x§+x7 X5 65y
+ 70%2& —xé”xi)
16<59?j70+123638—3116v2+65u5+v8 73190751/8’“ 140y 4 T
PN TS STITGE 65 o MOV 656 18
_%+z56v2xg—v5xg+1268§7; X5 _70u/mxy'x 388X73X3+ X5 X4
v v

210x%x%  3x¥xy  64xY Y
X4 X3 9X5 X3+ X5 —v2x§+X3 X5
v5/2 v v v
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324268xY xy  9310x¥ x5
V772 Jo

11788x WXy  140x¥ XY
+59vx5 x5 — 20 X5 x5+ 7/24 2 + \/% 2

374744
+t17< TX2+7934UX2 1270 Y +v xd +

27095)(3 X5

321x¥xY
B T

70Xy X4 | 257x¥ X4 v 2XExY
T T XXt

L40x8 x5 _ 2x¥ X3 8066x;
’U2

7/ 3 —189vxd +2v* Y

2379151

1631264y% 365050
+t18<38573v+2989v —660°+0°+ X2 Xz

09/2 03/2

+1400%/2x Y

444555xY 119448y  12544x% 11799)(75”

3 0972 0372 X5 —
3654xg"  TOxg  128x7  TOxg  Xxg y

09/2 v3/2 3 09/2 _7"’_1485 3t

26404x Y XY 18699X3 XY
S 18699x3 X3

v Xy +

—2203x35 —

252274
X3 4,U3X§

—20%yY — +14003/ 23 ¥ x Y +138x ¥ x Y+ +3v3 ¥ XY

420x Y x4
- Tg?’ X5 X5+

256XE X5 | 2x¥ X4 70x§”x w
3 2 + 3 . _65X§+ v 2 —X3 Xg +O(tlg)

C Higher order terms for the E; superconformal index

Here we give an explicit expression for the superconformal index of the F; theory with the

flavor fugacities turned off:

133t

134t7 4 7371
Ip, =1+ —134t°+ X2y ( 5 +v+v4> +t7 (=135—0%) \}
v v
16148 1344 16149
4 gl0 +U2+X3> ! <2+U+U4> o
[ v v

238602 34103 134xY
o (2212

3

8105027134 a (25193 ) >
v2 v2

819413

+133v3+06> x5+ (-135—0°) XZ)

24 44354 2192 134x¢
5750 ) 5’5 133v2+59u5+v8+(—5 Ug —1321;2—@5) x§+3X5>

(S5

v

2744244 34104
+¢17 < 1}2—1361;—1321;4—1;7) Xg+< ) xi)

23571439 1799756

381096 — ——5—+16850 3 581)6+119+(27401+ +335v -H))

(
(
-
417 ( 18222+
“(
(
S

+(—135—v%) Xg)

2453401 282 134y Y
19<< >340 6+30920673719v2190v5+v8) xg+<701}8 — 26602 4-v > g 139X XG)

4

+0(2%)
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