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1 Introduction

Anomalies in extended supergravities and their relation to UV divergences have been stud-

ied since the discovery of these theories [1–5]. It has been known for a long time [6] that

chiral anomalies associated with topological Atiyah-Singer index theorem are absent for

N ≥ 5. Conformal anomalies associated with the Euler number,
∑

s as and the Weyl

anomaly,
∑

s cs, were studied in [7–12]. A recent surprise was a discovery in [13] that

in the harmonic gauge for gauge fields the Weyl conformal anomalies,
∑

s cs, vanish for

N ≥ 5. A possible supersymmetric explanation of the absence of chiral and Weyl anomalies

in N ≥ 5 was proposed in [14]. In N = 4 supergravity the chiral anomaly is present [6].

More recently it was discovered in [15] that there are anomalous 4-point amplitudes in

N = 4 supergravity that are supersymmetric but violate helicity/chirality conservation.

Supergravity amplitudes are constructed as the product of gauge theory amplitudes using

the double-copy method [16–18]. The anomalous amplitudes first arise as (UV finite and

nonlocal) contributions at the 1-loop level. From their associated superamplitudes, two

independent candidate local 4-loop counterterms were constructed in addition to the con-

ventional counterterm that contains the MHV 4-graviton amplitude and its SUSY partners.

The N = 4 theory is finite at 3-loop order, [19], but the 4-loop calculations in [20]

revealed that the N = 4 theory contains the predicted UV divergent structures. The

superamplitude in double copy form is1

M4−loop
N=4, div =

C4

ǫ
stAtree

N=4YM(O−−++ + 60O++++ − 3O−+++) (1.1)

where s = s12, t = s23, u = s13 and

C4 =
1

(4π)8

(κ

2

)6 1

288
(264 ζ3 − 1) (1.2)

The three terms O−−++, etc. in the second factor indicate gluon helicity amplitudes in

the N = 0 Yang-Mills factor of the double copy. The first term preserves helicity , while

O++++ and O−+++ violate helicity conservation. This is permitted since the N = 0 gauge

theory is non-supersymmetric. Yet the product superamplitude in (1.1) is supersymmetric

because Atree
N=4YM contains the well known factor δ(8)(Qiα), with i = 1, . . . 4 and α the

chiral spinor index. The superamplitude includes the helicity non-conserving processes

〈h++h−−h++φ〉, 〈h++h++φφ〉 and their conjugates (plus their SUSY partners) in addition

to the conventional process 〈h−−h−−h++h++〉.
Four-loop computations in N = 5 supergravity were reported in [22]. The divergent

diagrams can be expressed as the sum of the N = 4 superamplitude of (1.1) plus an

additional term proportional to it with equal and opposite coefficient. Thus

M4−loop
N=5, div = M4−loop

N=4, div +∆M4−loop
div = 0, (1.3)

so all three terms in (1.1) cancel in N = 5. The additional contribution in N = 5 su-

pergravity, ∆M4−loop
div , is due to the presence of the fermion in the double-copy (N =

1Here and below we use the normalization of the external states in the 4-point amplitude in agreement

with [21], where all dependence on κ, for example in the Einstein action, is given by 1
2
κ2R.
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4)YM × (N = 1)YM computations versus (N = 4)YM × (N = 0)YM . The cancellation of

helicity/chirality violating terms in the UV divergences of N = 5 might be due to absence

of anomalous amplitudes in N = 1 SYM theory, however, the reason why the 4-graviton

helicity preserving amplitude is also finite remains a puzzle.

The situation described above suggests that it is important to study the issue of he-

licity/chirality violating amplitudes in N ≥ 5 supergravity. Our goal is to find and an-

alyze anomalous amplitudes in N ≥ 5 analogous to those found in N = 4 supergravity

in [15]. This requires knowledge of the linearized chiral superfields in these theories. They

have been already used in [14] for the supersymmetric analysis of the chiral and conformal

anomalies, but here we systematically present the properties of these superfields, prove that

they are chiral and that there are no other chiral superfields besides those that we identify.

The main conclusions of our work are that there are chiral superfields and chirality/ he-

licity violating supersymmetric invariants for all N -extended supergravities that we classify

in a simple systematic pattern.2 This means that there are candidate chirality violating am-

plitudes. However, in N = 5, 6, 8 supergravities, closer study shows that these potentially

anomalous superamplitudes have vanishing coefficients. This provides further evidence that

the chiral anomaly present for N = 4 and absent for N = 5, 6, 8 plays a significant role.

2 Review of anomalous superamplitudes in N = 4 supergravity

We present further information on the results of [15] for N = 4 supergravity because it

sets the pattern for the extension to N ≥ 5 in later sections of this paper. The on-shell

fields of the theory are (with Weyl spinor indices and i = 1, 2, 3, 4)

{N = 4} =
{

Cαβγδ, ψαβγi, Mαβij , χi
α, φ

}

+ c.c. . (2.1)

These fields are components of two linearized on-shell chiral superfields C̄α̇β̇γ̇δ̇(y, θ) and

W (y, θ) = φ(y, θ). Here we present a schematic simplified version of these superfields, their

complete form can be found in appendix C.

C̄α̇β̇γ̇δ̇(y, θ) = C̄α̇β̇γ̇δ̇(y) + θαi ∂α(α̇ψ̄
i
β̇γ̇δ̇)

+ · · ·+ 1

4!
θαi θ

β
j θ

γ
kθ

δ
ℓ∂αα̇∂ββ̇∂γγ̇∂δδ̇φ̄ε

ijkℓ , (2.2)

W (y, θ) = φ(y) + θαi χ
i
α + · · ·+ 1

4!
θαi θ

β
j θ

γ
kθ

δ
ℓCαβγδε

ijkℓ . (2.3)

The conjugate fields to those in (2.1) are components of anti-chiral superfields.

We assign a U(1)h quantum number to each superfield, which is equal to the helicity

of its lowest component and under which θαi → eib/2θαi (so that θαi carries helicity 1/2).

This U(1)h acts on the physical states of the theory. Anomalous amplitudes thus violate

helicity conservation.3

The standard linearized 4-point supersymmetric L-loop invariants, which preserve he-

licity, are of the following form [21, 23]

Mdiv = κ2(L−1)

∫

d4x d8θ d8θ̄ ∂2(L−3)W 2 W̄ 2 , (2.4)

2An analogous classification for SUSY gauge theories is also given in appendix B.
3Later we will define a U(1)c quantum number related to the U(1)R subgroup of the duality group.
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where ∂2(L−3) is a symbolic expression representing various contractions of spacetime

derivatives acting on individual superfields. We are interested in supersymmetric invariants

for possible anomalous 1-loop 4-particle processes and thus look for d8θ integrals that are

quartic in the superfields. There are two invariants. One is non-local, the other one is

local. In momentum space with P =
∑

I pI ,

M(1) =
δ4(P )

stu

∫

d8θ C̄α̇β̇γ̇δ̇(p1, θ)W (p2, θ)p
αα̇
3 pββ̇3 W (p3, θ)p4α

γ̇p4β
δ̇W (p4, θ) , (2.5)

M(2) = δ4(P )

∫

d8θW (p1, θ)W (p2, θ)W (p3, θ)W (p4, θ) . (2.6)

Since d8θ carries U(1)h-charge −4, and C̄ charge 2, we see thatM(1) andM(2) carry net he-

licity −2 and −4, respectively. There is a θ8 term in the integrand of M(1) that corresponds

to the process4 〈h++h−−h−−φ〉 that violates helicity conservation, while M(2) contains

the process 〈h−−h−−φφ〉. Of course, there are other helicity violating processes related by

SUSY to those above. In both cases the anomalous effective action is given by M+M.

The corresponding super-amplitudes were computed in [15] by the 1-loop double-copy

method for (N = 4)YM × (N = 0)YM model with the results (see the notation in ap-

pendix A) and in particular (A.12)

M(1)
1−loop(1, 2, 3, 4) =

i

(4π)2
1

〈31〉〈14〉
〈32〉〈24〉[21]

〈21〉 δ8(Q)δ4(P ) , (2.7)

for the case of (2.5), and for the case of (2.6)

M(2)
1−loop(1, 2, 3, 4) = − i

(4π)2
δ8(Q)δ4(P ) . (2.8)

Both expressions above have dimension zero and correspond to κ-independent 1-loop am-

plitudes.

We now observe that if we multiply by κ6stu we arrive at local expressions which are

supersymmetric and still dimensionless. They are therefore candidates for 4-loop diver-

gences, in addition to the helicity preserving invariant in (2.4) for L = 4. The helicity

violating candidate for 4-loop divergences can be obtained from the chiral invariants

(M+M)
(1)
div =

κ6

ǫ

∫

d4x d8θ [C̄α̇β̇γ̇δ̇W∂αα̇∂ββ̇W∂γ̇
α∂

δ̇
βW ] + h.c. , (2.9)

(M+M)
(2)
div =

κ6

ǫ

∫

d4x d8θ ∂6W 4 + h.c. , (2.10)

where ∂6 indicates the distribution of spacetime derivatives that produces stu in Fourier

space. It is quite remarkable that the 4-loop calculations of [20] correspond exactly to these

structures with coefficient given in (1.1)!

4We associate C̄α̇β̇γ̇δ̇ to h++ and Cαβγδ to h−−.
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Chiral U(1)c symmetry and its anomaly. In N = 4 supergravity we define the

anomalous chiral U(1)c symmetry as follows: it acts on chiral and anti-chiral linearized

superfields as well as on the field components and on θ’s as follows.

W (y, θi) → e2iaW (y, θi) , W (ȳ, θ̄i) → e−2iaW (ȳ, θ̄i),

θi → e
i
2
aθi , θ̄i → e−

i
2
aθ̄i. (2.11)

Here yαα̇ = xαα̇ + 1
2 θ̄

α̇iθαi , see (A.4). The symmetry acting on the superfield, for example

W (y, θi) → e2iaW (y, θi), means the following. We require that φ(y) → e2iaφ(y), θi → e
i
2
aθi

, χi
α(y) → e

3i
2
aχi

α(y), etc. so that every term in (2.3) transforms as the first one when

both θ and higher components from spin 1/2 to spin 2, being functions of y, transform

accordingly. For example, the last term 1
4!θ

α
i θ

β
j θ

γ
kθ

δ
ℓCαβγδε

ijkℓ satisfies this rule since Cαβγδ

is neutral under U(1)c symmetry and the required factor e2ia originates from 4 powers of

θ in front of Cαβγδ in the superfield.

The particular form of the U(1) symmetry in (2.11) corresponds to the action of a

U(1)c normal subgroup of the isotropy group H in the G
H = SU(1,1)×SO(6)

U(4) coset space of

N = 4 pure supergravity. It will be generalized for all N ≥ 5 models below.

The 4-graviton L-loop UV divergence in (2.4) is invariant under the chiral transfor-

mations (2.11). The other two UV divergences, in (2.9) and in (2.10), are not invariant

under (2.11), for example

δU(1)c(M+M)
(2)
div = 4ai(M−M)

(2)
div . (2.12)

Helicity conservation and its U(1)h anomaly. The chiral U(1)c anomaly described

above has a geometric origin associated with the isometry group G and in particular with

a U(1) normal subgroup of its isotropy subgroup H. On the other hand the 1-loop anoma-

lous 4-point amplitudes as well as the ‘extra’ 4-loop UV divergences also break helicity

conservation. The relation between these two types of anomalies is simple. We define

here another U(1)h transformations of the superfields and its components such that the

corresponding chiral weight is a helicity of its first component, namely in N = 4 case we

define U(1)h as follows

W (y, θi) → W (y, θi) , W (ȳ, θ̄i) → W (ȳ, θ̄i),

C̄α̇β̇γ̇δ̇(y, θi) → e2ibC̄α̇β̇γ̇δ̇(y, θi) , Cαβγδ(ȳ, θ̄
i) → e−2ibCαβγδ(ȳ, θ̄

i),

θi → e
1
2
ibθi , θ̄i → e−

1
2
ibθ̄i . (2.13)

The difference with (2.11) reflects the fact that the scalars have vanishing helicity, but

transform under the G isometry group and its U(1)c subgroup, whereas the graviton is

neutral in G and its U(1)c subgroup, but has a non-vanishing helicity ±2. Vectors partici-

pate in both U(1)’s as well as spinors, although spinors helicity and chirality are different.

Thus, under chirality U(1)c in (2.11) and under helicity U(1)h in (2.13) the supersym-

metry invariants transform as follows. This first one, Mdiv, is invariant under both U(1)’s.

The second and the third one are both not invariant and we find that

δU(1)c(M+M)
(1),(2)
div = −δU(1)h(M+M)

(1),(2)
div . (2.14)
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N Duality group G isotropy H Mscalar Spin-0 Spin-1/2 Spin-1

4 SU(1, 1)⊗ SO(6) U(4) SU(1,1)⊗SO(6)

U(1)⊗SO(6) 1 + 1 4 6

5 SU(1, 5) U(5) SU(1,5)
S(U(1)×U(5)) 5 + 5 1 + 10 10

6 SO⋆(12) U(6) SO⋆(12)

U(1)×SU(6) 15 + 15 6 + 20 1 + 15

8 E7(7) SU(8)
E7(7)

SU(8) 70 56 28

Table 1. Scalar manifolds of N ≥ 4 pure (no matter) supergravities. We denote the scalar, spinor

and vector field contents in each supergravity. In some entries the H-representation is reducible.

Note that the 10 is the three-index antisymmetric representation of SU(5) and the 15 is the two-

index antisymmetric representation of SU(6). In addition to the fields listed in the table, each

supergravity contains a graviton and N gravitini.

3 Pure extended supergravities

In extended N ≥ 4 pure (no matter) supergravities scalars are coordinates of a coset space
G
H . Equations of motion and Bianchi identities transform under the isometry group G,

acting as dualities on the vectors as shown in [24]. The isotropy group H is its maximal

compact subgroup. Pure N < 4 supergravities have no scalars.

3.1 Universal structure of on-shell linearized chiral superfields in N ≥ 0 su-

pergravity

Linearized superfields contain the asymptotic physical states of the theory. States of helicity

h are described by symmetric rank |2h| spinors. For every N ≥ 0 there is a chiral superfield

C̄α̇β̇γ̇δ̇(y, θ), whose lowest component in the θ expansion is the Weyl tensor C̄α̇β̇γ̇δ̇(y) and

describes a graviton of helicity +2. For each N -extended supergravity (7 ≥ N ≥ 1), there

is a second chiral superfield, ψ̄8
α̇β̇γ̇

, M̄78
α̇β̇

, χ̄678
α̇ , W , Wα, Wαβ, Wαβγ , respectively.

5 Needless

to say, the conjugates of these superfields are anti-chiral. All of these superfields are

singlets of the SU(N ) global symmetry group. Derivations of their properties and details

of their θ expansions can be found in appendix C, where it is also shown that there are no

other chiral linearized superfields. The analogous but simpler structure of N = 4, 3, 2, 1, 0

super-Yang-Mills theories is illustrated in appendix B.

3.2 U(1) chirality/helicity in linearized superfields

The two global symmetries U(1)c and U(1)h discussed in section 2 for linearized N = 4

supergravity are also present for other values of N . Charges of the U(1)c symmetry are

those of the U(1) factor in the R-symmetry group U(N ) = SU(N ) × U(1). For both

symmetries θiα has charge 1/2, and θ̄iα̇ has charge −1/2, so that supersymmetry generators

change the charges of component fields by 1/2. Furthermore the U(1)h and U(1)c act as

phase transformations, and thus complex conjugate fields should have opposite charges.

5The numerical subscripts 8,7,6, . . . indicate the directions in space that are dropped in the descent

from 8 to 7 to 6, etc. See appendix C.
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N Chiral Anti-chiral Helicity h, U(1)c weight c

N = 8 C̄α̇β̇γ̇δ̇(y, θ) Cαβγδ(ȳ, θ̄) ±2, −

N = 7
C̄α̇β̇γ̇δ̇(y, θ)

ψ̄8
α̇β̇γ̇

(y, θ)

Cαβγδ(ȳ, θ̄)

ψαβγ8(ȳ, θ̄)

±2, 0

±3
2 , ±7

2

N = 6
C̄α̇β̇γ̇δ̇(y, θ)

M̄78
α̇β̇

(y, θ)

Cαβγδ(ȳ, θ̄)

Mαβ78(ȳ, θ̄)

±2, 0

±1, ±3

N = 5
C̄α̇β̇γ̇δ̇(y, θ)

χ̄678
α̇ (y, θ)

Cαβγδ(ȳ, θ̄)

χα678(ȳ, θ̄)

±2, 0

±1
2 , ±5

2

N = 4
C̄α̇β̇γ̇δ̇(y, θ)

W (y, θ) = φ5678(y, θ)

Cαβγδ(ȳ, θ̄)

W (ȳ, θ̄) = φ5678(ȳ, θ̄)

±2, 0

0, ±2

N = 3
C̄α̇β̇γ̇δ̇(y, θ)

Wα(y, θ) = χα123(y, θ)

Cαβγδ(ȳ, θ̄)

W α̇(ȳ, θ̄) = χ̄123
α̇ (ȳ, θ̄)

±2, 0

∓1
2 , ±3

2

N = 2
C̄α̇β̇γ̇δ̇(y, θ)

Wαβ(y, θ) = Mαβ12(y, θ)

Cαβγδ(ȳ, θ̄)

W α̇β̇(ȳ, θ̄) = M̄12
α̇β̇

(ȳ, θ̄)

±2, 0

∓1, ±1

N = 1
C̄α̇β̇γ̇δ̇(y, θ)

Wαβγ(y, θ) = ψαβγ1(y, θ)

Cαβγδ(ȳ, θ̄)

W α̇β̇γ̇(ȳ, θ̄) = ψ̄1
α̇β̇γ̇

(ȳ, θ̄)

±2, 0

∓3
2 , ±1

2

N = 0 C̄α̇β̇γ̇δ̇(x) Cαβγδ(x) ±2, 0

Table 2. Chiral and anti-chiral on-shell multiplets for N = 8 to 0. The last column provides the

helicity of the multiplet, where upper and lower sign corresponds to the chiral and anti-chiral one,

respectively. The chiral U(1)c weights are also given, which satisfy the simple relation |h− c| = 2.

For N = 8 the c-weights are not defined. Dimension is equal to the absolute value of helicity,

∆ = |h|, for all entries in this table.

For self-conjugate multiplets, the on-shell N = 4 super-Yang-Mills multiplet (B.1) and

the on-shell N = 8 supergravity multiplet (C.1), the last two requirements above fix the

weights of all component fields. In particular, the middle (scalar) fields must have weight 0.

The symmetry defined by these charges will be indicated as U(1)h, since fields have U(1)h
charge equal to their helicity.

For each N < 8 there are two chiral superfields. Neither contains components in

conjugate pairs, so the requirement of opposite charges for conjugate fields is not applicable.

We define the U(1)h charge of each component as its helicity and assign the U(1)c charge as

its charge under the U(1) normal subgroup of the isotropy group H of the scalar manifold.

The latter acts as a chiral transformation on fermions and by duality on vector fields, while

the graviton is inert. For N = 8 the isotropy group, SU(8), is simple and does not contain a

normal U(1) subgroup, which is consistent with the argument above that no other charges

than those in U(1)h can be defined for this multiplet.

In linearized N -supergravity, we have the following chiral superfields,

C̄α̇β̇γ̇δ̇(y, θ) (N ≥ 0), ΦN (y, θ) (7 ≥ N ≥ 1), (3.1)

– 7 –
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where ΦN denotes the second chiral superfield for each N , as listed in table 2. Their U(1)c
and U(1)h transformation laws are

U(1)c : θiα → e
1
2
iaθiα, C̄α̇β̇γ̇δ̇(y, θ) → C̄α̇β̇γ̇δ̇(y, θ), ΦN (y, θ) → e

iNa
2 ΦN (y, θ), (3.2)

U(1)h : θiα → e
1
2
ibθiα, C̄α̇β̇γ̇δ̇(y, θ) → e2ibC̄α̇β̇γ̇δ̇(y, θ), ΦN (y, θ) → ei

N−4
2

bΦN (y, θ),

where a and b are constant parameters. Information on these superfields and their U(1)c,h
charges is given in table 2. The weights of the superfields are defined as the weights of their

first components. In the 4-point linearized supersymmetric invariants studied in the next

two sections of this paper, the U(1)c and U(1)h anomalies for N < 8 are correlated. Any

given invariant is either anomalous under both symmetries or non-anomalous under both.

4 Chiral superinvariants in N ≥ 5 supergravity and anomaly candidates

There are no matter multiplets in N ≥ 5 supergravity, and this simplifies our analysis. In

particular all vertices carry the factor 1/κ2 and all propagators have the factor κ2. Thus

L-loop structures always contain the even power κ2(L−1), as first proposed in [21].

4.1 N = 5

We now list the possible chiral non-invariant 4-point Lagrangian structures for N = 5

supergravity. We include factors of κ so that Lagrangians have dimension +4 and their

contributions to the action
∫

d4xL(x) are dimensionless. We focus on candidate anomalous

Lagrangians constructed from the available chiral superfields, C̄α̇β̇γ̇δ̇ and χ̄α̇ = χ̄α̇
678. (Of

course, their conjugates can also be used.)

Since χ̄α̇ is a fermionic superfield, only even powers can occur by Lorentz invariance.

Thus there are only three possible terms:

L2n
1 (x) = κ3+2n

∫

d10θ, ∂2n(χ̄α̇χ̄
α̇(x, θ))2 ∼ ∂2n(χ̄χ̄(x)∂C∂C(x)) + · · · , (4.1)

L2n
2 (x) = κ6+2n

∫

d10θ ∂2n(χ̄α̇χ̄
α̇C̄β̇γ̇δ̇η̇C̄

β̇γ̇δ̇η̇(x, θ)) ∼ ∂2n(C̄C̄∂C∂C(x)) + · · · , (4.2)

L2n
3 (x) = κ9+2n

∫

d10θ ∂2n(C̄β̇γ̇δ̇η̇C̄
β̇γ̇δ̇η̇(x, θ))2 ∼ ∂2n(C̄C̄∂4χ̄∂4χ̄(x)) + · · · . (4.3)

For positive n, the notation ∂2n(· · · ) indicates an arrangement of spacetime derivatives

acting on various superfields. As n increases the power of κ needed to form a dimensionless

contribution to the action also increases, and so does the loop order of the candidate

invariant. We use negative n to schematically indicate a non-local expression (such as

1/stu in momentum space) and this decreases the relevant loop order. Since both χ̄α̇ and

C̄α̇β̇γ̇δ̇ carry only dotted indices, an even number of spacetime derivatives is required by

Lorentz invariance.

Note that L1 and L3 have non-vanishing chirality weight, 5 and −5 respectively, and

a non-vanishing helicity weight, −3 and +3 respectively. These potential anomalous am-

plitudes are ruled out because they contain odd powers of κ which cannot occur in pure

supergravity.
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The invariant L2 has chiral and helicity weight zero, and is therefore non-anomalous.

It contains the allowed MHV process 〈h−−h−−h++h++〉 and its SUSY partners. So L2

remains a possible candidate for counterterms starting at the 4-loop level. The explicit 4-

loop amplitude computations in [22] show that this divergence is absent. This fact remains

unexplained.

Thus in N = 5 supergravity all potential U(1) anomalous candidates are eliminated

since they have odd dimension. We will see that this conclusion agrees with analysis of the

double-copy construction.

4.2 N = 6

We proceed as above and construct the possible chiral invariant actions that are quartic in

the superfields C̄α̇β̇γ̇δ̇ and M̄α̇β̇ = M̄α̇β̇
78. There are three candidates, namely

L1(x)
2n = κ6+2n

∫

d12θ ∂2n(M̄α̇β̇M̄
α̇β̇(x, θ))2 ∼ ∂2n (M̄M̄∂2C∂2C)(x) + · · · , (4.4)

L2(x)
2n = κ8+2n

∫

d12θ∂2n(M̄α̇β̇M̄
α̇β̇C̄γ̇δ̇η̇ǫ̇C̄

γ̇δ̇η̇ǫ̇(x, θ))∼∂2n(C̄C̄∂2C∂2C(x))+· · · , (4.5)

L3(x)
2n = κ10+2n

∫

d12θ ∂2n (C̄β̇γ̇δ̇η̇C̄
β̇γ̇δ̇η̇(x, θ))2 ∼ ∂2n(C̄C̄∂4M∂4M) + · · · . (4.6)

Unlike the situation in N = 5, all the three terms have even mass dimension and are

possible anomalous amplitudes and candidates for UV divergences. Their chirality weights

are 6, 0,−6 respectively, and they carry helicity −2, 0,+2. Thus L2 is chiral invariant and

non-anomalous as was the case for L2 in N = 5.

Since L2n
1 has the same helicity/chirality structure and dimension as the conjugate of

L2n−4
3 , we focus on L2n

1 . For n = 0 this is the candidate 4-loop anomalous counterterm

M4−loop
N=6 = κ6

∫

d4x d12θ M̄α̇β̇M̄
α̇β̇M̄γ̇δ̇M̄

γ̇δ̇ = 4κ6
∫

d4x d12θ M̄α̇β̇M̄
β̇γ̇M̄γ̇δ̇M̄

δ̇α̇, (4.7)

where the equality of the two forms is due to M̄α̇β̇M̄
γ̇β̇ = 1

2δ
γ̇
α̇M̄δ̇ǫ̇M̄

δ̇ǫ̇.

We are interested in the vvhh amplitudes contained in the superspace invariant (4.7).

The first step is to substitute the θ expansion (C.27) of M̄78 truncated to the Maxwell and

Weyl terms

M̄α̇β̇(x, θ) = M̄α̇β̇(x) + · · · − 1

6!
θαi θ

β
j θ

γ
kθ

δ
ℓθ

η
mθσnε

ijkℓmn∂αα̇∂ββ̇Cγδησ(x). (4.8)

After performing the θ integration we find the candidate amplitude

A4−loop
vvhh = κ6

∫

d4x
[

M̄α̇β̇M̄
α̇β̇∂α

γ̇∂β
δ̇Cγδησ∂

(α
γ̇∂

β
δ̇C

γδησ)

+M̄α̇β̇M̄
γ̇δ̇∂α

α̇∂β
β̇Cγδησ∂

(α
γ̇∂

β
δ̇C

γδησ)

+M̄α̇β̇M̄
γ̇δ̇∂α

γ̇∂
β
δ̇C

γδησ∂(α
α̇∂β

β̇Cγδησ)

]

. (4.9)

This information may be recast in the language of amplitudes using the on-shell multi-

spinor fields (see [25–27]). Using the amplitude relations of appendix A, we obtain from
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the spinor contractions in (4.9) the supersymmetric helicity violating local 4-loop candidate

counterterm:

A4−loop
vvhh = κ6[12]2〈34〉4(s2 + t2 + u2)δ4(P ). (4.10)

The corresponding helicity violating non-local 1-loop candidate amplitude is obtained by

dividing by stu:

A1−loop
vvhh =

(s2 + t2 + u2)

stu
[12]2〈34〉4δ4(P ). (4.11)

To obtain the candidate superamplitude, we use the superwavefunction for any particle

at the position I:

ΩI = v−I + ηiIf
−
i +

1

2
ηiIη

j
Isij +

1

3!
ηiIη

j
Iη

k
I f

+
ijk +

1

4!2
ηiIη

j
Iη

k
I η

ℓ
Iεijkℓmnv

mn+

+
1

5!
ηiIη

j
Iη

k
I η

ℓ
Iη

m
I εijkℓmnΨ

n+ +
1

6!
ηiIη

j
Iη

k
I η

ℓ
Iη

m
I ηnI εijkℓmnh

++ . (4.12)

We can then define the 4-point superamplitude that has (4.10) as a component. Using (A.9)

and (A.10)

M4−loop
4 = κ6δ12(Q)(s2 + t2 + u2)

[12]2

〈34〉2 δ
4(P ), (4.13)

and one shows that the candidate 4-loop amplitude is permutation invariant. The 1-loop

candidate superamplitude is

M1−loop
4 = δ12(Q)

s2 + t2 + u2

stu

[12]2

〈34〉2 δ
4(P ) . (4.14)

We can reproduce the vvhh amplitude (4.11) from the candidate superamplitude (4.14)

by applying sixth-order η3 and η4 the derivatives to project out two gravitons. Using

(

∂

∂ηI

)6

=
6
∏

i=1

∂

∂ηiI
, (4.15)

we have on the one hand
(

∂

∂ηI

)6

ΩI = h++ , (4.16)

and on the other hand
(

∂

∂η3

)6( ∂

∂η4

)6

δ12(Q) = 〈34〉6. (4.17)

We then obtain

A1−loop
vvhh = 〈v−v−h++h++〉

=

(

∂

∂η3

)6( ∂

∂η4

)6

M1−loop
4

=
s2 + t2 + u2

stu
[12]2〈34〉4δ4(P ). (4.18)

As expected, permutation invariance of the candidate superamplitude is reduced to the

Bose symmetries 1 ↔ 2 and 3 ↔ 4.
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In summary, in N = 6 supergravity there are anomalous candidate superamplitudes

that describe both potential 4-loop UV divergence and the 1-loop processes. In section 5.2

we will reproduce the 1-loop structure (4.18) using the double-copy method. In section 5.3

we will show, however, that these candidate anomalous superamplitudes are not present in

the effective action of N = 6 supergravity.

4.3 N = 8

We now discuss possible U(1)h anomalies in linearized N = 8 supergravity. As explained in

section 3.2, U(1)c weights are not defined in this case, but we should still consider possible

U(1)h anomalies. We focus on the 4-point invariant with lowest mass dimension:
∫

d16θ(C̄α̇β̇γ̇δ̇C̄
α̇β̇γ̇δ̇(x, θ))2 ∼ C̄C̄∂4C∂4C(x) + · · · . (4.19)

We have written only the 4-graviton coupling on the right side and omitted other terms. It

is now easy to see that this is actually U(1)h invariant: the weight of the chiral measure is

−8 whereas the helicity weight of the superfields in the integrand is +8. Thus, as expected,

there are no chiral/helicity anomalies in N = 8.

5 Double copy SYM and anomaly candidates in N ≥ 5 supergravity

5.1 N = 5 supergravity and N = 4 ⊗ N = 1 SYM

N = 5 supergravity amplitudes are expressed by the double copy N = 4 ⊗ N = 1 SYM.

As shown in section 4.1, there is no possible candidate for the anomalous amplitudes in

N = 5 supergravity. Let us consider the possible anomalous amplitudes from the double

copy viewpoint. Since N = 4 pure SYM has no helicity violating amplitudes, we focus on

N = 1 SYM. In N = 1 pure SYM, we have the following 4-point interactions,

L1 =

∫

d4x d2θ χαχαχ
βχβ , (5.1)

L2 =

∫

d4x d2θ χαχαF̄β̇γ̇F̄
β̇γ̇ , (5.2)

L3 =

∫

d4x d2θ F̄α̇β̇F̄
α̇β̇F̄γ̇δ̇F̄

γ̇δ̇. (5.3)

Spacetime derivatives can be added, but only in even numbers. Since the theory has no

dimensional parameter, L1,3, which have odd dimension, cannot appear in the one-loop

effective action. Then, only L2 is the candidate, but this term is a self-conjugate, chiral

invariant, i.e. not U(1) anomalous:

L2 =

∫

d4x d2θ χαχαF̄β̇γ̇F̄
β̇γ̇ ∼ FαβF

αβF̄γ̇δ̇F̄
γ̇δ̇ + · · · . (5.4)

Therefore N = 1 SYM does not have anomalous 4-point amplitudes in any loop order.

Interestingly, the reason for the absence of anomalous amplitudes in N = 1 SYM is almost

the same as that in N = 5 supergravity. Thus, the absence of anomalous amplitudes in

N = 5 supergravity is confirmed from the double copy viewpoint.
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5.2 N = 6 supergravity and N = 4 ⊗ N = 2 SYM

In this section, we consider the N = 6 supergravity amplitude from the double copy

viewpoint. The N = 6 supergravity amplitudes are given by the double copy N = 4 SYM⊗
N = 2 SYM. It is known that N = 4 SYM has no helicity violating amplitudes, so we

discuss such amplitudes in N = 2 SYM.

We study the candidate helicity violating one-loop invariant

δ4(P )

∫

d4θW (p1)W (p2)W (p3)W (p4)
s2 + t2 + u2

stu

∼ δ4(P )φ(p1)φ(p2)F
αβ(p3)Fαβ(p4)

s2 + t2 + u2

stu
+ · · · . (5.5)

It has full permutation symmetry, which will provide a permutation symmetry of the

double-copy gravitational amplitudes, as in examples shown in [15]. Note the nonlocal

interaction which makes this structure dimensionless.

Our invariant contains the φφvv process on the second line of (5.5). To express this

as an on-shell amplitude we need the θ expansion (conjugate of (B.13))

W = φ+ θαi ε
ijψαj +

1

2
θαi θ

β
j ε

ijFαβ , (5.6)

and the on-shell fields

Fαβ(p) = λα(p)λβ(p)v̂
+,

ψα(p) = λα(p)ψ̂,

φ = φ̂. (5.7)

From the first term in the second line of (5.5), we can read off 〈φ̂φ̂v+v+〉 as

〈34〉2 s
2 + t2 + u2

stu
. (5.8)

One finds that this amplitude is one of the components of the superamplitude

AN=2 anomalous
4 = δ4(Q)

s2 + t2 + u2

stu
. (5.9)

We use the double copy formula (note t = 2p2 · p3)
AN=6 anomalous

4 ∝ s t δ4(P )AN=4tree
4 ×AN=2 anomalous

4 . (5.10)

The N = 4 tree-level 4-point superamplitude is given by

AN=4tree
4 =

δ8(Q)

〈12〉〈23〉〈34〉〈41〉 . (5.11)

Combining (5.9) and (5.11), we find

AN=6 anomalous
4 ∝ s t

〈12〉〈23〉〈34〉〈41〉
s2 + t2 + u2

stu
δ12(Q)δ4(P )

∝ [12]2

〈34〉2
s2 + t2 + u2

stu
δ12(Q)δ4(P ), (5.12)

in full agreement with (4.14). Thus we have found a supersymmetric candidate for a U(1)

anomalous structure in N = 6 supergravity via two very different constructions.
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x y

v u

(a)

x u

v y

(b)

φ

φ̄

φ

φ̄ φ

φ̄

φ̄

φ

←−

(c)

Figure 1. One boson and two fermion diagrams are shown. The letters x, y, u, v indicate spacetime

points in (a) and (b). In (c), φ, φ̄ are fields at the vertices, and the arrow indicates the vanishing

Wick contraction.

5.3 No 1-loop anomalous amplitudes in N = 2 SYM theory

In this section we examine the basic N = 2 SYM field theory and show explicitly that

such anomalous amplitudes are forbidden at one loop order. As described in [15], the

construction of loop amplitudes and candidate counterterms inN ≥ 4 supergravity theories

proceeds by the double copy method. This method begins with the observation that the

spectrum of particle states in the N -extended supergravity theory is isomorphic to the

direct product of states in two SYM theories, specifically N = 4 ⊗ (N − 4) SYM. We are

concerned with anomalous 4-point amplitudes associated with a possible chiral anomaly

of the U(1)R current. Since the N = 4 SYM theory does not contain U(1)R, the lowest

order anomalous supergravity amplitude requires a non-vanishing 1-loop SYM amplitude

on the (N − 4) side with non-conserved U(1)R charge. We now show rather simply that

such amplitudes vanish in N = 2 SYM theory.

In the previous section we constructed the linearized chiral N = 2 SYM superinvari-

ant (5.5). The 4th order terms in the θ expansion of W (x, θ)4 describe the 4-point processes

φ2FαβF
αβ , (ψαiψ

αi)2, φψαiψβjε
ijFαβ . The corresponding superamplitude is proportional

to δ(4)(Q) with no further factors of ηiI . Thus, given any one of the three amplitudes above,

the remaining two are determined by SUSY Ward identities. Therefore we focus on the

simplest amplitude, namely φ2FαβF
αβ , and we consider the corresponding 1-loop Feynman

diagrams.

For this we use the N = 1 description of the minimal N = 2 theory presented in

(6.57)-(6.59) of [28]. This model contains the bosonic fields AA
µ , φ

A, φ̄A, and the Majorana

fermions6 λA, χA, where A,B,C are indices of the adjoint representation of a compact

gauge group with structure constants fABC . The structure of N = 2 SUSY is hidden in

this notation, but is realized by the assignment ψA
1 = λA, ψA

2 = χA.

The interaction terms of this theory consist of the usual non-abelian gauge interactions

for the adjoint representation plus the Yukawa and quartic terms:

Lint = −
√
2fABC [χ̄A(φBPR + φ̄BPL)λ

C ] +
1

2
fABCfADE(φ̄BφC)(φ̄DφE) . (5.13)

6The PL and PR projections of a Majorana field are identified as Weyl spinors, e.g. PLλα = λα and

PRλα̇ = λα̇. Thus χ̄PLλ = χαλα.

– 13 –



J
H
E
P
0
5
(
2
0
1
7
)
0
6
7

An N = 1 chiral superfield φ(x, θ) = φ(x)+θαχα(z)+θαθαF (x) carries the multiplet U(1)R
charge rφ, and θα is assigned rθ = 1. The component charges are then rφ, rχ = rφ − 1,

rF = rφ − 2. In the gauge multiplet, the real quantities Aµ, Fµν are U(1)R inert, and

the gaugino λα carries rλ = 1. The Yukawa interaction in (5.13) is invariant if we choose

rφ = 2. The entire action is then U(1)R invariant as anN = 1 theory. With the assignments

ψA
1 = λA, ψA

2 = χA, this extends to the U(1)R of N = 2 SUSY. This symmetry prohibits

the process φ2FαβF
αβ .

All Feynman diagrams with two external φ fields and two external gluons vanish be-

cause the additive U(1)R charge is conserved at all interaction vertices. We now confirm

this at 1-loop order. Two fermion diagrams and a representative boson loop diagram are

indicated in figure 1. We indicate Wick contractions along the top line of the first diagram

with gauge indices suppressed.

∫

d4x φ̄(x)(χ̄PLφ̄λ)x

∫

d4y(λ̄PLφ̄χ)y φ̄(y). (5.14)

The Wick contraction 〈λ(x)λ̄(y)〉 ∼ /∂ 1
(x−y)2

gives the massless fermion propagator in space-

time. But there are adjacent PL projectors, so we find the structure

PL/∂x
1

(x− y)2
PL = 0. (5.15)

It vanishes by elementary chirality. The same argument applies to the case where two χ

fields are contracted. The second diagram in the figure is a little more complicated, but it

also vanishes because there are an odd number of γ-matrices between the projectors:

PL/∂xγµ/∂uPL = 0. (5.16)

It is simpler to analyze bosonic diagrams. Since there are two external φ-fields, one encoun-

ters the vanishing Wick contraction 〈φφ〉 = 0 along the loop and the amplitude vanishes.

Note that our arguments apply to the process φ+φ → n-gluons, and the amplitude vanishes

for all gluon helicities.7

5.4 N = 8 supergravity and N = 4 ⊗ N = 4 SYM

We consider the anomalous amplitudes in N = 8 supergravity from the double copy N =

4 ⊗ N = 4 SYM. In N = 4 SYM, we have only one chiral invariant action with four

superfields,

L =

∫

d4x d8θ (F̄α̇β̇F̄
α̇β̇)2 ∼ F̄α̇β̇F̄

α̇β̇∂2Fαβ∂
2Fαβ + · · · . (5.17)

This is the helicity preserving 4-point interaction, which of course does not give anomalous

amplitudes. In this maximal supersymmetric YM, there are no other helicity violating

superinvariants as in the maximal supergravity case shown in section 4.3. Therefore, we

conclude that N = 8 supergravity does not have anomalous amplitudes from not only the

superinvariant analysis in section 4.3, but also the double copy viewpoint.

7We thank Lance Dixon for this observation.
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6 Subtleties in anomalies: the ǫ/ǫ effect

This section is based on discussions of amplitude anomalies with Z. Bern, L. Dixon and

R. Roiban. We begin with a comment that provides the background for this section. The

candidate chirality violating amplitudes studied in this paper would represent an anomaly

of the global U(1)c symmetry. In theories with U(1) chiral anomalies, invariance holds at

the classical level but fails at 1-loop order. When dimensional regularization to d = 4− 2ǫ

is used, the difficulty arises because one must supply a prescription for the dimensional

continuation of γ5 = iγ0γ1γ2γ3, see for example [29, 30]. The result is that the numerators

of 1-loop Feynman diagrams vanish linearly as ǫ → 0, but the loop integration can produce

a 1/ǫ pole. The net result is a finite anomalous amplitude. If the pole is absent there is no

anomaly at least in the amplitude under study.

The argument in [15] in N = 4 supergravity and in sections 4 and 5 for N = 6 is based

on the properties of linearized chirality violating supersymmetry invariants, their associated

superamplitudes and the simple double copy relations that are appropriate in this context.

We note the following concerning the invariants (2.5)–(2.6) in the N = 4 theory. The first

one is non-local, but the second is local. This means that (2.6) with an extra 1/ǫ factor is

a candidate 1-loop counterterm in the effective action and this fact is reflected in the local

superamplitude (2.8). It is clearly correlated with the order ǫ/ǫ rational terms in 1-loop

N = 0 gauge theory amplitudes. In contrast we note, looking at (4.4)–(4.6), that there is

no local candidate chirality violating 1-loop invariant in N = 6 supergravity. More to the

point, the chirality violating 1-loop invariant (5.5) in N = 2 SYM is non-local, and there

is no local dimensionless structure which would contain the 1/ǫ pole. This proves that the

ǫ/ǫ effect is absent in N = 2 SYM and motivates the unregulated 1-loop calculations of

section 5.3, which confirm this.

For further justification, we now relate our approach to that of [31], in which 1-loop

supergravity and SYM amplitudes are calculated using unitarity cuts and dimensional

continuation from d = 6 to d = 4− 2ǫ. Anomalous rational terms may appear due to the

ǫ/ǫ effect. The issue of concern to us is that N = 4 supergravity coupled to two vector

multiplets can be realized as a double copy in two ways, namely as (N = 4)× (N = 0) and

(N = 2)×(N = 2). The first construction clearly gives anomalous amplitudes from the ǫ/ǫ

effect in the (N = 0) factor. In section 3 of [31] it is shown that both constructions yield

identical amplitudes for all d and for all helicity configurations. This appears to indicate a

1-loop anomaly in N = 2 SYM, which would contradict our result. On the other hand, the

calculations in section 4 of [31] confirm that 1-loop chirality violating amplitudes vanish as

ǫ → 0. The explanation of this apparent paradox is that the double-copy calculations are

performed in the integrands of unitarity cuts, which contain the O(ǫ) terms of the N = 2

gauge theory. However this zero does not survive the final integration needed to produce

the anomalous amplitudes of N = 4 supergravity plus two vector multiplets.
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7 Summary and discussion

This work was motivated by the results of [15] in N = 4 supergravity. In that paper two

independent linearized supersymmetric chiral invariants that contain U(1)c anomalous am-

plitudes were found, and subsequent 4-loop calculations in [20] showed that these structures

are actually present as UV divergences. Therefore we undertook a study of the potential

anomalous chiral invariants in N = 5, 6, 8 supergravity, confining our attention to quartic

invariants that contain 4-point processes. As a preliminary step we classified the linearized

chiral superfields in all supergravities. There is one such superfield in the self-conjugate

N = 8 theory and two for each N in the range 7 ≥ N > 0. The analogous classification

in super-Yang-Mills theories for 4 ≥ N > 0 was also given, since we constructed potential

invariants by the double copy method as well as intrinsically in supergravity.

The U(1)c symmetry is the normal U(1) subgroup of the R-symmetry group U(N ) for

7 ≥ N > 0. Since the group SU(8) is simple, U(1)c does not exist for N = 8. However,

we define U(1)h which counts the helicity of asymptotic physical and exists for all N .

The charges of the two symmetries U(1)c,h are correlated, so that any amplitude is either

anomalous or non-anomalous under both. It was shown in [6] that there is an R-symmetry

anomaly in N = 4 supergravity, but not for N ≥ 5. An R-symmetry anomaly is a failure of

the conservation law for the R-current in 3-point functions in external backgrounds. One

might suspect that this fact is also relevant for the question of anomalous contributions to

the 4-particle S-matrix.

Let us come to the main results. For N = 5 supergravity there are three quartic chiral

superspace invariants, two of which violate chirality. However the physical dimension of

these two is odd, and they cannot be constructed from the Feynman rules of extended

supergravity because they would violate elementary dimensional analysis. For N = 6

there are again three chiral invariants, and two violate chirality. These invariants have

even physical dimension, so a more detailed argument is needed to investigate whether

they actually appear. For this purpose we derive the superamplitude that corresponds

to the invariants by two methods, first by working directly from the candidate invariants

and second using their construction via the double copy method from the product N =

4 SYM⊗N = 2 SYM. Both methods lead to the same chirality violating superamplitude.

The double copy method works initially at the 1-loop level and yields a non-local structure

which is then promoted to a local form which is a candidate 4-loop UV divergence. We

then present a simple argument based on the N = 2 SYM Lagrangian, that there are no

anomalous 1-loop amplitudes. Finally we arrive at N = 8 supergravity where there is only

one chiral superspace invariant which is in fact helicity conserving.

In summary there are anomalous amplitudes in N = 4 supergravity. There are candi-

date anomalous chiral superspace invariants in N = 5, 6 supergravity, but their contribu-

tions actually vanish when the structure of the theories is examined. In N = 8 there are

no anomalous candidates. This strengthens one’s confidence that the presence or absence

of the R-symmetry anomaly is significant.
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A Conventions

We use complex conjugation that does not change the order of fermions, and that acts on

the fermion components as

(ψα)
∗ = ψ̄α̇ , (ψα)∗ = −ψ̄α̇ . (A.1)

A real fermion bilinear is rewritten as follows

χ̄ψ = χαψα + χ̄α̇ψ̄
α̇ , χ̄γµψ = χα(γµ)αα̇ψ̄

α̇ + χ̄α̇(γ
µ)α̇αψα (A.2)

where (γµ)αα̇ = (σµ)αα̇ and (γµ)α̇α = (σ̄µ)αα̇, as given in [28] in (2.2).

We write the algebra of covariant derivatives for N -extended supersymmetry as

Di
αD̄jα̇ + D̄jα̇D

i
α = δij∂αα̇ , ∂αα̇ ≡ −2(γµ)αα̇∂µ . (A.3)

This leads to ∂αα̇∂
αα̇ = 8∂µ∂

µ or ∂αα̇φ∂
αα̇φ′ = 8∂µφ∂

µφ′. Complex conjugation also raises

or lowers the index i, and (Di
α)

∗ = D̄iα̇.

We often use the chiral basis where

yαα̇ = xαα̇ +
1

2
θ̄iα̇θαi , D̄iα̇ = − ∂

∂θ̄iα̇
, Di

α =
∂

∂θαi
− θ̄iα̇∂αα̇ , (A.4)

or the anti-chiral one

ȳαα̇ = xαα̇ − 1

2
θ̄iα̇θαi , D̄iα̇ = − ∂

∂θ̄iα̇
+

1

2
θαi ∂αα̇ , Di

α =
∂

∂θαi
. (A.5)

The momenta of particle I are written in terms of two-component commuting spinors

as [18, 32]

pIαα̇ = −2(γµ)αα̇pIµ = 2λIαλ̃Iα̇ . (A.6)

Particle helicities are expressed in terms of these spinors as e.g.

M α̇β̇(p) = λ̄α̇(p)λ̄β̇(p)v
− , Cαβγδ(p) = λα(p)λβ(p)λγ(p)λδ(p)h

++ ; (A.7)
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The contraction of these spinors for pI and pJ is then indicated as

〈IJ〉 = −〈JI〉 = λα
I λJα , [IJ ] = −[JI] = (〈IJ〉)∗ = λ̄Iα̇λ̄

α̇
J . (A.8)

They satisfy the relations

〈IJ〉[JI] = 2pI · pJ = sIJ ,
∑

J

〈IJ〉[JK] = 0 , (A.9)

for lightlike momenta and sIJ = (pI+pJ)
2. With these one shows that for 4-point functions

[12]2

〈34〉2 =
[13]2

〈24〉2 =
[14]2

〈32〉2 =
[23]2

〈14〉2 =
[24]2

〈13〉2 =
[34]2

〈12〉2 . (A.10)

We use the shortcuts s = s12 = s34, t = s23 = s14 and u = s13 = s24.

When using super-wave functions, the supersymmetry generatorsQi
α are represented as

Qi
α =

∑

I

λIαη
i
I , (A.11)

with anticommuting vectors ηiI . The
∫

d2N θ is then effectively replaced by the δ function

δ2N (Q) =
N
∏

i=1

2
∏

α=1

δ(Qi
α) =

N
∏

i=1

2
∏

α=1

∑

I

λIαη
i
I =

N
∏

i=1

∑

I>J

〈IJ〉ηiIηiJ . (A.12)

B Linearized chiral superfields in SYM

B.1 Universal structure of on-shell linearized chiral superfields in SYM

As discussed in section 3, N ≥ 0 supergravity has a universal structure. Here we show that

N ≥ 0 SYM also has the same structure, that is, singlet fields under SU(N ) are the lowest

component of (anti-)chiral superfields, and the θN component of any chiral superfields is

the lowest component of another anti-chiral superfield.

B.2 N = 4 YM

We begin with the field content ofN = 4 SYM. The on-shell degrees of freedom are given by

{N = 4 SYM} = {Fαβ , λαi, φij , λ̄
i
α̇, F̄α̇β̇}. (B.1)

In our notation, lower flavor indices correspond to the 4 of SU(4) and upper flavor indices

correspond to the 4̄. Note that there is a duality constraint given by

φij =
1

2
εijklφ

kl , φij = φ∗
ij . (B.2)

In a suitable basis, we can define the Bianchi identities for the fields in the multiplet, which

define also themselves superfields

Di
αφjk = 2δi[jλαk], (B.3)

Di
αλβk = δikFαβ . (B.4)
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These can be inverted to obtain

λαi =
1

3
Dj

αφji,

Fαβ =
1

4
Di

αλβi. (B.5)

Note that we can derive further identities:

D̄α̇iφjk = εijkℓλ̄
ℓ
α̇,

D̄α̇iλαj = ∂α̇αφij ,

D̄α̇iFαβ = ∂α̇(αλβ)i, (B.6)

where we have used {Di
α, D̄α̇j} = δij∂αα̇ to derive the second and third equations.

With Bianchi identities, we can show that Fαβ is an anti-chiral superfield as follows:

Dm
γ Dℓ

βD
i
αφjk = 2δiℓjkD

m
γ Fαβ , (B.7)

where we have used (B.3), (B.4) and δ with more indices is the antisymmetric product

of δ symbols, e.g. δkℓij = δk[iδ
ℓ
j]. For m 6= i, j, k, ℓ, the left hand side vanishes because

Dm
γ Dl

βD
i
αφjk = Dl

βD
i
α(D

m
γ φjk) = 0 due to (B.3). Choosing further for any m a couple

[ij] = [kℓ] of different indices, we find

Dm
γ Fαβ = 0. (B.8)

On the chiral basis (A.4), we can expand the chiral superfield F̄α̇β̇ in N = 4 YM as

F̄α̇β̇(y, θ) = F̄α̇β̇(y) + θαi ∂α(α̇λ̄
i
β̇)

+
1

2!
θαi θ

β
j ∂αα̇∂ββ̇φ

ji

+
1

3!
θαi θ

β
j θ

γ
kε

kjiℓ∂αα̇∂ββ̇λγℓ −
1

4!
θαi θ

β
j θ

γ
kθ

δ
ℓε

ℓkji∂αα̇∂ββ̇Fγδ. (B.9)

To derive this expansion, we have used the identities (B.3)–(B.4) and (B.6).

B.3 N < 4 chiral superfields from N = 4 SYM

We deriveN < 4 superfields from the truncation ofN = 4 SYM. First let us start withN =

3 SYM, which is obtained by setting θ4 = 0. As is the case of N = 7 supergravity, which

will be discussed in section C.3, this truncation does not reduce the degrees of freedom in

the N = 4 theory. One can confirm it by performing the truncation of the superfield (B.9).

Next, we consider N = 2 SYM by setting θα3,4 = 0, which gives

F̄α̇β̇(y, θ) = F̄α̇β̇(y) + θαi ∂α(α̇λ̄
j

β̇)
+

1

2!
θαi θ

β
j ε

ji∂αα̇∂ββ̇φ34, (B.10)

where i, j = 1, 2. The last component φ34 ≡ φ̄ is a singlet scalar field. On-shell degrees of

freedom in N = 2 SYM are summarized as

{N = 2 SYM} = {Fαβ , λ
i
α, φ}+ c.c.. (B.11)
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N Chiral Anti-chiral Helicity

N = 4 F̄α̇β̇(y, θ) Fαβ(ȳ, θ̄) ±1

N = 3
F̄α̇β̇(y, θ)

χ̄4
α̇(y, θ)

Fαβ(ȳ, θ̄)

χα4(ȳ, θ̄)

±1

±1
2

N = 2
F̄α̇β̇(y, θ)

W (y, θ) = φ34(y, θ)

Fαβ(ȳ, θ̄)

W̄ (ȳ, θ̄) = φ34(ȳ, θ̄)

±1

0

N = 1
F̄α̇β̇(y, θ)

Wα = λα1(y, θ)

Fαβ(ȳ, θ̄)

W̄α̇ = λ̄1
α̇(ȳ, θ̄)

±1

∓1
2

N = 0 F̄α̇β̇(x) Fαβ(x) ±1

Table 3. Properties of linearized chiral/anti-chiral superfields in N -extended supersymmetric

Yang-Mills theory. Dimension ∆ is related to the absolute value of helicity ∆ = |h| + 1, for all

entries in this table.

Note also that from N = 4 SYM we obtain

φ12 = φ34 = φ. (B.12)

From (B.3), one can immediately find that the scalar superfield φ̄(x, θ, θ̄) is an anti-chiral

superfield. Its component expansion in the anti-chiral basis (A.5) is

W (ȳ, θ) = φ̄(ȳ, θ) = φ̄(ȳ)− θ̄iα̇εij λ̄
j
α̇ +

1

2
εij θ̄

iα̇θ̄jβ̇Fα̇β̇ . (B.13)

We impose the condition θ2,3,4 = 0 to obtain N = 1 SYM. The curvature superfield is

F̄α̇β̇(x, θ) = F̄α̇β̇(x) + θα∂α(α̇λ̄β̇), (B.14)

where we have omitted the index i = 1 of λ̄i
α̇. (B.4) shows that λ̄α̇(x, θ, θ̄) is an anti-chiral

superfield, whose component expression is

W α̇(ȳ, θ̄) = λ̄α̇(ȳ, θ̄) = λ̄α̇(x)− θ̄β̇F̄α̇β̇. (B.15)

We summarize the (anti-)chiral superfields of N ≥ 0 SYM in table 3.

Finally, we show the proof of the following universality: In N ≥ 4 SYM, the θN

component of any chiral superfields is the lowest component of other anti-chiral superfield.

In any N -SYM, there exists (at least) one anti-chiral superfield Fαβ . Here we start with

the case N = 4 SYM. Using (B.3), (B.4), (B.6), one can show the following equations:

D̄ℓα̇Fαβ = ∂α̇(αλβ)ℓ, (B.16)

D̄kβ̇D̄ℓα̇Fαβ = ∂α̇(α∂β̇β)φkℓ, (B.17)

D̄jγ̇D̄kβ̇D̄ℓα̇Fαβ = εkℓji∂α̇(α∂β̇β)λ̄
i
γ̇ , (B.18)

D̄iδ̇D̄jγ̇D̄kβ̇D̄ℓα̇Fαβ = εkℓji∂α̇(α∂β̇β)F̄δ̇γ̇ . (B.19)
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In N = 4 SYM, the θ4 component is proportional to D̄iδ̇D̄jγ̇D̄kβ̇D̄ℓα̇Fαβ |θ=0, which corre-

sponds to εkℓji∂α̇(α∂β̇β)F̄δ̇γ̇ . This shows the universal structure in the N = 4 case.

Next, let us (formally) consider N = 3 case, which is given by the truncation of N = 4

SYM. The r.h.s. of (B.19) always vanishes in N = 3 since there are only three indices.

This means

D̄iδ̇D̄jγ̇D̄kβ̇D̄ℓα̇Fαβ = εkℓj4∂α̇(α∂β̇β)D̄iδ̇λ̄
4
γ̇ = 0, (B.20)

where we have used (B.18). Thus, we have shown that D̄iδ̇χ̄
4
γ̇ = 0, or equivalently, χ̄4

γ̇ is

chiral superfield. Note also that the l.h.s. of (B.18) corresponds to the θ3 component of

the anti-chiral superfield Fαβ in N = 3 SYM. Then, the universality holds in the N = 3

SYM case. One can continue this procedure to N = 1 case in the same way. This proves

the universal structure.

One can find and prove the same universal structure in supergravity as in the SYM case.

C Linearized chiral superfields in supergravity

C.1 N = 8 supergravity

The on-shell degrees of freedom are given by

{N = 8} =
{

Cαβγδ, ψαβγi, Mαβij , χαijk, φijkℓ, χ̄ijk
α̇ , M̄ ij

α̇β̇
, ψα̇β̇γ̇i, C̄α̇β̇γ̇δ̇

}

. (C.1)

The scalar fields satisfy

(φijkℓ)
∗ = φijkℓ =

1

4!
εijkℓmnpqφmnpq . (C.2)

There are a number of Bianchi identities on the superfields that start with these fields

as lowest components [23, 33]:

Di
αφjkℓm = 4δi[jχαkℓm],

Di
αχβjkℓ = 3δi[jMαβkℓ],

Di
αMβγjk = 2δi[jψαβγk],

Di
αψβγδj = δijCαβγδ, (C.3)

and its complex conjugates, e.g.

D̄iα̇φ
jkℓm = 4δ

[j
i χ̄

kℓm]
α̇ . (C.4)

These identities can be understood from the helicities and SU(N ) content of the the-

ory, written in (C.1). From the representation point of view other terms with different

SU(N ) and helicity representations could appear in the right-hand side of the equations

in (C.3). However, there exists no on-shell degrees of freedom for these representations.

The physics determines the structure of these equations. The exact equations actually
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define the superfields that appear in the right-hand side. They can be obtained from the

inverses of (C.3):

χαijk =
1

5
Dℓ

αφℓijk,

Mαβij =
1

6
Dk

αχβkij ,

ψαβγi =
1

7
Dj

αMβγji,

Cαβγδ =
1

8
Di

αψβγδi. (C.5)

Using the algebra {DαD̄α̇} = ∂αα̇, we can then also prove

D̄iα̇χβjkℓ = ∂α̇βφijkℓ ,

D̄iα̇Mβγjk = ∂α̇(βχγ)ijk ,

D̄iα̇ψβγδj = ∂α̇(βMγδ)ij ,

D̄iα̇Cβγδǫ = ∂α̇(βψγδǫ)i . (C.6)

C.2 Chiral superfield in N = 8 supergravity

The above relations allow us to prove that C̄α̇β̇γ̇δ̇ is a chiral superfield, satisfying

D̄iǫ̇C̄α̇β̇γ̇δ̇ = 0 . (C.7)

Indeed, the Bianchi identity (C.3) can be iterated to

Di
αD

j
βD

k
γD

ℓ
δφmnpq = 4!δℓkjimnpqCαβγδ . (C.8)

If we act on this with a covariant derivative Dr
ǫ with r 6= i, j, k, ℓ,m, n, p, q, the first of (C.3)

implies that δℓkjimnpqDr
ǫCαβγδ = 0. For any r we can find 4 different indices [ijkℓ] = [mnpq]

such that this proves the vanishing of Dr
ǫCαβγδ. The complex conjugate implies that C̄α̇β̇γ̇δ̇

is chiral.

Using the same name for a superfield and its first component, we can then

use (C.3), (C.6) to identify the components of that chiral superfield. We obtain

C̄α̇β̇γ̇δ̇(y, θ)= C̄α̇β̇γ̇δ̇(y) + θαi ∂α(α̇ψ̄
i
β̇γ̇δ̇)

+
1

2
θαi θ

β
j ∂α(α̇∂ββ̇M̄

ji

γ̇δ̇)
+

1

3!
θαi θ

β
j θ

γ
k∂α(α̇∂ββ̇∂γγ̇χ̄

kji

δ̇)

+
1

4!
θαi θ

β
j θ

γ
kθ

δ
ℓ∂αα̇∂ββ̇∂γγ̇∂δδ̇φ

ℓkji+
1

5!3!
θαi θ

β
j θ

γ
kθ

δ
ℓθ

ǫ
m∂αα̇∂ββ̇∂γγ̇∂δδ̇χǫnpqε

ijkℓmnpq

+
1

6!2
θαi θ

β
j θ

γ
kθ

δ
ℓθ

ǫ
mθζn∂αα̇∂ββ̇∂γγ̇∂δδ̇Mǫζpqε

ijkℓmnpq

+
1

7!
θαi θ

β
j θ

γ
kθ

δ
ℓθ

κ1
m θκ2

n θκ3
p ∂αα̇∂ββ̇∂γγ̇∂δδ̇ψκ1κ2κ3qε

ijkℓmnpq

+
1

8!
θαi θ

β
j θ

γ
kθ

δ
ℓθ

κ1
m θκ2

n θκ3
p θκ4

q ∂αα̇∂ββ̇∂γγ̇∂δδ̇Cκ1κ2κ3κ4ε
ijkℓmnpq , (C.9)

where the symmetrization of indices in the first line concerns only the dotted indices.

Since the (mass) dimension of θ is 1
2 , the structure of the superfield is consistent with the

dimensions of the fields as in table 4.
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Field Cαβγδ ψαβγ Mαβ χα φ

Dimension 2 3
2 1 1

2 0

Table 4. (Mass) dimensions of the fields. We do not indicate the SU(N ) labels since this table is

valid for different N .

C.3 N < 8 chiral superfields from N = 8

In the following section, we will mainly focus on chiral superfields in N = 5, 6. It is known

that N = 5, 6 supergravity is derived by truncation of N = 8 supergravity. The structure

of N = 8 supergravity would be extremely useful. In particular, we can easily find chiral

superfields in N = 5, 6 supergravity from N = 8. But the procedure is more generally

applicable for all N < 8.

The truncation procedure consists in putting some components of θαi to zero in (C.9)

and its complex conjugate.8 A first trivial example is when we try to truncate to N = 7.

Then we would just put θα8 = 0 in (C.9). The last term would not appear anymore, however

the field Cαβγδ still appears in the anti-chiral superfield. Another example is that in the

second term ψ̄8
(β̇γ̇δ̇)

does not appear anymore. However, it also appears in the complex

conjugate. Equivalently, we can see this that the complex conjugate field ψκ1κ2κ38 is still

present in the one but last term. This shows in this formalism that N = 7 is not different

from N = 8.

We now consider the truncation to N = 6. We put θα8 = θα7 = 0. Now e.g. ψ̄8
(β̇γ̇δ̇)

does

not enter in the second term, but neither does ψκ1κ2κ38 in the one but last term, since for

that the set [ijkℓmnp] in the Levi-Civita symbol should contain 7, which is then contracted

with the vanishing θα7 . Considering in this way the full superfield, and restricting now the

SU(N ) indices i, . . . to {1, . . . , 6}, the chiral superfield is

C̄α̇β̇γ̇δ̇(y, θ) = C̄α̇β̇γ̇δ̇(y) + θαi ∂α(α̇ψ̄
i
β̇γ̇δ̇)

+
1

2
θαi θ

β
j ∂α(α̇∂ββ̇M̄

ji

γ̇δ̇)
+

1

3!
θαi θ

β
j θ

γ
k∂α(α̇∂ββ̇∂γγ̇χ̄

kji

δ̇)

+
1

4!
θαi θ

β
j θ

γ
kθ

δ
ℓ∂αα̇∂ββ̇∂γγ̇∂δδ̇φ

ℓkji +
1

5!
θαi θ

β
j θ

γ
kθ

δ
ℓθ

ǫ
m∂αα̇∂ββ̇∂γγ̇∂δδ̇χǫn78ε

ijkℓmn

+
1

6!
θαi θ

β
j θ

γ
kθ

δ
ℓθ

ǫ
mθζn∂αα̇∂ββ̇∂γγ̇∂δδ̇Mǫζ78ε

ijkℓmn . (C.10)

For investigations ofN = 6 we may delete the [78] indices. E.g. the spin 1 fieldMǫζ = Mǫζ78

is a singlet of SU(6). The scalar field φijkℓ has 15 complex components, which can be written

in terms of

φij =
1

4
εijkℓmnφ

kℓmn = φij78 , or φijkℓ =
1

2
εijkℓmnφmn , (C.11)

and we could have used this in the fifth term in (C.10).

The superfield (C.10) is obviously still chiral since in the chiral basis (A.4) the chirality

for N = 8 means that the superfield does not depend on the θ̄ and thus a fortiori not on

8The similar truncation is also done for superwave functions in ref. [34].
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those θ̄i with i ∈ {1, . . . , 6}. This shows that the components of the multiplet are

{N = 6} =
{

Cαβγδ, ψαβγi, Mαβij , χijk
α , φij , χ̄i

α̇, M̄α̇β̇

}

+ c.c. , (C.12)

where we indicated explicitly the complex conjugates of the fields in (C.10).

We can truncate the theory to N = 5 by taking θα6,7,8 = 0 and consider the truncated

superfield

C̄α̇β̇γ̇δ̇(y, θ) = C̄α̇β̇γ̇δ̇(y) + θαi ∂α(α̇ψ̄
i
β̇γ̇δ̇)

+
1

2
θαi θ

β
j ∂α(α̇∂ββ̇M̄

ji

γ̇δ̇)

+
1

3!2
θαi θ

β
j θ

γ
k∂α(α̇∂ββ̇∂γγ̇χ̄δ̇)ℓmεkjiℓm +

1

4!
θαi θ

β
j θ

γ
kθ

δ
ℓ∂αα̇∂ββ̇∂γγ̇∂δδ̇φmεijkℓm

+
1

5!
θαi θ

β
j θ

γ
kθ

δ
ℓθ

ǫ
m∂αα̇∂ββ̇∂γγ̇∂δδ̇χǫε

ijkℓm , (C.13)

where

φm = φm6 = φm678 , χα = χα678 , χ̄α̇ij =
1

3!
εijkℓmχ̄kℓm

α̇ , (C.14)

in terms of the fields that we had for N = 6 or N = 8. The set of fields is thus in this case

{N = 5} =
{

Cαβγδ, ψαβγi, Mαβij , χij
α , φi, χ̄α̇

}

+ c.c. . (C.15)

Let us continue the truncation to N = 4. The superfield is now

C̄α̇β̇γ̇δ̇(y, θ)= C̄α̇β̇γ̇δ̇(y)+θαi ∂α(α̇ψ̄
i
β̇γ̇δ̇)

+
1

2
θαi θ

β
j ∂α(α̇∂ββ̇M̄

ji

γ̇δ̇)
+

1

3!
θαi θ

β
j θ

γ
k∂α(α̇∂ββ̇∂γγ̇χ̄δ̇)ℓε

kjiℓ

+
1

4!
θαi θ

β
j θ

γ
kθ

δ
ℓ∂αα̇∂ββ̇∂γγ̇∂δδ̇φ̄ε

ijkℓ , (C.16)

where in terms of N = 5 and N = 8 fields

χ̄α̇i = χ̄α̇i5 = − 1

3!
εijkℓχ̄

jkℓ , φ̄ = φ5 = φ5678 . (C.17)

The N = 4 fields are

{N = 4} =
{

Cαβγδ, ψαβγi, Mαβij , χi
α, φ

}

+ c.c. . (C.18)

For N = 3 the superfield is

C̄α̇β̇γ̇δ̇(y, θ) = C̄α̇β̇γ̇δ̇(y) + θαi ∂α(α̇ψ̄
i
β̇γ̇δ̇)

+
1

2
θαi θ

β
j ∂α(α̇∂ββ̇ε

jikM̄γ̇δ̇)k

+
1

3!
θαi θ

β
j θ

γ
k∂α(α̇∂ββ̇∂γγ̇χ̄δ̇)ℓε

kji , (C.19)

where

M̄ ij

α̇β̇
= εijkM̄α̇β̇k , χ̄α̇ = χ̄α̇4 =

1

3!
εijkχ̄

ijk
α̇ . (C.20)

The N = 3 fields are

{N = 3} =
{

Cαβγδ, ψαβγi, M i
αβ , χα

}

+ c.c. . (C.21)
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The N = 2 superfield is

C̄α̇β̇γ̇δ̇(y, θ) = C̄α̇β̇γ̇δ̇(y) + θαi ∂α(α̇ψ̄
i
β̇γ̇δ̇)

+
1

2
θαi θ

β
j ∂α(α̇∂ββ̇ε

jiM̄γ̇δ̇) , (C.22)

where

M̄α̇β̇ = M̄α̇β̇3 . (C.23)

The N = 2 fields are

{N = 2} = {Cαβγδ, ψαβγi, Mαβ}+ c.c. . (C.24)

The N = 1 superfield is

C̄α̇β̇γ̇δ̇(y, θ) = C̄α̇β̇γ̇δ̇(y) + θα∂α(α̇ψ̄β̇γ̇δ̇) , (C.25)

in terms of the field content

{N = 1} = {Cαβγδ, ψαβγ}+ c.c. . (C.26)

For N = 0 there is just the field C̄α̇β̇γ̇δ̇(x) and its complex conjugate. We do not know

how to continue for N < 0, and therefore we stop here.

C.4 Chiral superfields ΦN for 7 ≥ N ≥ 1

The highest component of a chiral superfield is the lowest component of an anti-chiral

multiplet. See e.g. the chiral multiplets in N = 1, which have components {Z, PLχ, F}.
The field F transforms only with PRǫ and defines therefore an anti-chiral multiplet with

components (F, , /DPLχ, �Z).

We will prove below that we can say the same for the chiral superfields starting with

C̄α̇β̇γ̇δ̇ mentioned above for N = 8, . . . , 0. This highest component is always a singlet under

SU(N ) and defines an anti-chiral multiplet. The complex conjugate of the latter is then

again a chiral superfield. This leads to the list of (anti)chiral superfields in table 2.

For N = 8 the statement is simple. The statement of anti-chirality of Cαβγδ is just the

complex conjugate of the statement of chirality of C̄α̇β̇γ̇δ̇.

For N = 7, 6, 5, 4 the anti-chirality of the fields ψαβγ8, Mαβ78, χα678 and φ5678 is proven

immediately from (C.3). E.g. for N = 7, the anti-chirality means that the superfield van-

ishes under Di
α for i = 1, . . . , 7. For these values of i and j = 8 in the last equation of (C.3),

the result is immediate. The other 3 equations of (C.3) imply the same result forN = 6, 5, 4.

For N = 3 we prove the chirality of χα123 from the first line of (C.6). Indeed, in the

right-hand side comes then φi123 with i = 1, 2, 3, and this thus vanishes. In the same way,

the next two lines of (C.6) prove the chirality of Mαβ12 for N = 2, and of ψαβγ1 for N = 1.

We can give explicit components of these superfields by using the complex conjugates

of (C.6). This gives

M̄78
α̇β̇

(y, θ) = M̄78
α̇β̇

+ θαi ∂α(α̇χ̄
i78
β̇)

+
1

2
θαi θ

β
j ∂αα̇∂ββ̇φ

ji − 1

3!3!
θαi θ

β
j θ

γ
k∂αα̇∂ββ̇ε

ijkℓmnχγℓmn

− 1

4!2
θαi θ

β
j θ

γ
kθ

δ
ℓε

ijkℓmn∂αα̇∂ββ̇Mγδmn − 1

5!
θαi θ

β
j θ

γ
kθ

δ
ℓθ

η
mεijkℓmn∂αα̇∂ββ̇ψγδηn

− 1

6!
θαi θ

β
j θ

γ
kθ

δ
ℓθ

η
mθσnε

ijkℓmn∂αα̇∂ββ̇Cγδησ. (C.27)
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For N = 5, in terms of φ, the conditions (C.3), (C.4) are

Di
αφ

j =
1

3!
εjikℓmχαkℓm,

D̄iα̇φ
j = δijχ̄

678
α̇ . (C.28)

With the chiral bases, we can expand χ̄678
α̇ as

χ̄678
α̇ (y, θ) = χ̄678

α̇ + θαi ∂αα̇φ
i +

1

2
θαi θ

β
j ∂αα̇χβ

ij +
1

3!2
θαi θ

β
j θ

γ
kε

ijkℓm∂αα̇Mβγlm

+
1

4!
θαi θ

β
j θ

γ
kθ

δ
ℓε

ijkℓm∂αα̇ψβγδm +
1

5!
θαi θ

β
j θ

γ
kθ

δ
ℓθ

η
mεijkℓm∂αα̇Cβγδη. (C.29)

In N = 4 we have

W (y, θ) = φ(y)− θαi χ
i
α +

1

2 · 2θ
α
i θ

β
j Mkℓαβε

ijkℓ +
1

3!
θαi θ

β
j θ

γ
kψαβγℓε

ijkℓ

+
1

4!
θαi θ

β
j θ

γ
kθ

δ
ℓCαβγδε

ijkℓ . (C.30)

In N = 3, we have

Wα(y, θ) = χα(y) + θβi M
i
αβ(y) +

1

2
θβi θ

γ
j ε

ijkψαβγk(y) +
1

3!
θβi θ

γ
j θ

δ
kε

ijkCαβγδ(y). (C.31)

In N = 2,

Wαβ(y, θ) = Mαβ(y) + θγi ε
ijψαβγj(y) +

1

2
θγi θ

δ
jε

ijCαβγδ(y). (C.32)

In N = 1,

Wαβγ(y, θ) = ψαβγ(y) + θδCαβγδ(y). (C.33)

C.5 Completeness of the list of chiral superfields

It is important to explain the reason why our list of linearized chiral superfields in table 2

is complete. We are trying to detect all possible U(1) anomalous 4-point amplitudes, we

construct them using chiral linearized superfields. If our list would be incomplete, we would

not be able to provide a complete list of candidates into anomalous amplitudes.

A straightforward argument about completeness is the following. One can look at all

N ≥ 0 pure supergravities which have known actions and known local supersymmetry

rules. In general, for all component fields Φ(x) the supersymmetry transformation of the

action has the form

δsΦ(x) = ǫαi Ψ
i
α(x) + ǭiα̇Θiα̇(x). (C.34)

Here we have suppressed the possible indices of the field Φ and a dependence on them in

Ψ and Θ. In extended supergravities with N ≥ 4 both Ψ and Θ terms are present. This

means that at the non-linear level for all component fields of the theory Ψ 6= 0 and Θ 6= 0,

there no chiral superfields. Starting with N = 3 there is a non-vanishing superspace torsion

which breaks the integrability of the chirality constraint,

Di
αΦ(x, θ, θ̄) = 0. (C.35)
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This condition is inconsistent with the algebra of covariant derivatives

{Di
α, D

j
β}Φ(x, θ, θ̄) = T α̇ ijk

α β D̄kα̇Φ(x, θ, θ̄) + · · · . (C.36)

The chiral superfield must also be an anti-chiral one, and therefore constant. The torsion

superfield T α̇ ijk
α β = ǫαβχ̄

α̇ ijk(x, θ, θ̄) has a spin 1/2 field χ̄α̇ ijk(x) as its first component.

However, once we are interested in the linearized superfields, the r.h.s. of (C.36) can be

neglected, being at least quadratic in component fields. This means in terms of linearized

supersymmetry transformations that one of the entries in the r.h.s. of (C.34) vanishes and

we find linearized chiral superfields whose first component is Φ(x) if

(

Θiα̇(x)
)

lin
= 0, (C.37)

and anti-chiral superfields whose first component has

(

Ψi
α(x)

)

lin
= 0. (C.38)

The list of all available linearized chiral superfields shown in table 2 has been established by

a direct inspection of linearized supersymmetry transformations in N ≥ 0 supergravities.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
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