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1 Introduction

In some recent papers [1-3], we explored the role of the supermanifolds and their integration
theory for applications to gauge theories, supergravity and string theories.

The superspace technique has been invented to describe supersymmetric theories with
manifestly supersymmetric actions. This is achieved by adding fermionic coordinates to
the bosonic manifold and using Berezin integration. Nonetheless the geometric point of
view needs further clarification. During the recent years, due to progress in fundamental
string theory [4, 5] and due to progress in the understanding of integration theory on



supermanifolds (see for ex. [5, 6]), a more solid and fruitful framework for superspace
actions has been built.

A convenient way to write a supersymmetric action in superspace, as an integral of
integral forms on supermanifolds M ™) is the following

S= o £10) A y©lm) (1.1)

(n]0) 0m)

where the Lagrangian £ is a superfield (n|0) superform and Y( is a Picture Changing
Operator (PCO), or using a proper mathematical identification (see for ex. [7]), is the
Poincaré dual form of the embedding of a n-dimensional bosonic submanifold into the
supermanifold M ™™ y©OI"™) helongs to the super de Rham cohomology H©™) (M("|m)).

The choice of the PCO determines the representation for the supersymmetric theory:
the simplest PCO constructed in terms of the fermionic coordinates 0 (with a = 1,...m),
and their corresponding one-forms ) = df?, is given by 0™ (1)). When inserted into (1.1)
it reproduces the component action. When instead a supersymmetric PCO is used, it
yields a superfield action with manifest supersymmetry. Different choices of the PCO’s
produce different representations of the same theory with different amounts of manifest
supersymmetry and passing from one to another leads to equivalent theories when the
PCO’s differ by exact terms and £™9 is closed.

The purpose of the present paper is to study the four dimensional case, with different
amounts of supersymmetry. In particular, we will study the case N =1 and N = 2. The
cases D =1, D =2 and D = 3 are treated in [7-9].

The paper is organized as follows:

1. In section 2, we review the Wess-Zumino model for a chiral field from the superspace
point of view. This is the usual construction of the textbooks and we use it to set
the stage. Then, we consider the geometric formulation of the rheonomic formalism.
That framework uses only geometric ingredients: superforms, exterior differential
and wedge product. Finally, we rewrite the action using the integral form formu-
lation which projects the geometric action to the superspace action. We perform
the computation explicitly to illustrate all steps and we postpone the mathematical
construction of the PCO in later sections.

2. In section 3, we review the N = 1 super Yang-Mills theory in the superspace frame-
work. Differently from the usual prepotential construction (see for example the text-
books [10, 11]), suitable only for D = 4, we use the form language (see [12-14]) and
we discuss the solution of the constraints. This allows us to write both the super-
space action and the geometric action in terms of the gaugino field strength W<, W<,
The dependence of the geometric action upon the rigid gravitinos ¢®, 4% admits a
straightforward generalization to supergravity couplings and it encodes all possible
information. The geometric action is built and the equations of motion are given.
Finally, we explore two possible choices of the PCO’s leading either to the component
action or to the well-kwown superspace action.



3. As a further example, in section 4 we consider the case of N = 2 super-Yang-Mills.
We briefly review the N = 2 superspace action (which consists of only one term
integrated over the full superspace) and we discuss the rheonomic action. In the
long and complicated rheonomic action displayed in the textbook [12-14], only one
term is relevant in order to reproduce the superspace action. The relation with the
N = 2, D = 4 action is achieved by changing the PCO, using the closure of the
rheonomic action.

4. In section 5, we summarize the mathematical aspects of the derivation. We review the
structure of the integral superspace, considering the full complex of integral forms and
of superforms. We review the action of different operators and the notion of picture
number. An important issue is the Lorentz symmetry for integral forms, discussed
in section 5.2. The volume forms and the PCO’s are built in the subsequent sections
with detailed derivations. The final two theorems are needed for the supergravity
extension of the present framework.

2 D=4 N=1 integral Wess-Zumino model

It is important to clarify the integral form formulation of the most well-known example of
supersymmetric model, namely the Wess-Zumino model. It describes a chiral multiplet and
the field content is given by a complex scalar ¢, two fermions A%, A* and a complex auxiliary
field f. The auxiliary field f guarantees the closure of the off-shell supersymmetry. On
shell, f is set to zero and the degrees of freedom of the fermions are halved by the equations
of motion, so that they match the bosonic degrees of freedom.

In section 2.1 we review the superspace action in the conventional Weyl/anti-Weyl
notation. We give the action in component fields. In section 2.2 we review the geometric
(rheonomic) action described in the book [12-14], rewriting it into chiral notation. In

(44) and show how to reproduce

section 2.3 we construct the action on the supermanifold M
the superspace action and the component action. For that we need suitable PCO’s to
project the geometric action along different supersymmetry realizations. The relevant

PCO’s will be described later in section 5.

2.1 WYZ superspace action

The spinors are taken in the Weyl/anti-Weyl representation in order to compare our for-
mulas with the usual D=4 N=1 superspace [10, 11]. In that framework the supermultiplet
is described by a single complex superfield ®(z, 0, 0) satisfying

Dy®=0. (2.1)

where Dg = Opga — 10%00a (see also section 5.1 for notations, differential operators and
their algebra). Equations (2.1) are easily solved by introducing the chiral coordinates
(Y& = 2% — i0°0%,0%,0%). The chiral superfield ® is independent of # and can be



decomposed as follows

02
©(y,0) = ¢(y) + Aa()0” + f(y) 5 (2.2)
= ¢+ Nab* + (; 6% — waedaam) — %92§d8da>\a + %926723%. (2.3)

where 0 = eaeaﬁeﬁ, 62 = 9_‘5‘6(5[/39_5, and the components ¢, \* and f in the last line
depend on z. The free equations of motion (we comment later on the introduction of a
superpotential) are

D?D*® = 0. (2.4)

In components they read
0put =0, 100\ =0, f=0, (2.5)
with analogous equations for the conjugated fields. They derive from the superspace action

S = / [d*2d*0d%0) DD . (2.6)

As explained in [2, 5], the symbol [d*2d?0d?@)] is not a measure in the usual sense. The form
of the integral, where both 6 and @ are present, is known as non-chiral superspace integral.
There are two ways to derive the equations of motion (2.5) from (2.6):

1) compute the Berezin integral over #’s and 6’s to obtain the component action:
1 . . B
S = /d4x (28°‘°‘¢6ad¢ + IAY0pa A\ + ff) , (2.7)

Then, derive eqs. (2.4) by considering the variations with respect to ¢, A and f.

2) vary the action with respect to the superfield ® or ®. This must be done with care
since they are constrained fields. First one performs a Berezin integration over
leading to

S— / (d4xd?0] (D)D), (2.8)

where both ® and D?® are computed at § = 0. Notice that due to D?> = 0 and
D? = 0 (valid in the case D = 4), the superfield D?>® is also a chiral field. The
variation with respect to ® gives the equations of motion (2.4).

Likewise, one could also integrate with respect to 0 to get another version of the action
S = / [d*zd®0] ®(D*®)],_, (2.9)

which is the anti-chiral version. Again, the equations of motion are given by (2.4).
In (2.6), (2.8) or (2.9) the supersymmetry is manifest since they are written in terms
of superfields. Any variation of the Lagrangian under supersymmetry is a total derivative
and then the variation of the action vanishes.



In superspace, the supersymmetric transformations are implemented by the supersym-
metry generators Qn = Opa + i0%0n and Q4 = Oga + 10“0na (which commute with the
superderivatives D, and Dd) as follows

5P = (€*Qa +Qu)P, 6.Da® = Dy(6:D). (2.10)

In order to add interactions, we need to introduce the superpotential. The super-
field W(®) is an holomorphic function of ® (for a renormalizable theory a polynomial of
maximum degree = 3) and the full action is written as (see [11] and [10])

S = / [d*xd*0d%0) DD + / [d*zd?0)W (D) + / [d zd?0W (D) . (2.11)

The contribution of the superpotential is automatically supersymmetric invariant and its
holomorphicity w.r.t. ® implies the non-renormalization properties of the WZ action. The
equations of motion are computed as above, by converting the first integral into a chiral
or antichiral integral (see egs. (2.8) or (2.9)) and then varying with respect to ® (or w.r.t.
®) to get

D20+ W (®) =0, D*3+W(d)=0. (2.12)

As a consistency check observe that acting with D, on the Lh.s. of the first equation, both
terms vanish and, similarly acting with Dg on the second equation. Acting with D? on the
L.h.s. of the first equation we get

— =

D2D?*® = W (@)W (@) + Dy ®D®W

" (®), (2.13)
which reduces to (2.4) in absence of W and its conjugate.

The generalization to multiple superfields ® with I = 1,..., N is straightforward.
The superpotential W becomes a generic polynomial in the superfields ®/, and the kinetic
term becomes a quadratic form ®® — gjjith)J.

To couple the superfields to abelian gauge fields by minimal coupling, one promotes
to local superfield the chiral parameter A of the rigid symmetry

ol — elerhpl | Ty il (2.14)

of the action. The gauge fields are introduced by modifying the action as follows

S=>" / [d*zd?0d?0)g; ;0 eV ®7 + / [d*zd?0W(®T) + / [dzd?0W(®T).  (2.15)
I

Here V' is the prepotential of the gauge fields (see [10] for more details) which transforms
as V. — V +i(A—A).

As a final remark, one can convert the action (2.11) into an integral on the complete
superspace:

S— / (o 66) (B + W(R)F + W(®)F?) (2.16)

where we have inserted the f-terms. Integrating the second term with respect to 6 we
obtain again the chiral integral, and likewise for the third term.



In the following, we need some algebraic relations between superderivatives. In par-
ticular, given a superfield F,4(z,6,0), we need the relation

D*D? (faaQO‘éd) )9—670 = DaDd]:aa’(;:ézo + total deriv. (2.17)

This implies

(2.18)

/[d41‘d29d29_] (faa9a§d> = /[d4$] D*D*Fo 0=0=0 "

2.2 Geometric WZ action

In the geometrical formulation, we start again from the complex scalar superfield ® and
we impose the following condition

d® = V904 ® + p* Dy ® + ) Dy ®
= VOY9,4® + VW, , (2.19)

where (Vo4 1) ¢)%) is the supervielbein (see also section 5.1). The differential d is the
usual super-differential (it is an anticommuting operator and therefore we assume it anti-
commutes with # and @ as well). Comparing the two lines, we get

Dgs® =0, Dy® =W, (2.20)

The new superfield W, of (2.19) has as first component the fermion of the supermultiplet
Ao Applying d on the left hand side, we have a consistency condition on W, leading to

AWa = VY00 Wa — 2i0%00a® + o F | (2.21)

where the new superfield F' has as first component the auxiliary field f and v, = 6a51l)’8 .
On W, we have the conditions

D Wg = —€apF,  DgWo = —2i00a®. (2.22)
Again, applying the differential d, we find the differential of I
dF = V%94 F + 200 W* (2.23)
and the constraints
DoF =0, DgF =2i0uW®, F= %eaﬁpawﬂ = %eaﬁDan;fI’, (2.24)

where ¢, A%, f are the fields of the Wess-Zumino multiplet. It can be checked that no
additional superfields are needed. The first components of the superfields ®, W<, F' are

=0+ 0(0), Wa=Xa+0(0), F=f+0(0). (2.25)
In terms of these superfields, the equations of motion are

0%0pq® =0, D WO =0, F=0, (2.26)



and their conjugates. These equations reduce to the spacetime equations, by setting 6 =
6 = 0. Note that all components in the 6,0 expansion satisfy the same equations, for
example, by expanding the superfield at second order ® = ¢+ 0%\, + 0%\ g + O(H?) we find

0006 ® = 04 0aap + 07 (0°%0achg) + 07 (0°%0ac ;) + O(6?) (2.27)

and 3O‘é‘8adA@ =0 and 9%\ 5= 0 which follow from the Dirac equations (the second

eq. in (2.26) and its conjugate) by acting with 8% on Oaca W = 0.

We can write the free Lagrangian ,Cl(jrllo) for the kinetic terms as follows

LU0 — (V4 (€244 + FF) (2.28)
+ (V) [ (d = 0P W)Eas + (d8 = P Wy)6aq + ar1(WadWo + dWaWa)|
V2 of ag albﬁd&)) + ag(WalbgWﬂ./lZJﬁ)]

[
V299 [ax(Wathgd®) + ag(Wathy Wi,
+ VO [ag(RdD — dDD)Pais] -

where we have adopted the following definitions (see also appendix B)
1 . : : 1 ; . .
Vi = 11V A VYAV AV (V)2 = gvaﬁ ANVIEANVP ey eq,  (2.29)
(VP = Evaﬁ ANVPPes, (V24P = 5V V.5,

for the wedge products of the vielbeins V.

The Lagrangian is organized in powers of V’s. The first line, proportional to the volume
form V*, contains two terms: one with the auxiliary fields F' and F' and the other with the
first-order-formalism field €% and its conjugate. The latter are needed in order to write
the action without using the Hodge dual operator. This is required for the Lagrangian to
be a pure 4-form built exclusively with fields, their differentials and the supervielbeins. We
have written all possible terms compatible with the scaling dimensions and with the form
degree. The constants a1, as, as, as are fixed by requiring the closure of the Lagrangian and
the correct equations of motion.

We have four fields F, &4, P, W, and their conjugates. Therefore, we need four equa-
tions of motion.

The equation of F'is obtained by varying [,l(jr‘lo) with respect to F. This simply gives

(VHF =0 (2.30)
which is the free equation of the auxiliary field. The equation for the auxiliary field &, is
(V4eas 4 (V3)ad (WD/@ + V50,0 — @bﬁWg) =0 (2.31)

which implies
W5 = Dg®, D;® =0, £%9=00, (2.32)



These relations identify the superfield W, and the auxiliary field £4¢ with derivatives of ® .
In addition, the second equation establishes the chirality of the superfield ®. The equation
of motion for ® is obtained by taking the functional derivative of the action with respect
to the superfield ®. After integration by parts it becomes

i (W (V2)* = (VE)®) €aa — (V) VdEaa
+ay (—m(“(w‘))ﬂ)) Wathg + az(V2) P dWarhs + 2a4(Vep)dd =0 (2.33)

where (V1)) = anﬂB ideaged ;- This equation implies

aaa{aa:():}az@:()’ (,7/4:_%&2, a2:1 :>a4:—% (234)

Finally, the equation for W, is given by
(V3P s —2a1 (V3P AW +ay d(V3) P W+ (V2)* (Dad® + azhaW - 1) =0 (2.35)

(where W -4 = Waeagwﬁ ) yielding the equations of motion for the spinor superfield W,,.
We fix the remaining coefficients a; and as

: 1
oW, =0, m=5, a=1. (2.36)
One can check the consistency among the four equations (2.30), (2.31), (2.33), and (2.35).
To complete the Lagrangian we need the interaction and the superpotential terms.
These are written as follows
1 .
L0 — (W’(@)F — 2W”(<I>)WQW°‘) (VY + W (@)W (V) e (2.37)

sup
+ WP (V2) 15+ huc,

where W(®) is the superpotential introduced in the previous section and W'(®), W (®)
are the first and the second derivative of W(®) with respect to ®.

The Lagrangian £410) = El(ﬁlo) + £§ﬁ'§) is closed as can be verified by using the defi-
nitions of the curvatures d®,dW,,dF as in (2.19), (2.21), (2.23) and the algebraic equa-

tions (2.31).
2.3 WZ action on the supermanifold M 44
Now we show that the action (2.16) can be obtained from the supermanifold integral
S = LA @ W, F)y A YO (2.38)
SMA4)

where the Lagrangian £ is given in the previous section.

The PCO Y©® is a (0[4)-form which depends upon the superspace data. As the
Lagrangian is d-closed, we can shift YO% — YO 4 gAY by an exact term without
changing the action. The PCO’s are discussed in section 5.1 (see also [1-3, 7]).



The first PCO we consider is given by
v = 06 () A O5(9), (2.39)

which is closed, not exact and Lorentz invariant. It is not supersymmetric, but its variation

under supersymmetry is d-exact. The Dirac delta functions 6(¢)) and 6(¢) are needed to
set 1 and ¢ in £LA419 to zero and the factor #2602 sets § = § = 0. Thus the integrand (2.38)
takes the form

RN [(fadfad + [ (240)
+ (dqﬁﬁ_"‘é‘ + dpeed + %(X%X" + dXC’W)) (d32)0a
+ (W’(¢>) f- ;W”(gﬁ)x%aﬁxﬁ) dz + h.c.] 026262 ()62 (1))
where (d37)aq = dxa/gdeVdmw By solving the algebraic equations of motion for £ and
its conjugate, and using

do N6 (1)0% () = daBacd N 52 ()0%() (2.41)

one ends up with the component Lagrangian given in (2.11). The choice of the PCO (2.39)
represents the trivial embedding of the bosonic submanifold M* into the supermanifold
MEA)

To derive an action with manifest supersymmetry, we need a different PCO. That will
be discussed in the forthcoming section 5.1, and here we report the main result:

S.8.

VD = (= 4(0Ve) A (BV0) + 62V AV + 02V A VD)) 8 w) (2.42)

where ¢ = 9y, (and similar for 7). Notice that it still depends upon # and . This is needed
to produce the superspace action in the usual form. In addition, we notice that the first
term is non-chiral and the other two are chiral and anti-chiral, respectively.

With this PCO, the action becomes

g_ /M(4|4> L0 5 y O (2.43)
= [, (FVOEYW) + W@V AVE) + W@V A V) AT
M (4[4
_ / (W2 0IVa® + W(@)F + W(2)0% ) V45 (1)
M(4]4)
— / [dizd*0d>0) (Wé‘a‘awaea +W(®)0* + W(cﬁ)ez) :

and, using the algebraic relations among superderivatives given in (2.17) and (2.18), re-
calling W, = D,®, Wy = Dgy®, and

(Da®)0% = Do (90%) + 20, (2.44)



and integrating by parts, one arrives at the usual superspace action (2.16). Notice that the
three pieces of the PCO Ygfl)

terms for the kinetic part and for the superpotential have completely different algebraic

in (2.42) are essential to get the complete action since the

structures. Notice also the unusual form of the kinetic term which has a non-chiral structure
as said above.

3 D=4 N=1 integral super Yang-Mills

Using the same strategy, we now study the SYM action in this framework. In section 3.1,
we review SYM in the superspace formulation (see [10] for further details). In section 3.2
we review the geometric (rheonomic) formulation of SYM and we discuss the equations of
motion. In section 3.3, we prove that both the component action and the superspace action
can be retrieved from the same supermanifold action by changing the PCO; the same PCO
given in (2.42) produces the superspace action.

3.1 SYM superspace action

It is convenient to adopt again a Weyl/anti-Weyl notation in order to describe the super-
space action in its most common formulation [10]. The gauge field is identified with the
(1]0)-superconnection

A0 — A VoY 4 A 4 A, (3.1)
and the field strength is
F = dAMO 1 A010) o 4(110) (3.2)
= FLugsVO AV 4 FaagVO AP + F sVod AP

+ Fapth® AP + F g0 AP + Foqb® AP

The superfield A9 contains several independent components exceeding the physical ones.
Therefore, to reduce that number one needs additional constraints. It is customary to set
all spinorial field strengths to zero

Fog =0, F

=0, F

s =0, (3.3)

Consequently, the Bianchi identities dF + A9 A F = 0 imply some constraints on the
remaining field strengths which can be easily solved.
The parametrizations of the curvatures are

F = FL (V) 4+ F (V2™ + 20 W (V) + 20 Wa (V) (3.4)
VWa = VIV sWa — (F¥4)a + Deagtt”?,
VWs = VBBVBBWa — (F7)a — Dﬁdglﬁﬁa
VD = VY D — OV W — OV W

where (FT1)), = F;rﬁq/)ﬁ, (F~)g = F;Bd_JB, W = ePWs and W9 = ed‘BWB. The
real scalar field D is an auxiliary field needed to close the algebra off-shell. Notice that

,10,



setting D = 0, the last line implies the Dirac equations for W, and Wg: 9uaW¢ = 0 and
Oac W = 0.

The Bianchi identities for the curvatures F,dW,,dWg,dD together with their
parametrization (3.4) yield the constraints

Fly=DWps), DaWP =0, D= D,W?, (3.5)
[ —3 = —a
Foy=D@aW; . D W’ =0, D =D W",

and

D,F ;= ~2i 0, W), DyF,, = —2icyady, W,

DyFy = —2i 0y W), DyFly = —2i€yo0s,W", (3.6)
The latter can be verified by using (3.5) together with the algebra of superderivatives and
with the Schouten identities €,n €™ = (J507 — d;5) and €pac 0 = ((52(52 — 5252).

The second equation of the first line of (3.5) implies that the superfield W is chiral
and therefore can be decomposed as follows

Wa = Aa + (fag + €asD)0” + %aag"”e? (3.7)

where Ao(2), Aq () are the Weyl/anti-Weyl components of the gaugino, fog(z), f,5(x) are
the self-dual and anti-self dual part of the Maxwell tensor and D is the real auxiliary field
(the first component of D = D(z) + O(h)).

In terms of these fields the superspace action can be written as
S = / [dAxd>0|W oW, + / [d*xd?O W W (3.8)

separating the chiral and the antichiral part. Again, as in the WZ case, we can rewrite the
action as an integral on the full superspace (non-chiral integral) as follows

S = / [d*2d20d20)] <W°‘Wa§2 n WdWé‘HQ) (3.9)

where the powers of # and 6 are needed to reproduce the correct action. The last equa-
tion (3.9) will be useful for the comparison with the supermanifold approach.

3.2 Geometric SYM action

Following the method described in the book [12-14], based on scaling dimensions of the
fields, form degree, Lorentz invariance and gauge invariance, the geometric (rheonomic)

— 11 —



Lagrangian for N=1 super Yang-Mills is found to be
LU0 = Tr(FEI)A(VH™ + Te(FE ) (V2)
1

_ + p+aB - 4B L —p2 4

Tr<FaﬁF + P4+ D > (V4

1 _ B .
=5 Tr(Wa VW, + VW W) (V3o
4 (Tr(F;rBWd)(V?’)O“" A — Tr(F;BWB)(ng)d

= TH(EL W) (VA0) + Ta(Fy, Wo) (V)0 107 ) +

42 <Tr(]-"Wd)/\(V¢)d n Tr(]-"Wa)/\(V@Z)O‘)
+2 (Tr(WaW5)eaﬂ (V) + Te(WalWj)et” (wa)) (3.10)

The Lagrangian is closed, by using the parametrization of curvatures (3.4) and the alge-
braic equation for F (jﬁ and for Fojﬁ The closure of £419 implies also the supersymmetry
invariance of the action since £ £*0) = ¢, £*0),
The first three lines contain those terms which reduce to the component action by
using the simplest PCO
Y = 020°° ()0 (0). (3.11)

The action is

S= | A0 A, FE W, W) AYOY. (3.12)

The Dirac delta’s for 1) and 1 set the last four lines to zero, whereas the factor #26% extracts
the lowest components of the superfields F, W, and W. These coincide with the curvature
of the gauge field (after using the algebraic equations of motion for I’ 6’ F ) and with the
gauginos, respectively.

3.3 SYM action on the supermanifold M (44

The way to get the superspace action is to consider the following supermanifold integral

SSYM — £(4|0) A Y(O 4) (3.13)
M) s.S.

44)

where the integral is extended to the full supermanifold MUY Now, in order to reproduce

the superspace action, we use the real PCO discussed in section 2.3 (see also section 5.1
for the computational details).

YO — ( —4(OVT) A (VL) + 02V AV + 62TV A vz))54(¢) (3.14)
The last two terms in the Lagrangian (3.10) can be rewritten as follows
2/ (Tr(W Wp)e (PV24h) + Tr(Wa W) “5(¢V2¢)) AYOH = (3.15)

W
/ <W WPw 2 g26% (¢ +hc / [d*zd?0)|W W, + / [ d? 0] W s W
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where w*1?) = V462() is the chiral volume form discussed in section 5.3. The last two
integrals are computed with respect to the chiral superspaces (z,6) and (x,8). The final
answer coincides with the usual superspace Lagrangian. Notice that there is no other con-
tribution from the complicated action (3.10) because of the power of V’s and the derivatives
of delta functions.

4 D=4 N=2 integral SYM

4.1 N=2 vector superfields

To discuss the N=2 case, we consider the simplest case, namely the N=2 vector multi-
plet. This contains 4 ® 4 on-shell degrees of freedom. The superspace is described by the
coordinates (z%,6%,0%) with A =1,2.

These degrees of freedom are easily understood in terms of N=1 superfields: one chiral
superfield ® and one real superfield V' (better expressed in terms of the chiral superfield
We). The off-shell degrees of freedom are 3 bosonic d.o.f. for the gauge field (with one
gauge degree of freedom), 1 d.o.f. for the auxiliary field D, a complex scalar ¢ and the
complex auxiliary field F'; on the other side, there are 8 fermions for the NV = 2 gaugino.

We define a N=2 chiral superfield as a complex scalar superfield ¥ constrained by the
conditions

Daa® =0, A=12 (4.1)

«

where Dy 4 is the superderivative with the algebra {DA,DE = 0 and {Dé,DBB} =
2@'5’4372 Baa. Solving the constraints, we get the expression

U(x,04) = O(x,601) + Walz,01)05 + F(x,0,) (02) (4.2)

where F' is related to the complex conjugate of ® and of W (see [15, 16]).
In (4.2), we expanded the superfield ¥ in terms of 6. The components ®, W F are
superfields depending on (z%,6{). The action for the vector superfield ¥ reads

S = Im% / [d*xd®0,d0,) U2 (4.3)

Performing the Berezin integral over 5 produces the action of N=1 superfield W coupled
to a chiral superfield ®.
Let us move to the rheonomic action. We should consider the rheonomic parametriza-
tion. The first equation is
AV = 9, UV + \2yg (4.4)

where we have denoted by )\ﬁ = Dg“lf the gauginos. In the same way we define the Maxwell
tensor '™, F~ and the scalar ® = A +iB

Fiy = easD{AG, Fo; =MD, (4.5)
o = eABeaﬂDS/\g , d = eABedBEdAXB
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In terms of those fields, the rheonomic action is given in the book [12-14] (in eq. 11.9.34).
Here we reproduce only the relevant terms

i o | -
LG =+ (A% = BN st + A BPEDT yunliotn + ... (46)

where the ellipsis stand for other terms of the action which do not contribute. The super-
fields A and B are the real and imaginary part of the chiral superfield ®. We selected those
terms of the action which contain four gravitinos ¢ 4. All other terms contain at least one
power of V.

Now we study the PCO. As discussed in the above sections, we have the simplest PCO

YO® = 9868 (y) (4.7)

where

08 = ("7 Peqsers0305000D) (€7 e acenndi 0505 0F) (4.8)

and equivalently for 6%(¢)). The PCO is closed and not exact. Computing the action
S = L4I0 A y 0l8) 4.9
M) rheo ( )
(4/0)

rheo
is closed we can change the PCO at will (in the same cohomology class). In particular,

we get the component action for N = 2 SYM in d = 4. Since the Lagrangian L

we can choose a supersymmetric PCO. For this we notice that we can construct such an
operator by multiplying two PCQO’s of the N = 1 type given in section 5.3:

YO = VoAV ORiavapin +hc)d (a),  A=1,2 (4.10)
where 14, = 0/0)*4 and we obtain

YOB) = v A V(020174501 + Do) AVEAVE(B2107eqi2 + hoc.) 65 () (4.11)
= VA eabed (§4L1'yabL1L2'ych2 + h.c.) 58(1)

which is closed and not exact. Notice that closure is easily verified by using the MC
equations dV® = 14~ 4. The presence of the factor 6* is essential for the non-exactness.
The other terms are needed to have a real PCO.

The main issue is the overall factor V4. This is due to the two factors V¢ in the factor-

ized PCO’s YSM) and to their anti-symmetrization. That factor is essential to provide the

A

o, must

bosonic part of the volume integral form. On the other side, the four derivatives ¢
act on four gravitino terms in the action. Thus the four-gravitino terms of the action (4.9)
are selected, giving a term proportional to the scalar (A+iB)? = (4% — B?)+2iAB. In ad-

dition, the PCO selects the chiral part of the superfields leading to the correct action (4.3).

5 The geometry of D=4 N=1 supermanifolds

The integral forms are the crucial ingredients to define a geometric integration theory for su-
permanifolds inheriting all the good properties of integration theory in conventional (purely
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bosonic) geometry. In this section we briefly describe the notations and the most relevant
definitions (see [5] and also [1-3, 7]). We introduce the complexes of superforms, of integral
forms and of pseudo-forms. These complexes are represented in the figure 1 below. Horizon-
tally the operator is the usual odd differential, vertically (up and down) the picture changing
operators (PCO’s) map cohomology classes into cohomology classes. The PCO’s are not
coboundary operators, so figure 1 does not represent a double complex. The complexes are
filtered by two numbers (the form number and the picture number) as described below.

The present section is organized as follows: 1) we first review some of the properties
of the complex of superforms and the differential operators acting on it, 2) we discuss the
properties of forms under Lorentz and linear transformations, 3) we discuss the space of
superfields and of the volume forms, 4) we construct a few new cohomology classes needed
for applications, 5) we build the PCO of type Y (raising the picture number) with manifest
supersymmetry, 6) we check that by consistency the action of the PCO of type Z (lowering
the picture number) indeed maps cohomology into cohomology. In section 5.7 we rederive,
in the integral form framework, two well-known theorems for superspace field theories.

5.1 Flat D=4 N=1 integral superspace

Let us first discuss the D = 4 N = 1 supermanifold M*%) . Locally it is described in terms

of the coordinates (z%¢,0%, 0% with o, & = 1,2) of the superspace R4 We recall that

2% = 1%, (a = 1...4, see appendix A for details on the relations between vectorial

and chiral notations). We will use the notation (4/4) to denote quantities in the real

representation, and the notations (4/2,0) and (4]0, 2) for chiral (or anti-chiral) quantities.
Let us fix our conventions. We define the flat supervielbeins

VO = dz®Y 4 §(0°dO% + dO%6Y), > =dev, P =do, (5.1)
which satisfy
dVeY = 2ip* A, dyp* =0, dip*=0. (5.2)
We also denote the derivatives as follows

0 0

8040'47 Da - &W - iédaad7 Dd - % - i@af)ad, (53)
with the commutation relations
{Da,Dg} =0,  {Ds, D3} =0, {Da,Ds} = —2i0na, (5.4)
while 0,4 commutes with the other differential operators. We introduce the contraction
operators
lad = L, » lo = LD, = Lo, — 0% 0 la = Lp, = log — 10%aa (5.5)
where 15, = aza and tp, = &%d. The following relations hold:
taaVP = 6,067, L t? =68, b’ =67, (5.6)
taa¥” = tact? =0, VP =10 =0, WV =107 =0,
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Figure 1. The complex of pseudoforms for the supermanifold M4,

The contraction operator iog is an odd differential operator, while ¢, and 75 are even.
Their (anti)commutation relations are all vanishing.

The first row in figure 1 is the complex of superforms and the last one is the complex
of integral forms (the pseudoforms of maximal picture). The differential d is the usual odd
differential. Along the vertical line (up and down), the picture changing operators (PCO’s)
act by increasing or decreasing the picture (i.e.the number of delta forms).

We denote by €2 the space of all pseudoforms. It is filtered by two integers numbers p

Q=P o ( M(4\4)> (5.7)
2

and ¢:

where ¢ denotes the picture number and p is the form number. The picture ¢ ranges
between 0 < ¢ < 4. The range of values for p depends on ¢g. At picture zero (¢ = 0), we
have the space of superforms Q@9 A generic element w®9 is given by:

w(p\O) = Z w[al...ar](oq...as)(dl...dt)val T VaTwal e was,&dl ce szdt (58)
r,8,t,r+s+t=p

where the coefficients w[al...ar](al...as)(dl...dt)(xa67é) are superfields. There is no upper
bound in the number of 9’s and 4’s, therefore p > 0 for ¢ = 0. However, it will be
seen that there are no nontrivial cohomology classes for p > 4. The total form number is

p=r+s+t. (5.9)

At maximal picture we have the space of the integral forms Q®%). A generic element
w® is given by:

w4 — Z Z Z Wiay. an V- - Var5(ﬁ1)(¢1>(5(62)(¢2)5(71)(J}i)5(72)(@52) (5.10)

T BiB2 M2
where 6000 (1) = (1)1 6(y1) = a(?pfl)ﬁ §(xp!) denotes the $;— th derivative of (') with
respect to its argument (and analogously for the other terms in the monomial). The
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derivatives of the delta’s carry negative form degree and therefore the total form number
of w®® is

p=r—(Br+B+m+t2). (5.11)

Thus the complex of integral forms is bounded from above, but it is unbounded from
below. Notice that 6(¢) and 6(¢)) carry zero form degree and that ¢'u6(¢') = —d(zpt)
(and analogously for the other terms).

For p > 4, Q1Y) = 0, but we can have any negative-degree integral form in the spaces
QP with p > 0. It is important to notice that each space QP14 for any p is finitely
generated and that its dimension increases when the form degree decreases. This parallels
the case of superforms whose complex is also finitely generated with a dimension that
increases with higher v and 1) powers. That is the basis for establishing the Hodge dual
correspondence between the two complexes

*: QPO (M) — QUPID (A1) (5.12)

as discussed in [3] and [17].

Finally, we have the spaces of pseudoforms with 0 < ¢ < 4. Each space Q%) is not
finitely generated and these complexes are unbounded from above and from below. Since
there are no nontrivial cohomology classes in Q®19) with p > 4 and p < 0 (as discussed for
example in [18]), we restrict our analysis to the square box formed by the complexes Qvla)
with 0 < ¢ <4 and 0 < p < 4. Note that even for pseudoforms there is a Hodge duality
operator

% : Qle) s -pli—q) (5.13)

We consider now some operators. The odd differential d acts horizontally
d: Qe __ lrt+lle) (5.14)

increasing the form degree and leaving unmodified the picture number. We have already
introduced the contraction operators tq, to, to and consequently the Lie derivatives £, =
1qd + di, etc. The d—cohomology is well-defined in the present framework and we denote
by Hy(Q®l9)) de Rham cohomology classes of (p|q) pseudoforms.

Following the discussion in [2, 7], we need also the Picture Changing Operators Y,(f'l).

They act multiplicatively (using the graded wedge product of pseudoforms) on the spaces
Q(rla).

Y,(f'l) . Ql) . vlatl) (5.15)
with w®latl) = ,@la) A Y,(COH). There are here four possible independent directions along

which Y](€0|1) can act, labelled by the index k. This means, for example, that Y((loll) is

proportional to §(1%), and Yg)'l) is proportional to §(1)%). We denote by YO the product
of four PCO’s along the four possibile independent directions. As discussed for example
in [5] and [18], the product of two delta’s is anticommuting (e.g. for §(y') A 5(@[72) =
—5(@1_12) A 6(¥1)), guaranteeing that no singularity arises when multiplying two or more
PCO’s. Thus Y A YD = 0, ete.
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As discussed in [2, 7], the PCO’s of type Y represent the Poincaré form dual to the
embedding of the reduced bosonic submanifold M*% into the supermanifold M*4). They
are elements of the de Rham cohomology with the properties

av? =0,y zanTMY ey = aagty (5.16)

The last equation means that any variation (under a diff.) of the PCO is d-exact. This
gives
dw®latl) — 4 [w(plq) AYPOD] = o) A y O (5.17)

which implies also that Y,(COH) maps cohomology classes into cohomology classes:
YI(COU) : Hy(QW9) —s Hy(QPlatD)y (5.18)

The explicit form of Y,(f'l) is important in the applications and we will elaborate on it in
the forthcoming sections. In particular there are choices with manifest symmetries, playing
a crucial role in building manifestly supersymmetric actions.

To decrease the picture, we use a different PCO operator denoted by Zéo‘_l) , acting
as a double differential operator on the space of pseudoforms

ZI(€0|—1) . lle) __y pla—1) (5.19)

These operators act along different directions k£ by removing the corresponding delta forms

of type §(®) or §(p%). A convenient way to represent Z,(f'_l) is given by

707 = [d, © (1)) = 6(u) (5.20)

(see for examples again [7]) where ©(iy) is the Heaviside step function and ¢y is the con-
traction along the 1 or 1. Notice that ©(;) is not a compact-support distribution and
therefore it has to be treated carefully. Nonetheless the explicit form of (5.20) shows that
Z,(;)l_l) is expressed only in terms of compact-support distributions. ¢ is the Lie derivative
along one of the vector fields D, or Dgs. The form (5.20) is computationally convenient
when it acts on closed forms as will be seen later. In addition, we also notice that the
formula (5.20) shows that the operator Z,(ﬁ()'*l) is “closed” but it fails to be “exact” since
O(tx) is not a compact-support distribution.

5.2 Lorentz transformations on QP9

Before discussing in detail some of the relevant spaces Q®19) | we would like to clarify how
the Lorentz symmetry is implemented in the complex of pseudoforms. This is a crucial
point in order to understand how the covariance is recovered at any picture number.

Let us consider an infinitesimal Lorentz transformation A% of SO(3,1). It acts on the
coordinates z%, 8%,0% linearly according to vector and spinor representations

1 _. 1 .
a a ..b « ab\a & ab\ &
5% = A%a?, 56 zzAab(y )%567 50 :ZAab(v )595. (5.21)
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In the same way, the (1|0)-superforms (V¢4 ¢%) transform, respectively, in the vector
and in the spinor representations. Thus, all forms belonging to the complex with zero pic-
ture, namely Q®19 transform in the tensorial representations of each single monomial. For
example, given w[ab](alh_%)V“wa“l ... the components w[ab](al_”an)(x,ﬁ) transform
in the anti-symmetrized product of the vector representation tensored with n-symmetrized
spinor representation.

If we consider the complex of integral forms Q®1% and we perform an infinitesimal
Lorentz transformation, we have to use distributional relations as for example

ab

. d) JUSLCDP (5.22)

S(arpt + byp?)d(cpt + dyp?) = det (

implying that the product of §(¢')5(1)?) transforms as the inverse of a density. Therefore
each monomial of the complex Q®% transforms according to a tensorial representation

of the Lorentz group. For example, a finite variation of an integral top form w(*4) =
f(z,0)V46%()6% (1)) gives
det(A%) . B
“ det(AO‘ﬁ)det(Aaﬁ.)f ( bTH A g7 A ) (¥)6°(¢) (5.23)

where A% = iAab(fy“b)aB and ]\dﬁ = iAab('yab)dB. Since A is a Lorentz transformation, i.e.
A € SO(3,1), all determinants appearing in the front factor are equal to one and the top
form is invariant if

f (Agxa,mﬁaﬂ,]\géﬂ') — f(z,0,0) (5.24)

Let us now consider the complexes of pseudoforms, for example at picture one: Q1)
for any p € Z. As seen above, it is unbounded from above and from below and each
space is infinite dimensional. For a single Dirac delta function §(z)!), we cannot use the
distributional identity (5.22), but we observe that

Sty — & (wl + iAab(v‘”’)lgwﬁ) (5.25)
= (1 - iAabwa’))H) 5") + JAa(r™) w50 (1) + O(A?)

where §(1) (1)1) is the first derivative of §(') and we have neglected the infinitesimal terms.
The first term is obtained by using the rule ¢)'6() (p1) = —§(1!) and the second term comes
from the Taylor expansion of the delta function. Then, in order to implement the Lorentz
symmetry in the space of pseudoforms Q®V)  all the components in the expansion of a
generic superform in QY are needed, and span an infinite dimensional space.

5.3 Superfields, volume forms and chiral volume forms

A superfield @ is a (0|0)-superform and it has the conventional superfield properties. Its
supersymmetry transformations are deduced from its differential

5O = LD = 1.dD . (5.26)

where € is the constant supersymmetry parameter.
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An important ingredient for the subsequent sections are the volume forms, necessary to
build integral forms and therefore integrable quantities on the entire supermanifold without
referring to a specific coordinate system. As in general relativity, where the use of differ-
ential forms is a powerful tool to construct diff. invariant objects, here the construction of
integral forms is needed to have superdiff. invariant objects, that are in turn also invariant
under rigid supersymmetry. For this reason, we provide here some remarks concerning the

real and the chiral volume forms.

4]4)

The top integral forms of Q(*%) are represented by

W = (2,0, 0)eqpeaVEAVEAVEA Vdeag5(w“)5(w5)6d55(¢d)5(w5) (5.27)
Rewriting the supervielbein F4 = (V,4*,9)%) on a curved basis:
Ve = Epda™ + Ejdo" + Ejdo"
Y = Epdx™ + Ejdo" + Efdo"
U = Epda™ + Eydo* + Ej do” (5.28)
we find also:
WU = 0 (2,0,0)V 16 (1) = €abeaV® A VP AVE AV eazd($5)8(1)eg 30(1%)6(47)
= ®(x,0,0)Sdet(E)d*z6*(db) (5.29)

This (4/4) form is trivially closed (being a top integral form), and not exact if
®(x,0,0)Sdet(F) # constant. Its supersymmetry variation is

S — g, — g (L6w<4\4>) (5.30)

Notice that if ®Sdet(E) = 1, the top form w®** cannot be regarded as the true volume
form. Indeed

S = VA5 () = eapeaVEAVE AVEN vdeaﬁa(w)5(¢5)ed65(@zd)5(@z3) : (5.31)
is closed, but it is also exact as can be shown using the relation
€40 (07)3(67) = d[0°150%()| (5.32)
to write @Y as
o = d[V462(¢) A édzdamz?)} . (5.33)
so that
/ oW =9 (5.34)
M(4[4)

4/4)

by Stokes theorem.! Nevertheless the form &%) can be used to construct integral forms

that can be integrated on the entire supermanifold. Given a superfield ®(z,6,6) we have:

/ ®(x,0,0)0® —/ d*z D*D?*®|,_,_ (5.35)
M) M@ 0=0=0

!For notations and the integration theory of superfields and integral forms we refer mainly to [5, 7].
Stokes theorem for integral forms integration is discussed in reference [5].
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which in general does not vanish if ® is not constant.

We can construct the chiral volume forms as follows. Given w(*?) = V452(v)) | w2

V462(¢) and the PCO’s YOI2) = 6252(y) and T = §252(¢), we have

WG = VAR ) AT, @Y = YOR AV (g), (5.36)

They are conjugated to each other. They are closed, and in fact are exact. This can be
easily seen by using again the equation (5.32). The differential of V¢ produces one ¢ —
annihilated by the contraction ¢, — and one 1)® which however is not cancelled by the
Dirac deltas 62(¢)) which are present in w®%, but not in w®*?. Then, we have

/ ®(z,6,0) (V452(¢) AT Ly ©2) A V452(¢7)) [d*zd20d20d2pd> ) =
M(E14)

- / ®(z,0,0)V16*(¥) [dzd*0d*y] + / ®(z,0,0)V16* () [d'zd*0d*y] =
M (4]2,0) M (4]0,2)

_ 4 2 4. N2
= /M(4) d*z D*®|,_, + /M<4> d*z D*®|,_, (5.37)

The result is a sum of a chiral and an anti-chiral term integrated over the reduced bosonic
submanifold of the supermanifold.

5.4 Chevalley-Eilenberg cohomology

The next step is to analyze some other interesting sectors of the cohomology. In particular
those which are relevant for Wess-Zumino and super-Yang-Mills actions. It turns out
that the crucial ingredients for the forthcoming sections are elements of the cohomology
Hy(QUW0)Y with two vectorial vielbeins and two spinorial vielbeins, i.e. with the generic form:

WA L GOPAY AV AV + 0202 AV AV +hec. (5.38)
These differential forms are dual to the PCO’s listed in (5.52), in the sense that:
WO A YO 2027464 () . (5.39)

The factor #26? appearing in the r.h.s. is crucial in order to have a closed, but not exact,

integral form.

(4/0)

Now, in order to find the appropriate expression for w we list the possible Lorentz

invariant forms with two @’s and two 1's:
wi = % (9abatisths — 050 00at0a ) Vo AV = (0VO) 0V D), (5.40)
wr = 5 (Bustbsts — Bsbastiathy) VAV = (OVE) (V)
ws = %(%W) (édzﬁg + égl/;d> €as VO AVES = (0 4)(OV24)
w1 = S (0507) Qb + Ogtba) €45 VS NV = (0-0)(0V20)
ws = 07eyp0" (Vathz)eapV Ot ANV = 02 (PV24))
wo = 07e5p0” (Pathp)essV O NV = 02 (UVEY),
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We have defined:

(0V) = 0°V PP cape s, . (V) = 0V eages | (5.41)
(OV) = 0°VIeqges, | (¥VA) = wavﬂﬁe%aﬁeﬁ ,
(0-¢) = 0°¢eng, (V) = 0%(VA e e 5,
(0-9) = 09975, (OV2Y) = 0°(V2) ¢ eupers
0% = 0°0Pc.5, 0% = 9“05%,
(DV2) = G4 (VAT e, pes (WVIY) = (V)¢ eapers
whose differentials are
d(0V0) = (V) + (0Ve) — 2i(0 - ) (4 - 0) (5.42)
d(OVY) = (ﬂ)V%ZJ) ; d(pVe) = —(¥V)
d(WVy) =0, d(WVig) =0,
The linear combination
w(*0) =aw) +bwy +cws+dws+ews + fuwg (5.43)

is closed if a = c—d, e = f and b = (c+d)+2e. If, in addition, we require the hermiticity
of w, one finds ¢ = d and therefore a = 0. Then, we find that the combination

w0 = ¢(wy 4 ws + wy) + e(2wa + ws + w) (5.44)
is closed, real, and depends upon the two parameters ¢ and e. Furthermore, we have to
check whether this expression is exact. We observe that there is only one real candidate
(with 7 a real parameter):

B0 = 1 ((V20) + P(V30)) . (5.45)

such that dv(3l% has a structure similar to the ones listed in (5.40). Computing dyB19) and

(410)

adding it to w , we finally end up with the expression

w0 = (¢4 2e)wy + (¢ — 2r) (w3 + wy) + (e + ) (ws + we) (5.46)
and we can use the parameter r to set one of the two combinations to zero. If we choose
¢ = 2r, we see that the full expression is proportional to (¢ + 2¢). In the same way by
choosing r = —e, we obtain again an expression which is proportional to the combination
(c+ 2e). Therefore, after subtracting the exact piece, we get a single representative in the
cohomology class.

Notice that w*9 is not manifestly supersymmetric since it depends upon 6 and 6. This
is the reason why this cohomology was never used. However, its supersymmetry variation
is d-exact.
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5.5 The PCO’s Y(0I1)

The easiest example of PCO that we can build is the one that projects the theory on the
bosonic submanifold by switching off the 6 coordinates and their differentials. For each
coordinate we have the following four PCO’s acting along the #-directions

v —etow), vV = o), vV =dlewh), v =0%(0?).  (5.47)

Each of them increases by one the picture of the form and projects to zero the corresponding

)

of linear functions of ', ! and 6(¢0!) (due to the anticommutation properties of the

coordinate. Notice that they have a non-trivial kernel, for example the kernel Ygou consists

deltas). All PCO’s in (5.47) are closed and not exact. They are invariant under partial
)

supersymmetry (for example Y§0|1 is invariant under the supersymmetries along 62, g' and
62). As already noticed, its supersymmetry variation is exact. The wedge product of all

four PCO’s produces a single operator (up to an overall sign) which we denote by
YO = 9252 (4)626% () (5.48)

This PCO is trivially closed, it is not exact and it is not manifestly supersymmetric.
Nonetheless, its supersymmetry transformation is d-exact. Therefore, given a closed su-
perform £419 we can write an action

g— £0) p y(0l4) (5.49)
M(4]4)

which reduces to the component action (which means the integral of LA computed at
6 =0=0and ) =1 =0 over M¥).

The closure of £*19 guarantees the supersymmetry invariance of the action up to
boundary terms. A milder condition can be imposed on £(*9 in order for S to be super-
symmetric invariant:

Led L0 = g (5.50)

i.e. the differential along the supersymmetry directions must be exact. The computation
of the integral in (5.49) along the 0’s and the ’s leads to

S:/ ,c(4‘0>’ , (5.51)
M) 6=0,1=0

which is the component action and it is supersymmetric invariant if the supersymmetry

variation of the Lagrangian £ is an exact differential.

(4|0)’
0=0,=0
To rewrite the action in a manifestly supersymmetric way, we need another PCO which
is manifestly supersymmetric. It should have picture number equal to 4 and zero form
degree. To get from the Lagrangian £(419 a top integral form, the PCO should be closed,

not exact, and possibly invariant under supersymmetry. For that purpose, we consider the
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following six combinations
Y; = vod A p88 (9 OatsTs — 040, L,M) S
Yo = Ve AV (g, éﬁbgba — a0ataty) 0'().
Y3 = Vod A VB¢, (é .+ 0 La) 071,84 (1)
— yod Ay P, 5 (ats + Ota) 07048 (1)
VaaAvﬂﬁea (05607) 16150 ()
(6,67

Yo = VoA Vﬁﬁeaﬁ ) tatgdt (1) . (5.52)

The six possible forms reproduce the terms appearing in the Lagrangian (2.28) (see the
YpWWVV terms in section 2).

They are indeed the terms needed to reproduce the full superspace action. The two
contraction operators ¢z appearing in the operators act on the Lagrangian by selecting
the terms proportional to the combination 7). In addition, the factors 66 are needed to
prevent the PCO being exact.

By adjusting the six constants a; we can make the combination

YOI — Zal i (5.53)

closed. Let us first impose the hermiticity by setting as = a4 and a5 = ag. This reduces
the structures to the four combinations Y7, Ys, Y3 + Yy, Y5 + Ys. Imposing the closure, we
get a; = 0, ag = —2(az + as). Therefore, there are two independent structures which are
closed. However, there is a combination which is also exact.

This can be easily derived by computing the variation of

DI = (020 20V + 520 (V) ) 51(0). (5.54)

Therefore, to select a representative of the cohomology class we fix one of the coefficients,
avoiding the exact combination. For example we can set az = 0 to simplify the structure
as much as possible:

YO — (= 4(0V) A (BV2) + 62V A VL) + 020V A VD)) 54 (w) (5.55)

Notice that there is a single non-chiral and two chiral and anti-chiral terms. This already
suggests how the three terms of the action in superspace emerge from the geometrical
action.

5.6 The PCO’s 7(0l-1)

We have seen that the complexes of pseudoforms are connected by the picture changing
operators. In the previous section we also observed that there are some non-trivial co-
homology classes needed for physics applications. We check here that these cohomology
classes are related by the PCO’s.
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Let us first analyze the action of Z(©/=1 on the chiral forms.

They are supersymmetric invariant and we can apply the PCO’s Z, = [d, O(t4)] to get

the image in QO Since this computation is very instructive we report it here in some

detail. We have to act with the PCO’s as follows:

2 (V2 (w)) = [d,0()] V2 (1) = d|0(u)V 6 (v)] (5.56)
iy [‘;?5@2)} _ (dvirveve - giviiveiva) g, ()

Notice that the result does not contain inverse powers? of 1’s. In the same way, we have
ZQ == [d, @(Lg)] and

_ g [1;2 (1/;1‘/12‘/21‘/22 B ¢2V11V21V22)] (5.59)
= Vd A Vﬁﬂ‘eaﬁi}diﬁg . (5.61)

(with ¢ = f_aﬁ'&ﬁ.)' This form is closed, supersymmetric invariant and polynomial in
Ve p® and ¢ (this means that it is indeed a superform). Notice that we get only the
(4/0)

we would get the other class in Hc(l4|0).

chiral part of the cohomology of Q49 Starting from the antichiral integral form V452 (1)),

We consider now the following volume form where we have chosen ®(x,6,0) in (5.27)
to be equal to the product of the 6’s and ’s,

Vol = V491620102 52(1)6% () (5.62)

and where we have written the spinorial indices explicitly to simplify the derivation. We
use the notations in appendix B for the product of the vielbeins.
We act with the PCO Z; = [d,O(tp, )] on the volume form:

ZVol) = [d,0(up, )| Vol = g [@(LDl)VOIMM)] (5.63)

= d |V*0'62010° 1;15(1112)52(&)] = V4020102 5 (1) 52() . (5.64)

Acting with Zy = [d,©(tp,)], we find

Z,Z1 Vol = [d, 0(up, V4020102 5 (1) 52(0) = V40102 52(¢))

2Negative powers of the forms 1) exist and are well defined only in picture 0. In this case the inverses of
the 7)’s are closed and exact and behave as negative degree superforms. The enlarged modules that contain
also these inverses extend to the left the complex of superforms (the first line in figure 1). In picture # 0
negative powers are not defined because of the distributional relation 9§ (1)) = 0.

— 25 —



This form is the chiral volume form which is closed and not exact. To proceed, we can act
with the PCO removing the §’s depending on 1)’s:

ZlZQZ1Vbﬂ“4)::d[v46102é55(w24 (5.65)
1
- [waw% P53 + v4eeﬁa<¢g>]
1
— [ (VB)1023(55) + V0%5(0) |

where all the inverse powers of ¢’s disappeared. For the last step, we act with Zy, and we
have

&&%&Wﬂ®:dPJ%W?5+Vﬁﬂ} (5.66)
5 5

= L WVIOP + i (Va) 0 + Vi

where 0; = €4 BéB .
One obtains a covariant expression since all indices are suitably contracted. In the
same way, one could act first with the Z’s and then with the Z’s to find

%%@Zwmw:%wﬂw#+¢m@m%+w (5.67)

where 6, = eaBGﬁ .
Note that we can relate the two formulae above by observing that:

d[0a(V3)*0s] = i0a(V3)*0s — itha(V3) s +i(0 - ) (VD) —i(0 - )(OVEY)  (5.68)

which allows us to rewrite the second term in (5.66) as the second term in (5.67). Combining
the two expressions we end up with the final result

Zo 71 Z Zy\Nol MY + 7,7, 7o Zy Vol 414 = ,(410) 1 gy (5.69)

where w19 is in the Chevalley-Eilenberg cohomology class discussed above. Thus, we have
shown that acting with the PCO’s Z on the volume form (5.62) reproduces the Chevalley-
Eilenberg cohomology discussed in the previous sections. Notice that the presence of 6’s

and @’s is essential to reconstruct the cohomology by acting with PCO’s.

5.7 Two useful theorems

As an application of the previous discussions, we illustrate in this section two theorems
playing an important role in the superspace analysis of physical theories (see also [19]).

The first is an application of Stokes theorem to supermanifolds with torsion, and is very
useful in manipulating the superspace Lagrangians since it simplifies many computations.
The use of integral forms is very well adapted to such manipulations since Stokes’ theorem
is valid for integral forms (and is a strong motivation for their integration theory) and
well-known techniques can be employed here.
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The second theorem is very useful for treating supergravity theories. In that frame-
work some important quantities, such as the Ricci scalar or the Riemann tensor, appear
in the superspace expansion of some superfields. Therefore, disentangling those physical
components from a given superfield is crucial for building actions. One important example
is the relation between curved chiral and anti-chiral volume forms with the Ricci scalar of
the manifold and the non-chiral volume form. We show that this is very natural in the
context of integral forms where the volume form plays an essential role.

In studying the relation between the chiral volume forms and the non-chiral one, we
face the problem of computing the variation of the superdeterminant of the supervielbein.
For that purpose, we use the integral forms for a straight derivation.

We recall that, if we denote by V 4 the supercovariant derivative (w.r.t. the spin con-
ab

)

nection w®), we have the equations

VAV =T% V" + T%0° (5.70)
Vag® =T% V" + T0”
Vaw®™ + wj’cwd’ = R“bACVC + R“bABQ,DB ,
where TABC are the components of the torsion T% = %T“ ABEA A EB and where E4 =
(Ve 4*) (we do not impose any constraints and we use the greek indices to denote the 4

spinors components in the Majorana representation).
We act with V4 on w @) as follows

Vil =v, (eabcha " V”é‘*@p)) (5.71)
=deaped(VaV?) ... VIS () + €apeaV ... VIV 40108 (1)
= 4€abed (TaAeVe+TaA31/JB> ~--Vd54(¢)+€abcdva~--vd< OAeVe‘f'TOZﬂWB)La#W)
= aped (T% V) - VIS )+ eapeaV? . V(T2 507 ) 10 (1)

where we have used 1¥*6*(¢)) = 0 and VI A--- A V? = 0. In addition, using 1/*156*(1)) =
—056%(¢) and VoA - AV = ed(V)4, we finally find

Vaw = (—1)BTB, (49 (5.72)

This guarantees, for 77 54 = 0 the integration by parts formula

/ W v 400 = — / (Vaw!t)2 = o (5.73)
AM(4]4) M(4]4)

for a superfield @10

Now we consider again the top integral form w®!%) and we express it in terms of curved
coordinates as

WA — (eabcdva . V”54(¢)> (5.74)
= (€abedBS - .. EY) (€aprs B ... ES)dz™ ... dxP §(dO") ... 5(567)
= Ed*z6*(df).
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where E = Sdet(E4;) is the superdeterminant of the supervielbein. E is a function of
(x,0,0) using the chiral/anti-chiral decomposition. Then, we can expand it according to 6
or 0 as follows

WY = B dhest(de) = ( Elg_o+ 0% D4E|,_, +6°> D*E|,_, >d4x64(d9) the  (5.75)
Using (5.74), we can set
W = B d*xs*(df) = d= + D*E|,_, d*=5%(df)65%(df) + h.c. (5.76)

where the first and the second terms in the expansion in eq. (5.75) are cohomologically triv-
ial, while the third term provides the factor #2 needed to construct the PCO. In eq. (5.76)
we have collected the exact terms into d=.

Looking at the superdeterminant Sdet(F), by choosing a gauge such that E;=0 (no
mixing between the chiral and the anti-chiral representation), we have:

a a — B8 a( p—1\F ﬂ A
det(Em—Eu(E WAES — B3(E 1)gEm)  Sdete(B)

Sdet(E) = det(E%)det(ES)  det(E$)

(5.77)

where Sdetc(E) is the chiral super determinant written in terms of a redefined vielbein
E?n = E& — Eﬁ(E‘l)gE;Bn It can be proved that, by a suitable gauge fixing (chiral

representation) Sdetc(E) is chiral, namely DgSdetc(E) = 0. We can than rewrite the
above expression as follows:

det(E%

W = B d'264(d0) = dQ + Sdete (E) D? (
1

! )>| d252(d0)325%(d0) + h.c.
6=0

= w2 p? ( 6%6%(d6) (5.78)

det(Ef})) |9:0

_ o\l

and using the notations of [11] we set R = D? (det(Efj)) . The superfield R con-
6=0

tains the auxiliary fields and the Ricci scalar and it appears in the commutation relation

{Va,Vs} = —“RM,gs, namely it is one of the components of the torsion T4.
Finally, recalling that w*?) = Sdet(E)d*zd2(df) we have:

LI — %w@m AYOD 4 hc (5.79)
which reproduces Siegel chiral integration formula in terms of integral forms [11].
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A Gamma matrix conventions and two-component formalism
Clifford algebra.

{7&7'}%} = 277aba Tlab = (L —1,-1, _1) (Al)
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Matrix representation.

(0 e, A I (A.2)
70 lywy 0 ) i=1,2,3 —o; 0 ) 5 0717273 0 —lovs .

where o; are the Pauli matrices. The Weyl projectors Py = (1£75)/2 are therefore given by

loxo2 O 0 0
P = P = A3

Two-component formalism. The four dimensional spinor index is decomposed into
a=1,2, a=1,2. Thus

0 &% 0 o, oY 0
_ . _ i _ B
Yo = <5§ ()5)7 Vi=1,2,3 = <_0idﬁ OB>’ V5 = ( 0 _5g> (A.4)

A four-component spinor gets decomposed into two two-component spinors 1) = (1§, %),
where the + subscripts remind us that they are the P projected parts of 1. These
subscripts may be omitted when the « or ¢ indices suffice to identify 1 or ¢_.

A compact way to express Yq—0,1,2,3 is

0 o@“. . .
_ . a N\ @ o N\ &
- (_Uadﬂ aO B) , with o % 5 = (1,04) 5 Oa g = (—=1,0:) % (A.5)
The matrices o, satisfy the completeness and the trace relations

ab__ o

"o, abﬁ(; =2 4§ 5;’, Tr(oqop) = 204 (A.6)

Charge conjugation. In the above matrix representation, the charge conjugation takes

_[€p O
e-(72) "

where € is the usual Levi-Civita symbol in two dimensions. One can check that

the form

Ya = —CrC™! (A8)
so that Cy,, Cv,p are symmetric, while C', Cvs, Cy.pys are antisymmetric.

Majorana condition. We can impose the Majorana condition on the spinor :
Pl =yT'C (A.9)
relating ¢, 1% to the components of the conjugated spinor (Y% )as (¥VF)a as follows:
Yieas = (V1) ¥les=—(¥1)g (A.10)

Note that a spinor cannot be both Majorana and Weyl in 4 dimensions, since the Majorana
condition mixes the ¢ and 1 components.

— 29 —



Raising and lowering spinor indices. The charge conjugation matrix C' and its inverse
C~! can be used to lower and raise spinor indices. Correspondingly €, and €4 and their
inverses, are used to lower and raise two-component spinor indices with the “upper left to
lower right” convention. Thus for example

Ay = APeg,, A™ =P A (A.11)

Note that A“B, = —A,B® and similar for dotted indices. We can also define o, matrices
with both indices up or down:

Jaaﬁ = emaaa;y, Opaff = an 4 Eran Uadﬁ = eﬁ'yaad,y, Oqag =0, 5 € (A.12)

With these definitions one finds

JO‘B:UBO‘ o

a a 5 = 0

a af a Ba (A.l?))

i.e. the o, matrices with both indices up or down are symmetric.

Converting vector into spinor indices. Finally, the o, matrices can be used to convert
a 4-dim vector index into a couple of two-component spinor indices, and viceversa:

. ) 1 .
VOr = VoMY = V= Dot Vel (A.14)

The second formula can be deduced from the first, and from the trace relation
Oq ada_bao} = 277ab (A.15)

Examples. i) the current 7% (1) Majorana spinor 1-form) becomes, in two-component

formalism:
Pyath = 7 Cratp = v eapo,” 0 + e 50,0 07 = —0%0, ast? — %0, ar)?  (ALL6)
= _¢a0_a aﬁ/ﬂ - 1/1;70-(1 "yoﬂ/}a = _21/16%/]70'@ ayy (A17)
having used 0, 50 = 04 4. Converrting the vector index into two-component spinor indices
yields: _ . .
Py 0, = —20° 900, = 4Py (A.18)
using the completeness relation. Thus the flat superspace Cartan-Maurer equation dV* =
%ﬂ'y“w becomes dV* = 2ip®p®.

ii) chiral and antichiral projections of V'V

(VA = [P (VY = VP ) = VeVl 0,

= V“Vbaaadabgﬁedﬁ = Vad‘Vﬁ’BedB (A.19)

and similarly (V_Q)dB = VadVﬁféeag.
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Pros and cons. Pros: two-component formalism can simplify calculations, since gamma
matrices disappear in most cases (see the examples above), and Fierz rearrangements
are automatically implemented. Cons: the notation is less compact (two spinor indices
replace one vector index), and it is necessary to remember minus signs in relations like

A°B, = — A, B°.

B Some useful formulas
We consider the supervielbeins (V% %, 4%) such that
dV ey = 2ip% Y dp® =0, dy*=0. (B.1)
We define the following combinations

« 1 i 3
(V) = VA Vs, (B.2)

(V_Q)Q/B — QV“O‘ A Vﬁﬁeaﬁ y
(V3)aa = gvaﬁ AVITA V/Baﬁﬁ;yﬁfy/j )

1. . : : . '
(V) = VAV AVIEAV T eae5¢55€00 = det(V),

The first two combinations V2 are the self-dual and anti-self dual part of the wedge product
of two vielbeins VV**, The last one is the singlet combination (corresponding to the deter-
minant) of the vielbein. By multiplying with V® we find the following relations (recall
that eagem =), and ea/;eo‘ﬁ = -2)
Vos A VB8 = _eaf(y2)aB _ (B (y2yed
Voo A VBB A VYT = 2681 eaB(13)ME 4 9cBYea(B(y3 )N
VoA (V2 = —2e200 (V3
Ved A (VAP = 26803
Vod A (V3B = P edb(pd)
Vod A VB AT A VOO = gedBBvios (1)
(VA (VI = (€7 4 e (V1)
(V)38 A (V230 = (216 4 @9 ey

o

)é 7
¥)ex 7

)
.’

(VAP A(VHY =0, (B.3)
where A% = 1(A%¥ + AP) and the tensor
pa6BBYI00 _ o By vo o 4 oy 4B Booh a0 &Y B Bh | a0 5B By
= 010010y (B AE a0 By | (67 P6 aBgro y (40 B o o (B.4)
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respects all properties of form multiplication. The second line is obtained by using relations

like
BV 4 V0B 4 (@B —

This invariant tensor is obtained by contracting with the Dirac gamma matrices the Levi-

Civita tensor . 1 .
toeoz,@ﬁv’yaa _ Ieabcd('ya)aa (,yb)ﬁﬁ (76)77(7(1)00 ) (B.5)

The differentials are
dV oY = 2ph® (B.6)
AV = =2ip (V)P
(V) = —2i & (V)
a(vhes =i (v (V2R - G5 (VEY)*)
A(VY) = 2i1p (V3)*Yg

where
(V)™ = Voiey ;97 (B.7)
(Vi) = V307,
(V2)% = (V) ey, 07,
(V2)™ = (V) egy v,
with

d(V )™ = 2Pl 59° =0,
d(Vp)* = 2™ eqp v’ =0,
d(V2)* = i) (YV1)),
d(VE)™ = ip® (Vi)
d(PV*)) =0,
d(pViy) =0,
d(pVip) =0 (B.8)

C The curved supermanifold Osp(1|4)
Let us consider the case of curved supermanifolds, for example the supercoset manifold
Osp(1|4)/SO(1,3) ~ (AdS4|4)

which is a supermanifold whose bosonic submanifold is 4d anti-de Sitter and with 4

fermionic coordinates. We have

VVeY = 24p% A%, (C.1)
Vi = iA VY, (C.2)
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Vit = —iA V%), . (C.3)
RS = 402 (V)P + 20y 0y | (C.4)

R = _aN*(V2)%P — oGP

where R, decomposed into the self-dual and the anti-self dual parts (Riﬁ and R%? ), is the
curvature of the supermanifold and V is the covariant derivative w.r.t. to the connection
of SO(1,3). It is easy to check the Bianchi identities using these definitions.

In addition, by using (C.3), we can verify that

d((VHt () =V ((VHa* () (C.6)
= 2itho (V) “Pad® () + (VHIAV Y (ot — tala) 64 (1) .

where the first equality follows from the Lorentz invariance of the volume form V454 (1))
and the last follows from the distributional law ¥d(¢)) = 0 and the properties of top forms.
For the curved case, we have that

V(Vobya) = iAV AV (wratd = vt (€7)

and since (V“@Z%w> is a scalar, we find V? (V%Z%np) = 0. This means that only the class
iVeEAVP (¢%b¢1 - 1/_17,11)1/_)) is closed. In the limit A — 0, one recovers the flat case.

Let us now consider the same problem in the curved space. We start with Osp(1[4)
case. We use the relations given in (C.3) and the volume form has the expression

Wi = e peqVEA - AVEA S (W), (C.8)

which is closed (the variation of V® is cancelled because of the Dirac delta’s, while the
variation of )’s is cancelled by the presence of four V’s. Using the definitions

V& =Vade™ + Vider, o =ynde™ +¢pot, (C.9)
we find
WY = Sdet(E)egpeqdz® A - - - A dzs*(d6) (C.10)

Vi Vi

with £ = ) . The bosonic space is Sp(4)/SO(1, 3), namely the curved space AdSy,

Vm Y
and therefore we have
VOlOsp(1|4)/SO(1,3) = / d*x D4Sdet(E)’0:0 (C.ll)
AdSy
where D* = €40, D" ... D*. In the present case the (4]4)-integral form w(** is closed,

but it is not exact since Sdet(FE) has a non-trival f-dependence.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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