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1 Introduction

Class S theories are a large class of four-dimensional A/ = 2 superconformal field theories
arising from the partially-twisted compactification of a six-dimensional (2,0) theory on a
punctured Riemann surface [1, 2]. Along with Lagrangian N' = 2 SCFTs of vector and
hypermultiplets, class S contains many strongly-interacting SCFTs which have no known
Lagrangian description [3, 4]. Nevertheless, the six-dimensional construction gives rise to
powerful tools to study their properties (for an extensive review of recent progress see, e.g.,
the collection [5]).



As the 6d (2,0) theories have an ADE classification, the corresponding four-dimensional
theories resulting from their compactification also come in ADE type. A program to classify
these theories was initiated in [6, 7], where we provided a method for classifying the A and
D series, carrying out this classification explicitly for low ranks, before moving on to the Eg
theory in [8].! In this work, we classify the E7-type class S theories. We find 11,000 fixtures
with three regular punctures. Of these, 962 have enhanced global symmetries or additional
free hypermultiplets. It would be formidable to list all of these here; instead, we have
created a web application at https://golem.ph.utexas.edu/class-S/E7/ where the interested
reader can explore them. A description and instructions are given in section 3.4. Among
the theories on our list, we find a new rank-2 and several new rank-3 interacting SCFTs.?
Additionally, we find several new SCFTs with a simple exceptional global symmetry group.

Using our results, we construct the Er gauge theory with matter in the 3(56). We
determine its S-duality frames and provide the k-differentials specifying its Seiberg-Witten
solution. Additionally, we confirm predictions in [21-23] that the T? compactifications of
the worldvolume theories on M5 branes probing ALE singularities of type E have class
S realizations.

2 The E; theory

2.1 Coulomb branch geometry

The Coulomb branch geometry for our theories can be realized either by studying parabolic
Hitchin systems on the punctured Riemann surface, C', or by studying the Calabi-Yau
integrable system for a certain family of non-compact Calabi-Yaus fibered over C.

In the former description, the Seiberg-Witten curve ¥ — C is spectral curve

Y = {Det(A1l — ®(z)) =0} C Tot(K¢)

where (for definiteness) the determinant is taken in the adjoint representation and A is the
Seiberg-Witten differential.
In the latter description, the noncompact Calabi-Yau is the hypersurface

Xz ={0 = —w? — 2% + 162" + ¢2(2)y* + ¢6(2)y”* + ¢s(2)zy
+ 10(2)y” + ¢12(2)7 + ¢14(2)y + d18(2) } C Tot(KE & K¢ & K¢)

In both cases, the Seiberg-Witten geometry is expressed in terms of meromorphic k-
differentials, ¢(z), on C, which have poles of various orders at the punctures [24]. It

!This class of theories can be enlarged for types A, D, and Eg by twisting the (2,0) theory by an outer-
automorphism when traversing a nontrivial cycle on the punctured Riemann surface. This construction
gives rise to a sector of twisted punctures, leading to many new SCFTs. A classification for the twisted
theories of type Aan_1, Dy, and Eg was given in [9-13]. Though a complete classification of the theories
of type Aan is still lacking, twists of this type were utilized [14] to construct the Rz oy family of SCFTs.
Similarly, a full classification for the S3-twisted D4 theory has not yet been carried out, but these twists
were used to construct additional 4d theories and study their S-duality frames in [15].

2In [16-20] a proposed classification of four-dimensional rank-1 A" = 2 SCFTs was given by constructing
the rigid special Kihler geometries consistent with the interpretation as the Coulomb branch of an N' = 2
SCFT. A natural follow up would be to extend these works to rank-2 and higher.
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is most convenient to work in the Katz-Morrison basis [25], where the ¢y (z) are related to

the invariant traces, P, = Tr(®%), by
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At a puncture, ®(z) has a simple pole with nilpotent residue,
N
®(z) = — + regular
z

where N is a representative of the “Hitchin” Nilpotent orbit which is Spaltenstein-dual [26]
to the Nahm orbit (which we use to label our punctures)

Oy = d(Oy)

Taking traces, one finds an elaborate set of constraints on the coefficients of the polar parts
(k)

of the ¢(z) = ; C;—J +regular. When the special piece of On has more than one element,

we have an additional quotient by a finite group (the “Sommers-Achar group”) acting on

the coefficients [26].

2.2 Puncture properties

Here we review the puncture properties listed in our table below, leaving most of the
details to [8].

As in our previous works, we use Bala-Carter notation [27, 28] to label the nilpotent
orbits, where O = 0 is the full puncture and Oy = E7(aq) is the simple puncture. The
flavour symmetry algebra, f, associated to a puncture is the centralizer of py(s1(2)) inside
e7. For the distinguished orbits (E7(a;), i = 1,...,5), f is trivial, whereas for the 0 orbit



f is all of e7. The level of each factor f; C f is determined from the decomposition of the
adjoint representation under the embedding e7; D su(2) x f; as

¢7 =P Vo @ Ry (2.1)

where V,, denotes the n-dimensional irreducible representation of su(2) and R, ; the corre-
sponding representation of f;, which is in general reducible.® The level of f; is then given

by [26, 29]
ki= lng (2:2)

where 1, ; is the Dynkin index of the representation R, ;. For f; = u(1), I, is the u(1)
charge squared. In the table below, we normalize the u(1) generators so that the free
hypermultiplets in the mixed fixtures have charge 1.

The ¢ (z) have poles at the punctures of order at most py:

(%)

Pk
or(z) = Z 2—] + regular
j=1

where the set {py} is called the pole structure of the puncture. The coefficients, c§-k),
typically are not all independent, but instead obey certain polynomial relations, which we
list below.

Finally, for each puncture we also list its contribution to the effective number of vector
and hypermultiplets (np,n,), which are given in terms of the conformal central charges a
and ¢ by n, = 4(2a — ¢) and nj, = 4(5¢ — 4a).

2.3 Regular punctures

The pole structure of an E; puncture at z = 0 is denoted {po, ps, ps, P10, P12, P14, P18},
and is defined to be the set of leading pole orders in z of the differentials ¢, for k =
2,6,8,10,12,14,18. As discussed above, for certain punctures, there are constraints among
leading coefficients, and sometimes even for subleading ones, in the expansion of the ¢
in z.

3We list this decomposition for each puncture in appendix A.
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2.4 Cataloging fixtures using the superconformal index

There are 45 nilpotent orbits in e7. Excluding the regular orbit (which corresponds to the
trivial defect), this yields 44 codimension-2 defects (“punctures”). A 3-punctured sphere
is specified by choosing a triple of such defects. There are 15,180 such triples, but 4,180
of them are “bad” (do not lead to well-defined 4D SCFTs?). Of the remaining® 11,000,
one is a free-field fixture (corresponding to three half-hypermultiplets in the 56 of E7),
262 are “mixed” fixtures (consisting of some number of hypermultiplets plus an interacting
SCFT), and the remaining 10,737 are isolated interacting SCFTs. Of these, 654 have
“enhanced” global symmetry groups: the global symmetry group of the SCFT is larger
than the “manifest” global symmetry associated to the three punctures.

Of the “good” fixtures, we will need to determine which are “mixed” (i.e., include free
hypermultiplets) and which have enhanced global symmetries. To carry out this classifica-
tion, we make recourse to the Hall-Littlewood limit of the superconformal index as we did
n [8] for the Eg theory. This method is a generalization of the work of [30-34] to type FE
theories. Here, we briefly summarize our procedure in [8].

We assume the Hall-Littlewood index for a fixture in the E; theory takes the form

[T, K(a) P (aulr)
7= 2 DA 23

where

e The sum is over partitions A labeling the highest weights of finite-dimensional irre-
ducible representations of e7.

e The P*(a;|7) are Hall-Littlewood polynomials, defined for general g by

where R* is the set of positive roots, W the Weyl group, and ¢(w) the length of the
Weyl group element w.

e a; = {€*},cp+ denotes a set of flavor fugacities for the flavor symmetry of the ith
puncture. The set {7} is the set of fugacities for the trivial puncture.

4The simplest diagnostic for when an n-punctured sphere is “bad” is that the Riemann-Roch index
predicts a negative number for one or more of the graded Coulomb branch dimensions. Equivalently, the
Hall-Littlewood index (2.3) diverges.

5There are, in addition, 48 fixtures with an “irregular” puncture. These arise when the collision of two
punctures would have resulted in bubbling-off one of the 4,180 bad 3-punctured spheres. Of the 48, 36 are
free-field fixtures, 10 are interacting fixtures and 2 are mixed. They are listed in the tables below.

- 12 —



e To compute the K factors, first decompose the adjoint representation of g as in (2.1).
The K factors are then given by

K(a) = PE[; T (a)} :

We classify each fixture using the Hall-Littlewood superconformal index following [35].
For a “good” fixture, expanding the index in the superconformal fugacity 7 gives

T=1+xfr+x&7 7+ (2.4)
The coefficient of 7 signals the presence of free hypermultiplets transforming in the repre-
sentation R of flavor symmetry F, while the coefficient of 72 is the character of the adjoint
representation of the global symmetry of the fixture, which is a product Ggyy = Gscpr X F
of the global symmetry of the SCFT and the global symmetry of the free hypers.
Expanding the index Zpee = PE[TXE] of the free hypers and removing their contribu-
tion from (2.4), we arrive at

ISCFT - I/Ifree =1+ XadJ 2 +

Gscrr |

from which we read off the global symmetry of the SCFT.

To determine when a fixture has an enhanced global symmetry, we note that in (2.3)
the first term in the sum over representations (coming from the trivial representation of
¢7) gives, to second order in 7 [35],

adj 2

Gmanifest

encoding the manifest global symmetry group. The fixture has an enhanced global sym-
metry if there are terms contributing at order 72 coming from the sum over A > 0.
As explained in [8], to order 72 (2.3) simplifies to

ZHZ LX almi 25)
O(72)

2 ()

adj

Gmanifeqt

IT=1+4+x

To compute (2.5), we consider each e7 representation in the sum to be a reducible represen-
tation of su(2) x f and plug in the corresponding character expansion, where the embedded
su(2) has fugacity 7. The decomposition of any e7 representation in terms of su(2) x f
representations can be obtained using the projection matrices listed in appendix B.

As an example of such a calculation, the fixture
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has manifest global symmetry (G2)2s x SU(2)36 x U(1). Its superconformal index has the

expansion:
I=1+[(14,1)+ (1,3)y + (1,1),

+(1,2); + (1,2) g+ (7:3)g + (T,2)y +(T,2)y + (14, 1) + (T, ] 7 + .
~—— -~
56 133 912 1539

where we’ve noted the representations in the sum in (2.3) which make additional contribu-
tions to the index at this order. Putting together these contributions, the global symmetry
is enhanced to (Es),5 X (G2)4¢-

In computing the expansion of (2.3) to order 72 we truncate the sum over represen-
tations. Knowing exactly at which representation we should truncate the sum for each
fixture is tedious to determine due to the complicated Weyl group of e7, so in practice we
truncate the sum at a very large dimensional representation and check that our results are
consistent with various S-dualities. Here, we summed over all irreducible representations
of e7 up to the 980, 343 dimensional irrep.

The largest representation of e; contributing at order 72 was the 253,935. This oc-
curred for two fixtures:

o
A, +3A,

O (0]
(BA;))" Es(ay)

has manifest global symmetry Sp(3),,xXSU(2),9 % (G2)4s. Its superconformal index picks up
contributions at O(7) from the 56, 133 and 912 representations, indicating hypermultiplets
transforming as the %(6, 1,7) + %(1, 2,7) 4+ %(6, 1,1) of the manifest global symmetry. As
shown below, the full index receives contributions from representations up to the 253, 935:
I=1+(6,1,7)+(1,2,7) + (6,1,1)|7
N——
56 133 912
[ (13, 1) + (1,1, 14) + (14,2,1) + (14,1,7) + (6,2,7) + (21,1, 1)] 7
——
912 40,755 86,184 253,935

where the ... indicate the contribution to O(72) from the free hypermultiplets. This last
contribution completes the enhancement of the global symmetry of the interacting SCFT
to (Eg)12, and this mixed fixture is the (Eg)12 SCFT with 31 hypermultiplets.

The fixture
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has hypermultiplets in the 1(6,3) + 3(1,2) 4+ 3(1,4) and has manifest global symmetry
Sp(3)19 x SU(2),g enhanced to (E7),4 x SU(2)y with, again, the final enhancement coming
from the 253, 935.

3 Tinkertoys

3.1 Free-field fixtures

We indicate a 3-punctured sphere, in the tables below, by listing the Bala-Carter labels of
the three punctures. For all but one of the free-field fixtures, one of the punctures is an
irregular puncture (in the sense used in our previous papers), which we denote by the pair
(O, G), where O is the regular puncture obtained as the OPE of the two regular punctures
which collide. This fixture is attached to the rest of the surface via a cylinder

(0,6) %0

with gauge group G C E7. The exception is #22, which consists of three regular punctures,
and was first discussed in [26].
For each of the free-field fixtures, we indicate how the hypermultiplets transform under

the manifest global symmetry of the fixture.

# Fixture nn Representation
0]
E;(2a;)
1 (D, SU(2)) O 1 1(2)
E(2a,)
2 0 empty
3 0 empty
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Fixture Nh Representation
(@)
E;(a;)
(Ds, SU(2))O 0 empty
E,(a;)
(A4’ SU(3))O 0 empty
Eq(ay)
O
(@)
E,(a;)
((A5) ", GO 7 1(2,7)
E,(a;)
(A3+A)",G) 0O 0 empty
E;(ay)
8 1(2,8)
0 empty
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Fixture

Representation

10

empty

11

E;(2a;)
((3A)) ", Spin(8)) O
E-(as)
o

empty

12

(@)
E;(a;)
(A3, Spin(7)) O
Ds
(@]

13

o
E,(a;)
(2A,, Spin(8))O

Eq(as)
O

empty

14

(@)
E;(a;)
(BA) ", Spin(9)) O

Dg(ay)
(@)

15

(@)
E(a;)
(A1, Spin(9)) 0
Ds(a;) + A;

empty
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# Fixture Nh Representation
(@)
E;(a;)
16 ((BA) ", Fpo 26 1(2,26)
As+ A,
(@)
E,(a;)
17 (2A4, Spin(9))0 9 1(2,9)
(As)’
18 0 empty
E;(a;)
19 (A, Spin(10))o 10 1(2,10)
Ds(a;)
20 27 (27)
E,(a;)
21 (A, Spin(11)) 0 22 1(4,11)

O
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Fixture

Representation

22

84

(3,56)

=

23

36

3(6,12)

24

(@)
E;(a,)
(D4 + Ay, Sp(2)O

E,(ay)
O

N[

—~
=~

N

25

(@)
E;(a,)
(A +A)",SU@) O
E,(a3)
(@)

empty

26

o
E,(ay)
(D4, Sp(2))o

empty

27

E(a,)

(A, SU(5))0
Eq(a;)
O

empty
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Fixture

Representation

28

29

E;(ay)
(A, Spin(11)) 0
E,(a,)
O

16

30

(@)
E;(a,)
(A;, Spin(12)) 0
Ds+ A,
(@]

28

31

(@)
E(a,)

(0, Spin(11))O

empty

32

E(a;)
(A;, SU@)O

empty

33

Eq
(D4, Sp(3)) O

Eq
O

12

3(2,2,6)
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# Fixture nn Representation
(@)
Eg

34 (A,, SU(6))O 12 (2,6)
Eg

35 (A3, Spin(7)) O 7 1(2,7)
Eg

36 (A4, Spin(12))0 28 | 1(2,12) + 1(1,32)

E,(ay)

37 (0, Spin(12))O 12 1(2,12)

Ag

3.2 Interacting fixtures with one irregular puncture

There are 10 interacting fixtures involving two regular and one irregular puncture. They
are all generalized Minahan-Nemeschansky theories (whose Higgs branches are (multi-
)instanton moduli spaces for Eg7g) or products thereof, except for #9 and #10. The
former is the (Fy),, x SU(2)2 theory which first appeared in [7] as a fixture in the un-
twisted Dy theory. The latter is new.

# Fixture (n2,m3,n4, N6, Mg, N10, N12, N1, N18) | (Nh, M) Theory

(@)
E;(a,)

(BA) ", Fy) O

(AS) ”n
O

(0,0,0,1,0,0,0,0,0) (40,11) (Es),, SCFT
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Fixture (nz,ng,n4,n6,n87n10,n12,n14,n18) (nh7nv) Theory
(0,0,0,1,0,0,0,0,0) (40, 11) (Es),, SCFT
E;(a,)
(A, Spin(11)) O (0,0,1,0,0,0,0,0,0) (24,7) (E7)g SCFT
Dg(a;)
()
(@)
E(a3)
((3A1) g > F4) O (07 27 07 07 O,Oa 07 07 0) (325 10) [(EG)G SCFT:Iz
E;(a3)
(0,2,0,0,0,0,0,0,0) (32,10) [(Es), SCFT]?
(@)
E;(a,)
((BA) ", F) O (0,1,0,1,0,0,0,0,0) (39,16) | (Es),, x SU(2); SCFT

(0,0,0,1,0,0,0,0,0)

(40,11)

(Es),, SCFT
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# Fixture (n2,m3,n4, N6, Mg, N10, N12, N14,N18) | (Nh, M) Theory

8 (0,1,0,1,0,0,0,0,0) (39,16) | (Ee),, x SU(2), SCFT
9 (0,0,0,2,0,0,0,0,0) (46,22) | (Fu),, x SU(2)? SCFT
10 (0,0,1,1,0,0,0,0,0) (48,18) | (Es),, x SU(2), SCFT

3.3 Mixed fixtures with one irregular puncture

There are two mixed fixtures with two regular and one irregular puncture. The value of ny
listed below is the one associated to the SCFT, after subtracting the contribution of the
free hypermultiplets.

# Fixture (n2,m3,n4, N6, N8, N10, N12, N1, N18) | (A, M) Theory
(@)
E;(a,)
1| [(Ay, Spin(12)) O (0,0,1,0,0,0,0,0,0) (24,7) | (BE7)s SCFT + $(2,12)

(0,0,1,0,0,0,0,0,0) (24,7) (E7)s SCFT + £(2,12)
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3.4 Interacting and mixed fixtures

There are exactly 11,000 fixtures with three regular punctures. Of these, 654 have enhanced
global symmetry, 262 are mixed, and 1 is free.

Rather than listing all of these, we have created a web application where
the interested reader can explore these theories for him or herself. The website,
https://golem.ph.utexas.edu/class-S/E7/ | has three sections:

e A compendium of the 44 regular punctures and their properties:
https://golem.ph.utexas.edu/class-S/E7/punctures/

e A compendium of the 11,000 3-punctured spheres:
https://golem.ph.utexas.edu/class-S/E7/fixtures/

e A compendium of the 178,365 4-punctured spheres and their S-duality frames:
https://golem.ph.utexas.edu/class-S/E7/four_punctured_sphere/

For each S-duality frame, clicking on a fixture brings up its properties. When viewing a
fixture, clicking on a puncture brings up the latter’s properties.

If you find the data on the website useful in your own work, please cite this
paper instead.

4 Applications

4.1 Eq + 3(56)

FE; gauge theory, with three fundamental hypermultiplets, is superconformal. It is realized
as the 4-punctured sphere

3(56) 3(56)

The S-dual theory is an SU(2) gauging of the SU(4)112 x SU(2)7 SCFT, with an additional
half-hypermultiplet in the fundamental.

E;(a;)
(@)

(Dg, SU(2),)

E,(a;)
(0]

1(2) SU(4),,, X SU(2), SCFT
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The k-differentials, which determine the Seiberg-Witten solution, are

U2 212234 (dz)2

P2(z) = (z—21)(z — 22) (2 — 23)(2 — 24)
_ Ug 2%22§4(dz)6

%6(2) = (z = 21)%(2 — 22)2(2 — 2z3)4(2 — 2z0)*
B us 27528 (d2)°

9s(2) = (2 = 21)%(z — 22)*(2 — 23)5(2 — 2)°
- u1g 275254(d2)"°

P10(z) = (z — 21)2(2 — 20)2(2 — 23)8(2 — 24)8

b1a(z) = u12 275234(d2) "

2 (2= 21)3(2 — 22)3(2 — 23)%(2 — 24)°

B U14 Z%zzéi(dz)u

d1a(2) = (2 = 21)%(2 — 22)3(2 — 23)11 (2 — z)™!

b1s(2) = Uu18 Z%zzéil(dz)ls

(z — 21)*(z — 22)*(z — 23)14(2 — 24) 14

4.2 Addlng (E3)12 SCFTs

Since the index of the 56 of E; is 12, we can start with the E7 + 3(56) gauge theory and
trade half-hypermultiplets in the 56 for copies of the (FEg)12 SCFT. A similar analysis was
carried out for the Fg + 4(27) gauge theory in [8].

For n half-hypermultiplets in the 56 and 6 — n copies of the (Eg)12 SCFT, the theory
has flavor symmetry

F =38U(2)%™ x SO(n),
where k£ = 112 for n # 3, and k = 224 for n = 3. Each of these theories has an S-

dual description as an SU(2) gauging of the SU(2)$;™ x SO(n);, x SU(2)7 SCFT, with an
additional half-hypermultiplet in the fundamental.

n = 5. With one copy of the (Eg)12 SCFT,

1(56) + (Eg),, SCFT
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is dual to

(Dg, SU2),)0

E,;(a;)
(@)

12) SU(2),, X Sp(2),1, X SU(2), SCFT

n = 4. With two copies of the (Eg)12 SCFT,

is dual to

(D¢, SU(2),)C

E;(a;)
(@)

1) SU(2)%, x SU(2)?,, X SU(2), SCFT

n = 3. With three copies of the (Eg);2 SCFT,

[(E8)12 SCFT ]3
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is dual to

(D6’ SU(2)1) O

E;(a;)
(@)

1) SU(2)}, X SU(2),,, X SU(2), SCFT

n = 2. With four copies of the (Fg)12 SCFT, we have two possible realizations. Either,

1(56) + (Eg),, SCFT

is dual to
(Dé, SU(2)1) ®
E,(a))
1(2)
or

1(56) + [(Eg),, SCFT | 1(56) + [(Eg),, SCFT
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is dual to

(De, SU(2),) O

E,(a;)
(@)

12) SU(2);, x SU(2), x U(1) SCFT

This gives two distinct realizations of the SU(2)7, x SU(2)7 x U(1) SCFT.

n = 1. With five copies of the (Eg);2 SCFT,

1(56) + [(Eg),, SCFT]* [(Ey),, SCFT T’

is dual to

(D6’ SU(2)1) O

E;(a;)
(@)

12) SU(2);, x SU(2), SCFT

n = 0. Finally, the E7 gauging of six copies of the (Eg)12 SCFT,

~ 98 —



is dual to

(Dg, SU(2),) O

E(a;)
(@]

12) SU(2)$, x SU(2), SCFT

4.3 New 6d realizations of SCFTs

4.3.1 Higher-rank Minahan-Nemeschansky SCFTs

The rank-n Minahan-Nemeschansky theories have Higgs branches which are the n-instanton
moduli space for Eg 7 8. They are realized in F-theory as the SCFT on n D3-branes probing
a IV* IIT* or IT* singularity. For small values of n, they appear ubiquitously among our
fixtures. Here, we find our first realization, in the E-series, of the (Eg)ss x SU(2)3s SCFT,
which is the theory on n = 3 D3 branes probing a II* singularity in F-theory. This is
realized on the fixture

4.3.2 Other low-rank SCFTs

In addition to various Minahan-Nemeschansky theories, the (Fy)i2 x SU(2)2 theory and
the (FEs)12 x SU(2)s theory (see section 3.2), we find two additional rank-2 SCFTs.
The Spin(20),, SCFT, for which we find a new realization, appeared previously as the
mixed fixture

in the Fjg theory. The Sp(6)1; theory is new.
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Global Free

Fixture (nQa ns,ng4,ns, ne, g, 19, 1110, 112, N14, nlS) (nh7 n’U) Symmetry Hypers

(0,0,0,0,1,1,0,0,0,0,0) (72,26) | Spin(20), 15

(0,0,1,0,0,0,0,1,0,0,0) (58, 26) Sp(6),, 8

We also find several new rank-3 SCFTs. The SU(12),4 theory first appeared as the
interacting fixture

in the Eg theory. Here, it has two distinct realizations as a mixed fixture. The Sp(3),4
SCF'T also appeared in the Eg theory, as the mixed fixtures

and the Sp(3)y4 x SU(2), SCFT appeared as
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. Global Free
Fixture (n2,n3, na, ns, ne, Ns, N9, N10, N12, N14,N18) | (Mh, Ny)
Symmetry | Hypers

(0,0,0,0,1,0,0,0,1,1,0) (136,61) | Spin(19),4 0
(0,0,0,0,1,1,0,0,0,0,1) (125,61)| Sp(7),, 3
(0,1,0,0,0,1,0,0,1,0,0) (70,43) SP(3) 96 6

7
(0,0,0,0,1,1,1,0,0,0,0) (100,43) | SU(12),4

9
(0,0,1,0,0,0,0,1,0,1,0) (96, 53) (Es)qg 0
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Fixture (n2,n3,n4, 15, N6, N8, N9, N10, N12, N14,M18) | (Th, M) Global Free
2,13,T4,75, 16, T8, TL9, TL10, 1012, T14, 7018 hs Ty Symmetry Hypers
0]
(3A)’
Spin(15)20
(0’07170’0717071507070) (88,41) 3
E7(az) A4 + A2
Spin(12
(0,0,1,0,1,1,0,0,0,0,0) (72, 33) pin(12),4 9
xSpin(7)12
F.
(0,0,1,0,0,1,0,1,0,0,0) (81,41) (Fa)yq 3
XSp(3)11
Sp(4
(0,0,1,0,1,0,0,1,0,0,0) (73,37) p(4)12 ;
Xsp(3)11
Sp(3
(0,0,0,0,1,1,0,0,1,0,0) (77, 49) P(3)26 .
xSU(2)7
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. Global Free
Fixture (n2,n3, na, ns, ne, Ns, N9, N10, N12, N14,N18) | (Mh, Ny)
Symmetry | Hypers
SU(2)128—
(0,0,0,0,1,1,0,1,0,0,0) (73,45) xSU(2)k 3
xSp(3)11

4.3.3 New SCFTs with exceptional global symmetry

In our list, we find 10 new SCFTs whose global symmetry is a simple exceptional group.
One of these is the rank-3 (Fg).g example listed in section 4.3.2. We also find two new

realizations of the (E7),, SCFT, which was first found in [8] as the interacting fixture

in the Eg theory. Here, it has two realizations, both as mixed fixtures.

. Global
Fixture (n2,m3,n4, N5, M6, N8, N9, N10, N12, N14, N18) (nh, M)
Symmetry
(0,0,4,0,2,1,0,1,3,3,4) (416,374) (G2)28
(0,0,2,0,2,1,0,1,2,2,2) (280, 240) (G2),s
(0,0,4,0,2,2,0,1,4,3,5) (504, 447) (F1),,
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Global

Fixture (n2,m3,n4, N5, N6, N8, N9, N10, N12, 14, N18) (nh, M) Symmetry
(0,0,2,0,2,2,0,1,3,2,3) (368,313) (Fa)gy
(0,0,1,0,0,0,0,1,0,1,0) (96,53) (Es)qg
(0,0,4,0,2,2,0,2,4,4,6) (612,528) (E7)36
(0,0,2,0,2,2,0,2,3,3,4) (476, 394) (E7)s6
(0,1,2,0,1,1,0,0,2,1,2) (268, 188) (E7)s6
(0,0,0,0,2,2,0,2,2,2,2) (340, 260) (Er)ys
(0,1,0,0,1,1,0,0,1,0,0) (104,54) | (Er),, + 1(56)

~ 34—




Global

Fixture (n2,m3,n4, N5, N6, N8, N9, N10, N12, 14, N18) (PhyM0) Symmetry

7(a3)
(@) Ag

A, o) (0,1,0,0,1,1,0,0,1,0,0) (104,54) | (Er),, + 1(12,2)

N

0 o (0,1,0,0,1,1,0,0,1,0,1) (168, 89) (Es) 3

In the Eg theory, fixtures of the form (0, D, D) or (242, D, D), where D is either Fg(a3)
or Fg(ay), are all bad, so we do not get additional SCFTs with simple exceptional global
symmetries in this way. However, we can construct 5 more of these in the twisted sector:

. Global
Fixture (n2,m3, 14,15, 16,18, M9, N12) | (N4, Nw)
Symmetry
(0,4,0,1,1,2,2,3) (208, 173) (Fu)ys
(0,1,1,1,1,1,1,1) (120,87) (F4)18
(0,6,0,2,2,4,4,6) (384, 336) (Es),,
(0,3,1,2,2,3,3,4) (296, 250) (Es),,
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Global

Fixture (n2,n3, 14,15, N6, 15,19, N12) | (12 o) Symmetry

(0,0,2,2,2,2,2,2) (208,164) (Es)s,

4.3.4 Enhanced global symmetries and Sommers-Achar group action on the
Higgs branch

As in section 5 of [12], we can consider families of fixtures where we fix two punctures
and let the third vary over a special piece, {O}. We denote by O the special puncture in
this special piece and by O, the puncture with the maximal Sommers-Achar group, whose
Hitchin pole is (d(O), Sy,) [26]. It is often the case that, when O = Oy, a simple factor in
the manifest global symmetry group associated to one of the two fixed punctures becomes
enhanced as

Fkn — (Fk)n

When this happens, then, for O = O,,, the F}, is unenhanced and, as O varies over the
special piece, the enhancement is the subgroup of (Fj)" which is invariant under C(O)
acting by permutations of the n copies of Fj.

We found numerous examples of this in [8] and [12], and were able to verify, using
various S-dualities (see, e.g., section 4 of [8]) that the levels of the factors of F' in the global
symmetry behaved as predicted by this permutation action.

The E7 theory provides further examples of this phenomenon. One interesting example
is given by fixtures with 0 and E7(a;) punctures and the third puncture ) coming from the
special piece {D4(a1), (As+ A1)',2A5 + A1}. The (E7)s36 of puncture 0 is enhanced to the
subgroup of (E7)3, that is invariant under C(O). With certain SU(2) groups coming from
O, the enhanced F; groups are further enhanced to Eg groups. The resulting theories are
FEs Minahan-Nemeschansky SCFTs of various rank [ whose Higgs branches are the moduli
space of [ Eg instantons, denoted by M (Eg,1).

0
(o) 0)
E;(a;) o
o
C(0) Theory Higgs Branch | dimg H | (np,ny)
D4(a1) 1 [(Eg)lg SCFT]3 M(Eg, 1)3 87 (120, 33)
' [(Eg)12 SCFT] M(Eg, 1)
(A3 + Al) Z2 X [(E8)24 X SU(2)13 SCFT] XM(Eg, 2) 83 (133’ 45)
2A5 + Aq S3 [(Eg)gﬁ X SU(2)38 SCFT] M(Eg, 3) 89 (158, 69)
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We can use this behavior to fill in some of the missing levels which cannot be determined
from the information extracted from superconformal index. For example, still from the
special piece {Dy(ay), (A3+A1)",2A2+ A1}, we find another sequence, given by the fixtures
with punctures (Ag, D5 + A1, 0):

C(0) Global symmetry
Dy(ay) 1 SU(2)15 x SU(2)k, % SU(2)k, % SU(2)36_k; ks
(Az+ A1) | Zo | SU(2)13 x SU(2)a24 x SU(2)2, x SU(2)x x SU(2)36_#
242+ A1 | S3 SU(2)36 x SU(2)3s x SU(2)12 x SU(2)36

The SU(2)36 from the Ag puncture is enhanced to subgroups of SU(2)3,. The Sommers-
Achar group action tells us k1 = ko = k = 12.

For another example, let’s look at the special piece { E7(as), Dg(az), A5+ A1}. Consider
the fixture with punctures (A4 + Ag, D5 + A1, O):

C(0) Global symmetry
E;(as) 1 (G2)12 X SU(2)k, X SU(2)k, X SU(2)72—k;—ks»
Dg(asz) Z, (G2)12 X SU(2)g x SU(2)79_p x SU(2)
As+ A1 | S (G2)12 X SU(2)96 x SU(2)72

Similar to the previous examples, we can dertermine that k; = ko = k = 24.
For fixture (A4g, D5(a1), ) where O belongs to the special piece {Eg(as), A5/}

C(0) Global symmetry
Eﬁ(ag) 1 SU(2)10 X SU(4)20 X U(l) X SU(2)16_;§ X SU(2);¢
Ag Z2 SU(2)10 X SU(2)9 X SU(4)20 X U(l) X SU(2)16

from which we conclude that k = 8.
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4.4 Connections with 6d (1,0) SCFTs on T2

Another large class of 4d N' = 2 SCFTs arises from compactifications of 6d (1,0) SCFTs
on T?. Following the recent classification of 6d (1,0) SCFTs [36-38], the study of their 7?2
compactifications was initiated in [21-23]. In those papers, various 72 compactifications
of (1,0) theories were found to also have class S realizations. Here, we comment on the
models which were conjectured to have a class S realization in either the E7 or Eg theories.

4.4.1 Very Higgsable theories on T2

In [21], a subset of the 6d (1,0) SCEFTs of [37] was singled out by the authors, which
they termed “very Higgsable”. These SCFTs are those which have a Higgs branch with no
tensor multiplet degrees of freedom. In their F-theory realization, these are the theories for
which successive blow-downs of -1 curves in the base of the elliptically-fibered Calabi-Yau
threefold removes (after a further complex structure deformation) the singularity in the
base completely. They found that the central charges of the 4d N = 2 SCFT resulting
from the T? compactification of a very Higgsable 6d (1,0) theory are given by

a=24a — 128 — 18,
¢ =64a — 123 — 8y, (4.1)
k‘i == 192/@',

where «, 8, and x; are the coefficients appearing in the anomaly 8-form of the 6d theory

Is D ap1(T)? + Bpu(T)ea(R) +yp2(T) + Y _ kipr (T) T F7,

which can be computed following [39, 40]; see also [41].

Using this formula, the authors argued that the minimal “conformal matter” theory,
T (G, 1) (the theory on a single M5-brane at a G = AD E-type singularity), on T coincides
with the class S theory of type G on a fixture with two full punctures and one minimal
puncture. For G = Er, Eg, these fixtures are

G Fixture (n2,n3,n4, ns, ne, ns, ng, Nio, N12, (2,10 Global
N14,M18, N20, N24, 130) v Symmetry

0
(@) E;(a))

Er 0 O (0,0,0,0,1,1,0,1,2,2,3,0,0,0) (384, 250) (E7)36 X (E7)36
o
0
(@) Eg(a,)

Es 0 (o) (07010707171707()’27273737475) (10807831) (E8)60 X (E8)60
o
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The graded Coulomb branch dimensions for these two fixtures are in agreement with those
computed from the mirror geometry of the corresponding 6d (1,0) theories on T2 in [23]
and the central charges agree with those obtained in [21].

We can also realize some of the (G, G’) conformal matter theories of [42] on E7 and
FEjg fixtures. These conformal matter theories correspond to fractional M5-branes on an
ALE singularity:

Global Symmetry | # M5 | ALE type
(£7,50(7)) 3 Er
(Es, G2) i Eg
(Es, Fy) i Es

In [21], the first of these was identified with the Eg fixture

which appears as the third entry in table 3.4 of [8].
Computing the anomaly polynomial of the other two theories following [39, 40] and
plugging into (4.1), we find that the T2 compactified (Fg, G2) conformal matter theory has

central charges
149 86
a = T,C: ?,]fES = 36,kG2 = 16.
These are the central charges of the class S theory realized by compactifying the E7 (2,0)

theory on

In this realization, only a (E7)36 x SU(2)36 X (G2)16 subgroup of the global symmetry group
is manifest. We can check the enhancement to (Eg)sg x (G2)16 by computing the order 72
expansion of the superconformal index, which is given by

I=1+032+xe)r?+...

where
248 133 |, .3 562
XBs = XE, T Xsu@) T XEXSUu(2)-
Similarly, we find the T? compactified (Es, F}) conformal matter theory has central

charges
179 196

a=—,c=

3 T,k‘EB :48,kF4 :24
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Comparing with the E7 and Eg tinkertoys [43], we do not find a direct realization in class
S. The closest one can come® is the fixture

0

(@) Eq(a)
D, o
(@)

[(Eg)yg X (F4),4 SCFT | X [(Eg),, SCFT ]

in the Eg theory. This is a product of the desired SCFT (whose global symmetry is
(ER8)yg % (Fy)gy and (np,n,) = (352,216)) with the (Eg);4 SCFT (n4,n,) = (40,11)).
Similarly, [23] also conjectured that the T2-compactification of the (FEg, Ga) theory is

realized in Class-S as the fixture

[(Eg)s6 X (G,),s SCFT] X [(Eg),, SCFT J?

in the Eg theory. In fact, this fixture is a product of the desired SCFT with two copies of
the (Eg),, SCFT.

The fact that these fixtures yield not the desired SCFT, but rather its product with
some additional decoupled degrees of freedom, is not unheralded. Already in the case of
the T2 compactification of the (E7,SO(7)) conformal matter theory, [23] noticed that their
class-S realization, the fixture

E7811) )
0]

(AS +OA1) !

[(E;),, X Spin(7),, SCFT | + 4(56)

in the E7 theory, yields not the (E7),, x Spin(7)1s SCFT, but rather the desired SCFT
with additional hypermultiplets in the %(56) of Fr.

5This fixture was conjectured in [23] to realize the SCFT we are secking. We see here that it realizes,
instead, a product of the desired SCFT and the Minahan-Nemeschansky (Es),, SCFT.
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4.4.2 N M5 branes probing an ADE singularity on T2

The T? compactification of the (1,0) theory on the worldvolume of N > 1 M5-branes on
an ALE singularity was studied in [22, 23]. In the F-theory realization of these theories,
after successively blowing down all (—1)-curves, one reaches an endpoint which is a chain
of (—2)-curves, intersecting as an Ax_1 Dynkin diagram. Thus, these theories are not in
the class of very Higgsable SCFTs, but are instead Higgsable to a (2,0) theory. The T2
compactifications of such (1,0) theories were systematically studied in [22]. They found
that, in general, the T? compactification of a (1,0) SCFT Higgsable to a (2,0) SCFT of
type G does not give an SCFT, but rather has following structure (following the notation
of [22]):

UG, HY x V{H}

G, x H
where U*H{G, H} is a 4d N' = 2 SCFT with G x H global symmetry and V*{H} is a 4d

N = 2 SCFT with H global symmetry. These two SCFTs are coupled by G x H gauge
fields, where the gauge coupling for G is exactly marginal and can be identified with the

7o) -

complex structure parameter 7 of the torus. The gauge coupling for H is IR free.

For N = 2 Mb5-branes at an ALE singularity of type g, for each singularity type
the authors of [22] found that the theory U is a free hypermultiplet in the £(3,2) of
SU(2), x SU(2), while the theory V is a class S theory of type g.” Using our results, we
can construct this theory for g = E7 and Fj:

Singularity . . Global
Type Fixture dimcoul (nh, ny) Symmetry

0
(o) Dg

Er o O 26 | (767,630) | (Er)as x (Er)as x SU(2)r
(0]
0
(o) E;

FEgs 0 o 49 (2159, 1907) (Eg)@() X (Eg)@'o X SU(2)7
(0]

The SU(2), factor weakly gauges the SU(2); flavor symmetry carried by the non-
maximal puncture of each fixture listed above. Since this SU(2) is coupled to an additional
three fundamental half-hypermultiplets, it is infrared free.

For a general number N of M5 branes probing an ALE singularity of type g, the theory
V is the class S theory of type g on a fixture with three full punctures, i.e., the T theory.
The theory U is given by a 4d SCFT St | {SU(N), g}, which is the T2 compactification

(2,9),
of the 6d (1,0) SCFT living on N Mb5-branes at the intersection of the Horava-Witten

"For g = Agk—1 there is an additional fundamental hypermultiplet of SU(2),.
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Eg-wall and an ALE singularity of type g. It was calculated in [22] that this 4d SCFT has
flavor symmetry SU(N)an X gopv(g)42- For g = Ay_1, they identified this theory as the
class S theory on the fixture®

where the SU(V)4n global symmetry is realized as the diagonal subgroup of the SU(NN)an
flavor symmetries of the two full punctures.

For g # A, they were not able to identify this SCFT with other known 4d SCFTs. We
also do not find this theory for any g, N on any FE7 fixture. We have not yet checked if it
appears in the list of Fg fixtures, which is work in progress [43].

Mass deforming S?‘g&)’N{SU(N),g} by the SU(N) mass parameter, one obtains the
generalized quiver tail produced by colliding N — 1 minimal punctures on a sphere. For
g = Ag_1, the class S realization of this quiver tail is well-known [2]. In [22], the authors
worked out the quiver tails for g = Dy, Fg, and, from the structure of the Fg quiver tail,
conjectured the answer for g = F7 and Eg as well. Using our results, we can confirm their
prediction for E7 and Fg:

For E7, the quiver is given by

(De, SU(2))\SU(2) 1(336 ((AS)("), G

2
3(2) 12.7) (Es),, SCFT (Ep)ye X (Fy)p, SCFT  (E) SCFT

while for Fg, the quiver is

2
32 12.7) (Eg),, SCFT (Ep)ye X (Fp),, SCET  (Eg)g SCFT

Here, the (E7)q4 % (F4)yy SCFT has (np,n,) = (276,169) and graded Coulomb branch
dimensions (ds, dg, ds, d1o, d12, d14, d1g) = (0, 1,1,0,2,1,2). Colliding additional minimal
punctures gives additional copies of the (E7)3 ((Es)2,) SCFT (the T? compactification
of the E7 (Es) minimal conformal matter theory), whose properties were discussed in
section 4.4.1.

8We quote the result here for N > k. The theory for k& < N is obtained by exchanging k < N.
For k = N, they identified Szlg’w(k))w with the Ty theory with an additional free hypermultiplet in the
fundamental of SU(N).
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A Embeddings of SU(2) in E»

Bala-Carter f 56 133
Ay s0(12)  |(1,32) + (2,12) (1,66) + (2,32) + (3, 1)
24, s0(9) x su(2) (1;9,2) 4+ (2;16,1) (1;1,3) 4+ (1;36,1) 4 (2516, 2)
+(3;2,1) +(3;1,1) + (3;9,1)
(341)" fa (2;26) + (4;1) (1;52) + (35 1) + (35 26)
(A |3 xsu)| D TESD (1,8 + 0521, 1)+ (2:14,2)
+(3;6,1) +(3;1,1)+(3;14,1) + (4 1,2)
. _ (1;35) + (3; 1) + (3;15)
Az su(6) (1;20) + (3;6) + (3;6) (3:T5) + (5:1)
1A, n(3) (1;6) + (2;14) (1;21) + (2;6) + (2;14")
+(3;6) + (4;1) +2(3;1) + (3;14) + (4;6)
(1;4)_5/2 + (1;4)32 (1,1)0 + (1;15)0 4 (2;4)3/2
F(2Z 1)1+ (251) 1 +(254) 12 + (254)1/2 + (24)—3/2
Az + A1 | su(d) xu(l) | +(256)0 + (3;4)1)2 +(3;1)2 4+ 2(3;1)0 + (3;1) 2
+(3;4)_1/2 + (45 1)1 +(3;6)1 + (3;6)—1 + (4;4)_1,2
+(4;1) 1 +(4;4)1/2 + (55 1)o
(1;3,1,1) + (1;1,3,1)
. . F(131,1,3) + (22,2, 4)
Az + 24, su(2)’ (L2,51) + (%1,2,4) +(3;1,1,1) + (3;1,3,3)
+(3;2,1,3) + (4;1,2,2)
+(3;1,1,5) 4+ (4;2,2,2)
+(5;1,1,3)
4 . 4 (1;1,3) + (1;21,1) + (3; 1,1)
As s50(7) x su(2)|(1;7,2) + (4;8,1) + (5;1,2) (48.2) + (5:7,1) 4 (7:1,1)
. ' . (1;1,3) + (1;14,1) + (3;1, 1)
2A2 g2 xsu(2) [(1;1,4)+ (3;7,2) 4+ (5;1,2) BT3) 4 (5:1.3) + (5:7.1)
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Bala-Carter f 56 133
Az +3A: g2 (2;14) + (4;7) (1:14) + (3;1) + (3;27) + (5;7)
(Aa + )" so(7) | (Z7)+ (451) + (458) + (6;1) (1;5(1;.;)24(?(;71.)1? (3;8) + (5:7)
(1;4,1) + (%2,2) (1;3’1') +4(1%1’3).+ (2;3,2).
242 + Ax su(2)? +(3;2,3) + (4;2,2) +(2;1,4) +2(3;1,1) +(3;3,3)
5:2,1) +(4;1,2) + (4;3,2) + (5;3,1)
o +(5;1,3) + (6;1,2)
(1;3,1,1) + (1;1,3,1)
(1;1,3,2) + (2;2,1,2) +;1;.1’11’13)1+ (2;'2’13721;
(As + Ay su(2)° 1(3:1,2,1) + (4;2,2,1) +2(3;1,1,1) + (3;1,2,2)
5:1.2,1) 4+ (5:1,1,2) +(4;2,1,1) + (4;2,2,2)
o2 Y +(5;1,2,2) + (5;1,3,1)
+(6;2,1,1) + (7;1,1,1)
(1;3,1,1) 4+ (1;1,3,1)
(1;2,2,2) + (3;2,1,1) +(1;1,1,3) +3(3; 1,1, 1)
Da(ar) su(2)? +(3;1,2,1) + (3;1,1,2) +(3;2,2,1) + (3;2,1,2)
e +(5;2,1,1) + (5;1,2,1) +(3;1,2,2) + (5;1,1,1)
+(51,1,2) +(5:2,2,1) + (5;2,1,2)
+(5;1,2,2) +2(7;1,1,1)
12 1) 4 (2:1.3 (1;3,1) + (1;1,3) 4+ (2, 1,2)
iz .H(’ 9 +(2;2,3) +3(3;1,1) + (3;2,2)
2 +(3;1,2) + (3; 2, 1)
Az + 24 su(2) 1) 4 (4:2,9) +(4;2,1) +2(4;1,2) + (5;2,2)
L9t (611 +(5:1,3) + (6:2,1) + (6:1,2)
Lo ’) +(7:1,1)
D @) | 14) + (7:6) (1;21) + (3;1) + (7; 14) + (11; 1)
(21,1) + (2:2,2) (1;3,1) + (1;1,3) + (2;2,1)
7+E3.1 2) + 23.2 1) +(21,2) +4(3;1,1) + (3;2,2)
Dy(a1) + Ay su(2)? 7’ o F2(4:2,1) +2(4:1,2) + (5;1,1)
+2(4;1,1) + (5;1,2)
+(5.72 71)“6,1 71) +(5;2,2) 4 (6;2,1) + (6;1,2)
- o 12(7:1,1)
. . (L;1)o+ (1;3)0 + (2;2)1
Ufg;:)(z 21(3. 2) F(252) -1 + (35 1)a +2(3;1)2
+(3j 2)_1 + (4? 1)2 +2(351)0 +2(3; 1) 2 + (3;1) -4
Az +As | su(2) x u(l) 2)-2 i 1)3 F(452)5 + (4521 + (452)
+(4 1)1+ (41) 1
+(4;1)-5 + (5:2)0 +(4:2) s + (5; D2 + 2(5: 1o
+(6i 1)_+ (6; 1’) +(5;1)—2 + (6;2)1 + (6;2)—1
;1)1 ;1)1 +(7; )2+ (7;1)0 + (7;1)—2
5 (1;1)o + (1;8)0 + (3;1)o
1;3)—s/3 1;3)s/3
( +z3 1/) +( (3) 1/) +(373) 2/3 + (3 3)2/3 + (5 1)
Ay su(3) x u(1) ’ (55 )0 + (55 1) 2 + (5:3)a/s
+(5: 3)1/3 + (5 3) 1/3 _
+(7 1) + (7 1) +(573) —4/3 + (7 1) + (7; 3)_2/3
7 o +(7;3)2/3 4+ (9;1)o
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Bala-Carter f 56 133
As+ A+ Ar| su@) [(255) + (4:7) + (6;3) (1:3) + (1) +(3:5)
+(3;9) + (5;3) + (5 7) + (7;5)
" . . , (L;14) + 3 1) + (5;7) + (75 1)
(4s) 92 (4;1) + (6;7) + (105 1) (0:7) + (11:1)
Dat Ay (2) (1;4) + (2;5) + (6;1) (1;10) + (2;4) + 2(3;1) + (6;4)
+(7;4) + (8;1) +(7;1) + (7;5) + (8;4) + (11;1)
2(1o,0) +2304+2-30+21,2/3
1.9, 5/3+125/3+215/3 +2_1,2/3 + 30,0 + 30,0 + 32,2/3
+2_1,5/3+30,—1+ 30,1 +3_2,—2/3+4_12/3 +41,_2/3 +41.4/3
As+ Ay u(1)2 +411/3+4-1,-1/3+ 952,173 +4_1,_4/3 + 50,0 + 50,2 + 50,2
+52, 173 + 61,173 +6_1,_1/3 +52,_4/3 +5_2.4/3 + 61,473 +61,_2/3
+70,—1+ 70,1 +6_19/3+6_1,_4/3 + T2,2/3 + 70,0
+7_2,_2/3+81,_2/3+8_12/3+ 9,0
) ) (1;1)0 + (1;3)0 + (2;2)1
(12)2 4 (1;2)-2 (2:2) 1 + (3;1)2 + 2(3; 1)o
HEL H(3i1)-2 + (5: 1o + (6:2)
Ds(a1) su(2) x u(1) +(3;2)0 + (6;1)1 o 7 )72 T )0 i
O (7520 42T Do + (8:2)1 + (852) 1
+(& 1)1+ (8;1)-1 H(9: 1)0 + (11: 1o
(1;3) + (3;1) + (3;5) + (5;3)
A4 A2 2 3,6 5;2 7,4
+ (@) [(3:6)+(5:2) + (7 e o
(1;3,1) +(1;1,3) + (3; 1, 1)
(As) au(2)? (1;1,4) + (5;1,2) +(4;2,1) + (5,1,3) (652,3)
+(6;2,2) + (9;1,2) +(7;1,1) + (9;1,3) + (10; 2, 1)
H(11;1,1)
. . . (1:3) + (2:4) +2(3:1) + (4, 2)
As + Ay su(2) (4’3;_—2()5;2212,(37 i +(5:3) + (6:2) + (1) + (8;2)
’ ’ +(9;3) + (10;2) + (11;1)
a2+ G5+ (5:9)
Ds(a1) + Ax su(2) (2;5) + (4;1) + (6;3) + (8;3) (T3) 4+ (T:5) 4 (9:3) + (11:1)
. . ' (1;3) + 3(3; 1) + 2(4; 2) + (5; 1)
De(az) su(2) Q(i(li;)(i (2?)(-(: (11)0. ) +(6;2) +3(7; 1) + (8;2) + (9; 1)
’ ’ ’ +(10;2) 4+ 2(11;1)
(1;3) +3(3; 1) + (5: 1) +2(5; 3)
(1;4) + 2(5;2) 4 ‘
Es(as) su(2) (7:2) 4 (9:2) H(71) +(7:3) + (95 1) + (9;3)
+2(11;1)
. ' (1;3,1) +(1;1,3) + (3;1,1)
D e | YD H5:2,2) 4 (711 + (01,3
e+ (L2 +(1131,1) + (11;2,2) + (151, 1)
Er(as) - 3(4) + 3(6) + 2(8) + 10 6(3) +4(5) + 5(7) + 3(9) + 3(11)
Ag su(2) | (3;2) + (7:4) + (11;2) (1:3) + (351) + (5:3) + (7:5)
+(9;3) + (115 1) + (135 3)
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(1;3) +2(3;1) + (4;,2) + (65 2)
2;3 5;2 81
Ds + Ay su(2) (23) +(5:2) + (& 1) +(7;1) + (9;3) + (10;2) + (115 1)
+(10;1) + (11;2)
+(12;2) + (15;1)
(1;3) +2(3;1) + (42) + (6;2)
3;2 4:1 6;1
DG(al) 511(2) ( ) + ( ) + ( ) +2(7;1) +(9;1) + (10, 2) + 2(11 1)
+(9; 2) + (10; 1) + (12; 1)
+(12;2) + (15;1)
2+2(4)+6 4(3) + 2(5) + 3(7) + 2(9) + 4(11)
E7(a4) —
+8 4 2(10) + 12 +13+15
1;3)+(3;1)+(6;2) + (7;1
(1;2) + (6;1) + (105 1) (158) + (@:1) + (6:2) (7 1)
De su(2) +(10;2) +2(11; 1) + (15; 1)
+(11; 2) + (16; 1)
+(16;2) + (19;1)
13+1_34+5: lo+30+524+50+5-2+T70
Eg(a1) u(1) +5_1+91 + 94 +92 + 90 + 9-2 + 2(110) + 13,
+13; + 131 +13_2 4+ 150 + 179
e su(2) (1.4) + (9:2) + (17:2) (1;3) + (3;1) +(9;3) + (11;1)
+(15;1) + (17;3) + (23; 1)
E7(a3) — 2+6+2(10)+12+16 2(3)+5+2(7)+9+3(11)
+2(15) + 17+ 19
Br(a) B 810416418 2(3) + 749+ 2(11) + 2(15) + 17
+19 + 23
Er(a1) — 6-+12+16 422 ST+ + 15417+ 19
+23 4+ 27
FE~ — 10 4+ 18 4+ 28 34+11+15+19+23+4+27+ 35
B Projection matrices
Bala-Carter f Projection Matrix
0000010
0122211
1000000
A 50(12) 0100000
0010000
0001000
0000001
1 122211
0 111100
244 50(9) x su(2) 0 000001
1 110000
-1-101000
1 3 43222
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Bala-Carter

Projection Matrix

(3A1)"

fa

2465433
0000001
0010000
0101000
1000100

sp(3) x su(2)

3686424
0000011
0010100
0001000
1000000

Ao

s5u(6)

4686424
0000010
0000100
0001000
0010000
0000001

4A,

sp(3)

3697534
1000100
0101000
0010001

As + Ay

su(4) x u(1)

10
0

635
000
1 001
1 1.0 0000
1/21/2 1 1/2010

o O W
S O N
S =

Az + 244

4812 9 636
000 0001
000 1010
020 -1010

50(7) x su(2)

0140003
0000010
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f Projection Matrix

24,

481210846
102 1001
010 0000
000 1011

g2 X su(2)

Ay + 344

48129635
92 1022012
0100100

(Ag + Al)//

4101411857
s0(7) 0000001
0010000
1101000

245 + Ay

) 51014 11 84 7
su(2) 000 1011
100 -1001

(Ag + Al)/

6111612848
au(2)? 0100000
0000011
0001000

Dy(ar)

6121612848
5,J(Q)?) 00 0 0001
00 0 1000
00 0 0010

Az + 24

, 611161395 8
su(2) 0110000
0010101

Dy

—_
@)
—_
oo

24

—_
oo

12

—_
\)

sp(3)

o O O
o O O
O O = O

0
1
0

= o O

0
1
0

S O =

Dy(a1) + Ay

) 6121713959
su(2) 0000100
001 0000

48 —




Bala-Carter f Projection Matrix
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Bala-Carter f Projection Matrix

0001011

) 14 24 36 28 20 10 18
Ds su(2) 000 1

0000011

Er(as) — (10 20 30 23 16 9 15)

12 24 36 28 20 10 18
2001011

AG 5u(2)

11 25 37 29 20 10 19
1110010

Ds + Ay 5u(2)

14 26 37 29 20 11 19
010000

Dﬁ(al) 511(2)

E7(as) — 14 26 38 29 20 11 19

0100000

16 30 44 34 24 12 22
001011

Eﬁ(al) Ll(l)

22 42 60 46 32 16 30
0001O0T1T1

E6 511(2)

Er(a3) — 18 34 50 39 28 15 25

E7(a2) — 22 42 60 47 32 17 31

E7(a1) — 26 50 72 57 40 21 37

34 66 96 75 52 27 49

[
[
[
(
Dg su(2) (18 33 48 39 28 15 23
(
[
(
(
(
(

N | ~~— | ~— | ~—— | N N | — [~ [~ | N——

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

— 50 —


https://creativecommons.org/licenses/by/4.0/

References

[1] D. Gaiotto, G.W. Moore and A. Neitzke, Wall-crossing, Hitchin systems and the WKB
approzimation, arXiv:0907.3987 [INSPIRE].

[2] D. Gaiotto, N =2 dualities, JHEP 08 (2012) 034 [arXiv:0904.2715] [INSPIRE].

[3] J.A. Minahan and D. Nemeschansky, An N = 2 superconformal fized point with Eg global
symmetry, Nucl. Phys. B 482 (1996) 142 [hep-th/9608047] [INSPIRE].

[4] J.A. Minahan and D. Nemeschansky, Superconformal fized points with E,, global symmetry,
Nucl. Phys. B 489 (1997) 24 [hep-th/9610076] [INSPIRE].

[5] J. Teschner, E zact results on N = 2 supersymmetric gauge theories, in New dualities of
supersymmetric gauge theories, J. Teschner ed., Springer, Germany (2016),
arXiv:1412.7145.

[6] O. Chacaltana and J. Distler, Tinkertoys for Gaiotto duality, JHEP 11 (2010) 099
[arXiv:1008.5203] [INSPIRE].

[7] O. Chacaltana and J. Distler, Tinkertoys for the Dy series, JHEP 02 (2013) 110
[arXiv:1106.5410] [INSPIRE].

[8] O. Chacaltana, J. Distler and A. Trimm, Tinkertoys for the Eg theory, JHEP 09 (2015) 007
[arXiv:1403.4604] [INSPIRE].

[9] O. Chacaltana, J. Distler and Y. Tachikawa, Gaiotto duality for the twisted Aan_1 series,
JHEP 05 (2015) 075 [arXiv:1212.3952] [INSPIRE].

[10] O. Chacaltana, J. Distler and A. Trimm, Tinkertoys for the twisted D-series,
arXiv:1309.2299 [INSPIRE].

[11] O. Chacaltana, J. Distler and A. Trimm, Seiberg- Witten for Spin(n) with Spinors, JHEP 08
(2015) 027 [arXiv:1404.3736] [INSPIRE].

[12] O. Chacaltana, J. Distler and A. Trimm, Tinkertoys for the twisted Eg theory, JHEP 04
(2015) 173 [arXiv:1501.00357] [NSPIRE].

[13] O. Chacaltana, J. Distler and A. Trimm, Tinkertoys for the Zs-twisted D4 theory,
arXiv:1601.02077 [INSPIRE].

[14] O. Chacaltana, J. Distler and A. Trimm, A family of 4D N = 2 interacting SCFTs from the
twisted Aoy series, arXiv:1412.8129 [INSPIRE].

[15] Y. Tachikawa, N = 2 S-duality via outer-automorphism twists, J. Phys. A 44 (2011) 182001
[arXiv:1009.0339] [INSPIRE].

[16] P. Argyres, M. Lotito, Y. Lii and M. Martone, Geometric constraints on the space of N' = 2
SCFTs. Part I: physical constraints on relevant deformations, JHEP 02 (2018) 001
[arXiv:1505.04814] [iNSPIRE].

[17] P.C. Argyres, M. Lotito, Y. Lii and M. Martone, Geometric constraints on the space of
N =2 SCFTs. Part II: construction of special Kahler geometries and RG flows, JHEP 02
(2018) 002 [arXiv:1601.00011] [INSPIRE].

[18] P.C. Argyres, M. Lotito, Y. Lii and M. Martone, Expanding the landscape of N' =2 rank 1
SCFTs, JHEP 05 (2016) 088 [arXiv:1602.02764] [NSPIRE].

~ 51 —


https://arxiv.org/abs/0907.3987
https://inspirehep.net/search?p=find+EPRINT+arXiv:0907.3987
https://doi.org/10.1007/JHEP08(2012)034
https://arxiv.org/abs/0904.2715
https://inspirehep.net/search?p=find+EPRINT+arXiv:0904.2715
https://doi.org/10.1016/S0550-3213(96)00552-4
https://arxiv.org/abs/hep-th/9608047
https://inspirehep.net/search?p=find+EPRINT+hep-th/9608047
https://doi.org/10.1016/S0550-3213(97)00039-4
https://arxiv.org/abs/hep-th/9610076
https://inspirehep.net/search?p=find+EPRINT+hep-th/9610076
https://arxiv.org/abs/1412.7145
https://doi.org/10.1007/JHEP11(2010)099
https://arxiv.org/abs/1008.5203
https://inspirehep.net/search?p=find+EPRINT+arXiv:1008.5203
https://doi.org/10.1007/JHEP02(2013)110
https://arxiv.org/abs/1106.5410
https://inspirehep.net/search?p=find+EPRINT+arXiv:1106.5410
https://doi.org/10.1007/JHEP09(2015)007
https://arxiv.org/abs/1403.4604
https://inspirehep.net/search?p=find+EPRINT+arXiv:1403.4604
https://doi.org/10.1007/JHEP05(2015)075
https://arxiv.org/abs/1212.3952
https://inspirehep.net/search?p=find+EPRINT+arXiv:1212.3952
https://arxiv.org/abs/1309.2299
https://inspirehep.net/search?p=find+EPRINT+arXiv:1309.2299
https://doi.org/10.1007/JHEP08(2015)027
https://doi.org/10.1007/JHEP08(2015)027
https://arxiv.org/abs/1404.3736
https://inspirehep.net/search?p=find+EPRINT+arXiv:1404.3736
https://doi.org/10.1007/JHEP04(2015)173
https://doi.org/10.1007/JHEP04(2015)173
https://arxiv.org/abs/1501.00357
https://inspirehep.net/search?p=find+EPRINT+arXiv:1501.00357
https://arxiv.org/abs/1601.02077
https://inspirehep.net/search?p=find+EPRINT+arXiv:1601.02077
https://arxiv.org/abs/1412.8129
https://inspirehep.net/search?p=find+EPRINT+arXiv:1412.8129
https://doi.org/10.1088/1751-8113/44/18/182001
https://arxiv.org/abs/1009.0339
https://inspirehep.net/search?p=find+EPRINT+arXiv:1009.0339
https://doi.org/10.1007/JHEP02(2018)001
https://arxiv.org/abs/1505.04814
https://inspirehep.net/search?p=find+EPRINT+arXiv:1505.04814
https://doi.org/10.1007/JHEP02(2018)002
https://doi.org/10.1007/JHEP02(2018)002
https://arxiv.org/abs/1601.00011
https://inspirehep.net/search?p=find+EPRINT+arXiv:1601.00011
https://doi.org/10.1007/JHEP05(2016)088
https://arxiv.org/abs/1602.02764
https://inspirehep.net/search?p=find+EPRINT+arXiv:1602.02764

[19]

[27]

[28]

[29]

P. Argyres, M. Lotito, Y. Lii and M. Martone, Geometric constraints on the space of N = 2
SCFTs. Part III: enhanced Coulomb branches and central charges, JHEP 02 (2018) 003
[arXiv:1609.04404] [INSPIRE].

P.C. Argyres and M. Martone, 4d N = 2 theories with disconnected gauge groups, JHEP 03
(2017) 145 [arXiv:1611.08602] [INSPIRE].

K. Ohmori, H. Shimizu, Y. Tachikawa and K. Yonekura, 6D N = (1,0) theories on T? and
class S theories: part I, JHEP 07 (2015) 014 [arXiv:1503.06217] [INSPIRE].

K. Ohmori, H. Shimizu, Y. Tachikawa and K. Yonekura, 6D N = (1,0) theories on S*/T?
and class S theories: part II, JHEP 12 (2015) 131 [arXiv:1508.00915] [INSPIRE].

M. Del Zotto, C. Vafa and D. Xie, Geometric engineering, mirror symmetry and
6d(1,0) — 4d(nr=g), JHEP 11 (2015) 123 [arXiv:1504.08348] [nSPIRE].

Y. Tachikawa and S. Terashima, Seiberg- Witten geometries revisited, JHEP 09 (2011) 010
[arXiv:1108.2315] [NSPIRE].

S. Katz and D.R. Morrison, Gorenstein threefold singularities with small resolutions via
invariant theory for Weyl groups, alg-geom/9202002.

O. Chacaltana, J. Distler and Y. Tachikawa, Nilpotent orbits and codimension-two defects of
6d N = (2,0) theories, Int. J. Mod. Phys. A 28 (2013) 1340006 [arXiv:1203.2930]
[INSPIRE].

P. Bala and R. Carter, Classes of unipotent elements in simple algebraic groups I, Math.
Proc. Camb. Phil. Soc. 79 (1976) 401.

P. Bala and R. Carter, Classes of unipotent elements in simple algebraic groups II, Math.
Proc. Camb. Phil. Soc. 80 (1976) 1.

Y. Tachikawa, A review of the Ty theory and its cousins, PTEP 2015 (2015) 11B102
[arXiv:1504.01481] [INSPIRE].

J. Kinney, J.M. Maldacena, S. Minwalla and S. Raju, An index for 4 dimensional super
conformal theories, Commun. Math. Phys. 275 (2007) 209 [hep-th/0510251] [INSPIRE].

A. Gadde, E. Pomoni, L. Rastelli and S.S. Razamat, S-duality and 2d topological QFT,
JHEP 03 (2010) 032 [arXiv:0910.2225] [INSPIRE].

A. Gadde, L. Rastelli, S.S. Razamat and W. Yan, The 4d superconformal index from
g-deformed 2d Yang-Mills, Phys. Rev. Lett. 106 (2011) 241602 [arXiv:1104.3850] [INSPIRE].

A. Gadde, L. Rastelli, S.S. Razamat and W. Yan, Gauge theories and macdonald
polynomials, Commun. Math. Phys. 319 (2013) 147 [arXiv:1110.3740] [INSPIRE].

M. Lemos, W. Peelaers and L. Rastelli, The superconformal index of class S theories of type
D, JHEP 05 (2014) 120 [arXiv:1212.1271] [NSPIRE].

D. Gaiotto and S.S. Razamat, Ezceptional indices, JHEP 05 (2012) 145 [arXiv:1203.5517]
[INSPIRE].

J.J. Heckman, D.R. Morrison and C. Vafa, On the classification of 6D SCFTs and
generalized ADE orbifolds, JHEP 05 (2014) 028 [Erratum ibid. 06 (2015) 017]
[arXiv:1312.5746] [INSPIRE].

J.J. Heckman, D.R. Morrison, T. Rudelius and C. Vafa, Atomic classification of 6D SCF'Ts,
Fortsch. Phys. 63 (2015) 468 [arXiv:1502.05405] [INSPIRE].

~52 -


https://doi.org/10.1007/JHEP02(2018)003
https://arxiv.org/abs/1609.04404
https://inspirehep.net/search?p=find+EPRINT+arXiv:1609.04404
https://doi.org/10.1007/JHEP03(2017)145
https://doi.org/10.1007/JHEP03(2017)145
https://arxiv.org/abs/1611.08602
https://inspirehep.net/search?p=find+EPRINT+arXiv:1611.08602
https://doi.org/10.1007/JHEP07(2015)014
https://arxiv.org/abs/1503.06217
https://inspirehep.net/search?p=find+EPRINT+arXiv:1503.06217
https://doi.org/10.1007/JHEP12(2015)131
https://arxiv.org/abs/1508.00915
https://inspirehep.net/search?p=find+EPRINT+arXiv:1508.00915
https://doi.org/10.1007/JHEP11(2015)123
https://arxiv.org/abs/1504.08348
https://inspirehep.net/search?p=find+EPRINT+arXiv:1504.08348
https://doi.org/10.1007/JHEP09(2011)010
https://arxiv.org/abs/1108.2315
https://inspirehep.net/search?p=find+EPRINT+arXiv:1108.2315
https://arxiv.org/abs/alg-geom/9202002
https://doi.org/10.1142/S0217751X1340006X
https://arxiv.org/abs/1203.2930
https://inspirehep.net/search?p=find+EPRINT+arXiv:1203.2930
https://doi.org/10.1093/ptep/ptv098
https://arxiv.org/abs/1504.01481
https://inspirehep.net/search?p=find+EPRINT+arXiv:1504.01481
https://doi.org/10.1007/s00220-007-0258-7
https://arxiv.org/abs/hep-th/0510251
https://inspirehep.net/search?p=find+EPRINT+hep-th/0510251
https://doi.org/10.1007/JHEP03(2010)032
https://arxiv.org/abs/0910.2225
https://inspirehep.net/search?p=find+EPRINT+arXiv:0910.2225
https://doi.org/10.1103/PhysRevLett.106.241602
https://arxiv.org/abs/1104.3850
https://inspirehep.net/search?p=find+EPRINT+arXiv:1104.3850
https://doi.org/10.1007/s00220-012-1607-8
https://arxiv.org/abs/1110.3740
https://inspirehep.net/search?p=find+EPRINT+arXiv:1110.3740
https://doi.org/10.1007/JHEP05(2014)120
https://arxiv.org/abs/1212.1271
https://inspirehep.net/search?p=find+EPRINT+arXiv:1212.1271
https://doi.org/10.1007/JHEP05(2012)145
https://arxiv.org/abs/1203.5517
https://inspirehep.net/search?p=find+EPRINT+arXiv:1203.5517
https://doi.org/10.1007/JHEP05(2014)028
https://arxiv.org/abs/1312.5746
https://inspirehep.net/search?p=find+EPRINT+arXiv:1312.5746
https://doi.org/10.1002/prop.201500024
https://arxiv.org/abs/1502.05405
https://inspirehep.net/search?p=find+EPRINT+arXiv:1502.05405

[38] L. Bhardwaj, Classification of 6d N = (1,0) gauge theories, JHEP 11 (2015) 002
[arXiv:1502.06594] [INSPIRE].

[39] K. Ohmori, H. Shimizu and Y. Tachikawa, Anomaly polynomial of E-string theories, JHEP
08 (2014) 002 [arXiv:1404.3887] [NSPIRE].

[40] K. Ohmori, H. Shimizu, Y. Tachikawa and K. Yonekura, Anomaly polynomial of general 6d
SCFTs, PTEP 2014 (2014) 103B07 [arXiv:1408.5572] [INSPIRE].

[41] K. Intriligator, 6d, N = (1, 0) Coulomb branch anomaly matching, JHEP 10 (2014) 162
[arXiv:1408.6745] [INSPIRE].

[42] M. Del Zotto, J.J. Heckman, A. Tomasiello and C. Vafa, 6D conformal matter, JHEP 02
(2015) 054 [arXiv:1407.6359] [INSPIRE].

[43] O. Chacaltana, J. Distler, A. Trimm and Y. Zhu, Tinkertoys for the Es theory,
arXiv:1802.09626.

— 53 —


https://doi.org/10.1007/JHEP11(2015)002
https://arxiv.org/abs/1502.06594
https://inspirehep.net/search?p=find+EPRINT+arXiv:1502.06594
https://doi.org/10.1007/JHEP08(2014)002
https://doi.org/10.1007/JHEP08(2014)002
https://arxiv.org/abs/1404.3887
https://inspirehep.net/search?p=find+EPRINT+arXiv:1404.3887
https://doi.org/10.1093/ptep/ptu140
https://arxiv.org/abs/1408.5572
https://inspirehep.net/search?p=find+EPRINT+arXiv:1408.5572
https://doi.org/10.1007/JHEP10(2014)162
https://arxiv.org/abs/1408.6745
https://inspirehep.net/search?p=find+EPRINT+arXiv:1408.6745
https://doi.org/10.1007/JHEP02(2015)054
https://doi.org/10.1007/JHEP02(2015)054
https://arxiv.org/abs/1407.6359
https://inspirehep.net/search?p=find+EPRINT+arXiv:1407.6359
https://arxiv.org/abs/1802.09626

	Introduction
	The E(7) theory
	Coulomb branch geometry
	Puncture properties
	Regular punctures
	Cataloging fixtures using the superconformal index

	Tinkertoys
	Free-field fixtures
	Interacting fixtures with one irregular puncture
	Mixed fixtures with one irregular puncture
	Interacting and mixed fixtures

	Applications
	E(7)+3(56)
	Adding (E(8))(12) SCFTs
	New 6d realizations of SCFTs
	Higher-rank Minahan-Nemeschansky SCFTs
	Other low-rank SCFTs
	New SCFTs with exceptional global symmetry
	Enhanced global symmetries and Sommers-Achar group action on the Higgs branch

	Connections with 6d (1,0) SCFTs on T**2
	Very Higgsable theories on T**2
	N M5 branes probing an ADE singularity on T**2


	Embeddings of SU(2) in E(7)
	Projection matrices

