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1 Introduction

A remarkable feature of the Bekenstein-Hawking entropy formula is its universality: the
leading contribution to the black hole entropy is controlled by the area of the event horizon,
regardless of the details of the solutions or the matter content of the theory. It is therefore
interesting to investigate if there is any notion of universality and/or robustness in the
quantum corrections to the entropy of a black hole.

Generically there is no expectation that the quantum corrections to the Bekenstein-
Hawking area law are universal: according to effective quantum field theory they are sensi-
tive to the details of the UV completion of the low energy theory in consideration. However,
there is a special class of quantum corrections that are entirely determined by the low en-
ergy theory [1-9]: the leading logarithmic correction is governed by the one-loop effective
action of the low energy modes in the gravitational theory. These corrections, therefore,
provide a powerful infrared window into the microstates.

The claim that logarithmic corrections computed from the IR theory agree with results
for the UV completion has been successfully tested in many cases where string theory
provides a microscopic counting formula for black hole microstates. We refer to [10, 11] for
a broad overview and [12-15] for more recent developments in AdSs/CFTj3. Logarithmic
corrections have also been evaluated for a plethora of other black holes [16, 17] where a
microscopic account still awaits.!

The coefficients multiplying these logarithms follow some interesting patterns. The
black hole entropy has the schematic structure

SBH - E+§(Clocal+czm)10g?+'“ ) (11)

where we highlight the two terms (area law+logarithm) controlled by low energy gravity
and use dots to denote subleading corrections that generally depend on the UV completion.
Cym is an integer that accounts for zero modes in the path integral. Cyca refers to the
constant term in the heat kernel that captures the non-zero eigenvalues of the one-loop
determinant [19]. It is expressed as a density [20, 21]

Clocal = /d4a: gas(x), (1.2)
where the integrand takes the form
c - a
a4($) == @WMV’OUWP‘VP - 16772 E4, (13)

for the backgrounds we will consider. In this expression, Fy is the Gauss-Bonnet term and
Wywpo is the Weyl tensor. The constants ¢ and a are familiar from related computations
of the trace anomaly of the stress tensor. Their values depend on the content of matter
fields and their couplings to the background black hole solution.?

n certain cases the logarithm can be accounted for very simply by using thermodynamics [16, 18]: the
measure that controls the change from, for example, the microcanonical to the canonical ensemble correctly
reproduces the gravitational result without leading to new insight in the microscopic theory.

2Tt is important to note that the couplings are not necessarily minimal, so the values of ¢ and a may be
nonstandard functions of the matter content.



Clocal contains non-trivial information about the background so this function generally
depends greatly on the matter content of the theory and the parameters of the black
hole [16]. However, under certain conditions Clocal has a universal structure [17, 22]: for
Kerr-Newman black holes embedded in A/ > 2 supergravity, the c-anomaly vanishes. This
leads to a remarkable simplification since then the integral in (1.2) is just a topological
invariant. The logarithmic correction is therefore universal in the sense that its does not
depend on details of the black hole background; it is determined entirely by the content of
massless fields.

The class of backgrounds considered in [17] was constructed such that, in the extremal
limit, they continuously connect to BPS solutions. For this reason we denote this class as
the BPS branch. The black holes on the BPS branch are not generally supersymmetric,
but their couplings to matter are arranged such that supersymmetry is attained in the
limit. One of the motivations for the present article is to study universality of logarithmic
corrections outside of the BPS branch in D = 4 supergravity.

Supergravity (with N' > 2) also allows for black holes that do not approach BPS
solutions in the extremal limit. We refer to such solutions as the non-BPS branch. In
their minimal incarnation, they correspond to solutions of the D = 4 theory obtained by a
Kaluza-Klein reduction of five dimensional Einstein gravity [23]. In a string theory setup
it is natural to identify the compact Kaluza-Klein dimension with the M-theory circle, and
then these solutions are charged with respect to electric D0-brane charge and magnetic
D6-brane charge. Such configurations break supersymmetry even in the extremal limit.
Therefore, they offer an interesting arena for studying logarithmic corrections and their
possible universality.

The minimal Kaluza-Klein theory needed to describe the non-BPS branch is a four
dimensional Einstein-Maxwell-dilaton theory where the couplings are dictated by the re-
duction from five dimensions. We will refer to the black hole solutions of this theory as
“Kaluza-Klein black holes.” These solutions can be embedded in supergravity, as we will
discuss in detail. In particular, we will consider the embedding of the Kaluza-Klein theory
in V' = 4, 6,8 supergravity and for N' = 2 we consider ST (n) models,® which include the
well-known ST U-model as a special case.

Our technical goal is to evaluate the Seeley-DeWitt coefficient a4(x) for the Kaluza-
Klein black hole when it is embedded in one of the supergravities. This involves the study
of quadratic fluctuations around the background, potentially a formidable task since there
are many fields and generally they have non-minimal couplings to the background and
to each other. Fortunately we find that, in the cases we consider, global symmetries of
supergravity organize the quadratic fluctuations into manageable groups of fields that are
decoupled from one another. We refer to such groups of fields as “blocks”. There are only
five distinct types of blocks, summarized in table 1. The KK block comprises the quadratic
fluctuations in the seed theory, i.e. the Kaluza Klein theory with no additional matter
fields. The scalar block is a single minimally coupled spectator scalar field. The remaining

*We work out the bosonic fluctuations for A’ = 2 with any prepotential. It is only for fermionic
fluctuations that we restrict our attention to the ST'(n) models.



Multiplet Block content

KK block 1 graviton, 1 vector, 1 scalar

Vector block | 1 vector and 1 (pseudo)scalar

Scalar block 1 real scalar
Gravitino block 2 gravitini and 2 gaugini
Gaugino block 2 gaugini

Table 1. Decomposition of quadratic fluctuations.

matter blocks have unfamiliar field content and their couplings to the background are non-
standard. The great simplification is that the spectrum of quadratic fluctuations of each
supergravity theory we consider can be characterized by the number of times each type of
block appears. We record those degeneracies in tables 4 and 8.

Once the relevant quadratic fluctuations are identified it is a straightforward (albeit
cumbersome) task to evaluate the Seeley-DeWitt coefficient as(x). We do this for every
block listed above and so determine their contribution to Ciocar in (1.1). Having already
computed the degeneracies of the blocks, it is elementary algebra to find the values of ¢
and a for each supergravity theory. Our results for individual blocks are given in table 7
and those for theories are given in table 8.

One of our main motivation is to identify theories where ¢ = 0 since for those the
coefficient of the logarithm is universal. We find that the non-trivial cancellations on the
BPS branch reported in [17] are much rarer on the non-BPS branch. For example, on the
non-BPS branch the ¢ coefficient does not vanish for any N' = 2,4 supergravity we consider,
whatever their matter content. Therefore, as we discuss in section 7, this implies that the
logarithmic correction to the entropy depends on black hole parameters in a combination
different from the horizon area.

In contrast, for N' = 6,8 we find that ¢ = 0. The vanishing of ¢ on the non-BPS
branch is rather surprising, since it is apparently due to a different balance among the
field content and couplings than the analogous cancellation on the BPS-branch. It would
be very interesting to understand the origin of this cancellation from a more fundamental
principle. In our closing remarks we discuss some directions to pursue.

The outline of this paper is as follows. In section 2, we discuss Kaluza-Klein theory
and its Kaluza-Klein black hole solution. This gives the “seed solution”, the minimal
incarnation of the non-BPS branch. In section 3, we embed this theory into N' = 8
supergravity, and in section 4, we derive the quadratic fluctuations around the black hole
in the ' = 8 environment. In section 5, we discuss the embedding of the Kaluza-Klein black
hole into theories with less supersymmetry by truncating our previous results for N’ = 8 and
then exploiting global symmetries of supergravity. In section 6, we discuss the embedding
of the non-BPS branch directly into N/ = 2 supergravity, without making reference to
N = 8. This generalizes some N = 2 results to a general prepotential. In section 7, we
evaluate the ¢ and a coefficients for the Kaluza-Klein black hole in its various embeddings



and discuss the resulting quantum corrections to the black hole entropy. Finally, section 8
summarizes our results and discusses future directions. Appendix A contains the technical
details behind the Seeley-DeWitt coefficients presented in section 7.

2 The Kaluza-Klein black hole

Our starting point is a black hole solution to Kaluza-Klein theory. It is sufficient for our
purposes to consider the original version of Kaluza-Klein theory: the compactification to
four spacetime dimensions of Einstein gravity in five dimensions. In this section, we briefly
present the theory and its black hole solutions. In the following sections we embed the
theory and its solutions into supergravity and study perturbations around the Kaluza-
Klein black holes in the framework of supergravity.

The Lagrangian of Kaluza-Klein theory is given by?

1 1
e Mgk = e (R —2D,®D"® — 46—2\/5‘1’FWFW> : (2.1)

The scalar field ® parametrizes the size of the compact fifth dimension and the field strength
F,, is the 4D remnant of the metric with one index along the fifth dimension. The La-
grangian (2.1) gives the equations of motion

V3

D*® 4 e WIep  FH =), (2.2)
Du (672\/§<I>F,u1/> —_ 0, (23)

1
Ru = 59uwR = (2D, @D, — 9,0, D'®D,, D) (2:4)

1 1
+ 56*2@1’ <FWFVP _ 4gWFpJFpU) .

Some of our considerations will apply to any solution of the Kaluza-Klein theory (2.1)
but our primary interest is in asymptotically flat black holes. We therefore focus on the
general Kaluza-Klein black hole [23-25]. It is characterized by the black hole mass M
and angular momentum J, along with the electric/magnetic charges (@, P) of the Maxwell
field. Its 4D metric is given by

H
ds? = g(KK)dm“dx” = — 3

dr? A
2 2 ) 2
p e (dt — B)" 4+ \/H1Ho < +do” + —35111 0do ) , (2.5)

A

4We use e and \/—g interchangeably, to denote the square root of the determinant of the metric.



where

p (p—2m)(qg—2m)

Hy = r? + a*cos®0 + r(p — 2m) +

p+yq 2
p 2 2Y(12 2
- —4m —4m?)acosf, 2.6
sy V(@ — A = ) (26)
Hy = 1% + a®cos®0 4 r(q — 2m) + ¢ (p=2m)(g—2m)
p+yq 2
q 2 2Y(12 2
+— —4m —4m?)acosb, 2.7
e MCEEE T e T 1)

Hy = r? — 2mr + a’cos®0,

A =1 —2mr+d?,
and the 1-form B is given by

(pq + 4m?)r — m(p — 2m)(q — 2m)

B =/pq asin®0d¢. 2.10
= 2m(p + q)Hs ) (2.10)
The matter fields are the gauge field
—2m 3 (p? — 4m?) _
AKK) — _ 19 (r+p )+ L acosf| Hyldt
© 2 4m2(p + q) ?
2 _ 4m?)
2P (Hy + a?sin? 0) cosf + | 2L =4
( 2 + a” sin ) cos b + 4m2(p n q)3

X [(p + q)(pr — m(p — 2m)) + q(p* — 4m2)] asin29] H;ldqb, (2.11)

ety [ Ha 2.12
e T, (2.12)
K

The superscript “KK” on g,(WK), AXK) “and dKK) refers to the Kaluza-Klein black hole.
These background fields should be distinguished from the exact fields in (2.1)—(2.4) which
generally include fluctuations around the background.

and the dilaton

The four parameters m,a,p,q appearing in the solution determine the four physical
parameters M, J,Q, P as

2GM = ]% , (2.13)
GJ = ‘/}’Z(g’jq‘émz) z (2.14)
Q= W : (2.15)
P? = W . (2.16)



Note that ¢,p > 2m, with equality corresponding to the absence of electric or magnetic
charge, respectively.

The spectrum of quadratic fluctuations around the general black hole solution to
Kaluza-Klein theory is complicated. In section 6 we start with a general solution to the
equations of motion (2.2)—(2.4) such as the Kaluza-Klein black hole gf}lfK), AELKK), and
dEK) presented above. We construct an embedding into ' = 2 SUGRA with arbitrary
cubic prepotential and study fluctuations around the background. Although we make some
progress in this general setting it proves notable that the analysis simplifies greatly when
the background dilaton is constant ®XK) = 0.

In the predominant part of the paper we therefore focus on the simpler case from the
outset and assume ®KK) = 0. We arrange this by considering the non-rotating black hole

J =0 with P? = 2. In this special case the metric gLI,EK) is (2.5) with

q—2m 2
H1:H2:<T+ 5 > s

Hz = A =7? - 2mr, (2.17)

and the gauge field (2.11) becomes

q—2m

—1
AKK) = 20 <r + > dt — 2P cos0de . (2.18)
In the simplified setting it is easy to eliminate the parameters m, q in favor of the physical
mass 2GM = ¢ and charges P? = Q? = %(q2 — 4m?) but we do not need to do so.
When ®KK) = 0 the geometry of the Kaluza-Klein black hole is in fact the same as the
Reissner-Nordstrom black hole. Indeed, they both satisfy the standard Einstein-Maxwell
equations

RLKK) — 1 (F/SEK)F(KK)” _ lg# F/SKK)F(KK)PO'> (2.19)
v 9 v 4 V= po ’
D, FEOm — ¢ (2.20)

However, whereas the Reissner-Nordstrom solution can be supported by any combination
of electric and magnetic charges (Q, P) with the appropriate value of Q. = /P? + Q?,

for the Kaluza-Klein black hole we must set P2 = Q2 so

FKK) p(KK)u _

s ; (2.21)

or else the dilaton equation of motion (2.2) is inconsistent with a constant dilaton ®KK),
This difference between the two cases is closely related to the fact that, after embedding in
supergravity, the Kaluza-Klein black hole does not preserve supersymmetry in the extremal
limit.

3 The KK black hole in N = 8 SUGRA

In this section, we review N' = 8 SUGRA and show how to embed a solution of D = 4
Kaluza-Klein theory with constant dilaton into A/ = 8 SUGRA.



3.1 N = 8 supergravity in four dimensions

The matter content of N' = 8 SUGRA is a spin-2 graviton g,,, 8 spin-3/2 gravitini 14,
(with A =1,...,8), 28 spin-1 vectors Bl]yN (antisymmetric in M, N = 1,...,8), 56 spin-
1/2 gaugini Agapc (antisymmetric in A, B,C' = 1,...,8), and 70 spin-0 scalars. The La-
grangian can be presented as [26]°

_ — 1 1- v v Ly
e LLW=8) = 18— 3¥an" " Dytbap — GMNH(F)“ — B Dudasce

8 M
1 _ - A
_ﬂ NABCDPMABCD _ WQMWVW (PVABCD 4 PI;ABCD) AeD (3.1)
1 _ .
8 82 <¢Aﬂ Fapy"dup — 7¢CquB’V Aapc + == - ABCDEFGH)\ABC}—DE/\FGH) ;

in conventions where all fermions are in Majorana form, the metric is “mostly plus”, and
Hodge duality is defined by
~(F F
Hj(wz)\l/w Y WWH](W)VPU, €0123 = €. (3.2)
Below we also use (R/L) superscripts on fermions, to denote their right- and left-handed
components.
We include all the glorious details of N' = 8 SUGRA to facilitate comparison with other
references. The symmetry structure is the most important aspect for our applications so
we focus on that in the following. The starting point is the 56-bein

Vo U N Vapun (3.3)
- VABMN [7AB ’ ’

MN

that is acted on from the left by a local SU(8) symmetry (with indices A, B, ...) and from
the right by a global E7(7) duality symmetry (with indices M, N). The connection

QM[AC(SB?] PMABC’D

PABCD 2Q Bl])] ) (34)

VYV =

defines an SU(8) gauge field @, 42 that renders the SU(8) redundant. We therefore interpret
Puapcop as covariant derivatives of scalar fields that belong to the coset E;(7y/SU(8) with
dimension 133 — 63 = 70. The term in (3.1) that is quadratic in P,apcp is therefore a
standard kinetic term for the physical scalars. The terms linear in P,4pcp, including

Puapcp = Puapep + 2[( M[Q‘A%RC)@] + EABCDEFGH@/) EA(L)FGH) , (3.5)

do not contribute to quadratic fluctuations around a background with constant scalars.
The covariant derivatives D,, that act on fermions are SU(8) covariant so at this point the
Lagrangian is manifestly invariant under the local SU(8).

5To match with the conventions of many authors, when discussing AN/ = 8 supergravity, we set Newton
constant to k2 = 871G = 2. In section 6, we will restore the explicit £ dependence.



The gauge fields and their duals are

GUN _ 9, BMN _ g, BMN (3.
~(F)uv 41 oL
Hy = aouN (3.7)

They enter the Lagrangian (3.1) explicitly. Their Pauli couplings are written in terms of

Fap =" Fapuw (3.8)
where
F ~(R) (L I e L 1 _
FaBu =7, 1(4152/»1/ +V2 (¢[(A[L¢[(B€V - ﬁw[(u) %})‘(Af);c - ﬁEABCDEFGH)\(CL[))E'MVA{’ RG)H > )
(3.9)
ith
" (F) GMN ()
Fapu | _ Ly, (Cw + v ) (3.10)
FP) Ve \aMN i),

These relatives of the gauge fields encode couplings and Er(7) duality symmetries. They
satisfy the self-duality constraint

JT_-;WAB = fy,l/AB . (311)
This self-duality constraint is a complex equation that relates the real fields G%N ) H](;])VW

and their duals linearly, with coefficients that depend nonlinearly on scalar fields. It has a
solution of the form

.FNI](\EE\,W =—1 (/\/'MNPQG;;DQ + h.c.) + (terms quadratic in fermions), (3.12)

where the self-dual (anti-self-dual) parts of the field strengths are defined as
1 -
+MN _ MN MN
GEN = S (GuN £ (3.13)
and the gauge coupling function is
-1
Nunpg = (Uag"™ = Vapun)  (Uag"™ + Vasrq) - (3.14)

Using (3.12) for E[J(\EJ)VW and (3.8)-(3.10) for F4p we can eliminate these fields from the
Lagrangian (3.1) in favor of the dynamical gauge field G%N , embellished by scalar fields
and fermion bilinears.

The relatively complicated classical dynamics of N' = 8 SUGRA is due to the interplay
between fermion bilinears, duality, and the scalar coset. These disparate features are all
important in our considerations but they largely decouple. For example, although we need
the Pauli couplings of fermions, we need them only for trivial scalars.

In our explicit computations it is convenient to remove the SU(8) gauge redundancy

by writing the 56-bein (3.3) in a symmetric gauge

0 WaBcp
YV =exp (V‘VABCD 0 ) , (3.15)



where the 70 complex scalars Wapcp are subject to the constraint

- 1
WABCD _ o0 (ABCDEFGH Yy (3.16)

After fixing the local SU(8) symmetry, the theory still enjoys a global SU(8) symmetry.
Moreover, it is linearly realized when compensated by SU(8) C Er(7). We identify this
residual global SU(8) as the R-symmetry SU(8)g. This identification proves useful repeat-
edly. For example, it is according to this residual symmetry that W,pcop transforms as an
antisymmetric four-tensor.

3.2 The embedding into N' = 8 SUGRA

The embedding of the Kaluza-Klein black hole (2.5), (2.17), (2.18) in N' = 8 SUGRA is
implemented by

é&%UGRA) _ ggK)a
o 1

MN __ MN KK

AN = ZQ FEK)

)

Wapcp =0,
All background fermionic fields) = 0 3.17
( g )=0, (3.17)
where
MN . 0 1
Q = diag(e, €,€,€), €= Lol (3.18)

In this section (and beyond) we shall often declutter formulae by omitting the superscript
“KK” when referring to fields of the seed solution.

To establish the consistency of our embedding, in the following we explicitly check
that the N' = 8 SUGRA equations of motion are satisfied by the background (3.17).
Vanishing fermions satisfy trivially their equations of motion, because they appear at least
quadratically in the action. The equations of motion for the scalars Wapcop take the form

(Terms at least linear in Wapcp or quadratic in fermions)

. . 1 e
= 3GAPGTOPI gGABCDEFGHG;fFG_GHW : (3.19)

The scalars WA o p and the fermions vanish so the right-hand side of the equation must also
vanish. Inserting G/%N from our embedding (3.17), we find the condition F, S,{K)F (KK —
0. This condition is satisfied by the seed solution (2.21) because the electric and magnetic
charges are equal P = (). Therefore it is consistent to take all scalars WABCD =0 in

N =8 SUGRA.
The N = 8 Einstein equation is given by

1 1 _ 1 _
Ry = 59w = EPABCD{MPIﬁBCD - EguVPpABCDPpABCD
1
+Re(NunpQ) (G%N G rPre — ngG%N GP"PQ> . (3.20)

,10,



The vanishing of the scalars WA Bcop = 0 implies

s Ms 0 .
y=| 1 "Bl sa s8] Nunpg = 1unpPqQ (3.21)

0 o
so the Einstein equation simplifies to

. 1. o anrve 1. o 2o

Ry = gk = GG SN — ZgWGf){,NGg’JN : (3.22)
The embedding (3.17) reduces the right-hand side so that these equations coincide with
the Einstein equation (2.19) satisfied by the seed solution.

Finally, the equations of motion for the vector fields in A" = 8 SUGRA are
D, (NunpoG P9 + NynpoGTP9) = 0. (3.23)

The embedding (3.17) and the simplifications (3.21) reduce these equations to the Maxwell

(KK)mv — 0, consistent with the seed equation of motion (2.20).

equation D, F

In summary, the equations of motion in N/ = 8 SUGRA are satisfied by the em-
bedding (3.17). Therefore, for any seed solution that satisfies (2.19)—(2.21), the embed-
ding (3.17) gives a solution to N' =8 SUGRA. Our primary example is the Kaluza-Klein

black hole with dilaton ®KK) —= (.

4 Quadratic fluctuations in N' = 8 SUGRA

In this section we expand the Lagrangian (3.1) for ' = 8 SUGRA to quadratic order around
the background (3.17). We reparametrize the fluctuation fields so that they all transform
in representations of the global USp(8) symmetry group preserved by the background. We
then partially decouple the quadratic fluctuations into different blocks corresponding to
different representations of USp(8).

4.1 Global symmetry of fluctuations

The N/ = 8 SUGRA theory has a global SU(8) symmetry, as discussed at the end of
section 3. The graviton, gravitini, vectors, gaugini, and scalars transform in the repre-
sentations 1, 8, 28, 56 and 70 of this SU(8) group. The 28, 56, and 70, are realized as
antisymmetric combinations of the fundamental representation 8.

A generic background solution does not respect all the symmetries of the theory, so
the global SU(8) symmetry is not generally helpful for analyzing fluctuations around the
background. Our embedding (3.17) into N' = 8 SUGRA indeed breaks the SU(8) symmetry
since G%{N = %QMN F,S,I,(K) is not invariant under the SU(8) group. However, the matrix
QMN (3.18) can be interpreted as a canonical symplectic form so our embedding respects
most of the global SU(8), it preserves a USp(8) subgroup. Therefore, different USp(8)
representations cannot couple at quadratic order and it greatly simplifies the analysis to
organize fluctuations around the background as representations of USp(8). In the following
we analyze one USp(8) representation at a time.

— 11 —



e Graviton.

The graviton h,, = 0guy = guv — Guv is a singlet of SU(8) and remains a singlet of
USp(8).

e Vectors.

The fluctuations of the gauge fields (5G%N = G%N — G%N transform in the 28
of SU(8) which has the branching rule to USp(8) 28 — 1 @ 27. We realize this
decomposition directly on the fluctuations by defining

fuw = QunoGN N =GN — %QMN Fuw - (4.1)
The f%N are ()-traceless f%NQMN = 0 by construction so they have only 2 x (28 —1)
degrees of freedom which transform in the 27 of USp(8). The remaining 2 degrees of
freedom are in f,,,, which transforms in the 1 of USp(8). This decomposition under
the global symmetry shows that the graviton can only mix with the “overall” gauge
field f,, and not with %N .

e Scalars.

The scalars transform in 70 of SU(8) and the branching rule to USp(8) is 70 —
1@ 27 @ 42. We realize this decomposition by defining

1
W' = WapepQ*PQP | Wip = WapepQ©P — gW/QAB :

3 1
WI/LXBCD = WABCD - §W[/ABQCD} - EW,Q[ABQCD] . (42)

W sep is antisymmetric in all indices and Q-traceless on any pair or pairs, so it
is in the 42 of USp(8). W/ 5 is antisymmetric, Q-traceless, and hence in the 27 of
USp(8). The remainder W’ has no index and is in the 1 of USp(8). The obvious
construction of an antisymmetric four-tensor representation of SU(8) has 70 complex
degrees of freedom, but the scalars Wapcp in NV = 8 SUGRA have 70 real degrees
of freedom that realize an irreducible representation, as implemented by the reality
constraint (3.16). The decomposition of this reality constraint under SU(8) — USp(8)
shows that the scalar W’ that couples to gravity is real W =w , as expected from
Kaluza-Klein theory. It also implies the reality condition on the four-tensor

— 1
FFABCD _ or ABCDEFGHyyt (4.3)

and an analogous condition on the two-tensor W/4B. An interesting aspect of these
reality conditions is that, just like the KK block must couple to a scalar (as opposed
to a pseudoscalar), the condition on the USp(8) four-tensor demonstrates that the
scalar moduli must comprise exactly 22 scalars and 20 pseudoscalars. The vector
multiplet couples vectors and scalars/pseudoscalars precisely so that it restores the
overall balance between scalars and pseudoscalars required by N'= 8 SUGRA, with
12 scalars and 15 pseudoscalars.
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The distinctions between scalars and pseudoscalars are interesting because these de-
tails must be reproduced by viable microscopic models of black holes. Extrapolations
far off extremality of phenomenological models that are motivated by the BPS limit
lead to entropy formulae [27-29] with moduli dependence that is very similar but not
identical to the result found here. It would be interesting to construct a model for non-
extremal black holes that combines the features of the BPS and the non-BPS branch.

e Gravitini.

The gravitini 14, transform in the fundamental 8 of SU(8). The gravitini only
carry one SU(8) index which cannot be contracted with the symplectic form Q45
Therefore, the gravitini also transform in the 8 of USp(8).

e Gaugini.

The gaugini Aapc of N =8 SUGRA transform in the 56 of the global SU(8). The
branching rule to USp(8) is 56 — 8 & 48. We can realize this decomposition by
introducing

1
= E)\A309307 (4.4)

and )
Nape = Mpe — g()\ADEQDE)QBC- (4.5)

The gaugini X, transform in the 8 of USp(8). We will find that these gaugini are
coupled to the gravitini. This is allowed because they have the same quantum num-
bers under the global USp(8). The normalization 1/v/12 introduced in (4.4) ensures
that the gaugini retain a canonical kinetic term after the field redefinition.

The gaugini N, g introduced in (4.5) satisfy the constraint N,p-,Q8¢ = 0. This
ensures that they transform in the 48 of USp(8). No other fields transform in the
same way under the global symmetry so these gaugini decouple from other fields.
They can of course mix among themselves and we will find that they do in fact have
nontrivial Pauli couplings. However, the normalization of the fields is inconsequential
and we have retained the normalization inherited from the full ' = 8 SUGRA.

Table 2 summarizes the decomposition of quadratic fluctuations according to their

representations under the global USp(8) that is preserved by the background.

4.2 The decoupled fluctuations

The quadratic fluctuations around any bosonic background decouple into a bosonic part

8% Liosons and a fermionic part 62Leemions because fermions always appear quadratically

in the Lagrangian. As we expand the Lagrangian (3.1) around the background (3.17) to

quadratic order, these parts further decouple into representations of the preserved USp(8)

global symmetry.

The bosonic fluctuations therefore decouple into three blocks

52£(N:8) _ 52££é\}f(:8) + 52£(N:8) + 52£(N:8) ) (46)

bosons vector scalar
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Representations Fields
1 huws fuw, W'
8 Yap, Ny
27 fap Whp
42 Wisep
48 ABC

Table 2. The USp(8) representation content of the quadratic fluctuations.

e KK block.
The first block 52£§?{<:8), which we call the “KK block”, consists of all fields that are
singlets of USp(8): the graviton h,,, 1 vector with field strength f,,, and 1 scalar
W'. The Lagrangian for this block is given by
152 p(N=8) _ gy L 7 w7 po DY AT N oY R N Nt
e 0 Lygx = h"0Ohu 4hDh + 2" R Ry pye — 20 hy,RP, — R Ry,
—~F,, F W 1Y% + a* (Og — Ru) a” + 2V2F, P f,,h"

puvs po
—40,00" ¢ + 2V3FM f,,6 — AV6R,, " ¢, (4.7)
after the fields were redefined as hu — V2R, fu — 4fuw, and ¢ = —ﬁW’.

We also decomposed the graviton into its trace h = g°?h,, and its traceless part

hyw = by — % 9uw9”’ hyo, and further included the gauge-fixing term
7]_ /’1’7 1 v p 1 p ,LL 2
e Lep =— D hy, — EDPh D"h,f — §D h) —(D"a,)” . (4.8)

The rather complicated Lagrangian (4.7) represents the theory of fluctuations around
any solution of Kaluza-Klein theory (2.1) with constant dilaton. The fields f,,, and ¢
correspond to the fluctuations of the field strength and the dilaton. The gauge-fixed
theory (4.7) must be completed with additional ghost terms. We discuss those in
appendix A.

e Vector blocks.

The second block 62£ consists of all fields that transform in the 27 of USp(8):
fi% and Wy 5. We use f4” and W to denote the 27 independent vectors and scalars

(W=8)

vector

respectively. It includes two slightly different parts. One part has 12 copies of a

R)

vector coupled to a scalar W™ with the Lagrangian

e Lo L) = —%8”W;<R)8MW;<R> — JE o = W o PP 0= 1,12,
(4.9)
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(P)

and the other has 15 copies of a vector coupled to a pseudoscalar W given by

e 152 LW=BIP) _ f%aﬂwg@aﬁbwgfp) Y fay — WD) £ R =13, 2T,
(4.10)
Although these two Lagrangians are distinct, they give equations of motion that are
equivalent under a duality transformation. This is consistent with the fact that SU(8)
duality symmetry is the diagonal combination of local SU(8) and global E7 7y duality
symmetry, where the latter is not realized at the level of the Lagrangian.

e Scalar blocks.

The last bosonic block §2£% =%

scalar
the 42 of USp(8). There are no other bosonic fields with the same quantum numbers

consists of the remaining 42 scalars, transforming in

so, these fields can only couple to themselves. The explicit expansion around the
background (2.19)—(2.21) shows that all these scalars are in fact minimally coupled

_ 1 _
e Lo2LW=8 —ﬂa”WABCDauW,ABCD.

scalar

(4.11)

We now turn to the quadratic fluctuations for the fermions. Since they appear at least
quadratically in the Lagrangian the bosonic fields can be fixed to their background values.
In this case, the /=8 SUGRA Lagrangian (3.1) simplifies to

_ N=8§ 1- 1 - 1 - .
1- = 1 _ o
— o Fapy'Aapc + ——=eABOPEFGHN | b Fopdran,  (4.12
chu ABYAaBC 28873 ABCFDEAFGH (4.12)

where all fermions are in Majorana form and

o 1 o 2 1
Fap = ﬁ (GABW + ’75GABW) = TﬂQABF/w’YW . (4-13)
The field redefinitions introduced in section 4.1 decouple this Lagrangian as
2 p(N'=8) 2 p(N'=8) 2 p(N'=8)
0 ﬁfermions =9 £g;ravitino +0 Egaugino ' (4'14)

o Gravitino blocks.

The first block 622% = consists of the 8 gravitini ¢4, and the 8 gaugini X'y singled

gravitino

out by the projection (4.4). The gravitini and the gaugini both transform in 8 of
USp(8) and couple through the Lagrangian

_ _ - 1 ap- -
eI L Y tho = Ay Dutbap = Xar* Dy + 70450y (P + 9557 ) v,

gravitino
V6
8

The indices take values A, B = 1,...8. However, this block actually decouples into

_ 1 _
YapFooyP Ny + ZQAB NaFpoy?" Ny . (4.15)

4 identical pairs, with a single pair comprising two gravitini and two gaugini. The
canonical pair is identified by restricting the indices to A, B = 1,2 and so Q4 — €aB.
The other pairs correspond to A, B =3,4, A,B=5,6,and A,B =17,8.
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Degeneracy Multiplet Block content USp(8) | Lagrangian
1 KK block 1 graviton, 1 vector, 1 scalar 1 (4.7)
27 Vector block | 1 vector and 1 (pseudo)scalar 27 (4.9)
42 Scalar block 1 real scalar 42 (4.11)
4 Gravitino block 2 gravitini and 2 gaugini 8 (4.15)
24 Gaugino block 2 gaugini 48 (4.16)

Table 3. Decoupled quadratic fluctuations in A = 8 supergravity around the KK black hole.

e Gaugino blocks.

The second block 525;;2{;;)0 consists of the 48 gaugini (4.5) that transform in the 48
of USp(8). These 48 gaugini decompose into 24 identical groups that decouple from
one another. Each group has 2 gaugini and a Lagrangian given by
_ N=8 < 1 s y

e 182LN ) = Nav"Dyda — < AaFru™ N, (4.16)
where a,b = 1,2 denote the 2 different gaugini in one group. It is interesting that
no fermions in the theory are minimally coupled. Moreover, the numerical strength
of the Pauli couplings to black holes on the non-BPS branch are different from the
corresponding Pauli couplings for fermions on the BPS branch [17].

4.3 Summary of quadratic fluctuations

In the previous sections we defined a seed solution (2.19)—(2.21) of Kaluza-Klein theory
with vanishing dilaton and embedded it into N'= 8 SUGRA through (3.17). In this sec-
tion, we have studied fluctuations around the background by expanding the N' = 8 SUGRA
Lagrangian (3.1) to quadratic order. In section 4.1, we decomposed the fluctuations in rep-
resentations of the USp(8) symmetry preserved by the background. In section 4.2, we have
decoupled the quadratic fluctuations into blocks corresponding to distinct representations
of USp(8). They are summarized in table 3.

5 Consistent truncations of ' = 8 SUGRA

In this section we present consistent truncations from N' = 8 SUGRA to N = 6, N = 4,
N =2 and N = 0. These truncations are well adapted to the KK black hole in that all its
nontrivial fields are retained. In other words, the truncations amount to removal of fields
that are trivial in the background solution.

It is easy to analyse the spectrum of quadratic fluctuations around the KK black hole
in the truncated theories. In each case some of the fluctuating fields are removed, but
always consistently so that blocks of fields that couple to each other are either all retained
or all removed. Therefore, the fluctuation spectrum in all these theories can be described in

,16,



Multiplet \ Theory | N =8 | N =6 | N =4 | N =2 | N =0
KK block 1 1 1 1 1
Gravitino block 4 3 2 1 0
Vector block 27 15 n+5 ny 0
Gaugino block 24 10 2n ny — 1 0
Scalar block 42 14 5n—4 | ny — 1 0

Table 4. The degeneracy of multiplets in the spectrum of quadratic fluctuations around the KK
black hole embedded in various theories. For A" = 4, the integer n is the number of A" = 4 matter
multiplets. For N' = 2, the integer ny refers to the ST (ny — 1) model.

terms of the same simple blocks that appear in N’ = 8 supergravity. For these truncations
the entire dependence on the theory is encoded in the degeneracy of each type of block.
They are summarized in table 4.

All the truncations in this section heavily utilize the SU(8)r global symmetry of N' = 8
supergravity. We therefore recall from the outset that the gravitons, gravitini, vectors,
gaugini, and scalars transform in the irreducible representations 1, 8, 28, 56, 70 of SU(8)g.

5.1 The N = 6 truncation

The N = 6 truncation restricts N' = 8 SUGRA to fields that are even under the SU(8)p
element diag(lg, —I3). This projection preserves N = 6 local supersymmetry since the
8 gravitini of A/ = 8 SUGRA are in the fundamental 8 of SU(8)p and so exactly two
gravitini are odd under diag(ls, —I2) and projected out. The branching rules of the matter
multiplets under SU(8)r — SU(6)r x SU(2)matter are

70 — (15,1) @ (15,1) @ (20, 2)
56 — (20,1) @ (15,2) & (6,1),
28 — (15,1) & (6,2) & (1,1). (5.1)

These branching rules follow from decomposition of the SU(8)g four-tensor Tapcp (70),
the three-tensor Tapc (56), and the two-tensor T'ap (28), by splitting the SU(8) indices
as A, B,... = (a,a),(B,b),... where the lower case indices refer to SU(2)matter (greek) and
SU(6)g (latin). The truncation to N'= 6 SUGRA retains only the fields that are invariant
under SU(2)matter S0 fields in the 2 are removed. Therefore the truncated theory has 30
scalar fields, 26 gaugini, and 16 vector fields. Taking the 6 gravitini and the graviton into
account as well, the total field content comprises 64 bosonic and 64 fermionic degrees of
freedom.

The claim that the truncation is consistent means that the equations of motion of the
retained fields are sufficient to guarantee that all equations of motion are satisfied, as long
as the removed fields vanish. In general, the primary obstacle to truncation is that the
equations of motion for the omitted fields may fail. This is addressed here because the
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equations of motion for fields in the 2 of SU(2)yatter only involve terms in the 2. Therefore
their equations of motion are satisfied when all fields in the 2 vanish.

Our interest in the consistent truncation of N'= 8 SUGRA to N' = 6 SUGRA is the
application to the KK black hole. The embedding (3.17) of the Kaluza-Klein black hole
into N' = 8 SUGRA turns on the four field strengths on the skew-diagonal of the 28 (which
is realized by an antisymmetric 8 x 8 matrix of field strengths F4p). The entries on the
skew diagonal are all contained in the SU(6)r X SU(2)matter sSubgroup of SU(8) g, because
the antisymmetric representation of SU(2) is trivial. The embedding of the KK black hole
in N' = 8 SUGRA therefore defines an embedding in N’ = 6 SUGRA as well. In other
words, the truncation and the embedding are compatible.

We can find the spectrum of quadratic fluctuations in N' = 6 SUGRA either by trun-
cating the spectrum determined in the N' = 8 SUGRA context, or by directly analyzing
the spectrum of fluctuations around the N' = 6 solution. Consistency demands that these
procedures agree.

We begin from the SU(6) content of N'= 6 SUGRA: 1 graviton, 6 gravitini, 15 & 1
vectors, 20 @ 6 gaugini, and 2(15) scalars. The KK black hole in N/ = 6 SUGRA breaks
the global symmetry SU(6) — USp(6). Therefore, the quadratic fluctuations around the
background need not respect the SU(6) symmetry, but they must respect the USp(6).
Their USp(6) content is: 1 graviton, 6 gravitini, 14 @ 2(1) vectors, 14 @ 2(6) gaugini,
2(14®1) scalars. The black hole background breaks Lorentz invariance so the equations of
motion for fluctuations generally mix Lorentz representations, as we have seen explicitly in
section 4, but they always preserve global symmetries. In the present context the mixing
combines the fields into 1 KK block (gravity + 1 vector + 1 scalar), 3 gravitino blocks (1
gravitino + 1 gaugino) (transforming in the 6), 14 & 1 vector blocks (1 vector + 1 scalar),
10 gaugino blocks (transforming in the 14 @ 6), and 14 (minimally coupled) scalars.

To verify these claims and find the specific couplings for each block, we could analyze
the equations of motion for N' = 6 SUGRA using the methods of section 4. However, no
new computations are needed because it is clear that the fields in the truncated theory are
a subset of those in N'= 8 SUGRA. In that context we established that the fluctuations
decompose into 1 (KK block), 8 (gravitini mixing with gaugini), 27 (vectors mixing with
scalars), 24 (gaugini with Pauli couplings to the background), and 42 (minimal scalars)
of the USp(8) that is preserved by the background. The consistent truncation to N’ = 6
SUGRA removes some of these fluctuations as it projects the global symmetry USp(8) —
USp(6). This rule not only establishes the mixing claimed in the preceding paragraph but
also shows that all couplings must be the same in the N’ = 8 and N = 6 theories. It is
only the degeneracy of each type of block that is reduced by the truncation.

5.2 The N = 4 truncation

The N = 4 truncation restricts N/ = 8 SUGRA to fields that are even under the SU(8)r
element diag(ls4, —I4). This projection breaks the global symmetry SU(8)r — SU(4)r x
SU(4)matter- It preserves N = 4 local supersymmetry since the 8 gravitini of N' = 8
SUGRA are in the 4 of SU(4)gr. The branching rules of the matter multiplets under the
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symmetry breaking are

70 — 2(1,1) 5 (6,6) ® (4,4) & (4,4),
56 — (4,1) @ (6,4) @ (4,6) & (1,4),
28 — (1,6) © (6,1) ® (4,4). (5.2)

The consistent truncation preserving N/ = 4 supersymmetry is defined by omission of all
fields in the 4 (or 4) of SU(4)matter-

There is a unique supergravity with n N = 4 matter multiplets. It has a global
SU(4) g symmetry that acts on its supercharges and also a global SO(7)matter that reflects
the equivalence of all matter multiplets. The consistent truncation of NV = 8 by the element
diag(Iy, —1I4) retains a SU(4) g X SU(4)matter Symmetry so, recalling that SO(6) and SU(4)
are equivalent as Lie algebras, the truncated theory must be N'= 4 SUGRA with n = 6
matter multiplets.

Several important features of N'= 4 SUGRA are succinctly summarized by the scalar
coset

SU(1,1) y SO(6,n)
U(1) SO(6) x SO(n)
It has dimension 6n + 2 with scalars transforming in 2(1,1) & (6,n) under SU(4)r X

SO(N)matter- It also encodes the SU(1,1) ~ SL(2) electromagnetic duality of the 6+n vector
fields in the fundamental of SO(6,n). The representation content obtained by removal of

(5.3)

4 (and 4) from the branchings (5.2) is consistent with these expectations when n = 6.

The N = 4 truncation has a natural interpretation in perturbative Type II string
theory. There is a simple duality frame where the diagonal element diag(l4, —I4) changes
the sign on the RR sector and interchanges the RNS and NSR sectors; so the consistent
truncation projects on to the common sector of Type IIA and Type IIB supergravity.
The complete string theory orbifold includes twisted sectors as well. It is conveniently
implemented by a flip of the GSO projection and is equivalent to T-duality between Type
ITA and Type IIB string theory.

The embedding of the KK black hole into N' = 8 SUGRA is compatible with the
truncation to A/ = 4 SUGRA: the four field strengths on the skew-diagonal of the 28 are
all contained in the SU(4)r x SU(4)matter subgroup of SU(8)r and therefore retained in
the truncation to N' =4 SUGRA. The embedding of the KK black hole in A" = 8 SUGRA
therefore defines an embedding in NV = 4 SUGRA as well. The consistent truncation just
removes fields that are not excited by the KK black hole in N' = 8 SUGRA.

The quadratic fluctuations around the KK black hole in N/ = 8 SUGRA similarly
project on to the N' = 4 setting. As discussed in section 4, the KK black hole in NV = 8
SUGRA breaks the global symmetry SU(8)r — USp(8) and this symmetry breaking pat-
tern greatly constrains the spectrum of fluctuations around the black hole. Moreover, the
symmetry breaking pattern is largely preserved by the consistent truncation: the analogous
breaking pattern in N' = 4 SUGRA is SU(4)r X SU(4)matter — USp(4)r X USp(4)matter-
For example, the entire KK block (with a graviton, a vector, and a scalar), identified as
the 1 of USp(R), is unchanged by the consistent truncation.
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The 27 vector blocks (4.9)—(4.10), each with a vector coupled to a scalar, are pertur-
bations of the 8 x 8 matrix of field strengths Fap after its symplectic trace is removed.
The branching (5.2) of the 28 under SU(4)r X SU(4)matter Shows that 16 vector blocks
are projected out by the truncation. None of these are affected by the symplectic trace
so 27 — 16 = 11 vector blocks remain in N' = 4 SUGRA. Among the 38 scalars from the
coset (5.3) with n = 6 there is 1 coupled to gravity and 11 that couple to the vectors, so
26 minimally coupled scalars remain. They parametrize the coset

S0(5,5)
USp(4) x USp(4)

The fermionic sector is simpler because the truncation removes exactly one half of the

SU(L, 1) x (5.4)

fermions. The retained fermions are essentially identical to those that are projected away,
they differ at most in their chirality and the KK black holes is insensitive to this distinction.
The quadratic fluctuations for the fermions in N'= 8 SUGRA are 4 gravitino pairs (with
each pair including two gravitini coupled to two Weyl fermions, a total of 32 degrees of
freedom) and 24 gaugino pairs with Pauli couplings to the background field strength. In
N =4 SUGRA with 6 matter multiplets there are 4 gravitino pairs and 12 gaugino pairs.

There is a simple extension of these results to the case of N'= 4 SUGRA with n # 6
matter multiplets. For this generalization, we recast the symmetry breaking by the field
strengths that have been designated NV = 4 matter as SO(6)matter — SO(5)matter using the
equivalences SU(4) = SO(6) and USp(4) = SO(5) as Lie algebras. In this form the symme-
try breaking just amounts to picking the direction of a vector on an S°. We can equally con-
sider any number n of matter fields and break the symmetry SO(n)matter — SO(n—1)matter
by picking a vector on S”~!. The only restriction is n > 1 in order to ensure that there is a
direction to pick in the first place. This more general construction gives the scalar manifold

SO(5,n —1)
SO(5) x SO(n —1)

In particular, it has 5n — 4 dimensions, each corresponding to a minimally coupled scalar

SU(1,1) x

(5.5)

field. The duality group read off from the numerator correctly indicates n + 5 vector fields,
not counting the one coupling to gravity. Each of these vector fields couples to a scalar
field, as in (4.9)-(4.10).

The black hole attractor mechanism offers a perspective on the scalar coset (5.5). The
attractor mechanism is usually formulated in the context of extremal black holes in N' > 2
supergravity where it determines the value of some of the scalars at the horizon in terms of
black hole charges. Importantly, the attractor mechanism generally leaves other scalars un-
determined. Such undetermined scalars can take any value, so they are moduli. The hyper-
scalars in A/ = 2 BPS black hole backgrounds are well-known examples of black hole moduli.

In the case of extremal (but non-supersymmetric) black holes in N' > 2 supergravity
the moduli space is determined by the centralizer remaining after extremization of the black
hole potential over the full moduli space of the theory. The result for non-BPS black holes in
N = 4 supergravity was obtained in [30] and agrees with (5.5). Our considerations general-
ize this result to a moduli space of non-extremal KK black holes. The exact masslessness of
moduli is protected by the breaking of global symmetries so supersymmetry is not needed.

— 20 —



5.3 The N = 2 truncation

Starting from N' = 4 SUGRA with n N' = 4 matter multiplets, there is a consistent
truncation to N' = 2 SUGRA with n + 1 N = 2 vector multiplets that respects the KK
black hole background. It is defined by keeping only fields that are even under the SU(4) g
element diag(la, —I2).

All fermions, both gravitini and gaugini are in the fundamental 4 of SU(4)r so the
consistent truncation retains exactly 1/2 of them. In particular, the SUSY is reduced
from N' =4 to N’ = 2. The bosons are either invariant under SU(4)g or they transform
as an antisymmetric tensor 6. The branching rule 6 — 2(1,1) & (2,2) under SU(4)r —
SU(2)? determines that its truncation retains only the 2 fields on the skew-diagonal of the
antisymmetric 4 X 4 tensor.

The truncated theory has 2(2n+4) fermionic degrees of freedom and the same number
of bosonic ones. We can implement the truncation directly on the N' = 4 coset (5.3) and
find that scalars of the truncated theory parametrize

SU(1,1) SO(2,n)
U(1) ~SO(2) % SO(n)

(5.6)

This theory is known as the ST'(n) model. In the special case n = 2 the ST(2) model
is the well-known S7TU model. This model has enhanced symmetry ensuring that its 3
complex scalar fields are equivalent and similarly that its 4 field strengths are equivalent.
The STU model often appears as a subsector of more general N' = 2 SUGRA theories,
such as those defined by a cubic prepotential. These in turn arise as the low energy limit
of string theory compactified on a Calabi-Yau manifold, so the STU model may capture
some generic features of such theories.

The consistent truncation to the ST'(n) model in N'= 2 SUGRA is compatible with
the embedding of the KK black hole in N' =8 SUGRA. The embedding (3.17) in /' = 8
excites precisely the field strengths on the skew-diagonal, breaking SU(8)r — USp(8). As
discussed in (5.2), they were retained by the truncation to N' = 4 SUGRA. The further
truncation of the antisymmetric representation to N' = 2 SUGRA projects 6 — 2(1,1) and
so it specifically retains field strengths on the skew diagonal. Moreover, the gauge fields
that are projected out are in the 2 of an SU(2) so they are not coupled to other fields at
quadratic order.

It can be shown that the N = 4 embedding identifies the “dilaton” of the KK black
hole with the scalar (as opposed to the pseudoscalar) in the coset SU(1,1)/U(1). This
part of the scalar coset is untouched by the truncation to N' = 2 SUGRA. Therefore, the
truncation to A = 2 does not remove any of the fields that are turned on in the background,
nor any of those that couple to them at quadratic order. This shows that the consistent
truncation to N' = 2 SUGRA, like other truncations considered in this section, removes
only entire blocks of fluctuations: the fields that remain have the same couplings as they
do in the N/ = 8 context.
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The breaking pattern determines the moduli space of scalars for the black hole back-
ground as
SO(1,n —1)

SU(1,1) x Som—1)

(5.7)
In particular this confirms that, among the 2n + 2 scalars of the ST'(n) model, exactly n
are moduli and so are minimally coupled massless scalars.

5.4 More comments on consistent truncations

The natural endpoint of the consistent truncations is A = 0 SUGRA, i.e. the pure Kaluza-
Klein theory (2.1). We constructed our embedding (3.17) into N' = 8 SUGRA so that
the Kaluza-Klein black hole would remain a solution also to the full N' = 8 SUGRA.
Thus we arranged that all the additional fields required by N = 8 supersymmetry would
be “unimportant”, in the sense that they can be taken to vanish on the Kaluza-Klein
black hole. It is therefore consistent to remove them again, and that is the content of the
“truncation to N'=0 SUGRA”.

From this perspective, the truncations considered in this section are intermediate stages
between N' = 8 and N’ = 0 in that only some of the “unimportant” fields are included. For
each value of N' = 6,4, 2, the requirement that the Kaluza-Klein black hole is a solution
largely determines the truncation. The resulting embedding of the STU model into N' = 8
SUGRA is very simple, and possibly simpler than others that appear in the literature, in
that symmetries between fields in the ST'U model are manifest even without performing
any electromagnetic duality.

Having analyzed the spectrum of fluctuations around Kaluza-Klein black holes in the
context of SUGRA with N' = 8,6,4,2 (and even N = 0), it is natural to inquire about
the situation for SUGRA with odd /. Our embeddings in N = 6,4,2 rely on the skew-
diagonal nature of the embedding in N' = 8 so they do not have any generalizations to odd
N. This fact is vacuous for N/ = 7 SUGRA which automatically implies N' = 8. Moreover,
it is interesting that A/ = 3,5 SUGRA do not have any non-BPS branch at all: all extremal
black holes in these theories must be BPS (they preserve supersymmetry) [30]. This may
indicate that our examples exhaust a large class of non-BPS embeddings.

6 The general KK black hole in /' = 2 SUGRA

In this section, we start afresh with an arbitrary solution to the D = 4 Kaluza-Klein
theory (2.1), such as the general Kaluza-Klein black hole (2.2)—(2.4). We embed this
solution into A" = 2 SUGRA with a general cubic prepotential and analyze the quadratic
fluctuations around the background in this setting. Along the way we make additional
assumptions that further decouple the fluctuations, and ultimately specialize to a constant
background dilaton and ST'(n) prepotential. In this case the final results of the direct
computations will be consistent with those found in section 5.3, by truncation from N = 8
SUGRA, and summarized in section 4.3.

— 922 —



The setup in this section complements our discussion of the Kaluza-Klein black hole
in /' =8 SUGRA and its truncations to N' < 8 SUGRA. Here we do not assume vanishing

(KK)

background dilaton ® = 0 from the outset and we consider more general theories.

6.1 N = 2 SUGRA with cubic prepotential

We first introduce N’ = 2 SUGRA. We allow for matter in the form of ny N = 2 vector
multiplets with couplings encoded in a cubic prepotential
1 d;ip X' XIXE
_ L diXXOXE 6.1
K X0

where d;ji is totally symmetric. We also include ng N = 2 hypermultiplets. The theory
is described by the N/ = 2 SUGRA Lagrangian

_ R - , 7 1
e I LN=2) = 2 (2 — wwfy“”pDV¢;> — gagc?“zaauzﬁ — ghuvauquﬁ‘q”

1
- <—4¢N1 JELET 4 B T N, QP

1 T 1 -
*ZQQBX?IZ)XM —Calp¢t + 59(131/@(?2“7“)(26 + h.c.> , (6.2)
where
+ 1 n : T i po
B = <F,w + FW)  With Fly = = €upr P77 (6.3)
— 1 A S L
QNV—J = VdX‘] <8gﬁa0,375>2?'7“y>(§‘€” _|_>—<ozz,yuwujel]> (6.4)

_ D
#27 (get G Can )

We follow the notations and conventions from [31]. In particular, the x = Prx$, a =
1,...,ny denote the physical gaugini and ¢4 = Pr¢4, A = 1,...,2ng denote the hyper-
fermions. The Kéahler covariant derivatives are

1
VoX! = (aa + 2528(1/6) X1, (6.5)
— 1
VaX! = (aa - 2/€230JC> X1, (6.6)
where the Kéhler potential K
e K = _i(XTF, — Fi X7, (6.7)
with Fy = o;F = 25
The projective coordinates X’ (with I =0, ...,ny) are related to physical coordinates
as 2! = X'/ X0 (withi = 1,...,ny). We split the complex scalars 2’ into real and imaginary
parts
2=t — iyt (6.8)
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With cubic prepotential (6.1) we have

3d;;  9d;d;
o e -2 ij i
where we define
dij = dijry® di = dijry’y" d=dijy'y'y* . (6.10)
Finally, the scalar-vector coupling are encoded in
N1y = pry +ivyy, (6.11)
with
2d; xial oF —3d; il o
prp=w2 N , (6.12)
—3dijk$]1‘k 6dwkl‘k
and
—d + 6dp algm — 2 dgl‘e 29 dZZEZ d; — 6d‘g$€
I " alder’)” q(dex)di = 6d . (6.13)
%(dgl‘g)di — Gdigl‘g 6dij — %(dldj)

6.2 The embedding into N/ = 2 SUGRA

We want to embed our seed solution into A/ = 2 SUGRA. The starting point is a solution to
the equations of motion (2.2), (2.3), (2.4) of the Kaluza-Klein theory. We denote the corre-

sponding fields gLI,SK), F F(“IfK) and ®KK) | The fields of N = 2 SUGRA are then defined to be
(SUGRA) _ (KK)

9w =9 >
1
0 _
F/“/ = ﬁ
=0, forl<i<ny,
exp (—2<I>(KK)/\/§)

Fﬁ(K), F,i,,:(), for 1 <i<ny

y' = clyo, with yo =

(digrcicich) /3
(All other bosonic fields in N'=2 SUGRA) =0,
(All fermionic fields in N'=2 SUGRA) =0. (6.14)

This field configuration solves the equations of motion of N' = 2 SUGRA for any seed
solution to the Kaluza-Klein theory. In the following, we will often declutter formulae by
omitting the superscript “KK” when referring to fields in the seed solution.

The embedding (6.14) is really a family of embeddings parameterized by the ny con-
stants ¢ (with i = 1,...,ny). They are projective coordinates on the moduli space
parametrized by the ny scalar fields y; with the constraint

d= dijkyiyjyk = exp (—2\/§<I)(KK)) : (6.15)

In the special case of the non-rotating Kaluza-Klein black hole with P = @, we have
®KK) — () and so the constraint is d = 1. More generally, d is the composite field defined
through the constraints (6.10) and related to the Kaluza-Klein dilaton by (6.15).
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6.3 Decoupled fluctuations: general case
The Lagrangian for quadratic fluctuations around a bosonic background always decouples
into a bosonic sector and fermionic sector,

52£(N=2) _ 52£(N:2) 4 52£(N:2) (616)

bosons fermions *

With the above embedding into N' = 2, each sector further decouples into several blocks.
The bosonic sector decomposes as the sum of three blocks

S2LW=2) _ 52 p(N=2) | 52 n(N=2) | 52 n(N=2) (6.17)

bosons gravity vectors scalars

(W=2)

The “gravity block” 52£gravity

ny real scalars 9y’

consists of the graviton dg,,, the gauge field 6A2, and the

12 ,N=2) 1 o R
e 0 L ity = ﬁd [v —g <2/<;2

Generically, the fields dg,,, 5Ag and 0%y’ all mix together. This block can nonetheless be

. d
— 9ij0y" 0"y’ + WF/?VFWO)] ) (6.18)

further decoupled with simplifying assumptions, as we will discuss later.

The block §2£WV=2)

vectors consists of the ny vector fields 5AL and the ny real pseudoscalars
ox':

_ . 1 o . , , .
e 12 N=) g (—auéxla“é:zrj — S AF P 50600 4 \/2dE,, 50" FM déFljyéF“”J> .
The Kahler metric g;; can be diagonalized and we obtain ny identical decoupled copies,
that we call “vector block”, each consisting in one vector field and one real scalar. Denoting
the fluctuating field f,,, one such copy has the Lagrangian

vector

1 d d d
¢ 10 Lgtrer = —30ude = LFW P 4 SFu = L (6.19)

using conventional normalizations for the scalar fields.
The last bosonic block contains the hyperbosons:

— 1
e 152V =2) = —5hu,8g"9"5q" (6.20)

scalars

The quaternionic Kéhler metric h,,, is trivial on the background. Hence, this block decou-
ples at quadratic order into 4ny independent minimally coupled massless scalars.

We next turn to the fermions. The Lagrangian (6.2) is the sum of the decoupled
Lagrangians

S2LN=D g2 2L (6.21)

fermions hyperfermions gravitino-gaugino *

The hyperfermions consist of ny identical copies, that we call “hyperfermion block”, each
containing two hyperfermions. For any two such fermions we can take Cap = eap with
A, B = 1,2. The resulting Lagrangian is

2
e~152LW=2) = 204 + <“F—f vig XAy (Beyp + h.c.> . (6.22)

hyperfermion 9 T w
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Degeneracy Multiplet Block content Lagrangian

1 Gravity block 1 graviton, 1 vector, ny scalars (6.18)
ny Vector block 1 vector and 1 (pseudo)scalar (6.19)
Ang Scalar block 1 real scalar (6.20)

1 Gravitino-gaugino block 2 gravitini and 2ny gaugini (6.24)
ny Hyperfermion block 2 hyperfermions (6.23)

Table 5. Decoupled quadratic fluctuations in A/ = 2 SUGRA around a general KK black hole.

In our background, we use (6.14), (6.13) to find
1
_ N=2 = dz v
€ 152£1(1Yperf)ermion = _QCAZDCA - <8FHVCA7M CBﬁAB + hC> . (623)

We used the T-gauge [31] to fix the projective coordinates X! resulting in X0 = (84)~ /2.
The “gravitino-gaugino block” contains two gravitini and ny gaugini and has La-
grangian
1

—1:2 p(N=2) 1 - y A dz ., .
e 0 Egravitino—gaugino - _?wi#’}/u pDVw;) + <_4H2F;Ll/wfwj €’

9

31

t osonagd a0 X GE = oo F daX T e
R 2 K“d?2

1 B =1 _ .
—igagx?lﬁx’ﬁ + 5%5%%0’7“%5 + h.c.) : (6.24)

Generally, all the gravitini and gaugini couple nontrivially but they can be further decou-
pled in simpler cases, as we will discuss later.

Summarizing so far: given any Kaluza-Klein solution, the embedding (6.14) provides
solutions of N/ = 2 SUGRA. We have expanded the N/ = 2 Lagrangian around this back-
ground to quadratic order and observed that the fluctuations can be decoupled as shown
in table 5. These results are reminiscent of the analogous structure for N' = 8 SUGRA,
summarized in (3.17). However, with the more general assumptions made here, there are
more scalars in the N' = 2 gravity block than in the analogous N' = 8 KK block and these
additional scalars do not generally decouple from gravity. Similarly, the N' = 2 gravitino-
gaugino block here includes more gaugini than the analogous N/ = 8 gravitino block.

6.4 Decoupled fluctuations: constant dilaton

So far, we have been completely general about the underlying Kaluza-Klein solution. In
this section, we further decouple the quadratic fluctuations by assuming that the scalar
fields of ' =2 SUGRA are constant

y' = constant, i =1,...,ny. (6.25)
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From the embedding (6.14), this is equivalent to taking the Kaluza-Klein dilaton to vanish
KK — ¢, (6.26)

since we can always rescale the field strengths to arrange for d = dijkyiyj y* = 1. As noted
previously, this is satisfied by the non-rotating Kaluza-Klein black hole with P = ). This
is the simplified background that we already studied in N/ = 8 SUGRA, but it is embedded
here in NV = 2 SUGRA with arbitrary prepotential. As in the AN/ = 8 case, we will use that
the background satisfies

R=0, F,,F" =0 (6.27)
to decouple further the quadratic fluctuations.
o Gravity.
The gravity block decouples as
N=2 N=2 N=2
62£éravit))/ = 52£§(K ) + 52£1(relativ)e ’ (628)

where (525%\}/{:2) is the “KK block”, consisting of the graviton dg,,, the graviphoton
/1_ 52 ﬁ(N =2)

relative
0y"", i = 2,...ny. This decoupling is obtained by center-of-mass diagonalization: the

5A2 and the center-of-mass scalar oy denotes ny — 1 free massless scalars

8y'" are linear combinations of dy* such that dy'! is precisely the combination that
couples to the graviton and graviphoton at quadratic order. Then, the “relative

scalars” §y'', i = 2,...,ny are minimally coupled to the background
_ 2 . .
e 12 LW=2 ~ 50,0y 0"y (for i =2,...,my), (6.29)
The center-of-mass Lagrangian turns out to be exactly the same as the N' = 8 KK
block (4.7)
N=2 N=8
LN = 52L N8 (6.30)
with the identifications
- 1 1 o 1 e
h,uz/ = \ﬁ 59;w - Zgw/g 59[)0 ) h = Eg 5gpaa (6.31)
a, = V20A), fuv = Opay, — dyay, (6.32)
3d; .
6=yt = VB Syt = 6D . (6.33)
2d
The equality between 525%[{:2) and 525%/{:8) is expected because the KK block is
the same for any N' = 2 SUGRA and in particular for the N/ = 2 truncations of
N =8 SUGRA.
The ny — 1 minimally coupled massless scalars §y’*,i = 2,...,ny parameterize flat

directions in the moduli space, at least at quadratic order. In important situations
with higher symmetry, including homogeneous spaces constructed as coset manifolds,
it can be shown that these ny —1 directions are exactly flat at all orders. This implies
that, in particular, these models are stable [32, 33]. In such situations the “relative”
coordinates 1y’ are Goldstone bosons parameterizing symmetries of the theories.
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e Vector block.
Using the fact that F),, F*¥ = 0, the vector block becomes

vector

e 152 W=D —%aua:(?“w + %FW Frva — % Funf™ . (6.34)

Again, we find that §2LN=2 _ 52, N=8) per proper normalization of the field

vector vector

strength.

e Scalar block.
(N=2)

scalars
In addition, the center-of-mass diagonalization has brought ny — 1 minimally coupled

“relative” scalars 52£§£{;i2v)e. This gives a total of ny + 4ny — 1 minimally coupled

The Lagrangian for hyperbosons §2£ consists of 4ny minimally coupled scalars.

scalars.

We now turn to fermions. The interactions between gravitini and gaugini simplify
greatly when scalars are constant. However, they still depend on the prepotential through
the structure constants dngy. The fermionic fluctuations in N' = 2 SUGRA are therefore
qualitatively different from the bosonic fluctuations which, as we just saw, reduce to the
form found in A/ = 8 SUGRA.

For fermions we need to further specialize and study the ST'(n) model. This model
already appeared in section 5.3, as a truncation of N' = 8 SUGRA to N = 2. Presently,
we introduce it as the model with ny = n 4+ 1 vector multiplets and prepotential

I XN(X2X?%2 - XoX%)

F = = 5%0 (a=3,...,ny). (6.35)
We take the background scalars
y1:17 y2:\/§7 ya:O (Ck:3,...,nv), (636)

such that the normalization is d = 1 and therefore ®®K) = 0. As mentioned already in
section 5.3, this model generalizes the STU model which is equivalent to ST'(2).

e Gravitino-gaugino block.

The Lagrangian for the gravitino-gaugino block decouples as

52 N=2) —52pW=2) 62 a(V=2) (6.37)

gravitino-gaugino gravitino gaugino ’

after using center-of-mass diagonalization. We call x*! the center-of-mass gaugini,
i.e. the gaugini that couples to the gravitini. More precisely, we define

o 1(vV3 ., V6 . o 1(vV6 ., V3 .
nl __ = | V2l vV i2 n2 _ - VY2 4l Va2
X = <3X +3X>7 X 4<3X 3X ’

e fora=3,...,ny. (6.38)
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We find a center-of-mass multiplet that we call “gravitino block”
B N =2 1 - . 1 B .
152£érav1t1)no = _?d}wry#VpDVq/); + 2 <_X;1wxlﬂ 77## v JV ¢’

1 31
JlF,uy’V'uVX;l g \/; lil uF wl/] ij +hc> , (6.39)

4
This Lagrangian couples the two gravitini to two center-of-mass gaugini. The “rela-
tive” multiplets are ny — 1 identical copies of a “gaugino block”
- N=2 2 _ ; 1
152£(gaug1n)0 = _?X;alpxg - <8 QXIQF I/’YMVX_/]& Z] + h C. ) 9 (640)
where oo = 2,...,ny.
e Hyperfermion block.
The hyperfermion Lagrangian is given in (6.23). We notice that
2 p(N'=2) 2 p(N=2)
0 £hyperfermion 0 Egauglno ’ (641)

The fluctuations of “relative” gaugini are therefore the same as the fluctuations of
hyperfermions. Therefore, we call both of them “gaugino block”.

The Lagrangians (6.39) and (6.40) are written in terms of Weyl fermions. If we rewrite
them with Majorana fermions, we find that

5 Lipunitino = 8" Litanitino (6.42)
5 Lingino = "L imgino (6.43)

where the right-hand sides were defined in (4.15) and (4.16). The agreement between our
explicit computations of the fermionic blocks for the ST'(n) model in N' =2 SUGRA and
the analogous results in ' =8 SUGRA is an important consistency check on the trunca-
tions discussed in section 5.3. This also explains the agreement (6.41) between fermionic
fluctuations that are in different N' = 2 multiplets. N = 2 gaugini and hyperfermions
becomes equivalent when embedded into some larger structure, ultimately furnished by
N =8 SUGRA.

In summary, taking the dilaton to be constant has further decoupled the fluctuations
in ' = 2 SUGRA around the KK background, as shown in table 6. For bosons, we recover
the results of N/ = 8 SUGRA as expected, although we are more general here since we
allow for an arbitrary prepotential. For fermions, we have to specialize to the ST'(n) model
to be able to further decouple the fluctuations. The resulting fermionic fluctuations also
reproduce the fluctuations of N' =8 SUGRA.

7 Logarithmic corrections to black hole entropy

The logarithmic correction controlled by the size of the horizon in Planck units is com-
puted by the functional determinant of the quadratic fluctuations of light fields around the
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Degeneracy Multiplet Block content Lagrangian
1 KK block 1 graviton, 1 vector, 1 scalar (6.30)
ny Vector block | 1 vector and 1 (pseudo)scalar (6.34)

ny +4ng — 1 Scalar block 1 real scalar (6.20), (6.29)
1 Gravitino block 2 gravitini and 2 gaugini (6.39)

ny +ng —1 | Gaugino block 2 spin 1/2 fermions (6.23), (6.40)

Table 6. Decoupled fluctuations in A/ = 2 SUGRA around the KK black hole with constant
dilaton. The decoupling in the bosonic sector holds for an arbitrary prepotential. The fermionic
sector has been further decoupled by specializing to the ST'(n) model.

background solution. The arguments establishing this claim for non-extremal black holes
are made carefully in [16]. In this section we give a brief summary of the steps needed to
extract the logarithm using the heat kernel approach. It follows the discussion in [17] and
we refer to [21] for background literature on technical aspects.

Naturally, we apply the procedure to the Kaluza-Klein black holes on the non-BPS
branch. This gives our final results for the coefficients of the logarithmic corrections,
summarized in table 8.

7.1 General framework: heat kernel expansion

In Euclidean signature, the effective action W for the quadratic fluctuations takes the
schematic form

e W= / D¢ exp <— / d4x\/§¢n/\g¢m> = det T1/2A (7.1)

where A is a second order differential operator that characterizes the background solution,
and ¢, embodies the entire field content of the theory. The sign F is — for bosons and +
for fermions. The formal determinant of A diverges and a canonical way to regulate it is
by introducing a heat kernel: if {\;} is the set of eigenvalues of A, then the heat kernel
D(s) is defined by

D(s) = Tre M = Z e N (7.2)

7

and the effective action becomes

W= ;% /OO %D@) . (7.3)

Here € is an ultraviolet cutoff, which is typically controlled by the Planck length, i.e.
€~ Z?D ~@G.

In our setting it is sufficient to focus on the contribution of massless fields in the
two derivative theory. For this part of the spectrum, the scale of the eigenvalues )\; is
set by the background size which in our case is identified with the size of the black hole
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horizon, denoted by Ap. The integral (7.3) is therefore dominated by the integration range
€ € s <€ Ap, and there is a logarithmic contribution

|7 D) = -+ Cla sl G+ (7.4

with coefficient denoted by Clocal. This term comes from the constant term in the Laurent
expansion of the heat kernel D(s). Introducing the heat kernel density K (x,z;s) which
satisfies

D@:/fﬁgm%aw (7.5)

it is customary to cast the perturbative expansion in s as

K(xz,x;s) = Z §" 2 a9, (), (7.6)
n=0

and we identify
%w:/&wmmm (7.7)

The functions {agy,(z)} are known as the Seeley-DeWitt coefficients. The logarithmic term
that we need is controlled by a4(z). The omitted terms denoted by ellipses in (7.4) are
captured by the other Seeley-DeWitt coefficients. For example, the term ag(x) induces a
cosmological constant at one-loop and the term ag(x) renormalizes Newton constant.

There is a systematic way to evaluate the Seeley-DeWitt coefficients in terms of the
background fields and covariant derivatives appearing in the operator A [21]. The procedure
assumes that the quadratic fluctuations can be cast in the form

—Ay, = (O)I), +2(w'D,)y, + P (7.8)

Here, I is the identity matrix in the space of fields, w” and P are matrices constructed
from the background fields, and LJ = D, D¥. From this data, the Seeley-DeWitt coefficient
ays(x) is given by the expression

@ﬂ%d@:1¥;E1+éﬂﬂ+éQWWW+Q%QHHQRWWRWM—QRWRWﬂ,
(7.9)
where
E =P —whw, — (D'w,), Q=D +wy, Dy +wy]. (7.10)

This is the advantage of the heat kernel approach: after explicitly expanding the action
around the background to second order, we have a straightforward formula to compute the
Seeley-DeWitt coefficients from A (7.8).

The preceding discussion is based on the operator A (7.8) that is second order in
derivatives. For fermions, the quadratic fluctuations are described by a first order operator
H so the discussion must be modified slightly. We express the quadratic Lagrangian as

§*L=VHV. (7.11)
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Following the conventions in [17], we always cast the quadratic fluctuations for the fermions
in terms of Majorana spinors. The one-loop action is obtained by applying heat kernel
techniques to the operator H'H and using

1
logdet H = ilogdet H'H. (7.12)

Fermi-Dirac statistics also gives an additional minus sign. Thus, the fermionic contribution
is obtained by multiplying (7.9) with an additional factor of —1/2.

7.2 Local contributions

It is conceptually straightforward to compute a4(x) via (7.9). However, it can be cumber-
some to decompose the differential operators, write them in the form (7.8) and compute
their traces. The main complication is that our matter content is not always minimally
coupled, as emphasized in sections 4 and 6.

To overcome these technical challenges we automated the computations using Mathe-
matica with the symbolic tensor manipulation package xAct.® In particular, we used the
subpackage xPert [34] to expand the bosonic Lagrangian to second order. We created our
own package for treatment of Euclidean spinors. The computation proceeds as follows:

1. Expand the Lagrangian to second order.
2. Gauge-fix and identify the appropriate ghosts.

3. Reorganize the fluctuation operator A], and extract the operators w, and P
from (7.8).

4. Compute the Seeley-DeWitt coefficient a4(x) using formula (7.9).

5. Simplify a4(x) using the background equations of motion, tensor and gamma matrix
identities.

The results of the expansion to second order with xPert match with the bosonic La-
grangians summarized in table 3. In appendix A we elaborate on the intermediate steps
and record the traces of ' and (2, for each of the blocks encountered in our discussion.
A priori, the Seeley-DeWitt coefficient a4(x) is a functional of both the geometry and
the matter fields. The fact that the dilaton ®¥X) is constant on our background simplifies
the situation greatly. By using the equations of motion, a4(x) can be recast as a functional
of the geometry alone. We list the equations that we use to simplify a4(x) explicitly in
appendix A.
As a result, for our background, the Seeley-DeWitt coefficient at four derivative order
can be arranged in the canonical form
B F(;?W"”""WWU N 166;2

where a and ¢ are constants governed by the couplings and field content of the theory

as() Ey, (7.13)

and the curvature invariants are defined in (A.3) and (A.4). The values of ¢ and a are
summarized in tables 7 and 8.
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Multiplet \ Properties Content d.o.f. c a c—a
Minimal boson 1 real scalar 1 ﬁ ﬁ ﬁ
Gaugino block 2 gaugini 4 % —#57;0 %

Vector block 1 vector and 1 (pseudo)scalar 3 5 T -+
Gravitino block 2 gravitini and 2 gaugini 8 —% —114—?:170 —%g
KK block 1 graviton, 1 vector, 1 scalar 5 % % %

Table 7. Contributions to a4(z) decomposed in the multiplets that are natural to the KK black
hole.

Multiplet / Theory | N =8 | N =6 N =4 N =2 N=0
KK block 1 1 1 1 1
Gravitino block 4 3 2 1 0
Vector block 27 15 n+5 ny 0
Gaugino block 24 10 2n ny +ng—1 0
Scalar block 42 14 5n — 4 ny +4ng — 1 0
a 5 5 | (224 3n) | 5565+ 1Tny +ng) | 25
c 0 0 2(2+n) 27+ ny + ny) 3

Table 8. The degeneracy of multiplets in the spectrum of quadratic fluctuations around the KK
black hole embedded in to various theories, and their respective values of the ¢ and a coefficients
defined in (7.13). For N = 4, the integer n is the number of N' = 4 matter multiplets. For N' = 2,
the recorded values of ¢ and a for the gravitino and the gaugino blocks were only established for
ST (ny — 1) models.

It is worth making a few remarks.

1. The value of ¢ —a in each case is independent of the couplings of the theory. In other
words, ¢ — a can be reproduced by an equal number of minimally coupled fields on
the same black hole background. This property is due to the fact that none of the
non-minimal couplings appearing in our blocks involve the Riemann tensor R, ;-
Therefore, the coefficient of R, ,, RF'? is insensitive to the non-trivial couplings.

2. The values of ¢ for blocks recorded in table 7 do not have any obvious regularity,
they are not suggestive of any cancellations. The vanishing of the c-anomaly for the
N = 6 and N/ = 8 theories, exhibited in table 8, seems therefore rather miraculous.

Shttp://www.xact.es.
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Somehow these embeddings with large supersymmetry have special properties that
are not shared by those with lower supersymmetry.

7.3 Quantum corrections to black hole entropy

The logarithmic terms in the one-loop effective action of the massless modes correct the
entropy of the black hole as

Ap

1
6SBH — §<Clocal + sz) log ? . (714)

In this subsection we gather our results and evaluate the quantum contribution for the
Kaluza-Klein black hole.

The local contribution is given by the integrated form of the Seeley-DeWitt coefficient
ay(x):

_ ¢ 4 vpo a 4
C]oca]— 1671‘2/\/§d xW/JJ/pUW# P —167[‘2/\/§d $E4. (715)

The second term is essentially the Fuler characteristic

1
X =353 /d4x\/§E4 =2, (7.16)

for any non-extremal black hole. It is a topological invariant so it does not depend on black
hole parameters. In contrast, the first integral in (7.15) depends sensitively on the details
of the black hole background. Using the KK black hole presented in section 2 with J =0
and P = @ we find

8

d* WonpeWHPT =4 4 ——— 7.17
16772/ V9 Wiwp TS (7.17)
where £ > 0 is a dimensionless parameter related to the black hole parameters as
P 2(1
9 __ P _viith (7.18)

GM ~ GM ~ 2+¢

In this parametrization the extremal (zero temperature) limit corresponds to £ — 0 and
the Schwarzschild (no charge) limit corresponds to £ — oo.

We also need to review the computation of C,,, the integer that captures corrections
to the effective action due to zero modes. In our schematic notation zero modes \; = 0
are included in the heat kernel (7.2) and therefore contribute to the local term Cigcal.
However, the zero mode contribution to the effective action is not computed correctly by
the Gaussian path integral implied in (7.1) and should instead be replaced by an overall
volume of the symmetry group responsible for the zero mode. It is the combination of
removing the zero-mode from the heat kernel and adding it back in again as a volume
factor that gives the correction Cpy,.

Additionally, the effective action defined by the Euclidean path integral with thermal
boundary conditions is identified with the free energy in the canonical ensemble whereas
the entropy is computed in the microcanonical ensemble where mass and charges are fixed.
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The Legendre transform relating these ensembles gives a logarithmic contribution to the
entropy that we have absorbed into C,,, for brevity. The various contributions to C,,, are
not new, they were analyzed in [16]. The result can be consolidated in the formula [17]

Cym = — (34 K) 4+ 2Nsusy + 3 dnon-ext - (7.19)

Here K is the number of rotational isometries of the black hole, Ngygy is the number of
preserved real supercharges. dpon.ext is 0 if the black hole is extremal and 1 otherwise.
The non-extremal KK black hole with J = 0 is spherically symmetric and has K = 3,
Nsusy = 0 and dpon-ext = 1. Therefore, C,,, = —3 for all the non-extremal black holes we
consider in this paper but C,,, = —6 in the extreme limit.

Combining all contributions, our final result for the coefficient of the logarithmic cor-
rection to the non-extreme black hole entropy is

1 3 4
i(Clocal + sz) = 2(C - a) - -+

AT ETIia (7.20)

where the values of ¢ and a for the theories discussed in this paper are given in table 8.
The expression manifestly shows that when ¢ # 0, which is the case for N' = 0,2, 4, the
quantum correction to the entropy depends on black hole parameters through £ or, by the
relation (7.18), through the physical ratio Q /G M. The cases with very high supersymmetry
are special since ¢ = 0 when A/ > 6 and then the coefficient of the logarithm is purely
numerical. For example, we find the quantum corrections

5SN=6) _ 91 A sSW=8) _ 13, Ag

non-ext — 2 Og G ) non-ext _? log ? 3 (721)

to the non-extremal black holes on the non-BPS branch.

As we have stressed, the KK black hole on the non-BPS branch is not intrinsically
exceptional. In the non-rotating case with P = () that is our primary focus, the geometry
is the standard Reissner-Nordstrém black hole. However, Kaluza-Klein theory includes a
scalar field, the dilaton, and this dilaton couples non-minimally to gravity and to the gauge
field. According to table 8 we find ¢ = % for the KK black hole that is, after all, motivated
by a higher dimensional origin.

An appropriate benchmark for this result is the minimally coupled Einstein-Maxwell
theory, which has Reissner-Nordstrom as a solution, with an additional minimally coupled
scalar field. The KK theory and the minimal theory both have ¢ — a = %0, because these
theories have the same field content, and the zero-mode content of the black holes in the
two theories is also identical, because the geometries are the same. However, ¢ = % for the
minimally coupled black hole, a departure from the KK black holes. Thus, as one would
expect, the quantum corrections to the black hole entropy depend not only on the field
content but also on the couplings to low energy matter.

Although the focus in this paper has been on the non-extreme case, and specifically
whether the logarithmic corrections to the black hole entropy depend on the departure
from extremality, it is worth highlighting the extremal limit since in this special case a

— 35 —



detailed microscopic model is the most realistic. In the extremal case we find the quantum
correction on the non-BPS branch
A
8Sext = —Nlog ?H , (7.22)

for N = 6,8. The surprising simplicity of this result is inspiring.

8 Discussion

In summary, we have shown that the spectrum of quadratic fluctuations around static
Kaluza-Klein black holes in four dimensional supergravity partially diagonalizes into blocks
of fields. Tables 7 and 8 give the ¢ and a coefficients that control the Seeley-DeWitt
coefficient a4(z) for each block and, taking into account appropriate degeneracies, for each
supergravity theory. These coefficients directly yield the logarithmic correction to the black
hole entropy via (7.14)—(7.15).

The detailed computations are quite delicate since any improper sign or normalization
can dramatically change our conclusions. We therefore proceeded with extreme care, devot-
ing several sections to explain the embedding of the Kaluza-Klein black hole into a range
of supergravities and carefully record the action for quadratic fluctuations of the fields
around the background. Moreover, we allowed for considerable redundancy, with indirect
symmetry arguments supporting explicit computations and also performing many compu-
tations both analytically and using Mathematica. These steps increase our confidence in
the results we report.

The prospect that interesting patterns in these corrections could lead to novel insights
into black hole microstates is our main motivation for computing these quantum corrections
in supergravity theories. Our discovery that ¢ = 0 for ' = 6,8 on the non-BPS branch
is therefore gratifying. Recall that when c¢ vanishes, the quantum correction is universal,
it depends on the matter content of the theory but not on the parameters of the black
hole. This property therefore holds out promise for a detailed microscopic description of
these corrections. Such progress would be welcome since our current understanding of, for
example, the DO — D6 system leaves much to be desired [35-38] for the non-BPS branch.

Conversely, our analysis shows that on the non-BPS branch ¢ # 0 for N’ < 4. On the
BPS-branch not only has it been found that ¢ = 0 for all N/ > 2 but this fact has also
been shown to be a consequence of N' = 2 supersymmetry [22]. It would be interesting to
similarly understand why ¢ = 0 requires N' > 6 on the non-BPS branch.

To date, there is no known microstate counting formula that, when compared to the
black hole entropy, accounts for terms that involve ¢ # 0. For example, in all cases con-
sidered in [10, 11, 39], the object of interest is an index, or a closely related avatar, and
the resulting logarithmic terms nicely accommodate quantum corrections when Cigear 18
controlled by a alone. The challenge of reproducing the logarithmic correction when c is
non-vanishing comes from the intricate dependence on the black hole parameters that the
Weyl tensor gives to Cloear. It would be interesting to understand which properties a parti-
tion function must possess in order that the logarithmic correction to the thermodynamic
limit leads to ¢ # 0.
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An interesting concrete generalization of the present work would be to increase the
scope of theories considered. In section 6 our main obstacle to covering all N' = 2 theories
is the complicated structure of fermion couplings for a generic prepotential, and hence we
restrict the discussion in section 6.4 to the ST'(n) models. Nevertheless, we suspect that for
a generic prepotential our conclusions would not be significantly different. In particular,
we predict that ¢ # 0 on the non-BPS branch for any N' = 2 supergravity. It would of
course be desirable to confirm this explicitly.

A more ambitious generalization would be to consider more general black hole solutions,

(KK) is not constant. Our assumption that ®XK) =0

specifically those where the dilaton ®
simplified our computations greatly by sorting quadratic fluctuations into blocks that are
decoupled from one another. By addressing the technical complications due to relaxation of
this assumption and so computing a4(x) for black holes with non-trivial dilaton we could,
in particular, access solutions with non-zero angular momentum .J # 0. The rotating black
holes on the non-BPS branch are novel since they never have constant dilaton, even in the
extremal limit [40]. Therefore, they offer an interesting contrast to the Kerr-Newman black
hole, their counterparts on the BPS branch [17]. Rotation is quite sensitive to microscopic
details so any differences or similarities between the quantum corrections to rotating black
holes on the BPS and non-BPS branches may well provide valuable clues towards a com-
prehensive microscopic model. A nonconstant dilaton is also the linchpin to connections

with the new developments in AdSs holography for rotating black holes such as in [41, 42].
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A Computations of Seeley-DeWitt coefficients

In this appendix, we give the details on the computation of the Seeley-DeWitt coefficients
for Kaluza Klein black holes and their embeddings in N’ > 2 supergravity. Most of the com-
putations were done using the Mathematica package xAct. We present our results according
to the organization of quadratic fluctuations into blocks that was introduced in section 4.

The basic steps of our implementation are:

1. We expand the Lagrangian to second order.” This was done in sections 4 and 6 for
the supergravity theories of interest. The bosonic Lagrangian can also be expanded

using xPert.

"For fermions we always write the quadratic fluctuations with Majorana spinors, following the conven-
tions of [17].
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2. We gauge-fix and add the corresponding ghosts. The gauge-fixing and the ghosts
were detailed for each block in sections 4 and 6. In this appendix, we highlight and
record their contributions to the heat kernel.

3. We rearrange the fluctuation operator A} so that it takes the canonical form (7.8).
We then read off the operators w,, and P and compute the operators £ and €2,,,,. These
are the most cumbersome steps so they are executed primarily using Mathematica.
Since some expressions are rather lengthy for the matrix operators due to the non-
minimal couplings, we mostly present the traces of these operators.

4. We compute the Seeley-DeWitt coefficient a4(z) using formula (7.9). This also in-
cludes the ghosts from the second step.

5. We simplify a4 () using the equations of motion, tensor and gamma matrix identities.
This brings a4(z) to its minimal form (7.13), where we can read off the coefficients ¢
and a.

A.1 Preliminaries

We use the following formula to compute the Seeley-DeWitt coefficient

1

1 1 1
47)? =Tr |=E?>+ ZRE + —Q,,, Q"
(4m)“as(x) = Tr S I+ G RE + 50 + oo

(5R? + 2R, po RMP7 — QRW,RW)] :
(A1)

This object further simplifies due to the equations of motion, Bianchi, and Schouten iden-
tities. These simplifications imply that we can cast (A.1) in the form

C a
— Wi oo WHYPT —
1672 HP 1672

as() Ey, (A.2)

where the square of the Weyl tensor is
Woinpo WHP7 = Ryuype R*P7 — 2R, R + %R2 , (A.3)
and the Euler density is
Ey = Ryypo R — AR, R + R*. (A.4)

For each block, as summarized in table 3, we will report both (A.1) and (A.2). The
identities used to simplify (A.1) to its minimal form (A.2) are listed below. For fermionic
fluctuations, we also use many gamma matrix identities which are well known and not
repeated here.

On-shell conditions: the equations of motion background with constant dilaton are

FuaF,* = 2R, , R=0, (A.5)
Fu, F' =0, D, F"™ = 0.
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Bianchi identities: starting from

VMFMV = 07 Rp,[ya,@] =Y, (AG)
where Fw, = —%ewagFo‘B we find
1
RyapRMP = 5J%W,aﬁ}waﬁ, (A7)

1
(Do Fuy)(DYFFY) = §(DQFW)(D°“F ),
1
F* (Do F,,) = §FW(DMFM),
1
Ry PP FOP = §RWﬁFWFaﬁ,

1
€uvap D FPP = ie“mﬁDPF“fB.

v

Schouten identities: the Schouten identity is ¢"¥e??™ = 0. From this, we can derive

~ 1 ~
F,uaFya = Zg,uuFa,BFa/B (AS)

Derivative relations: the following identity is also useful
(Do Fu)(DYFM™) = 2R, F*F", + R0 F" P (A.9)
and holds up to a total derivative.

A.2 KK block

The quadratic Lagrangian is given in (4.7). To evaluate the Seeley-DeWitt coefficient, the
kinetic term of h,,, is analytically continued to
i

hw" = =5 Py (A.10)

for the kinetic term to have the right sign. In addition, in order to project onto the traceless

part of a symmetric tensor, we define
174 1 v 124 1 174
Gor =3 <5Mp‘5 o 0607, — 59" 9P0> : (A.11)

Traces of operators must be taken after contraction with this tensor. For example, for a
four index operator O we use

TrO = GHon . (A.12)
The relevant traces that appear in (A.1) for the KK block are

TvE = 3F,, F" — 7R, (A.13)
2 33 wvp o 21 0% po N7 ) wvp 1 v

TE? = AP Fyo B + e Fu PP By Y = 5Ry0 R — 2 Ry FAF" — S RE F

1 o1 .
+5R2+2RWPURWPU+2RWVURWPU_QFH;’//LFVP;P—FiFuﬁ%VFW’p—i_iFW;pFW’pv

7 23

Tr Q" = — L FUF P FuoF} = "2 Fuy P Fpg F? + 2Ry i F*? 4 RE,, P
43 Rypuo PP FP7 TR g RPT — FHY B 4 AF, 0 FHV —8F, RV
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The gauge-fixing also introduces ghosts with the Lagrangian
e Lanosts = 2b, (Og" + R*™) ¢, + 200¢ — 4bF* D e,y (A.14)

where b, ¢, are vector ghosts associated to the graviton and b, c are scalar ghosts associated
to the graviphoton. The contribution of the ghosts are

TtE = 2R, (A.15)
Tr E? = 2R, R",
Tr Q" = —2R,00 R .

The total ghost contribution is

1 17 17
A7)2 ghost = “ R0 RMPT — JRM —
(4m)%af ™ () Ruvpo R 18RM R 36

2 Al
5 R (A.16)

Combining the contributions (A.13) and (A.16) gives

23 5 127 13
(4m)ay(z) = 51 o Fuo 7 4 5 Fu F o 7 — gRWR’““’ — T B FL
1 7 1 11
b F "t 5R2 +  Rupro FVEP + ERWPURWM + Rypvo R*P7
13, 7 vy B ,
— o P E S+ g Faew P = 5 Fap M7 (A.17)

We use the identities listed in (A.5)—(A.8) to obtain

10 49
(47[')2&4(33) = aRuupaR'uypg - %RMVR#V, (A.lS)
and from here we find
31 37
UKK = =5 CKK = 57 (A.19)

A.3 Vector block

The vector block in its minimal form is described by the quadratic Lagrangian (6.34) and
for the matter content of N' = 8 by (4.9). The matrices that appear in the quadratic
fluctuation operator are

1pp 1 p
ZFu FVP_R/W iFv P
E:

1 P 1 o
iFu P _ZFPUFP

)

1 1 1 1
Ruvpo + 3Fuotvp — 1Eupltve  5Fuop — 3Eupio

1 1
_§FW;/J + §FV/J;U 0
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where the first row/column corresponds to the vector field and the second row/column to

the scalar field. The relevant traces are

TrE = R, (A.20)
1 1
Tr E2 = EF%FVPF#JFVU + EFNVF'U‘VFpUFpU + RMVR'LLV (A21)
1 1
—S R FUE" = SFM F P,
1 1
T Q™ = SFUFFoF,” = SFu P FyF? + Rypg FF* (A22)

_ wvpo wip wvsp
Ryvpo R + Flupu I’ FuvpF :

The ghosts for the vector block are two minimally coupled scalars with fermionic
statistics. Their contribution to the Seeley-DeWitt coefficient is

1

host
(4m)2af ™ (2) = 120

(2Ryupo R*P7 — 2R, R" + 5R?). (A.23)

We combine the contributions of the vector block and its associated ghosts and get

1 1 29
(4m)2ay(z) = 5 P FuoF,7 + 4—8FWF“”FPUF”" + @RWR‘“’ (A.24)
1 1 1 1
— B P F = R 4 5 Rupuo B 07 — £ Ry R
1 1 . 1 .
_ZFNV?MFVPQP + EFup;VFW"D - EFMV;pFW’p
After using the identities (A.5)-(A.8), we obtain
2 1 v po 19 uyv
(4m)*ay(x) = —1—5RWWR + %RWR . (A.25)
This leads to
11 1
QAvector = ﬁ ) Cvector = ZO . (A26)

When the vector block contains a pseudoscalar instead of a scalar, such as in (4.10), the
result remains the same because of simplifications due to our background.
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A.4 Gravitino block

The gravitino block is characterized by the quadratic Lagrangian (4.15). After using gamma
matrix identities, the relevant traces are

1 1. -
T B = S FuF" + S Fu P — 10R, (A.27)
105 , 81 , 43 JRPS
Tr E? = —1or o Fuo B+ g Fu I g BT 4 FM P Fp By (AL28)
13 = o T o mvomom 21 -
— 3o P E Fug + o FI P E T Fug — < P Fp 77
9 - 1 1 . - 5
t1og P " Fpg 77 = S RE P — S RE,, P! + 5R2
—gRupqu’“’F”U + ZRM)WFWFW + 4R, pe R'P7
7 : I B -
_§FHP;VFW’p + 3Fpwp MY 4 §FHP;VFW’p = 2 FMF
, 185 . 185 ) 27 e
T‘rQ,quM = GTF%F ’OFMUFVU - HFW’FM Fng’OU - 33F“ FpUFHpFl,o (A29)
3 = o= O = .
— 1 O F S Foo + PR F BT Fyy o0 Fu Y Fpg PP

9 n a I n ~ ~
_GZFNVF#VFPUFPU + 7RMPVUFuVFpU - 3R;¢puaF‘upro — IBRMVPUR/J‘VPU
+TFup FMP = T p FMP — 3F ) FMP 4 3F ) p FHP

The gauge-fixing produces fermionic ghosts b4, ca4, e4 with Lagrangian

€ 1£ghost = BA7MDuCA + éA’YuD,ueA ) (A30)

where A = 1,2 is the flavor index. This simply corresponds to six minimally coupled Majo-
rana fermions which contribute with an opposite sign. Their Seeley-DeWitt contribution is

1

(47)%a8" (z) = ~ 130 (TRuvpo R + SRy R 5R?) . (A.31)
Combining (A.27) and (A.31) gives
65 29 17 L.
(4m)%as(x) = o Lo E Fuo BT = —eo B PP Fpg PP — oo PP FupFye (A32)
7 o B oo 5 -
o P B Fug = S U E Fup o By PP Fpo P
3 - oo 2 1 1~ -
——F F¥WF,F* + —R,,RM + —RF,, F"" + —RF,, F"
256 re + 45" + 48" + 48~ H
1 1 1 ~ 113
~ 368t T3 Rupvo M7 = S Rypo PPV FP7 = 2on Ry 77
+1F I e . EF I . lﬁ LEP 4 §[7 L PP
12 Hp; 24 nvsp 4 Hp; 8 uvip
Using the identities (A.5)—(A.8) gives
113 767
(4m)%as(w) = = oo Rupe R + s Ry R (A.33)
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and this leads to
137 347

Qgravitino = _@7 Cgravitino = _@ . (A34)

A.5 Gaugino block

The gaugino block is given by the Lagrangian (4.16). In this case, the relevant traces are

1
TtE = ZFWF“” ~2R, (A.35)
3
TrE? = 32F“ FYFuo b7 + oo Fun P Fpo 77 = fRF’“’FW + R2
1 : :
_§FMP;VFW’F) + ZFMV;pFW’pv (A.36)

1 1
Tr Q" = (PP B, = CFuF" ForF* 4 Ry PP F? — Rype R
S L N (A.37)

The Seeley-DeWitt coefficient is

1
(47)%as(x) = @F“F””FWF“ = GFWF‘“’FMF”"+ RWRW+ o BE" Fu (A.38)
1 7
2 o T ;
—ER 21 — R pvo F'FP7 4 %RNVMRW” + FM), FHviP — @Fw PP
and gives after simplification
7 73
2
(47'(') CL4(ZL’> = %Ruypo-RMV’oa — @R#VRMV, (A39)
which leads to 17 13
Ggaugino = _M s Cgaugino — % . (A4O)
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