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1 Introduction

Today it is well known that non-relativistic holography is a very useful for description of
strongly coupled condensed matter systems, see for example [1]. In fact, non-relativistic
holography is an example of non-Lorentzian systems that have been studying last few
years very intensively. For example, effective actions of non-relativistic field theories were
analyzed in [2-6]. Further, non-relativistic local symmetries are crucial for the proposal
of renormalizable theory of gravity known today as Horava-Lifshitz gravity [7]. In fact,
recently close relation between Horava-Lifshitz gravity and Newton-Cartan gravity was
found in [8]. Finally, three dimensional non-relativistic gravities were also very intensively
studied in [9, 10].

Certainly it is very interesting question to analyze extended object in the context of
non-relativistic gravity. Non-relativistic strings were firstly introduced from different point
of view in [11, 12], for further analysis in the context of string theory, see for example [13—
17]. Non-relativistic strings and p-branes gained renewed interest recently when these
objects were studied in the context of Newton-Cartan gravity and Carroll gravity [18-33].

There are basically two ways how to derive non-relativistic string in Newton-Cartan
background. The first one is based on the gauging procedure of non-relativistic string in the
flat background which was introduced in [21]. The characteristic property of this approach
is that the number of longitudinal dimensions is doubled with respect to standard Newton-
Cartan gravity. This fact also naturally emerges when we construct non-relativistic strings
or p-branes in Newton-Cartan background implementing the limiting procedure [34, 35].
However there is an alternative procedure how to define Newton-Cartan theory which is
based upon null dimensional reduction [36-38] of higher dimensional theory. Then one can
ask the question whether null dimensional reduction of the Polyakov action leads to new
action for the string in Newton-Cartan background. This question was answered in a very



nice paper [27] where new covariant action for string in Newton-Cartan background was
found. It was further shown there that performing the second non-relativistic limit that
affects both target space and world-sheet coordinates leads to sigma models that describe
strings moving in novel non-Lorentzian geometry. The main difference between this ap-
proach and the construction of non-relativistic string performed in [21] is that we obtain
string moving in Newton-Cartan gravity without doubling the number of longitudinal di-
rections. This is a very attractive property of this construction. However the price that
we have to pay for it is that now there is an additional mode that propagates on the
world-volume of the non-relativistic string. The presence of this mode is a reflection of
the fact that non-relativistic string in Newton-Cartan background is constructed through
dimensional reduction from higher dimensional space-time with null isometry.

Since this proposal is very interesting it deserves further study. The goal of this paper
is precisely focused on this analysis. In the first part we determine Hamiltonian form
of the action introduced in [27]. We find this Hamiltonian as the sum of two constraints
which are manifestly invariant under Galilean transformations. We further show that these
constraints are the first class constraints with agreement with the fact that the string action
is invariant under world-sheet diffeomorphism.

At the second part of this paper we focus on alternative derivation of the non-relativistic
string in Newton-Cartan background that reflects its deep string theory origin. In more
details, we start with the Hamiltonian formulation of the string in the background with
null isometry. Then we show that when we study string in this background the correct
way how to perform dimensional reduction in case of the fundamental string is to perform
T-duality along this direction. It is well known that string T-duality can be interpreted as
canonical transformation [39, 40]. Performing this canonical transformation for the string
in the background with null isometry we find that the Hamiltonian constraint takes exactly
the same form as the Hamiltonian constraint for the string in Newton-Cartan background
that we found in the first section. Finally we perform an inverse Legendre transformation
and we find that resulting Lagrangian density exactly coincides with the Lagrangian found
in [27] which is again nice consistency check.

This paper is organized as follows. In the next section 2 we review the construction
of non-relativistic string in Newton-Cartan background as was performed in [27]. Then
in section 3 we perform canonical analysis of this theory, determine constraint structure
and calculate Poisson algebra of constraints. We also discuss second non-relativistic limit
in the context of Hamiltonian formulation. We also briefly discuss the gauge fixed theory.
In section 4 we show that non-relativistic string in Newton-Cartan background can be
defined starting with the string in the background with null isometry and then performing
T-duality along null direction. Finally in conclusion 5 we outline our result and suggest
possible extension of this work.

2 Review of non-relativistic string in Newton-Cartan background

In this section we review the construction of non-relativistic string in Newton-Cartan back-
ground as was presented [27]. The starting point is the Polyakov action in general back-



ground
T
S = /d20£ =-3 /dza\/—*m/aﬁgaﬁ, GaB = 8a:cM85xNGMN, (2.1)

where Gy is d+2 dimensional target space time metric, ™, M, N = 0,...,d+1 determine
position of the string in the target space-time and 7' is the string tension. Finally, v,g is
where a = 0,1 and

where we label world-sheet metric with coordinates ¢ so that 0, = a%.

two dimensional world-sheet metric where v = det v, ,7a5755 = 6‘;,

As the next step we consider the target space metric in the form
ds* = GyndaMdx = 2r(du — m) + hy,dztdz” (2.2)

where p,v =0,1,...,d, M = (u, u) and where

T =T,dzt, m=myda", (2.3)

where det by, = 0. The tensors 7,,m, and h,, are independent of u. We also define e,
through the relation

hyw = euaeybéab, a=1,...,d. (2.4)

Now we are ready to proceed to the analysis introduced in [27]. The main idea is
to remove the field % from the description. First of all we define momentum current
conjugate to u as

oL

B = ) = T\ Gupdpt = =Tv/=37"75, (2:5)

where 7, = 7,0,2". Note that the equation of motion for z* has the form

2 (“) = 0.PS =0 (2.6)

Opx
so that the condition of imposing z* on-shell is equivalent to the condition
0u P =0. (2.7)

To proceed further we require that P is an independent variable which can be imposed
by the Legendre transformations

L=L— Pz, (2.8)

where £ is independent on z%. On the other hand imposing P to be on shell implies
relation between metric components Y. We will solve ¥*? using P® and 7, as follows.
The solution of this equation can be written as [27]

V= =e <—v°‘vf3 + eaeﬁ> , (2.9)
where 5 5
eaﬁpu « P?? a e 78
e =——7, vV¥=— , et =-=T , 2.10
“ T Pl Pl (2.10)



and where

e
e = det (TT T) =T €y — Tglr = €aﬁ7'a€5 , (2.11)
TG’ ea’
where we also defined €77 = —¢e;, = 1 so that €*Ve g = 5%. Using this result we can write

the Lagrangian density L as

R T . T 7
L=—ovV=171" hag = — e (om0 +e%e?) s, (2.12)

where iLW = hyy —myT, — 7MY, iLag = ﬁ#yﬁax“(?,gx”.

As the final step we solve the equation of motion (2.7). This equation can be solved
locally by e, = 0an and we substitute this result into the action S = [ d?cL. Then we
obtain following Lagrangian £ in the form

L = —Te*Pdgnm,duz" +

T e’ B (0andpm — 140t 1,0 ")
2 €' 7,050y

Py Oa " Oz’ . (2.13)
This Lagrangian density is the starting point for the canonical analysis.

3 Canonical analysis

In this section we perform canonical analysis of the Lagrangian density (2.13). First of all

we derive following conjugate momenta

Dy = aﬁ T T €5ﬁ’aﬁln , . Z Eaa’eﬁ,ﬁ” (3a'775,8’77 — Ta’Tﬂ’) p
- - a / o « g
T 9(om) 0y 2 (677IT787/7])2
(3.1)
and
oL B8 (0omBam — To741)
= —— = _T09, T ; hyOpx”
P = @pan) oM+ O ,0m O
'BB/ ’ Tﬁaalﬁﬂﬁ/a/a/—T/T/
N R TL Ty - ( o115 Tl T )hamagn . (3.2)
€' 7,04 2 (efw 7—737,77)
It is easy to see that (3.1) and (3.2) imply following primary constraint
Ho = ppOon + pulsa = 0 (3.3)
while we find that the bare Hamiltonian is zero
Hyare = pnaﬂn +P;ﬁo$“ ~L£=0 (3-4)

with agreement with the fact that the action S = [ d20 L is invariant under two dimensional
diffeomorphism. On the other hand we are still missing Hamiltonian constraint. In order
to find it we have to introduce following objects e/, and v* that are defined as

a M __ ga a, v __ SV v w _
e, ey, =0y, e ey=0,+m0", v, =-1,

e, =0, 7uef,=0. (3.5)



The special and temporal vierbeins define special and temporal metrics as follows

Ty = TuTy, T =0,
b b
huw = e,'e,) 0ap, h'Y = e e, 0™ . (3.6)
To proceed further we observe that we can write
T2
7 2
(€' 7,0,m)
T2

= W(&,n&,n — Tng)Eaa E'Bﬁ (80/7786/7] — Ta’Tﬂ’)hozﬁ + T2h0'o' (37)

"7 (95m0pn — o7 g™ (0omIgrm — ToTan) =

and also

(P + TOsnmy,)v"05n — (py — Tm0gat )T, =
- T 040/ ﬁﬁ/
= WG € (80/7’]85/7’] — Ta/’]—ﬁ/)ha/j(ao-nao—n — TO—TU) + Tho'a' . (38)
If we combine these two relations together we obtain following primary Hamiltonian con-
straint

Hr = (pu + TOsnmy) WM (py + TOsnm,,) —
—2T (p + Ty )09y + 2T (py — Tyt )5 + T?hoe < 0 . (3.9)

It is instructive to rewrite this constraint into the form
Hy = puhp, — 2T, 0" 051 + Ty 0 0px” + 2TpyTu0pat + 2T%29,n®yn,  (3.10)

where

~

1
hyw = by — mpm, —my7,, ®=-—myot + §muh‘“’my, ot =t —h*m, . (3.11)

These objects are invariant under local Galilean transformations whose non-zero transfor-
mation rules are

6€Ma — 7_“)\(17 5'[}” — eﬂa)\a’ 6mu = eua)\a7 (312)

where )\, is parameter of local Galilean transformations.

In summary, we have found that the Hamiltonian of non-relativistic string is the sum
of two primary constraints (3.3) and (3.10). In the next subsection we will analyze Poisson
algebra of these constraints.

3.1 Algebra of constraints

As usual we have to determine an algebra of constraints. We define smeared form of these
constraints as

Tp(N) = /doN?—[T, Tg(N?) = /daN”?—[g (3.13)
so that we have

{Ts(N?), Tg(M)} =Tg (N°8,M’ — M°9,N°) . (3.14)



To proceed further we calculate
{Ts(N?),Hs} = —20,N"H; — N7 H,, (3.15)
using

{Ts(N?),pu} = =05(N°pu), {Ts(N7),a"} = =Nz,
{Ts(N?),pgt = =05(Npy),  {Ts(N7),n} = =N01 . (3.16)

Then (3.15) can be equivalently written as
{Ts(N?),Tr(M)} =T (N°Os M — MIsN) . (3.17)

Finally we calculate Poisson bracket between smeared form of Hamiltonian constraints and
we obtain

(Tr(N), Ty (M)} = / do(NOy M — My N)ATp, i Dy +
+ [ do(NOsM — MO, N)4Tp, b 1,p, —

do(NOy M — M3y N)AT3 0" b, 0y " Dy —

do(NOy M — MOy N)AT?0"7,p, 051 —
do(NOy M — M3y N)AT?p, "1, 052" +

+ [ do(NO,M — MOy N)8T?7,0,2 ®0,m . (3.18)

— S~

To proceed further we use the fact that
W7, =0, h"Mhy, =6, +v"7,,
W hyp = 0% + 07, ,  0thy = 207, . (3.19)
Then if we combine these results together in (3.18) we obtain desired result
{T7(N), Tr(M)} = 4T?*Tg(NO,M — M9, N) . (3.20)

We see that the Poisson brackets (3.14), (3.17) and (3.20) close on the constraint surface
Hos ~ 0,H, ~ 0 and hence they are the first class constraints.
3.2 Fixing gauge

We have seen that the non-relativistic string Hamiltonian is the sum of two first class con-
straints. The natural way how to deal with such a theory is to gauge fix these constraints.

For example, we can introduce following gauge fixing functions

G, =VT"—7~0, ggE\/Tn—UNO- (3.21)



To see this that they are suitable gauge fixing functions we calculate following Poisson
brackets

{G-(0), (")} = 2VTh"p, — 2T%)6(c — o), {G-(0), Ho(0")} =0,
{Gs(0),H(0")} = 2T3/27M(%x“(5(0 —d'), {Gs(0),Ho(o")} mé(c—0"). (3.22)

Since these Poisson brackets do not vanish on the constraint surface H, ~ 0, H, =~ 0,G, =
0,G, ~ 0 we see that these gauge fixing functions together with H, ~ 0,H, &~ 0 are the
second class constraints that vanish strongly. Then the Hamiltonian on the reduced phase
space follows from the action

S = /dQO' (PuOoz! + prOon — N"Hr — N H,) =

. 1
— /dQO' <pi07xZ + \/Tpo) , (3.23)

where we used the fact that H, = 0,H, = 0 and we also used G, = 0 to express z°

as 20 = %T. Then we see from (3.23) that it is natural to identify the gauge fixed

Hamiltonian density as

1
Hfixed = — ﬁpo ) (3.24)

where py can be determined from H, = 0, at least in principle, while from H, = 0 we
obtain p,, as
py = —VTpidsa’ . (3.25)

Let us consider for example a flat Newton-Cartan background when m, = 0,7, = 62, hu, =

0:01,0%. Then clearly h = §1'6%5% o1 = —6) so that

Hy = pidp; + 2V Tpo + T26;j0,2' 0527 = 0 (3.26)

that can be easily solved for py. As a result we obtain the Hamiltonian density on the
reduced phase space in the form

1 .. . .
Hiixed = 7:2i07p; + T0; 05005 . (3.27)

3.3 Scaling limit

It was shown in [27] that the second scaling limit 7" — 0 defines new interesting class of non-
relativistic theories. Let us now implement this idea in case of the Hamiltonian formulation
of this theory. From the form of the constraint H, ~ 0 it is clear that the naive limit 7" — 0
in the constraint H, ~ 0 leads to a trivial dynamics since H, — p,h**p, ~ 0 for T' — 0.
In order to resolve this problem we follow the analysis proposed in [27]. Explicitly, in order
to make the Hamiltonian constraint non-trivial we have to rescale the coupling to v* too.
In more details, let us write 7, as

Ty =NOF + By, v'p,=v"hy =0, ovlr,=-1. (3.28)



Let us consider scaling limit

- T 1
F=cF, T=~=, n=ci,py=—-pj, €—00. (3.29)
c c
Further, since v#7, = —1 that holds for all ¢ we should rescale v* as v# = C%@“. With the

help of this prescription we find that the Hamiltonian constraint scales as

He = H, = (pu + T&,f]mu> h* (py + T&,ﬁmy) + 2T (pn — Tmuaax“> Ty 20,
(3.30)
where 7, = NO, F.
As a check whether our approach is correct let us start with the scaled action found
in [27]

ad BB~ =
_ 9 B _ NP Ty Ty
S = T/d o (e ma0gh + —2677,7:7&”7 hag (3.31)

and determine corresponding Hamiltonian. From (3.31) we derive following conjugate
momenta
oL - e BFE 7 _
pﬁ:88~: ma—T—/~ a~62ha57'0
077 2 (€77, 0y17)
8[‘/ ~ 6’86/7:“’715/

= = —Tm, 0, + T—=t-F—hop +
Py 00pxH Mudell €' 7,01 A

@ 98 7,7y - PP Fy

+ haa% 8077 -T 7= ~h aaa$0 . (332)
2 (' 7 0,m)° RN

Then performing the same manipulation as in previous section we derive following Hamil-
tonian constraint

He = (pu+ Tmgoii) W (py + Ty 0if) + 2T (pg — Trodpa) 7 ~ 0 (3.33)

that coincides with (3.30).

4 Alternative derivation of non-relativistic string

In this section we perform an alternative derivation of the non-relativistic string in the
Newton-Cartan background. The starting point of our construction is the Hamiltonian for
the string in the background with null isometry. We begin with Nambu-Goto form of the
string action in general background

S =-T [ d*c+/—det gas (4.1)

and find its Hamiltonian form. From (4.1) we obtain conjugate momenta

pv = —TGunOazN g™/~ detg . (4.2)
Using this relation it is easy to find two primary constraints

Hr = pGMVpy + T2 GunOszM O 2N =0, Hy = prdoa™ . (4.3)



As in section 2 we now consider background metric with null isometry
ds* = GyndaMdx™ = 2r(du — m) + hy,dztdz” (4.4)

where

T =T1udxt,  m=m,dz", (4.5)

and where det b, = 0. It can be shown that the inverse metric GMN has the form
G =20, G“*"=-9", G =h". (4.6)
In this background the Hamiltonian and diffeomorphism constraints (4.3) have the form

Hr = 2pPpy — 2pu0"py + puhtp, + ZTQTu(?Ux“OUu + T%W&,x“agx” ,
Ho = pulot + puOsa . (4.7)

This is the Hamiltonian constraint for the string in the null background. Note that this
background possesses an isometry

u—u+e, €=const. (4.8)

Let us now perform canonical transformation from w to n [39, 40] when we presume that
the generating function has the form

G = g/da(u&,n — Opun) . (4.9)

Let us denote the momentum conjugate to 7 as p,. Then from the definition of the canonical
transformation we derive following relation between momenta p,,, p, and spatial derivatives

of u and n:
0G oG

pyp=—— =T0,u, Pu= 5= TOsn . (4.10)
U
Now we obtain canonically dual Hamiltonian when we replace d,u with %pn and p, with
TOyn in H, and H, given above and we obtain

Ho = pyOsn + puOsat = 0,
Hr = puh"'py, — 2Tpu 0" 0on + 27,052 Py + TQiLM,,BUx“&,:U” +2T%0,n®d,n . (4.11)

which precisely coincide with the Hamiltonian constraint (3.10). It is important to stress
that the canonical transformation defined by the generating function (4.9) can be inter-
preted as T-duality transformation along u—direction even if this interpretation is slightly
formal due to the fact that the u—direction is null and hence non-compact.

Finally we check our result by derivation of the Lagrangian density from the Hamilto-
nian H = [ do(\"H, + A7H,), where the constraints H, ~ 0, H, ~ 0 are given in (4.11).
Using this Hamiltonian we easily find

Opzt = {at', H} = 2X"Th*p, — 2\"ToH0pn + A7 0yt |
Oon = {n, H} = 2\ 1,052 + A7 01 (4.12)



and we obtain following Lagrangian density

L = p,ooxt 4+ ppoon — N"H, = XHy, =

= N puht Dy — N TRy Ot 8y x” — 2N T20,n®0,m . (4.13)
To proceed further we introduce €, as
e, =e, — 0% m, 7, (4.14)
that obeys
&l h = 5, (4.15)

Using this relation we easily find

puh*p, = (0ra™ + 2T5" 950 — X7 0pa") €,16a8,” (Ora” + 2T5" 0gn — X Dy

4(am)?
(4.16)
and hence we obtain Lagrangian density in the form
1
L= 537 (0ra? + 27010y — A702") &, 08, (0ra” + 2T0 051 — A" Opa”) —
N T%h,, 052" 0yt — 2N T20,n D0, . (4.17)

This Lagrangian density can be rewritten into an equivalent form if we use the relation
€, 0a8,” = hyw + 27, @7, (4.18)
so that the Lagrangian density has the form

1 . .
L= N(hw + 27,07 — 20 hy — AN T BT, +

+(A) 2 hgy + (A))227,®7,) — N T%hye — 22N T20,n®0,m . (4.19)

Finally we eliminate A", \? from £. As was argued in [33] these multipliers cannot be
eliminated by their equations of motion. Instead we have to examine the equations of
motion for z# and 7. In fact, from the equation of motion for z# we obtain

Tr = 2A70,m + A7, (4.20)

while from the equation of motion for n we obtain
1

—(0:m — A70,m) =\ . (4.21)
27,

Inserting this result into (4.20) we obtain

— 0:n0,
2\ — %—”760’7 (4.22)
Too — OoN0gT]
and hence we find that A7 is equal to
af o
N =& TeOT (4.23)

2 (ToTe — 0yn0sn)

~10 -



With the help of these results it is easy to find the Lagrangian density in the form

- : aa’ BB},
£ = ey 7o = 0andam)e™™ ¢ hasy
1 oo
T e o8 ~ Gandpm)et 8 1y ® — T2 Pr,don® . (4.24)

At first sight we should say that this Lagrangian density is different from the one derived
in [27]. However when we perform closer examination we find that two expressions on the
second line in (4.24) cancel each other and it precisely reduces into (2.13). We mean that
this is really nice consistency check.

5 Conclusion

Let us outline our results and suggest possible extension of this work. We analyzed non-
relativistic string theory on Newton-Cartan background which was introduced in [27]. We
found its Hamiltonian form and calculated an algebra of constraints. We also discussed its
gauge fixed form. We also shown an alternative way of the derivation of this theory with
the help of T-duality along null direction. We mean that this is very interesting result that
clearly allows natural extension of this work when we analyze Green-Schwarz superstring
in the background with null isometry and perform T-duality along this direction. It would
be also nice to analyze the action [27] in some specific background and try to find solutions
of corresponding equations of motion. We hope to return to these problems in future.
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