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ABSTRACT: Scalar-tensor theory of gravity with non-minimal coupling is a fairly good can-
didate for dark energy, required to explain late-time cosmic evolution. Here we study the
very early stage of evolution of the universe with a modified version of the theory, which
includes scalar curvature squared term. Ome of the key aspects of the present study is
that, the quantum dynamics of the action under consideration ends up generically with
de-Sitter expansion under semiclassical approximation, rather than power-law. This jus-
tifies the analysis of inflationary regime with de-Sitter expansion. The other key aspect
is that, while studying gravitational perturbation, the perturbed generalized scalar field
equation obtained from the perturbed action, when matched with the perturbed form of
the background scalar field equation, relates the coupling parameter and the potential ex-
actly in the same manner as the solution of classical field equations does, assuming de-Sitter
expansion. The study also reveals that the quantum theory is well behaved, inflationary pa-
rameters fall well within the observational limit and quantum perturbation analysis shows
that the power-spectrum does not deviate considerably from the standard one obtained
from minimally coupled theory.
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1 Introduction

0—36 0—32

In the early stage of evolution, between 1 sec—1 sec, the universe went through
an inflationary phase of expansion, which has been accepted as a scenario rather than
a model. What happened prior to the inflationary era can only be answered in view of
‘quantum theory of gravity’. In the absence of a complete and legitimate (unitary and
renormalizable) quantum theory of gravity, some perception regarding the evolution of the
universe in the pre-inflationary phase may be achieved through quantization of a viable
cosmological model - known as “quantum cosmology”. In this regard a cosmological model
should be chosen such that it leads to a viable inflationary era fitting the recently available
data, and also the late-time cosmic acceleration which is a great cry of the present century.

Non-minimally coupled scalar-tensor theory of gravity having an action in the form

M= [VEgate |t - jo,0m - V(o). (1)



is a strong contender for dark-energy candidature, being able to explain late-time cosmic
acceleration inclusive of presently available data [1-12]. It is therefore required to test
the theory during early phase of cosmological evolution. To accommodate cosmic inflation
in the theory, additional contribution to the above action is required. It is well known
that quantum gravity, in any of its forms (super string theory, heterotic string theory
super-gravity, M-theory, loop quantum gravity etc.) admits higher order curvature invari-
ant terms. Of particular interest is curvature squared (RQ,RZV) term, since it leads to
renormalized theory of gravity [13]. Although, perturbatively it encounters ghost degrees
of freedom, non-perturbatively it is well behaved. Further, although unification of the
early inflation with late-time cosmic acceleration with non-minimally coupled scalar field
has recently been achieved [14], nevertheless one can’t ignore the presence of higher order
terms in the early universe, particularly because inflation without phase transition is an

essential feature of such higher order term [15, 16]. Now, in the homogeneous and isotropic
o
sufficient to add scalar curvature squared term to the above action, which therefore reads as

background, R?, and R? terms differ only by a total derivative term, and it is therefore

A= [v=gdta [f(¢)R FBR — 26 ,6" ~V(9)| (1:2)

As already mentioned, our present aim is not to establish unification, rather to study
its behaviour at the very early stage of cosmic evolution particularly, in the quantum
domain. This requires canonical formulation of the theory. There exists a host of canonical
formalisms in connection with higher order theory of gravity, which requires additional
degrees of freedom. In addition to the three space metric (h;;), the extrinsic curvature
tensor (Kj;;) is taken as an additional basic variable for the purpose. In the process,
Cauchy data exceeds and therefore, one requires more boundary data. While, Ostrogrdski’s
technique [17],! Dirac’s [18, 19] formalism and Horowitz’ no boundary proposal [20] insist
upon setting dh;; = 0 = 0Kjj, at the boundary, and end up with the same phase-space
Hamiltonian; a modified version of Horowitz’ technique [21-29] favours 0h;; = 0 = 0 R, at
the boundary and for a class of higher order theory of gravity, ends up with a Hamiltonian
which although different, is related under a suitable canonical transformation with the one
obtained following the known standard techniques [17-20]. It has therefore been tacitly
assumed that the canonical structure of higher order theory of gravity is independent of
the choice of boundary condition. However, such a preconceived concept has shattered in
view of a very recent work [30]. It has been found that for Gauss-Bonnet-dilatonic coupled
higher order theory of gravity,

Aa= [vegdis [aR+5R2+A(¢)Q—;cé,udf”—V(éb) FaSR AT +A9)Sg,  (13)

(where, ¥p =2 fav K\/Edgx, Ype = 4fav REKVhd3x and Yg=4 fav (2Ginij+%)\/Ed3$
are the supplementary boundary terms known as the Gibbons-Hawking-York term cor-
responding to the linear sector, its modified version for curvature squared term and for
Gauss-Bonnet-dilatonic coupled sector respectively, a, 8, and A(¢) are the coupling param-
eters, V() is the dilatonic potential, while the symbol K stands for K = K3 —3KKYK;; +

!Pioneeering work by M. Ostrogradski and W.F. Donkin is quoted here.



2K K K Jk , K being the trace of extrinsic curvature tensor), modified Horowitz’ formal-
ism ends up with a different phase-space Hamiltonian, which is not related to the others
under canonical transformation [30]. The most important outcome of the work is that,
the well-known standard formalisms [17-20], for which supplementary boundary terms
are not required due to the fact that oh;; = 0 = J0K;; at the boundary, don’t produce
correct classical analogue of the theory under appropriate semi-classical approximation,
although modified Horowitz’ formalism does [30]. It is true that the choice of boundary
terms does not in any way affect classical field equations, nevertheless, the above mentioned
results prove unambiguously that it does, in the quantum domain, and the standard tech-
niques [17-20] towards canonical formulation don’t render a viable quantum description
of the theory, in general. Here, we have chosen the action (1.2) to establish in particular
the fact that, the in-equivalent phase-space structure of the Hamiltonian is an outcome of
non-minimal coupling.

It is important to repeat that, if one insists upon the boundary conditions 0h;j|ay =
0 = 0R|sy, the action must be supplemented by additional boundary terms. On the con-
trary, the boundary conditions dh;jlay = 0 = 0K;j|gy take care of the total derivative
terms, and there is no need to supplement the action with additional boundary terms.
This was the main argument of Horowitz for his no boundary proposal. Horowitz [20] ar-
gued that, without the supplementary boundary term, superposition principle holds during
the transition from the initial configuration space to the final, following an intermediate
one. However, Horowitz [20] also pointed out that, the above argument does’t specifically
state that boundary terms can’t exist. Although sounds attractive, with no boundary
proposal the cherished Gibbons-Hawking-York [31, 32] term, which is responsible for the
entire contribution to the Euclidean action, also vanishes, and it is not possible to recover
it under weak field limit. Next, it is well-known that F(R) theory of gravity admits scalar
tensor equivalence, under redefinition of F'(R) by an auxiliary variable to Jordan’s frame
or through conformal transformation to Einstein’s frame. Variation of such canonical La-
grangian requires to fix the scalar at the end point. This is indeed equivalent to fixing of the
Ricci scalar R at the boundary. Further, Dyer and Hinterbichler [33] have shown that the
boundary terms reproduce the expected ADM energy, and the entropy of a Schwarzschild
black hole is one-quarter of the area of the horizon in units of the effective Planck’s length,
which agrees with the Wald entropy formula [34, 35]. This clearly indicates that higher
curvature terms make no additional correction to the entropy in the result obtained from
Gibbons-Hawking-York [31, 32] term. Last but not the least important fact, as already
mentioned is that, the quantum counterpart with no boundary proposal for Gauss-Bonnet-
dilatonic coupled higher order theory of gravity does not lead to a classical limit under an
appropriate semi-classical approximation [30].

Usually, either exponential expansion in the de-Sitter form or power law expansion
as a solution to the classical field equations, is the starting point of studying inflationary
evolution. The aim of the present work is to explore the fact that for the action under
consideration (1.2), the quantum domain generically leads to de-Sitter expansion under ap-
propriate semi-classical approximation, rather than power law expansion. This is the most
important outcome of the present work. We therefore make canonical formulation of the



action (1.2), in the Robertson-Walker minisuperspace, canonically quantize and show that
the semiclassical wave-function is strongly peaked around the classical de-Sitter solution.
Next we show that such a de-Sitter solution goes through to a viable inflationary phase,
and the inflationary parameters are very much consistent with currently available data.

In the following section we therefore follow modified Horowitz’ technique towards
canonical formulation of action (1.2) in the homogeneous and isotropic background. How-
ever, we encounter certain operator ordering ambiguity during quantization, which can
only be resolved after having specific knowledge on the form of the coupling parameter
f(¢). We therefore choose de-Sitter solution, and find a relation between the coupling
parameter f(¢) and the potential V (¢) in view of the (J) equation of Einstein. The other
field equation then fixes the forms of the two, uniquely. In view of the form of the coupling
parameter f(¢), we remove operator ordering ambiguity, present the quantum mechan-
ical probabilistic interpretation, and perform semiclassical approximation to explore the
already mentioned fact that, the wave-function is strongly peaked around the classical
de-Sitter solution.

Since quantum dynamics of action (1.2) admits de-Sitter solution as its generic fea-
ture, so in section 3, we study the inflationary regime, with exponential expansion. For
this purpose, we first translate our action (1.2) to the Einstein’s frame under conformal
transformation, to show that the present action involves an additional scalar field ¢). This
clarifies the reason for imposing a condition in addition to the standard slow-roll approx-
imation. However, the rest of the analysis has been performed in the original variables.
While studying gravitational perturbation, we match perturbed generalized scalar-field
equation with the perturbed background scalar-field equation and observe that the cou-
pling parameter f(¢) and the potential V' (¢) must be related exactly in the same manner,
as has been found while solving classical field equations assuming de-Sitter exponential
solution. In appendix A, we prove that the effective canonical Hamiltonian is hermitian.
In appendix B, we show that the standard canonical formulation schemes following Ostro-
gradski’s [17], Dirac’s [18, 19] and Horowitz’ [20], lead to the same phase-space structure
of the Hamiltonian, which is different from the one obtained following modified Horowitz’
technique in section 2, and is not related to it under canonical transformation.

2 Canonical formulation of non-minimally coupled scalar-tensor theory
of gravity in the presence of higher order term

In accordance with the discussions in the introduction, we insist upon keeping dh;; =0=0R,
at the boundary, and so it is required to supplement the action (1.2) with appropriate
boundary terms. The action (1.2) therefore reads

1
A= [v=gats [f(cb)R FBR — 0,0" ~V(0)| + Sp+ S+ Bry, (21)
where, ¥p =2 [ f(¢)Kvh d*z is the modified Gibbons-Hawking-York boundary term in

the presence of non-minimal coupling, and X2 = X Rt by R = 4B [ ® RKV/h is the bound-
ary term associated with the scalar curvature square term (R?), which has been split into



two parts in the manner, Y2 = 4B [ 3REVh d*z; Ypy =4B [(*R-3R)KVh d®z. Such
splitting is required to take care of the total derivative terms appearing under integration by
parts. This has been discussed earlier in details [21-30]. In the above, K is the trace of the
extrinsic curvature tensor, and h is the determinant of the induced three-space metric. Since
reduction of higher order theory to its canonical form requires additional degrees of free-
dom, hence, in addition to the three-space metric h;;, the extrinsic curvature tensor K;; is
treated as basic variable. In the homogeneous and isotropic Robertson-Walker metric, viz.,

2

1 — kr?

ds* = —N(t)%dt* + a®(t) [ + 72(d6? + sin’0dp> )] (2.2)

we therefore choose the basic variables h;; = 20;; = a25ij, so that K;j = —53 = — {0 =
di, and hence, the Ricci scalar is expressed as,

6 (a a2 k  Na 6 ([ z k 1Nz
_ S N2 %)y P 2 N2 o2 2.3
R N2 ( +a2+ a? Na) N2 <2z+ z 2]\72)7 (2:3)

The action (2.1) in Robertson-Walker minisuperspace (2.2), therefore takes the form,

Nz 9B [ 32 2Nz N2z 4kNz 4k )
A= /lsf\f(N N2+2k:N> \/E<Ng— N TN T N Ty TAEN

__Z
2N

+ z g< ¢S2 ) dt"’ER“‘ZR%"i’ERg- (2.4)
In the above, X = —3f]\vﬁé, while ER% = —3]%?/]“;' and ZR% = _]1[%5\?/2'5 (z — %) Under

integrating by parts, the counter terms Y p and X r? get cancelled and the action (2.4)
reduces to

A= /[( 3f (’52‘[ 3/%° +6ka\/5>+gB <22—2Nz2+N222+2k22+4k2N>

2Nz VZ\N3 T NT NS TN

3 1 12

where, prime denotes derivative with respect to the scalar field ¢. At this stage introducing

DA  18B (. Nz
Q:&::W(Z—N) (2.6)

an auxiliary variable

straight into the action (2.5), as

/s 22 3 \T 2 22 2
A:/[<_3f¢z\/5_ 312 +6ka\/g>+Q2_N V7 N:Q 18BKk2 36BNk

N 2N /z 36B N N vz

+2z g((b? VN) dt+Xips, (2.7)




the rest of the boundary terms is taken care of under integration by parts. Finally, the
action being free from the boundary temrs, is expressed as

/0 22 2
A:/[_QZ-_Sf ¢z 3fz +(),]{;]fo/g_zv \TQQ NZQ+1SBkz +36BNk

N 2N/z 368 N Nz Vz
s ( P VN> dt. (2.8)
The canonical momenta are
po = —% (2.9a)
. 3f'¢ 3f2 NQ  36Bk:
_o- flovz _ 3f2 NQ i (2.9b)
N N NN
zQ
3f’zf T
— 2.
Po N N (2.9d)
The (3) component of Einstein’s field equation in terms of the scale factor is
6f flap 36B a*a _a* _,N N L N2 _@N
-5 | —=+k 24 2—— ——2 ——4 R L
<N2 + > 0 20~ 2Nt @+ s N AN e Ty
») 4 2
2@ 2 N ¢ 3_

which when expressed in terms of the phase-space variables leads to the Hamilton con-
straint equation. However, construction of the phase-space structure of the Hamiltonian is
non-trivial, since the Hessian determinant vanishes and the Lagrangian corresponding to
the action (2.8) is degenerate. This is due to the presence of the time derivative of the lapse
(which is essentially a Lagrange multiplier of the theory) in the said action, which is a typi-
cal to the higher order theory. Remember that no such time-derivative of the lapse function
appears in General Theory of Relativity. The constraint Qpg — Npy = 0, is also apparent
from the expressions of canonical momenta (2.9). Usually Dirac’s constraint analysis is in-
voked to construct the phase-space Hamiltonian. Nevertheless, we have repeatedly pointed
out [26, 27] that it is possible to bypass the issue and construct the canonical Hamiltonian
in the following manner. For this purpose, let us use the expression,
32f'd\/z  3fi2 NiQ  36Bk:?
N "NetTN T Nas

obtained in view of the relations (2.9a) and (2.9b), and construct the Hamiltonian con-

pop- = Q% + (2.11)

straint equation in terms of the phase space variables as,

L NPQVE 18kB (po 2\ NPL o 3fpope
Ho—3 . %N _ 2L Fele
f< NVz )pgp 365 Nf( ! )2 :
2
9f" pQ

INVz

+ +VNz2 =0. (2.12)




It is important to note that although the phase-space structure of the Hamiltonian corre-
sponding to the higher order theory under consideration has been produced in (2.12), it
does not establish the diffeomorphic invariance of the theory. Diffeomorphic invariance is
apparent only when the Hamiltonian is expressed in terms of the basic variables (z, z, ¢)
and their canonically conjugate momenta (pg,p.,pg). In order to express the Hamilto-
nian in terms of the basic variables, we make the canonical transformations following the
replacements of @ = & and pg = —Nu, as before. The phase-space structure of the

Hamiltonian in terms of the basic variables is then expressed as,

V2P 18kB Py 3f'zps  9f2a? 3

Ho=N|zp, 3 ok ok )+ Ve
st gsp T3 2\[ Ve == R W ’
— NH. (2.13)

Diffeomorphic invariance is now clearly established in equation (2.13). The action (2.5)
can also be expressed in the canonical form with respect to the basic variables as,

A= / (sz + ipe + dpg — NHL) dt Bz = / (izijw"f + KT + gpy — NH L) dt &z,
(2.14)

where, 7% and II¥ are momenta canonically conjugate to hij and K;j respectively. This
establishes the importance of the use of appropriate basic variables, over other canonical
ones. Now, the canonical Hamiltonian (2.13) may immediately be quantized to obtain,

ih OV h? ”# nd h2 PV 3~
59, = 36Bs \ 922 Vo gaag t el
Vz 0z 36Bz \ 0z ' z 0z xz? 0¢ (2.15)
2 2 :
n 3fac+ f:):_i_ﬁ_ﬁkf_lSka_?)ﬁkB V= [,
2z 2z x z 22 Tz

where, n is the operator ordering index. In the above expression (2.15) due to the presence
of coupling between f/(¢) and pg, there still remains some operator ordering ambiguity,
which may only be resolved after having specific knowledge regarding the form of f(¢).
2.1 In search of a form of f(¢) and canonical quantization

The nonminimally coupled action (2.1) can be re-expressed (apart from the supplementary
boundary terms) as,

A= [v=gats Bfw, R) ~ 26t ~ w«w} , (2.16)

where f(¢, R) = 2f(¢)R + 2BR?. The field equations in the homogeneous and isotropic
flat (k = 0) Robertson-Walker metric background (with N = 1), are expressed as

2 1 2, RE 142V :
=35 ( ¢ 3HF> , (2.17)
H=—— (gzb Iy HF) (2.18)
¢+3H¢+ - (2V’ —f) = (2.19)



where F' = 8R’ H=2% R= 6(H + 2H?), and the scalar field equation (2.19) follows from
equations (2.17) and (2.18). It is already known that inflation is an essential feature of
higher order curvature term [15, 16]. Here our aim, as already mentioned in the introduc-
tion, is to check if the quantum dynamics of the higher-order theory under consideration in
the Trans-Planckian era, leads generically to the inflationary scenario in the post Planck’s
era. Therefore, we seck inflationary solution of the classical field equations (2.17)-(2.19)

in the following standard de-Sitter exponential form

a = aOthv o= ¢0€_Hta (220)

where, constant ‘H’ is the Hubble parameter ‘H’ in the de-Sitter regime, and R = 12H?.
Equation (2.19) relates V'(¢) and f'(¢, R) and in the process V(¢) and f(¢) in the following
manner,

2V — ' = 4H?¢p = V() — 12H%f(p) = H?¢? + ¢, (2.21)

where ¢ is an integration constant. In view of equation (2.17), one can also find
2V = 12H%f(¢) — 12H%f'(¢)p — H2 % (2.22)

The two equations (2.21) and (2.22) are simultaneously satisfied restricting the potential
and the coupling parameter to the following forms

fi ¢

and f(¢) = fo+ -2 (2.23)

V(g)=V1+ 5 1

Vo
¢ )
where ¢ = — fyR — 2BR?, and the parametric constants, Vg, Vi, fo, and f; are related in

the following manner,
Vo = 12f1H%, V; = 6foH>. (2.24)

Since the form of the coupling parameter f(¢) has been explored in (2.23), we can now
proceed with our left out task regarding canonical quantization. Choosing suitable operator
ordering between f’(¢) and pg, equation (2.15) now takes the form

hov W (9 nd . 2 0*U ik (@346 8\I/+z'h »>—12f, v
Vz 0z 36Bx \ 022 x 0z 2222 0% 9.5 @? 09 45 @3

fi @? fi o\ 6foH22 12fH2z
2 <f°+¢‘12>+(¢2+ )+ PR

- v, (2.25)

where Weyl symmetric ordering has been performed between f’(¢) and py, appearing in
the third term on the right hand side, and the form of the potential has been supplemented
from equation (2.23) and (2.24). Now, under a change of variable, the above modified
Wheeler-de-Witt equation, takes the look of Schrodinger equation, viz.,

GO0 _ R (10 noN, B O + ¢° + 6/
oo 54B \z 0x2 ' 22 0x ot 00 2 8(;5

312 .
<¢ p fl) U+ V.U = H.U,

(2.26)

ﬂa?



where, 0 = 23 = a3 plays the role of internal time parameter. In the above equation, the
effective potential V,, is given by,

J§

Ve = o 12 »2 T zd

(2.27)

2
o3

2.2 Probabilistic interpretation

The hermiticity of H, (see appendix A) should enable us to write the continuity equation,
which requires to ﬁnd £, where, p = U*W. A little bit of algebra leads to the following
equation,

dp _ g ih * * E ih * * ¢3 +6/1 *
%~ 9 54Bw(\P\I}’x v \I/@)] 30 [ (\II\I/@ U ) ( Uy

3203 30¢?
) gy grey) (2.28)
x?
Clearly, continuity equation can be written, only under the choice n = —1, as
0
ap +V.I =0, (2.29)

where, p = ¥*¥ and J = (J,,J4,0) are the probability density and the current density
respectively, and

th

Jo= g (WU, — 0T ) (2.30a)
12 3
Jp= o (DU — W ) — <¢+62fl) T, (2.30b)
39303 30¢

It is noticeable that the existence condition of standard quantum mechanical probabilistic
interpretation, fixes the operator ordering index to n = —1.

2.3 Semiclassical approximation

Now to check the viability of the quantum equation (2.26), it is required to test its behaviour
under certain appropriate semi-classical approximation. For the purpose, it is easier to
handle equation (2.25) instead, and express it as,

Rz [ no B2 PU OV b (46
— — v — —_— — 4+ VU= 2.31
36 Bx <8x2+x5)x> Opns 02 haz o ( ¢? > oo V=0 (2:31)

where

Ao ¢ A o\? 6foH2zE  12fH2: @3 —12f,
[2f<f°+_>+f<+ >+ a9 +4z< 7 >]

(2.32)
The above equation (2.31) may be treated as time independent Schrodinger equation with
three variables (z, z, ¢). Therefore, as usual, let us seek the solution of equation (2.31) as,

U = ygens@a0) (2.33)



and expand S in power series of A as,
S = So(z,z,0) + hSi(z,z,0) + B*Sa(w,2,¢) + ... (2.34)

Now inserting the expression (2.34) in equation (2.33) and taking appropriate derivatives
of U, everything may finally be inserted in equation (2.31). At the end, equating the
coefficients of different powers of i to zero, one obtains the following set of equations
(up-to second order)

VZ 2, S ¢°+6f
36Bx SO@jL 3 +SO 2 2z¢? 1 SO,¢+V(JJ, Z ¢) =0, (2.35&)
iz mf 150 ¢¢ V250,251, S0,651,4 . q53—|—6f1 o
~ 368 00T 35 p,E 00— 2223 +ot g, T 723 2202 S1,4=0, (2.35b)
fsl Tz ~n\/ES1,z Sf,z"'QSO,zSZz S%7¢+250,¢52,¢ Sl ¢>¢ ¢3+6f1 o
%8s " scpas TVE s6Ba 2023 Yot 52—\ oo )20 =0,

(2.35¢)

that are to be solved successively to find Sy(zx, z,¢), Si(z,z,¢) and Sa(z,z,¢) and so
on. Now identifying So, as pz; So. as p. and Sp 4 as py one can recover the classical
Hamiltonian constraint equation H, = 0, given in equation (2.13) from equation (2.35a).
This is a consistency check. Thus, Sy(x, z) can now be expressed as,

So = /pzdz+/pxd:z+/p¢d¢ (2.36)

apart from a constant of integration which may be absorbed in 1. The integrals in the
above expression can be evaluated using the classical solution for £ = 0 presented in
equation (2.20), the definition of p, given in (2.9b), py in (2.9d) and p, = Q. Further, we
recall the expression for Q given in (2.6), remember the relation, x = 2, where, z = a2,
choose n = —1, since probability interpretation holds only for such value of n, and use the
form of f(¢) presented in (2.23), to obtain the following expressions of p,, p. ps in term

of x, z and o,

/ i, ¢
fo <¢; N 6) (2.37a)
r = 2Hz (2.37b)
pe = 36V2BH2 /7 (2.37c)
= —T2BH*\/Zz — 6fyH\/z — 9ff (2.37d)
0
_ 6hHagdo ﬁgo% (2.37¢)

Hence the integrals in (2.36) are evaluated as,

/ podr = 24V/2BH2 23, (2.38a)
H
/ podz = —ASBIP2S — aforzs — DN o (2.38b)
a0¢0
3f1Hagep
_ _21tao% 9.
[ pots = -2 (2.350)

,10,



Thus, the explicit form of Sy in terms of z is found as,
6f1H ,
——2z

Sy = (48BH? — 4f,H) 27 —
0= ( foH) 2odo

(2.39)

For consistency, one can trivially check that the expression for Sy (2.39) so obtained,
satisfies equation (2.35a) identically. In fact it should, because, equation (2.35a) coincides
with Hamiltonian constraint equation (2.13) for £k = 0. Moreover, one can also compute
the zeroth order on-shell action (2.8). Using classical solution (2.20) one may express all
the variables in terms of ¢ and substitute in the action (2.8) to obtain

24 f1H?
A=Ay = / [144BH4 et 12 foH2 e — 'Z;lagemt dt. (2.40)
0
Integrating we have,
H
A=Ay = (48BH? — 4foH) ade® — 6hH ate™t, (2.41)

aodo
which is the same as we obtained in (2.39), proving Sy to be the classical action and

checking consistency yet again. Hence, at this end, the wave function is

[(48BH —4foH)2E — s 2].

¥ = ye

2.3.1 First order approximation

(2.42)

Now for n = —1, equation (2.35b) can be expressed as,

) 1
(iSoﬁzI—QSO’ISLI— ZSO’;I;) — (ZSO b — 250 ¢S1 ot \2[ (¢3+6f1) S1’¢> +Sl,z =0.
T 2asz2 ¢
(2.43)
Using the expression for Sy obtained in (2.39), we can write S . from the above equation as

jl12D _30vz D
ae?  ade¢y  96BHZz

Wz
36Bx

Si,. = > (2.44)
{2 + o5 — 1231\{/22%(;50 + ng +(6f1 —24) 3%}
where, D = 12BH? — 1. On integration the form of S; is found as,
S1 =iF(2), (2.45)
and therefore the wavefunction up to first-order approximation reads
U = o (881 -4f0H)=2 - E00:2] (2.46)
where,
Po1 = oe G, (2.47)
It has been proved that Sy obeys Hamilton-Jacobi equation. Comparison with classical
constraint equation H, = 0 (2.13), one finds p, = %, and p, = %. So the wavefunc-

tion shows a strong correlation between coordinates and momenta. Now using the relation
between velocities and momenta and the fact that Sy obeys Hamilton-Jacobi equation, it
is apparent that the above relations define a set of trajectories in the = — z plane, which
are solutions to the classical field equations. Thus the semiclassical wave function (2.46)
is strongly peaked around classical inflationary solutions (2.20).
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3 Inflation

Since the very early quantum universe smoothly transits to the de-Sitter type inflationary
era, we therefore in the following subsection 3.1, compute the inflationary parameters in
connection with the action (2.1) under consideration. It is important to note that the
potential (2.23) is flat when ¢ is sufficiently large, and so, the slow-roll approximation is
admissible. In the next subsection 3.2, we study classical aspect of gravitational pertur-
bation. Finally in subsection 3.3 we derive the perturbation spectra generated from the
quantum fluctuations in an early scalar field dominated accelerating (inflation) phase.

3.1 Slow roll approximation

Before we proceed, let us perform conformal transformation to demonstrate the fact that

the higher order theory of gravity with non-minimal coupling under consideration (2.16),

involves an additional degree of freedom. Under the following conformal transformation,
(o, R) _ \/20

G = G = QQgW and under the choice Q% = F = “OR =e (3.1)

where ¢ = \/g In F' is the new dynamical variable, the Lagrangian density, associated with
action (2.16) may be transformed into [36, 37]

~ 1. 1 2 1 2 ~ 9
L= SR= 563,0" = v = V(6,0), where, V(6,0) =

RF —{t+2V

i (3.2)

In the above, we use hats to denote quantities based on the conformally transformed metric
frame. Thus, our original f(¢, R) gravity is cast into the Einstein theory with an additional
scalar field ¢, and a special potential term V((;S, 1) (3.2).2 Using the conformal equivalence
between the theories, it is possible to derive the equations for the background and the
perturbations. The general asymptotic solutions for the perturbations in the generalized
gravity from the simple results known in the minimally coupled scalar field may also be
presented [36, 37]. However, we shall not use the conformal transformation properties in the
following treatment. Rather we use the conformal transformation to realize that, along with
the standard slow-roll conditions of minimally coupled single-field inflation, viz. ¢? < V
and |¢] < 3H |¢], it is required to impose one additional condition due to the presence
of additional field viz. 4/f|H < 1 [38]. As in the case of Gauss-Bonnet coupling [39-42],
instead of standard slow roll parameters, here also the introduction of a combined hierarchy
in the following manner, appears to be much suitable. Firstly, the background evolution
is described by a set of horizon flow functions (the behaviour of Hubble distance during
inflation) starting from

dy
= 3.3
€0 d ia ( )

2Only in a very special case, assuming 1) = (@), one can introduce another scalar field d; to express
the Lagrangian in terms of a single scalar field as in the case of minimally coupled scalar-tensor theory of

gravity as, L = § -1 b2, " —V (¢). However in that case, ¢ should satisfy the relation d¢ = +d¢” + dip®.
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where, dy = H™! is the Hubble distance, also called horizon in our chosen unit. We use
suffix ¢ to denote the era at which inflation was initiated. Now hierarchy of functions is
defined in a systematic way as

dln|el|

= [>0. 3.4

€l+1 AN ’ - ( )

In view of the definition N = In a%_, which implies N = H, one can compute €; = dlélng ,
which is the logarithmic change of Hubble distance per e-fold expansion N. It is the first
slow-roll parameter ¢ = dy = —%, implying that the Hubble parameter almost remains
constant during inflation. The above hi(?rarch}.f allows one to compute e = dcllr]‘vel = %%,
which implies €160 = de'jq = —# (% — 22—;) . In the same manner higher slow-roll

parameters may be computed. Equation (3.3) essentially defines a flow in space with
cosmic time being the evolution parameter, which is described by the equation of motion

. 1
€€t — €t = 0, [>0. (3.5)
One can also check that (3.5) yields all the results obtained from the hierarchy defined
in (3.4), using the definition (3.3). As already mentioned, the additional degree of freedom
appearing due to the function f(¢, R), requires to introduce yet another hierarchy of flow
parameters as

dln |6y, ]

=4fH < 1 -
51 < 1, 5m+1 dlna

with, m > 1. (3.6)

Clearly, for m = 1,6y = dl;‘]‘\?” = %%, and 6109 = % (fH + fH) , and so on. The slow-roll
conditions therefore read |e,,| < 1 and |d,,| < 1, which are analogous to the standard slow-
roll approximation. Now we arrange the field equations (2.17) and (2.19) in the following

manner

. . 2
. : H H
%+ 2V = 12H*f + 3(1 + 4Hf) + 144BH* (2 + HQ) — 72BH* (2 + )

H2
L (H R i\ o
—144BH* |1 - —= | = -2 | -2 |1+ = 1| —3.
e (112 21+ ) +
¢+3Hp=—-V'+6H (2 + H2> : (3.8)

In view of the slow-roll parameters, the above equations (3.7) and (3.8) may therefore be
expressed as

¢*+2V = 12H*f+ 3 (14 61) + 144BH* (2 — ¢;) — T2BH* (2 — ¢1)?
— M4BH (1 + e1e2) — 2 (1 —e1)* + 1] — 3,
G+3Hp=—V'+6H (2 —¢), (3.10)
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respectively, and may be approximated to

V ~ 6H, (3.11)
3H¢ ~ V' + 12H?f. (3.12)

Since the Hubble parameter H = H, remains constant during inflation, so the above pair
of equations (3.11) and (3.12) may be combined to obtain

. V!
= 1
b= (3.13)
The number of e-folds then has to be computed in view of the following relation,
ts ¢ H o5 3H?
N(¢) ~ Hdt :/ —d¢ :/ —da, (3.14)
t; ) @i 4

where, ¢; and ¢y denote the values of the scalar field at the beginning (¢;) and the end (ty)
of inflation. Since we already have knowledge on the specific forms of the potential V' (¢)
and the coupling parameter f(¢) in view of relations (2.23) and (2.24) it is now possible
to compute the number of e-folding, along with the other slow-roll parameters.

The number of e-folding (3.14) now reads

N = [T as- L

4f1 Jg, 12f,

We take following numerical values: ¢; = 4.8M,, ¢y = 1.2M,, fo = 0.4291]\/[5, and,

J1 = —0.162M to find that inflation halts (e; = 1) after N = 56 e-fold of expansion. The
slow-roll parameters take the numerical values,

M2 (VINE M2 2 M 27
Ezpl(v> _ Pl< Vo )— P<f1>:o.0007562, (3.16)

(67 — 67). (3.15)

2 \V 2 \R2(Vo+Vi0)®) & \Q2fi+fosi)?
V" 2V M? Af
=0 = (G v )~ o (@ ey~ 002 (8.7

and therefore the scalar to tensor ratio and the spectral index take the values r=16e=0.012;
and, ny = 1 — 6e + 2n = 0.963, which are very much within the limit of recently released
data [54].

3.2 Gravitational perturbation: validating the relation between f(¢) and V (¢)

In this subsection, we study gravitational perturbation essentially to demonstrate the fact
that the perturbed form of the background scalar field equation when equated to the same
equation obtained by varying the metric-perturbed action, the relationship between the
potential V(¢) and f(¢, R) and hence between V(¢) and the coupling parameter f(¢) is
found to be the same as already obtained (2.21) in view of de-Sitter solution (2.20) of the
classical field equations (2.17) and (2.19). Although, it might appear striking, nevertheless,
it validates the semiclassical approximation performed in subsection 2.3, that ends up with
a wave-function which is oscillatory about de-Sitter expansion.
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Cosmological perturbation in Einstein’s gravitational theory [43, 44] and also in a
broad class of theories f(¢, R), often called generalized gravity theories, have been anal-
ysed thoroughly in a series of articles [36, 37, 45-49], in uniform curvature gauge, first
introduced by Mukhanov [50]. The asymptotic solutions of the scalar field equation in the
large and small scale limits have been found. Further, the primordial seed density fluc-
tuations generated from vacuum quantum fluctuations in different inflationary models for
generalized gravity theories, have also been presented [37, 43, 45]. Although our present
aim is to validate the choice of de-Sitter expansion, which relates the potential and the
coupling parameter uniquely, however, for the sake of completeness we briefly review the
work of Hwang regarding quantum perturbation, and present the expression for the power
spectrum in the generalized gravity under consideration.

As usual, we consider a spatially flat, homogeneous and isotropic Robertson-Walker
metric together with the most general scalar-type and tensor-type space-time dependent
perturbations as,

ds? = —a? (14 2a) dn* — a® (B.o + Ba) dndz®

3)

(3.18)
&) (14 20) + 29,015 + 2ol + 2Cag| da“da”,

+ a? g(
where, dt = adn, n being the conformal time. While, a(x,t), 5(x,t), ¢(x,t) and
~v(x,t) characterize the scalar-type perturbations, B,(x,t) and C,(x,t) are trace-free
(B, =0=Co

o |a) and correspond to the vector-type perturbations. Finally, Cng(x,t) is
transverse and trace-free (C’g 5= 0 = C%) and corresponds to the tensor-type perturba-

tion. Indices are based on gf’g as the metric and the vertical bar (‘|’) indicates a covariant

derivative. Now, we decompose the energy-momentum tensor along with the scalar field
by introducing perturbation as, T{(x, t) = T (t) + 0T (x, ), ¢(x,t) = P(t) + d¢(x,t), and
F = F 4 6F. In these expressions an over-bar indicates a background ordered quantity
and it will be omitted unless necessary. At this stage, we introduce a gauge invariant
combination as,

R I (319)
where H = % is the Hubble parameter, and since 6F' is related to d¢, so one can use
either as the representative. Note that d¢, becomes d¢ in the uniform-curvature gauge
which takes ¢ = 0 as the gauge condition. The perturbed action in a unified form may be

expressed as [37, 48],

1 2 1 1 H o\ |
08 =3 /a3@ {5% — gégblp 5Py + 764 a*© <H> ] 5¢>§,} dtd3z, (3.20)
1+ *“22
where, © = —22 'makes all the difference between generalized theory of gravity under
It 557

consideration and General Theory of Relativity with a minimally coupled scalar field, for
which © = 1. The equation of motion of d¢, then takes the following form,

(a%0) . ve2 1 H o\ |
a3@)6¢@—{ o2 +%g a3@ E 5@5@:0 (321)

Sy +
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Now, the perturbed form of the background equation (2.19) can be expressed?® as,

. . vz 1
0+ 3HOp, — —5—+ 5 (V" —1")d¢, =0, (3.22)

where, V3?2 is the Laplacian based on the comoving part of the background three-space
metric. Equation (3.21) reduces to the perturbed form (3.22) of the background metric
equation (2.19) under the following conditions.

3
(Z?»g) _an (3.23)

where, 6 is a constant. Now, the above pair of conditions (3.23) and (3.24) lead to

© = constant, (3.25)
o — ' = 2006, (3.26)

where we have set the constant of integration in (3.26) to zero. In the process we find
exactly the same relationship (2.21) between the generalized parameter f(¢, R) and the
potential V (¢), under the choice g = 2H?, as was found while seeking inflationary solution
of the classical field equations in the de-Sitter exponential form. This fact proves without
ambiguity that the model under consideration (1.2), allows de-Sitter expansion in the
inflationary regime rather than the power law expansion. Further, it also proves that the
technique followed to find gravitational perturbation for non-standard models is legitimate.
This is another important finding of the present work.

Now, introducing new variables, z = a\@% and v = \@a&b@, one can express the
above equation (3.21) in terms of ;4 as

v + (K =22 ) v =0, (3.27)

In the above, comma denotes ordinary derivative. The asymptotic solutions of equa-
tion (3.27) in the large-scale (k* < 222) and small-scale (k* > 221) limits are,

] t 2
S (x, 1) = —% {C(x) _ D(x) /0 C;@I;dt] , (3.28)
30,06.1) = = [1096™7 1 197 ] (3.29)

where, C'(x), D(x) are integration constants of the relatively growing and decaying modes

and c¢1(k), co(k) are arbitrary integration constants, respectively. Further, as Z% = 77%,

where n = constant, the solution of equation (3.21) can be expressed in the following
form [51-53],

o) = Y [, (0D (pn]) + Dy (k) ()

o : (3.30)

-

SHere, ¢ = ¢ + d¢, and ¢ = ¢ ;u’. So that ¢ = (¢ + 6p,).i(@’ + du’).
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where C7 and D; are integration constants, v = ./ n+i and the Hankel functions
Hl(jlvz)( )—>:t ()( )D‘

3.3 Perturbative semiclassical approach

In the post Planck era gravity should be treated classically, while the matter fields still
behave quantum mechanically. ‘Quantum Field Theory in Curved Space-Time’ (QFT in
CST), treats gravity classically while the energy-momentum tensor is quantized. For Gen-
eral Theory of Relativity, it is expressed as G, =< T uv >, where the quantum operator
< f,w > is a suitably renormalized expectation value. The perturbative semiclassical ap-
proximation under consideration in this subsection, is quite different from QFT in CST. In
this technique, the perturbed parts of the metric and matter fields are treated as quantum
mechanical operators, keeping the background parts classical [45-47]. Since, we derive
the perturbation spectra generated from the quantum fluctuations in an early scalar field
dominated accelerating (inflation) phase, therefore this approach appears to be more le-
gitimate than QFT in CST. However, we shall use the result of QFT in CST to choose
appropriate vacuum.

Instead of the classical decomposition, we are therefore required to replace the
perturbed order variables with the quantum operator in Heisenberg representation of
Sh(x,t) as, '

B0 t) = 6(0) + 80(x,1); 5y = 66— 2. (331)
Note that the background order quantities are considered as classical variables. Now, in the
flat space under consideration it is possible to expand (5({3(x, t) in the mode expression as

R d3k . )
Sd(x,1) = /  [andon(t)e™ + aLogi (e ] (3.32)
(2m)?
where, the annihilation and creation operators, a) and dL satisfy standard commutation
relation:
[, dyr] = 0 = [aL, j(,] and, [&k,aH — Bk — K, (3.33)

while 0¢y(t) is the mode function, a complex solution of the classical mode evolution
equation (3.21). Equal time commutation relation must also hold for d¢(x,t) and its
canonical conjugate momentum, which reads
[5¢¢(x 1), 00,(x', t)} —@53(x x/). (3.34)

In order that the commutation relations (3.33) and (3.34) hold simultaneously, the mode
function should satisfy the Wronskian condition,

i

PET-N

the implication of which has been discussed in details by

5¢¢k5¢<*pk - 5¢;k5¢¢k = (3.35)

At this stage assuming 227 77’
Hwang in [47], following solution is found

VI ey (0 BED (k) + 2 (1) BED (k)] &

0x (1) = (3.36)

Ol
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where, v = y/n+ 1. Coefficients ¢ (k) and cy(k) are arbitrary functions of k, which are

normalized in accordance with (3.35) as
le1(R)* = Jea(B)* = 1. (3.37)

Clearly imposing quantum condition in (3.35) does not completely fix the coefficients.
The remaining freedom depends on the choice of vacuum state. Here, we insert the result
of QFT in CST to choose adiabatic vacuum, also known as the Bunch-Davies vacuum in
de-Sitter space, which fixes ¢1(k) = 0 and ¢3(k) = 1, corresponding to positive frequency
solution in Minkowski space limit. The power spectrum therefore takes the form,

k3 3

P, (krt) = o —— 6 (t)]* = =53 < OPp(X 4 1,1)5D0 (X, 1) >vac e KTy, (3.38)

where, <>y,c=< vac||vac > is a vacuum expectation value and ay|vac >= 0 for every k.
Now, assuming adiabatic vacuum, two point function G(z’,z”) which is defined as,

A ~ d?)k - / 11
G(2',2") =< 56 ()¢ (2") >vac = / Welkix ()0 (t")
N ZQdk (3.39)
= [ SR =X D)5,
where, x = (x,t), takes the form in the exponential expansion case (n = —ﬁ),
(3—v*)sec(rv) 3, 3 (' =n")* = (x' =x")? 1
1N \4 e 9.1,
G(z',2") = Toma'a xT 5 +v, 5 Vs 2;1; 1+ Ty Too
(3.40)
which is valid for v < % At the equal time, the vacuum expectation value reads
3 3 d?’k zk r
<O0P(X+1,1)0p(X, 1) >vac= on) [0 ( sk t)Jo(kr)dInk. (3.41)
T
In the small scale limit the solution (3.36) takes the form
1 I ™
SGor(n) = ———ze T E3)T (3.42)

aVv22kO

On the contrary, in the large scale limit we can write from (3.36)

S an(n) = g"} (’“'”') , (3.43)

and the power spectrum reads

P, (k) = TE(:)M <k|277|>2 \1@. (3.44)

Since © is a constant in view of (3.25), so the power spectrum may deviate only by a
constant factor from the minimally coupled case for which © = 1.
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4 Concluding remarks

In the absence of a complete theory of gravity, quantum cosmology is studied to perceive
the evolution of the universe in the Planck regime, when gravity is quantized. Shortly after
the Plank’s era, gravity becomes classical, while the matter fields still remain quantized.
In this era, the universe went through an inflationary phase. The seed of perturbation
grows, which finally leads to the structures we observe. In this manuscript, we have found
the wave-function of a model universe which contains scalar curvature squared term. The
effective Hamiltonian operator is hermitian and standard quantum mechanical probability
interpretation holds, which prove that the wave-function is stable and well behaved. The
model universe transits smoothly to a de-Sitter type inflationary phase, and inflationary pa-
rameters have been found to be very much within the observational limit. The perturbation
analysis shows that only de-Sitter solution is allowed, since it relates the coupling parameter
and the potential in the same manner as de-Sitter solution to the classical field equations
does. Perturbative semiclassical approximation method has been pursued in which the per-
turbed parts of the metric and matter fields are treated as quantum mechanical operators,
keeping the background parts classical. In the process, we derive the perturbation spectra
generated from the quantum fluctuations in an early scalar field dominated de-Sitter phase.
The power-spectrum deviates only by a constant term from the minimally coupled case.

Regarding the canonical quantization scheme followed here and the results obtained in
the present manuscript, there are a few important issues to discuss. We have at least in one
case (G-B-dilatonic coupled gravity in the presence of scalar curvature squared term) proved
that the known standard techniques ([17-20]) regarding canonical formulation of higher
order theory of gravity do not produce a viable quantum theory, since these techniques don’t
reveal correct classical analogue under semi-classical approximation [30]. It is therefore
legitimate to follow the technique of canonical formulation, which is well behaved in all
the cases studied so far. Here, we have considered a modified (with higher order term)
non-minimally coupled scalar-tensor gravitational action, and aimed at studying the very
early universe. Canonical formulation in isotropic and homogeneous background has been
performed following modified Horowitz’ formalism, which has been extensively applied
earlier in different situations. The most important result as already mentioned may be
summarized in the following manner. The forms of the coupling parameter f(¢) and the
potential V(¢) obtained following perturbative analysis, dictates that the classical field
equations must admit de-Sitter type exponential expansion in the inflationary regime.
The wave function of the universe also admits the same de-Sitter type expansion under
semiclassical approximation. This means that the very early universe smoothly transits to
exponential expansion (inflationary) phase. This result proves overall consistency of the
present study. Finally, although we are neither the proponents of multiverse theory nor
do we oppose it as a topic of theological discourse, it should be mentioned that a stable
quantum dynamics in the Trans-Planckian era doesn’t in any way rule out the possibility of
multiverse, which may have been created during the next inflationary phase. The potential
we found is sufficiently flat when the scalar field is large enough, and therefore the possibility
of multiverse is nascent in the quantum fluctuation of such a field.
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A Hermiticity of the effective Hamiltonian H,

To prove that the effective Hamiltonian is hermitian, let us split it as

ﬁe:ﬁl—}—ﬁz—{—ﬁg—{—‘?@, (Al)

g (19 nd
V= " 5aB \z 022 " 220z )’

2 2
Hy — h 0
31‘0‘3 3¢

. & +6f1 ih (3 —12f
s = 30( 7 >a¢+6a< 7 )

Let us first take the very first term.

K2 102¢*  n Ot K2 W A% )
| e = ( 527+ 7 0 )W””—‘MB ( oa% "z ax>d””

(A.3)
Under integration by parts twice and dropping the first (integrated out) term due to fall-of

where,

(A.2)

condition, we obtain,

10%) 24+n\0y 2(n+1)
H dr = ——— - - — +——=|d
/( W )pde = 54B/w [a;(‘):cQ <x2 or T o V] de (AA)
10% 10y . '
= - - —=—|dx= *Hyvd
54B/Q’Z) |:£L' 0r? 2 &J * /d) 1942,

under the choice n = —1. Thus, H, is hermitian, under a particular choice of operator
ordering parameter n = —1. It is trivial to prove that H, is hermitian. We therefore turn

our attention to H 3.

Jettoyoao =32 [ (o4 ) Svao- g [ (1= 20 ) urvao. (as)

Again under integration by parts and dropping the integrated out terms due to fall-of

condition, it is possible to arrive at
Tk _ ﬁ * % w o &fl * _ * T
[ttturyoas =g [ (o4 ) Saos £ [ (1= 2 ) wruao = [ thuas,
(A.6)

and the Weyl symmetric ordering performed between f’(¢) and pg turns out Hs to be
hermitian operator, and thus the effective Hamiltonian (f:fe) as such is hermitian operator.

B Canonical formulation following standard techniques

While in the methodology of canonical formulation of higher order theory of gravity adopted
here, we insist on fixing the three-space metric h;; and the Ricci scalar R at the boundary,
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the standard methods keep h;; and the extrinsic curvature tensor Kj; fixed at the boundary,
instead. In the process, all the boundary terms, obtained under integration by parts
vanish and there is no need to supplement the action by boundary terms as presented in
action (2.1). As aresult it is legitimate to start with action (1.2). In the appendix, we show
that canonical formulation following some standard methods lead to a unique Hamiltonian.
However it is different from and is not canonically related to the one (2.13) obtained in
the manuscript.

B.1 Ostrogradski’s formalism

The Hamiltonian formulation of theories with higher derivatives was first developed by
Ostrogradski more than one and half a century ago [17], which gives special treatment to
the highest derivatives of the original Lagrangian, so that the initial higher-order regular
system be reduced to a first-order system. Ostrogradski’s theorem can be stated as follows:
if the higher order time derivative Lagrangian is non-degenerate, there is at least one linear
instability in the Hamiltonian of this system. Basically, the method [17] is adopted only to
systems described by regular Lagrangian, that is, a Lagrange function for which the associ-
ated Hessian matrix formed with respect to the highest-order time derivatives has a nonzero
determinant. The underlying idea of this method and of its subsequent generalizations con-
sist in introducing, besides the original configuration variables, a new set of coordinates
that encompasses each of the successive time derivatives of the original Lagrangian coordi-
nates so that the initial higher-order regular system be reduced to a first-order system. In
Ostrogradski’s formalism [55, 56], if a Lagrangian contains maximum order of m-th time
derivatives of the generalized coordinate ¢;, in the form L = L(q;, ¢;,di, 4 - .. ,™ q;), where,
Mg = (%)m, then one should choose m independent variables (g;, ¢i, i, ¢ ...," ' ¢;) and
corresponding m generalized momenta p; o, pi1,pi2 .- Pim—1 according to the recurrence
relations, p;m—1 = 3%%1, and p; p—1 = 6%; — Pin, for n =1,2,...m — 1. With these new
independent coordinates and their corresponding momenta, the Legendre transformation
to express the pase-space Hamiltonian reads
N m—1
Ho =YY 'pia—L. (B.1)
=1 a=
Starting with action (2.4), apart from the supplementary boundary terms, we therefore, for
the present purpose require two variable z and x, where © = ﬁ = —2Kj;j. The action (2.4)
may therefore be expressed as,
. 2 3 (ZBZ

(& +2kN)" + 22 (2]\7 — VN)

N dt. (B.2)

A:/ [3f\/2(a';+2k:N)+

Since, the Hessian determinant vanishes, so the corresponding Lagrangian is singular, and
as a result, canonical formulation following Ostrogradski’s formalism is not possible. How-
ever, if we make a gauge fixing N = 1 a-priori, the Hessian is non-vanishing and Ostro-
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gradski’s technique may be pursued. The canonical momenta in that case are,

188 oL 18B3: 9Bx 3fzr
p f\/5+\/5(93+ )i pr=go VR (& +2k) = 3f'9v/z — ONER
-3
$z3
= . B.
Py = (B.3)
In terms of phase space variables the Hamiltonian reads,
2.3 .
Ho = xp, + Lpz — 2kp, _ I + Uk + Pe F V2t (B.4)

368 6B ' 4B ' 9.3

B.2 Dirac’s constraint analysis

As already mentioned, for arbitrary IV, the Hessian vanishes, and so canonical formulation
may be pursued following Dirac’s constraint analysis [18, 19]. We introduce (5 — z) = 0
through Lagrange multiplier A\, and the point Lagrangian corresponding to action (2.4)
therefore reads,

L:3f\/§(:b+2]<;N)—|—]\?\E;E(a':+2k]\f)2+zg<;V$2— )—l—)\(];f—x). (B.5)

Canonical momenta are

-3
A pz2
=3 2kN = — = =0 =0 B.6
fVz+ \[(fU‘F ) D= N Pe= " PN=0, Py (B.6)
The constraint Hamiltonian therefore is
H. = @py + 3p, + épy + Npy + A\py — L (B.7)

Clearly we require three primary constraints involving Lagrange multiplier or its conjugate
viz, o1 = p, — A\, ¢2 = py, ¢3 = pn. Since, the lapse function N is non-dynamical, so
we have safely considered the associated constraint to vanish strongly. The first two con-
straints can now be harmlessly substituted into the modified primary Hamiltonian, which
takes the form,

Nz o2 — 2kNp, _fNpe Nf2z2 Np}

VNZ2+ A Np. — A
2657 e B Tt 22+ Az +ur (Np: — A) +uzpy.
(B.8)

Here wuj,us are the Lagrange multipliers and the Poisson bracket {z,p,} = {z,p.} =

Hy =

{A\,pr} =1, hold. Now constraint should remain preserved in time, which are exhibited in
the Poisson brackets {¢;, Hp1 } viz,

¢ = {¢1, Hp} = —N —ug + 571 di{ 1w} (B.9)
$2 = {2, Hp1} = —x + w1 + i di{da, ui} (B.10)

OH,,
B)

Consequently, all the Poisson bracket relations vanish weakly if we set,

ug = _Nagzpl and wu; = z. (B.11)
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Since, under the condition gi')l and gi.)g should vanish weakly, explicit forms of uo and uq are
found, so the modified primary Hamiltonian is,

3 2
Nz o fzNp, Nf?z2  Np,

H,, = —92kNp, —
P2 = 36p Pe Pr= 6B TTuB 5.2

Now under the same condition that constraint should remain preserved in time, p) vanishes

0H
—i—VNZ%—i-N.Z'pZ—N 8’)1
z

pa. (B.12)

trivially. Therefore, the Hamiltonian finally takes the form,

9 3 2
z z 22 p
Hp =N xpz"'ipg_kax_fpx‘Ff + ¢

3
Vs | = NHp. B.13
36B 68 4 o3 V7 fip (B-13)

Clearly, Hp is no different from He.

B.3 Horowitz’ formalism

Instead of choosing the basic variables as {h;;, Qs } together with their conjugate momenta,
{pY, 119}, (where, Q¥ = —8(%%”)), as considered by Boulware [57], Horowitz [20] took
another set of variables viz. {h;;, K;;} together with their conjugate momenta, {p*/, P*}.
Although, the resulting formalism is completely equivalent to [57], the latter appears
to be much convenient to handle. The quantized version (the modified Wheeler-deWitt
equation) in this formalism, corresponding to the positive definite action, resembles with
Schrodinger equation, where the internal parameter, viz. the three metric h;; plays the
role of time. Horowitz [20] argued against supplementary boundary terms and insisted on
keeping h;; and K;; fixed at the boundary. So that higher order theory is devoid of supple-
mentary boundary terms. However, treating K;; as a variable from the beginning, requires
to vary the action with respect to Kj;; as well, together with h;;, since both are treated
on the same footing. This restricts classical solutions by and large. Therefore, in order
to obtain the canonical structure, Horowitz, started with an auxiliary variable );;, which
is found by varying the action with respect to the highest derivative of the field variables
present in the action. The Hamiltonian so obtained, was finally expressed in terms of the
basic variables {hij,Kij;pU , 117}, following canonical transformation. Let us start with
the action (2.4) apart from the supplementary boundary terms to explore the situation.
Introducing the auxiliary variable

Qza—L:?’fﬁ+1BB (Z M+2k> (B.14)

0z N " Nyz\N2 N3

straight into the action (2.4) as

N3ZQ*  Nf2z2  fN2Q: N2Q 2247 s
A= 5 — - 2kQN? — —VNz2|dt
/ [Qz 368 B e M N Ty VAR
(B.15)
and after integration by parts, resulting canonical action reads
.. N3EQP NS fN?Q: NiQ | 2347 :
A= [ |-Qz - - 2kQN? — —VNz2|dt.
/[ @ T 3m B e M€ N Toan T VAE
(B.16)
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Now in view of the canonical momenta

[SJIe]

¢ . 2Q

NQ z

Py =

the Hamiltonian in phase space variables is readily obtained as,

N3./2Q? , fN2Qz Nf2z2 Np} ;
Hy = — — Y% _2kQN® — VNzz. B.18
H = —PQP: + —6 Q 68 T gt g3 VN (B.18)

It is now required to express the Hamiltonian in terms of basic variables (z and z = %),

instead of auxiliary variable (z and Q). Since, pg = —2 = =Nz and Q = &, one therefore
is required to make the following canonical transformation with the replacements of, pg by

—Nz and Q by & in the Hamiltonian (B.18), which therefore finally results in,

2

3
NE fZPx 322 Dy 3
H N L+ ——p2 — 2kp, Vz2| =N B.19
H= xp +36Bpx 6B + 1B +2z%+ 2 Hy. ( )

One can readily observe that the Hamiltonian obtained following the above three formalism,
viz., Ostrogradski (B.4), Dirac (B.13) and Horowitz (B.19)) are the same Hp = Hp = Hy.
However, the Hamiltonian H (2.13) is different from Ho (B.4), Hp (B.13) or Hy (B.19).
Although the set of transformations

3fX k
=2 p _PZ—18B—+—, 2 =X, pg=Px+36B—— +3fVZ;
’ 78 2z ! N (B.20)

¢:(I)7 p¢:Pq>+3f/X\/Z,

relates H with the others, nevertheless, such transformations are not canonical. This
establishes the fact that different boundary conditions lead to different Hamiltonian in
general, and they are not related under canonical transformations. The reason for following
modified Horowitz’ formalism has been discussed in the introduction and in the concluding
remarks.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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