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braneworld model with infinite extra dimension, we propose a new kind of non-minimal
coupling between the U(1) gauge field and the gravity. We propose three kinds of coupling
methods and they all support the localization of zero mode. In addition, one of them can
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excluded. And our method can be used not only in the thin braneword models but also in
the thick ones.
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1 Introduction

In the braneworld theory our universe can be taken as a brane embedding in the higher
dimensional spacetime. So the localization of matter fields is an very important issue.
Needless appending extra terms in the standard action the gravity can be localized on
branes [1-3] as well as scalar fields [4]. The localization of fermions can be realized by
introducing the usual Yukawa coupling [5] (or by another form of coupling [6]) with back-
ground scalar field in thick brane models [7-13]. The localization of U(1) gauge field is
more complex than above two fields, especially, in Randall-Sundrum (RSII) like model [2].
Pomarol showed in ref. [14] that U(1) gauge field can not be localized in the RSII model
with the following action

1
= / By =gFyn MY, (1.1)

where Fayny = OppAn — On Ay is the field strength. But in some non-RSII models with
non-flat brane U(1) fields can be localized, for examples, the thick de Sitter (dS) brane
models [15-17], the thick Weyl brane model [18], and the thin wave brane models [19, 20].

The aim of this paper is to argue a new method to localize U(1) gauge field in 5D
RSII-like braneworld models. For a RSII-like braneworld scenario which should hold the
Zy symmetric along the infinite extr-dimension, 5D spacetime is an (asymptotic) anti-de
Sitter (AdSs) one, and the brane is flat. There are three common methods to realize the
localization of U(1) gauge field.

The first one is to multiply Fa;nEFM YN by a dilaton factor. For examples, in the work
of ref. [21], dilaton factor is a function of scalar dilaton field and in the work of refs. [22, 23]
the dilaton factor is a function of the background scalar field. It should be noted that the
above two works only hold in thick brane models, because the scalar fields they needed
only appears in thick brane models.



The second one is to append a mass term to above standard action (1.1). For examples,
in the work of ref. [24] the authors appended a bulk constant mass term and a boundary
mass term into the action, and in the work of ref. [25] the authors took the non-minimally
coupling of vector and gravity into account, where the 5D scalar curvature is taken as the
mass of 5D vector. What should be noted is the scalar curvature to be taken as the mass
of 4D vector is first proposed in ref. [26] to be used in studying the inflation of our 4D
universe. But adding a mass term into the 5D vector fields action will break its gauge
invariance, so in ref. [27] the authors proposed a 5D Stueckelberg-like action to correct
this problem.

The third one is to add a topology term to the 5D vector action. In ref. [28] Oda
proposed a method by adding a 3-form potential and a topological term to the 5D vector
field action to realized the localization of zero mode.

In this work we will follow the idea of the first approach [21, 22]. But in our method
the dilaton factor is not a function of scalar fields but a function of scalar curvature. So
our method can be used not only to thick brane models but also to the thin branes models.

This paper is constructed as follows. We review our method in section 2. The local-
ization of zero and massive modes are discussed in section 3 and section 4, respectively.
Applying our method to a concrete braneworld model is shown in section 5. Finally, we
give our conclusions in section 6.

2 The method

The branes discussed here are flat and the line element of the five-dimensional space-time
is assumed to be

ds? = gyndzMdzN = Wy, datdz” + dy?, (2.1)

where €2 is the warp factor, a(y) is only the function of extra-dimensional coordinate
y, and 7, = diag(—1,1,1,1) is the metric on the branes. The braneworld which holds an
(asymptotic) AdSs spacetime at infinity means that the scalar curvature R satisfies

lim R(y) = —Cg, (2.2)

y—Foo

where Cg > 0 is a constant. By using of the metric (2.1) one can get the expression of R:
R(y) = —20a(y)* — 8" (y). (2.3)

To be consistent with the condition (2.2), a(y) should have the following asymptotic
solution
a(y = +oo) » Fhky+ C. (2.4)

where parameter k > 0 and C is a constant, without loss of generality we set C = 0 here
and after. Substituting (2.4) into (2.3) one can get

Cr = 20k>. (2.5)



The action of the five-dimensional U(1) gauge field we proposed is

1
S=-7 / dPx/—gF(R)Fy yFMN (2.6)

where F(R) is a function of scalar curvature R, against the action in ref. [25], this action
is gauge invariant.
How to confirm the form of F(R)? The rules we follow are:

1. when R — 0 the action should return to the standard form (1.1);
2. F(R) should satisfy the positivity condition
F(R) >0 (2.7)

and the finity condition at the same time

+oo
/ F(R)dy < o0 (2.8)

—0o0

to preserve the canonical form of 4D action.

Models discussed here hold Zy symmetrical along the extra-dimension, so a(y) is an even
function. If R(y) is monotonously decreasing as y varying form 0 to oo, F(R) can has
a simple form

R
20k2
to satisfy the positivity condition (2.7). If R(y) varies non-monotonic along the extra-

F(R)=x(R)=1+ (2.9)

dimension the form of F(R) in (2.9) can not guarantee the positivity condition (2.7). But
a form of

N
F(R) = & SR (2:10)

where N > 0 and n is an integer, can hold the positivity condition (2.7), obviously.

It can be proven that the functions of F(R) in equations (2.9) and (2.10) can only
help us to obtain the localized zero mode. In order to obtain localized massive modes, we
propose the following form:

F(R) = 602<1*(X(R)2)_CS/2>’ (2.11)

where Cy and Cs are under-determined positive parameters. We will show Cg is related
to the asymptotic behavior of the potential at infinity in eq. (4.5).

3 Localization of the zero mode

By means of the decomposition A, = > a,(x)pn(y) and the gauge condition d,A* = 0
and A4 = 0, the above action (2.6) is reduced to

5= [WP®w? [ dalh s - 20,0, (3.1



where f,, = 0,a, — 0ya, is the four-dimensional gauge field strength tensor, and p,(y)
satisfies the equation

Fl
P+ <F + 2a/> pl, = —mZppe 2, (3.2)

with the boundary conditions either the Neumann p/,(+00) = 0 or the Dirichlet p,,(+o00) =

W/l

0 [29], where the prime stands for the derivative with respect to y in this section. The

localization of gauge field requires

IE/%deNRm%w::L (3.3)

—0o0

For the zero mode, my = 0, eq. (3.2) reads
F/
po + <F - 20/> Py = 0. (3.4)
By setting 4/ = 2o/ + F'/F, the above equation (3.4) reads

po +7'po = 0. (3.5)

The general solution of zero mode is

po =Co +C1 /e_wdy. (36)

Here cg and c¢; are arbitrary constants. Models discussed here hold the Zs symmetry along
the extra-dimension, F'(R), a(y) and v are even functions of y, so the second term in
eq. (3.6) is odd. The Dirichlet boundary conditions p,(£o00) = 0 will lead to ¢ = 0 and
¢ = 0. But the Neumann boundary conditions p/,(£o00) = 0 only lead to ¢; = 0, so the
zero mode solution is

pPo = Co- (3.7)

The localization about zero mode can be realized when F(R) satisfies the finity condi-
tion (2.8), namely

+o0 +o0o

| @) = [ Fmay -t (3.8)
—00 —o0

Because F'(R) is continuous, the convergence of the above integration is determined by

the asymptotic behavior of F(R) at infinity along the extra dimension. The convergent

condition is

F(R(y —» +00)) xy P (3.9)

with p > 1. By using the Zs symmetry, we may only need to discuss the case of
y — +oo. The way of a(y) to its limit solution (2.4) is model dependent. In order to
discuss the asymptotic behavior of y at infinity, we add the first order infinitesimal term
into a(y) (2.4)

ay = +o00) ~ —ky — Cy 9. (3.10)



where ¢ > 0. In order to satisfy positive condition C > 0 is need for F(R) in eq. (2.9).
Substituting (3.10) and (2.3) into (2.9) one get

2Cq yf((I‘i’l)

X(R(y = +00)) ~ =2

(3.11)

by neglecting higher order infinitesimal terms. It is easy to test that under the above
asymptotic solution, the integration of F(R), with the forms of (2.9), (2.10) and (2.11),
are convergent. This leads to the conclusion that the zero mode can be localized.

4 Localization of massive modes

To discuss the localization of massive modes, it is more convenient to do the following

dz = e~*Wdy
z = fe_o‘(y)dy

coordinate transformation

(4.1)

with the boundary condition z(y = 0) = 0. The line element (2.1) is recasted to the
following conformally flat form namely,

ds? = e2(2) (Nuvdadz” + dz?). (4.2)

Further, by using of the gauge choice A4 = 0 and the decomposition A, =" a,(x)pn(2)
the action of the five-dimensional gauge field (2.6) is reduced to

1 ~2 4 n n)ur 2 (n),(n
S=-1 Z / dzpp(2) / d e (f) frm = 2mZalMalm), (4.3)

where p, = pny/F(R)e*/?, and p,(z) satisfies the following Schrédinger-like equation
= 4 V() = M2, (4.4)
where the effective potential is given by

10/,(2) + 106/2(2) + O/(Z)F/<R) + F//(R) F/Q(R)

Vi) =3 1 9F(R) | 2F(R) 4F2(R)’

(4.5)

In this section the prime denotes the derivative with respect to the coordinate z. Equa-
tion (4.4) can be recast to

(470 (- L4165 =i (4.6)

where | (FU(R)
I'(z) == ! 4.
@ =3 (@ + ). (4.7
and without loss of the generality we can take
1
I'(z) = 5 (InF(R) + a(z)) . (4.8)



Equation (4.6) means that there is no tachyonic mode with m2 < 0 in the spectrum of the
KK modes [30]. It is worth to note that in order to get the effective action (4.3) of the
four-dimensional vector field from the five-dimensional one (2.6), we have introduced the
orthonormalization condition between different massive modes:

[ debn(@z) 0. (m#£n) (4.9)

So the localization condition for p,(z) is

/dzf)i(z) < 0. (4.10)
The solution of zero mass mode at the z coordinate is easy to be found from (4.6),
po(z) = e*3)/2\/F(R). (4.11)

The existence of massive modes is determined by the potential V(z). Based on the
condition (2.4) we have shown the existence of zero mode, this means that at some finite
area V(z) < 0 along the extra-dimension. So a necessary condition of the existence of
localized massive modes is V(£o0) > 0. V(%00) is determined by asymptotic behavior of
a(z) and F(R(z)). In the following we will discuss the limit of V'(z) with z — 400 only,
based on the Zg symmetry V(—oo) is the same to V(+00).

By using the limit solution «a(y) (2.4) and the coordinate transformation (4.1), we
obtain the limit solution of o with z coordinate at infinity,

a(z) = —1In(k 2). (4.12)

For different models the ways to this limit solution are different. In order to discuss the
asymptotic behavior of V(z) at infinity, we add a first order infinitesimal term to «a(z),
namely,

a(z) = —In(k z) + Cgz™", (4.13)

where C4 and n are model dependent constants and n > 0. The scalar curvature R at the
z coordinate reads
R(z) = —4e**®) (30 (2) + 20" (2)). (4.14)

Substituting (4.13) into (4.14) one can get the asymptotic solution of R,

R(z = 400) — —20k2e 204"
—(8C4k%n? 4 32C 1 k%n)e~2C4= "z

—12C3kn2e2Ca= "y, (4.15)
Because
lim e 204" =1, (4.16)
Z—+00

and by ignoring the 22" term, we can further reduce R(z — +occ) into
R(z = 400) — —20k* 4+ C5 27", (4.17)

where C5 = —(8C4k?n? + 32C,k%n).



Substituting eq. (4.17) into eq. (2.9), one can get the asymptotic solutions of
x(R), namely,

Csz7 "

o (4.18)

X(R(z — +00)) —

For the first case of F(R) in eq. (2.9), substituting eqgs. (4.18) and (4.12) into eq. (4.5),
we obtain the asymptotic solution of V(z),

1 24+4n+3
Vi(z = +o0) — ZCian_Q"_Q +Cyn(n+1)z7" 2 + %2_2. (4.19)
For the second case of F'(R) in eq. (2.10), the asymptotic solution of V() is
2 SR
Vii(z = +o0) — <n +2n+ 4)2 , (4.20)
by ignoring the higher order infinitesimal terms. The limits of V4(z) and Vi1(z) are
lim Vi(z) = lim Vig(:) =0, (121)

so there are no massive mode in that two cases.
For the third case of F(R) in eq. (2.11), the asymptotic solution of V'(z) is

Vir(z — +00) — Cgz2C3n72 4 Cp2P3n=2 4 CgpCen—n—2

1 1 3
+ZCZn2z_2("+1) + §C4n22_”_2 + Cynz " 4 12_2, (4.22)
where

Cp = C542% 1259 C3n?|C5| 2Ok,
Cr = (2 — C3n)Ce223 71030558 |C5| ~C3 k205,
Cg = 922C37 150 03Cyn?|Cy |~ P2 k2Cs.

From the above asymptotic solution, we find

+oo  Cs>1/n  infinitely deep potential
Virz(oo) = ¢ C Cs =1/n  Poschl-Teller potential (4.23)

0 0 < C3 < 1/n volcanic potential

where C is a positive constant.
So the condition C3 = 1/n means a finite number of localized massive modes, when
C3 > 1/n, there will be infinite number of localized massive modes, and 0 < C3 < 1/n

corresponds to no massive mode can be localized on branes.



5 Concrete braneworld model

In this section only the first case (2.9) and third case (2.11) of F/(R) are discussed, since the
conclusion about second case (2.10) of F'(R) is the same with the first one (2.9). The model
we used is proposed in ref. [31] without scalar field, where the five-dimensional action is

1
5= [ dady=gf (), (5.1)
and f(R) reads
4 2 36R  3R?
f(R) == (6k* + R) cosh(B(w(R))) — 7k2\/480 =S5 — 1 Sinh(B(w(R)), (52)
where S(w) is defined as
w
B(w) = 2v/3 arctan (tanh <§>> , (5.3)
with
V20 + R/k?
R) = farcsech | ¥———=— 5.4
w(R) = +ar N (4
With above conditions the solution of a(y) is
a(y) = —In(cosh(k y)). (5.5)
Under the z coordinate
1
a(z) = — log (k*2* +1), (5.6)
and
R(z) = —4e~20() (22" (2) + 3d/(2)?)
k% — 20k*22
_ 8k° —20k727 (5.7)
k222 +1
With the above analytic solutions of a(z) (5.6) and R(z) (5.7), one can easily get
3k?(—2 + 5k*2?)
Vi#) = =i (58)
and
125\ , 1 2 2021.2.2 | 4oC 2.2 1 2
- (= B 4 499 (3%222-2) ( ———
Vin(z) = g <49> g <k2z2+1> [ GO 49 (34772 <5k222+5>
c 2 2 1 “
—4 3 2 -1 | =——— . .
Co7 Cg( (Cg )]f 25+ ) <5k222+5) :| (5 9)
The limit of Vi(z) is
ZE{POO Vi(z) =0, (5.10)
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Figure 1. Plots of Vi11(2) and pp with Co = 20, k = 1.
that is consistent with eq. (4.21). The asymptotic behavior of R(z) is
R(z = 00) = —20k* 4 8272, (5.11)
Compare eq. (5.11) with eq. (4.17), one can find that
n =2,
which can be verified by the limit of Vi1(2) (5.8), namely,
+o0 Cs > 1/2,
Vinn(£oo) = ¢ 5C3k%/28  C3=1/2, (5.12)
0 0<Cs<1/2,

Equations (5.12) and (5.10) can be taken as a test of our conclusion made in section 4.
In the following we show some mode solutions with the potential Vir(z) (5.8). The
zero mode solution (4.11) reads

1

fo(z) = \/802—02(%)03 () (k222 + 1) (5.13)

The plots of Viy1(z) and po(z) (non-normalized) with some specific values of parameters of
Cs, k, and C3 are shown in figure 1.

The localized massive mode solutions can be obtained by using of numerical method
in the case of C3 > 1/2. For example we show some massive solutions in figure 2 with
parameters C3 = 0.5, Co = 20, and £ = 1. Another example is shown in figure 3 with
parameters C3 = 0.6, Co = 20, and k = 1.

6 Conclusions

In order to localize U(1) gauge vector fields on branes in 5D (asymptotic) AdSs spacetime
with infinitely extra-dimension, we propose a 5D U(1) gauge vector fields action which
include the non-minimal coupling with gravity and satisfy the gauge invariant. In this
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Figure 2. In the left figure, the black line represents the potential Vij(z), and colored lines
represent the position of mass spectra in the potential. The right figure shows the corresponding
solutions of g, (nomalized). Parameters C3 = 0.5, Cy = 20, and k = 1.
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Figure 3. In the left figure, the black line represents the potential Vi(z), and colored lines
represent the position of mass spectra in the potential. The right figure shows the corresponding
solutions of p,, (nomalized). Parameters C3 = 0.6, C3 = 20, and k = 1.

work we propose three kinds of coupling, they all support the localization of zero mode,
but only the third one (2.11) support the localization of massive modes. With the third kind
of coupling (2.11), there is a parameter Cs which can control the localization of massive
modes, namely, when

e C3 = 1/n, there are finite number of localized massive modes,
e C3 > 1/n, there are infinite number of localized massive modes,
e 0 < Cs < 1/n, there is not localized massive mode,

where n is a positive number determined by the scalar curvature R (4.17). Moreover, our
method can exclude the massive tachyonic modes and can be used not only in the thin
braneword models but also in the thick ones.
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