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bootstrap. This is made possible through a surprising relation between the BPS N = 4
superconformal blocks with ¢ = 6 and bosonic Virasoro conformal blocks with ¢ = 28, and
an exact result on the moduli dependence of a certain integrated BPS 4-point function.
Nontrivial bounds on the non-BPS spectrum in the K3 CFT are obtained as functions of the
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We observe directly from the CFT perspective the signature of a continuous spectrum
above a gap at the singular moduli, and find numerically an upper bound on this gap
that is saturated by the Ay N = 4 cigar CFT. We also derive an analytic upper bound
on the first nonzero eigenvalue of the scalar Laplacian on K3 in the large volume regime,
that depends on the K3 moduli data. As two byproducts, we find an exact equivalence
between a class of BPS N = 2 superconformal blocks and Virasoro conformal blocks in two
dimensions, and an upper bound on the four-point functions of operators of sufficiently low
scaling dimension in three and four dimensional CFTs.
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1 Introduction

The conformal bootstrap [1-3], the idea that a conformal field theory can be determined
entirely based on (possibly extended) conformal symmetry, unitarity, and simple assump-
tions about the spectrum, has proven to be remarkably powerful. Such methods have been
implemented analytically to solve two-dimensional rational CFTs [4-7], and later extended
to certain irrational CFTs [8-11]. The numerical approach to the conformal bootstrap has
been applied successfully to higher dimensional theories [12-29], as well as putting non-
trivial constraints on the spectrum of two-dimensional theories that have been previously
unattainable with analytic methods [30-32].

In this paper, we analyze ¢ = 6 (4,4) superconformal field theories using the conformal
bootstrap. Our primary example! is the supersymmetric nonlinear sigma model with the
K3 surface as its target space. We refer to this theory as the K3 CFT. The conformal
manifold and BPS spectrum of the K3 CFT has been well known [34-39]. Much less was
known about the non-BPS spectrum of the theory, except at special solvable points in the
moduli space [40-42], and in the vicinity of points where the CFT becomes singular [43-45].
To understand the non-BPS spectrum of the K3 CFT is the subject of this paper.

There are two essential technical ingredients that will enable us to bootstrap the K3
CFT. The first ingredient is an exact relation between the BPS A = 4 superconformal
block at central charge ¢ = 6 and the bosonic Virasoro conformal block at central charge
¢ = 28 discussed in section 3. More precisely, we consider the sphere four-point block of the
small AN/ = 4 super-Virasoro algebra, with four external BPS operators of weight and spin
(h,j) = (3, %) in the NS sector or (h,j) = (3,0) in the R sector, and a generic non-BPS
intermediate primary of weight h. This /' = 4 block will be equal to, up to a simple factor,
the sphere four-point bosonic Virasoro conformal block of central charge 28, with external
weights 1 and internal primary weight A + 1. This relation is observed by comparing
the four-point function of normalizable BPS operators in the N = 4 A; cigar CFT to
correlators in the bosonic Liouville theory, through the relation of Ribault and Teschner
that expresses SL(2) WZW model correlators in terms of Liouville correlators [46, 47].

We generalize the above argument to establish an exact equivalence between a class
of BPS NV = 2 superconformal blocks of ¢ = 3(k + 2)/k with bosonic Virasoro conformal
blocks of ¢ =13 + 6k + 6/k in section 4.

The second ingredient is the exact moduli dependence of certain integrated four-point
functions Aj;jxe of %—BPS operators (corresponding to marginal deformations) in the K3
CFT. They are obtained from the weak coupling limit of the non-perturbatively exact
results on 4- and 6-derivative terms in the spacetime effective action of type IIB string
theory compactified on the K3 surface [48, 49]. This allows us to encode the moduli of the
K3 CFT directly in terms of CFT data applicable in the bootstrap method, namely the
four-point function.

The numerical bootstrap then proceeds by analyzing the crossing equation, where
the N = 4 blocks, re-expressed in terms of Virasoro conformal blocks, are evaluated using
Zamolodchikov’s recurrence relations [8, 50]. The reality condition on the OPE coefficients,

!For noncompact target spaces, there are other interesting ¢ = 6 (4,4) non-linear sigma models including
the ALF CFT [33], for which our bootstrap method also applies.



which follows from unitarity, leads to two kinds of bounds on the scaling dimension of non-
BPS operators, which we refer to as the gap dimension Ag,, and a critical dimension
ﬁcrt. Agap is the scaling dimension of the lowest non-BPS primary that appear in the
OPE of a pair of %—BPS operators. ﬁcrt is defined such that, roughly speaking, the OPE
coefficients of (and contributions to the four-point function from) the non-BPS primaries
at dimension A > ﬁcrt are bounded from above by those of the primaries of dimension
A < ﬁm. A consequence is that, when the four-point function diverges at special points on
the conformal manifold, the CFT either develops a continuum that contains Ecrt or some of
its OPE coefficients diverge. In the case when the OPE coefficients are bounded (which is
not always true as we will discuss in section 7.4), ﬁcrt provides an upper bound on the gap
below the continuum of the spectrum that is developed when the CF'T becomes singular.

We will see that the numerical bounds on ﬁcrt and Ag,, are saturated by the free
orbifold T%/Zs CFT, as well as the Ay cigar CFT, and interpolate between the two as we
move along the moduli space. The moduli dependence is encoded in the integrated four-
point function of %—BPS operators A;;re, which has been determined as an exact function
of the moduli. Our results provide direct evidence for the emergence of a continuum in the
CFT spectrum, at the points on the conformal manifold where the K3 surface develops ADE
singularities, using purely CFT methods (as opposed to the knowledge of the spacetime
BPS spectrum of string theory [38, 43, 51]). Our bounds are also consistent with, but not
saturated by, the OPE of twist fields in the free orbifold CFT.

We further discuss analytic and numerical bounds on ﬁcrt in general CFTs in 2,3, and
4 dimensions. Using crossing equations, we derive a crude analytic bound ﬁcrt < \/§A¢,
where Ay is the scaling dimension of the external scalar operator. This bound on ﬁcrt is
then refined numerically, and we observe that it meets at the unitarity bound for Ay <1
in 3 dimensions and Ay < 2 in 4 dimensions, thus giving universal upper bounds on the
four-point functions for this range of external operator dimension.

In the large volume limit of the K3 target space, the spectrum of the CFT is captured
by the eigenvalues of the Laplacian on the K3. Using a positivity condition on the g¢-
expansion of conformal blocks and four-point functions [52, 53], we will derive an upper
bound on the gap in the spectrum, or equivalently on the first nonzero eigenvalue of the
scalar Laplacian on the K3, that depends on the moduli and remains nontrivial in the large
volume limit. Namely, it scales with the volume V as V=2 and thereby provides a bound
on the first nonzero eigenvalue of the scalar Laplacian on the K3.

We summarize our results and discuss possible extensions of the current work in
the concluding section. Various technical details are presented in the appendices. In
appendix A, we fix the normalization of the integrated four-point function by comparing
with known results at the free orbifold point. In appendix B, we review the g-expansion of
the Virasoro conformal blocks and Zamolodchikov’s recurrence relations. In appendix C,
we explain the subtle technical details on how to incorporate the integrated four-point
function A;jr, into the bootstrap equations, and also derive a bound on the integrated
four-point function by the four-point function evaluated at z = % In appendix D, we dis-
cuss how the critical dimension ﬁcrt gives an upper bound on the gap below the continuum
when the integrated four-point function diverges at some points on the moduli space.
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Table 1. A/ = 4 superconformal primaries in BPS and non-BPS representations.

2 Review of N = 4 superconformal representation theory

The small N' = 4 superconformal algebra (SCA) with central charge ¢ = 6k’, current
algebra SU(2)r and outer-automorphism SU(2)q,¢ is generated by a energy-momentum
tensor T, super-currents G4 transforming as (2,2) under SU(2)g x SU(2)out and the
SU(2)g current J%. In terms of their Fourier components L,, G4 and J?, the small N = 4
SCA is captured by the commutation relations

/

k
[[/7717 Ln] = (m — n)Lm+n + 5(7713 - m)5m+n,

m . .
Lo G2 = (5 =) Gl (Ln, 3] = =T,
2.1)
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where (0;)% are the Pauli matrices and (0:) = (0;)%€? with ey = ¢7~ = +1. Here we

are focusing on the left-moving (holomorphic) part. The subscripts r, s take half-integer
values for the NS sector and integer values for the R sector.

The NV = 4 SCA enjoys an inner automorphism known as spectral flow, which
acts as [b4],
I3 = T34k 8,0, T = Jnon
3 20 +A +A (2:2)
L, = Ly, +2nJ; +n°k'd0no0, G 7 — GTJFW

where n € Z/2. In particular, spectral flow with n € Z + % connects the NS and R sectors.

To obtain a unitary representation of the N' =4 SCA, k/ must be a positive integer.
Furthermore, if the highest weight state (N = 4 superconformal primary) has weight h and
SU(2)g spin ¢ € Z/2, unitarity imposes the constraints h > ¢ in the NS sector and h > kz/
in the R sector. There are two classes of unitary representations of A" = 4 SCA: the BPS
(massless or short) representations and the non-BPS (massive or long) representations,
which are summarized in table 1. In the full N' = (4,4) SCFT, operators which are BPS
on both the left and right sides are called %—BPS; the operators which are BPS on one side
and non-BPS on the other are i—BPS. We should emphasize that our terminology of BPS
operators exclude the currents which will be lifted at generic moduli of the K3 CFT.



The character for the BPS representation in the NS sector is

(L+yza" )14y~ 2 D) (1+ye g D) (A+y~ 27l %)
ChBPS q,Z y _ q[ 03
" H (1—¢m)2(1—22g")(1 — z2—2¢") (2.3)
00 q(k +1)m? +(2£+1) S2((K' +1)m+0) 2K +ym++1)
>< J—
e 1—272 (1+yzq7"+%)(1+y712qm+%) (1+y2*1q"”+%)(1+y*1271qm+%)

while the non-BPS NS sector character is

1 _ 1 EPRN 4 md

hnonBPS( oy) = hﬁ (l—l—yzqn 2)(1—|—y Lag™ 2)(1—|—yz Lgn 2)(1—|—y Ly—1gn 2)
R (1— 21— 22¢")(1 — 2 2q")

2((K'+1)m+0) _ —2((k'+1)m+E+1)

1— 272 ’

n=1

oo
% Z q(k’+1)m2+(2€+1)m Z

m=—0oQ

(2.4)

where z and y are the fugacities for the third components of SU(2)r and SU(2)oys, respec-
tively. The Ramond sector characters are related to the above by spectral flow.

We will now specialize to the K3 CFT which admits a small N' = 4 SCA containing
left and right moving SU(2)r R-current at level ¥/ = 1. In this case, the %—BPS primaries
in the (NS,NS) sector consist of the identity operator (h = ¢ = h = £ = 0) and 20 others
labelled by (’)ZTJEi with h = £ = h = [ = % which correspond to the 20 (1,1)-harmonic
forms on K3 (i = 1,---,20). In particular, the Weight—% BPS primaries O;ti correspond
to exactly marginal operators of the K3 CFT. Under spectral flow, the identity operator
is mapped to the unique h = h = i (=1 = % ground state O(jfi in the (R,R) sector,
whereas Oiii give rise to 20 h = h = l 0 =10=0 (R,R) sector ground states denoted by
¢IE. The K3 CFT also contains % BPS primaries of weight (s ,%) and (%, s), for integer
s > 1.2 The weight (s,3) 3-BPS primaries have left SU(2)p spin 0 and right SU(2)g
spin % They are captured by the K3 elliptic genus (NS sector) decomposed into N' = 4
characters [35, 55, 56],

ZR5 = 20chBS 4 ¢hBPS — chionBPS(90q 4 46242 + 1540¢° + - - - ), (2.5)
2
where the (s, %) BPS primaries are counted by the character
90q + 462¢° + 1540¢> + - - - . (2.6)

We assume the absence of currents at generic moduli of the K3 CFT, which may be justified
by conformal perturbation theory, so that the % BPS primaries are the only contributions
to the non-BPS character terms in the elliptic genus (2.5). While the currents (of general
spin) may appear at special points in the moduli space, they can be viewed as limits of
non-BPS operators and therefore do not affect our bootstrap analysis.

We are interested in the four-point function of O,L.lLi (or ¢I*F by spectral flow). Below
we will make a general argument, based on N/ = 4 superconformal algebra at general

*Note that the 1-BPS primaries are fermionic with half integer spin, and are themselves projected out

in the spectrum of the K3 SCFT. Rather, their integer spin (4,4) SCA descendants comprise the true i
BPS operators of the K3 SCFT.



¢ = 6k, that the OPE of two BPS primaries ¢""™ and ¢5*™ with SU(2)g spin ¢, and
¢y respectively can only contain superconformal primaries Q4™ (and descendants of), with
SU(2) g spin ¢ within the range |¢1 — la|, |61 — lo| + 1,..., 01 + €o — 1,41 + {5 and m labels
its J3 charge.® In particular, this will imply at &' = 1 for K3 CFT, only (descendants of)
the identity operator and non-BPS operators can appear. Consequently, only the identity
block and non-BPS blocks contribute to the four-point function of %—BPS primaries Ol-ii.
We start with the 3-point function

Q1™ (21)95" ™ () W=7, OB (25)]) (27)

where W=m="1772 ig an arbitrary word with J3 = —m —mj — ms under left SU( )r and
composed of raising operators L_,, J* Gaf} with n > 0,7 > 1/2, and JO , G_1/2 We
would like to argue by N = 4 superconformal invariance that such a correlator vanishes
identically. The main idea is to perform contour deformation a number of times to strip
off W—m=m1i=™m2 completely while either leaving behind a Go‘fl which annihilates 7™
or just the correlator of the superconformal primaries themselves which vanish due to
SU(2) g invariance.

Let us suppose ¢ does not belong to |1 — o, |[¢1 — o] +1,..., 01+l — 1,41 + {2. By
inserting an appropriate number of JéE at x1 and x9 in (2.7), and redistributing them by
contour deformations, we can reduce the correlator (2.7) to

(01 (1)~ (e V207, 0N (). (2:8)

We can immediately strip off all Virasoro generators L_, in W%~4-m by deforming
the contour of § & £%(z — 3)!""T'(2). This will relate the original three-point correla-
tor to the derivatives of those without L_,. Similarly, we can deform the contour of
¢ &2 (2 —23)7"J3(2) to move J3, on ¢€1’€1 to J§ on ¢Zl’€1 and ¢€2’ 2 As for Jt =

2mi
¢ &2 (2 — 23)7"JT(2), we can replace its insertion by

2mi
+ dz + —-n
(x3 —x2)J T, = —J* a1 T ﬂ‘] (2)(z —x3) " (2 — x2) (2.9)
and deforming the contour. Note that the second term in (2.9) has a vanishing contribution

01,01 or ¢€27 )

when we deform the contour to encircle either ¢y , hence the original three-

point function with an in Wt—t=m s related to another With the operator replaced by

an 41 in Wt—t=m_ Repeating this procedure a number of times, we can be replace J7,

by Jgr > Similarly we can substitute J_,, by Jy . By commuting Jé all the way to right,
we obtain a bunch of three point correlators of the form (2.8) with W*~4~™ purely made
of G*4. Consider for example the case when G+n e =4 % GHtA(2)(z — x3)™" is the

leftmost letter in W—. As before for J.

T, we can replace this insertion in the three-point

function by GT4 for n > 0 using

n-+1/2
dz

(w3 —a2)GH_) = —GH o+ o GHA(2) (2 — 23)™™(z — x2). (2.10)

3We will focus on the holomorphic part in this argument.

4Similar contour arguments have been used in [57, 58] to argue that the three point functions of BPS
primaries are covariantly constant over the moduli space.

®Note that we do not have contributions when deforming the contour past infinity for n > 0.



Iterating this a number of times, we can replace G:ﬁ_l /2 by Gl_/’;l.ﬁ Now we can commute

Gl_/g all the way to the right which will produce L_, and J,, via anti-commutators and
reduce the number of G*4’s in W*~1=™ by two. Therefore we have reduced the correlator
to that of the form (2.8) with W*~4~™ being either G*4 or removed completely. In the
former case, we can perform the replacement (2.10) and contour deformation again and
conclude the reduced three-point function vanishes. In the latter case, the resulting 3-point

correlator also vanishes due to SU(2) g invariance. This completes the argument.

3 N = 4 superconformal blocks

For the purpose of bootstrapping the K3 CF'T, we will need the sphere four-point super-
conformal block of the small N' = 4 superconformal algebra of central charge ¢ = 6, with
the four external primaries being those of BPS representations with (h,j) = (3, %) in the
NS sector, or equivalently by spectral flow, BPS representations with (h,j) = (%, 0) in the
R sector. The intermediate representation will be taken to be that of a non-BPS primary
of weight h (and necessarily SU(2)g spin 0). Let us denote the NS BPS primary by OF
(exhibiting the left SU(2) g doublet index only), and the Ramond BPS primary by ¢. We
shall denote the chiral-anti-chiral A/ = 4 superconformal block” associated with an NS sec-
tor BPS correlator of the form (O (2)O~(0)O*(1)O~ (<)) by f,jl\/:4’NS(z) (see figure 1),
and the corresponding block with R sector external primaries, associated with a correlator
of the form (¢ (2)pf(0)of (1) (c0)), by .7:}]1\/:4’1%(2). The NS and R sector blocks are
related by

FNTANS () = 273 (1 — 2) 2 FV4E (), (3.1)
Note that the j = % BPS representation does not appear in the superconformal block
decomposition of the BPS four-point function in the K3 CFT, because neither the %—BPS
nor the %—BPS operators appear in the OPE of a pair of %—BPS primaries, as demonstrated
in the previous section. The identity representation superconformal block, on the other
hand, can simply be obtained by taking the A — 0 limit of ]-“,/l\f =4(2).

Claim. The chiral-anti-chiral ¢ = 6 N = 4 superconformal block with BPS external pri-
maries and internal non-BPS primary of weight h is identified with the bosonic Virasoro
conformal block of central charge ¢ = 28, with external primaries of weight 1, and shifted
weight h + 1 for the internal primary, through the relation

FNARG) = 22 (1 — 2)2 FYi%(1,1,1, 1 h + 15 2). (3.2)

C

Here FY"(hy, ha, hs, hy; h'; 2) denotes the sphere four-point Virasoro conformal block with
central charge ¢, external weights h;, and internal weight h'.%?

50One can apply a similar procedure if fo is the leftmost letter in W ™.

"By a contour argument similar to the one in section 2, one can show there is only one independent
OPE coefficient between two BPS superconformal primaries.

8We will omit the N/ = 4 superscript for the N = 4 superconformal blocks from now on, but keep the
superscript Vir for the bosonic Virasoro conformal blocks.

9A similar relation between superconformal blocks and non-SUSY blocks with shifted weights was found
in [29, 59-61] for SCFTs in d > 2.



O0*(2) 0~(0)
FY=NS () = h

O™ (1) O~ (o0)

Figure 1. The chiral-anti-chiral ¢ = 6 NS N = 4 superconformal block with external BPS primaries
O* and intermediate non-BPS primary of weight h.

We will discuss an explicit check of (3.2) on the z-expansion coefficients of the confor-
mal block in section 4.

3.1 N =4 Ap_, cigar CFT

We will justify the above claim by inspecting the N' = 4 A; cigar CFT, which can be
described as a Zg orbifold of the N’ = 2 superconformal coset SL(2)/U(1) at level k = 2.19
This is a special case of the N' = 4 A;,_; cigar CFT, constructed as a Zj orbifold of the
product of N =2 coset SCFTs [43, 62, 63],

SL(2),/U(1) x SU(2)./U(1). (3.3)

The N = 4 Ay_; cigar theory has 4(k — 1) normalizable weight (3, 3) BPS primaries, cor-
responding to 4(k — 1) exactly marginal deformations,'! and a continuum of delta function

normalizable non-BPS primaries above the gap
1
2k

in the scaling dimension. Later when we consider a sector of primaries with nonzero

Acont = (3'4)

R-charges, the continuum develops above a gap of larger value and there may also be
discrete, normalizable non-BPS primaries below the gap. The continuum states are in
correspondence with those of the supersymmetric SU(2);, x Ry CFT, where Ry is a linear
dilaton, with background charge 1/ V'k, which describes the asymptotic region of the cigar.

3.2 Four-point function and the Ribault-Teschner relation

Let us recall the computation of the sphere four-point function of the BPS primaries in

the Ag_q cigar CFT, studied in [47]. The weight (i, i) %-BPS RR sector primaries lie in

the twisted sectors of the Zj orbifold, labeled by an integer £+ 1, with £ =0,1,--- |k — 2.
Note that £ 4 1 is also the charge with respect to a Z; symmetry that acts on the twisted
sectors, and is conserved modulo k. They can be constructed from SL(2) and SU(2) coset

primaries as either
1 1
+ _ 1565 5)y,s
VRg = Vg 042 042 Vg
’ T2 02 27

1
3%, (3.5)
2

The k of the N’ = 4 Ay_; cigar CFT is not to be confused with the level k' of the N’ = 4 algebra. In
particular, the Ax_; cigar CFT has ¢ = 6 and hence k¥’ = 1 for its N = 4 algebra.
1Tn the 6d Ag_1 IIA little string theory, they parametrize the Coulomb branch moduli space R4<k71>/5'k.



or

— SZ’(%7%) su, _%»_%)
VRj = Vg 42 e+2Ve ¢ . (3-6)
2:7 T2 0 2 2072

Here %an(fﬁm (z,2) and Vj‘fur’rfﬁ;lj)(z, Z) are the spectral flowed primaries in the SL(2)/U(1)
and SU(2)/U(1) coset CFTs, respectively. n,7 and n/', 77 are the spectral flow parameters in
the N =2 SL(2)/U(1) and SU(2)/U(1). The holomorphic weight of the N' = 2 SL(2)/U(1)

. sl’n .
coset primary V;'(2) is

—j(i + 1)2’ (m + 77)2 + 7722’ (3.7)

while the holomorphic weight of the N =2 SU(2),/U(1) coset primary Vj‘fug,,(z) is

(i 1) — ! 2 2
](]+ ) (m+7l) _’_777' (3.8)
k 2
We have the identification VR_7 = V];{ P
The correlator of interest is
(Vi (5 Vi OV (DVi (00)) (3.9)

where the operators are arranged so that the Zj, charge is conserved. The SL(2)/U(1) part
of the correlator was determined in [47], using Ribault and Teschner’s relation [46] between
the bosonic SL(2) WZW and Liouville correlators. The result is of the form (see (3.37)
and (3.39) of [47])*?

N2 <[+kl)2+%|1 _ Z|£+%_(e+kl)2
< 4p A (3.10)
X / C<a1, a9, Q + ZP) C(Ozg, a4, 9 — 7,P> ’FVIr(hl, hQ, h3, h4; hp; Z)’2
o 2m 2 2
Here FVi¥(hy,--- ; hp;2) is the Virasoro conformal block with central charge ¢ = 1 + 6Q2.

N is a normalization constant. @ is the background charge of a corresponding bosonic Liou-
ville theory, and «; are the exponents labeling Liouville primaries of weight h; = a;(Q — ;).
They are related to k (labeling the Ay_; cigar theory) and ¢ (labeling the BPS primaries) by

1 1
=b+ - b2 = —
Q +b7 k?
! —
Ozl:()éz:ﬁb, a3:a4ng,
2 2 (3.11)
By — by = LF2EE—0 '
1 — 2 = Ak )
(k+04+2)(k—10)
hy = hy = .
3 4 Ak

12Note that the identity block does not show up in the cigar CFT four-point function because the identity
operator is non-normalizable. This can also be understood from the normalization when compared with
the K3 CFT discussed in section 6.2.



Note that the Liouville background charge @ is not the same as the background of the
asymptotic linear dilaton in the original cigar CFT (which is 1/vk). The weight of the
intermediate continuous state in the Liouville theory is

Q

hp = ap(Q — ap), Oép:§+iP, P eR. (3.12)

C(aq, g, a3) is the structure constant of Liouville theory [8, 64],

Clor,az, a5) = 72 %o [y X(20)
T T(Zaz —Q)T(Ozl +a2—a3)T(a2+a3 —Odl)T(Oé;g—i-Oq —Ozg)’
(3.13)
is the dual cosmological constant to g with vy(z) = I'(x)/T'(1 —x),

where i = Wuv(bz)bZ*sz

Ty = Y'(0), and

o) — D@2 b7

T Ta(alb, b2 (Q — alb,b=1) (3.14)

Here TI'y(z|ai,az) is the Barnes double Gamma function [65]. Y(«) has zeroes at
a=-nb—m/band a = (n+1)b+ (m + 1)/b, for integer n, m > 0.

The integration contour in (3.10) is the standard one if o; lie on the line %—l—iR. We need
to analytically continue «; to the real values given above. In doing so, the integral may pick
up residues from poles in the Liouville structure constants. These residue contributions, if
present, correspond to discrete intermediate state contributions [66]. We will have more to
say about these discrete intermediate state contributions to the four-point function (3.10)

in the N'=4 Aj_; cigar CFT in section 7.4.

3.3 Four-point function of the N' =4 A; cigar CFT

Now we shall specialize to the A; theory (i.e. £ = 2). In this case, the asymptotic region of
the cigar CFT is simply given by one bosonic linear dilaton Ry, with background charge %,
and 4 free fermions. Note that the non-BPS A = 4 character with ¢ = 6 (and necessarily
with SU(2) g spin j = 0) is identical to the oscillator partition function of one chiral boson
and 4 free fermions. Thus, the non-BPS superconformal primaries of the N' =4 A; cigar
CFT are in one-to-one correspondence with exponential operators in the bosonic part of
the asymptotic linear dilaton CFT, of the form

Vo = €% with o = 2\1/5 +iP, P€R. (3.15)
Importantly, these non-BPS primaries are labeled by the same quantum number, a real
number P, as the intermediate Liouville primaries in (3.10).

The result (3.10) that expresses the BPS four-point function in terms of Virasoro
conformal blocks labeled by the Liouville primaries V,, then strongly suggests that in the
A1 theory, the N/ = 4 superconformal block decomposition is identical to the decompo-
sition (3.10) in terms of Virasoro conformal blocks. Here, the Virasoro block is that of
central charge

c=1+6Q* =28, (3.16)



with external weights h; = 1 ((3.11) with k& = 2, £ = 0). Next, we want to relate the
intermediate Liouville primary with weight hp to the corresponding N' = 4 non-BPS
primaries in the A; cigar CFT. The non-BPS N = 4 primary, in the SL(2)/U(1) coset
description, would be constructed from an SL(2) primary of spin'3

1
j:—§—n@R P €R, (3.17)
with conformal weight
(7 +1 1
h:ﬂﬁf):8+ﬁ. (3.18)

On the other hand, by the relation of Ribault and Teschner (see also (3.17) of [47]), the
intermediate Liouville primary in (3.10) is labeled by the exponent ap given by
1 Q
= bj+ — =2 1P 3.19
ap bj + 55 =9 7! (3.19)
Using (3.12), we obtain the weight of the intermediate Liouville primary in terms of P
labeling the SL(2),/U(1) coset states in (3.17),
9 2
hp = 5+ P (3.20)
This leads us to identify the relation between the Virasoro primary weight hp and the
weight of the non-BPS primary in the corresponding N = 4 superconformal block,

hp =h+1. (3.21)

Including the z-dependent prefactor in (3.10) in (the k = 2, £ = 0 case), and matching the
normalization in the z — 0 limit, we then deduce the relation (3.2).

4 N = 2 superconformal blocks

The ¢ = 6 N = 4 superconformal block with BPS external primaries is in fact identical to
the chiral-anti-chiral channel superconformal block of the N = 2 subalgebra.'® This follows
from the fact that a non-BPS weight h representation of the N'= 4 SCA decomposes into
an infinite series of N' = 2 non-BPS representations of weight h + 7”72 and U(1)g charge
m [67], with m = 0,1,---. By a similar contour argument as in section 2, only the U(1)g
neutral A/ = 2 primaries and their descendants can appear in the OPE of the external
chiral operator ¢ and anti-chiral operator ¢—,'® hence the claim.

3 The v/2 is introduced to match with the convention in (3.10).

14We thank Sarah Harrison for a discussion on this issue.

'5One can in fact reach a more general statement based on A/ = 2 SCA. The OPE of two (anti)chiral
primaries with U(1)r charge ¢1 and g2 can only contain a primary (and descendants of) with U(1)r charge
g3 if g1 <0and g1 +q2 —q3 < 0or ¢ >0 and g1 + g2 — g3 > 0. In particular when we consider the OPE
of one chiral and one antichiral primaries with opposite U(1)r charges, only the U(1)r neutral primaries
(and descendants) can appear.

~10 -



o7 (2) ¢~ (0)

=2,c=3012 Ng
4,—q,4,—qlh

(2) = h

ot (1) ¢~ (00)

w NS N = 2 superconformal block with external

chiral/anti-chiral primaries ¢* of weight % and U(1)g charge +¢ = + (HTQ), and intermediate

U(1) g neutral non-BPS primary of weight h.

Figure 2. The chiral-anti-chiral ¢ =

More generally, one can extract the chiral-anti-chiral NS superconformal block (see
figure 2) of a general N' = 2 SCA with central charge ¢ = w from the N' = 2
SL(2),/U(1) cigar CFT. For instance, by a similar argument as in sections 3.2 and 3.3,
one can show that the ¢ = w N = 2 superconformal block with external chiral or

anti-chiral operators of weight % and U(1)g charge ¢, —q, q, —q, with'®

042

e =00 k-2, (4.2)

q

and the internal U(1)r neutral non-BPS primary with weight h, is related to the bosonic
Virasoro conformal block of central charge ¢ = 13 + 6k + % by

=2,c=3042) Ng o (r2)(k—t-2) (s
4,—4:9,—qlh ( = 2k —2) o "
><}i£§&ﬁm+g (hwfhﬂ,hwfhﬂ;h4-k112;z>7 '
where
h”:(£+aﬁ%_£X hﬂZ(k_ngj£+2x (4.4)

Note that in the special case when & = 2 and ¢ = 0, the N/ = 2 block becomes identical
to the N/ = 4 block as argued above and (4.3) reduces to the claim (3.2). The shift in
the intermediate weight hp = h + % comes from the difference between Q?/4 and 1/4k,
similar to (3.18) and (3.20) in the & = 2 case. We have checked directly using Mathematica
that (4.3) (and therefore (3.2) as a special case) holds up to level 4 superconformal descen-
dants with various values of ¢ in (4.2). We expect (4.3) to hold for (anti)chiral primaries
with general U(1)g charges and central charge ¢ = 3(k + 2)/k by analytic continuation
in ¢ and k.

The details of extracting the BPS N = 2 superconformal blocks of general central
charge from the cigar CFT will be presented elsewhere.

1Under spectral flow, the NS sector chiral primaries are mapped to R sector ground states with R-charges

U+

1
? — 5 L=01 k=2 (4.1)

- 11 -



5 The integrated four-point functions

In this section we discuss the integrated four-point function of %—BPS operators, whose
exact moduli dependence will be later incorporated into the bootstrap equations (see
section 7.3 and appendix C). The integrated sphere four-point functions A;ji; and Bjj ki
are defined as [49]'7

‘/lﬁzu\SIH-—z|t1<¢ﬁR<azo RR(0)6FR(1) 65 00)) (5.1)
0;i0 0ik0; 04005
= 2m < js L kt 4 éu]k) + Aijke + Bijges + Birjet + Bigjru + O(s%,12,u?),

where ¢t are the RR sector %—BPS primaries of weight (i, %) that are related to NS-NS %-
BPS primaries (’)Z?ti by spectral flow, and the variables s, t,u are subject to the constraint
s+t+wu = 0. A by definition is symmetric in (ijkl). Bj;k is symmetric in (ij),
(kl), and under the exchange (ij) <> (kl). Furthermore, Bjj; is subject to the constraint
Bij ki + Bikyj + Bajrk = 0. Ajjre is also known as the tree-level N = 4 topological string
amplitude [68, 69].

The first term in (5.1) is related to the tree-level amplitude of tensor multiplets in type
IIB string theory compactified by K3 at two-derivative order. In particular, it captures
the Riemannian curvature of the Zamolodchikov metric on the K3 CFT moduli space.
Moreover A;jr; and B;j i can be identified as the tree level amplitudes of tensor multiplets
in the 6d (2, 0) supergravity at 4- and 6-derivative orders respectively. They can be obtained
from the weak coupling limit of the exact results for the 4- and 6-derivative order tensor
effective couplings determined in [48, 49]. In this paper, we will make use of

© T
Wi 62

P ot
RET 1672 Oyidyi OyF oy

where F is the fundamental domain of PSL(2,Z) acting on the upper half plane, A is the
even unimodular lattice I'yp 4 embedded in R20’4, which parameterizes the moduli of the
K3 CFT, and the theta function ©, is defined to be

N =y? 02 il 4 2mily -
OAly|T, 7) = 77 ;;J”L“”R ey, (5.3)
S

Here ¢;, and /R are the projection of the lattice vector ¢ onto the positive subspace R?? and
negative subspace R?* respectively. The lattice inner product is defined as £ o ¢ = 6% — ﬁ%.
y is an auxiliary vector in the R?°, whose components are in correspondence with the 20
BPS multiplets of the K3 CFT. Note that in (5.2), the integral is modular invariant only
after taking the y-derivatives and restricting to y = 0.

The expression (5.2) is obtained from the weak coupling limit of (1.3) in [49] (by
decomposing I's1 5 = I'yg 4 ® I'1 1, and taking a limit on the I'; ;). The normalization can
be fixed by comparison with an explicit computation of twist field correlators in the T%/Zs

"More precisely, this integral is defined by analytic continuation in s, ¢ from the region where it converges.

- 12 —



free orbifold CFT, as shown in appendix A. There is an analogous formula for B;; ;; as an
integral of ratios of modular forms over the moduli space of a genus two Riemann surface.

If we assume that all non-BPS primaries have scaling dimension above a gap A,'® one
can derive an inequality between the integrated four-point function Aj111 of a single %—BPS
primary ¢1, and the four-point function f(z, z) itself evaluated at a given cross ratio, say
z= %, of the form (see appendix C.1)

Apinn €340+ M(A) [f(1/2) = fol - (5.4)

Here Ap and fyp are constants, and M(A) is a function of A that goes like 1/A in the
A — 0 limit. Since Aj111 is known as an exact function of the moduli, this inequality will
provide a lower bound on f (%) over the moduli space. In particular, it can be used to show
that f (%) diverges in the singular CFT limits.

6 Special loci on the K3 CFT moduli space

Some loci on the moduli space of the K3 CFT are more familiar to us, such as near the
free orbifold points'® and where ADE singularities develop. This section reviews certain
properties of the K3 CFT at these special points, that will allow us to check the consistency
of our bootstrap results in section 7. In fact, some of the examples we discuss here will
saturate the bounds from bootstrap analysis.

6.1 T%/Z, free orbifold

There is a locus on the K3 CFT moduli space that corresponds to the Zs free orbifold of
a rectangular T% of radii (R1, Ro, R3, Ry4). Let us first consider the twisted sector ground
state in the RR sector o(z, ), associated with one of the Zy fixed points. Its OPE with
itself will receive contributions from all states in the untwisted sector with even winding
number [70], which has a gap of size 1/ max(R;)? (here we adopt the convention o/ = 2).
The four-point function of o(z, z) is [71, 72]

3
ok

B |2(1 —2)|7t vL
(2 = = Fmp— Y alx)zaz) (6.1)

(pL,pR)EA

where?® q(z) = exp(in7(2)), T(2) = iF(1 —2)/F(2), F(2) = 2F1(3, 3,1|2) = [03(q(2))]?,
and the lattice A = {(p},p%) = {(%—i— m;Ri, % - m;Rl)\n’ € Z,m' € 27} which is v/2 times
the (4,4) Narain lattice for a rectangular 7% with different radii R, = v/2R;. Note again
that the untwisted sector operators with odd winding numbers are absent in (6.1) due to the
selection rule in the orbifold theory [70]. The map z — ¢(z) is due to Zamolodchikov [8, 50]

and is explained further in appendix B. The range of this g-map is shown in figure 3.

8Note that the assumption of a nonzero gap holds in the singular CFT limits where the K3 develops
ADE type singularities, but obviously fails in the large volume limit.

9Free T* orbifold points on the moduli space of the K3 CFT fall in the following classes: T*/Z2, T*/Zs,
T4/Z4 and T4/ZG. They share similar qualitative features and we will only discuss the T4/Zg case in
detail here.

*°Our convention for 3(q) is 03(q) = >, q"2, with ¢ = ™.
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-0.101

Figure 3. The eye-shaped region bounded by the dashed line is the range of ¢(z) under one branch
of the g-map (B.2). The regions Dy, Dy and D3 each contains two fundamental domains of the S3
crossing symmetry group. See appendix B.

The four-point function evaluated at z = 1/2 has a particularly simple expression

4

4
f(1/2,1/2) = FAE [1163(e7™5)05(e=/55)| > 4. (6.2)
=1

The minimal value is achieved by a square 7% at radius R; = 1 (or R, = v/2). Note that
R; = 1 is not the self-dual point for the 7% since we set o/ = 2. Later in section 7.2
and section 7.3, we will compare the twisted sector four-point function with our bootstrap
bounds on the gap in the spectrum.

Next let us consider the four-point function of untwisted sector operators. The NS
sector %—BPS operators in the untwisted sector can be built from the free fermions waA(z),
which satisfy the OPE

3_AB
e (6.3)

WA= (0) ~ —

From the bilinears of 1)*4 we have either the SU(2)p current ¢*4¢%Be,p which is an
N = 4 descendant of identity or the current 1®4)#B €qp which is a weight (1,0) non-BPS
superconformal primary.

Consider a single %—BPS operator in the untwisted sector of the free orbifold theory
O+ = %wiAQZiBeAB. Its four-point function is,

__ 1 1 1
Z) = (0T (2,2) 0~ (0)0T T (1) = —4+1-— - —. 6.4
f(22) = (O (290000 ()0 (o) = L +1- - L (6
In the OPE between Ot and O™, the lowest non-identity primary is eagecp

YHAYTBY=Coy=D ¢ of weight (1,1). This will show up as a special example in section 7.2
and section 7.3 when we study the bootstrap constraint on the gap in the spectrum. Note
that the integrated four-point function A1111 at the free orbifold point T4 /Zs is zero as can
be checked explicitly from (5.1) and (C.1).

— 14 —



More generally, we can consider two %—BPS operators qﬁlii and qﬁéﬁi in the untwisted
sector,
1T =0t P Mg, ¢y = ¢ Mg, (6.5)

where Mg and M 4zp are some independent general 2 x 2 complex matrices. Below we
will show that if the identity block is absent in the OPE of a %—BPS primary qﬁlii in the
untwisted sector with itself, the (1,0) non-BPS primary must appear in the OPE of qblii
with any other %-BPS primary <Z>;EjE in the untwisted sector if the identity block appears
there. The OPE coefficient of the identity block in the ¢1¢1 OPE is proportional to
det(M), whereas that in the ¢1¢y OPE is proportional to eABe“P Mo Mpp. Therefore,
we require det(M) = 0 but eABe“P Mo Mpp # 0 to exclude the identity in the ¢1¢; OPE
but not in the ¢1¢2 OPE. If the (1,0) primary is absent in the ¢;¢2 channel, we require
eE“PMacMpp < eqp with a nonzero proportionality constant. This is in contradiction
with det(M) = 0.

In this case, the lowest primary in the ¢;¢; OPE would be a (1,1) non-BPS primary
which combines the holomorphic (1,0) primary with its antiholomorphic counterpart. In
other words, if the ¢;¢; channel does not contain identity whereas the ¢;¢; channel contains
identity, Agap = 1 in the ¢;¢; channel and Ag,p, = 2 in the ¢;¢; channel. As we will see
in subsection 7.4, if we take ¢; to be the complex conjugate of ¢;, this corresponds to a

special kink on the boundary of the numerical bound for the (¢¢@¢) correlator.

6.2 N =4 Aj_; cigar CFT

We have already introduced the N' = 4 Aj_; cigar CFT in section 3. Here we will focus
on its continuous spectrum and divergent OPE coefficients.

We will consider the RR sector 3-BPS primaries V;j, and Vi, ((3.5) and (3.6)) [49,
—2

73, 74] with Z, charge (¢ + 1). Here £ ranges from 0 to |552]. For ¢ between |"52| + 1
and k — 2 we use the identification Vj , = ng_Q_g.

Continuum in the cigar CFT. As already mentioned in (3.4), in the OPE between
Vg ¢ and Vi ,, there is a continuum of delta function normalizable non-BPS primaries above

A= o (6.6)
Here we have adopted the notation that will be used in subsection 7.4 where we denote
ng by ¢ and V5, by .

’ Let us move c7)n to the lowest weight operator that lies at the bottom of the continuum
in the OPE between Vi, and V}i,. This operator can be factorized into the SL(2);/U(1)
and SU(2),/U(1) parts.’Let us denote the lowest holomorphic weights of the operators in
the two parts by h* and h*“, respectively.

h* can be determined by studying the four-point function (3.10) together with the
fusion rule in the N =2 SU(2);,/U(1) coset. The leading 2 power in (3.10) is

J— R J— ‘h = — p— p—
ok +4]+hp hi—hs, with hp 4,h1 ho i ;
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where we have used (3.11) and hp = ap(Q — ap) with ap = /2 for the lowest dimension
state in the continuum. Recall that Q = vk + ﬁ is the background charge of the corre-
sponding bosonic Liouville theory in the Ribault-Teschner relation. Writing the four-point
function (3.10) in the conformal block expansion, (6.7) is the power of z in the N = 4 su-
perconformal block with intermediate state being the bottom state in the continuum and

11
external states being VZZ’Z(HQ;H?) (the SL(2)/U(1) part of Vi ,). The holomorphic weight
2072 02 ’
of the latter is given by (3.7) to be ;- + 1. Hence,
g [+1D2 17 (k+1)2 (£+2)(2k—10) 11
= - — —4+-. 6.8
h [ ok 4| Tk 2k ACTREE (6.8)

As for the SU(2)/U(1) part, the lowest dimension intermediate operator in the OPE

between two V; “ is V;g’(l’l), whose holomorphic weight is given by (3.8),

2020

(+1 1
su_ T L 6.9
h —+ 3 (6.9)

o

cont 1 the continuum

Adding h®" and h*" together, we obtain the lowest scaling dimension A
of the OPE channel between V;{ , and V};r 0

(k —20—1)2

- (6.10)

Al =20 + 1) =
As we will show below, in addition to the continuum, there are generally discrete states
contributing to the four-point function (3.10) of the cigar CFT with divergent structure

constant when normalized properly.

Discrete Non-BPS primaries. As mentioned in section 3, the discrete state contri-
butions come from the poles in the Liouville structure constants C(a1, a9, ap) when we
analytically continue the external states, labeled by their exponents «;, from % + iR to
their actual values on the real line given in (3.11) [66]. The relevant factor in the Liouville
structure constant is (a3 + az — ap) in the denominator of (3.13),2! where Y(z) has
zeroes at

n n—+1
—— —mVk, and z= + (m+1VEk, n,mée Zs. 6.11
\/% \/E ( ) >0 ( )

The argument of Y (a1 + ag — ap) is deformed from @Q/2 + iR to HTIS — % +iR. By noting

that Q = Vk + ﬁ, the question of identifying the poles is equivalent to asking whether

Gt aG) e

' The factor Y (a1 4 a2 + ap — Q) in (3.13) will give other discrete states with the same weights. The
structure constant C(as, o, % — i¢P) yields an identical analysis with ¢ replaced by k — 2 — ¢, and hence

€r =

the interval

gives the same set of poles.
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contains any of the poles in (6.11). It is not hard to see that the only possible poles in (6.11)
that lie in the above interval are

=" n:0,1,---,[§—e—zj. (6.13)

Note that k > 4 for these poles to contribute.?? These poles occur at

1 3 k n
— f+—>+iP:—, 6.14
AGERE v (044
or, in other words,
1 3—k
P=i—(l+——+n]. 6.15
73 n) (049)

The imaginary shift of the momentum shifts the scaling dimension of the discrete non-BPS
primary of question from the continuum gap by the amount of 2P2, to

(k —20—1)2
2k

2(n+1)(24+ 20+ n)
k

+2P2=2(n+1) - (6.16)

ol

discrete
constant) is given by choosing n = 0,

The lowest scaling dimension A of such a discrete state (with divergent structure

Agﬁcrete =2 4(1]:_5), for k> 4. (6.17)
The normalization of structure constants. We now argue these discrete non-BPS op-
erators, when viewed as a limit of those in the K3 CFT (that is described by the cigar CF'T
near a singularity), have divergent structure constants with the external %—BPS primaries.

Let us first clarify the normalization of operators in the cigar CFT versus in the K3
CFT. In comparing the cigar CFT correlators to the K3 CFT correlators, there is a
divergent normalization factor involving the length L of the cigar. That is, let V' be some
operator in the cigar CFT, then an n-point function (V'V ---V) in the cigar CFT of order
1 really scales like 1/L when viewed as part of the K3 CFT in the singular limit. In
particular, the two-point function (V'V') goes like 1/L, thus the normalized operator in the
K3 CFT is ¢ ~ VLV, so that (¢pop) goes like L, which diverges in the infinite L limit,
for generic cross ratio.

The discrete non-BPS states discussed above contribute to the four-point func-
tion (3.10) by an amount that is a finite fraction of the continuum contribution, and
both diverge in the singular cigar CFT limit. Consequently, these discrete states in the
OPE of two %—BPS operators ¢*% have divergent structure coefficients in this limit.

22For k = 3 and ¢ = 0, the pole lies precisely at the new contour but the contribution to the four-
point function is cancelled by poles from other factors in the Liouville structure constant. In any case, the
potential discrete state lies at the bottom of the continuum and therefore does not affect the distinction
between Adiscrete With Acont.
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7 Bootstrap constraints on the K3 CFT spectrum: gap

7.1 Crossing equation for the BPS four-point function

Let us consider the four-point function f(z, z) = (¢7*%(z, 2)p?(0)p (1) (00)) of iden-
tical R sector ground states (the four-point function in the NS sector is related by spectral
flow). Decomposed into ¢ = 6 N' = 4 R sector superconformal blocks Fi*(z) (in the
z — 0 channel),

F(z2) = " Chp pnFie (2)FR (2), (7.1)
hr,hr
where
Fiz) = 22(1 - 2)2 FY (1,1, 1, 1; 1 + 1; 2), (7.2)

and FCV (hy, ha, hs, ha; h; 2) is the sphere four-point conformal block of the Virasoro algebra
of central charge c. Crossing symmetry relates the decomposition in the z — 0 channel to
that in the z — 1 channel

0="3 Cle |FRDFRL ) = FR (- ) FL (1= 2)]. (7.3)
hr,hr

This is equivalent to the statement that

0=3"CF g [ ()FE () = L (1 = ) FR (1= 2)] (7.4
A,s

for all possible linear functionals a [12]. In particular, we can pick our basis of linear
functionals to consist of derivatives evaluated at the crossing symmetric point

G = OO - (7.5)

Since oy n[Ha s(2, Z)] trivially vanishes for m + n even, we want to consider functionals
that are linear combinations of a,, ,, for m+n odd. Restricting to this subset of functionals,
the crossing equation becomes

0= ; C]%LthOt[/HA,s(Z7 Z)] ’ (76)

where for convenience we define

Has(2,2) = FiL (2)FE (2). (7.7)

Using the crossing equation, we will constrain the spectrum of intermediate primaries
appearing in the ¢ B¢ OPE, by finding functionals that have certain positivity prop-
erties. In particular, we will be interested in bounding the gap in the non-BPS spectrum,
as well as the lowest scaling dimension in the continuum of the spectrum in the singular
K3 limits.
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7.2 The gap in the non-BPS spectrum as a function of f(1/2)

We first bound the gap in the non-BPS spectrum in the OPE of identical BPS operators.
Fix a Agap, and search for a nonzero functional « satisfying?

a[Has(2,2)] >0 for A=s=0and A > Egap, s €27, (7.8)

If such a functional exists, then there must be a contribution to the four-point function
from a primary with scaling dimension below Ag,, that is not the identity. In other words,
we obtain an upper bound on the gap in the spectrum,

Agap > Agap - (7.9)

The search of positive functionals can be effectively implemented using semidefinite pro-
gramming [15, 17, 75, 76], and the optimal bound is obtained by minimizing ﬁgap.

Over certain singular loci on the moduli space of the K3 CFT, for example, the NV = 4
cigar CFT points, the four-point function at generic cross ratios diverge (away from the
singular loci, the primary operators are always taken to be normalized by the two-point
function). Since the four-point function is unbounded above on the moduli space of the
K3 CFT, this motivates us to look for a more refined ﬁgap that depends on the four-point
function. Let us first discuss how to improve Agap using the four-point function evaluated
at the crossing symmetric point f(1/2). In the next section, we will explore an alternative,
which is to bound Ag,, conditioned on the integrated four-point function Aji11, whose
dependence on the K3 CFT moduli is explicitly known (see section 5). In appendix C.2,
we bound f(1/2) below by Aj111.

The information of f(1/2) can be easily incorporated into semidefinite programming.
Define H)y ((z,2) = }'ﬁ (z)f}f“R (2) = f(1/2)da,0, s0 that aumn[Hi ((2,2)] = amn[Ha s(2,2)]
for m + n odd as before, and

0= aoo[Hh (2 2)] (7.10)
As

is equivalent to the conformal block decomposition of f(1/2). An optimal ﬁgap can be
obtained by scanning over functionals acting on H’A’ <(2, 2), except that now the functionals
are linear combinations of o, , with m +n odd as well as m =n = 0.

A word on numerics. The results of semidefinite programing depend on a set of pa-
rameters. The conformal block is evaluated to ¢”¥ order using Zamolodchikov’s recurrence
relations (see appendix B) [8, 50], and we scan over functionals that are linear combina-
tions of derivatives evaluated at the crossing symmetric point, up to d derivative orders,
namely, o, , for m+n < d. Moreover, the positivity condition is in practice only imposed
for spins lying in a finite range s < spax (but for all scaling dimensions A > ﬁgap). The
truncation on spin is justified by the unitarity bound A > s and the convergence rate of the
sum over intermediate states in the four-point function [77]. There are subtle interplays
between these parameters. For example, if we go up to d derivative order, then we need N

Z3Here and henceforth, the unitarity bound A > s is implicit. That is, positivity is enforced for
A > max(s, Agap)-
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Derivative order d ﬁgap F(1/2)min
8 2.04892 2.97672
10 2.03414 2.98401
12 2.01089 2.99507
14 2.01080 2.99513
16 2.00449 2.99806
18 2.00408 2.99823
20 2.00179 2.99923
22 2.00134
24 2.00063
26 2.00056
28 2.00030
30 2.00024
T*)Zs free orbifold: untwisted sector | Agap =2 | f(1/2) =

Table 2. The bound on the gap in the identical primary OPE, and the minimal value of the four-
point function evaluated at the crossing symmetric point, as the derivative order of the basis of
functionals is increased. Also shown are the values of the untwisted sector correlator at the T%/Zs
free orbifold point computed in section 6.1, which within numerical error saturate the bounds.

to be larger than d; empirically we find that N = d 4 10 gives a good approximation that
is stable as N is further increased. Also, as d is increased, smax should also be increased,
otherwise the bound may violate physical examples [78]. The default setting in this paper
is N = 30, smax = 40, and up to d = 20, unless noted otherwise.

Numerical results. The first two columns of table 2 show the numerical results for
the optimal ﬁgap without the information of f(1/2), for up to d = 30 derivative orders.
The conformal block is evaluated to ¢*° order to accommodate the high derivative or-
ders. Within numerical error, ﬁgap approaches 2 as we increase the derivative order. This
bound is saturated by a free fermion correlator at the free orbifold point, as was explained
in section 6.1.

After incorporating the information of f(1/2) (reverting to the default setting of pa-
rameters), we find that f(1/2) less than a certain threshold f(1/2)min is completely ruled
out (ﬁgap = 0). Above this threshold, Agap starts from Agap ~2at f(1/2) = f(1/2)min
and then monotonically decreases. Table 2 shows the values of f(1/2)min, which seem to
asymptote to f(1/2)min ~ 3 at infinite derivative order. Figure 4 plots the dependence of
Agap on f(1/2). It is observed that the limiting value Agap as f(1/2) — oo is approximately
equal to another quantity Acrt ~ 1/4 that we will introduce in the next section. Note that
for smaller values of f(1/2), the numerical bound ﬁgap appears to converge exponentially
with the derivative order d, while for larger values of f(1/2) the convergence is much
slower and we extrapolate the bound to infinite d using a quadratic fit. There seems to be
a crossover between the exponentlal convergence and power law convergence as f(1/2) in-
creases. Since Agap approaches Ay in the large f(1/2) limit, a quadratic fit (rather than,
for example, a linear fit) is justified in this limit as it works well for the latter (see table 3).
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Agap

2.0f  ~«— T*2Z, free orbifold: untwisted sector

1.5}
[ - Bound: quadratic fit

Square T* with Ri=1

1.0 T*/Z, free orbifold: twisted sector

0.5}

. : e f(1/2)
10 100 1000

Figure 4. The dots indicate the upper bound ﬁgap on the gap versus f(1/2), the four-point
function evaluated at the crossing symmetric point, at derivative orders ranging from 8 to 20. The
solid line plots the extrapolation to infinite order using a quadratic fit. The minimal f(1/2) and
maximal gap are simultaneously saturated by an untwisted sector correlator at the free orbifold
point. The shaded region represents the gap in the OPE of twist fields at a fixed point of T*/Zs
with a rectangular 7%, where the minimal f(1/2) and maximal gap are achieved by a square T* at
radii R; = 1 (1/+/2 times the self-dual radius).

The value f(1/2)min =~ 3 with Agap, &~ 2 agrees with the four point function (6.4) of
untwisted sector BPS primaries at the T%/Zy orbifold point where the numerical bound
on the gap is saturated. Furthermore, it appears that the gap in the OPE of the twisted
field o(z, z) at the orbifold point lies close to, but does not quite saturate the numerical
bound. It remains to be understood whether our numerical bound can be further improved
or there exist other operators in the OPE of BPS primaries at other points on the moduli
space that saturate the bound.

7.3 The gap in the non-BPS spectrum as a function of Aj111

A more desirable constraint to impose is the integrated four-point function Aji11, since
its dependence on the K3 CFT moduli is explicitly known (see section 5). Using crossing
symmetry, Aj111 can be decomposed into a sum of conformal blocks integrated over the
cross ratio in some finite domain. We then incorporate the equation

0=(340—Ann)+3 >  ChoA(A,s) (7.11)
non—BPS O

into bootstrap, where the integrated blocks are

_ [ zr OFE (). Ao = lim o
A(A,s)_L)’Z(l_Z”A;s( JFELG), Ao = limy [A(A,O) A]. (7.12)
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Figure 5. The integration region D = D'\ E. The left is in the ¢-plane, and the right in the
7-plane. The entire region enclosed by the solid line is D’. The region between the solid and dashed
lines is D’ \ D;, and the shaded region is its image F under z — 1 — z for the right half and
z — 1/z for the left half. The entire unshaded region inside solid line is the integration region D.
See appendix C.1.

Using semidefinite programming, if we can find a set of coefficients @ > 0 and a;, , such
that (m + n odd)

(1(3140 — A1111) + Z am,nam,n[HO(za 2)] >0,

30A(A,8) + ) amnOmnHas(2,2)] >0 for A>Agy, s€2Z

m,n

(7.13)

are satisfied, then the gap in the non-BPS spectrum Ag,, must be bounded above by ﬁgap.

However, the region of integration D has to be carefully chosen so that the integrated
blocks obey certain positivity properties at large weights, otherwise the bound cannot be
improved below ﬁgap ~ 2. More specifically, D should contain two fundamental domains
of the S3 crossing symmetry group, and have a maximal |g(z)| value on the real axis.
See appendix C.1 for a detailed discussion and a specific choice of D, and figure 5 for
an illustration.

Figure 6 shows the dependence of the numerical bound ﬁgap on Ai111; the data points
are bounds obtained at 20 derivative order, which we observe to already stabilize with in-
crementing the derivative order. We verified by testing that the bounds are not sensitive to
the choice of D.?* The results indicate that A;11; must be non-negative. Above Aj111 ~ 0,
ﬁgap starts from = 2 and monotonically decreases with Aj111. The point A1111 ~ 0 and

~

Agap ~ 2 is saturated by the integrated four-point function (6.4) of untwisted sector BPS

2We found that for a given “good” choice of D (see appendix C.1 for restrictions on D), there is a
minimum derivative order d. below which the bound is the same as that without the input of Aji11,
namely ﬁgap ~ 2. Above d., the bound suddenly exhibits the nontrivial dependence on Aj111 that is shown
in figure 6. The choice of D given in appendix C.1 is made for simplicity, and has d. = 16; other choices
may give smaller d.. However, the bound is not sensitive to the choice of D, as long as we look at derivative

orders larger than the respective d..
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2.0t T#/Z, free orbifold: untwisted sector

1.5
Square T* with Ri=1 — Bound

T#/Z, free orbifold: twisted sector
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Figure 6. The solid line shows the upper bound ﬁgap on the gap versus the integrated four-point
function Aj111, at 20 derivative order, which we observe to already stabilize with increment of the
derivative order in the range of A1111 shown here; the dots are the actual data points. The minimal
Aj111 and maximal gap are simultaneously saturated by an untwisted sector correlator at the free
orbifold point. The shaded region represents the gap in the OPE of twist fields at a fixed point of
T*/Zy with a rectangular T*, where the minimal A;1;; and maximal gap are achieved by a square
T* at radii R; = 1 (1/v/2 times the self-dual radius).

prlmames at the T4/Z2 free orbifold point. In the limit Aj1111 — o0, Agap approaches
Acrt ~ 1/4, a quantity we define in the next section. 25 Note that Aj11; is related to the
tree-level H? coefficient in the 6d (2,0) supergravity effective action of IIB string theory
compactified on K3. The consistency of string theory requires that this coefficient be non-
negative, because otherwise it leads to superluminal propagation [79]. Amusingly, here this
non-negativity follows from unitarity constraints on the CFT correlator. Again, the gap in
the OPE of the twisted field o(z, z) at the orbifold point lies close to, but does not quite
saturate the numerical bound.

7.4 Constraints on the OPE of two different %-BPS operators

By considering the four-point function (¢#F@REGRESRRY of two different RR sector %—BPS

primaries ¢f*% and ¢fF, we will be able to detect the gap Agap and Ay in two different

OPEs. The two RR primaries are chosen so that the identity block only appears in the
AR x B OPE but not in ¢fF x ¢BR or ¢ftF x ¢ff. Taking ¢f*F and ¢ to be complex

conjugates of each other, the two crossing equations are26

0="3 [Chol® [ A I FRG) — FiL (1= ) FE (1 =),

Ocexg (7.14)
0= 3 (“11Cu0l2FE )FE () = 3 |CopolPFE (1 = 2)FR (1 - 2).
Ocpxp O€cgpx¢

25Gince A1111 is bounded above by f(1/2) assuming a finite gap (5.4), and we already observed that
Agap — Am ~1/4 in the large f(1/2) limit, it follows that Agap —>Am ~1/4 in the large A1111 limit as well.
26This is not what is usually meant by “mixed correlator bootstrap”, where the crossing equation for

(pddd), (ppdP), (pppd) are all considered at the same time as in [75].
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Figure 7. The dots indicate upper bounds (Agfp,Agfp) on the gap in the respective OPEs,

at derivative orders ranging from 8 to 20. We find that Agfp is bounded above by 2, beyond
which Agfp = 0. The point (2,1) is realized by an untwisted sector correlator at the T%/Zy free
orbifold point.

By defining gis(z, Z) = .7:,? (2 ).7:R (2) + ]-"R (1-— z)]-'R (1 — z), and the vectors

) Ga,s(2:2) 0
V%= 2) = | ()G (z2) | VA= | Ga.(=2) |, (7.15)
(=1)°GA 4(2,2) —GA 4(2.2)
we can write the crossing equations compactly as
0= > 1Cu0l V=20 + D 1CssolVE%(=.2). (7.16)
Ochxé Ocpx o

By symmetry, only odd derivative order functionals act nontrivially on G, .(z, Z), and only
even derivative order ones act nontrivially on GX ,(z, 2).
To bound the gap in the two channels, we seek linear functionals @ such that

a- V >0 for A—S—OandA>A§fp, s E€Z, (7.17)
o?-VA’S>O for A—s—OandA>Agfp, s € 27, '

for some (Agap, Agg’p) Note that only even integer spin primaries appear in the ¢ft% x pftf

OPE. The crossing equation (7.16) implies that

either Agfp > A‘M’ or Agfp > Agfp (7.18)

Figure 7 shows the numerical results for the allowed region of (Aga_p, Agap) We find
that both A%%, and Agap are bounded above by ~ 2, and the point with (A%%,, AZS)~(2,1)
is realized by the OPE of untwisted sector primaries at the T*/Zy free orbifold point.
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8 Bootstrap constraints on the critical dimension A .

Over certain singular loci on the moduli space of the K3 CF'T, the following two phenomena
can occur:

e The density of states diverges, leading to a continuum in the spectrum.
e The structure constants of some discrete states diverge.

At the singular loci, some components of the integrated four-point function A;jz, di-
verge. The latter may occur in two different ways: (1) The four-point function remains
finite at generic cross ratio z, with divergent contribution to A;jx, localized at z = 0,1, 00
due to a vanishing gap in the spectrum. This occurs in the large volume limit. (2) The
gap in the spectrum remains finite (i.e., away from the large volume limit), but the whole
four-point function diverges at generic z. This is demonstrated in appendix C.2.

In higher dimensions, there exist absolute upper bounds on OPE coefficients coming
from crossing symmetry and unitarity [80]. In the following subsections, we take a moment
to study these bounds. Our discussion will motivate us to introduce a critical dimension
ﬁcrt, which is roughly the dimension above which OPE bounds exist.?”

Let At be the lowest scaling dimension at which either a continuum develops or an
OPE coefficient diverges. For example, at the N' = 4 A; cigar CFT point, there is a
continuum of states starting from Ay = 1/4. We show in appendix D that

At = min(Aconta Adis.crete) < Bcrt (81)

in the notations of section 6.2. In the following, we describe how to use crossing symmetry
to derive a numerical upper bound on &;rt that is universal across the moduli space.
We will see that ﬁcrt > 0, so that it is possible to have unbounded contributions to the
conformal block expansion from operators below ﬁcrt.

8.1 A simple analytic bound on OPE coefficients and Acrt

We begin with a simple analytic bound on OPE coefficients. Consider a four-point function
of scalars ¢ with dimension Ay, in any number of spacetime dimensions d. For the moment,
we set z = Z = x. The four-point function can be written as a positive linear combination

of “scaling blocks” z™~2A¢ 28

fz=xz=12)= ZpAJ:AQA‘?, pa > 0. (8.2)
A

Positivity of pa is a consequence of unitarity. The expansion in scaling blocks ignores
relations between primaries and descendants due to conformal symmetry.

2"These are relative bounds, namely, the OPE coefficients above ﬁcrt are bounded by the OPE coefficients
below Acy, in contrast to the absolute bounds in [80]. We define Aqy¢ more rigorously in (8.17) below.
Z8Here we adopt the convention, common in 2d, where (22)72A¢ is included in the conformal blocks.
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Crossing symmetry implies

f(@) = f(1 —x)
—(.%'_QA¢ - (1 - $)—2A¢) _ Z A (.Z'A_2A¢ o (1 - x)A—QAd))
A>0

A-20, _ (] _ p)A-24
=Y (STl e) e

where in the second line we separated out the contribution of the unit operator on the left

hand side, and on the last line we divided by it. Evaluating (8.3) at z = %, we obtain
A
1\ A—-2A,
1= - E— 4
> pa <2) A, (8.4)
A>0

In particular, suppose all operators have dimension A > 2A4. (This happens, for example,
in the 2d and 3d Ising models). Then we obtain an upper bound on the contribution of
any individual scaling block

1 A—2A4 91+2A4 A¢
— < — = .
pa (2) =A2A, (8:5)

When all A are bounded away from 2A, there is also an upper bound on the contribution
of multiple blocks, and also on the value of the four-point function itself at x = %,

1 21280 A,
2) 7 Amin — 24

where Ap, is the lowest dimension appearing in the conformal block expansion. As we
show in section C.2, if the four-point function is bounded at z = %, it is bounded everywhere
by a known function of z.

To obtain (8.5), we had to assume that only operators with dimension A > 2A, appear
in the four-point function. When operators lie below 2A,, it may be possible to have
unbounded contributions to the conformal block expansion.? Let ﬁcrt be the dimension
above which general bounds on OPE coefficients exist. We have shown ﬁcrt < 2A4.

8.2 Improved analytic bounds on Acrt

There are two ways to obtain stronger bound on OPE coefficients and ﬁcrt. Firstly, we can
include more information about conformal symmetry by writing the four-point function as

29 A simple toy example using scaling blocks is

1 n 1
|Z|2A¢ ‘1 _ Z|2A¢

+P (8.7)

where P can be arbitrarily large. This expression is crossing-symmetric and has a positive expansion in
scaling blocks. Because there exists a scaling block with A = 2A4, namely the constant P, the four-point
function can be arbitrarily large. (However, this example does not have a positive expansion in conformal
blocks.) We thank Petr Kravchuk for this example.
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a positive sum over more sophisticated blocks. For example, in any spacetime dimension,
we have

flo) =272 php(@)®,  pA >0, (8.8)

where

px) = m

is the radial coordinate of [77, 81]|. Evaluating the crossing equation at x = % then gives

, 1>A A —27,
- < — 8.10
we(3) <5 an (8.10)

This implies that OPE bounds exist whenever A > \/§A¢. In other words,>"

(8.9)

At <V2404,  (d>2). (8.11)

In two-dimensional theories, we can write the four-point function in terms of a positive
expansion in ¢®, where ¢ is the elliptic nome [8, 50, 53]. This leads to stronger bounds on

OPE coefficients and the result
™ — 3 4A¢

Aoy <
et S o et T

where ¢ is the central charge. (This bound is worse than (8.11) when A, is small

(d=2), (8.12)

compared to c.)
The best possible OPE bound comes from using the full conformal block expansion —
either global blocks in d > 2 or the appropriate Virasoro blocks in 2d.

8.3 Numerical bounds on Ecrt

The second way to improve these bounds is to consider more general linear functionals,
other than simply evaluating the crossing equation at = = % Consider the conformal block
expansion

f(2,2) = pasFas(z 2). (8.13)

A,s
Fix a dimension A and search for a nonzero functional a with the property

a[Fas(2,2) = Fas(l—2,1—2)] >0 for A > max(unitarity bound, A), s€2Z.
(8.14)

This is the same procedure as placing upper bounds on Ag,,, with exception that we do
not impose positivity for a acting on the unit operator Foo. In fact, it is sometimes helpful
to use the normalization condition

Oé[]:o’o(z, 5) — ]:070(1 —z,1— 5)] = —1. (8.15)

30The estimates 2A4 (coming from z blocks) and v/2A4 (coming from p blocks) are the same as the
reflection-symmetric points in the discussion of [82].
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Now suppose there exists « exists satisfying (8.14), (8.15), and suppose further also that
only operators with dimension A > A appear in the conformal block expansion. Then we
find a general OPE bound

pas < a[Fas(z,2) — Fas(l—2,1-2)1 (8.16)
We can now give a more rigorous definition of ﬁcrt:
At = the smallest A such that there exists nonzero « satisfying (8.14). (8.17)

If all operators in the conformal block expansion have dimension above ﬁcrt, then their
OPE coefficients obey universal bounds. By contrast, if some operators are above and some
operators are below, then the contributions above are bounded in terms of the contributions
below. See appendix D for a more detailed discussion.

8.4 Am in 2, 3, and 4 spacetime dimensions

In higher dimensional theories, we will use a slightly modified definition of ﬁcrt. The
reason is that the stress-tensor always appears in the conformal block expansion, so it is
nonsensical to impose that spin-2 operators must have dimension greater than d. The same
is true in 2d theories when using global SL(2,R) x SL(2,R) conformal blocks. By contrast,
Virasoro blocks include the contribution of the stress tensor, so the constraint (8.14) makes
sense in that case.

In higher dimensions (and for global blocks in 2d), we instead define

—~
Ascalar

ot = the smallest A such that there exists nonzero o satisfying

~

S =

A> (8.18)
unitarity bound s > 0.

a["rﬁ,s(zvz) - fA,s(l —z,1- 5)] >0 for

The quantity Ascalar agrees with ﬁcrt when ﬁcrt < d, and may differ when ﬁcrt > d.

crt

We plot As¢alar i 9 dimensions (using global blocks), 3 dimensions, and 4 dimensions

in figure 8. In all cases, the bounds are consistent with the analytic estimate ﬁcrt < \@A¢
in the regime A¢y < d, where A, and Ai‘;i‘lar agree. Beyond this regime, Ai‘;?lar eventually

jumps to a large value, and we have not explored its behavior.

Interestingly, in 3d and 4d, there are ranges of Ay where Ecrt coincides with the
unitarity bound: roughly A, < 1in 3d and Ay < 2 in 4d. For Ay in this range, there
always exist universal bounds on OPE coefficients and the size of the four-point function,

independent of any assumptions about which operators appear in the four-point function.
1‘31

~

Outside of these special cases, At is nontrivia

8.5 Ay for the K3 CFT

Now, let us finally return to the K3 CFT. Table 3 shows the numerical results for ﬁcrt
for several derivative orders, where we use the N/ = 4 conformal blocks appropriate to the

31The fact that there are universal OPE bounds when Ay < 1.7 in 4d was mentioned in [80]. We thank
Petr Kravchuk for pointing this out.
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Figure 8. Upper bounds on Aiﬁﬁlar as a function of Ay in 2 dimensions (using global conformal
blocks), 3 dimensions, and 4 dimensions. The blue line shows the analytic bound \/§A¢ on ﬁm.
The red bounds are computed numerically with derivative order 12,20, 28, with the darkest line
and strongest bound corresponding to derivative order 28. For Ay < 1in 3d and Ay < 2 in 4d, the

red bounds meet at the unitary bounds, thus giving universal OPE bounds in this range of Ag.

K3 CFT. Our results show rigorously that Ay in the K3 CFT must lie below 0.29321, at
every point on the moduli space. By extrapolating to infinite order, we find that ﬁcrt is
saturated, within numerical error, by the A; cigar whose continuum lies above Ay = 1/4.

As in section 7.4, we can consider a correlator (¢R*@RRGEREGER) for two different RR-
sector %—BPS operators that are complex conjugate of each other, and bound the divergent
operator of the lowest scaling dimension in the ¢ x @B and ¢ x ¢BF channels. We

fix (ﬁd"; A??) and search for nonzero functionals @ that satisfy

crty —crt
&.V§z>0 for A>3ffi, seZ, (8.19)
a-VP >0 for A>A se2Z. ‘
If such a functional exists, then
either ﬁfi > Afﬁi or ﬁfj; > Aﬁi’/. (8.20)
Figure 9 shows the allowed region of (Afﬁ, Afr‘i) obtained at various derivative orders.
For any fixed Aflﬁ, the bound on Afr‘i cannot be worse than the single correlator bound
Afr"i S 0.25. For Affé S 1.5, extrapolating to infinite order gives bounds on A?fi that lie

close to the single correlator bound. For AP > 1.5, the bound on A% decreases until it

crt ~ crt
reaches 0 at Afrdt’ ~ 2.
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Derivative order d Acrt
8 0.39111
10 0.36693 )
12 0.35011 A
14 0.33768 0.40f
16 0.32822
18 0.32037 0.35r
20 0.31407
22 0.30886 0.30%
24 0.30447
26 0.30075 1
28 0.29742 0.02 0.04 0.06 0.08 0.10 0.12 0.14 d
30 0.29321
quadratic fit 0.252
Aj cigar 0.25

Table 3. Upper bound ﬁm on the divergent operator of the lowest scaling dimension, as the
derivative order is increased, as well as the extrapolation to infinite order using a quadratic fit.
Also shown is the value of A.y for the Ay cigar.

ni?
0.4r
0.31

. -4 = A®A; and A, (k=3) cigar

27
0 . Single correlator bound
0.1 -

L \ A%

0.5 1.0 1.5 2.0

Figure 9. The circle dots indicate upper bounds (ﬁfﬁi,ﬁfﬁ) on the divergent operator of the
lowest scaling dimension in the respective OPEs, at derivative orders ranging from 8 to 20. At
infinite order, the bound cannot be worse than the single correlator bound 0.25 indicated by the
dashed line. We also find that A?? is bounded above by 2, beyond which Afi’ = 0. The square

crt

dots indicate the values for the A; @& A; (at (1/4,1/4)) and Ag_1 (k > 3) cigar theories.

Ajg_1 cigar CFT. Let uscomment on where the A1 cigar CFTs analyzed in section 6.2
sit in figure 9. For the cigar CFT, we take ¢'*® and ¢®F to be RR sector %—BPS primaries

VI{Z and Vg, ((3.5) and (3.6)). The continua of the Ay_; cigar CFT in pfR x pBF and

BR x BR start at AP? = (k — 2¢ — 1)2/2k and Awt = 1/2k, respectively (see (6.10)

cont con
and (6.6)). For k > 4, there are discrete state contributions to the four-point function in
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the channel ¢ftF x ¢fF starting at Agiserete = 2 — 4(1 4 £)/k. As argued in section 6.2,
their OPE coefficients are divergent when compared with a generic K3 CFT. Since Ay is
defined as the lowest scaling dimension such that either a continuous spectrum appears or
the structure constants of some states in the discrete spectrum diverge, we have

)_ G217 i p=2,3, (5.21)
|20 > '

crt — cont’ —discrete

A% = min (A, A

in the OPE channel between V;{é and V}j{é in the Ap_1 cigar CFT. On the other hand, in the
OPE channel between ng and Vg, A% = A% . = 1/2k as in (6.6). We would like to em-

crt T con
phasize that the presence of these R-charge non-singlet discrete states below the continuum
is crucial for the consistency with the bootstrap bound derived from the crossing equations.
In figure 9, the point (1/4,1/4) in the OPE of ¢¢ and ¢¢ can be realized at an A © Ay
point on the moduli space, and the other black dots at Ax_q; points with k& > 3 which

asymptote to (2,0) at large k.32

9 The large volume limit

In this section we consider the gap in the OPE of %—BPS operators in the large volume
regime of the K3 CFT. Based on unitarity constraints on the superconformal block de-
composition of the BPS 4-point function (but without making direct use of the crossing
equation), we will derive an upper bound on the gap, which remains nontrivial in the
large volume regime, and leads to an interesting inequality that relates the first nonzero
eigenvalue of the scalar Laplacian on the K3 to an integral constructed from a harmonic
2-form, and data of the lattice I'jg 3 that parameterize the K3 moduli. The eigenvalues of
the Laplacian on K3 can be studied using the explicit numerical metric in [84, 85].

9.1 Parameterization of the K3 moduli

The quantum moduli space of the K3 CFT can be parameterized by the embedding of the
lattice I'yp 4 into R20:4 " or equivalently, the choice of a positive 4-dimensional hyperplane
in the span of I'yp 4. Let us write I'yg 4 as I'1 1 @ I'1g 3, with the I'ig 3 identified with the
cohomology lattice H?(K3,7Z) [86]. Let u,v be a pair of null basis vectors of the I'y 1, with
u? =v?2 =0, u-v=1 Let Q (i =1,2,3) be a triplet of H?(K3,R) classes associated
with the hyperkahler structure of the K3 surface, normalized so that €2; - Q; = 6;;. We will
denote by B the cohomology class of a flat B-field, and by V' the volume of the K3 surface
(more precisely it is (27)* times the volume in units of a/?). An orthonormal basis of the

32The minimal resolution of an ADE singularity of rank p gives p exceptional divisors which are dual to
self-dual elements of H'''(K3), thus x4 < 19. In particular, the K3 surface can develop an Ay singularity
only for £ < 19. However our bound on Ayt is insensitive to the identity superconformal block contribution,
and applies to noncompact theories as well, such as nonlinear sigma model on ALE spaces [83] and the
N = 4 cigar CFTs.
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4-dimensional positive hyperplane is [86]

(V — %2)u+v+B
V2V ’ (9.1)
E,=—-B - Qu+Q;, i=1,23.

Ey =

Now an orthonormal basis of the 20-dimensional negative subspace can be constructed as

(V+Z)u+v+B
V2V ’ (9.2)
ea =B Wou+Wy, a=1,---,19,

€y —

where W, € span(I'1g3) are a set of orthonormal vectors that are orthogonal to €;, and
correspond to a basis of anti-self-dual harmonic 2-forms on the K3 surface.
A general lattice vector of I'yg 4 can be written as

{=nu+mv+a, (9.3)

where a € H?(K3,7) ~ I'1g,3. Let ay be the self-dual projection of «, or equivalently,
oy = Z?:1(04 -€;)8;. We have

Col=—03 4+ 0% =+ 2nm, (9.4)

and
3

(%= (- Eo)*+ ) (L Ey)?

= (@ =mB); +
We can now write the theta function

_ LI G B oo
Oryo4 (7, T|y) = 772" > qrgeemy, (9.6)

n,meZ, acl'ig 3

where y € R?, and /,-y = Z}Zgzo(—é-ea)ya. In the large volume V' limit, we can restrict to
the sum to m = 0 term, and replace the summation over n by an integral. The integrated
4-point function of BPS operators (5.2) associated with deformations of I'19 3 (as opposed
to the overall volume modulus, parameterizing the embedding of I'; 1) becomes

VV d*r ot
1672 }-72%77(7)24 Oy*0yP oy Oyd /=0

Aa676 — @19,3(7—7 7_—|y) (97)

Note that this result does not apply to the integrated 4-point function of the BPS operator
associated to the volume modulus, which in fact vanishes in the large volume limit.
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9.2 Bounding the first nonzero eigenvalue of the scalar Laplacian on K3

Let us write the four-point function of a given 5 BPS, weight (1 1 4) operator in the RR
sector ¢f*%, which is related to a weight (2, 2) NS-NS primary by spectral flow, as

(¢ (2, 2)0™(0)6 ™ (1) (00)) = [(2,2) (9.8)
We have
d?z B
A = lim ——f(2,2) + 67 lne
2 e 21— )
|2l [1=z[,|2| " >e (9.9)
_ 1 i4 / d2T@F20,4 (7—777—‘y)
167 Byt |, S T
f(z, Z) admits a conformal block decomposition (in the z — 0 channel) of the form
f(z,2) = |]:§(z)|2 + Z C’ith]ﬁi(z)f,?R(z), (9.10)
hr,hr
where according to our claim (3.2)
Fif(e) = 22 (1= 2)2 Rl (11,1, 1 b+ 15 2), (9.11)

and F " (hy, ha, ha, hy; h; 2) is the sphere four-point conformal block of the Virasoro algebra
of central charge c. We can write

F(z) = (2(1 - 2))7563(a) 29 (a), (9.12)

where the function gp(q) takes the form

[e.e]

(@) =d"5Y ang”, an>0. (9.13)
n=0

Positivity of the a,, follows from reflection positivity of the theory on the pillowcase [53].
In particular, we learn that F/%(z) obeys the inequality

(2)
03(q)"2¢" "5

Fi T (2+)
1 = 1
(2(1 = 2)7 (2x(1 — 2)) " 3603(¢:) ~2q2°
for |g(2)| < q(z4) = ¢, 0 < 2z <1l and 0 < g, < 1.

In the large volume limit, A is dominated by the contribution from light non-BPS

(9.14)

operators in the OPE, integrated near z = 0, 1 or co. Let us assume that there is a gap
Ag in the spectrum of non-BPS (scalar) primaries. We can write in this limit

d*z . FE(z)
O S M
Ao<A<A jzl<s [2(1=2) ‘ 2 ‘ Ao Ao<A<A (24(1—24))~ 393(Q*) 2q7 ¢
6 ) o
< p 2 e =2 oae) e N (£ = AP, (9.15)

In the first approximation, we have dropped finite contributions that are unimportant in
the large volume limit, where A diverges like V%, while Ag goes to zero like V2. Here A
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is a cutoff on the operator dimension that can be made small but finite, and §(< z,) is a
small positive number. Taking A to zero after taking the large volume limit, we derive the
bound (which holds only in the large volume limit)

2 1
AgA < 6m(2(1 — 24))503(qs)*(16¢4)3 [f(z) — |]:é?(z*)|2} . (9.16)
One might be attempted to take z, to be small, but f(z.) diverges in the small z, limit.
In practice, we can simply choose z, = %, and arrive at the large volume bound
1
oA < 6m03(qy) (1) [F(1/2) — |FF /] (90.17)

where ¢ 1= q(z = %) = e ™. Note that for generic Einstein metric on the K3, the
four-point function f(3) remains finite in the infinite volume limit. In this limit, we can
identify Ag = A1/2, where \; is the first nonzero eigenvalue of the scalar Laplacian on the
K3 surface, in units of /.33

Let w = w; *dz‘dzj be a harmonic (1, 1)-form that is orthogonal to the Kéahler form, nor-
malized such that 7 ng Vwiw W =1. Let OX* be the BPS primary associated with the
corresponding moduli deformation. We have for instance OF+ ~ wiﬂ}%ﬁ] , 0,7 = wz-jdﬂ 1[)’

in the large volume limit. The 4-point function of the corresponding ¢f** evaluated at
1

z=3518
(1/2) ~ / VI [5 4w'], (9.19)
where w? = www” wt = wijwkj wygw,z- Thus, we derive the following upper bound on Ay,

1
192703(q1)*(91)3 [fu(3) = 175 ()]
A1 < 25 , (9.20)
\Ff]:d 7Ty An(T)” 24@19 5(7,7)
with
34
103(1,7) = B ©19,3(7, T|Ywew), (9.21)
UJ yw—(]

where e, is the unit vector in R?° associated with the deformation O,,.

The upper bound (9.17) was derived by consideration of the 4-point function of a single
%—BPS primary O, and applies to the gap in the OPE of O, with itself. We see that in the
large volume limit, a light scalar non-BPS operator must appear in such an OPE, provided
that w is not proportional to the Kéhler form, so that A scales like v/V. As noted earlier, if
we take w to be the Kéhler form J itself, the corresponding BPS operator O; would have
an integrated 4-point function A that vanishes in the large volume limit instead, and we
cannot deduce the existence of a light operator in the OPE of O; with itself.

331t is known [87, 88] that

2 2
T 4d

<A< = 9.18

1z S A1 < 2 ( )

where d is the diameter of the K3. The compatibility with our large volume bound then demands an
inequality relating the diameter of the K3 to f(1/2) and A.
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10 Summary and discussion
Let us summarize the main results of this paper.

1. By analyzing the N’ =4 A; cigar CFT, we found an exact relation between the BPS
four-point ¢ = 6 N/ = 4 superconformal block and the bosonic Virasoro conformal
block of central charge ¢ = 28. Further, a class of BPS N = 2 superconformal blocks
with central charge ¢ = w are identified, up to a simple known factor, with

Virasoro blocks of central charge ¢ = 13 + 6k + % and shifted weights.

2. We derived a lower bound on the four-point function of a %—BPS primary by the
integrated four-point function Ai111, assuming the existence of a gap in the spectrum.
We also determined A;ji; as an exact function of the K3 CFT moduli (parameterized
by the embedding of the lattice ' 4).

3. We found an upper bound on the lowest dimension non-BPS primary appearing

in the OPE of two identical %-BPS primaries, as a function of the BPS four-point
1
2
function on the moduli space of the K3 CFT). Both vary monotonously from 2 to
%, and interpolate between the untwisted sector of the free orbifold CFT and the A

cigar CFT. It is also observed that Aji111 must be non-negative from the bootstrap

function evaluated at the cross ratio z = 5, and as a function of Aj117 (thus a known

constraints (see figure 6), which is consistent with the superluminal bound on the H*
coefficient in the 6d (2,0) supergravity coming from IIB string theory compactified
on K3.

4. Bounding the contribution to the BPS four-point function by contributions from
non-BPS primaries of scaling dimension below ﬁcm and assuming the boundedness
of the OPE coefficients, we deduce that a continuum in the spectrum develops near
the ADE singular points on the K3 CFT moduli space, and find numerically that
ﬁcrt agrees with the gap below the continuum in the A; cigar CFT, namely %.

5. We explored the possibility of the appearance of either a continuum or divergent
contribution from discrete non-BPS operators in the OPE of two distinct %—BPS
operators, near a singular point of the moduli space where the BPS four-point func-
tion diverges (beyond the A; case). The bootstrap bounds we found are consistent
with the spectrum and OPE of the N' = 4 Aj_; cigar theory, and know about the
appearance of discrete non-BPS primaries in the OPE below the continuum gap.

6. For general CFTs in 2,3,4 spacetime dimensions, we derived a crude analytic bound
ﬁcrt < ﬁAd,, where Ay is the scaling dimension of the external scalar operator. It
was observed (see figure 8) from the stronger numerical bounds on At that they
meet at the unitarity bounds for Ay < 1 in 3 spacetime dimensions and Ay < 2
in 4 spacetime dimensions, thus providing universal upper bounds on the four-point
functions for this range of external operator dimension.
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7. Independently of the crossing equation, but using nonetheless unitarity and exact
results of the integrated BPS four-point function, we derived in the large volume
regime a bound that is meaningful in classical geometry, namely an upper bound on
the first nonzero eigenvalue of the scalar Laplacian on K3 surface, that depends on
the moduli of Einstein metrics on K3 (parameterized by the embedding of the lattice
I'193) and an integral constructed out of a harmonic 2-form on the K3.

While we have exhibited some of the powers of the crossing equation based on the
full ' = 4 superconformal algebra, clearly much more can be said regarding the non-
BPS spectrum and OPEs in the K3 CFT over the entire moduli space. We would like to
understand to what extent our bootstrap bounds can be saturated, away from free orbifold
and cigar points in the moduli space. In particular, it would be interesting to compare
with results from conformal perturbation theory.

Apart from a few basic vanishing results, the OPEs of the %—BPS primaries remain
largely unexplored. Neither have we investigated the torus correlation functions, which
should provide further constraints on the non-BPS spectrum. Note that there are certain
integrated torus four-point functions, analogous to A;jx; and B;j x;, that can be determined
as exact functions of the moduli, by expanding the result of [49] perturbatively in the type
IIB string coupling.

There are a number of important generalizations of our bootstrap analysis that will be
left to future work. One of them is to derive bootstrap bounds on the non-BPS spectrum
of (2,2) superconformal theories, with input from the known chiral ring relations. To do
so, we will need to extend the results of section 4 to ones that express a more general set
of BPS NV = 2 superconformal blocks in terms of Virasoro conformal blocks (of a different
central charge and shifted weights). These relations can be extracted from BPS correlators
of the N’ =2 SL(2),/U(1) cigar CFT (or the T-dual N = 2 Liouville theory [89]), and will
be presented in detail elsewhere.

Another generalization would be to extend our analysis to (4,4) superconformal the-
ories of higher central charge, namely ¢ = 6k’ for ¥’ > 2, and use it to understand the
appearance of a continuous spectrum in the D1-D5 CFT at various singular points on its
moduli space. There is conceivably a generalization of our relation between the c = 6 N = 4
block and bosonic Virasoro blocks, to the k' > 2 case. This is currently under investigation.

Finally, our numerical bounds on ﬁcrt seem to allow for the possibility of having an
arbitrarily large four-point function when Ay 2 1 in 3 spacetime dimensions and Ay 2 2 in
4 spacetime dimensions. We are not aware of an example of such a CFT. It is conceivable
that such a CFT will be ruled out by unitarity constraints from other correlation functions,
but this remains to be seen.
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A The integrated four-point function A;j; at the T*/7Z5 CFT orbifold
point

In this appendix we compare the proposed exact formula for the integrated four-point
function A;jz; to explicit computation of the four-point function of twist fields in the T4/ 7
free orbifold CFT. The twist fields of the latter are associated with the 16 Zo fixed points
on the T4, We will focus on the case where i, j, k, [ label the same Z, fixed point (denote
by i =j =k =1=1). The result as given in [72] is

A1 = 6#2/ d’r Z exp (iﬂTﬁ% — im"ﬁ%) . (A1)

F =
ely

Here 7 is related to the cross ratio z by the mapping 7 = iF(1—2)/F(2), F = 2 F1(3, 3; 1; 2).
f474 is the Narain lattice associated with the T with all radii rescaled by V2. The factor 6
comes from the integration over the fundamental domain of I'(2), which consists of 6 copies
of the PSL(2,Z) fundamental domain F. Note that the £ = 0 term in the lattice sum leads
to a divergent integral, which is regularized by analytic continuation in the Mandelstam
variables s,t,u and then dropping the polar terms in the s,¢,u — 0 limit as before.

We will take the original T* (before orbifolding) to be a rectangular torus with radii
R;,i=1,---,4. To compare (A.1) with our exact formula for A;;,; as a function of the
K3 moduli, we need to construct the lattice embedding I'yg 4 C R?%* that corresponds to
the T%/Zy CFT orbifold, as follows. We will write R?204 = (RL)®4 @ RIS, Let (uy,v;)
be pairs of null vectors in the four RV factors, such that u; - v; = 1. Denote by w” and
w® the projection of a vector w € R?%* in the positive and negative subspaces, R?’ and

R* respectively. We can write |uF| = [uff] = 4/ %#, k| = [vff| = /52~ RI. Note that,
i h

i

importantly, R? are not to be identified with R;. Rather, they are related by (see (2.5),

(2.6) and footnote 2 of [90])
R \PRERR] )

N \/Oz/hR?

Let A; be the following vectors in the RS,

1

Al = 5(17 17 17 1> 1> 17 17 17010’07070’0’0’0)’
1

Az = 2(1,1,1,1,0,0,0,0,1,1,1,1,0,0,0,0),
> (A.3)

A3 — 5(17 170707 1) 1)0) 07 ]" ]"0’0’ 1’ 17070)’

1
Ay = 5(1,07 1,0,1,0,1,0,1,0,1,0,1,0,1,0).
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Note that A; - A; = 1 + 0;;. Let I'ig be the root plus chiral spinor weight lattice of
SO(32) embedded in the RS, generated by the root vectors (0,---,0,1,—1,0,---,0), and
(j:%, i ,:l:%) with even number of minuses. Now I'yp 4 can be constructed as the span of
the following generators

4 4
A - A .
Uy, Ai+vi—z%uj, K—Z(K-Aj)uj, EG F16. (A4)
j=1 J=1
One can verify that this lattice is indeed even and unimodular.?*
In the large R; limit, we can approximate the theta function of I'yp 4 as

4 h
TR . RiR.R3Ry i
ontyir ) ~ Lzt flig 17y = BfesRag )z, (4.5)

T2
Note that the 7-dependence of 0r  is entirely through the factor e?2Y . We can then
evaluate the integral

/ ‘1277— 9F16 (y’Ta 77—)
F

—/d27' ﬁgef‘w(yhv%)
y* F

5 n(r)* my? 0T () |
4 Ory(ylT, 7)
— ¢ dr — eI T)
ﬁf T (GO (A.6)
4 i)
my? ()] L

Here d2r = 2drdr,y. In the last line, the holomorphic function p,,(y|7) is fr,, with the
e%yQ factor dropped, due to the m — oo limit taken in going to the boundary of F.
Furthermore, only the y* term is kept in the Laurent expansion in g, and in particular
the constant term 1 in the lattice sum in 51"16 does not contribute. The only contribution
comes from the terms of order ¢ in p, (y|7), giving

d>r Or,s (YT, 7) 4 ~
B (T e I R ]
/f 3 n(r)* y! Ty? 1o (917) a'y? (A7)
In particular,
ot 10y (ylT,7) 4 64! 10_5
ol 2%2*(%)@'60:2 . (A.8)
yl y=0 F TQ T s !

The factor 60 comes from the sum of (E, - é1)® for all root vectors E, of so(32), with
€1 = (Loa 70)

34This lattice can also be used to describe the compactification of SO(32) heterotic string on a rectangular
T* with radii R? and Wilson line turned on. This can be seen from the large R? limit, where u; and v; are

approximations to primitive lattice vectors. Note that in the opposite limit, say small RY, % and 2v; are

approximations to primitive lattice vectors. This means that the T-dual Fs x Fs heterotic string lives on a

“»_. Note that the T-duality on all four circles of the heterotic T*, taking R} — &

. s Ph oy
circle of radius Ry = 2RI 2R}

is equivalent to sending R; — %, namely T-dualizing all four directions of the T4/Zz orbifold, in the type
ITA dual.
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Note that in the large radii limit, the four-point function of twist fields at a given cross
ratio in the free orbifold CF'T diverges like the volume, as is Al-jkl.% Comparison with (A.1)
then fixes the overall normalization of A;j, as a function of moduli to be that of (5.2).

B Conformal blocks under the g-map

The four-punctured sphere can be uniformized by a map T?/Zy — S? [8, 50, 53]. The
complex moduli 7 of the T2 is related to the cross ratio z of the four punctures by a map
iF(1—2)

z—=71(2) = e

F(z) =9F1(1/2,1/2,1]2). (B.1)
Because 7 lies in the upper half plane, the “nome” defined as

q(z) = exp(inT(2)) (B.2)

has the property that its value lies inside the unit disk. We shall simply refer to this map
z — q(z) as the g-map. The g-map has a branch cut at (1, 00); the value of g(z) covered
by one branch is shown in figure B.2, and crossing to other branches brings us outside this
eye-shaped region. Also shown are the regions D1, Dy, D3 defined by

1
Dy : |z| <1, Rez<§,

1
Dy: |z—-1]<1, Rez > 2 (B-3)
Dy : |z >1, [1—z>1,

each of which contains two fundamental domains of the Ss crossing symmetry group.
The holomorphic Virasoro block for a four-point function (O1(2)O02(0)O3(1)O4(c0))
with central charge ¢, external weights h;, and intermediate weight h has the following

representation
FY™(hy, hlz) = (16g)" 55 o35 k2 (1—g) 50 ~M1=hs[(q)) 5 (A2, hlq).
(B.4)

If we define

C146Q% Qebil =@ ) A :3<T+nb) (B.5)

9 b’ m,n 4 m,n’ m,n 2 b 9
then H()\?, h|q) satisfies Zamolodchikov’s recurrence relation [8, 50]
qm"Rmn ({Ni

m,n>1
where h,, , are the conformal weights of degenerate representations of the Virasoro algebra,
and Ry, »,({\i}) are given by

R ({)\}) _ 2H7~75()\1+>\2_)\r,s)()\l_)\2_)\r,s)()\3+)\4_)\r,s)()\3_)\4_)\7",5) (B 7)
m,n ) H;mg )\kj . .

35This is to be contrasted with the large volume limit of a smooth K3, where the four-point function of

BPS operators remain finite at generic cross ratio, while A;;x; diverges like the square root of volume.
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The product of (r, s) is taken over

r=-m+1,-m+3,---,m—1,

(B.8)
s=-n+1,-n+3,---,n—1,
and the product of (k,¢) is taken over
k=-m+1,-m+2,---,m,
(B.9)

l=—-n+1,-—n+2,--,n,

excluding (k,¢) = (0,0) and (k,£) = (m,n). Since H(M?,h|q) — 1 as the intermediate
weight h — oo, the prefactor multiplying H (x\?,h|q) gives the large h asymptotics of
the conformal block. The superconformal block ]-",?(z) which is related to the Virasoro
conformal block via (3.2) also has the same large h asymptotics.

C More on the integrated four-point function A;;,

The purpose of this appendix is the explain how knowing the value of the integrated four-
point function A;ji, can improve the bootstrap bounds on the spectrum. We first explain
the problem with naively incorporating A;ji, into semidefinite programming, and then
discuss two solutions. The first way is to cleverly use crossing symmetry to choose an
appropriate region over which to integrate the conformal blocks. The second way is to use
Ajq111 indirectly by bounding it above by the four-point function evaluated at the crossing
symmetric point, f(1/2), and incorporate f(1/2) into semidefinite programming instead.

C.1 Conformal block expansion

We can write the integrated four-point function A;jie as

d’z
= el PO =] (67" (2, 2)d5 " (0)ey " (1) (00)) 1)

+2mIne (050 + dirdje + 6i0djk) -

In expressing the four-point function of the %—BPS operators in terms of conformal blocks,
we would like the divergence in the z-integral to appear in the identity conformal block
alone, so that the regularization can be performed on the identity block contribution alone.
This can be achieved by dividing the integral over the z-plane into the contributions from
three regions D1, Dy and D3 defined in (B.3). Note that regions Dy and D3 can be mapped
from Dy by z +— 1/z and z — 1/(1 — z), respectively. We have

d? 1 —
Az’jkz :/ 72 5z‘j5k€ [‘7:(1)’%(2’)’2—] + Z Cijockgof;i (Z).F}?R(Z) —(SijfskgC()
Dl |Z(]‘_Z)‘ ‘Z| IlOl’l—BPS O

+(Jek)+(Gel), (C.2)
where the constant Cj is given by
d*z

Coy = lim T T 27 Ine = —1.43907. (C.3)
=0 Jec|z|<1, Rez<% ‘Z‘ ’1 - Z’
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Now the integral in the domain D can be performed term by term in the summation over
superconformal blocks. Define the constant Ag and the function A(hr,hr) by

A N P - 5] - o

) (C4)
A(A,s) = / _TE R (FE ()
’ py [2(1—2)|” 57 A
Ap can also be obtained as a limit of A(A,0) by
Ao = Tim [A(A,0) = 27 (C.5)
0= A% ’ Al '
We can now write
Aijke = [(Sij(skgAg + Z CiijoCrioA(A,s)| + (J < k)+(j < 0). (C.6)
non—BPS O
Let us examine this equation for identical external operators
0= (340 — Ay111) +3 Z ChioA(A, 5). (C.7)

non—BPS O

It takes the same form as the equations corresponding to acting linear functionals
Qmn = O™, /2 on the crossing equation (see section 7)

0=amn(Ho(2,2)+ D>  Cliotmn[Has(z 7). (C.8)
non—BPS O
Clearly, if we can find a set of coefficients a and a,, , such that

a(3A0 — A1111) + Z am,nam,n[HO(Zu 2)] >0,

m,n

3aA(A,s) + Zam7nam,n[7{&8(z, zZ)] >0 for A> Egap, s €27

m,n

(C.9)

are satisfied, then the gap in the non-BPS spectrum Ag,, must be bounded above by ﬁgap,
in order to be consistent with the positivity of Cflo.

Despite the additional freedom of a, this naive incorporation of Aj111 does not improve
the bound, for the following reasons. As explained at the end of appendix B, the holomor-
phic superconformal block F7(z) asymptotes to (16¢(z))" at large h. This means that for
any spin s, the integrated block A(A,s) at large A is dominated by the integration near
the maximal value of |g(z)| in the domain D;, which is at (see figure 3),

1 G
2= B + \ggi, or q(zF) = tie~ 5T (C.10)
and therefore has the asymptotic behavior
AA, s) ~ (—1)*2(16e= 52, A 4. (C.11)
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In comparison, oy, »(Ha s(2, 2)) ~ (16e~™)? is dominated by A(A, s)~ (—1)5/2(166_§N)A
at large A, whose sign oscillates with s. Thus positivity at large A forces a = 0, and ﬁgap
cannot be improved despite specifying A1111.

One may wonder if we can choose a different region (that also consists of two fun-
damental domains of the S3 crossing group) to integrate in, so that the leading large A
behavior of the integrated block is (16e™™)?, same as qun(Ha s(2,2)). This is not possi-
1 + xf

can integrate over a larger region D’ whose maximum |g| value is on the real axis (to avoid

ble, because 27 1 at most exchange with each other under crossing. However, we
the sign oscillation), and map the extra region D'\ D; that needs to be subtracted off via
crossing to a region E inside D;. We thus have an equation for Aj111 related to the naive
conformal block expansion by the replacement of D1 — D’ \ E as the integration region.

We are free to choose D’, but in the end the bootstrap bound should not be sensitive
to the choice. Let D’ be symmetric under ¢ — —q and ¢ — ¢, so that it suffices to specify
D’ in the first quadrant in the g-plane, or equivalently within the strip 0 < Ret < l in the
7-plane (recall ¢(z) = ™™(%)). In this strip, the region D; is bounded below by |7" =1 A
choice of D' is the region bounded below by the lower arc of ]T— | = %, with gmax = € f
The corresponding region F is then the part of Dy that satisfies |7+ 1| < /3. See figure 5.

To perform semidefinite programming efficiently, it is desirable to factor out certain
positive factors, including the exponential dependence on A, and just work with poly-
nomials. Our strategy is to factor out (16e~™)%, and approximate (16e™)*A(A,s) by a
rational function in A, that works well up to a value beyond which A(A,s) is completely
dominated by the asymptotic (16gmax)> factor. We further demand a > 0, and that the
rational approximation be strictly bounded above by the actual value, so that the bound
can only be stronger as we improve the rational approximation to work well in a larger
range of A.

C.2 An inequality relating Aj111 to the four-point function at z = %

An alternative is to use A1111 indirectly by bounding A1111 above by the four-point function
evaluated at the crossing symmetric point f(1/2). The conformal block evaluated at z = %
has the same large A asymptotics (16e™™)2 as au,n(Ho(2,2)), and the sign does not
oscillate with s. The incorporation of f(1/2) into bootstrap and the results are discussed
in detail in section 7.2. This section is devoted to proving the inequality between Aj111
and f(1/2).

We can write the N' = 4 superconformal block decomposition of the BPS four-point
function f(z,z) in the form (see (7.8) of [53])

f(z2) D on(@)gng (@), (C.12)

hp,hr

with A(z) = (2(1 — z))_%eg(q)*z. The functions gp(q) take the form
1 n
) =q¢""2 ) ang", (C.13)
n>0

where, importantly, the coefficients a,, are non-negative.
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For a general complex cross ratio z, let « be the real value between 0 and 1 such that
q(z) = |q(2)|. Define r = min{x,1 — =}, and ¢, = ¢(r). Note that by crossing relation,
f(x) = f(zo). We can then bound the four-point function at a generic cross ratio by

A(z)

K@) 1(g) o

We now make the assumption that the non-BPS operators have scaling dimensions above
a nonzero gap A. As before, we can write the integrated four-point function Aii17 as 3
times the contribution from an integral over the domain Dy = {z eC:|z|<1,Rez < %},
while regularizing the integral of the identity block contribution, in the form

d*z
A =340 + 3/D1 EED] A(2)[? Z 9h1 (@)9nr(9)

(hr,hr)#(0,0)

=

2 2

fa) < | AEAD) i

A(z)A(3)

A(z)
A(x)

dr

qL

2

f(z2) < '

o) =|

<34 +3/ BT o S o (a)ana ()
> 0 5 U3 — h\41)9nr(qL
Dy |2(1=2)[3 a4 (hr . hr)£(0,0) ’ ’
A—1L
&2z Ll | e m) — [ FRGP
=34 +3/ — |0 -
AR AT A(z)P
A—1L _1
d?z —4| q ° ’ A(ry) 2 qr ’ (1) |‘7:(§%(Z*)|2
<34 +3/ — 0 < ar i
Y A LIl {A@*)A@) o T\ e
=340+ M(A) [f (;) - fo} . (C.15)

is the value of the cross ratio z over the domain D that achieves the
maximal value of |¢(2)|, . ~ 0.653326 is such that q(z.) = |q(24)|, r« = 1 — =4, and
gr = 0.0265799. On the r.h.s. of the inequality, fo is a constant defined by

Here z, = HT‘/?”

2 1
fo = Alw)A(G) | 95|78 [T (z) P (C.16)
Ar) ar Az
and the function M (A) is given by
2 _1 A—1
A(ry) a | ° d*z -4 4 ’
Ma)=s| SB[ L (€17)
Ma)AG) | || Iplz(1-2)3 a0

Note that M(A) goes like A~! in the A — 0 limit, with lima_,0 AM(A) ~ 2.27548.

D A, and the divergence of the integrated four-point function A;{11

Recall that Agt defined in section 8 is the lowest scaling dimension at which either a
continuous spectrum develops or the structure constant diverges, as the CFT is deformed
to a singular point in its moduli space. In this appendix we will describe how to use crossing
symmetry to bootstrap an upper bound on At that is universal across the moduli space. In
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particular we will show that if the integrated four-point function Aj11; diverges somewhere
on the moduli space, then Acrt > At with Acrt defined in section 8.

o

Consider the four-point function of the RR sector f—BPS primaries of weight (1 1 4)

that are R-symmetry singlets (i = 1,---,20). Let us consider in particular the four-point
function of the same operator, say, @i

f(2.2) = (6172, )8 (0091 (1) 91 (00)) = Y CRFa(2.2), (D.1)
A

where we did not write out the sum over the spin explicitly but it will not affect the
argument significantly. The conformal block has the following asymptotic growth

|Fa(z,2)] ~ [16q(2)[* (D.2)

for large A.
The crossing equation takes the following expression,

Y CAGa(z,2)=> CA[Fa(z,2) — Fa(1—2,1-2)] =0. (D.3)
A A

We will consider functionals £ acting Ga(z, Z) with the following properties,
L(A) = L(GA(2,2)) > 0, if A > Ay, (D.4)

for some ﬁcrt. Note that ﬁcrt depends on the choice of the functional £. The significance
of At is that it implies the structure constants above At are bounded by those below,

Y. CRAL(A)=- > CAL(A (D.5)
A>Acrt A<Acrt
Assuming that the integrated four-point function Aj111 diverges at some points on the
moduli space, we will show that for any choice of the functional £, we always have

3crt Z Acrt- (DG)

In this way we can bootstrap an upper bound on A¢ by scanning through a large class of
functionals L.

To prove our goal (D.6), we assume that there exists a functional £ such that the
associated gcrt < Agrt, and show that it leads to contradiction. By assumption the density
of the spectrum is bounded and the structure constants are finite for A < Bm(< Acrt),
hence the r.h.s. of (D.5) is finite,

>, CAL(A)=- > CAL( (D.7)
A>Acrt A<Acrt
In the following we will try to bound the integrated four-point function
d*z

A1111 = lim 7f(z, 2) + 67 In €, D.8
=0 J 12 1=z, 2] 1>e [2(1 = 2)] (D-8)
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roughly by > N C% L(A), which is finite by assumption, plus some other finite contri-
butions. On the other hand, we know Aj111 diverges, for example, at the cigar CFT points,
and hence the contradiction.

Let us now fill in the details of the proof. As discussed in appendix C, in the expression
for Aj111, we break the integral on the z-plane into three different regions D1, D2, D3 (B.3)
that are mapped to each other under z — 1 —z and z — 1/z. Since the four-point function
is crossing symmetric, we can focus on region D; alone. This has the advantage that the
divergence in the z-integral only shows up in the identity block. We will cut a small disk
around z = 0 with radius ¢y and regularize the contribution from the identity block.

We start by noting a bound on the conformal blocks. The functionals £ we consider
are linear combination of powers of 9., 0 evaluated at z = 1/2. Therefore the asymptotic
behavior of L(A) is the same as that of the conformal block Fa(z, Z) evaluated at z = 1/2,

L(A) ~ [16g5 |, (D.9)

where g1 = ¢(z = 1/2). This implies that there exists a moduli-independent constant ¢
2
and dg such that
|Fa(z,2)| < coL(A), for A > Aey + o, (D.10)

if |q(2)] < |gq1]. We can always tune dp to be arbitrarily small by taking ¢y to be large.
2

Note however that strictly at A = Kcrt, we have L(ﬁcrt) =0.
For z in region I and |g(z)| < |q%|, from (D.10) we have

fedlsa ¥ Guar ¥ Gl () m@) oo

Azzcrt +6O A<3C!‘t +60

In particular it is true for ¢y < z < 1/2.

Next we want to argue that (D.11) is true for z in the whole region I. First we note
that we can write the four-point function as an expansion in z, zZ with non-negative coefli-
cients [52, 53]. By the Cauchy-Schwarz inequality, we have

[f(z,2)| < f(l2],12]). (D.12)

Note that |z| € [,1] for z in region I but |g(z)| > |q1|. Next, by crossing symmetry, we
2
have f(|z|,|z]) = f(1 —|z|,1 — |Z]). We therefore arrive at the following bound

- _ 1
feAlSf-FL-Fsa Y i@t Y CAmadm(3) At
AzAcrt‘i’&O A<Acrt+60
(D.13)

where we have used the fact that 1 — [z| € [e, 3] if 2 is in region I with |g(z)| > |q1].

2
Hence the bound (D.11) is true for all z in region I. We can therefore bound the integrated
four-point function as

/ Pl D) <an Y GRLA)E Y CAOA«)
region I—{]z|=co} A>Acri+60 A<Acri+60

(D.14)
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For integration inside the disk, we have to regularize the contribution from the identity
block,

‘ / 222|757 = 2|7 (2, 2) — reg.‘ =c2+c3 Z C% Fa(eo)
{lzl=e0}

A2 Bgap>0 (D.15)

<cy+c3 Z CiFA(Go) + C3 Z CXL(A),
Agap<A<£crt+5O A>£Cl‘t+60

where we have assumed there is a gap in the spectrum. c¢s is a moduli-independent constant
coming from the regularized identity block contribution.

Let us inspect every term in (D.14) and (D.15). First we tune dp such that Agr + 8 is
below Act, possibly at the price of having larger ¢g. After doing so, terms involving sums
over A below Agy + dg are finite by our assumption that the density of the spectrum is
bounded and the structure constants are finite for this range of A. On the other hand, for

~

terms involving sum of A above Ag + dg, they are both of the form

>, CRL(), (D.16)
A>£crt+50

which is bounded from above by the Lh.s. of (D.7). Hence the Lh.s. of (D.14) and (D.15)

are both bounded. It follows that Ai111 < oo under the assumption that Acy < Acrt,
which is a contradiction, say, at the cigar point. Thus we have proved our goal (D.6).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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