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1 Introduction

Sasaki-Einstein manifolds play an important role in AdS/CFT. These odd-dimensional
manifolds, with the property that the cones over them are Calabi-Yau, appear naturally in
the engineering of supersymmetric gauge theories by branes in string/M-theory. Their first
appearance in holography was in the context of AdS;/CFT,. Placing N D3-branes at the
tip of a Calabi-Yau cone C(Y3), and backreacting the branes, leads to an AdSs x Y5 vacuum
of Type IIB supergravity with a 4d N' =1 field theory dual. Following the first example of
the conifold singularity C(T1!) [1], a vast number of new dualities were discovered by the
explicit construction of an infinite family of Sasaki-Einstein metrics [2], and the subsequent
identification of their field theory duals as quiver gauge theories [3, 4].

Similar developments have followed in the case of AdS,/CFTj. Placing N M2-branes
at the tip of a hyperkéhler cone C(Y7), where Y7 is a tri-Sasaki-Einstein manifold now, and
backreacting the branes leads to an AdSy x Y7 vacuum of M-theory with a 3d N' = 3 field
theory dual. Following the first explicit example by ABJM [5], a large number of dual pairs
have been identified, with Y~ given by the base of certain hyperkahler cones and the field
theories corresponding to 3d N' = 3 Chern-Simons (CS) quiver gauge theories [6-11].
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Figure 1. Affine ADE quivers. From top to bottom and left to right A\n, ﬁn, EG, E7, Eg.

Computing the volume of these manifolds is of great interest as the AdS/CFT dic-
tionary relates Vol(Y) to important nonperturbative quantities in field theory. For in-
stance, in the case of D3-branes the a-anomaly coeflicient of the 4d field theory is given

by a = N2 Tn the case of M2-branes the free energy on the round three-sphere Fgs is

IVol(Ys)
276
Fga= N3 [ =% 1.1
5° 27 Vol (Y7) (1.1)

given by [7, 12]
The independent evaluation of both sides of this relation has been crucial in providing
convincing evidence for the proposed duality pairs. The lLh.s. can be computed purely in
field theory by supersymmetric localization [13] and has been carried out for a large number
of CS quiver gauge theories [7—16]. The r.h.s., however, has been mostly computed for
toric Y7," and a detailed test of the duality for non-toric cases is lacking.? The main reason
for this is that although supersymmetric localization techniques are available on the field
theory side for generic quivers, less tools are available on the geometry side for non-toric Y.
The aim of this paper is to remedy this situation. Specifically, we provide a formula for
computing the volumes of tri-Sasaki Einstein manifolds Y4 | arising from nonabelian hy-
perkiihler quotients of the form C(Yzq_1) = H*2a=17% // /U(n1) x - - -x U(ny,) . The deriva-
tion is based on the method of equivariant localization, making use of the U(1)r C SU(2)r
symmetry of the spaces. The localization method was developed in [19, 20] and applied to
toric hyperkéhler quotients, corresponding to the Abelian case, n, = 1, by Yee in [21].
Having derived a general formula, our main application is to 3d AN/ = 3 CS matter
quiver theories, whose field content is in one-to-one correspondence with extended ADE
Dynkin diagrams — see figure 1. These theories [22] provide an ideal setting for applying
the volume formula derived using localization. First, the corresponding tri-Sasaki Einstein
manifolds can be constructed by hyperkéahler quotients and, while the A series is toric, the
D and E series are non-toric. Second, as shown in [22] for this class of field theories one may
apply the saddle point approximation developed in [7] to evaluate the free energy at large

! A manifold Y is toric tri-Sasaki Einstein if the cone C(Y") is a toric hyperkiihler manifold. A hyperkihler
manifold of quaternionic dimension d is toric if it admits the action of U(1)¢ which is holomorphic with
respect to all three complex structures. For a review of mathematical aspects of tri-Sasaki Einstein geometry,
see [17] and references therein.

2See [14, 18] for two non-toric examples, namely Vs o and Q%!



N. For the A series, both the evaluation of the free energy as well as the direct computation
of the corresponding toric volume was carried out in [8], with perfect agreement. For the D
and E series, the free energy was computed by the authors in [16]. In this paper we focus
on the geometric side of the D series, identifying the precise tri-Sasaki Einstein manifolds
and computing their volumes, finding perfect agreement with field theory. This is the first
test of an infinite number of non-toric AdS,/CFT3 dualities. Few non-toric examples have
been studied in the AdS5;/CFTy context; it is our hope that the formulas presented here
will also be valuable in that context.

The paper is organized as follows. In the next section, we set up the localization
procedure for computing the volumes of hyperkahler quotients involving U(N) or SU(N)
groups. Then, in section 3 we specialize to SU(2)® x U(1)" and provide a simple example.
Finally, in section 4 we study the moduli space of 3d N/ = 3 CS ﬁ-quiver theories, identify
the dual tri-Sasaki Einstein manifolds and compute their volumes. The volumes in the
case of E-quivers can also be computed by the techniques presented here, but we do not
explicitly perform the corresponding integrals.

2 Localization setup

In this section, we give a brief overview of the technical tools necessary for the computation
of the volumes of hyperkéhler cones. The method was developed in [19, 20] and is based on
two basic features of the object we wish to compute. The first feature is the existence of a
fermionic nilpotent symmetry of the symplectic volume integral, which allows one to localize
the integral by adding an appropriate exact term. The second feature is that since these
manifolds arise from hyperkéahler quotients of flat space, one may formulate the calculation
in terms of the embedding flat space, where the calculations become simpler. We follow
the exposition of Yee [21] (which we urge the reader to refer for more details), where this
approach was applied to toric hyperkahler quotients, and extend it to non-toric quotients.

Given a bosonic manifold X, and its tangent bundle T'X with canonical coordinates
{z#,V#}, one defines the supermanifold 7'[¢)]X obtained by replacing the bosonic coor-
dinates {V#} with fermionic ones {¢*}. Integrals of differential forms on X can then
be written as integrals of functions f(z,%) over T[)]X. For instance, the volume of a
1
2

symplectic manifold X with symplectic 2-form w = Sw,,, " 1" can be written as

Vol(X) = e (2.1)
T[p]X

the Grassmann integration simply picks the correct power of w to give the volume form
on X. One may view this expression as a supersymmetric partition function; defining a
‘supersymmetry charge’ QQ = 1/1“% (which is the de Rham differential, d), we see that the
‘action’ S = w is supersymmetric, as Qw = 0 (usually written as dw = 0). Naively, one may
want to use this nilpotent fermionic symmetry, Q2 = 0, to localize the integral. However,
because () always contains a ", there is no (J-exact term one can add to the action

which contains a purely bosonic term, required by the usual localization arguments. One



way around this is to use a global symmetry of w to deform @@ — Q.. Given a symmetry-
generating vector field V = V“a% and defining the ‘contraction’ by V as iy = V”%, there
is a function H such that QH = iy w, which can be named Hamiltonian, moment map, etc.
depending on the context. This function H can be used to deform the action to S, = w—ecH,
which is now invariant under Q. = w“% +5V“(:1:)81%. Moreover, Q? = Ly with the Lie
derivative Ly = {iy, @}, which implies that Q. is nilpotent in the subspace of V-invariant
functions on T[] X. This deformation now allows the addition of bosonic terms (with an
e-dependence) and localization can be performed. The next step is to combine this with

the fact that the Kéhler spaces of interest are obtained from a Kéhler quotient of flat space.

Kahler quotient. Given a Kihler manifold M with Kéahler form w and a holomorphic
symmetry GG, generated by vector fields V,,, v = 1,...,dim G, it follows from Ly, w = 0 that
there are a set of moment map functions p, satisfying iy, w = Qu,. The Lie derivative Ly,
acts on the moment maps as follows

Voo = (@) = ivivw = fuu" (), (2.2)

where f,, are the structure constants of G. The submanifold p,!(0) is V-invariant and
the Kiihler quotient M//G is defined as the usual quotient u,*(0)/G. Parameterizing M
by splitting {z#} into three parts {z’,z?, 2"}, such that ' € p=1(0)/G, z¥ denote the
symmetry directions, i.e., V,, = V,/ 8‘2“
1y 1(0), we can derive the following relations from Qu, = iy, w:

and 2",n =1,...,dim G are coordinates normal to

ai,UJv = Wi , auﬂv = Wyuy » anﬂv = Wyn - (2-3)
Since p, = 0 on puy1(0), its derivative w.r.t. %, wy; = 0 on py(0). Also, wy, = 0 as
VJ‘%&P = 0on p; ' (0). Thus, Qw = 0 gives Opwij = Ojwyj — 0wy = 0 so wjj is V-invariant

on 11, 1(0) and the Kéhler quotient then inherits w;; as its Kéhler form. Using (2.1), the
volume of the quotient manifold can be written as

Vol (M//G) = / [dz][dy] eswia 'V

T[]y ' (0)/G
[ — dvd’bdz iwijww]

Vol (G) /T[w}uvl(())[ 2®[dz’][dy'] e

dim G
- o " (da?][da][do] ez ¥ Opo (@)
= GG oy 0 b TT 52| 255
1

~ 2n) Vol (G) /T[w]M[dw " [ ][dp] 3 el e
What these steps have achieved is to insert and exponentiate the moment map constraints
to turn an integral over the quotient space M//G into an integral over the embedding
space M. Now, we use wy; = wyy = 0 to write Y wy,Y" = ¥ w,, Y, where p runs over
all values in M (like z#). Next, inserting wj, and wy,, terms, which can be absorbed by
shifting ¢ — ' — wj_ilenl/;” and ¥ — ¥ — wy wym™, to complete the Wy PHP¥ term,



leads to the following simple expression:

1 / wip¥p
- e Y. 2.4

Vol (M//G) =

One may further make use of the U(1)z symmetry to introduce the e-deformation

1

— wip? py—eH
Vol (M//6) = (5w vai @ oo 29

and compute this integral by localization. When M is multiple copies of the complex
plane C with its canonical structures, the -integrals are trivial and simply give 1. With
appropriate H, the z-integrals are Gaussian and only the integrals over ¢’s remain, which
require some more work to perform. The case of M//G a conical Calabi-Yau six-fold is
of interest for AdS5;/CFT4. However, it should be emphasized that the expression above
computes the volume w.r.t. the quotient metric, which is not necessarily (and typically
is not) the Calabi-Yau metric on M//G.? For this reason, we focus in what follows on
hyperkahler quotients, where the Calabi-Yau condition is automatic.

Hyperkihler quotient. A hyperkahler manifold M with a triplet of Kahler forms & and
a tri-holomorphic isometry group G has triplets of moment maps satisfying iy, & = Qfiy.
Most of what follows is a straightforward generalization of the K&hler case so we write down
the most important equations only. The Lie derivative Ly, acts on the moment maps as
follows 9z

Ve OBE) Qi) = v = fun ). (2.6
The submanifold ji; }(0) is V-invariant so the hyperkihler quotient M///G is defined [25] as
the usual quotient i, 1(0)/G . Parameterizing M by {x?, 2V, 2"}, where the only difference
w.r.t. the Kéhler case is that n =1,...,3dim G, we can derive from Qfi, = iy, &:

8i/zv - u_jvi 5 8uﬁv = (vvvu 5 8n/zv — (Evn . (27)

Again &, = 0 and &y, = 0 on ji, 1(0). Thus, Q& = 0 gives OpWij = 03tdy; — 05y = 0 50
Wi; is V-invariant on fi, 1(0) and the hyperkihler quotient then inherits Wi; as its 3 Kéhler
forms. We pick w?® = w to define the volume as

Vol (11///6) = | da][dy] e3ess's?
Ty 1 (0)/G
1

. o1 iayd
= dzV][dz?][dy?] e2wis V"V’
Vol (G) /Twm;%m[ lid=lla]
dim G a
’ oy ()

__ 1 2 de 1 dadt] ezwisd' afy,
= VoL@ /TMM[d [dz"][dz"][d"] TT TT 0 (s ))' -

v=1 a=1

1 e
= 3 dv? "t 1] o WiV P! LiBY flv+X" - Dunth
(2m)3dimG Vol (G)/T[w}l\[;l@ J[dX*)[d"][dat][dy)"] e e :

30ne may consider, however, combining this with the principle of volume minimization [23, 24]. This
should amount to performing the localization w.r.t. a U(1)’z symmetry including possible mixings of U(1)
with flavor symmetries, but we do not study this here.



Again, these steps have turned an integral over M///G to an integral over M. Now,
using Wy; = Wyy = 0 and relabelling x5 = ¥ we rewrite xjwon¥"™ = Y wy,YH. Similarly,
XowWpn V" = XxaQue, where a = 1,2 now. Further relabelling ¢5 — " and ¢, — p,
and inserting w;, and wy,, pieces, which can be absorbed by shifting 1)’s as before, one
completes the w,,Y*1" term to obtain a simplified exponent:

v
(2m)> I ENVOL(G) Jriyimepreio s}

Vol (M///G) = W HiPY o ting iy +xa Quy (2.8)

The ‘action’ S = w + i’y + iplp® + xUQu? is invariant under a modified charge Q,
acting on the ‘coordinates’ as follows:

qu = Yt

Qut = —ip"V}!(x)

Q" =0 (2.9)
QX = —ipl

QPZ = _Lfku@vxzv .

The transformation Qp* is fundamentally different from the toric case (where it vanishes),
as a consequence of the action of Ly, on the moment maps (2.6). However, it still squares
as Q% = —ip"Ly,. Now we make use of the U(1)g C SU(2)r symmetry to introduce
the e-deformation and compute the integral by localization. This symmetry preserves only
w® = w, such that ipw = QH, and rotates the other two as Lr(w!' —iw?) = 2i(w'—iw?) (also
Lp(ps—ip2) = 2i(py —ip2) for all v). The deformed action S. = S —eH is invariant under
the deformed supercharge Q., which acts differently from Q only on 1" and pu, namely:

QM = —ip"V{!(z) + eR" ()

= e w o w u (2.10)
Qspa = _Lfvw © Xa + 2€€abXb 3

and squares as Qg =—ip"Ly, +eLR.

Now we are ready to localize (2.8) by adding the following term:*

—1Q: (2" Qe — X T'QeX ") = —t (VM1 + Qx4+ p T + X TUQ2X ). (2.11)

Here, x* = (x1%ix2) such that Lrx~ = 2ix~ and the same for p*. By taking the t — 400
limit, the action S, does not contribute and the coordinates x*,¥*, pu, xu can be simply
integrated out, giving

/ oSe—t (P84 Q2 p U QX))
TpIM@{py,x4}

dim M T dim M 1
:(myﬁ*(f) S
t Detas Qg
dim G+ 4 2 Detg Q2
Det s Qg

4This useful trick is thanks to Kazuo Hosomichi.

dim G . ~
(g) (26)4mC Det; 2

— (2r)




This leads to
Vol (M///G) =

) dim G4 4im M Det 2
{

(2m)P TGVl (G) Jioy Detas OF

Here Detg Qg is simply the determinant of the (dimG)-dimensional matrix
(260" — fouw'@"). Detps Qg depends explicitly on the manifold in consideration so we
will tackle this in the next section.

For G = SU(2), fuww = 2€upw and we can explicitly write the numerator in the above

formula as dim M 9 2)
(2m)3 T / 8e(e? + @
Vol. (M///SU(2)) = : 213
< (M/115U@) = GrVol(SU@) S Doty 02 (219
This differs from the U(1) case by the presence of ¢’s in the numerator [21]:
dim M
(2m)tt / 2e
Vol. (M///U(1)) = = 214
< MIITUO) = Vol (01) J, Doty 02 2

We will distinguish the U(1) variable by denoting it with ¢ compared to SU(2) variables
@ from now on.

3 Volumes of non-toric tri-Sasaki Einstein manifolds

In this section, we consider the case of G a product of multiple SU(2)’s and U(1)’s. At
zero level the quotients will be the cones:

C (xf;f}) = HAH35+T /1 /SU(2)* x U(1)" . (3.1)

As discussed in detail in section 4, these are the relevant quotients for ﬁ—quiver CS theories.
We begin by setting up some notation. A quaternion g can be written as

q= (_“U Z) (3.2)

in terms of two complex variables u and v. The flat metric is ds? = %tr(dqd(j) = dudu +
dvdv. The three Kahler forms are given by & -7 = %dq Adg:

3

w” = (du A du + dv A do) ; (w! — iw?) = i(du A dv). (3.3)

i

2
Considering first G = SU(2) x U(1)", we realize the SU(2) action on the quaternions ¢’s
by pairing them up, i.e., we have ¢ with = 1,2 and a = 1,...,%(d+3+r). The
quaternionic transformations are most simply given as:

ouf =ufl [i(C-3)F+iy_Qig;08

j=1

vy = v [i(C-3)5+i>_Qig;08

Jj=1



The vector fields corresponding to these symmetries are as follows:

ZQCL ’LLa' ua_ia'éua_va'ava‘i‘@a'gva)

agr 4
Vi = a—gg = LZ (ué@u}l - ui@ug - ﬂééué + ﬂgéug —(u—))
“ (3.5)
0 . 2 1 27 17
Vi = ﬁ = LZ (ugOu1 + uy0y2 — UgOyr — Uy0y2 — (u — v))
Vo = 874'2 = —Z 28u1 — ui@ui + ﬂgéu}l — ﬂtllgug — (u — U)) .
Here ‘-’ means sum over o.
Under the SU(2)r R-symmetry, each ¢ transforms by left action:
g— e 5%, (3.6)
such that the U(1)r C SU(2)r symmetry is generated by the vector field
R=10Y (g Ou, = g Ouy + Vo Oy, — Ta - Oy,) - (3.7)
a
This implies ipw® = QH with H = 2r? = %Z%a (Jug]® + [vg]?). It follows that
- 2
Detga Q= ||ie— Q]d)] ie + ZQ]d)] — @
L ‘7 1
- 2 2
r . .
e (e | | |2 (18- e (3.8)
j=1 j=1

For bifundamental quaternions w.r.t. G = U(2)sxU(2)s41, the transformations become

(7 ={L,d}):

gy = uly [1(G- 3] = [i(Cora - ”g}“v (3.9)
i = 1y 1G] [ ] |

This leads to the following determinant (as per our convention, ©° = ¢):
~ S - 2 - - 2
Detys, Q2= (24 (1B, +1Bosa|— (65— 0041))7) (22 + (1Bl HIB oo |+ (65— 0011)) )
S - 2 - S 2
X (€2+(|st|*|ﬁps+1|7(¢s*¢s+l)) )<52+(’905|*|90s+1|+(¢37¢5+1)) ) (3'10)

For ‘bifundamentals’ carrying more U(1) charges, the (¢s — ¢s+1) factor is simply replaced
by a sum of all such charges >, Q% ¢’



Thus, the (regularized) volumes of the hyperkéhler cones (3.1) read:

vol. (¢ (vig) ) = (82)*(22)" (2m)3etrt2dt3str) [Ti(e” + &)
W= (2m)9(2m)3 Vol (SU(2)* x U( )") 790 DetM Q?
22d+33+r 2d s+r

3 z 15 +(pz)
Vol(SU / Hd %H ¢Jm. (3.11)

To extract the volume of the tri-Sasaki Einstein base Y from the e-regulated volume of the

cone, recall that the conical metric is of the form ds?ld =dr’ + r2dsid_1 and the e H = £r2
term in S, serves as a regulator e~3" for the volume integral, giving the relation
224-1p (24
vol. (¢ (vi51) ) = 5() vol (Vi) (3.12)

Now, rescaling all {¢, ¢} — {©, ¢} /e in (3.11) to get rid of the factor £3**" and comparing
the result with (3.12) we obtain

Vol( 4(;72) 235+7" . ji 1(1+ —»2)
Vol(5%-T) ~ VoI(SU(2)* x / Hd “O’H 403 [Tenr(Detq @2)]emt’ (3.13)

where Vol(S44~1) = Ig?—;dd). This is the main result obtained via the localization procedure.
In section 4 we use this formula to compute the volume of tri-Sasaki Einstein manifolds
relevant to 3d CS matter theories.

General quotients. For a hyperkihler quotient of the form H*4m& // /G the volume
of the tri-Sasaki Einstein base is given by

dim G
Vol (V. ww
O(ﬁi = / H f2 el (3.14)
VST = o DetM Pn

This integral over dim G ¢’s can be reduced to rank G ¢’s in the ‘Cartan-Weyl basis’, which

introduces a Vandermonde determinant. For G a product of U(N)’s and (bi)fundamental
quaternions we can write
N
| oV TT =A% (4+ (A = A))?)
Vol (Yaq-1) / [ 1 d)\Z] U(N)eG  i<j=1
Vol(§4d-1)
Vol(§ X UNN)eG H (1+ (N —A5)?)

4]
1€U(M),j€U(N)

1:12
[\]
3

(3.15)
We note that the factor Vol (G) has cancelled. When the quaternions are charged under
more than two U(1)’s (as in SU(M) x SU(N) x U(1)"), we need a change of basis to
something similar to what we have for SU(2) x U(1)" in (3.8). This can be achieved by
constraining the sum of eigenvalues of U(V) to vanish, reducing the number of variables to
(N — 1), and adding a ¢-variable for each U(1) with the appropriate charge. The constant



factors follow the same pattern as that for U(N). Taking this into account, for a generic
charge matrix () one obtains

VO] Y4d 1 /
Vol(§4d-1)

X SU(N)eG [ N T =1

(i — 0)* (4 + (i — ¢5)°)

, (3.16)
T+ (i — 05 = X Qk0¥)?)
QaEiHj
ieSU(M),jeSU(N)

where py = — Z?L}l ;. This formula is applicable for generic quivers.

3.1 An example: ALE instantons

As a simple example we consider four-dimensional ALE instantons. These are hyperkahler
quotients of the form H!'T4m&///G with G a product of unitary groups determined by
an extended ADE Dynkin diagram [26]. In the unresolved case, these spaces are simply
cones over S3/T" with T' a finite subgroup of SU(2). The case G = SU(2)¥=3 x U(1)* with
k > 4 corresponds to the D series and T is the binary dihedral group Dj;_o with order
4(k — 2). This is precisely a quotient of the form (3.1) so we may compute the volume of
the base by the localization formula (3.13). Let us work out the k = 4 case first. Setting
d=1,s=1,r =4, we have®

(14 1 _
Vol(Y3 27r / dip(4mg?) (1 + 2 / Hd -,

j=1 + 1+(80j:¢.7)

thus reproducing the expected volume %Vol (53).

For generic k > 4 we set d = 1,s = k — 3,r = k in (3.13) and perform the integrals as
in the example above. The computation is rather lengthy and thus we relegate the details
to appendix B.2. The final answer is

2
(k=3k)) _ 27
Vol (1) = ik—2)’

in accordance with the expected value of Vol (S3 / Dk_g).

It is also possible to consider Eg 7g singularities, corresponding to G = U(3) x U(2)? x
U(1)3, U4) x U(3)? x U(2)% x U(1)?, and U(6) x U(5) x U(4)? x U(3)? x U(2)% x U(1),
respectively. Using (3.15) or (3.16) one obtains the expected volumes, given by Vol(S?)
divided by the order of tetrahedral (24), octahedral (48), and icosahedral (120) subgroups
of SU(2), respectively.

5Here we reduced the three-dimensional SU(2) integral ffooo d3p to the obvious one-dimensional integral
fooo do(4mp?). We recognize ¢? as the ‘Vandermonde determinant’.

~10 -



3.2 Codimension 1 cycles

The volumes of codim-1 cycles are also of interest from the point of view of AdS/CFT
correspondence, as they compute the conformal dimensions of chiral primary baryonic op-
erators in the field theory. As discussed in [21], a codim-1 cycle is defined by a holomorphic
constraint that some v = 0. This means that there are two types of such cycles for D-
quivers: uy = 0 or ug‘ 3= 0. Let us focus on u% = 0 for concreteness but the computation
does not depend on the explicit values of a,«. In the flat ambient space, this hypersurface
is Poincaré dual to the 2-form

Ty = 6(ul)d(a)y i, (3.17)

with QT'y = 0 = Q.T'5. This means the regularized volume of the (4d — 2)-dimensional
cone u} = 0 is simply obtained by
_ 1 /

(2m)2 A EVOl(G) Jrpimeeroio i)

As the regularization is a simple Gaussian factor, this is related to the volume of (4d — 3)-

<F2>5 Ty ew-l—iéovﬂu—i-ipguﬁ—i-ngu%—eH. (3.18)

dimensional hypersurface inside the original cone by

22d-21 (24 — 1
(T2)e = 825_1) Vol (¥44-3) - (3.19)

Evaluating the previous expression for G = SU(2)® x U(1)" as before, the main difference is
that the eigenvalue corresponding to u} is missing. Multiplying and dividing by it leads to

23s+r+1 2d—1

(5,1
vol (267) = T'(2d — 1) Vol(SU(2) / Hds% Hd‘bﬂ H +&)

i=1
) 1—a(|solw+z;jc21 )
quM(Detq Qg) |€%1

where the iQ¢ piece of the integrand vanishes because of the anti-symmetry under

. (3.20)

¢ — —¢. The @1 piece can also be seen to vanish due to a cancellation from poles in the
upper and lower half-planes. A similar numerator appears for the second type of cycle too,
for which we can take, as an example, u%’l = 0. Since the imaginary part of the integrand
does not contribute, we obtain the same result as in the toric case, namely

Vol (5(7%) 941
vol(vig) T

4 Chern-Simons ﬁ-quivers

(3.21)

In this section, we consider the results of section 3 in the context of AdS4 x Y7 vacua of
M-theory and their 3d field theory duals. Specifically, we are interested in CS D-quivers,
whose gauge group is U(2N)"~3 x U(N)* with n > 4. The main reason we focus on these
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kl k4
ks ke - Fni1

kQ k3

Figure 2. ﬁn quiver diagram. Each node ‘a’ corresponds to a U(n,N) gauge group with CS level
kaq, where n, is the node’s comark and )" nqk, = 0 is imposed.

theories is that it is a large class of theories for which the free energy has already been
computed by supersymmetric localization [16] and the duals are non-toric.® We begin by
reviewing the field theories.

4.1 The field theories and their free energies

The field content of the theories is summarized in the quiver of figure 2. Following standard
notation, we denote the fields in each edge of the quiver by A, B. We label the nodes and
edges so that for a node b > a the fields A and B associated to the edge a<>b transform
under U(N,) x U(Np) as N, x N, and N, x Ny, respectively. The ranks of the gauge groups
are given by N, = n,N, with n, the node’s comark and the large N limit corresponds to
sending N — oo (and CS levels fixed). The labelling of the nodes and their corresponding
CS levels are shown in figure 2.
With these conventions the action is given by

2 4
S=5cs +/d49 Z(AJ@VSAie_Vi +BZ]L€W Bie_v5> —l—Z(AiTeV’”'lAie_ i+B;f€‘/i Bie_vm'l)
=1 =3
+3 (AﬁeViHAie*Vi + Bje‘/iBie"/iJrl) + (/ 2OW + h.c.> : (4.1)
=5

where Scg is the standard supersymmetric CS action (see e.g. [5] and references therein)
and W is a superpotential term, which we will write explicitly below.

The exact free energy Fgs for these theories, which is a rational function of the CS
levels {k,}, was computed at large N in [16] and we review the relevant results now.” Based
on the explicit solution of the corresponding matrix models for various values of n, it was
conjectured that for arbitrary n > 4, Fgs is determined by the area of a certain polygon P,
defined by the CS levels, which combined with (1.1) leads to a precise prediction for the
volumes of the corresponding Y7 manifolds, namely (the n-dependence of these manifolds
will be made explicit in the next subsection)

VOI(Y7) 1

Vol(57) = ZArea(Pn), (4.2)

5The free energy of exceptional quivers was also computed in [16]. The computation of the corresponding
volumes is straightforward (but tedious) with (3.16) and the techniques developed in this section.
"The case of Dy was first studied in [22].
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Figure 3. Schematic form of the polygon P, for the ]5” quiver for a generic value of CS levels.
Only the upper right quadrant is shown as it is symmetric along both the z and y axes.

where P, is the polygon in R? defined by®

n
Pu(z,y) = {(fc,y) e R? ‘ > (ly + paz| + |y — paz]) — 4yl < 1} : (4.3)
a=1
Here p is an n-dimensional vector such that at a given node a the CS level is written as
ko = aq) - p with a(q) the root associated to that node. A typical polygon for generic
values of CS levels is shown in figure 3. Writing Area(P,,) as the sum of the areas of the
triangles defined by the origin and two consecutive vertices of the polygon, the AdS/CFT
prediction (4.2) reads:
Vol(Y7) Ya,a+1
Vol( 5’7 - Z ‘ 0a Tail (4:4)
where 6, = Y p_; (|pa — Pl + [Pa + p1]) —4 |pa| for a=1,--- ,n,and 590 = 2(n—2),5,41 =
222:1 ’pb" In addition v, = ’/Ba A /36‘9 with S, = (Lpa) and By = (0,1), Bpt1 = (1,0).
The physical meaning of P,, was clarified in [27] (see also [28]) where an elegant Fermi
gas approach was used to study the matrix model at finite IV, showing that P,, corresponds
to the Fermi surface of the system at large N, and confirming the proposal for the free
energy of [16].
The goal for the rest of the paper is to derive (4.2) geometrically, by a direct compu-
tation of Vol(Y7) using the localization method of section 3. In order to do so, we must
first identify the precise manifolds Y7 dual to ﬁ—quivers, which we do next.

4.2 The moduli spaces

The manifold Y7 dual to a certain CS quiver gauge theory can be found by analyzing the
moduli space of the field theory [5, 6, 29], which is obtained by setting the D-terms and F-

8This compact form of writing the polygon of [16] is due to [27].
9Defining the wedge product (a,b) A (¢, d) = (ad — be).
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terms to zero, and modding out by the appropriate gauge transformations. Thus, we need
to specify the superpotential W appearing in (4.1). We can do this for a generic quiver.
Consider a quiver with ny vertices corresponding to U(n,/N) gauge groups (we assume all
ng are coprime) and ng number of edges. Let us first set N = 1. To determine the super-
potential we follow the approach used in [5] by introducing an auxiliary chiral multiplet ®,
in the adjoint of the gauge group a and superpotential W, = —%@2 + > i, AP By
here the sum is over all edges ¢ incident upon the node a and ¢, = @fTA, with T4 the
generators of the corresponding gauge group. To avoid cluttering the expressions we omit
the gauge generators in what follows, but it should be clear where these sit. Since we will
introduce a field @, for each node in the quiver it is convenient to introduce the notation
® = (P, ,P,,)" and AB = (A1By, -+, Ay Bny,)T for nodes and edges, respectively.
The full superpotential thenreads W =5 W, = —%CDTK@ +®TZ AB, where 7 is the ori-
ented incidence matrix of the quiver'® and K is a diagonal matrix with entries Kuq = ngke.
Since ® does not have a kinetic term it can be integrated out, leading to the superpotential

W= %(AB)TITK*IIAB. (4.5)

We are now in a position to determine the exact geometry of the moduli space for a
general CS quiver. Varying W with respect to A and factoring out a B gives the F-term
equations (AB)T ZVK~'Z = 0. The D-term equations are obtained by simply replacing
AB — |A? — |BJ?. Combining A and B into a quaternion ¢, these three real equations
combine into the hyperkdhler moment map equations Zj Q;(qg(aa)qj) = 0, with Q a
charge matrix given by

Q=T'K'1. (4.6)

This fully characterizes the quotient manifold for generic N' = 3 quivers.!! We now spe-
cialize this to Dn quivers and begin with D, for simplicity.

D,. Using the incidence matrix for Dy the superpotential (4.5) reads

4

W:% Z;Z(ABAB <ZB A)(J;Bj.Aj) : (4.7)

i=1
where (A - B)? = (AoaB)(AoaB) and 04 = (I,0,). Varying W with respect to A; gives

the F-term equations:

4
B;i(A;B;) + oa) Y (B =0. (4.8)

J=1

0This is defined to be a matrix which has a row for each vertex and column for each edge. The entry
Tve is 1 if the edge e comes into vertex v, —1 if it comes out of it, and 0 otherwise. These signs arise from
the action of the group generators in the terms A®B = A ®4 T, B.

1This is a slight generalization of the expression derived in section 2.5 of [6], where we allow the gauge
groups to have different ranks.
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Factoring out B;, we have four matrix equations for each i. However, the SU(2) part of
the matrix gives the same equations for each i. In the quaternionic notation, all the U(1)
equations (from the o9 = I matrix in (4.8)) can be combined into the single equation

k1 + 2ks k1 k1 k1
4
i 1 o . . k‘g /{?2 + 21{25 k‘Q kg
(g} (0a)qi) =0 th = 4.9
k4 ka ka kq + 2ks

Each column (lower index) in this matrix @) represents a quaternion and each row (upper
index) represents the U(1) under which it is charged. This matrix can be obtained directly
from (4.6); here we have multiplied each row ‘i’ by 2k;ks for convenience, which amounts to
an unimportant rescaling of the corresponding vector multiplets. We note that this matrix
has only four rows although the original number of U(1)’s is five. The reason for this is that
an overall diagonal U(1) is decoupled as nothing is charged under it and so this row has
been removed. In addition, imposing the relation k; + kg + k3 + k4 + 2k5 = 0 one sees that
rank(Q)) = 3 and hence another row must be removed (it does not matter which one) to
obtain the final charge matrix. We have thus shown that the moduli space is given by the
hyperkihler quotient H®///SU(2) x U(1)? with the action of the group on the quaternions
determined by the matrix in (4.9).

ﬁn>4. The extension to 5n>4 quivers, with gauge group U(2)"~3 x U(1)4, is direct. The
superpotential (4.5) can be written as:

>

=1

1

1
= + (A1 -Bi+ Ay By — A5 - Bj)®

( )t

1

+
2]%1—1—1

1
(A3 Bs+ Ay Bi+ Ay Bn)’+ ) =~ (Aa1-Bao1 — Aa- Ba)? |.
pre 2k,
Proceeding as above one concludes that the moduli space is given by the hyperkahler
quotient (at zero level)
¢ (v{"tm D) = | /78U x U (4.10)

with the action of the group on the quaternions given by the charge matrix (for n > 4)

k1 + 2k5 k1 0 0 -k 0 0 0

ko ko + 2ks 0 0 —ko 0 0 0

0 0 ks 4+ 2kn41 ks 0 © 0 ks

0 0 ky kg + 2kn41 0 -0 k4
Q=1 —kg —kg 0 0 ks + ke —ks 0

0 0 —k7 ke +kr g 0

0 0 0 0 B |

0 0 k;n kn "0 "'0 _knJrl kn +kn+l

~15 —
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As above, the matrix is of rank (n—1) after imposing k1 +ko+ks+ks+2(ks+- - -+kny1) =0
and one (any) row should be removed. This matrix can be obtained directly from (4.6);
here we have multiplied each row by the lowest common denominator of all the (nonzero)
entries in that row for convenience.

We note that while the quaternionic dimension of the resulting spaces (4.10) is two,
there is only a single U(1) remaining after the quotient and thus the spaces are non-toric.
To see this, note that before gauging, the action for the lA?n quiver has a U(1)" global
symmetry, acting on each quaternion as U(1); : (4, B;) — (e A;,e™B;) fori=1,--- ,n
As shown above, the gauging removes (n 1) of them, leaving a single U(1) in the quotient
manifold. This is also the case for the E- quivers, as can be readily checked. For A- quivers,
in contrast, there is initially a U(1)™ symmetry but the quotient removes only (n — 2) of
them, hence the moduli spaces are toric.

Since the moduli spaces are hyperkéhler quotients of the form (3.1), with d = 2,s =
n— 3,7 =n — 1, we may apply the localization formula (3.13) to compute their volumes,
which we do next.

4.3 Volumes

We are now in position to compute the volumes of tri-Sasaki Einstein manifolds dual to
D-quivers. For clarity of presentation, we sketch the basic steps for D4 first and provide
the details for general D,~4 in appendix A. Setting d =2,s =1, = 3 in (3.13) we have

Vol (1) = ?f/ooodw? (1+¢?) /_ d*¢ H

L1l soi( i6i))

To perform the d3¢ integral it is convenient to use the Fourier transform identity

1 1 T e IXI [emilXle  GilXle\
=- [ dX X 4.12
e i N (cp—i wﬂ-)e (4.12)

—0o0

for each term in Hi:l' Performing the d®¢ integrals generates (27)363(>°,Q%X,),'? which
can be integrated away by writing X, = kex; it is directly checked from (4.9) that
>, Qbkq = 0. Thus, we obtain

Yo lkaz| 4 . .
Vol <Y7(1’3)) —W/ dm/ dgp - 2 +I; H [ (e_b‘k“w“p(go + i) + etlkarle(p — L))] .

(4.13)
We now perform the ¢ integral by residues, converting [ dp — 3 [°°_ di as the integrand
is an even function of ¢. We note that expanding the product of exponentials in (4.13)
gives a total of sixteen terms and the precise integration contour in the complex plane
needs to be chosen separately for each one. This is because the coefficient of ip|z| in each

12 A5 explained in [8], for non-coprime entries in the charge matrix @ there is an extra numerical factor
dividing the d-functions. But in that case, Vol (U(1)") is also not simply (27)" but needs to be divided by
the same factor, so the result being derived here is valid for generic Q.
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term can be any one of the combinations =+|k1| £ |ko| & |ks| £ |k4|. Thus, in order to decide
how to close the contour at oo, we choose a particular ordering of k’s. It is convenient to
go to the basis k, — a(q).p and order the p’s according to p1 > p2 > p3 > psy > 0 (this is
simply a choice and one should repeat this for all possible orderings). This results in

Vol (y(w)) 'l dxefmmps)m L2l L2 pe)iel (14, -
7 p2—p3)||)

32/ 8 2
_é (c-2-roel 62<p2+p4)x|)] '
Finally, integrating over x gives
(1,3)
VOI(Y7 ):_ 1 2p1+3p2 —p3 1 B 1
Vol (57) 32171 8 (p1 + p2)? 16(p1 +p2+p3—p1) 1635, ms
Ya,a+1 1

=-A 4.14

Z et = Jarea(Pa) (4.14)

where in the second line we used the definitions below (4.4) and the ordering of p’s we
have chosen (one may check that the last line above gives the result of the integral for all
possible orderings). Thus, we have shown that for n = 4 one exactly reproduces the field
theory prediction (4.2).

For generic n > 4 the volume formula reads

Vol <Y7(n—3,n—1)> s 3 o 2 Ep.
Vol (57) = (23 (2 )n ] H1 /0 dsoi(4wi)(1+soi)j]_[1 / N de;

2 4

< TI 1‘21‘[ 1 _— (4.15)

fam1 L4 (01 £ Qi) Lozs 1+ (023 £ Qi)

1
x H Qpa74 T g3 QZ%)Q) ‘

ia5

The integrals can be performed by the same steps as in the Dy case. Assuming the ordering
p1 > p2 > -+ > pn > 0 one finds (see appendix A for details):

(n—3,n—1) n— _
Vol (Y7 ) _ i 2 Ca + 2 Zg—lgpb + 3pn—2 — Pn—1
Vol (S7 16 a—1 —q— 2
ol (57) TPt (n—a—1)pg (Zb : pb)
1 1 1
+ <=
(Zb IDb—Dn b1 pb)
1
= iArea(Pn) , (4.16)

in perfect agreement with the field theory prediction (4.2)!
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5 Summary and outlook

This paper contains two main results. The first is an explicit integral formula computing the
volumes of tri-Sasaki Einstein manifolds given by nonabelian hyperkahler quotients. This
is a generalization of the formula derived by Yee [21] in the Abelian case. The second result
concerns the study of 3d /' = 3 CS matter theories. We identified the precise (non-toric)
tri-Sasaki Einstein manifolds describing the gravity duals of ﬁ—quivers and computed their
volumes, showing perfect agreement with the field theory prediction of [16]. This greatly
expands the detailed tests of AdS,/CFTj available for non-toric cases.

One may also consider CS E’—quivers, whose free energies were computed in [16]. In
this case the corresponding hyperkihler quotients are E : H24///SU(3) x SU(2)3 x U(1)3,
E7: H*///SU(4) x SU(3)% x SU(2)® x U(1), and Eg : H'20///SU(6) x SU(5) x SU(4)? x
SU(3)2xSU(2)2 x U(1)". The volume integrals can be written using (3.16) and the relevant
charge matrices (4.6). Although we have not computed these integrals explicitly one should
be able to do so with the same techniques used here for B-quivers. An open question
regarding E-quivers is whether they admit a Fermi gas description, along the lines of [30]
for A\—quivers and [27, 28] for lA)—quivers. If so, the integral volume formula may elucidate
the form of the Fermi surface in the large N limit.

The localization approach can also be applied to nonabelian Kahler quotients. This
is the relevant setting for AdS;/CFT,, where few non-toric examples are known. An
important distinction, however, is that the quotient ensures only the Kéahler class of the
quotient manifold and not its metric structure. In this case one would have to combine
this approach with the principle of volume minimization, along the lines of [23, 24]. Tt is
our hope that the formulas presented here will also be valuable in this context.

Finally, one may also consider quivers whose nodes represent SO(N) or USp(2N)
gauge groups. Related to this, it may be interesting to consider the interplay of the volume
formulas with the folding/unfolding procedure of [31].

Acknowledgments

DJ thanks Kazuo Hosomichi for many insightful discussions on the topic of localization.
We are also grateful to Kazuo and Chris Herzog for suggestions and comments on the
manuscript. DJ is supported in most part by MOST grant no. 104-2811-M-002-026. PMC
is supported by Nederlandse Organisatie voor Wetenschappelijk Onderzoek (NWO) via a
Vidi grant. The work of PMC is part of the Delta I'TP consortium, a program of the NWO
that is funded by the Dutch Ministry of Education, Culture and Science (OCW). PMC
would like to thank NTU and ITP at Stanford University for kind hospitality where part
of this work was carried out.

~ 18 —



A ﬁn CS quivers

Here we provide the details leading to the main result for CS ﬁn quivers (4.16). For generic
n the volume formula reads:
4 42n 5

Vol (Y7("_3’"_1)) = (g) CE H/ dpi(4m?) (1 + ¢7) H/ do;
X H H

2

1
Xila_‘[5 (14 (pa—a £ a3+ Qi0;)?) (A1)

The basic procedure follows the same logic of the 134 case. We first exponentiate the
denominators by introducing some [ dy,’s, perform the ¢-integrals to generate 5(>_, Q%ya)-
functions, and solve the equations ) _, Q' Ya = 0 by y, = ke such that > a Q! ko = 0 where

Ka = {P1+P2,P1 = D2, Pn—1 = Pns Pn—1+Pn, 203, 2p4, - - ., 2pp—2} (up to some signs but since
only |k,| are needed below these are not important). Now, assuming

pL=p2=--2pp 20, (A.2)
all kK, > 0 and thus we may replace |k,| — k4. Next, we perform all the y, integrals
obtaining

Vol <Y7(n—3,n—1)> 42n—54n—3 1 1
_ > a—1 Kalz|
Vol (5’7) - n—3 44 39n— 4/ dre” Ll H/ d(pl % 1 + (pz)
2
X H Ka Sola HDHQ Pn-3,T HDna((Pa—4a(Pa—37$)a (AS)
a=1 a=5
where
Dy (piz) = £ cos(pika|z]) + S;n(%ﬁa!:vl)
wi(1+¥7)
Pipi (97 — 93)(5 + @} + ¢3) cos(pikalz]) cos(pjralz|)
+2(1+ ¢7) (1 + ¢5) (97 — @) sin(pikalz|) sin(p;ra|z]) (A.4)

—i(1+ @3)(1 — @} + 5¢p7) cos(pikalz|) sin(pjralz|)
+oi(1 4 @5) (1 + 597 — ¢3) sin(pikal|z|) cos(pjralz])
i (02 — D)1+ D) (1 + @) (1 + (i + 01)2) (1 + (0 — 95)?)

By performing the integrals in decreasing order of ¢’s, starting from ¢, _3, ..., p1 a pattern

Dﬂa (‘Pia P, J}) =

emerges. Here are a few intermediate steps:

4 4
T
In-s Z/dSDn—:s on_3(1+ 95 3) [ Pra(en-s,2)Dr, (on—1, 003, 2) = 5 11 Ps.(ona,2)
a=3 =
o T 2pamatpan)lel Pr=d(Pna = 5) cos(pn—srnle]) + 220, s — 1) sin(pn—srinl2])
4 pn—a(1+ 05 _1)?(4+ 95 _y)

(A.5)
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Let us define another D to keep the expressions relatively compact:

Dy, (pi, a;m) = @i (97 —m(m+1) + 1) cos(pikalz|) + m(207 —m+1) sm(gomﬂx])
ka\Pis T3 (1+¢z)(( _1) )(m2+¢l>

(A.6)
Thus the relevant expression in (A.5) can be labelled Dy, (¢n—4,z;2). Proceeding further
with the integrals we have

In—3>j>1 = /d@j 90?(1 + @?)DH]‘+3 ((pj—la P .I') Ij—f—l

()"“H%m

1 a=n -
*y Y et e i am)llp, (i 4 a0 —a+2)]. (A.7)
i+3

The final ¢1-integral then gives

2
I = /d(pl (p%(l + (P%) H Dna((plax)1.2
a=1

1

n—3
— (E)"‘?’ [Clez(msng; po)ll S %aefz(zs;; po+(n—a—1)pa—3p=4 py )|

2 8 =

e 0 (1 (5 = o lel) - (e 20 o) ()

where ¢, = m This expression is also valid for 134, as can be easily checked.

Finally, performing the integral over x gives

Vol (Y7(”_3’"_1)) on—4

oo n—1
/ da e~ 2(P1+32025 p) I T,
—00

Vol (§7)  qn3
-3
:in Ca 2217 1pb+3pn 2 — Pn—1
16 a=1 l?;ll Py + (n —a— 1) (Zb h pb>
1 1 1
16 = + : (A.9)
16 (Zgzll Db — Pn Zgzl pb>

The expression appearing on the right hand side of (A.9) is precisely the area of the
polygon (4.3) (see [16] for details). Indeed, using the definitions below (4.4) and the
ordering (A.2), this becomes

Vol (Y}”*?”"*”)
Ya,a+1
Vol (S7) Z 0’a0'a+1 Area(P ),

as we wanted to show.
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B Other examples
In this appendix we provide other examples of applications of the formula (3.13).

B.1 A Lindstrom-Rocek space

Consider a Lindstrom-Rocek Space [32] given by the hyperkihler quotient H®///U(2). This
amounts to setting d = 2,s = 1,7 = 1 in (3.13) and the volume reads

o (1,1) :Lﬂl > T2 n [~ 1
Vol (5) = e, e e )/—ood¢(1+2(w+¢2>+(¢2—¢2>2)3

3272 [° 3m(21 + 692 + s04)]
= d 1+ {
3 e (14¢7) 256 (1 + ¢2)°
_/ 21+690 +o) ot
+ ) 8

One can verify that this is the correct value by explicit construction of the hyperkéhler
potential. Following [32], the hyperkihler cone H®///U(2) is described by the following
action (with all FI parameters vanishing)

S = /d8 @, ( b+ (e —V)Zéfn_} + [/ Az @ SEPT 4 he|. (B.1)
Here, m = 1,2,3 and a = 1,2 is the U(2) index. This gives the following equations of
motion

W, 87 (V)i (V)pal, e =0 B2
b P =0. (B.3)

Solving the latter equation by

oo _ (o KL Ky KY (B.4)
- " VKSR, /KiK.,
iKo- K}  iK, K2 !
O, = [ K, KR R (B.5)
+ a— + a—

where we have chosen a particular gauge, and plugging the solution for " back in (B.1)
leads to the action

S—Tr / dsz\/@fn LB EE, o

iy / @2\ [(KE Koy + K2 Koy + ) (KiK' + Ko K2 + 1), (B.6)

where k? = (K1 Ki_ + K}Ky )(K1 K, 4+ K3 K>_). The metric is given by g;; = 9;;K
where Kahler potential K is obtained from S = [ d8zKC. Tt turns out that

g = det g;; = 2°. (B.7)
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We use the following coordinate transformation to spherical polar coordinates

0,
Ki = 7 COS Y COS 5165(*‘“*2%)

K, =rcosysin 5163(—@1—21&1)
Oy i
Ki = rsin y cos 5265(_‘P2+2¢2)

Ko_ = rsinysin 526%(_“02_27’&2) .

Here, r is the radial coordinate and 6;, ;, 1; are the usual 3D spherical coordinates so 6; €
[0, 7], @i € [0,27) and ¥; € [0,27). The limit of x € [0, ] is chosen such that the ‘flat’ ac-
tion gives flat metric on R, x S7. The determinant of the Jacobian of this transformation is

Js =17 cos® X sin® X sin 61 sin 65. (B.9)

In these coordinates the metric is not explicitly conical (there are off-diagonal terms
between dr and spherical coordinates) but g, is a complicated function of spherical
coordinates only and rescaling r — F one obtains the conical metric dp® + p?dQ2. The
determinant of this radial transformation is

Jy = : B.10
Grr (B.10)

Combining all the above determinants, taking square root and (numerically) integrating
over the spherical coordinates gives us the volume of the seven-dimensional base of the
hyperkahler cone:

16 cos? y sin® y sin #; sin @ 7t
Vol(2r) = [ /g Trlpsr = / XS xsmOisinds 7 (B.11)
Q7 Q7 Grr 8

B.2 Volume of D-orbifolded S3

Here we provide details of the calculation for ALE instantons of section 3.1 for generic
Dy_s5. The volume integral reads:

B 93(k—3)+k+12 k-3 k
Vol (Y F=38)) = / dep; (4mp?) (1 +
( 3 ) (m2)k=3 x (2m)k Zl_[l @i ( % 7 ]1_[1 1;[ <P1i¢4)

3 1

8 H 1+ (o1 £ (gbl + ¢4))? H2 1+ (-3 = (¢ + ¢))°

" H ! . (B.12)

+.a= 1 ‘pa + Qpa+1) + (¢a+3 - ¢a+4))2
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Using Fourier transform to exponentiate all the denominators, we obtain

k 4 k—4
dei ¢ (1+ ¢F) H T v T dwidmy
j=1 +,b=1

+,a=1

k-3

v (42) = S 1

=1

1\* -3 lya |+ 54 (9 (P164) 5 (1E($1+64))+ 200 U4 ( +(¢atér)))
X 5 e +.,a=11Y%a + Y1 (¥1 4)TYs (P1 1 4 a=2Ya+1\PE-3 a k

4(k—4
" <1> BT St i (ot ous )£ a0 ) 4T (o) £ s 3—6044)
2

2k—6

ZW/Hd%% 1+ ¢7) Hd% H dy H dny- iy

j=1 +,a=1 +,b=1

o= Tbiam la 1= (I I3 1) i S (or (v +v3 ) +en—s(va +ui)

x et La=1 9a (Va1 —Var1)+ida (i —y1 +us —vz ) +iow(v3 —us +ui —vs)

w eber (m g +af 40 ) in—s (0 gty =y g) N s oo (ny — Ty ;)
el (= T =70 ) =ik (0 a = H 4T a)HE DL G (F 1 T,y )

We can perform the three ¢,,a = 1,2, 3 integrals to generate three §-functions, which can

be used to do y, ,a = 2, 3,4 integrals as follows:

2k:6

Vol () = S 5/Hdcpm L+ ¢7) HdaﬁJdeadyl H dryy iy

+,0=1

Zi ‘yl | 2Za 2 |y | Zj: b= 1(|77b \+|77b ) ( (yl +y; +2y2 )+2§0k73(y3 +yy ))
» ei<p1(771 Ay AT ) ion—a (s s =T s~ Te_a) i s b (T — Ty )
% (2m)3 i (i —ui) gida(mf =ny +af =i ) =i (ml_s=me_ a4 =)
% ot T os Gora(Frp_ F_ Em, 7))
This form now shows that all the remaining ¢-integrals can be done similarly to generate

more d-functions involving n’s and then all the remaining y* and n*-integrals can be

performed, leaving only the @-integrals.

(k_3)k) _ 2 22(1 |ya,
Vol (Y3 ) =3 / H dp; @Z (1+ ©? (:ll_[l dyt ilb_ll d77 d77 e 1
X 62£((‘01 (y;r+y2 )“"‘Pk 3 y3 +y4 H 5 _ nb_ + 772_ _ ﬁb_) e i b— 1("’717 H""]b ‘)

% ei¢1(nf+nf+ﬁf+ﬁ1 )+ivk-3 (nkf4+77k74*’7k74*771;4)+5ZI:T:TI?:Q oo (M1 =Ty 1+, 1)

22k6/k—3 02 (14 ¢2) k—4
= F dei : : dny diy,
= ) L ararany Lo

w e vzt (I 1+l [ |- —ny +171)
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w 2001 (1 )+ 2o —a (g =) 420 5575 en (my g~y ol 7))

= 0?2 (1+¢?)

92k—6 k
- 7-[-k5/ Pi o 2 5 2
i=1 (1 + 301) (1 + ‘Pk—?,)

k—4
v 5+‘P§ +<70§+1
oo 200+ o) (L 4+ @7 ) (L + (0p + @p11)?) (1 + (96 — ©p41)?)
2k—2 / o
g d(p 2z
w5 H (14221 +9y)
1:[ 5+ ¢ +80§+1
o (Lo )+ (06 + @p01)?) (L + (96 — 0p41)?)

Finally, performing all the ¢-integrals one-by-one with the residue algorithm used in the
main text (and appendix A), we get

k—2 —
(k=3k)\ _ 2 (a+2)m
Vol (v3"*) = TR L1+ H 2(a + 1)
2
T
= - B.l

as expected.
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