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ABSTRACT: We compute a set of correlation functions of operator insertions on the 1/8
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Gram-Schmidt orthogonalization. These correlators exhibit a simple determinant struc-
ture, are position-independent and form a topological subsector, but depend nontrivially
on the 't Hooft coupling and the rank of the gauge group. When applied to the 1/2 BPS
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data, including the structure constants of protected defect primaries of arbitrary length in-
serted on the loop. At strong coupling, we show precise agreement with a direct calculation
using perturbation theory around the AdSs string worldsheet. We also explain the con-
nection of our results to the “generalized Bremsstrahlung functions” previously computed
from integrability techniques, reproducing the known results in the planar limit as well as
obtaining their finite N generalization. Furthermore, we show that the correlators at large
N can be recast as simple integrals of products of polynomials (known as Q-functions) that
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between localization, defect CFT and integrability.
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1 Introduction

The exact solution to an interacting quantum field theory in four dimensions would mark a
breakthrough in theoretical physics, although it still seems out of reach at present time. In
supersymmetric theories, one can make some progress since there are observables that pre-
serve a fraction of the supersymmetries and are therefore often amenable to exact analytic
methods, most notably supersymmetric localization [1].

Another powerful method, which is currently the subject of active exploration, is the
conformal bootstrap, see e.g. [2] for a recent review. This approach uses conformal symme-
try instead of supersymmetry, and has been remarkably successful in deriving bounds on
physical quantities in non-trivial CFTs (most notably the 3d Ising model) and in charting
a landscape of theories from a minimal set of assumptions [3, 4].

The third way towards this goal is integrability [5]. Although the applicability of
integrability is much smaller than the other two since it applies only to specific theo-
ries, the advantage is that it works not only for supersymmetric observables but for non-
supersymmetric ones as well. It also allows one to compute them exactly as a function of
coupling constants, rather than giving general bounds.

In this paper, we consider quantities which may stand at the “crossroads” of all these
three methods. More specifically, we study the correlation functions of local operator
insertions on the 1/8-BPS Wilson loop in N/ = 4 supersymmetric Yang-Mills theory (SYM).
The supersymmetric Wilson loop in N'= 4 SYM has been an active subject of study since
the early days of AdS/CFT correspondence [6, 7]. The 1/2-BPS circular Wilson loop,
which preserves a maximal amount of supersymmetry, was computed first by summing up
a class of Feynman diagrams [8, 9], and the exact result for its expectation value was later
derived rigorously from supersymmetric localization [1], which reduces the problem to a
simple Gaussian matrix model. The result is a nontrivial function of the coupling constant,
which nevertheless matches beautifully with the regularized area of the string in AdS at
strong coupling, providing key evidence for the holographic duality.

The computation was subsequently generalized to less supersymmetric Wilson loops,
such as the 1/4 BPS circular loop [10], and a more general infinite family of 1/8-BPS
Wilson loops defined on curves of arbitrary shape on a two-sphere [11, 12]. For such
loops, an exact localization to 2d Yang-Mills theory was conjectured in [11, 12], and later
supported by a localization calculation in [13]. Because of the invariance under area-
preserving diffeomorphisms of 2d YM theory, one finds that the result for the expectation
value of the 1/8 BPS Wilson loop depends only on the area of the region surrounded by
the loop. The localization relation to the 2d theory was checked in a number of non-
trivial calculations, see e.g. [14-21]. It was also used in [22] to compute various important
quantities defined on the Wilson loop, such as the two-point function of the displacement
operator and the related “Bremsstrahlung function”. It was based on the observation
that one can insert a displacement operator by differentiating the expectation value of the
Wilson loop with respect to its area A; D ~ 94 (W).

The purpose of this paper is to show that there are infinitely many other observables
that can be computed using the results from localization. They are the correlation functions



of special scalar insertions ®% inside the Wilson loop trace, where the scalar ® is chosen

1 Similarly to

so that the correlators are independent of the positions of the insertions.
the displacement operator, one can relate the insertion of ®’s to the area-derivative of the
Wilson loop, essentially because ® turns out to correspond via localization to insertions of
the Hodge dual of the 2d YM field strength. However, one key difference from the analysis
in [22] is that after taking the multiple area derivatives, to define the properly normal-
ordered operators one has to perform the so-called Gram-Schmidt orthogonalization to
make ®*’s for different k orthogonal to each other (and, in particular, also orthogonal
to the identity, i.e. their one-point functions vanish). After doing so, the result for the
two-point function takes a particularly compact form and exhibits a simple determinant

structure:2

- - D o
(L1 pley = %5&@2 . Dp=det;; [a;jﬂ 2<yv>} 1<ij<L). (L1
1

For higher-point functions, the result can be written succinctly in terms of certain polyno-
mials F7,(X), which by themselves are expressed in terms of determinants:

(obplz o plm) = <H FLk(8A1)> w(A") (1.2)
k=1

A=A
See section 5 for further details including the definition of FT.

As a special application of our analysis, we explain the relation of our correlators on
the Wilson loop to the “generalized Bremsstrahlung function” By, (#) (whose definition is
reviewed in more detail in section 4 below), which was computed previously in the planar
large N limit from integrability [25, 26]. In particular we find that
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Hy(0) = BL(6) = —%a(, log (1.3)

Dr | s—2r—20 .
At large N, we show that this agrees with the integrability result. Moreover, since the
Wilson loop expectation value appearing in the calculation of the determinants Dy is
known for any N, A via localization, this provides the finite N form of the generalized
Bremsstrahlung function By, (6).

Our results are valid for the general 1/8-BPS Wilson loop defined on an arbitrary
contour on S?, but perhaps the most interesting case is the 1/2-BPS loop. Since the
1/2-BPS loop is circular (or, by a conformal transformation, a straight line) it preserves
a SL(2,R) conformal subgroup, and therefore can be viewed as a conformal defect of
the 4d theory. The correlation functions of operator insertions on the 1/2-BPS loop are
then constrained by the SL(2,R) d = 1 conformal symmetry, or more precisely by the
OSp(4*|4) D SL(2,R) xSO(3) x SO(5) 1d superconformal symmetry [27]. Some of the prop-
erties of this defect CFT were recently studied at weak [28-31] and strong coupling [31, 32].

'The correlators of Wilson loops and local operators of similar kind, but inserted away from the Wilson
loop, was studied in earlier literature, e.g. [18-20].

2A symmetric matrix of the type appearing here, which satisfies M;; = M;;;, is sometimes called
“persymmetric”’. Similar persymmetric determinants often appear in integrable models, for instance in the
correlation functions of the 2d Ising model [23, 24]. We thank J.H.H. Perk for pointing this out to us.



The topological operators ®L correspond to a special kind of protected defect primaries
(Y- <I>)L , where Y is a null polarization 5-vector. Such operators transform in the rank-L
symmetric traceless representation of SO(5), and they belong to short representations of
the 1d superconformal group, with protected scaling dimension A = L. Because their
2-point and 3-point functions are fully fixed by the SL(2,R) symmetry, the restriction to
the topological choice of polarization vectors still allows one to extract exact results for
the 2-point normalization and 3-point structure constants of the general defect primaries
(Y - @)L, Unlike the analogous case of single trace chiral primaries of the 4d theory, which
are dual to protected closed string states, the structure constants in the present case are
found to have a highly non-trivial dependence on the coupling constant. Our construc-
tion provides exact results for such structure constants of all operators in this protected
subsector, which should provide valuable input for a conformal bootstrap approach to the
Wilson-loop defect CFT (see e.g. [33]).

The connection to integrability techniques emerges in the planar limit. At large IV, we
found that the results can be rewritten as a simple integral

(ol .l ---:&DLm:):jgduHQLk(x), (1.4)
k=1

with the measure du given in (5.5) (see also other forms of the measure (5.45) and (5.46)).
This is by itself an interesting result, but what is more intriguing is that the function Qr,(x)
that appears in the formula is directly related to the Quantum Spectral Curve [34], which
is the most advanced method to compute the spectrum of the local operators in N = 4
SYM. The appearance of such functions in our setup hints at a potential applicability of
the Quantum Spectral Curve to the problem of computing correlation functions.

The rest of this paper is organized as follows: in section 2, we review the construction
of the 1/8 BPS Wilson loop and explain the definitions of the correlators that we study in
this paper. We then relate them to the area derivative of the Wilson loop in section 3 by
using the OPE and the Gram-Schmidt orthogonalization. The final result for the correlator
at finite N is given in subsection 3.4. In section 4, we apply our method to compute the
finite- IV generalization of the generalized Bremsstrahlung function. We then take the large
N limit of our results rewriting the correlators as an integral in section 5. The results at
large N are expanded at weak and strong coupling in section 6 and compared against the
direct perturbative computations on the gauge theory side and on the string theory side
respectively. We also provide a matrix-model-like reformulation of the large N results in
section 7. Finally, section 8 contains our conclusion and comments on future directions.

2 Topological correlators on the 1/8 BPS Wilson loop

In this section, we explain the definitions of the topological correlators that we study in
this paper and discuss their relation to the defect-CFT data.



Figure 1. General configuration of the 1/8-BPS Wilson loop, denoted by a red curve. The 1/8-
BPS Wilson loop lives on 52 and couples to a scalar as prescribed in (2.1). The expectation value
of such a loop depends only on the area A of the region inside the loop (the red-shaded region in
the figure). Note that, although “the region inside/outside the loop” is not a well-defined notion,
such ambiguity does not affect the expectation value since it is invariant under A — 4w — A, which
exchanges the regions inside and outside the loop.

2.1 1/8 BPS Wilson loop

The 1/8 BPS Wilson loops is a generalization of the standard Wilson loop and it couples to
a certain combination of the N' =4 SYM scalars, as well as the gauge field [8-12]. In order
to preserve 1/8 of the superconformal symmetry, the contour C' must lie on a S? subspace
of R*, which we may take to be parametrized by x? + 23 + z3 = 1, and the coupling to the
scalars is prescribed to be

W= %trP [6§C(iAj+5’“jlzk¢l)dxj : (2.1)

where ¢, 5, k = 1, 2, 3, and we pick three out of the six scalar fields to be coupled to the loop.
In what follows we will focus for simplicity on the fundamental Wilson loop, namely the
trace in (2.1) is over the fundamental representation of the gauge group U(N). However
our construction below can be easily extended to arbitrary gauge group and arbitrary
representations.

The expectation value of this Wilson loop can be computed by supersymmetric local-
ization [1, 13]. The result only depends on the rank of the gauge group N, the coupling
constant gyyn and the area of the subregion inside the contour C, see figure 1, which we
denote by A [10-13]:

1 (am)? te(M2)

(W) = — [dM]itr (eM) e 2AUT-Nody

- 2.2
T I (2.2)

To emphasize its dependence on the area, we sometimes denote (W) as (W(A)). This
matrix model integral can be evaluated explicitly [9] as

1 4 AN\ , a?
<W> == NLN_I (—4]\],) €8N s )\ = )\ 1-— m y (23)
with A\ being the 't Hooft coupling, A = g%MN . L}Vfl is the associated Laguerre polynomial

and a is defined by
a=A-2m. (2.4)



When a = 0 (A = 27), the Wilson loop corresponds to a great circle of the S2, and the
operator (2.1) couples to a single scalar field. This special case corresponds to the 1/2-BPS
Wilson loop, see section 2.3 below.

In the large N limit, the result simplifies and can be expressed in terms of the Bessel
function [8]:

O arge § = &um - (2.5)

This can also be rewritten in terms of the #-deformed Bessel functions introduced in [26],
1 A T—0\?
19 = <1 (V%) —(=1)"
"9 o <7r—9> (=1) (77—1—9)
2

<W>|large N — ﬁ

92
, )\95)\<1—7T2>, (2.6)

as
172 (2.7)

In (2.7), all the area dependence is encoded in the function If /2 This property turns
out to be very useful when we later derive the integral expression for the topological
correlators at large V.

2.2 Correlators on the 1/8 BPS loop

The correlation function of the local operators on the Wilson loop is defined by?

(O1(11)02(12) - - - Op (1)) = <]17trP [01(7—1) .. On(Tn)efC(iAj-&-ekjla:kqﬂ)d:cj}>

N=—aSYM
2.8

Here we parametrize the loop by 7 € [0,27] and 7;’s are the positions of the operator
insertions in that coordinate.
The BPS correlators we study in this paper are given by the following choice of the
operators,
0i(m) = ®Li(my), (2.9)

where ® is a position-dependent scalar,?
(1) = 21(7) @1 + 22(7) P2 + 23(7) B3 +i Dy (2.11)

An important property of such correlators is that they do not depend on the positions of
the insertions 7;’s. This follows® from the fact that, after localization, these operators are

3Note that here we do not divide the correlator by the expectation value of the Wilson loop (W).
4Throughout this article, we use the convention in which the scalar propagator reads

(®r(x1)*s  (Ps(z2))a= M (2.10)

T 8m2|zy — xaf?
where a-d are the U(N) matrix indices, and I, J =1,...,6.
® Alternatively, one should be able to show that the (twisted) translation generator which moves the
positions of the insertions is Q-exact with Q being one of the supercharges preserved by the configuration.
It then follows that the correlators are position-independent. In the absence of Wilson loops, this was shown
in [35], which studied correlation functions of operators precisely of this kind. See also [36] for a similar
discussion in the CFT3 context.



mapped to field-strength insertions in two-dimensional Yang-Mills theory (see section 3.1
for further explanation), which enjoys invariance under area-preserving diffeomorphisms,
making it almost topological. Because of their position independence, we will call them
“topological correlators” in the rest of this paper.

2.3 1/2-BPS Wilson loop and defect CFT

For special contours, the Wilson loops preserve higher amount of supersymmetry. Partic-
ularly interesting among them is the 1/2-BPS Wilson loop, whose contour is a circle along
the equator and which couples to a single scalar @3 [8, 9]:

1 .
Wi jo.mps = NtrP exp <f (iA;i? + ®g|d|) d7'> (2.12)
equator

Since the contour is circular, the 1/2-BPS loop preserves the SL(2, R) conformal symmetry.
Therefore, one can view the correlators on the 1/2-BPS Wilson loop as correlators of a
defect CFT. To make this point precise, one needs to consider the normalized correlator,
which is obtained by dividing the bare correlator (2.8) by the expectation value of the
Wilson loop:

{O1(71)Oa(72) --- On(7n)) -

(O1(11)O2(2) - - - On (7)) = W)

(2.13)

After the normalization, the expectation value of the identity operator becomes unity and
the correlators obey the standard properties of the defect CF'T correlators.

Using these normalized correlators, one can extract the defect CFT data from the
topological correlators. To see this, let us consider general two- and three-point functions
of BPS operators on the 1/2-BPS loop:

>~<

2 é)Lz (7_2)>>circle )
)Ll (Tl) (Y2 ) q_'))LQ (7_2) <Y3 ’ £)L3 (7—3)>>circle .

Gry,L, = {(yy- (I_S)Ll (11) (

2.14
Gry,Lo,s = (Y1 - (214

KHL

=

In (2.14), ® = (P, Do, Py, D5, Ps) and Y;’s are five-dimensional complex vectors satisfying
Y; - Y; = 0. Unlike the topological correlators (2.8), the correlators (2.14) depend on the
positions of the insertions, and the vectors Y;. However, because of the conformal symmetry
and the SO(5) R-symmetry, their dependence is completely fixed to be:°

6L17L2 (Yl 'Y2)L1
(2sin B2)2L1 7
(Yl . YQ)L12|3 (Y2 . Y3)L23|1(Y3 . Yl)L31\2

(2sin T42) 1123 (2 5in 738) 2250 (25in 71 ) 2o

GL17L2 = nLl()\,N) X

(2.15)

GL17L27L3 = CLy,Ly,Ls ()‘7 N) X

)

with 7;; = 7 — 75 and Ly, = (Li + Lj — Lg)/2. Here ny, is the normalization of the
two-point function while ¢z, 1, r, is the structure constant. As shown above, both of

50f course, one may also write the analogous result for the straight line geometry, which is related to
the circle by a conformal transformation.



these quantities are nontrivial functions of A and N. Note that, although we often set the
normalization of the two-point function to be unity in conformal field theories, for special
operators the normalization itself can have physical meaning.” For instance, the length-1
operator (Y - CI_S) is related to the displacement operator and has a canonical normalization
which is related to the Bremsstrahlung function [22].

Now, if we go to the topological configuration by setting the vectors Y; to be

}/i = (COST’L7SinTi7Oai7070) ; (216)

we get

Ly
GL17L2|topological - <_2> X nL16L17L2 )
Li+Lo+Lsg (2.17)
2

GLI;LQ;LZﬂ‘topo]ogica] = <_2 X CL17L27L3 :

This shows that the topological correlators compute the normalization and the structure
constant in the defect CF'T up to trivial overall factors. Alternatively, one can consider

the ratio
GL1,L27L3

(GLl,Ll GL27L2 GL37L3)1/2

and get rid of the overall factors. The quantity which appears on the right hand side

— CL17L27L3 (2 18)

1/27
topological (nLl NLyN L3 ) /

of (2.18) is a structure constant in the standard CFT normalization; namely the normal-
ization in which the two-point function becomes unity.

Note that, for higher-point functions, there is no such a direct relation between the
general correlators and the topological correlators: the general higher-point correlators are
nontrivial functions of the cross ratios while the topological correlators do not depend at
all on the positions. Thus for higher-point functions, one cannot reconstruct the general
correlators just from the topological correlators.

3 Computation of the correlators
We now compute the correlators on the 1/8 BPS Wilson loop
(@ (1) (m2) - DT (7)) (3.1)

using the results from localization. We first discuss the correlators on the 1/2 BPS Wilson
loop from the OPE perspective and then present a general method that applies also to the
1/8 BPS Wilson loop.

3.1 Correlators on the 1/2 BPS Wilson loop from OPE

When all the operators are length-1 and the Wilson loop is circular (or equivalently 1/2
BPS), the correlators (3.1) were already computed in [32]. Let us fist briefly review their

"Other examples are the stress-energy tensor and the conserved currents, whose two-point functions are
related to Cr and Cj.



computation: by performing localization, one can reduce the computation of the 1/8 BPS
Wilson loop in A/ = 4 SYM to the computation of the Wilson loop in two-dimensional
Yang-Mills theory in the zero instanton sector [13]. Under this reduction, the insertion of
the position-dependent scalar ® is mapped to the insertion of the dual field strength *Fg:

8

Using this correspondence,® one can insert ®’s on the circular Wilson loop by differentiating

its expectation value with respect to the area A:

~ okw
q)"'q)>|circle = < >

2 @A |y

(3.3)

Using the expression (3.3), one can compute arbitrary correlation functions of single-letter
insertions P.

To study more general BPS correlators, we also need to know how to insert operators
of longer length, ®~ with L > 1. The first guess might be to relate it simply to the L-th
derivative of the Wilson loop,

BL or WIC)) ?

AT (3.4)

This guess, however, turns out to be incorrect. To see why it is so, let us consider P2 as an
example. We know that the second derivative of (W) corresponds to the insertion of two
®’s on the Wilson loop. Since the correlator we are studying is topological, one can bring
the two ®’s close to each other without affecting the expectation value and rewrite them
using the operator product expansion. This procedure does produce the length-2 operator

®2 as we wanted, but the problem is that it also produces other operators:?
OPE
— 1 ~
d D=4 P+cgl. (3.5)

Here ¢;’s are some numerical coefficients and 1 is the identity operator. Thus, to really get
the length-2 operator, one has to subtract these unnecessary OPE terms from ®®:

:‘iQZ:&)&)—CI&)—Col. (36)

Here ®® on the right hand side denotes two single-letter insertions at separate points while
:®2: is a length-2 operator inserted at a single point. Since this subtraction procedure is
conceptually similar to the normal ordering, we hereafter put the normal-ordering symbol
:x: to the operator obtained in this way.

The coefficients ¢;’s are nothing but the OPE coefficients of the topological OPE (3.5).
They are thus related to the following three-point functions:

€1 X <é(i)&)>|circle7 Co X <&)(§1>|circle . (37)

8 At weak coupling, this correspondence was checked by the direct perturbative computation on both
sides in [21].

?Owing to the representation theory of SO(5), the OPE does not produce higher-charge operators, ok
with k£ > 2.



1/2 whose two-point function is unit-normalized,

If we were using the operators, ®/(®®)
the constants of proportionality in (3.7) would have been unity. However the operators we
are using here are not unit-normalized and one has to take into account that effect. This

leads to the following expressions for the coefficients ¢y and cg:

)

<(i)(i)(i)>|circle . 83‘ <W>
WV e (3.8)

Cl = oa—— =
<(I)q)>‘circle 8124 W>
<(I)q)1>‘circle . 8,24 <W>

<11> ‘circle B <W>

co =

A=21

We can repeat this procedure to express operators of arbitrary length in terms of
single-letter insertions and compute their correlation functions. Although these procedures
can be easily automated using computer programs, they do not give much insight into the
underlying structure. In the next section, we discuss a simpler way to reorganize these
procedures which also leads to a simple closed-form expression.

3.2 Construction of operators from the Gram-Schmidt orthogonalization

As a direct consequence of the subtraction procedures (3.6), the operators constructed
above satisfy the following important properties:

° (:&)L: :<I>M2>’circle X OLM -

o :®L: is a linear combination of @ ---® with M < L.
M

e The coefficient of the M = L term is 1. Namely :®L:=& ... D+ ...
I
The operator basis with such properties turns out to be unique and can be constructed
systematically by using the so-called Gram-Schmidt orthogonalization. As we see below, it
also allows us to write down a closed-form expression for the operators : &~ .

The Gram-Schmidt orthogonalization is an algorithmic way of getting the orthogonal
basis from a given set of vectors. It was recently applied in the computation of Coulomb
branch operators in A/ = 2 superconformal theories in [37]. Its large N limit was discussed
in [38] while the case for N =4 SYM was analyzed further in [39, 40]. What we describe
below is a new application of the method to the correlators on the Wilson loop. To get a
glimpse of how it works, let us orthogonalize two arbitrary vectors {vi,va}. A simple way
of doing so is to define new vectors as

u]; = Vi, U = Vg — V1, (39)
where (x,%) denotes the inner product between two vectors. This is of course just an
elementary manipulation, but the key point is that one can re-express (3.9) as

1

(vi,v1)

(vi,v1) (vi,v2)
Vi1 Vo

u; =V, uy = ; (3.10)




to the case with more vectors. The result reads

where | % | denotes a determinant of a matrix. This expression can be readily generalized

(vi,vi)  (v1,v2) (Vi, Vi)
. (vo,v1)  (v2,v2) (v2, V)
W=
o (Vi—1,V1) (Vk—1,V2) - (Vik—1,Vk)
A2l \& Vi (3.11)
(vi,vi) (vi,va) -+ (V1 Vi)
(v, v1) (v2,va) -+ (Va,Vg)
dp = i
(Vi; vi) (Vi,va) =+ (Vi, Vi)

For details of the derivation, see standard textbooks on linear algebra. The new vectors
defined above are orthogonal but not normalized. Their norms can be computed using the
definitions above and we get
(u,w) = %51&' (3.12)
k—1
We now apply the Gram-Schmidt orthogonalization to the set of single-letter insertions
{1, o, P, .. .}. The norms between these vectors are given by the two-point functions,

which can be computed by taking derivatives of (W),

(B D Do D) = (94)FM (W) (3.13)
L M

We then get the expression for the operator oL

W) <W>(1) Y (L)
(W)(l) <W>(2) W (L+1)
Bl = :
Dy, YED @) (W)L ’
1 ‘I) ’ n—-‘b'; (3.14)
W) <W>(1) W>(L*1)
D, — <W>(1) <W>(2) <W>(L)

WHED oy () <W>(§L—2)

with <W>(k) = (04)" (W). Let us emphasize that this method applies to general 1/8 BPS
Wilson loops. To get the result for the 1/2 BPS loop, one just needs to set A = 27
at the end of the computation. For small values of n, one can check explicitly that this
expression coincides with the operators obtained by the recursive procedure outlined in the
previous subsection. One can also check that the basis obtained in this way satisfies the
aforementioned three properties.

~10 -



Owing to the property (3.12), the two-point function of the operators L is given by
a ratio of determinants:

S - D
(L M) = 5;15LM- (3.15)

For the 1/2 BPS loop, this provides an exact result for the normalization of the two-point
function in the defect CFT (see the discussions in section 2.3),

L DL+1

= (-2 .
" ( ) DL A=27

(3.16)
As it is well-known, the result for L = 1 is related to the normalization of the displacement
operators while the results for L > 0 provide new defect-CFT observables.!”

We will later see in section 5.3 that the large-N limit of these determinants is related
to the determinant representation of the generalized Bremsstrahlung function derived pre-
viously in [25, 26].

3.3 A remark on the 1/8 BPS Wilson loop

As mentioned above, the Gram-Schmidt process can be applied to the general 1/8 BPS

Wilson loops. At the level of formulas, one just needs to keep the area A general in (3.14)

and (3.19). However, there is one important qualitative difference which we explain below.

Unlike the 1/2 BPS Wilson loop, the first-order derivative (W)™ does not vanish for

the general 1/8 BPS Wilson loop. This means that the single-letter insertion ® has a non-

vanishing one-point function; in other words, the two-point function of ® and the identity

operator 1 is nonzero. Therefore, to define an orthogonal set of operators, one has to per-

form the subtraction even for ®. In fact, by applying the Gram-Schmidt orthogonalization,
we get

PR

w)

1. (3.17)

We thus need to distinguish :®: from ®. This was one of the reasons why we preferred to
put the normal-ordering symbol when defining the operator : ®7: .
3.4 Results for topological correlators

Using the closed-form expression (3.14), one can compute higher-point functions of (N
To express the result, it is convenient to introduce a polynomial

W) <W>(1) <W>(L)
<W>(1) <W>(2) <W>(L+1)
RX)=5-| ¢ i o . (3.18)
LomED g8 e
1 X ... Xt

10 Although the normalization of the operators is usually not meaningful, for this class of operators, there
is a canonical normalization induced by the facts that ® is related to the displacement operator and : ®Z:
is essentially a product of L ®’s.
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By replacing X* by @ ---®, one recovers : X . In terms of these polynomials, the higher-

k
point function reads

ol ple. o plm:y = <H FLk(aA/)> (W(A)) |ar=a - (3.19)
k=1

Let us make two remarks regarding this formula: first, the derivatives 04/’s on the right
hand side act only on the last term (W(A’)) (not on the coefficients of the polynomials
Fr,). Second, the polynomial Fp, is not just a technical tool for writing down higher-
point correlators, but it gives an explicit map between the OPE and the multiplication of
polynomials. To see this, consider a product of two such polynomials. Since the product
is also a polynomial, one can express it as a sum of Fp’s,

Li+Lo
Fr (X)Fp,(X) = Z CLy Ly, M Fa (X)) (3.20)
M=0

where ¢r,, 1, m is a “structure constant” for the multiplication of polynomials. This ex-
pansion can be performed also on the right hand side of (3.19). On the other hand, we can
perform a similar expansion on the left hand side of (3.19) using the OPE,

~ ~ Li+Lo ~
@l ple = Z CLy,Lo,M M (3'21)
M=1

Equating the two expressions, we conclude that these two structure constants must coincide,
namely €r, 1,.M = CL, L,,m- This provides an interesting correspondence between the
multiplication of polynomials and the OPE.

We can also express the results more explicitly in terms of determinants. For this
purpose, we first perform the Laplace expansion of the polynomial F7,(X):

L

1 D) o
Fr(X) = D*LZ(—UH”D(LLQL T xn (3.22)
n=0

Here D(Li’j ) is a minor of D 1, obtained by deleting the i-th row and j-th column. We then
substitute this expression into (3.19) to get

B B B Ly Lm [ m pLrtlnetl)
(Ll plm:y = Z Z (H(—l)L’“JrnkLk—BL> (W)lmed) - (3.23)
n1=0 nm=0 \k=1 k

with neot = D pey Mk
We can also perform one of the sums explicitly to reconstruct a determinant: the result

reads
Lo Lo m D(LLk+1,nk+1)
- - - 1 -
(Hsdl bl =3 (H<—1>L“”'fﬁ>) Diisg,: (324)
na=0  nm=0 \k=2 L
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Figure 2. Cusped Wilson line with insertions. The cusped Wilson line consists of two semi-infinite
lines which intersects with an angle ¢ at the origin, and the insertions Z*. The scalar coupling of
each semi-infinite line is given by the vector 7i; 2, and the relative angle between the two vectors is
0. The divergence from this Wilson line is controlled by the generalized Bremsstrahlung function.

where nj, = > ;- ,n, and Dy, ,, is given by

W) <W>(1) . <W>(L)
<W>(1) <W>(2) .. <W>(L+1)
Dy, = : : : . (3.25)
MBI )8 e

Importantly, DLm vanishes unless n > L since otherwise the last row coincides with one
of the rows above. This allows us to restrict the sum in (3.24) to n{, > L;. In particular,
for “extremal” correlators which satisfy L1 = Y ', Ly, there is only one term in the sum
that survives and we get a simpler formula

. - D %
(:<I>L1::<I>L2: ~--:@Lm:):% forlesz. (3.26)
L k=2

For general correlators, the expression (3.24) is not very concise as it involves several
terms. The results for two- and three-point functions of operators with L < 3 are given
explicitly in appendix A. We will later see in sections 5 and 7 that in the large N limit
there is an elegant reformulation in terms of integrals and a matrix model.

4 Generalized Bremsstrahlung functions

As an application of our method, in this section we compute the so-called “generalized
Bremsstrahlung function”. The result provides finite- N generalization of the planar results
computed previously in [25, 26] using integrability [41, 42].

4.1 Cusp anomalous dimension and Bremsstrahlung function

Let us first recall the definition of the generalized Bremsstrahlung function. Consider the
following cusped Wilson line with insertions (see also figure 2):

0

Wr(0,9) = Pexp/

—00

oo
dr[iA.¢1+q>-ﬁly:&1| xZLxPexp/ dT[iA~:t2+(I>-ﬁ2|:b2|]. (4.1)
0
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Here Z = ®3 + i®, and the x1(t) and 7 2 are given by

1 =(1,0,0,0), &9 = (cos ¢,sin ¢, 0,0),

(4.2)
ny = (1,0,0,0,0), ng = (cosf,sinh,0,0,0,0).

As shown above, Wy, is parametrized by the two angles 6 and ¢. When 0 = ¢, Wy, is
BPS and the expectation value (W) is finite. However, if § # ¢, it has the divergence
controlled by the cusp anomalous dimension I'y:

e I'(6,9)
WL (0, 9)) ~ (UV) (43)

TIR

Here eyy and rig are the UV and IR (length) cutoffs respectively.
The cusp anomalous dimension can be expanded near 6 ~ ¢ and the leading term in
the expansion reads

LrL(6,9) = (6 — ¢)HL(8) + O((6 — 9)*), (4.4)
The function Hyp, is related to the quantity called the generalized Bremsstrahlung function
BL ((9)
——=Br(0). (4.5)

For L =0, Br(0) is related to the energy emitted by a moving quark [22] and this is why
it is called the generalized Bremsstrahlung function.

4.2 Relation to the two-point function and the result at finite IV

To compute By, from our results, one has to relate it to the topological correlators. For
L = 0 this has already been explained in [22]. As we see below, essentially the same
argument applies also to L # 0 (see also [21]).

The first step is to consider a small deformation away from the BPS cusp by changing
the value of 6. Then, the change of the expectation value can be written as

1 JQ4% >
<<W LL>> — /0 d7 (@ ()N eusp X 00 (4.6)
where @' is
¢ = —sinh P; + cosf Dy, (4.7)

and ((*))cusp is the normalized correlator of the scalar insertion on the cusped BPS Wilson
loop Wr(0, ¢ = 0). Using the invariance of Wy, under the dilatation around the origin, the
T-dependence of (@) cusp can be fixed to be

(@ (Y ewsp = (@ (7 = sy (4.8)

We can then compare (4.3) with (4.6) (introducing the UV and IR cutoffs to evaluate the
7 integral), to get

Pp=—(0 = d){(@'(T = 1))cusp + O((0 — 9)°). (4.9)
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T

Figure 3. Cusped Wilson loop on S2. Applying the conformal transformation, one can map the
cusped Wilson line to a configuration depicted above. The red and black semi-circles correspond
to the two semi-infinite lines in figure 2 of the same color. The angle between the two semi-circles
is 7 — 0. The loop divides the S? into two regions with areas 27 F 26. (Note that we already set
¢ = 0 in this figure.)

The second step is to map the BPS cusp Wr,(0, ¢ = 6) to the 1/8 BPS Wilson loop on
S? by the conformal transformation,

2X5 —2X 1-X{-X3

_ It S s Wt N 4.10
1+ X2+ X2 PTIrxzex BT iixiyxg (4.10)

I

Here ;s are the (embedding) coordinates of S? while X;’s are the coordinates on R? where
the cusped Wilson loop (4.2) lives. After the transformation, and changing variables by
T = —cot(t/2), the two semi-infinite lines of the cusped Wilson loop are mapped to the
two arcs on S? (see also figure 3),

(0,sint, — cost) 0<t<m

(:cl,xg,arg) = { (4.11)

(—sinfsint, cosfsint, — cost) T <t<2m,

where the first arc (0 < ¢t < ) and the second arc (m < t < 27) correspond to the black
and the red lines in figure 2 respectively. The first arc couples to ®!, and the second one
to cos @@ + sin §®2, in accordance with our conventions (2.1) for the 1/8-BPS loop. As
shown in figure 3, the resulting Wilson loop has cusps at the north and the south poles (¢x
and tg) with insertions Z” and Z' respectively. The insertion ®(7 = 1) is mapped to the
insertion at a point'!' t. where the red arc intersects the equator of S2. We then arrive at

1Tn terms of the parametrization given in (4.11)7 ts =0, ty =7 and te = 37w/2.
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the relation between the expectation values,

(Z5(tn) ZE(ts) @'(te))
(Z8(tn) 2" (ts))

where (x) denotes a (un-normalized) correlator on the Wilson loop on S2. Now, a crucial

<<(I)/(T = 1)>>cusp = (412)

observation is that one can complete the insertion ®'(t.) to the position dependent scalar
' — i®y = —sin D) + cos Oy — iy = —D(t,), (4.13)

since the correlator with ®, vanishes owing to the charge conservation. Furthermore,
ZE(tn) and Z%(tg) can be identified with : ®L:. We thus arrive at the following relation,?

, (ol .ol @) ~ ~
(D Neusp = — (B e = —Oqlog(:®F: oL, (4.15)

Note that ® in the middle is not normal-ordered since it comes directly from the deforma-
tion of the loop. Since the area surrounded by this loop is given by A = 27 — 26, one can
express —04 also as 0p/2.

From (4.9) and (4.15), we can compute the generalized Bremsstrahlung function as

26

02
2

1 D
Hi(0) = By(6) = ~5log Ll (4.16)

Dy,
As given in (3.14), Dy, is the following simple determinant,
Dy, =det;; [(0a)2(W)] (1<i,j <L), (4.17)

with A = 27 — 20. In the limit § — 0, the formula takes a particularly simple form,

D D
L+1 — % log DLt

1
Br(0)= —=8%1o .
L( ) 47 : Dy, 0=0 Dy, A=2r

(4.18)

This is the main result of this section. In the next section, we will see that the
formula (4.16) reproduces the results in [25, 26] in the large N limit. Note, however, that
our results (4.16) is also valid at finite N: all one has to do is to plug in (4.17) the finite
N form of the Wilson loop expectation value, which is given in (2.3). The first few explicit
results for 8 = 0 are given in the appendix.

5 Large N limit

In this section, we study in detail the topological correlators in the large N limit. In
particular, we derive a simple integral expression.

12precisely speaking, the area derivative can also act on the operator : ®L : (in addition to inserting an
extra single-letter insertion) since it is given by a sum of single-letter insertions with the area-dependent
coefficients:
= B e () (4.14)
However, since the leading coefficient is 1, d4: ®* : only starts with ®“~'. Therefore, one can always
express J4: &L as a sum of : ®*: with k < L. We thus conclude that such contributions vanish because of
the orthogonality, (:®*: :®%:) = 0 for k < L, and do not affect (4.15).
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5.1 Integral expression for topological correlators

As mentioned before, an important simplification in the large N limit is that (W) can be
expressed in terms of the deformed Bessel function (2.7). A nice feature of the deformed
Bessel function is that it admits an integral expression [43],

I’ = f{ dil‘l sinh(2mg(z + 1/x))e?90@=1/2) (5.1)

n 2mixnT

where here and below we use the notation

515

9

Applying this to (2.7), we can express (W) and its derivatives simply as
W) = § du. (53)
W) (= @a)"0W) = $du (gla—a7)" (5.4)

where the measure du is defined by

dx Sinh(?wg(;p + 1/:6))69“@*1/1)

du =
b= a2 2mg

(5.5)

Recall that @ = A — 27 and the 1/2-BPS Wilson loop corresponds to a = 0. Combining
this integral expression with the formula (3.19), we obtain a simple integral expression for
the multi-point correlators,

(@l ple. ---:&)Lm:):%du HQLk(:L’), (5.6)
k=1

with

Qu(z)=Fp (g(z —271)) . (5.7)
At this point, @, is just a rewriting of the polynomial Fj. However, as we will show in
the rest of this section, it is related to the Quantum Spectral Curve [34].
5.2 Properties of Qr(x)

The functions @ (z) have several important properties. First, owing to the orthogonality
of the two-point functions, they satisfy the following orthogonality relation:

fdu(:v) QrL(r)Qu(r) = Dlgzl(SLM- (5.8)

Second, they are normalized as
Qr(z) = g"at + -+ (—g)ta™". (5.9)
Third, since Qr(z) is a polynomial of X = g(x — z~1), it follows that

Qr(r) =Qr(-1/z). (5.10)
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Furthermore, they satisfy the following equalities:

fd,u(m) 2Qr(z)Qum(z) =0, (5.11)

L%duﬁwagQL@QQAAx)::ngl&m4. (5.12)

The first equality follows from

F ) 2Qu0)Qu(e) = fan(-1/2) (1) Qu-1/2)Qu(-1/2) -
5.13
—~  dula) 2Qu(@)Qui ),

where in the second equality we used the property of the measure, ' fdu(—=1/z)= fod,u(x).
In a similar manner, the second equality can be proven:

2
§ au) £ Qu)Qu (o) = fau-1/2) (1) Qu-1/2)Qu(-1/2) -

= j{du(:c) QrL(z)Qum(z).

The equalities (5.8), (5.11) and (5.12) imply that Qr(z) and zQr(x) for L € Nxg
together form a set of orthogonal functions under the measure du(x). They are in fact
the Gram-Schmidt basis obtained by applying the orthogonalization to the set of functions
{1,z, 271,22, 272,...}. As we see below, this characterization of the functions Qr(z) plays
a key role in identifying them with the functions introduced in the integrability-based

approaches [26, 43].

5.3 Comparison with the results from integrability

We now prove the equivalence between our results and the results obtained previously from
integrability [25, 26]. For this purpose, we first show that Q7 coincides with the function
Pr,, which was introduced in [25, 26] and later shown to be directly related to the so-called
“@-functions” in the Quantum Spectral Curve [44]. The equivalence of other quantities,
including the generalized Bremsstrahlung functions, follow from it.

As the first step, let us recall the polynomials P;, defined in [26]:

oI Loy sy
1 IE CO —739—2L 13 4
Ppz)=—| ¢ 1 . : |,  L>0, (5.15)
maL IG I@ I@ IG
or, for—1 " A1 0
oL g1=L .. gL-1 L

13Note that an extra minus sign comes from a change of the direction of the contour.
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where one has to set § = a/2 to compare with our formulae and my, is given by

T AR
8 e ... 0

mp=|2 "1 H (5.16)
niin., -0

Note that we changed the normalization of P;, slightly so that the coefficient of the leading

term becomes unity,'*
may,

Pr(z)=af + .+ =271 (5.18)
mar
with
9 10 ... 19
I (5.19)
B R

Let us also introduce another set of functions Py () defined by

T R AP LY

R I B g
Pr(z) = : Lo |, L>o0. (5.20)

Mm2L+1 |, 0 0 9

Ly Iy -+ I I

S 1 Y Y

These functions satisfy the following important orthogonality properties:

7{ d(z) Py () Par () = 2;]’7%?“&% (5.21)
§ du(a) P () Pas () =0, (5.22)
7{ dp(z) Py () Par () = —%Z:Eziiam. (5.23)

In what follows, we will prove these relations one by one.
Let us first consider (5.21). To prove it, it is enough to study the case with L > M.
We first perform the Laplace expansion for Py/(x) to get

M
Py (z) = Z cpa® (5.24)
k=—M
! The relation between the conventions here and the conventions in [26, 43, 44] can be summarized as
follows:
det Mar = mar+1,
mar det Map_1 (5.17)
P, in . = P, T =—P 1er .
L(T) in [26, 43, 44] p— L () here ( dot Map L(Z) he e)
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where ¢;’s are constants with ¢y = 1 and c_ps = mopr/meops. Substituting this expression
to the left hand side of (5.21), one gets

oIy e o 1) gy
M 120 110 T 130—2L ‘[26—2L
fawr@r@ =Y 2 faw| | 6
b= g, I, - I
oLk L gL+k

Using the integral expression for the deformed Bessel function (5.1), which can be expressed

in terms of du as

d
1 _2wg7§ e (5.26)
one can perform the integral to get
| M I T I3 Iypp
¢ dula)PL() Pas(a g X | oo i e
- 9120L Iy I QIg
I8 o o e e I0

If L > M, the last row always coincides with one of the rows above. Therefore, all the

terms in the sum vanishes and one has

j’{ du(z)Pu()Pur(z) =0,  L> M. (5.28)
On the other hand, for L = M, there is one term in the sum which is nonzero: &k = —L.
We thus have
1 cpmaory1 1 marmeor+1
d P = . 5.29
f @) L) Pul) = 5 L TR (529)

Let us next consider (5.22). Expanding again the determinant expression for Py and
substituting it to the left hand side of (5.22), we obtain

oI I,y 12y,
v a1
k : ) )
Fdu@)Pu@Pue) = > B fau IR
k=—M 2L+1 19 19 1'9 IG
2r+1 121 1 0
7L+k ...... ;I;LJrkJrl
(5.30)
0 0 0 0
I sl
;M . Iy Iy - L o T 5y
_ k : ) :
2mg k;M 2L+l 0 0 0
162L+1 553 Iy 9—70
IL7k+1 """ 2
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One can easily see that, for L > M, the last row coincides with one of the rows above and
therefore the sum always vanishes. This proves (5.22) for L > M. One can also show (5.22)
for L < M by performing the Laplace expansion of Pp:

) L+1
Prlz)= Y Gah. (5.31)
k=—L
Substituting this expression to the left hand side of (5.22), we get
1y 1 IS o 1Yo
0 0 0 0
Ll . 2 IT - Iy o I3 opm
= i : . )
Fano PPy = 3 fauw| 5
k——
t By Iy L I
o T
TR 15 1T I3 oy 13 opm
_ b e . . .
- 2mg k—Z—:L mam 0 0 e o
a GIQM Ly I . Iy
Iy pia Iy

Again, one can show that the last row always coincides with one of the rows above as long

as L < M. This completes the proof of (5.22).
Let us finally show (5.23). Again it is enoug

h to consider the case with L > M. By

performing the Laplace expansion of Py; and substituting it to (5.23), one gets

oIy -1, 1%,
v B T 1,
~ k . . )
Fan)Pi@ P = S S fduw|
k Mfrn2L+1 19 IH 1'9 IG
2L+1 tor "7 1 0
R LAkt -
0 0 :
R I e
AR I I I3 o I _op
1 k . :
2mg k::Z—:M M2L+1 |y 0 0
I62L+1 I3y Iy 9-’0
19 oy oo oo SR

For L > M, the determinant always vanishes for the same reason as the previous discus-
sions. On the other hand, if L = M, the term with £ = L + 1 does not vanish and gives'®

§ du(a)Pi (o)

Pr(x) =

Cr+1Mmar+2 1 mopio (5.34)

(2rg)mars1  2mgmani1

5 . . . .
15The minus sign comes from the reordering of the matrix.
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Now, from the relations (5.21), (5.22) and (5.23) together with the normalization (5.18),
it follows that the set of functions {Pp(z), Pr(z)} forms a Gram-Schmidt basis ob-

L 22 272,...}. Since the Gram-Schmidt basis is unique

tained from the functions {1, z,x~
up to overall normalizations, we conclude that {Pp(z), Pr(x)} must be proportional to
{Qr(z),xQr(x)}. The constants of proportionality can be fixed by comparing (5.9)

and (5.18) and we arrive at

Pr(z) = Q;Ex) . Pyz) = ngLL(x) . (5.35)

This in particular means that Pr(x) also has a property
Pr(x) = Pp(—1/z). (5.36)

Imposing this property on the expansion (5.18), we get

(—1)b = 2L (5.37)
mar

We can thus rewrite the relations (5.21) and (5.23) as

jf dyu(z) Pr(z) Py (z) = (—1)L271Tg’%zlaw : (5.38)
7{ dp(z) Py () Par () = (—1)L%1gnméiiaLM. (5.39)

Comparing these relations with (5.8) and (5.12) in view of the correspondence (5.35), we
obtain the relation between the ratios of determinants

D 2L-1 2L—-1
S = ()P = ()t (5.40)

Dy, 2 may, 2 mor41’

which leads to

g* "2 map o _ (D ? (5.41)
(271’)2 maoy, DL ’
Using the initial condition my = Dy = 1, we can solve the recursion to get
27)%L
(2r) (Dp)*. (5.42)

M2L = 7757
g2L{L=2)

This establishes the relation between the two determinant expressions.
Using this relation, we can express the large N limit of the generalized Bremsstrahlung

function (4.16) as
260
1- 5

w2

1
Hp(0) = Br(0) = — 9 log iy (5.43)

mar

This is precisely the result obtained previously from integrability [26].
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5.4 Variations of the measure

Before proceeding, let us now make a small remark on the measure du. The expectation
value of the Wilson loop admits several different integral representations besides (5.3):

W) = %d,usym = fduexp. (5.44)
Here djigym is a “symmetrized” measure defined by

de 14+ 272 sinh(2mg(z + l/x))ega(xfl/x)

dpisym = 5 5.45
Hom = o™ 2 274 ’ (5.45)
while dpexp is an “exponential” measure defined by
dx 1+ z2 e2m9(a+1/z)gga(z—1/z)
dptexp = (5.46)

o 2 2mg

The symmetrized expression can be derived from the original one (5.3) by performing the
transformation © — —1/z and averaging the original expression and the transformed one.
On the other hand, the exponential expression can be obtained from the symmetrized one
by splitting sinh into two exponentials and performing z — —1/x to e~ 2™9(*+1/2),

Almost all the results obtained so far in this section are valid even if we replace du
with dpisym Or dtexp since the functions Qp () are invariant under x — —1/x; see (5.10).
(The only exceptions are (5.11) and (5.12) whose derivation relies crucially on the property
of dp.) This in particular means that one can alternatively use dpsym or dpiexp for the
integral expression for the topological correlators (5.6). In the following sections, we will
see the uses of these other measures.

5.5 Nonplanar corrections to the measure

So far, we have been discussing the large IV limit in this section. As we explain below, it is
also possible to correct the measure factor to incorporate the perturbative 1/N corrections.
The large N expansion of the expectation value of the Wilson loop is given by [9]

W) = \%mﬁ) + 4;];212(&) I (5.47)

with X' = X (1 — a?/(47?)) = (4mg)? (1 — a®/(47?)). To find the first non-planar correction

to the measure, we use the generating function,'6

) ) 400 o +a n/2
e2m9(a+3) pgalz—3) — Z [n(ﬁ) < ) " . (5.48)

2r —a
n=-—00

which leads to the following integral representation:

n/2
In(ﬁ)(%Jra) :jéda:ezﬂgm;)ega(:c—i) (5.49)

o2m —a omixntl

167 . . . . ﬂ<y 41
This follows from the usual generating function for the modified Bessel function, e 2 v/ =

>, In(V'N)y", after the change of variables y = ,/ 22+ 7.

27m—a
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Applying this to the first nonplanar correction, we get

)\/ I(W) A/ QF—G% dx e?ﬂ'g(x-i—%)ea(x—%)

A8N2 2 T 18N?22r+a ) 2mia 50
g*(2m — a)? dx 1 1 (5.50)
_ f eZTrg(x—{—E)ea(r—;)
12N?2 2mix3

The expression (5.50) contains an extra dependence on the area, (27 — a)?. However, this
can be absorbed into the integral by using

L demted

ga X e9a(r=3)

T 1+ /22  dz
1 (5.51)
2 a(z—1) 1 d 1 des?®2)
(ga)” x 9=/ = -
14+1/22de |1+ 1/22 dx
and performing the integration by parts. As a result, we get
N 1 dx eng(w—i—%)ega(:p—%)
——L(VN) = 2 1 5.52
wae2VY) =5 f iz g X< J@rg(x+1/x))., (5.52)
with (2mg)t 22
2wg)* z¢ —32+3
f(z)= e o . (5.53)

Thus, using the exponential measure for the planar part, one can write down the corrected
measure diy/y as

d e29@+L) ggale—1)

dpy /N = x F(2rmg(x +1/x)), (5.54)

2mix 2mg

with
1 z (279)*22-32+3

F(z) = =
(2) (2mg)? 2 TN 324

+O(1/N%Y)--. . (5.55)

z—1/x)

Since the area dependence only appears in the exponent 9% , the expectation value

of the Wilson loop and its derivatives retain the following simple expressions:

W)@ = f dyuy (9(z — )" (5.56)

From this, it follows that the integral expression for the topological correlators (5.6) and
the orthogonality condition for Q () (5.8) still hold if we replace du with dpy -
Repeating the same analysis at higher orders, we can determine the corrections to the
measure order by order. After working out first several orders, we found'” the following
relation between the terms that appear in the expansion of (W) and the corrections to F'(z):

n ntegration arts 4 21" 2
(A’)E[n(ﬁ) Integ t_)byp t, |:( ﬂ_g) :| \/;e_z\/jZKn+%(_Z) (557)

z

1"We only checked the relation by Mathematica and did not work out a proof. It would be nice to prove
and establish the relation.
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Note that although the right hand side involves the modified Bessel function K, 1, it

2
actually reduces to a rational function of z. Now, applying this relation to the expansion
of (W) given by Drukker and Gross [9],

2 =1 M\ 2
<W>=W11(W)+I;N% :OXE <> Isj—s—1(VN), (5.58)

K(3k—s—1)+%(_z) (5.59)

In (5.58) and (5.59), X} is a numerical coefficient defined by the following recursion:

3k—s—2 1
Xt box,

4xs =22 “
k 3k—s -17 3k

(5.60)

It would be interesting to try to resum the series (5.59) and to consider the nonperturbative
corrections.

6 Weak- and strong-coupling expansions

We now discuss the weak- and the strong-coupling expansions of topological correlators
on the 1/2-BPS Wilson loop at large N, and compare them with the direct perturbative
results. In particular, we focus on the three-point functions since the topological correlators
are closed under the OPE and the match of the three-point functions (or equivalently the
OPE coefficients) automatically guarantee the match of higher-point functions.

In both cases, we first compute the expansion of the polynomials Qr(z):

gkl

" (6.1)
Qi)+ g>1 '

To determine the expansion, it is convenient to use the symmetrized measure djtsym (5.45)
and perform the change of variables from z to y = i(x — x71)/2. Then, the integral over =
can be rewritten as the following integral of y:

1 sinh(4wg+/1 —
j{dusym("')=2/ dy h(4mg/1 92)(...), (6.2)

™) 4 dmg

Note that we set a = 0 since we consider the 1/2-BPS loops. In what follows, we use this
representation for the measure to compute the weak- and the strong-coupling expansions.
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6.1 Weak coupling expansion

Let us expand the measure (6.2) at weak coupling,
dpisym = dp’ + g*dp' +0(g*) - - . (6.3)

At the leading order, it is given by

2
du’ = ;dy\/ 1—y2. (6.4)

This coincides with the measure for the Chebyshev polynomials of the second kind. Thus,
taking into account the difference of the normalization, we conclude that (Q, at the leading
order at weak coupling is given by

Q1(z) = (—ig)"UL(y), (6.5)

where Uy (y) is the Chebyshev polynomial of the second kind determined by the following

recursion relation:
Uo(y) =1, Ui(y) =2y,

Ur+1(y) = 2yUL(y) — Ur—1(y) -

Having identified @Qn with the Chebyshev polynomial, one can now compute the two-

(6.6)

and the three-point functions by using the identities,

5 [ VT PO U ) = v,
ot (6.7)
UL)Unm(y) =Y Ur-mrar(y) (L= M).
k=0

Using these identities to evaluate the integral expressions for the correlators (5.6), we get

<:(§Ll : :(i)LQ : > ‘O(go) = (_92)L16L17L2 , (6 8)
~ ~ ~ Lig :
<:(I)L1 SRR IS >‘O(go) = (_92)%dL1,L27L3 )
where Ly is given by

Liot = L1 + Lo + L3, (6.9)

and the symbol dy, 1, 1, denotes

1 (Li+L;>L /\( 3_L:even)

dL1,L2,L3 = ( ' ’ k) Zs—l ’ (6'10)

0 otherwise

As shown in (6.10) the three-point function is nonzero only when the triangle inequalities
are satisfied and the sum of the lengths of the operators is even. These results precisely
match the tree-level planar Wick contractions. Note that, at this order, the expectation
value of the Wilson loop is 1 and there is no distinction between the un-normalized and
the normalized correlators ((x)).
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Let us now discuss the one-loop correction. At one loop, the measure receives an

additional contribution,
2

8
dpt = dp x ?(1 —?) (6.11)

This change of the measure induces the change of the orthogonal polynomials QIL since
they need to satisfy the modified orthogonality condition

/ QL% + / QL Q% + / a°QYQY o bras (6.12)

Furthermore, in order to keep the normalization condition (5.9), the correction @} must
be a polynomial of y with the order < L. One can solve these conditions using the equality

(1= )Usy) = § (QULy) ~ Uraly) ~ Us(v)) (613)

and the result reads
I 272

QL(y) = (=ig)" -

We can then compute the correction to the two- and the three-point functions using the

Ur—2(y) - (6.14)

integral representation for the correlators (5.6) as follows:

3 N 2g)2(—g?) 1
(ol . @l >‘O(92) = ()E)))(SLl,LQ ;

L
- - . 21q)2(—g2) %" 6.15
<:CI)L1::<I>L2::CI>L5:>‘O( 2 = (279)"(—9") (2dr, 1oLy + ALy Lo—2.1s ( )
g

(@)

+ dLl,L2,L3—2 - dL1+2,L2,L3) )

where dgp . is 1 only when a 4 b 4 ¢ is even and they satisfy the triangular inequality,
(otherwise zero). Using the identities!®

dL1,L2—2,L3 = dLl,Lz,Ls - 5L2+L3,L1 - 5L1+L2,L3 + 6L3+L1,L2—2 )
dry,Lo,Ls—2 = ALy Ly,Ly — OLg+L1,Ly — OLo+Ls,Ly + OL1+Ls,Ls—2 (6.17)

dry4+2,Lo,Ls = ALy, Ly, Ly + 0L+ Lo, Ls—2 + OLs+Ly,Ly—2 — OLy+ L Ly »

we can rewrite the three-point function also as

Ltot
Sl GLa. . & 21g)*(—g*) 2"
ol gl ple :( 3d -4
( ) Otg?) 5 (3dLy,Ly,L5 = 0Ly +Ls,Ls (6.18)
- 5L2+L37L1 - 5L3+L17L2) .
8These identities can be derived by expressing da,p,c as a product of step functions
1 >0
o(z) = (z20) (6.16)
0 (x <0)

and using the fact that ©(z + 1) = O(z) + dz,—1 and O(z — 1) = O(x) — ds,0.
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By dividing the correlators by the expectation value of the Wilson loop (W) = 1+ 272¢? +
O(g?), we get the following results for the normalized correlators:

B B 9 g 2 _92 Ly
<<:¢L1::(I)L2:>>‘ ) :—M(SLLLQ)
0 ] (6.19)
FL1..5/5L2..5L3 (271—9)2(792)% |
((: ™™ 2:: 973 1)) ‘0(92) =— G (0Ly+Lo,Ls T0Lo+Ls, L1 T0Ls+L1,Ls) -

They are in perfect agreement with the direct one-loop computation performed in [29].

For completeness, let us also present the structure constant in the standard CFT
normalization; namely the normalization in which the two-point functions become unity.
The result up to O(g?) reads

((:éLl s ®le pls »
(((:&JLI Pl N(E dL2::Pple: PX(E PLs::Pls: ))) 2

2
3

= dL17L27L3 + (W9)2 |:dL1,L2,L3 - (5L1+L2,L3 + 5L2+L3,L1 + 6L3+L1,L2) . (6'20)

6.2 Strong coupling expansion

Let us consider the expansion at strong coupling. Here we send g — oo while keeping the
lengths of the operators L;’s finite. In this limit, the integral

~ = = 2 (1 sinh(4mg\/1 —32)
(ol .l ~-:<I>L":>:/ dy ( 4mg )HQLk(x), (6.21)
k=1

mTJ1

can be approximated by its saddle point,

dlogsinh(4rgy/1 — y?)

Oy

=0 = y"=0. (6.22)
y=y*

Expanding the measure around this saddle point and performing the change of variables
t = /2mgy, we obtain the following expression for the measure at strong coupling;:

2 / b gy Sinhmg V1 —y?) / b (dﬁo(t) 4 ;dﬂl(t) 4 0(92)> 0. (6.23)

™ J-1 47Tg —00

with

i e A S S o L (6.24)
= ——F € = _—— .
At the leading order, the measure du® is simply a gaussian. As is well-known, this is
nothing but the measure for the Hermite polynomials. Thus, Qr(x) at strong coupling is
given by

QY () = (—i)* (i)m H(t). (6.25)
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Here the factor (—i)%(g/27)%/? comes from the normalization of Qy (5.9), and Hp(t) is
the Hermite polynomial defined by
Ho(t) =1,  Hy(t) =2t,
olt) 1) (6.26)
Hp(t) =2tHp-1(t) — 2(L — 1)Hp—o(t) -

We can then compute the two- and the three-point functions using the properties of the
Hermite polynomials,

/ dt e~ Hy (1) Hay (1) = 25 LIy /7o

M
M=k \nr1
(Ot :Z (L—M+k)! (M-k)lk;!HL*M+2k(t) (L>M).
0 k!
(6.27)
The results are given by
= ~ 4dmg Iy
ol ple. ’ 267(_3) LS
< ) g—oo  2(2mg)3/2 T 1:0L1Ly 5
(6.28)

(ol .l pls:)

’ . 647rg (_g) LtQOt Ll‘LQ‘Lg' dL17L27L3
g—r0o0 2(27’['9)3/2 ™ L12|3!L23‘1!L31|2!
with Lj, = (Li + Lj — Lg)/2. Note that the overall coefficient €79 /(2(2mg)3/?) is pre-
cisely the expectation value of the circular Wilson loop at strong coupling. Therefore, the
normalized correlators take the following simple form:

~ ~ Ly
(or bty = (=) Lyop,,

’g—ﬂ)o

™
Lto 6.29
{ ol Pl (i)L3:>>‘ = (—Q) 2 Lol Ly dry,Ls,Ls ( )
g—o0 m L3 La3j1 ! L3y 2!

These results reproduce the strong-coupling answer, which is given by the generalized free
fields in AdSs.

Let us now compute the correction to this strong coupling answer. At the next order,
the measure receives a correction du', given by (6.24). As in the weak-coupling analysis,
the change of the measure induces the correction to (); since they have to satisfy the
modified orthogonality condition:

o0 [e.e] o0
[ an @@+ [ @i+ [ bk b (6.30)
—0o0 —0o —0o0
To solve this condition, we use the following property of the Hermite polynomial:
Hy(t) +12Hy(t) + 12
vy = O RIBO 2, )
2L+ 3 3(2L* +2L+1
HL+4 +———Hpi2+ ( )HL (6.31)
" 16 4 4
L! L!
2L—1)————H; o+ ——-Hp_4.
+( )(L—2)! L2+(L_4)! L—4

~ 99 —



We then get

—i)L ! !
QL) = 0 (£) [<2L—1>(Lf'2)!HL2<t>+(Lf'4)!HL4<t> 63

Using this result, we can compute the correction to the two-point function as

~ ~ 4mg I 3
Blidten)| e (<) Lalbr (213 4 2L + 1
< ) 0(1/9) 2(27g)3/2 ( 71-) 1:0L1L2 3271'9( 1+201+1),
T ¥ o drg Lot 3
Dbty = o (<) (L + 2L + 2 6.33
< ) O(1/9) 2(27rg)3/2 ( 7T) 647Tg( tot T 2Ltot +2) ( )

L1!L2!L3! dL1,L2,L3

Lyg3! Lozjy ! Lay)o!

Since the expectation value of the Wilson loop can be expanded at strong coupling as

o 7= (1= 2 oqyg (6:34)
 2(2mg)3/2 327y 7)) '
the normalized correlators are given by
N N L 3
(80 adtey| == (<) Lty (213 4200),
O(1/g) s 32mg (6.35)
<<.§)L1..(i)L2..(§L3.>>‘ __(_Q) =R i(LQ +9L, t)Ll!L2!L3!dLl,Lg,Lg, '
PPl Pl = o
O(1/g) T 64mg " Lyg3!Logj ! L3y 0!

As we will see in the next subsection, these results are in perfect agreement with the direct
strong-coupling computation.

Using these results, we can also compute the structure constant in the standard CFT
normalization at strong coupling:

(@51 pl2: . pls:))
(<<:(§Ll : :&)L13>> <<3i)L2 : :(fL23>> <<1§>L3 : :gﬁL3 : >>)

1/2

_ VL'Lo!Lsl dy, 1y 1 1+3(L§+L§+L§—2(L1L2+L2L3+L3L1))+O <1)] (6.36)
Lyg3! Lo ! L3y 0! 64mg @)

6.3 Comparison to string theory

In this section we show that the strong coupling expansion of the localization results derived
above precisely matches the direct perturbative calculation using the AdSs x S° string sigma,
model. As is well-known, on the string theory side the 1/2-BPS (circular or straight) Wilson
loop is dual to a minimal surface with the geometry of an AdSs embedded in AdS; (and
pointlike in the S° directions). The dynamics of the string worldsheet fluctuations is most
conveniently described using the Nambu-Goto action in static gauge. The bosonic part of
the string action up to the quartic order was written down explicitly in [32] and it reads

VA 1 a1
SB—%/dzd\/g <1+2g“”8#m181,x1+3:’x’+29“”8uya ,,y“+L4y+L4$+L2w,2y—|—...>
(6.37)
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Here g,, is the AdSy worldsheet metric, y*,a = 1,...,5 are the massless fluctuations in
the S° directions, which are dual to the scalar insertions ®® on the gauge theory side, and
z',i = 1,2,3 are the m? = 2 fluctuations in AdSs dual to insertions of the displacement
operator [46, 47]. For the explicit form of the quartic vertices, see [32]. Note that there
are no cubic vertices between the elementary bosonic fluctuations.

Let us first review the result for the tree-level connected four-point function of the y®
fluctuations computed in [32], and its agreement with the localization prediction. Taking
the circular geometry at the boundary, it takes the form

(Y1-y(11) Y2 y(12) Y3y (73) Ya-y(14)) Ay, =
2
() vy

T (dsinZsin )2 /) GS(X)_%GT(X)+5(GT(X)+GA(X))+C(GT(X)_GA(X))

(6.38)
where x is the cross-ratio
_ sin 52 sin Bt (6.39)
X~ sin T3 sin 24 ’
and &, ¢ are SO(5) cross-ratios
Y1-Y3Ys Yy Y1-YaY5 Y3
= Vv C=v Vv v (6.40)
Yi-YoYs5-Ys Yi-YoYs5-Yy

with Y; null polarization 5-vectors. The functions of cross-ratio G a(Xx) appearing in
the 4-point function above correspond to singlet, symmetric traceless and antisymmetric
channels, and their explicit form can be found in [32].

In writing (6.45) we have taken the normalization of the y fluctuations such that the
leading order 2-point function computed from the string action reads'®

VA Y Y,

(Y1 y(1)Y2 - y(12))aas; = 55 e (6.41)

This normalization agrees in the strong coupling limit with the normalization we adopted
on the gauge theory side, which gives

(Y1 ®(11)Yz - ®(12))) = VALY Yii¥e VA (1 3 4 ) Nt
22 I (V) (2sin B2)2 - 272 2v/\ (2sin T2)2
(6.42)
We now specialize to the topological boundary operators, by choosing the polarizations

Y; = (cos 74, 8in7;,0,,0,0) . (6.43)
By analogy with the notation introduced earlier on the CFT side, let us define

g(r) = COS(T)yl(T) + sin(T)yQ(T) + z'y4(7') , (6.44)

9Tn [32] instead a canonical normalization of the kinetic term was used, so that the leading 2-point
function was X\ independent. The normalization in (6.41) is actually the one which is naturally induced by
the overall A dependence in the string action, upon adopting the standard AdS/CFT dictionary to compute
the tree-level 2-point function, see [45].
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Figure 4. Witten diagrams in AdSs contributing to the 4-point function of single-letter insertions ®
to next-to-leading order at strong coupling. The grey blob in the middle figure denote the one-loop
correction to the “boundary-to-boundary” y propagator.

which is dual to the insertion of ® and has the constant 2-point function given at leading
order by (7(71)3(m2))Ads, = —%. Then, using the explicit form of Ggr 4(x), one finds

the position independent result for the connected 4-point function

conn. 3 \/X

(G(m1)7(12)7(73)5(74)) K0S, = 1o (6.45)

The full 4-point function to the first subleading order also receives contribution from dis-
connected diagrams, as shown in figure 4. In addition to the leading tree-level generalized
free-field Wick contractions, there are corrections of the same order as (6.45) coming from
disconnected diagrams where one leg is one-loop corrected, see the figure. While these
corrections have not been computed explicitly yet from string theory, we will assume below
that they reproduce the strong coupling expansion of (6.42).2° Then, the 4-point function
of single-letter insertions computed from the AdSs string theory side reads to this order

2 2
(G(m1)9(72)9(73)5(74)) Ads, = (—;g) [(1—2\35> —\%ja,,] :1224_1\7{5#“

(6.46)
where the first term in the bracket is the contribution of disconnected diagrams, and the
second term the one of the tree-level connected diagram. This precisely matches the strong
coupling expansion of the localization result

o 2w 3\ 3 3VAL(VA

Having reviewed the matching of the ® 4-point function, let us now move to the
computation of the two-point and three-point functions of arbitrary length insertions : oL
The Witten diagrams contributing to the 2-point function to the first two orders in the
strong coupling expansion are given in figure 5 (as in figure 4 above, there are one-loop
corrections to the diagrams involving free-field Wick contractions, that for brevity we do not
depict in the figure). The contribution of the diagram involving the 4-point vertex can be
obtained from the 4-point result (6.38) by taking Yo — Y1,Y34 — Y3, and taking the limit

20 Alternatively, one may consider normalized correlators as in (6.35), where such corrections drop out in
the ratio.
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QL@QL QL@QL

Figure 5. Topology of Witten diagrams contributing to the 2-point function of ® (in the pic-
ture the case L = 4 is shown). The diagrams on the left, corresponding to generalized free-field
contractions, also receive a subleading correction where a y-propagator is one-loop corrected.

Ty — T1,T4 — T3 = T9. From [32], we have Gp(x) = —%XQ +...and Ga(x) = O(x31og(x))
at small x, and so we get

(6.48)

Y; - 2y, . 2 — - _
(Y1 -y(m1))"(Y2 - y(72))7) Ads, P 61

3VAYL-Y2)? 3V
22

where the first equality is valid for any choice of the null polarization vectors, and in the
second equality we have specialized to the topological configuration. We can now use this
result and some elementary combinatorics to compute the 2-point functions for arbitrary
length. We find

Y SR A N Y U1 S B (A
@9 nas, = | =5 | |LH(1 75) " 7 s (L—2)!+... (6.49)

The first term in brackets corresponds to the generalized free field Wick contractions: there
| i _ 3 L _q1_ 3L
are clearly L! such contractions, and the factor (1 sx T ) 11— T accounts

for the one-loop correction of the boundary-to-boundary legs, as discussed above. The
second term in brackets corresponds to the diagrams involving the 4-point vertex shown in

L
figure 5: there are <2> ways of picking two y’s on each operator, and (L — 2)! free-field

contractions among the remaining y’s. This result can be simplified to

L
(75" aas, = (—;g) L! [1 - 4\3&L(L+ D+...], (6.50)

which indeed precisely agrees with the localization result given in (6.29) and (6.35).

Similarly, the diagrams contributing to the 3-point function ((: ®X1::®L2:: ®Ls:) are
shown in figure 6. The leading contribution is given again by free-field Wick contractions.
Let us define the number of such contractions to be

N _ Ly\Lo\L' dp, 1y 14
Ly,La, Ly =
L3 Lag|1 ! L3y o!

(6.51)

with dr, 1,1, given in (6.10). At the subleading order, there are two topologies which
involve the 4-point vertex: one where the vertex connects two y’s belonging to two different
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Figure 6. Topology of Witten diagrams contributing to the 3-point function of general length
operators (in the picture the case Ly = Lo = 4, L3 = 2 is shown). In addition, there are one-loop
corrections to the generalized free-field diagrams shown on the left.

operators, and one where it connects two y’s from one operator and two y’s from two
separate operators, see the figure.?! The first type of diagram can be computed using (6.48).
For the second type of diagram, again taking the limit of the 4-point result (6.45) by setting
Yo — Y1,Y5 = Y5, Yy = Y3 and similarly for the 7; points, one finds

VAL Y)(Yi oY) 3VA

647 sin? 722 sin® 73 1674’

(Y1-y(1))* Ya - y(72) Y3 - y(73)) ads, = (6.52)

where we have specialized to the topological configuration in the second step, but the first
equality holds in general. Then, working out the relevant combinatorics and putting all
the contributions together, we find for general lengths

Lot

Vi) o 3(Ly+Lo+Ls)
~Ly~Lo~L3 _ | _ _
(g™ 1972y >Ad82_< o) N7, Ly, Ls (1 B, S -i-) (6.53)

3 Ll L2 L1 L3 L2 L3
—\ﬁ N1, —2,Ly—2,Ls 9 9 +05, 21,052 9 9 +07,,0,-2,L5-2 9 9

3 L Ly Ls
A <HL1—2,L2—1,L3—1 ( 5 > LoLs+np, 11,-215-1 ( 5 ) LiL3+np, _1,1,-1,05—2 ( 5 LiLy) |,

with Lot = L1 + Lo + Ls. This simplifies to

Lot

Ly ~Lo~ VA 3Ltot (Ltot + 2
<yL1yL2yL3>Ad82 = <_47T2 Nr,,Ly,L3 |:1 - ttl(6t\/§\) +.. :| s (654)

again in complete agreement with the localization prediction (6.29) and (6.35).

In a similar way, one can compute higher-point correlation functions of : ®~: insertions
to next-to-leading order at strong coupling. While for the topological operators the agree-
ment of these should follow from the agreement of 2-point and 3-point functions shown
above, to dispel any doubt we have explicitly verified in various higher-point examples
that the localization results are indeed correctly reproduced by string perturbation theory
around the AdSs minimal surface.

2INote that there is no diagram where the 4-vertex connects three y’s on the same operator, as this
vanishes by SO(5) symmetry: in terms of the null polarization vectors, it necessarily involves a factor
Y; Y, =0.

~ 34—



7 Emergent matrix model at large NV

In this section, we reformulate our results in the planar limit as a matrix model. We follow
closely the approach in the integrability literature [25, 43|, but the resulting matrix model
is slightly different. This reformulation would be useful for studying the semi-classical
limit where L; and g are both send to infinity while their ratios are kept finite. We present
preliminary results for the semi-classical limit leaving more detailed analysis for future

investigation.

7.1 Dy and Qr(x) as a matrix model

Using the integral representations (5.3) and (5.4), the equation (3.14) can be re-expressed as

1 X - X

L X X2 ... xiL
Dy = (H fd,uexp(xk)> :2 :2 . :2 ) (71)
k=1 : : . :

L-1 L 2L—-2
XL XL e XL

with X; = g(z; —2;!). Here we used the exponential measure (5.46) for later convenience,
but the results in this subsection are equally valid if we substitute it with du or dpsym.
The determinant in (7.1) has the structure of the Vandermonde determinant and it can be
rewritten as

1 X - xH

Xy X2 ... XK
k—

o S =TI e - X0 (7.2)

Xffl Xf X%L*Q

Since the measure factors in (7.1) are symmetric under the permutation of the indices, we
can replace the right hand side of (7.2) with its symmetrized version,

Tt TG - %0 = 4 T16G - %) 3 (- [T x5 (7.3)
k 1<j L 1<j oc€eSE, k

We then realize that the sum over the permutation is precisely the definition of the Van-
dermonde determinant. We can thus replace the determinant part by

1 Xy - Xt
Xo X22 XZL - Hl<j(X _Xj)2

L-1 L 2L—-2
XL XL A XL

Therefore, we obtain the multi-integral expression,

Dy = ““( fduexpxk> (i (14 ) (75)

Tid;
i<j R
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Note that this matrix-model-like expression is similar but different from the matrix model
for mor, derived in [43]. One notable difference is that the integral in [43] contains 2L
integration variables while the integral derived here contains only L integration variables.
As proven in section 5.3, the two determinants are related by (5.42).

One can also express the polynomial F, as a multiple integral. Applying the integral
expression (5.4) to (3.18), we get

1 Xy - XF
X . Xy X2 .- X2L+1
Fi[X] = 5~ <H ]4 duexpm)) SR (7.6)
L \g=1 XL xb ... x2
L L
1 X - Xt

Here, again, X = x, —x,;l. Now the determinant part in the integrand can be evaluated as
1 Xy - XF
X5 X% ... X2L+1
o =R =X [ - Xa) (7.7)

L—1 201 k i<j
X7 Xf e X7 i<j
1 X --- XL

Thus, after symmetrization, we get

gL

L 1 2
FL(X) =57 L]_I1 fduexpm)(X—g(xk—xkl))] [@i—z;)? <1+xixj> . (18)

1<j

As can be seen from this expression, Fr(X) is the analogue of the characteristic polyno-
mial of the matrix model, which is obtained by inserting det(X — M) in the integral of the
matrix M. After the change of the variables X = g(z — 2~!), it can be rewritten as

Qr(w)=Fr(g(z—27"))

)

7.2 Classical limit of the matrix model

[Txi—=;)? <1+$i1$j>2 - (19)

i<j

Let us now consider the limit where g and L;’s are sent to infinity while their ratios remain
finite. This limit corresponds to a classical string configuration in AdS and therefore is
called the (semi-)classical limit.

The integral expression (7.5) can be rewritten as

L(Z-1) dxk 1 —|— €T,
Dy k L (@nzk) 710
47Tg LLI f H ( )
where the action is given by

= —éﬁg (mk + ;) +ag <£L’k - ;k> + 2ZL:10g [(l‘z ) <1 + x;})] - (711)

1<J
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Figure 7. Analytic structure of pr(z). In the semi-classical limit, the function pp(x) has
two branch cuts; the one coming from the condensation of x; and the other coming from the
condensation of 1/xy.

In the classical limit, the integral can be approximated by the saddle point 95y /dx; = 0.
To compare with the result from integrability, it is convenient to introduce the rapidity
variables

1
up =g <xk + ) . (7.12)
T

and express the saddle-point equation as 9Sr,/dur = 0. We then get

1422 |a 1 1
TR 54_;2 ; =T. (7.13)

As in the usual large N matrix models, we expect that xp’s condense into a branch
cut in the classical limit as shown in figure 7. To describe the limit, it is convenient to
introduce a function py,(z) defined by

L

1+2? |a 1 1
pr(z) = T2 |24 + - " (7.14)
g gk:l (x_wk) (1+m>
Then, the saddle-point equation (7.13) can be rewritten as
1
i[pL($k+€)+pL(9€k—6)] =, (7.15)

where z, + € denote the two different sides of the branch cut. Since p(z) has the symmetry

pr(r) = —pr(=1/z), (7.16)
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the branch cut of xj’s is accompanied by another branch cut that is formed by —1/xp’s.
Around this other branch cut, pr(x) satisfies

L (g 4 4 (- = 9] = . (717

owing to (7.16).
It turns out that the function pr(z) coincides with the quasi-momentum computed
in [43] (upon setting # = a/2). To see this, let us rewrite (7.14) using the identity,

1+ 22 1 x? 1 1 1
1 — a2 1 :1—x2($—y+x+1_x)' (7.18)
(x—y)<1+;y) y

We then get
2 2 2L
ax®+1 rx L x 1
__ 4 = 7.19
pe(z) 222—-1 22-1¢g m2—1kzlx—a:k’ (7.19)
where we defined x, with &k > L as
1
Tp = — (k>1L). (7.20)
Thk—L

The expression (7.19) coincides?? with the definition of the quasi-momentum (3.13) in [43]
if we take into account the fact that the distribution of z’s in [43] are symmetric under
the transformation x — —1/z. Furthermore, using (7.20), the saddle-point equation can
be re-expressed as

T 1<k<L

, (7.21)
-7 L+1<k<2L

% [pr(7x +€) + pr(er —€)] = {

and it agrees with (3.15) in [43] (after appropriate reordering of xj’s). These two agree-
ments guarantee that our p(z) has the same analytic properties as the quasi-momentum
in [43], which uniquely specify the function. We thus conclude that the two functions must
be the same.

Using the quasi-momentum py,(x), we can also express the semi-classical limit of Q,(z).
By taking the saddle-point of the integral expression (7.9), we obtain

T}

L
Qr(z) ~ g* H(ac — ) (1 + 1) , (7.22)
k=1

where xj’s are the saddle-point values of the integration variables, which satisfy (7.13).
Using the definition of pr(x), we can also rewrite (7.22) as

u(x) a o
Qr(z) ~ g¥ exp [—g/ du’ (pL(u’) + 29@/)2_492>] , (7.23)

where we introduced the rapidity variable u defined by u = g(z + 1/z).

#2Precisely speaking, there is a small difference from (3.13) in [43]: in their case, the number of roots is
2L + 1 whereas it is 2L in our case, even after we doubled the number of roots by (7.20). However, this
difference does not affect the leading semiclassical answer.
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Given the match of the quasi-momentum, we can follow the argument of [43] and show
that the semi-classical limit of our matrix model correctly reproduces the Bremsstrahlung
function computed from classical string. More interesting and challenging would be to
compute the semi-classical limit of the structure constants using the integral representa-
tion (5.6) and the asymptotic formula for Qr, (7.23). We leave this for future investigation.

Before ending this section, let us also point out that one can study the nonplanar
corrections to Dy, and @ by replacing the measure djcyp in (7.5) and (7.9) with the
nonplanar measure duy/y given in section 5.5. It would be interesting to analyze the
classical limit of the nonplanar corrections using our matrix model and match it with a
classical string configuration.

8 Conclusion

In this paper, we computed a class of correlation functions on the 1/8 BPS Wilson
loop by relating them to the area derivatives of the expectation value of the Wilson
loop. When restricted to the 1/2 BPS loop, the results provide infinitely many defect-
CFT data. As a byproduct, we also obtained finite-N generalization of the generalized
Bremsstrahlung function.

Let us end this paper by mentioning several future directions worth exploring: firstly,
it would be interesting to generalize our analysis to include operators outside the Wilson
loop. In the absence of insertions on the loop, such correlators were computed in [18, 19]
using the relation to 2d YM. Combining their results with our method, it should be possible
to compute the correlators involving both types of operators. Work in that direction is
in progress [48]. Once such correlators are obtained, one can try to numerically solve the
defect CFT bootstrap equation [33] using these topological correlators as inputs.

Another interesting direction is to apply our method to other theories, in particular to
N = 2 superconformal theories in four dimensions, for which the Bremsstrahlung function
was recently studied in [49]. Having exact correlators for these theories would help us
understand their holographic duals, including the dual of the Veneziano limit of N = 2
superconformal QCD [50].

At large N, we have shown that the correlators are expressed in terms of simple inte-
grals. A challenge for the integrability community is to reproduce them from integrability.
In the hexagon approach to the structure constants [51, 52], the results are given by a sum
over the number of particles. At first few orders at weak coupling where the sum truncates,
it is not so hard to reproduce our results [29, 53]. A question is whether one can resum
the series and get the full results. In many respects, the topological correlators on the
Wilson loop would provide an ideal playground for the hexagon approach; one can try to
develop resummation techniques, fix potential subtleties (if any), and compute nonplanar
corrections [54, 55].

Lastly, the appearance of the Q-functions in our large-N results suggests deep relation
between localization and the Quantum Spectral Curve. It is particularly intriguing that
there is a one-to-one correspondence between the multiplication of the ()-functions and
the operator product expansion of the topological correlators. A similar observation was
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recently made in [56] in a slightly different context: they found that the correlators on
the Wilson loop in the so-called ladders limit [57], which can be computed by resumming
the ladder diagrams [30], simplify greatly when expressed in terms of the Q-functions of
the quantum spectral curve. Exploring such a connection might give us insights into the
gauge-theory origin of the Quantum Spectral Curve.
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A Explicit results for operators with L < 3

In this appendix we collect some explicit results for 2-point and 3-point functions of opera-
tors with L < 3. We restrict for simplicity to the case of the 1/2-BPS loop. In terms of the
area-derivatives of the Wilson loop expectation value, one gets for the 2-point functions

- w2
(:@::®:) = W (A.1)
2 g2y WWW — (W)
(:P%::®:)) L (A.2)
gy - WOWO = p0)2
(:®3::@3:) = TATE) (A.3)
and for the 3-point functions
(:02::::D:)) = ((:D%::$%:)) (A.4)
o ~o =~ )3 _3w@wM) (6) 2
<<:<I>2::<I>2::<I>2:>>:2(W o3 (;/\)V)B WHW W) (A.5)
<<:<i>3::<i>2::<i)1:>>:<<:<i>3::<i>3:>> (A.6)
BB _—(W(2))3W(6)+(W(2))2((W(4))2+W(8)W)—2W(2)W(4)W(6)W+(W(4))3W
(:@°::9%::0%:)) = (W(Q))Q(W)2 )
(A.7)

Here W =< W > |a—2, and wk) = % < W > |a—2, (similar expressions hold for the
general 1/8-BPS loop, but they also involve derivatives of odd order). Using the Wilson
loop expectation value (2.3), one can obtain in a straightforward way the explicit finite N
results in terms of Laguerre polynomials, but the expressions are rather lengthy and we do

not report them here. In the planar large N limit, the above correlators can be expressed
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in terms of Bessel functions as

by 202 A8
(et = A (A8)
2
(87252, = 3\ Ao (\5 - VAL (\5\) 45 (49)
167 16741, (ﬁ) 2 oripy (ﬁ) 47
(« @3::(i)3:>> =
 3VAGMTR (VX)2  ssa+14)1 (VA) 3(A(32-3X)+288)11 (V1))
o1 () () s (1 (R) T o 1 (2) - 2258 =)
and for the 3-point functions:
(:@2::0::®:)) = ((:9%::92:)) (A.11)
e N (VA) Lo 3\ (VA)2 8VA(+10), (V) T a
32000 (VA)# 3270 spon (VA)2 o s2eon (VA) AT
(:®3::02:: 0L ) = ((:9°%::93:)) (A.13)

3A(GA+T2) ] (\fA) 4 31272419201, (ﬁ) 3
256781, (ﬁ) 27, (\FA) 2 198781 (ﬁ) Iy (\A) 2
3(A(2A+579)+6192) 1, (ﬁ) 2 3(A(5A—T57)—6336)], (ﬁ) I (ﬁ)
e n (A aea(()- )
3(A(AM(OA—112)+4960)+34176) 1, (\FA) 2
25675\, (ﬁ) 2 '

((:<i>3::<b3::<i>2:>>:—

. (A.14)

A.1 Generalized Bremsstrahlung

Let us also list the first few results for the generalized Bremsstrahlung function, focusing
on the case § = 0 given by eq. (4.18). Using the same notation as above, the L < 2 results
in terms of area-derivatives of the Wilson loop expectation value read

w2
Bioo(0) = -0 (A.15)
W2 M)
Br—1(0) = YY) (A.16)

WYL — 20 2WHW — WRWO) (W)2 4 20/ H)2(W)?

V@)W — WEW ()2 (A.17)

Br_s(0) =
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Plugging in (2.3), one can find the explicit finite N results. For instance, we obtain

A 2L%_, (—v)
BLZO(O) - 1671'2N <1 + L}V,1 (_ﬁ (A18)
AL, (— 4 2035 (— %) + Lo (2%
BL:1(0) — AQ < _ 1N—2 ( Zi\N) 6 ( 2N—3 ( iN) + 1N—2 ( iN)) > . (Alg)
167N Ly (—1v) 2L% 5 (—1n) + Liv_y (—2%)
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