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1 Introduction / motivation

The holographic principle [1, 2] relates a theory of quantum gravity in a volume of space-

time to a field theory in a lower dimensional boundary. The most fruitful concrete version of

this principle is the AdS/CFT correspondence [3], which relates a theory of quantum gravity

in asymptotically anti-de Sitter space-time (AdS) with a conformal field theory (CFT)
at the boundary of AdS. Other versions of the same principle include the dS/CFT [4],

Kerr/CFT [5], Warped AdS/CFT [6], the Lifshitz/Non-relativistic CFT correspondence [7],
and the higher spin gauge theory / CFT correspondence [8, 9].



In this note we study the case of flat holography, where a quantum field theory is
expected to arise as a dual to quantum gravity in asymptotically flat geometries. Research
in this direction started in the four dimensional case [10], and has recently gained attention
due to possible implications concerning the infamous information paradox [11]. The three-
dimensional case [12, 13] provides with a testing ground for ideas concerning classical and
quantum gravity in flat space-times.

However, unlike the case of asymptotically anti-de Sitter space-times, a full fledged
holographic dictionary is missing in flat holography. Currently the only entry in the dic-
tionary relates the asymptotic symmetry group of Minkowski space with the symmetry
of the boundary field theory. Whether such a theory can be dynamically realized is cur-
rently unknown. This is however enough to try to understand the duality at the level
of kinematics. In this note, we will study the holographic interpretation of entanglement
entropy, two-point and three-point correlation functions, and global blocks. We will de-
scribe a prescription which correctly computes these objects in the probe limit.! Building
on the intuition provided by this limit, we will propose a full extrapolate dictionary and
successfully compute correlators and blocks involving light operators. We will then argue
how the probe computations arise as a WKB approximation.

Preliminarily, we will discuss the entanglement entropy of a boundary interval. The
holographic picture will serve as motivation to discuss the other kinematic invariants of the
theory. Entanglement entropy measures the correlation structure of a quantum system.
Computations in the field theory are generally a daunting task. An example where the
calculation can be performed analytically is the case of two dimensional conformal field
theories, where the existence of a infinite dimensional symmetry simplifies the problem
greatly. Studying entanglement becomes more complicated as the dimension of the field
theory increases, due to the lack of an infinite dimensional symmetry to capitalize on. Two
dimensional Galilean conformal field theories (GCFT’s) have been proposed as holographic
duals to three-dimensional theories of gravity in asymptotically flat space-times [14]. The
symmetry algebra is a central extension of the asymptotic symmetry of three dimensional
Minkowski space-time at null infinity. It is known as the three dimensional Bondi-Metzner-
Sachs algebra (BMSs3), and it is infinite dimensional. One can thus hope that the same
simplifications arising in the conformal field theory case also arise in BMS field theories.
The entanglement entropy calculations in the field theory literature are based in the replica
trick [15] or “flat” extensions of the Cardy formula [16-18].

In the context of AdS/CFT holography, Ryu and Takayanagi (RT) proposed that en-
tanglement entropy was holographically computed by the area of a co-dimension two bulk
minimal surface [19]. A proposal for a covariant generalization was put forward by Hubeny,
Rangamani and Takayanagi [20] (HRT), and was proven in [21]. In order to establish a
connection between Einstein gravity in three dimensional asymptotically Minkowski space
and a BMS3 field theory, it is necessary to understand whether a generalization of the
RT/HRT proposals exist in flat space. The authors of [18] have recently computed holo-

!This is the limit where the dimensions of the operators in the correlation functions are in the regime
1 <« m < 1/G, so that the geodesic approximation can be used but back reaction can be neglected.



graphic entanglement entropy of a single interval region A in a BMSs field theory living
at null infinity. The prescription, which they dubded the Rindler method, emulates the
Casini-Huerta-Myers [22] calculation of entanglement entropy of ball shaped regions in a
conformal field theory. In the CFT case, the causal development of the boundary region is
conformally mapped to hyperbolic space, where the theory enjoys a thermal periodicity in
time. As a consequence, entanglement entropy is associated to the thermal entropy of the
transformed theory. In the flat case, the boundary region A is mapped to a different man-
ifold with a thermal cycle using a finite BMS transformation. The thermal entropy of the
transformed theory can then be computed by assuming a flat version of the Cardy formula.
The calculation can also be extended into the bulk. The geometry dual to the transformed
theory is a flat space cosmology (FSC), which possesses a co-dimension one horizon whose
area computes entanglement entropy. The geometric picture in the untransformed theory
is the length of a space-like geodesic connected to two null geodesics +; falling from the
boundary endpoints d;.A4. The main properties of the geodesics in this picture is that they
are tangent to the bulk modular flow vector whose boundary value corresponds to the mod-
ular generator. In [18], it was also noted that the space-like geodesic connecting the null
lines ~; is extremal. A figure of this set-up can be found in figure 1 (a). It is worth noting
that the first calculation of holographic entanglement in three dimensional flat space was
put forward in [15], where it was shown that holographic entanglement can be computed
using Wilson lines, much like the AdS construction introduced in [23]. Nevertheless, the
construction in [18] is explicitly geometric, and similar to the RT/HRT proposals in AdS.

In this note, we will extend on the covariant formulation of the same geometric picture.
The prescription consists of finding an extremal path connecting the end-points of the
boundary interval, in the spirit of [20]. In flat space, the only geodesics that reach the
points 0;.A on future null infinity are null lines.

Unlike the case in AdS/CFT, the geodesics falling from the different boundary end-
points do not intersect in the bulk, which forces us to connect them with an additional
geodesic line. Extremizing the total length of the resulting path yields a covariant answer,
equivalent to the one found in [18]. In section 2.4 we will test this proposal in non-trivial
asymptotically flat geometries.

Our proposal mimics the HRT formula for holographic entanglement entropy in AdSs.
In this case, the entanglement of a boundary interval is computed by the length of a bulk
extremal geodesic connecting the interval endpoints, displaced slightly with a spacelike
regulator away from the boundary. In the context of AdSs, a prescription for computing
holographic scalar global conformal blocks in the probe limit has recently been proposed [24,
25]. It consists on extremizing the length of a network of geodesic segments attached to
the boundary of Anti de-Sitter space. The obvious prescription in flat space is to extremize
a network of geodesics connected to the operators at the boundary through null geodesics,
much like one does to compute entanglement entropy. Each of the geodesics is weighted
by the mass of the corresponding primary operator in the BMS field theory, as drawn in
figure 3. The physical intuition this picture provides is that the extremal weighted length
of the network is the on-shell action of massive particles propagating in flat space. Our



proposal in terms of on-shell actions simply reads

global BMS block = extr (=% fisifishen) , (1.1)

where &; are the masses of the particles and S are the corresponding on-shell actions.
This prescription can also be used to compute the two-point and three-point functions of
scalar operators in a BMS3 field theory. In section 5, this proposal will be generalized to
include propagation of particles with spin, following the work in [26]. The calculations in
this work correctly reproduce the probe limit of low-point correlators and general Poincaré
blocks (or global BMS3 blocks) computed in the field theory in [27].

Inspired by the construction of global blocks in the probe limit, in section 6 we will
propose a flat version of the extrapolate dictionary, and argue how the geodesic network
construction arises as a WKB approximation. We will argue that the holographic construc-
tion of boundary correlators consists of attaching a position space Feynman diagram to
null lines falling from the boundary at the operator locations, and integrating the position
of the legs over an affine parameter;

(O1(21)Oa(w2) ...) ~ /

Varq

d>\1/ Ao .. (T1(A)Ts(Na)...). (1.2)
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Here, )\; is the affine parameter along the null geodesic 7,, and V¥; is the bulk field dual
to the operator ;. The symbol ~ is used because both sides can be rescaled by arbitrary
constant factors as both the normalisation of the operators and the measure of an affine
parametrisation can be rescaled.

We turn now to a detailed description of the theories on both sides of the holographic
duality.

1.1 Flat gravity in 241 dimensions

We consider Einstein gravity on 2 + 1 dimensional Minkowski spacetime. We work on
Eddington-Fikelstein coordinates, for which the line element reads

ds? = —du® — 2dudr + r?d¢? , (1.3)

with retarded time v = ¢t — r and the cylindrical identification ¢ ~ ¢ + 2w. The future
boundary is at 7 — oo with u and ¢ fixed. The holographic coordinate is r, which renders
the holographic direction null. The asymptotic symmetry group is spanned by the following
killing vectors

£ =udyY (¢) +T(9),
6 _ _ U 1
7 =Y(¢) - ~05Y(¢) — ~0,T(9), (1.4)
J
= _gaqﬁgu — 104E?,

with the restriction (83; + 0y)T(¢) = (85; +04)Y (¢) = 0. Expanding Y (¢) and T'(¢) in
the modes e™? with n = —1,0, 1, the killing vectors realize a sub-algebra of the Galilean



Conformal Algebra (GCA).

[Li? L; ] ( ) i+7
[LiaM] = ( ) i+7 (1'5)
[M;,M;] =0,
where 4,7 = —1,0,1. At null infinity this algebra is enhanced to an infinitely dimensional

asymptotic symmetry group known as the BMS3 group, or also the 2d Galilean Conformal
Algebra. The conserved charges of this group satisfy a centrally extended version of the
algebra that reads

L] = (i= Doss + 12@ )il = Do,
[ﬁhM ] = ( - J)MH-] 12 (Z + 1) ( - 1)5i+j,07 (1'6)
(M, M;]=0.

The central charges depend on the specific theory of gravity. For the case of Einstein
gravity, in order for the phase space of three-dimensional asymptotically flat gravity to
match the space of coadjoint representations of the BMS3 group, it is required that [28, 29]

3

CL—O, CM—E. (1.7)
Invoking the holographic principle in the semi-classical limit implies that a theory of gravity
in asymptotically flat space-times is described by a field theory that enjoys BMS symme-
try. The field content of such theory must organize into represenations of this symmetry;
{Lo, My} form a maximally commuting subalgebra, so we will label out representations
by their eigenvalues {A,£}. The generators {L_1, Lo, L1, M_1, My, M7} form the global
sub-algebra which corresponds to the Poincaré group. This sub-algebra has two quadratic
casimirs [30]

Ch = — M_1 M, (1.8)
@:ﬂgm@—%u;ML+LMLerL4+mL@Q. (1.9)

The eigenvalues of the casimirs are
=& A =2A-1). (1.10)

In order to make the connection to bulk physics, it helps to write these in terms of the
familiar generators of the Poincaré algebra

[P/MPV] =0 [Mu,mPp] :i(nuppu_nl/ppu) (1'11)
M, Mool =i (MupMue — Nuoe Myp — MupMpus + e Myp) (1.12)
which are related by
My + M_ My — M_
P, = M, a:—ﬁfi %ZFLTJ, (1.13)
L1+ L_ Li—L_
May = Ly My = =2 My = i == (1.14)



In terms of these, the casimirs read

C1=-P> (Oy=é""M,P,. (1.15)

2 = ¢2 and determine the spin

Matching these casimirs allows us to identify the mass as m
in terms of A. For a scalar field, C1 imposes the Klein-Gordon equation whereas M, acts
trivially so that Co =0 and A = 1.

Note that in 3 dimensions, spin is a continuously tunable parameter. We conclude
that BMS primary operators must correspond to massive spinning particles propagating
in flat space. A conjecture for the extrapolate dictionary relating flat space quantum field
solutions and local BMS primary operator insertions will be discussed in section 6.

We now turn to a more detailed description of some properties of BMS3 field theories.

1.2 BMS; field theory

The holographic principle applied to flat space relies on the existence of a field theory
living at null infinity. The symmetry of the theory must consist of the BMS3 algebra. A
theory which realises this symmetry is a BMS3 Field Theory or BMSFT. It is currently
not clear whether this algebra can be dynamically realized, as very few examples of such
theories exist. For example, in [31] the authors construct a prototypical theory with BMS3
symmetry, as a limit of Liouville theory. In [32] other exampes are constructed using
holomorphic free fields. We will simply study kinematics which are fixed by the symmetry
properties of the theory. We consider an asymptotically flat bulk space-time M. At null
infinity the manifold is endowed with a degenerate metric

ds® = 0du® + d¢? (1.16)

where ¢ is the solid angle in S'. The diffeomorphism group is the BMS3 group, and it acts
on the coordinates of the theory as

u—u' =udf(d) +9(4),

(1.17)
b— ¢ = [f(9).

As an aside, we should note that this transformation law means that any two points
(u1, ¢1) and (ug, ¢2) with ¢; # @2 can be mapped to lie at the same u = 0 by

ug sin (¢ — ¢1) — uyp sin (¢ — ¢2) .

sin (¢1 — ¢2) (1.18)

fo)=0,  g(d)=

By micro-causality, we must conclude that any local operators inserted at points such that
¢1 # ¢o must commute. In other words, a BMSs invariant theory must be ultra-local with
no propagating degrees of freedom. However, [18] found non-trivial entanglement in these
theories. The simplest scenario consistent with these facts is a local theory of local degrees
of freedom which do not propagate, but are subject to non-local constraints which impose
non-trivial correlations.



The correlators we are hoping to compute are kinematic invariants, and have been
written on the plane in [27]. The expressions for the two- and three-point functions in the
cylinder can be obtained by performing the BMS transformation

=€, t=iue?, (1.19)

which acts on primaries as [33] ®(u, ) = e?2™d(x,t). The result we would like to
reproduce then reads
o_,90

u2 u

251 0
d> —¢7
(PacPae) =e ™z <s‘ # - 5 a ) ;

& Tici (GO f —u) cos(6f —47) 60 — ¢,9 Aiji
(=1 si — .
S11 2 s

T+i+7 sin(¢9 —¢?
<¢A1,§1(I)A2,52¢A37€3> = 6123H€ E’L<]( ) J (¢1 d’J)
(1.20)

where the primary operators are located in the null plane at points (u, ) = (u?, ¢?), and
have quantum numbers & and A;.

The four-point function is not fixed by BMS symmetry. It can however be expanded
in a basis of BMS invariant functions, or global BMS3 blocks. In this paper we study
the block of four identical operators ®a ¢ that interchange a BMSj3 representation with
primary ®x, ¢ . We will place the four primaries at boundary locations x) = (ug, qbg) for
k = 1,2,3,4, and the channel of the block will be 12 — 34. The four-point function of
BMS3 primaries on the plane decomposes into blocks as

<¢1¢2¢3¢4> _ H x;Zk ljk/3 Zk&z]k/3 M (]:,t),

1<i<j<4
Fpus(z,t) = (1 _x)(A231+A234)/333(A341+A342) e 75231%234 3L (¢34146342) (1.21)

el—z
X Z 012p034pgp(x7 t) )
p

where the crossratios are defined as

L1234 t t1o  t3q4  t13 o
. o r_ha ta his Pa (1.22)
T13T24 T T2 T34 T13 T4

The constants C12, and Cs4, depend on the details of the field theory. In the large central
charge limit, the full BMS block reduces to the global block. For equal external primary
operators, the global block reads

_ et
gpla,t) = 2289 =2(1 — g) =125 5028 (1+v1-— x)2 2Bp by (1.23)

We turn now to the computation of holographic entanglement entropy, which will serve
as motivation for the introduction of geodesic networks to compute low-point correlation
functions and holographic global conformal blocks in the probe limit.



2 Flat space holographic entanglement entropy

In this section we provide with an alternative covariant re-formulation of the geometri-
cal picture presented in [18]. The background metric is given by equation (1.3), and the
boundary is taken to be null future infinity, at » — oo, with u and ¢ fixed. We define an
interval A as a straight line connecting two points at future infinity. We denote them by
diA and they are located at (u?,$?). The authors of [18] compute holographic entangle-
ment entropy as the length of a space-like geodesic which is connected to the interval at
null infinity by two null geodesics. The space-like geodesic is the fixed points of replica
symmetry, and the null geodesics are tangential to the modular flow.

This construction arises from an inverse bulk Rindler map, which is the BMS analog
to the conformal map used in [22] to compute holographic entanglement entropy in the
AdS/CFT context. The map transforms a flat space cosmological solution (FSC) back to
the original Minkowski space-time. The Cauchy Horizon of the FSC maps to the union of
two null planes in Minkowski space. The equations for these planes read

N;: u:u?—r—i—rcos(qﬁ—qﬁ?). (2.1)

Each plane contains a null line v; with v = u? and ¢ = gb?. These lines are tangential
to the bulk modular flow. Entanglement entropy is computed in [18] as the length of the
space-like geodesic connecting v; and ~» along N3 N Ny. The construction is summarized
in figure 1.

We would like to re-phrase this prescription in the language of extremal geodesics
connecting the boundary endpoints d.A;, in the spirit of HRT [20]. For this we will first
review the AdS case, which we will then generalize to the flat space case at hand.

2.1 Review of covariant holographic entanglement entropy in AdS/CFT

Before we attempt to understand the flat space case, it is instructive to review the con-
struction in AdS/CFT. The vacuum entanglement entropy for a conformal field theory
region in the plane consisting of an interval [0, w] with w € C is given by [34]

c

GCFT; c
6

w

w
log — 2.2
G g~ (2.2)

where ¢, ¢ are the central charges of the conformal field theory and e is the lattice distance,
acting as a regulator of UV divergences.

For the holographic picture, we follow [20] very closely, where this prescription was
first presented. The RT prescription for calculating entanglement is usually associated to
Euclidean geometries. In relies on finding minimal surfaces, which is not a well defined
Lorentzian concept. Wiggling space-like surfaces in the time direction one can make the
area of a surface arbitrarily small. The solution to this puzzle is to consider the extrema
of the area of a surface instead of the minima. We thus need to solve §Area = 0 for small
variations of the location of the co-dimension two surface, which we will call S. We specify
S with two constraints

p1(z") =0, @a(2") =0. (2.3)



(a) (b) (c)

Figure 1. a) Holographic entanglement entropy as understood in [18]. The green lines v; are null
geodesics falling from the null boundary Z. at the endpoints of the region .A. The blue space-
like geodesic represents the fixed points of the bulk replica symmetry. b) Picture of bulk modular
flow. The gray planes (N;) correspond to the codimension one Cauchy Horizon of the flat space
cosmological solution. The green lines are null, and we have dubbed them ~; and 5 throughout
this note. The black arrows stand for the modular flow vector in the bulk, which vanishes at
the intersection between the two planes; N7 N Ny. The extremal path connecting the boundary
endpoints is then formed by null lines tangent to modular flow (green) and the fixed points of
replica symmetry (blue). ¢) Modular flow at the null boundary Z, . The axis are ¢, u. The red line
is the boundary region A whose entanglement entropy is being studied.

We construct two null vectors Ni obeying N2 = N2 = 0 and N4 - N_ = —1, such that
they are orthogonal to the surface. We thus write

NE =Ng" (Vo1 + ueVigps) (2.4)
and solve for p4 and N. The induced metric on S reads
hyw = g + NyyN—y + NyyN_y, (2.5)
and the null curvatures can be written as
(X)), = "hoo V,NT . (2.6)
The null expansions are then defined as follows
0x = g"" (X£) 0 - (2.7)

Finally, the variation of the area of the surface & under a variation of its location can be
written in terms of the null expansions as

dArea N/ (0+NI6X, +6_N"5X,) . (2.8)
S

The variation of the area will vanish if 1 = 0, rendering the surface S extremal.



For the sake of clarity and simplicity, we will perform the computation of holographic
entanglement entropy in pure AdSs, where the answer must match the CFTy vacuum
entanglement entropy of equation (2.2). We consider the Poincaré metric

_ —dt® + dz? + d2?

ds® = = , (2.9)

where the holographic boundary lives at z — 0. Consider a general co-dimension two curve
S specified by
pr1=t—T(z) p2=a—X(2). (2.10)
The computation of the null expansions yileds
0 —0_ ~ (X®+X'(1-T7%) - 2X"), 2.11)
0p+0-~(TP+2(1+X%)T" -1 (1+X?+:2X'X")) , ‘

where the symbol ~ omits non-vanishing dependence on X (z) and T'(z). We now need to
solve for 6§+ = 0. The first equation implies

T'(2) :i\/XUFX;_ZX”, (2.12)
which can be used in the second differential equation to obtain
X' (3X" 4+ 2X") —3:X" =0. (2.13)
The solution reads
(X(2) —3) = c1 4 222, (2.14)
where ¢; are arbitrary constants. This implies, in virtue of equation (2.12),
(T (2) = dy)* = (c1 + 22?) (1 + 012> , (2.15)

where again d; are constants. We now need to fix the constants of integration by depanding
that the curve S starts and ends at the asymptotic boundary at the points (z1,t;) and
(x2,t2). After this, the solution for the curve reads

(X(2) — 21)(X(2) — 22) = 22(x1 — x9)?
1 ? (t1 —2t2 —x1 + 29)2 2.16)
Z (tl — t2)2

(1) = 0)(T() — 1) = g 2y

The length of such curve from point (z1,t1) and (ze,t2) is formally infinite, but can be
regulated by moving the holographic screen to z = ¢ < 1. The regulated length is

1 1 w12 w19
S _ Lextremal _ (1 el 1 7> 2.17
EE = 4q™s 4G 08 € +log e )’ ( )

where w,w = t £+ = are coordinates on the boundary plane. The result matches the CF T4
result upon the replacement ¢ = ¢ = 31/2G.

Note here that the screen was introduced only to regulate the length, not to define the
geodesic in the first place.

~10 -



2.2 Covariant entanglement entropy in flat space

The field theory calculations in the literature are based in the replica trick [15] or “flat”
extensions of the Cardy formula [18]. The vacuum result for a region consisting of an
interval [(0,0), (u,z)] in the plane is given by

cL, T  CcMU

Llog = 4 M= 2.18
6 °8 € * 6 x ( )

where u is the time-like coordinate while x is space-like, and ¢y, cps are the central charges

BMS3 __
SEE

of the theory. As before, € is a regulator of the UV divergences. For the case of theories
dual to Einstein gravity in asymptotically flat geometries, the central charges are ¢y, = 0
and ¢y = 3/G. The result for entanglement entropy in this case does not diverge as we
take the UV regulator to zero. This seems to imply that in a continuum QFT with BMS
symmetry there are no UV correlations at arbitrarily small scales, which makes it possible
to split the Hilbert space along some dividing surface. Clearly this signals a fundamental
difference between two-dimensional conformal field theories and field theories with BMSg
symmetry.

In this section we follow the logic of HRT [20] to propose a covariant approach for the
computation of holographic entanglement entropy in the context of flat 241 dimensional
Minkowski space.

As in previous sections, we work with Eddingston-Fikelstein coordinates and the line
element of equation (1.3). The boundary region A is located at the null plane r — oo
with u and ¢ fixed. The boundary endpoints of the region A are dubbed 9;A, and they
are placed at (u?, qﬁ?). In these coordinates, we hope to reproduce the BMSFT result for
entanglement entropy as written in (2.18).

We define a curve § with the following constraints

pr=u—-U(r), ws=0¢—(r). (2.19)

The null vectors in equation (2.4) are then specified by

s =

PR ) /P -TRAT) 1+ 7297 (2.20)
14 r2072 14 r207? ’ 2r2072 —2U'(2+U')

The null expansions read

04 — - ~ (20 + r?®" + rd”) |

/ ! I " 28/12\77! (2'21)
Op +0_ ~ (ro'(1+U") (P +r®") — (1 +r°0*)U") .
The solutions with 6+ = 0 specify extremal curves. The second differential equation
in (2.21) can be solved by replacing
U(r)=c —r+rcos(®(r) —ca), (2.22)

which makes the second differential equation in (2.21) proportional to the first. The con-
stants ¢; and ¢ can be fixed by imposing that the curve S starts at 91.A. This implies
U(r — oo) = uf and ®(r — 00) = ¢¢, which leads to ¢; = u? and ¢y = ¢¢. We thus have

U(r) =uf —r+rcos <<I>(7“) - gb?) : (2.23)

- 11 -



It is important to note that the solution (2.23) matches the equation for the null plane
Ni in formula (2.1). In the work [18], this plane corresponds to the Cauchy horizon of a
flat space cosmological solution that arises through the bulk Rindler map used to compute
entanglement entropy. Here, the same plane arises naturally when studying extremal curves
in flat space.

The solution for ®(r) can be obtained by solving the first differential equation in
equation (2.21). The solution reads

d
——— +ds, (2.24)

®(r) = £ arctan
r2 —df

where d; are constants of integration. Imposing ®(r — o0) = d)éf implies dy = d)?. The
resulting curve specified by ®(r) still depends on a constant of integration dj, and corre-
sponds to a null straight line along the null direction of the plane Nj specified in (2.23).
Solutions with different d; correspond to inequivalent null parallel lines and d; is the impact
parameter or point of closest approach to our chosen origin.

These parallel lines all go to the same point on the conformal boundary. However, the
Minkowski metric at the » — oo boundary reads

ds® — —du® + r2d¢? (2.25)

and so parallel null lines points with different ¢ will be distinguishable unless rA¢ = 0.
The choice of d; is an ambiguity in associating null rays to points on future null infinity
which must be fixed in a consistent way. A choice for d; can be mapped into another by
changing the origin of our coordinate system. We will fix d; by setting it to zero, so that
all the null rays we consider pass through the origin of our coordinate system. This choice
has the nice feature that in our coordinate system, the null rays meet the natural cut-off
surface at fixed r at a right angle. They obey r®'(r) = 0 at large r. In other words, this is
the requirement that the boundary point reached by our null ray should be stable under
changes to our cut-off surface.
The solution for the extremal curve falling from 0;.A is then

Ur)y=u?, @) =¢?, (2.26)

which corresponds to a null straight line in the radial direction. Unlike the curve studied
in AdS/CFT, an extremal curve in flat space cannot connect two different boundary points
81./4 and 62./4

That the points on the asymptotic boundary can not be connected could be circum-
vented by introducing a cut-off surface at a large fixed r = ¢! and connecting the points
on the regulated surface. However, this geodesic will not be well defined in the limit where
we remove the cut-off. In AdS, the extension of a geodesic connecting points on the regu-
lated surface will reach the asymptotic boundary near the correct location. In flat space,
the geodesic connecting these regulated boundary points will generically be spacelike and
run off to the spacelike asymptotic boundary rather than future null infinity. In any case,
the length of this regulated geodesic diverges in the ¢ — 0 limit and there are no BMS3
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invariant counter-terms which can be added to the length so as to reproduce the correct
entanglement entropy. In the following we will introduce a prescription motivated by the
construction of [18] which does correctly reproduce the entanglement entropy.

So far, we have concluded that the extremal curves falling from the boundary corre-
spond to radial null geodesic lines which we will refer to as ~;. In general these curves
do not intersect, so in order to connect the boundary points we need to introduce a third
curve connecting y; and 2. We choose points y; € v; and connect them with a curve §'.
Imposing extremality of &’ as above implies that S’ is a straight line connecting y; with
yo. The total length functional is then

Liotal = L= (01 A, y1) + L™ (y1, y2) + L (ya, 0.A2) = L (y1,y2) , (2.27)

where LT(P, Q) is the length of a straight line from point P to point @, and we have
used the fact that null geodesics have no length. The final step is to extremize the total
length functional with respect to the locations of y; along the null lines ;. We start with
the following expression for the length between the points at the null geodesics

« 2
L® tr(yl7 y2) = r% + r% — 27179 COS (d)? — qbg) — (ug +r9 — u? — 7“1) , (2.28)

where 7; is the radial location of the points y; along ;. Solving for 0Lota/Or; = 0 implies
_ d-d N
1 —cos (qﬁ‘?—qﬁ?) ’ 1 —cos ((b‘?—(bg)

Note that this is the condition that the straight line connecting y; and y» must be orthog-

r (2.29)

onal to the null rays ;:

aLextr (yl7 y2) _ ayit 8Lextr (y17 y2)
ory ory oy

—nk't, =0, (2.30)

where ¢ is tangent to the line connecting y; and yo and n!" is the null vector tangent to ;.
The plane orthogonal to 7; is the N; introduced in (2.1), which includes n!' since it is null.
Thus extremising over the two endpoints imposes the condition that the line connecting ¥
and yo lies along N1 N Na, which is sufficient to fix it.

Replacing these back in (2.28) gives

0 0
. u§ —u
Le tr(ylij) — % (231)
tan 5
We conclude that

] 1| W —w?
Sy — —pextremal _ — | T2 Tl , 2.32
EE 4G total 4G tan @ ( )

which is the same answer obtained in the BMSFT.
Summarizing, we have successfully computed holographic entanglement as the length
of an extremal geodesic path homologous to A. However, we had to consider an extremal
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Ny
(a) (b)

Figure 2. a) Calculation of Entanglement Entropy before extremizing. The red boundary points
x; are connected to the blue points y;, which live at the null lines «;. b) Geometrical picture after
extremizing the total length. The bulk points live at the intersections N1 N No N ;.

2 The following question then arises; if we were happy to

geodesic path with corners.
introduce two corners, why not more? In particular, by adding one more corner we would
find an extremal curve with no length connecting the two boundary points. One approach
would be to use the curve with the least corners such that it has finite length. Instead, we
will think of the null rays «; associated to points on the future null boundary as regulators
which do not contribute to the length and find the minimal length curve which connects
the two null rays. This latter view point will lead us to propose an extrapolate dictionary

for flat space.

2.3 Relation to the replica trick

We can now ask why this prescription works from the point of view of the replica trick.
In [15], The entanglement entropy in a generic BMS3 field theory is computed by evaluating
the two point function of twist fields @, located at the boundary endpoints, and with

1 NG 1
_24(1—n2>, fn—M<1—nQ>. (2.33)

In the case of semi-classical Einstein gravity in the bulk, we should set ¢ = 0 and take

quantum numbers

the limit of large cps, which turns the twist field into a bulk propagating particle of mass
&,. The limit n — 1 is equivalent to the probe limit

n 1
— =1-—= 1. 2.34
p_—" n2<< (2.34)

2Note that corners do not result on a finite contribution to the length as can be seen by smoothing them
out and taking the corner limit.
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Entanglement entropy is then computed as
Segr = — lim 0, Trp’y = — lim 0, (P, (01.4) D, (02.A)) . (2.35)
n—1 n—1

We must now propose a holographic prescription for computing this correlator.

In the standard AdS/CFT dictionary, the correlator in this expression is computed
as the exponential of an on-shell action corresponding to a massive particle propagating
along an extremal trajectory X*(s). The computation in the previous subsection leads
us to propose that in flat space, the particles should be sourced at the null geodesics ~;
associated to the boundary points in the correlator. In the probe limit, this means that
the extremal trajectory X*#(s) must be anchored along the ~; such that the endpoints are
free to move along the +; and should included in the extremisation.

The expression is

(®,,(01A) D, (Dp A)) = e MnSon-shell (2.36)

Son—shell = W = Lig(tt;] . (237)

Plugging (2.36) in (2.35), we obtain the same formula used in the previous subsection

where m,, = &, and

1

— gl (2:33)

SEE
In sections 3.1 and 3.2, we will use the same logic to calculate holographic BMS3 two/three-
point functions, and in section 4 we will consider Poincaré blocks.

2.4 Holographic entanglement in flat space cosmologies (quotients)

General classical solutions of Einstein gravity in three dimensions are locally equivalent.
In the absence of a cosmological constant all solutions are locally flat, and are related
to Minkowski space through quotients. An example of these solutions are Flat Space
Cosmologies (FSC), whose metric reads

ds® = Mdu? — 2dudr + Jdudd + r2d¢? . (2.39)

The dual BMSFT is expected to be a finite temperature theory with thermal cycle (u, ¢) ~
(u +iBu, ® —iBg) with B, = 7JM~3/% and By = 2rM~1/2. The entanglement entropy in
these field theories was computed in [35], where they arrived to the following formula

Spp = é [\/M (T + JL) coth@ - J] : (2.40)

The same result can be achieved by extremizing the length of an extremal path homologous
to A in the FSC geometry. Geodesics in this geometry are not straight lines, so the problem
becomes a bit more complicated. The strategy we will follow here will be to compute the
invariant length between two points in Minkowski space, and then map those points to
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points in the FSC using the coordinate transformation that implements the appropriate
quotient. The coordinate transformation from Minkowski space to the FSC reads

2
r—\/M —x?) —i—J—

_ . VM(t —x)

¢ = ﬁMlg 7’+2M]’ (2.41)
1 J

uz(r—\/My—zng) .

The invariant length in Minkowski space reads

[ s = Viar = a6 ) (2.42)

and under the coordinate transformation (2.41), the points 7;,u;, ¢; are mapped to
the points

Z;

\/Msmh (\ﬁ¢1> Wcosh (\/7@) )

Ti J . .
b=t T@ +u VM, (2.43)

\ﬁcosh (\/ qSZ) —smh (\/ gbz) .
Replacing (2.43) in (2.42) we obtain the length between two points in the FSC. The bound-

ary points 0;.A are located at (u, ¢) = (uf , qb?) in the future null plane. We need to find the
extremal curve that starts at these boundary points. In the original minkowski coordinates

the curve is a null line, and so the invariant length between any point in the extremal
curve and the boundary point is zero. We thus need to find the points in the flat space
cosmological solution that have zero invariant distance with the boundary points 9;.A.

The distance between a bulk point y; and 0;.4 will be infinite unless the bulk point lies
on a special hypersurface that we call NiFSC.

VM (i —¢?) _
2 2vVM

NFsC O:M(uz—u ) (qbz ¢,)+27~i sinh? Sinh<m<¢z‘— 0))

(2.44)
The invariant length between a point y; € NJ5C and 9;A reads

7 |/ sinh (W‘m ) + v/ Mr;sinh (\/M (@- - ¢?))’ : (2.45)

and so null lines are geodesics of constant ¢; = qb? . All in all, the null geodesic in the flat
space cosmological solution reads

¢i =07, ui=ul. (2.46)

Just like in the previous section, the extremal geodesic falling from 0;.4 does not intersect
the one falling from 09.4. This forces us to connect the null lines with an extra extremal
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curve connecting the two different lightlike ones. We choose a bulk point y; € =1 and
another point ys € 72, such that the total length is

Liotal = L™ (y1, 0 A) + L (y1, y2) + L (y2, 02.4) = L™ (y1,y2) . (2.47)

Extremizing the total length with respect to the location of the points y; along the null
lines involves a morally similar computation as the one in the previous section. The process
is a bit more cumbersome as the length of the geodesics is more complicated as a function
of r;, but the final answer matches the result written in equation (2.40).

3 Two-point and three-point BMS; correlation functions

In this section we generalize the worldline methods used in section 2.2 to commute entan-
glement entropy and we apply them to the computation of two- and three-point correlation
functions of BMS3 operators in the cylinder. The correlators we are hoping to compute
have been written above in equations (1.20).

As a starting point we will consider primaries with A = 1 in the 1 < £ < ¢js probe
limit. In section 5 we will consider the spinning case A # 1. The resulting primaries should
correspond to massive scalars, and so we expect the correlator to be computed with the
exponential of a scalar on-shell action. The on-shell action of massive particles corresponds
to the length of the particle’s worldline, and so we expect the correlator to be computed
as the extremal length of a geodesic network. This is a consequence of the probe limit
1 <€ € < cpr. A general correlator involving BMS3 primaries computed in this worldline
picture involves a path integral whose saddle point corresponds to the geodesic networks
studied in this section. We study correlators away from the probe limit in section 6.

The prescription in the probe limit is to compute a Poincaré invariant by connecting the
null lines ~; falling from the boundary points with a geodesic network, and then extremizing
the answer with respect to the free parameters of the problem. We first consider the
simplest correlator; the two-point function.

3.1 Scalar two-point function

In order to compute the two-point function we place two primaries of mass £ at the null
boundary, with cylinder coordinates x; = (u?, gzﬁ?), for ¢ = 1,2. We want to connect these
two points by geodesics in such a way that the total on-shell action is extremal. The
first step is to connect each boundary point with a bulk point y; = (14, u;, ¢;) located at
the corresponding null geodesic «;. The bulk points are then connected with a space-like
geodesic, giving rise to a total on-shell action

Stotal = & | L(y1,y2) + > L(wi,y:) | = L1, o) - (3.1)
i=1,2

The extremization of this function with respect to the locations of y; follows exactly the
same logic as the one between formulas (2.28) and (2.31). The solution for the extremum
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is y; = N1 N No N ~y;. We thus conclude

0 0
Uy —uy
tan %

We recover the result for the scalar two point function by exponentiating the extremal

length
o_.,0
extr _E uiai{?a
(PrePre) = St = ton o (3.3)

The result presented in (3.3) matches expressions (1.20) up to factors that are subleading
in the probe limit 1 < ¢ < ¢jr.2 Curiously, this is in fact the exact answer for the two
point function of primaries with A = 0. However, since we are working in the probe
approximation, this computation does not track these subleading factors and we will trust
the analysis of section 1.1 which lead us to conclude that a bulk scalar corresponds to a
primary with A = 1. This will be vindicated in section 6 where we move away from the
probe limit and obtain the full answer including these subleading factors.

The calculation in this section is exactly the same as the calculation of holographic
entanglement entropy. We next study a slightly more complicated case; the scalar three-
point function.

3.2 Scalar three-point function

The prescription is the following. There are three primaries located at the points zj =
(ug,gbg), with & = 1,2,3, and mass £. We want to connect the boundary points with
geodesics in such a way that we obtain an extremum of the total length. The extremal
curves falling from the boundary are null lines 7. We thus connect each null line with a
common bulk vertex. For this we choose three points yi € 7, and connect them to the
vertex point y, = (74, Uy, ¢y). A picture of the set-up can be found in figure 3.a). The
total length weighted by the corresponding masses is then

Sotal = > &k Lz uk) + Llye vo)) = D &L (yr,vo) - (3.4)
k=123 k=123

The free parameters are the radial locations of y; along i, which we denote by 7, and
the vertex point y,. The action as a function of these variables reads

Stotal = Z &k \/Tk <U'u — uf + 2r, sin? Pv 5 ¢k> — (up —uf) (2ry +uy —uf)
k=1,2,3
(3.5)
Extremizing with respect to r; gives rise to three equations imposing the orthogonality
between each of the lines yi-y, and ;. Namely
2 P — Y
2

Uy — ud + 2r, sin =0, Vi=1,23. (3.6)

3To be precise: given a quantity F' computed in a background geometry without backreaction, consider
the formal power series log F' = ao§ + a1 + O(ffl) in a parameter £&. The probe limit consist of keeping
only the leading term in this expansion.
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Ny N Nj

I

N1 n N2
(a) (b)

Figure 3. a) Set-up for the calculation of the holographic three point function before extremizing.
The red boundary points x; are connected to the blue points y;, which live at the null lines ~;.
The bulk points are then connected to a completely arbitrary vertex point y,, drawn in purple.
b) Set-up for the calculation of the holographic scalar global block before extremizing. The red
boundary points x; are connected to the blue points y;, which live at the null lines ~;. The bulk
points are then connected to two completely arbitrary vertex points ¥, and ¥,s, drawn in purple.
These two vertex are connected with a line where a particle with mass &, is propagating.

Solving these conditions fixes the position of g, completely. Note that each of these equa-
tions corresponds to the planes NN; of equation (2.1). The point y, must live at N3N NyNN3.
The result can be written simply in Minkowski coordinates
ug sin ((ﬁ? — qﬁg) — ug sin ((b‘? — (ﬁg) + u‘? sin ((]5‘29 — gbg)
sin (¢f — ¢3) —sin (¢f — ¢F) +sin (63 — ¢F)
(ug — u‘g) sin gb? — (ug — u?) sin gi)g + (ug — u?) sin <b§
Ty COS ¢’U = . E) ) . B) E) . 9 9 ) (37)
sin (¢ — ¢5) — sin (¢f — ¢5) +sin (¢5 — ¢3)
(u§ — u3) cos ¢F — (uf — uf) cos 6§ + (us — uf) cos ¢

sin (¢f — ¢8) — sin (67 — ¢§) + sin (65 — ¢5)
Replacing these back in Siotar results in
t Z Zi<j(_1)1+i+j (u? - “ga) cos (¢g - ¢z’a)
Ste;(t;l = §k — .
k=1,2,3 D i (1) sin (¢? - ¢?)

We recover the desired result for the scalar three-point function after exponentiating the

Uy + Ty =

Ty Sin @, = —

(3.8)

extremal value of the length.
Zi<‘7~(71)1+i+j (u?fu?) cos(¢gf¢?)

extr €k it
(@16, D16,P1,) = ¢ o = [ TV am(ele) (3.9)
k
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Note that even though we did not need to solve for 7 in order to compute the value of
Siotal at the extremum, the extremality condition for the components of g, fixes them.
Performing this calculation yields

:'YkmNi+'7kﬂNj
2 )

Ui with k#i#7. (3.10)

4 Holographic scalar global BMS; blocks (Poincaré blocks)

We are now ready to propose a calculation of a Poincaré invariant object that computes
a global BMS3 block holographically in the probe limit. The strategy is very similar to
the one used for computing low-point correlation functions and it emulates the holographic
construction of global blocks in the context of AdS/CFT.

The result we are hoping to reproduce in this section corresponds to the scalar part
of equation (1.23). As we will see, the exponential involving £ and &, can be obtained
holographically with the technology described in this note so far. The terms involving the
spin A and A, require additional tools, and we will discuss how to obtain the holographic
result in section 5.

The prescription is to extremize the length of a geodesic network weighted by the mass
of the corresponding primaries. We first introduce four bulk points y. Each of these
must live on the corresponding null geodesic 7, such that the curve connecting y; and the
boundary points xj, is extremal. The next step is to introduce two vertex points y, and .
Two geodesics join the points yj—1 2 with y,, while two different geodesics join the points
Yr=34 with y,s. All the geodesics we have introduced until now are weighted by the mass
& of the external primaries of the block. The last step is to join the vertex points ¥, and
Y, with a geodesic whose length is weighted by the mass of the exchanged family, §,. A
figure of this set-up can be found in 3.b).

The total length we have to extremize reads

2 4

4
> L@k k) + > LWk vo) + > LYk yor)
k=1

k=1 k=3

Stotal = g + gpL(yv’a yv) . (41)

The free parameters with respect to which Siota must be extremal are the bulk vertex
points y, and y,/, and the radial locations of y; along =, which we dub r;. The action in
terms of these variables reads

_ 40
S =€ Y ¢ o (1 = o+ 2 2R ) = (=) 2+~ )

2
k=1,2

Y
+¢ Z \/27’k (uv/ — ug + 27, sin? %2%“> — (’U,,Ul — u‘g) (2rv/ + Uy — ug)

k=34

+ fp\/rg + 7’12), — 2ry14 €08 (P — Gor) — (Uy + Ty — Uyt — T2

(4.2)
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We now solve for 9Siota1/0rr = 0. These equations read

1o}
uv—u?—i—%vst%Q(p =0,
Uy —ug—i—%vsm? $o 5 i =0,
(4.3)
Uy — ug + 21, sin’ v — 5 ¢3 =0,
Uy — uf + 27y sin? 4 v — 5 o4 =0.

As before, we can think of these as orthogonality constraints which constrain the location
of the bulk vertices. They imply that y, lives somewhere on Ny N Ny, which is the minimal
spacelike line connecting the null rays which appeared in the computation of the two-point
function. Similarly, vy, lives somewhere on N3 N Ny. Using (4.3) to simplify Siota) yields

Sttt =€ | 3/ (rusin (60— 60)> + 32/ (e sim (600 — 60))°

k=1,2 k=3,4 (4'4)

+ ﬁp\/r% + 12, = 21y €08 (P — Gur) — (Uy + T — Uy — o )2

Expression (4.4) justifies introducing the parameters
Sk = Ty Sin ((bv —(b‘,z) for k=1,2,

sl = ry sin (¢v, - ¢2) for k=34,

which correspond to the lengths on either side of y, along N; N No and similarly for y,:

(4.5)

o __ 40 o __ 40
81+82:<u§—u?>cotw, sé—%sﬁl:(uf—ug)cotw. (4.6)

Using this parametrisation, the location of the vertices can be written in terms of s
and s). The position of y, reads

u‘? - u‘g cos (qﬁ? - ng) + s98in ((b? - ¢‘3)
1— cos ((]5‘19 — qﬁg) ’
(uf — uf) cos (¢9) + s2 (sin (¢7) — sin (¢5))

ty = Uy + Ty =

Ty = Ty COS Py = 1~ oos (¢? — ¢>§) ) (4.7)
Yo = 7y Sin by = (u? - ug) sin (d)‘g) + s9 (cos (qbg) — oS ((;Sg))
e 1= cos (o 4] |
Similarly, for y,, we have
b w4y = 18— udcos (98 — 69) + sy sin (45 — 60)
! v 1 —cos (6§ — ¢9) ’
o _ .9 ) I (i (40 iy (40

Ly = oy COS by = (u§ — ug) cos (¢9) + s (sin (¢9) —sin (¢7)) (48)

1 — cos ((bg — (bff) ’
(uf — uf) sin (¢3) + s} (cos (#F) — cos (1))
1 — cos (gég — gbg) '

Yyt = Tyt sin va’ =
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We can now replace formulas (4.7), (4.8), and (4.6) in Sioa;. The resulting on-shell
action now depends on the parameters sg, and s/.

Stotal = € \/((UQ ) eot & %) * \/((Uf o 2 ¢4> (4.9)

+&pr/ F(s2,5)).

We are now ready to extremize with respect to sy and sj. This means we have to solve
for 0Siotal/052 = OSiotal/0s) = 0, which fully determine s and s.* After replacing the
solution back in Siyial, we obtain

Stotal = & {(ug — u?) cot 22— 71 %9 . ¢1 <u4 _ ug) cot (ﬁ?‘?;(b(??}

0 o 5] 0 o (6] 0 o 0 0 o 0 0 o (9] 0 o 0
ugs Sin @5y + Ugy Sin @F5 + ufy Sin Phs + ugs sin o7, + ugy sin @y, + ufy sin Pf,

¢34 sin (22 \/sm %3 sin ¢14 sin %3 sin %4

+€p

8 sin

(4.10)

This is the answer we expect from the BMSFT result in [27]. This can be seen by
writing everything in terms of cross-ratios and coordinates in the plane

tij &ijk t E231 + 234 t t t
S =X J —3— 26— — & ———— | .
total (xij zk: 3 ) + <1 — 3 $(§341 + 5342) + fx gpxm
(4.11)
Here the first two parenthesis match the prefactors in (1.21), while the third term corre-

sponds to the contribution from g,(x,1).

5 Spinning correlators and Poincaré blocks

In the previous sections we have studied global blocks concerning primaries with vanishing
L eigenvalue. The representations of the BMS3 algebra are usually labeled by two quantum
numbers A and &, which are the eigenvalues of Ly and M respectively acting on the highest
weight state. In this section, we compute low-point functions and global blocks involving
general representations with non-vanishing A and &. Note that these representations of
the BMS3 algebra are not unitary [36, 37]. It would also be interesting to understand the
holography of blocks involving unitary irreducible representations of the BMS3 algebra.
However, to our knowledge there are no results concerning these blocks in the literature.
In the A = 0 case, the parameter £ was associated to the mass of a particle propagating
in flat space. We thus expect that the parameter A is associated with the spin of such
particle. In [26], an action of a massive spinning particle (anyon) was used to compute

4The 6 coordinates of v, and v, have been parametrised by 2 variables s; and s}, hiding 4 extremality
constraints. These can be used to fix the 4 7, along the external legs. However, these are not needed to
compute the value of the action at the extremum so we have omitted them from the discussion.
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entanglement entropy in the context of AdS/CFT in a theory of topologically massive
gravity. We will use the same action in this work.

S = /dO’ [g\/m—F A (fl . V?’L):| + SconstraintSa (51)

where 7 is a space-like vector, n is a time-like vector, both normal vectors to the trajectory
of the particle X*, and Sconstraints 1S an action imposing constraints through Langrange
multipliers.

Sconstraints = /dg [)\171 T + )\27’L : X + )\37~1 . X + )\4 (712 + 1) + )\5 (77L2 — 1):| . (52)

The action (5.1) introduces two vectors in three-dimensional Minkowski space, amounting
to six new degrees of freedom. It also introduces five constraints, resulting in a single new
degree of freedom. Studying the equations of motion however reveals that it is not a true
degree of freedom. The action (5.1) is insensitive to the variation of n,n along the path X*,
and only depends on the boundary values of the vectors. It is also important to mention
that the new equation of motion for X* reads

. . A .
V |EXFH AX,Y (i —n"it)| = — DX (n” —n”i) R (5.3)

vpo *

Using the constraint equations one can show that 7 is completely fixed as a function of
n. Namely, n#* = e‘“’le,np. This, together with the fact that in Minkowski space the
Riemann tensor vanishes, is enough to conclude that the solution to (5.3) is still a straight
line obeying X* = 0. This is equivalent to the statement that particles with spin also move
in straight lines in a Minkowski background. The on-shell version of the action (5.1) of a
particle moving from point x; and vector n; to a point xy with vector ny reads

Son-shell = EL(x,2¢) + A cosh™ (=ni-ny), (5.4)

where L(zj, xf) is the length of a straight line connecting the points x; and z¢, while
n;-ny is obtained by parallel transporting n; from z; to x; along X* and taking the scalar
product between the resulting vector and n;. Otherwise, one can compute n;-ny by writing
the vectors in global Minkowski coordinates and taking the scalar product directly. The
second term in the action corresponds to the total boost parameter required to take the
frame defined by (X,n,7) at the initial point to that at the final point.

In order to compute low-point correlators and Poincaré blocks involving spinning parti-
cles, we need to repeat the method of previous sections using the new on-shell action (5.4).
As in previous sections, we regulate the problem by translating the boundary points to new
bulk points y; that lie on null lines ~; falling from the boundary. The new ingredient is that
we must introduce bulk vectors n at each of the bulk points. A natural assignment would
be to use the direction of the null ray assigned to each boundary point. We thus define

Vi = ar‘|% : (5.5)

The extrimization of r; along ; ensures that -; is orthogonal to the outgoing line, so that
this definition will not result in a degenerate frame. However, the action above only makes
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sense for n; timelike. One way to think of this is that the boost required to take us between
different null vectors is infinite and must be regulated. We will do so by introducing a
regulator € and taking n; to approach #; in the limit where ¢ — 0, but keeping n; a finite
timelike unit vector for finite e. The vector associated to the regulated bulk point at ~;
is then

n; = E"yi +em;, where m; is null and ~; - m; = —1. (5.6)
There is another perspective from which this prescription is natural. When this action
was used in the standard AdS/CFT setup [26], the timelike vector defining the frame at
the boundary was chosen to coincide with the boundary coordinate time direction, 0.
Similarly here, we could start with the vector 0, at large r and parallel transport it down
the null ray to the bulk point y;. This will give us a null vector orthogonal to 4, which
corresponds to the ¢ — 0 limit of 7 in the prescription (5.6).

Bulk vertices also come equipped with a unit time-like vector nyertex for which the
on-shell action must be extremized.

Note that the dependence of the on-shell action (5.1) on the vectors n and the points x
factorizes, and so the extremizations with respect to the bulk points and the bulk vectors
are completely independent. We can then borrow the results from previous sections for
the {-dependent part of the correlators/blocks, and focus on extremizing the total on-shell
action involving the vectors n to obtain the A-dependent parts.

We now have all necessary ingredients to compute and extremize the spinning part
of the total on-shell action. The total action will be composed of terms that connect the
regulated bulk vectors with vertex vectors, and terms that connect vertex vectors with
vectors at other vertices. These can be written respectively as

cosh™ (=n; -n,), and cosh™! (—n, - ny) . (5.7)

The first object will diverge as n; becomes null in the e — 0 limit of equation (5.6). The
terms in the action which connect these regulated bulk vectors to other bulk vectors have

the form

—2"}/ N
—1 % v

— T v) — I
cosh ( ;- N ) log

+O(e), (5.8)
independent of the precise choice of m; used to regulate. This contribution to the action
is divergent, but can be regulated by adding a counter-term of the form S, = Aloge for
each boundary point. In what follows we will directly use this regulated action for such
segments.

As we will show in the subsections below, extremizing a total on-shell action composed
of these terms gives rise to the A-dependent part of BMS3 correlators and Poincaré blocks
in the ] K A K % probe limit.

Before moving on to explicit calculations, it is worth mentioning a particularly useful
connection between the total on-shell action at hand and the holographic calculation of
correlators and global blocks of CFT; primaries.
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5.1 Recasting the spinning calculation as holographic blocks in AdS,/CFT;

Note that the A-dependent part of BMS3 correlators are identical to those appearing in
a CFT;. In this section we present a connection between the computations involving the
extremization of a spinning on-shell action in flat space, and extremal geodesic networks
in AdSs. This implies that the spinning part of BMSs3 correlators can be obtained by
borrowing results from conformal field theories in one dimension. As a cautionary remark,
it is worth mentioning that the method presented in this section applies only to correlators
of primary operators of the BMS3 algebra. It is not clear whether the same logic can be
applied to other correlators obtained in the BMSFT literature, such as correlators involving
conserved currents [38].

We start by choosing an illuminating parametrization of a general time-like vector
attached to each of the bulk points

n = sec pdy + tan p cos 0, + tan psin ¢9, . (5.9)

Null vectors can also be written in this form. In the limit p — 7/2, the vector in (5.9)
becomes null

. 1
m= lim n=
cos p—0 COSs p

(O + cos @Oy + sin ¢0y) . (5.10)

This null vector matches the ¢ — 0 limit of (5.6) if we identify cos p with €, as well as ¢
with qb?

The key point is that vectors of the form (5.9) can be thought as points in the 2+1
dimensional embedding space of global euclidean AdSy [39]. Because they are time-like,
they correspond to bulk points inside AdSs. The null vectors m correspond to points at
the boundary. Note that cosh™ (—n -n’) corresponds to the geodesic distance between
the AdSs points associated with n and n’. We conclude that the total spinning on-shell
action we need to extremize corresponds to the length of a network of geodesic segments
in euclidean global AdSs.

In [24] it was shown that such objects compute holographic correlators and global
blocks of primaries in the dual conformal field theory, in the limit of large central charge
¢ — oo with scaling dimension A/c = € < 1. This limit is also equivalent to first taking
the large central charge limit while keeping the scaling dimensions A ~ (1), and then
sending the scaling dimensions to co [40]. We can then borrow euclidean AdSsy results to
obtain the A-dependent part of BMS3 correlators and global blocks.

The results for low-point correlators and conformal blocks in CFT; can be found in [41,
42] in coordinates associated to the boundary of Lorentzian AdSy in Poincaré coordinates

B dz? — dt?
— >

ds? , (5.11)

where z is the holographic coordinate and the CFT; is located at the z = 0 boundary.
The geodesic networks obtained from our spinning on-shell action correspond to euclidean
global AdSs with line element

B dp? + sin? pd¢?

ds® 3
cos? p

, (5.12)
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where the boundary is now located at p — m/2. The topology is that of a disk, whose
standard map to the euclidean infinte strip reads

logtan & + i¢

o +ir = 2tan"! tanh 5 (5.13)
The line element in the new coordinates reads
do? + dr?
ds? = 22T (5.14)
sin“ o

Under this map, the boundary of the disk with —7/2 < ¢ < 7/2 is mapped to the line of
constant o = 0, while the boundary of the disk with 7/2 < ¢ < 37/2 is mapped to the line of
constant o = w. Euclidean global AdSs is thus equivalent to two copies of a CFT on a line.

The usual state-operator correspondence on a d-dimensional conformal field theory
relates the action of local operators in S? to states in a conformal field theory on S4~1 x R.
In the particular case of d = 1, the map relates the action of local operators in S' (boundary
of a disk), to states in S° x R. The manifold S° is simply two points, which in our choice
of coordinates correspond to the o = 0 and the o = 7 points. Equation (5.13) at the
boundary is nothing but the explicit map between S' and S° x R.

The Euclidean strip can be inverse-Wick rotated to Lorentzian signature by sending
7 =1¢I". The lorentzian strip is then covered with Poincaré patches with coordinates

sino sinT
— , = 5.15
& cosT 4 coso cosT + coso ( )

which give rise to the line element in equation (5.11). All in all, the map between Poincaré
time and the angular disk coordinate at the boundary reads

t:—itan?, for qu( i W).

2 272

P 3 (5.16)
t = —icot -, for pel=,—].

2 27 2

For a picture that summarizes this construction, see figure 4. In the following subsections,
we will make use of this map to compute the spinning part of correlators and blocks in
a BMSFT.

With this guarantee that our prescription produces the desired results, we turn now
to explicit computations of spinning two- and three-point correlators and Poincaré blocks.

5.2 Spinning two-point function

A figure of the set-up involved in this section can be found in figure 5.a). In the case of a
two-point function we have two bulk points y; and ys at the locations N1 N Ny N y; and
N1 N NyN~g respectively. At each of these points we have a regulated bulk vector pointing
in the radial direction (along the null lines ;)

Ay = Oply, = 01 + cos 90, +sin 70, , Ao = Oyly, = 8 + cos $30, + sin ¢39, . (5.17)
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Figure 4. Map from euclidean global AdS; (left) to the Poincaré patch (right). a) Transformation
from the disk to the strip, implemented by the change of coordinates in equation (5.13). b) Inverse
Wick rotation from the euclidean strip to the lorentzian one, implemented by 7 = ¢T. ¢) Poincaré
patching of the lorentzian strip, implemented by formula (5.15).

These two vectors are automatically perpendicular to the path connecting y; and y2, which
lies on N7 N Na. However, these vectors are null, while the action (5.1) concerns time-like
vectors. For this reason we introduce the following time-like vectors, as explained above

equation (5.6)
1 e 1 1 e 1
= h-gi m= g

.2%, (5.18)

which become null and proportional to (5.17) in the € — 0 limit. The spinning part of the
on-shell action is then

95— ¢>8
(5 19)

Stsgggl’ regulated _ A ll—% [coshfl(—nl ‘ng)+ 2Alog e} = 2Alog (41-92) = 2Alog 2 sin —=———

The contribution to the correlator is then
) o 19\ 2A
e Sl = (2 sin ¢22¢1> , (5.20)

which combined with the £-dependent part computed in section 3.1 gives rise to the correct
result as written in equation (1.20).

As we have explained in previous subsections, we could have obtained this same answer
by borrowing results from computations in a CFT;. The two point function of primary

operators reads
1

(t2 _ t1)2A

Performing the change of coordinates of equation (5.16) yields

dtan & . dtan 22 s 1 1 -
wetmir- (55 (58] ()
(Pa(e])PA(43)) O 0o (tan¢2 tan¢1) 2Sln¢

(5.22)
which matches the result we have obtained by extremizing the spinning on-shell action.

(PA(t1)PA(t2)) ~ (5.21)
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N1 NNy

(b)

Figure 5. a) Set-up for the calculation of the holographic spinning two-point function. The red
points are located at the null boundary at x;—1 2, equipped with boundary vectors n? = 0y. The
regulated blue points are located at ~;, and they are equipped with blue vectors n; = 0y|,,. The
spinning particle propagates between the blue points, along the green straight line connecting v,
and 2. b) Set-up for the calculation of the holographic spinning three-point function. There are
three boundary points drawn in red, and their regulated bulk versions are drawn in blue. At each
y; bointing along the null geodesics ;. The spining
particles meet at a common purple point y,, where we have a purple time-like vector n, for which

blue point we have a blue vector n;—1,23 = 0,

the spinning total on-shell action must be extremized.

5.3 Spinning three-point function

The geometrical set-up studied in this section is presented in figure 5.b). We start with
three regulated bulk points y; along the ~y; associated to each boundary point connected to
a bulk vertex at y,. The action to be extremised is:
3
in, regulated .
Stotal o= Z Ajlog (=27 - nw) (5.23)
i=1
The problem can be solved in two ways. First, we will solve the extremization problem
explicitly. Then, we will obtain the same result by borrowing the result for the analytically
continued euclidean CFT; three-point function of primaries.
A useful way of parametrizing the vector n, is the following. In global three-
dimensional Minkowski coordinates we have
2 2 2 2
z+u+1 e+ u’—1 T
= 0 0 + —0y, 5.24
Tt 2u et 2u @+ u ( )
where x and u are free parameters and the form (5.24) ensures n, - n, = —1. The interpre-

tation of x, u is simply the Poincaré coordinates of euclidean AdS,. The action now reads
. 3 1
Spin _ . .
Siotal = g [Al log g—i—Az log

i=1

2 2 1 2 2_1 2
(u R cos ¢? — $sin¢?)] . (5.25)
u u u
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We proceed by changing variables as
W+l +1 wr4a22-1
U

2
cos¢? — “sing? =1;, for i=1,2,3, (5.26)
U

which can be thought as a system of equations for the variables u, x, and l3. The on-shell
action as a function of [; and [ reads

Spln ].
Stgtal Z A; 10g + Aqlogly + Asloglo

=1
5.27)
-2 6% 2 68 0 k) (
sin” =52 sin
+ Aszlog | 4 % + Iy % — 48in —2= ¢31 @ l1ly — 4sin® P
sin? 21 sin? ¢§1 2 2
This can now be organized further by replacing
sin ¢21 sin ¢31 sin ¢21 sin ¢32
lh = cl— , I = Cz—a , (5.28)
sin ¢32 sin ¢§1
which implies
3 ¢21 ¢‘31 ¢21 ¢32 ¢‘31 ¢§2
in 1 sin 2L sin sin —2L sin sin 4L sin =52
S:})Jtal = Z A;log — + Aqlog 2— + Aslog 2— + Agslog #
i—1 € sin ¢32 sin ¢31 sin ¢21
4+ Ajloger + Asgloges + Ag log (61 + c9 — 2v/c1e9 — ) .
(5.29)
Extremizing now implies solving for 85:5;21/801 = 85:5;21/802 = 0. The solution only
contributes to an overall constant in the on-shell action, and it reads
c A c A
1 1 2 2 (5.30)

s N _9 22
Vveiea —4 A13za " eiep—4 A3y

The spinning part of the three-point function thus reads

— ¢ Bk
_Stotal = CH ( 1 ) R (531)

where C' is a constant that depends on € and A;. As can be seen easily, this matches the
A-dependent part of the BMS3 three-point function written in (1.20).

A much quicker way to solve the problem is to study the CFT; three-point function
of primary operators. On the line, these read

(B, (1) @y (t2) @ oy (t3))crr, ~ [ (ki) (5.32)
k:

Performing the change of coordinates from Poincaré time to S* of equation (5.16) results in

(s (69) s (62) @, (2)crm, ~ [T ( o ;ba) T 6w
k

which of course agrees with the previously obtained result (5.31).
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Figure 6. a) Set-up for the calculation of the holographic spinning block. The red points are
located at the null boundary at x;—; 234, equipped with boundary vectors n? = Jy. The regulated
blue points are located at 7;, and they are equipped with blue vectors n; = 0,|,,. The spinning
particles propagate from the blue bulk points to the purple vertex points and also between the two
vertex points. At each vertex we have a general time-like vector n, and n,.. The total spinning
on-shell action is extremized with respect to the components of these vectors. b) Alternative way
to compute the spinning part of a Poincaré block. It is equivalent to the worldline method for
computing global conformal blocks in euclidean global AdSs.

5.4 Spinning Poincaré blocks

The set-up for the computation of the spinning Poincaré block can be found in figure 6.a).
We consider external spins A and internal exchanged spin A,,. We start with four regulated
bulk points y;. These must be connected to two vertices restricted to lie along N; N Na
and N3 N Ny respectively, equipped with time-like vectors n, and n,,. The total on-shell

action we need to extremize reads

2 4
Sto = —4Aloge+ A |} Jlog (=24 - mo) + Y _10g (=24 - nwy) | + Apcosh™ (=ny - 1)
=1 =3
(5.34)

Extremizing this object for general boundary angular locations gZ)? is very cumbersome, so
we will use BMS transformations to move the operators to the points

¢y =F0/2, and ¢, =7 F /2. (5.35)
The cross-ratio n is then parametrised by ® as
N O
sin 42 sin =3¢ P
n=—2—2 —gin?_ (5.36)
¢24 2

L
Sin =35 Sin -5
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We can now write the bulk vertex vectors in the form (5.24). Namely,

2 2 2 2
¢+ ut+1 zt4+ut—1 T
Ny = at + am + *ay 5
x/2 4 u/2 +1 x/2 4 u/2 -1 !
Ny = o O + o Op + Jay )

where u,z and u/,2’ are the variables with respect to which the action (5.34) must be
extremal, and as before, they correspond to euclidean AdSs bulk points in Poincaré coor-
dinates. Before continuing it is useful to exploit the symmetry of the problem. Due to the
choice of angular locations of the primary operators, we expect the lengths of the external
geodesics to be equal. We can then solve the following system of equations which changes
variables from (u,z,u’,2’) to a single variable L

i)
—ni-nU:LSin§ for 1=1,2,

> (5.38)
—ni‘nU/:Lsing for 1=3,4.

The solution to (5.38) can be used to write the length between the points parametrised

by nPuk and nB}‘H‘ as a function of L exclusively. We thus have a total on-shell action
that reads
4 )
~ Lsin 3 OL+VIL2—4
S = A Zlog il 2A,log | cot —————— | |
ota ; € 2 2
=1 (5.39)
14+ 4/1-
= 2Alog © + 24, log <+f?7> +4Alog L + 2, log (L +VI2 - 4) .
€ n
Extremizing with respect to L gives rise to
4A
L=——1—— (5.40)

JAA2 - A2

which only contributes to the result by an overall constant that we will ignore. The final
result for the A-dependent part of the block reads

spin —2A
¢S = OpPr28 (1 Ty 77) . (5.41)

This matches the large A, A, limit of equations (1.23) and (1.21). Note that this result is
missing the terms in (1.23) that are subleading in a large A, A, limit. This is an expected
feature of the geodesic network method for computing blocks.

We could have also obtained the same exact result by borrowing results for conformal
blocks in CFT; [42]. For equal external operator dimensions A and exchanged dimen-
sion A,, the CFT; conformal block decomposition of a four-point function in Poincaré
time reads

(PAPAPADA)CFT, =

1
(tratsn)?™ > CrapCanpt 2Py (A, Aps 28p31) (5.42)
p
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with time-like cross ratio
t12t34

t= . 5.43
t13l24 (5.43)
The map to the boundary of euclidean global AdSs is written in equation (5.16), and it
yields
1
(PAPAPAPA)CFT, = x> CiopCaapn™raFy (A, Ay 28,:7)
(sm ¢2 ) (sm ¢§4> P
(5.44)
with
sin ¢12 sin =34 (b (5.45)
n= .
sin ¢13 sin %4

We must now send A, A, — oo. The prefactors multlplying the hypergeometric functions
remain unchanged. For the limit of the hypergeometric function we will use the following
identity

1 1
2F1(a,b;c;n) = B(bc—b)/o Attt (1 — ) 1 —mt) 7, (5.46)

where the beta function also has an integral expression

B(b,c—b / dttb=H(1 —¢)e oL, (5.47)

We start with the integral in equation (5.46).

1 1
1
T= [ dit* "1 -t 1 —nt)e :/ dt S __~
/0 4= (=) 0 t(1—1t) (5.48)

S(t) =logt+log(1l —t) —log(1 —nt).
We can evaluate this object in a large A, limit using the method of saddle-point approxi-

mation. We need to find the critical points of S(t) by solving 9,S(¢) = 0. There is a unique
critical point in the interval ¢ € [0,1]. It reads

1—+4/1-—
tp=— Y"1 (5.49)
n
We thus have
2T ApS(ty) 1
T— | ————eoro 5.50
—A,02S(t) ¢ (1 —t,) (5-50)

The integral appearing in the beta function follows a similar logic.

1 1
7' = / et (1 =) = / atetrsO__L__
0 0 t(1—1) (5.51)
S'(t) = logt + log(1 —t).

Solving for 9;S’(t) = 0 results in a unique critical point at

th=—. (5.52)
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We conclude

2 (4! 1
7 — e 5.53
TS - (559

which implies, after some simple algebra

1-2A,
2P (A, Ay 20, m) — 228011 — )4 (1 + /I ) (5.54)
Replacing this result in (5.44) we obtain
1

(PAPAPAPA)CFT, = 5 5 Z C12pCiap2*2rn (1 + /11— ?7)
P

(sin %)QA(sin %)ZA

(5.55)
where we have ignored the subleading factors. The answer matches the result (5.41) ob-
tained from extremizing the spinning on-shell action. It also agrees with the large A, A,
limit of equations (1.21) and (1.23), which were obtained in the BMSFT in [27].

Note that the factors obtained in this section that are subleading in the large &, A
limit do not match the correct result as presented in equation (1.23). This is an expected
feature of the worldline method, which applies exclussively in the probe limit. In order to
obtain the full answer we need to build a full extrapolate dictionary and use it to make a
proposal for the holographic computation of the block in the light regime.

6 A proposal for the extrapolate dictionary

Given the results presented in this note, it is natural to ask whether the construction we
have proposed above can be understood as the probe limit of a full extrapolate dictionary.
In this section, we propose such a dictionary and use it to match the above results in a
WKB approximation. By computing corrections to this approximation, we will be able to
match the finite dimension form of BMS3 correlation functions and blocks.

The prescription presented throughout this work consists of attaching a geodesic net-
work to a set of null lines falling from the boundary from the locations of the boundary
insertions. Given a point z at the boundary, we thus associate a unique null line 7,. The
geodesics that constitute the network correspond to the saddle points of flat space propa-
gators. The proposed extrapolate dictionary is then to attach a position space Feynman
diagram to the null lines and integrate the position of the legs over an affine parameter
along ..

<01($1)02 :BQ / d)\l / d)\Q \111(>\1)‘I/2()\2) ) (6.1)
Yaq g

Here, )\; is the affine parameter along the null geodesic 7,, and V; is the bulk field dual
to the operator O;. The symbol ~ is used because both sides can be rescaled by arbitrary
constant factors as both the normalisation of the operators and the measure of an affine
parametrisation can be rescaled. We might have used a different measure when integrating
the bulk operators along the null geodesics, but we will find that this choice reproduces
the correct BMS3 correlation functions.
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Equation (6.1) is the main conjecture presented in this work. The dictionary presented
here is qualitatively different from the one in AdS/CFT. The first version of the AdS/CFT
duality was presented as an equivalence of partition functions between a theory of gravity
in the bulk and a conformal field theory on its boundary. The boundary conditions of the
bulk fields ®(z) correspond to operator deformations of the CFT lagrangian. An equivalent
formulation of this dictionary consists on pulling bulk correlators to the boundary. These
correlators typically vanish, but the leading behavior can be extracted by stripping off a
decaying factor

(Ocrr(21) ... Ocrr(zn)) = lim 27 "A(®(x1,2) . .. B(2p, 2))bulk - (6.2)

z—0

The dictionary spelled out in (6.2) cannot apply to flat holography. The reason is that
massive scalar bulk solutions in flat space are not well behaved at null infinity. Massive
propagators either exponentially decay or fluctuate with divergent frequencies depending on
whether the bulk point and the point at null infinity are space-like or time-like separated.
This leads to the conclusion that null infinity cannot act as an initial-value surface for
massive scalar fields. It is clear then than a modification of the dictionary (6.2) is required
in flat holography. The proposal (6.1) projects Minkowski fields to null infinity along null
lines in such a way that the resulting correlator is well behaved and matches the results
for BMS3 correlators in the BMSFT literature.

The objective of this section is to test formula (6.1) for the case of propagating massive
scalar fields in Minkowski space-time. We expect to compute the exact form of correlators
involving boundary operators with mass m = £ and spin A = 1, as explained in section 1.1.

6.1 Two-point function

The easiest correlation on which formula (6.1) can be tested is the two point function. The
object to compute reads

(O(1)O(2)) ~ /

dh / g (T(A)T(\)) (6.3)
Yy V:

T2

where the integrand is simply the bulk to bulk Feynman propagator for the field dual to
O. For the case of a scalar field, it is useful to write this object in momentum space form

W) T(A)) = Gr(Ar, A g ) 6.4
(T(A)¥(A2)) = F(lv?)_/ pma (6.4)
where %, are the locations of the null lines

ajgi =u; + A, :E,lyl = \; cos gb?, and xiz = \;sin qﬁ?, (6.5)

and the components of the three-momentum are dubbed as p* = {w, p*, p¥}.
The calculation of the correlator can be started by performing the integrals over the
affine parameters \;. The relevant integrals read

/d)\iei)‘i(_w'”’ﬁ cos o +pYsing?) _ o5 (—w + p® cos ¢ 4 p¥ sin qﬁ?) . (6.6)
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We can thus inmediately integrate the momenta p* and p¥, which in virtue of the delta
functions are forced to correspond to the following expressions

: 0 : 0 0 0
sin sin cos cos
p* = w—qb1 3 9 , pY= —w—% 5 %2 . (6.7)
sin ¢, sin ¢,

The remaining integral over w is

1 e—zwuu
(O1(21)O02(w2)) ~ — /dw v : (6.8)
sin ¢f, w2 tan? P2 42 e

A simple Fourier transform yields the right result

1 & “12(9
4
et F (6.9)

(O1(21)O2(x2)) ~ 5
sin? P12

2
The calculation done in this section arives to the same result obtained in previous sections
using the probe limit. However, the method used here does not rely on a large mass limit.
This will be more obvious when studying Poincaré blocks, as the probe limit does not
capture the exact result for the block. Before we study these issues, we turn our attention

to the next more complicated correlator; the three-point function.

6.2 Three-point function

The calculation of the three-point correlator is morally simmilar to the computation of
the two-point function, albeit the addition of a bulk vertex where the propagators interact
through a coupling of the form 3. The computation we propose is to attach a tree level
Feynman diagram to the null geodesics following from the boundary. We thus have

<(’)1(x1)(’)2(a;2)(’)3(x3)> N/ d/\l/ d)\g/ d)\g \Ifl /\1)\112()\2)\113()\3» (6.10)
Yaq RED) Va3

where the bulk correlator reads

(U1 (A1) Wa(A2) U3(A3)) /d yUH/d Wikt e yv), . (6.11)

pz,upz + 62

The Feynman propagators connect points in the null geodesics +; with a common bulk
vertex at ¥,, which must be integrated over all of Minkowski space-time in order to obtain
a gauge invariant answer. As we did in the previous subsection, we start by integrating
over the null geodesics. Again the relevant integrals are the ones in equation (6.10). The
0

delta functions can be used to integrate the variables p;

; = w;, which are constrained to

the values
= p¥ cos ¢ + p! sin o7 (6.12)

After performing the integrals over w;, it is useful to change variables as follows

pi = pising{ — pf cos ¢ . (6.13)
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The correlator then reads

ip xv+(u1—ty)cos¢8 i y“z*tv+rv C05(¢v ¢8)
Pi smqba

smd)a e
y
(U1(A1)P2(A2)W3(A3)) /d Yo | |/sz oo /dpi )

(6.14)
The integrals over p! are delta functions that completely fix the vertex point y,. The ex-
pression for the resulting coordinate location of the vertex is precisely the expression (3.7),
which was found in previous sections studying geodesic networks as the probe limit of (6.1).
The remaining integrals over p; are simple Fourier transforms. The final result reads

¢, Zi<i! DI @) —ud) cos(8f —97) 60 — ¢‘9
(T (A1) Ta(A2)T3(A3)) He Sici (CDTF T sin(07—-02) (Si 5 ) . (6.15)

which matches (1.20) upon replacing A; = 1. Much like the case of the two point function,
the result here matches the result obtained from studying geodesic networks.

6.3 Poincaré Blocks — geodesic Feynman diagrams

We now explore holographic Poincaré blocks following the extrapolate dictionary proposed
in this section. The new feature of this calculation is the fact that the four-point corre-
lator (W1(A1)W2(A2)¥3(A3)Ws(As)) is not fixed by Lorentz invariance. We could think of
attaching any tree level Feynman diagram to the null lines +; to compute gauge invariant
objects. The work in [24, 40] showed that, in the context of the AdS/CFT correspondence,
holographic conformal blocks are computed with geodesic Witten diagrams (GWD). These
objects are defined as exchange Witten diagrams where the internal vertices are not in-
tegrated over the whole bulk manifold, but only over the geodesics connecting pairs of
boundary operators. Inspired by the AdS picture, we now construct a geodesic Feynman
diagram (GFD) by integrating the vertices of an exchange Feynman diagram over the
geodesics y12 = N1 N N and 734 = N3 N Ny As we have seen above, these geodesics are
the paths of extremal length connecting the points at the null boundary. We parametrise
these geodesics in terms of their arc-length as follows

n
ty, = SCOt —==
Y12 2
cos ¢§ +cosd?  ufsin ¢ — uf sin ¢f
LTryjg = —S . 5 + - B 5 (6.16)
sin ¢%; sin ¢$;

_ sin ¢ +sin¢?  ud cos ¢ — uf cos ¢?

Yz sin gi)gl sin qﬁgl ’

and simmilarly for «34. The holographic block as a GFD attached to the null geodesics
thus reads

(O1(1)Os(a2)Os(az) Ostan)) ~ [ s [ (H / d&)
Y12 34 i Yz

G5 (M1, 0)G5 (A, 0) G2 (0,0) G5, (M3, 0") G5 (A, o)
(6.17)
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where G stand for Feynman propagators of spinless fields of mass m. For simplicity, we
will choose the operators at the null boundary to be placed at

) iiJ ) d
¢8:_57 ¢é2):§7 ¢§:’ﬂ'—§, ¢§:W+§7
(6.18)
P T o T P T o T
UIZ**, U2:*, U3:**, 'U/4:*.
2 2 2 2
This leads to the cross ratios
P P P
x:sin2§, t:Tsingcosg. (6.19)

The calculation of (6.17) can be done by writing the Feynman propagators in momen-
tum space form. For the external propagators, we use the notation p!' = (w;, pf,p!), while
for the internal propagator we use pj, = (wp,pg;" ,p%). The integrals over \; can then be
done inmediately, resulting on delta functions of the form (6.6). The resulting expression
can then be simplified by changing variables as in equation (6.13). The integral over the
arc-length s then reads

[ st 5 ) e (51 oo T
Y12

P
5 + pj, esc ) , (6.20)

2

and similarly for the integral over s’. These delta functions fix w, and p, as a function of
pi. We are left with integrals over pp, p!, and p;. The resulting integrand however does
not depend on pf, so the corresponding integrals contribute to an overall infinity. The
remaining calculation reads

y T
Q —iﬁiZCOt 2 72pg sin [
COS e 2 2 & 2
01 (21)Os(22) O3 (3) Oa ()) ~ 2 PRI I P 7
(01(21)Os(22)O3(w3) Oa(24)) ~ 5 (lzl/ pzﬁ?JrgQ_Z.E)/ P A Wl )
(6.21)
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(6.22)
We now proceed by using a Schwinger identity for the denominator in the py integral
of (6.21).
1 o Y 5
Aol 50) = [ avemratin), (6.23)
The resulting expression is easy to integrate with respect to the variables p; using the
residue theorem. Namely, due to the choice of Feynman contour, only the residues p; = +i€
contribute to the final result. Computing the residues yields

(O1(21)O2(x2)O3(x3)Oy(4)) ~ COSfI) 2T cot 3 / dl//dpp (v}) +§’2’>e_%sm% .
Sln
(6.24)
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The integral over the Schwinger parameter now yields

P _ipgsifg

cos & @ e :
o o o o L CO8T oeTeot /d y- " 6.25
(O1(21)O2(22) O3 (w3) Oa(24)) ~ — e : pp(p;ya)2+53 o2

The last integral over py is a simple Fourier transform, which leads to the final result

1 %T cot §—6p 5
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In terms of the cross ratios of equation (6.19) we obtain
01 (21)O(22) O3(w3) Oa(a)) ~ 2~ (1 — 2) "2 X557 6.27
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This results matches exactly the result (1.23) upon the replacement A, = A; = 1. Note
that the prefactors which are subleading in the large &, &,, A, A, limit were not obtained
in the probe limit of section 5. The computation in this section does generate the correct
result, as it should be valid for any value of the mass and the spin of the bulk fields, as
long as these do not backreact the background geometry. We conclude that the extrapolate
dictionary proposed in (6.1), together with the introduction of geodesic Feynman diagrams,
provide a holographic picture for Poincaré blocks in three dimensional Minkowski space.

6.4 Comments on the nature of this dictionary

A few comments on the dictionary we have proposed in this section are in order. First, there
is the fact that this dictionary is quite different in nature from the extrapolate dictionary
used in AdS/CFT. Instead of reading off the boundary correlators from bulk correlators
evaluated on a cut-off surface near the conformal boundary, we have regulated them by
integration along a bulk null ray. It would be interesting to understand the relation between
this procedure and other approaches that have been taken to relating bulk physics to field
theories at null infinity (e.g.: [43, 44]).

Second, there is the question of how we have related the physics of massive fields in the
bulk to correlators of a BMSFT defined at null infinity. The usual objection is that massive
particles cannot propagate to null infinity, but in AdS massive particles cannot propagate
to the conformal boundary either. Nonetheless, there is the issue that wavefunctions in
AdS for massive particles have a power law fall off near the conformal boundary whereas
in Minkowski they have an exponential fall off near the conformal boundary. However, the
nature of our proposed dictionary bypasses this issue: it does not relate BMSFT correlators
to the asymptotic behaviour of fields, instead it uses null rays to probe the inside of the
geometry. In any case, by matching the global part of the symmetries between the bulk
and boundary, we have seen that the quantum number ¢ of the BMS3 representation must
be related to the mass of the bulk Poincaré representation, so correlators of operators with
non-zero £ must be related to the physics of massive fields in the bulk.

In this work, we have studied our proposed dictionary at the level of matching bulk
and boundary physics that is fixed by the global part of the BMS3 symmetry. While
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finding a dictionary which works at this level is non-trivial, the real test of its usefulness
will come from moving away from the universal sector. From the point of view of trying to
understand how to apply the holographic principle in flat space, the interesting question is
what happens when local bulk interactions are included. Understanding what these entail
for the dual BSMFT, perhaps in the spirit of [45], is an important direction for future work.

7 Discussion

In this note we have proposed an extrapolate dictionary in the context of Einstein gravity in
three dimensional Minkowski space-time, dual to a BMS5 field theory at the null boundary.
We have tested this dictionary through the holographic computation of BMS3 entanglement
entropy, low-point correlators, and global blocks. We have further introduced the concept
of geodesic Feynman diagrams, in imitation of geodesic Witten diagrams in the AdS/CFT
context. In the probe limit, this construction leads to the extremization of the length of
a network of straight lines attached to the asymptotic boundary through null geodesics.
There are a number of inmediate directions of future research. Let us discuss some of them.

The extrapolate dictionary (6.1) has been tested for scalar fields propagating through
flat space. It would also be interesting to test its validity in the case of propagating spinning
particles, which should lead to correlation functions involving boundary operators with
quantum numbers A # 1. For the case of spinning propagators, the prescription for the
bulk-to-boundary propagator should correspond to integrating the pullback of the Feynman
propagator to the null line +; falling from the boundary point where the corresponding
operator is inserted.

The holographic construction of conformal blocks in AdS was first studied in [40],
where the relation between Witten diagrams and conformal blocks was also explored. In
the case of CF'T scalar operators, it was shown that Witten diagrams and global blocks
are distinct basis of conformally invariant functions. The authors of [40] were also able
to expand a single Witten diagram into the global block basis. Denoting by W), an ex-
change Witten diagram exchanging the conformal dimension h;, with pairs of operators of
conformal dimensions h, the result reads

Wy =W+ > anWn+ Y amWn, (7.1)

where W, is the global block exchanging the representation labeled by hj,, while W, ,,
correspond to blocks exchanging conformal families associated to double trace operators
built out of the external operator pairs. In the context of flat space, one can also wonder
what the relation is between attaching a standard position space Feynman diagram to the
null lines 7; (F}), an attaching a geodesic Feynman diagram as done in section 6.3 (Fp).
A simple calculation shows that for the case of bulk scalar fields, the geodesic Feynman
diagram leads to the same result as the standard Feynman diagram

F,=F,. (7.2)

This implies that the Feynman diagram basis is equivalent to the global BMS block basis.
It is not clear to us what this means in terms of the nature of BMS field theories, but it
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clearly points to a fundamental difference between holography in flat space and holography
in anti-de Sitter space.

It would also be interesting to explore flat space holography in higher dimensions.
In [46], the two- and three-point functions invariant under BMS4 were computed. It was
found that the answer matched the expression for correlators in a two dimensional confor-
mal field theory, which hints at the statement that gravity in Minkowskis space-time might
be dual to a relativistic CF'T5.
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