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ABSTRACT: Quantum quenches display universal scaling in several regimes. For quenches
which start from a gapped phase and cross a critical point, with a rate slow compared
to the initial gap, many systems obey Kibble-Zurek scaling. More recently, a different
scaling behaviour has been shown to occur when the quench rate is fast compared to all
other physical scales, but still slow compared to the UV cutoff. We investigate the passage
from fast to slow quenches in scalar and fermionic free field theories with time dependent
masses for which the dynamics can be solved exactly for all quench rates. We find that
renormalized one point functions smoothly cross over between the regimes.
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1 Introduction

Universal scaling behaviour is known to occur in quantum quench processes which involve
critical points. The best known example is Kibble-Zurek (KZ) scaling [1, 2], which has
received considerable attention in the past several years [3—7], including various holographic
studies [8—12]. Consider, for example, a system with a time dependent coupling g(t) which
is initially in a gapped phase and whose subsequent time evolution takes it across a critical
point g. where the gap vanishes. Further, if the rate at which the coupling varies is slow
compared to the initial gap, then the early time evolution is essentially adiabatic. So if the
system starts off in the ground state of the initial Hamiltonian, then it continues to remain
largely in the instantaneous ground state. However as g(t) approaches g., the instantaneous
gap is approaching zero and so adiabaticity must break down and the system is excited.
Consider the simple power-law protocol

g(t) —ge ~ go (t/6t)" . (1.1)



The original arguments of Kibble and Zurek [1, 2] (which were made for thermal transitions)
are readily adapted to argue that immediately after the quench, i.e., after entering the
non-adiabatic regime, the expectation value of an operator Oa of dimension A will exhibit
universal scaling of the form (e.g., see ref. [3-6])

(On) ~ (go/6t7) 751 | (1.2)

where v is the correlation length exponent.! In fact, in the vicinity of the critical point,
the time dependence of (Oa) is conjectured to be determined by a simple scaling func-
tion [13-16] — see eq. (2.11).

An important aspect of the original Kibble-Zurek argument [1, 2] is a universal predic-
tion for the scaling of density of defects for dynamics across an order-disorder transition.
In this work, we will not address this issue. Rather we will be concerned with the evolution
of the one point function of the quenched operator and the time in which this scaling will
appear.? Thus this paper deals with “Kibble-Zurek scaling” rather than the “Kibble-Zurek
mechanism”.

Recently a new scaling behaviour has also been found for fast quenches. This scaling
was first discovered in holographic studies [17-19], but later shown to be a completely gen-
eral result in any quantum field theory whose UV limit is a conformal field theory [20—22].
Consider a quantum field theory described by the action

S = Scpr + /dt A(t) /ddlx Oa(Z, 1), (1.3)

where O is a relevant operator in the UV fixed point theory with conformal dimension
A. The coupling A(t) starts from some constant value A1, varies as a function of time over
some time scale 0t over a range of the order of )\, and settles down to some other constant
A2. When 6t is small compared to all other physical length scales in the problem, but slow
compared to the scale of the UV cutoff, i.e.,

Agd < 5t < (A)VE=D [ (A)VA=D) [(gn) 1/ (A=) (1.4)
response of various renormalized quantities exhibits scaling. For example, during the
quench process, the renormalized expectation value (Oa)ren behaves as

oA
<OA>ron ~ W . (1.5)

This result matches the linear response theory result [21] and as a consequence of the
diffeomorphism Ward identity, there is a similar scaling law for the energy density.® As
discussed below, this early time scaling for smooth fast quenches can be examined in great

IThat is, the exponent determining the instantaneous gap — see eq. (2.8). Throughout the paper, we
will assume that the critical theory is relativistic, i.e., the dynamical critical exponent is z = 1.

2However, our results for mass quenches of free fermion theory, when applied to 14+1 dimensional Ma-
jorana fermions, can be adapted to a calculation of the kink density of the 1 + 1 dimensional Ising model.
This will be discussed in a future communication [23].

3Further, since the energy is a conserved quantity, this scaling persists for all times after the quench.



detail for free field theories [20-22]. In these cases, there are also additional scaling laws
for higher spin conserved charges.

The aim of this paper is to investigate the transition from scaling in fast quenches
to Kibble-Zurek scaling as one changes the quench rate. In principle, there could be
some discontinuity which separates these two regimes. However, we will demonstrate
that the scaling behaviour changes smoothly. We will investigate this question in free
bosonic and fermionic field theories with time dependent masses, closely following our ear-
lier work [20-22]. In particular, we are able to exhibit Kibble-Zurek scaling in free scalar
field analytically. Further we will also show, both analytically and numerically, that in the
time interval —tyx, <t < tk, the time dependence of the one point function is indeed given
by a scaling function, as described in eq. (2.11).

It is also interesting to analyze systems with a finite physical cutoff, like for instance,
lattice models. In that case, we expect the universal fast scaling to be modified as the
quench rate reaches the cutoff scale. In a future communication we will investigate this
effect in certain exactly solvable spin systems [23].

The remainder of the paper is organized as follows: in section 2, we briefly review
of some salient aspects of the scaling described above for fast smooth quenches and slow
quenches. In section 3, we derive exact expressions for the response to mass quench in
free scalar and fermionic field theories with protocols which are suitable to study at both
slow and fast quenches. In sections 4 and 5, we discuss the main results of this paper
for a variety of different protocols. We conclude with a brief discussion of our results in
section 6. Finally in appendix A we discuss subleading contributions to KZ scaling.

2 Review of past results

In this section, we review salient features of both fast and slow quenches.

2.1 Fast but smooth quenches

In [20-22], we described the evolution of the expectation value of various operators under
a fast but smooth quench, as summarized above — see also the discussion in [24]. Note
that for A > d/2, the expectation value (Oa)ren in eq. (1.5) diverges as 6t — 0. This result
appears paradoxical at first sight, since at least in low dimensions, there are perfectly
reasonable results for truly instantaneous quenches [25-29]. This issue was examined in
detail in [22] by considering UV finite quantities, such as correlation functions at finite
spatial separations and the excess energy produced. Again, the key difference between
these instantaneous quenches and the present quenches is the relation between the quench
rate 1/6t and the UV cutoff Ayy. In particular, for the fast but smooth quenches, we
maintain Ayy 3> 1/6t, as indicated in eq. (1.4). We refer the interested reader to [22] for a
thorough discussion. Below, we review the most important results for the fast but smooth
quenches that will be used in subsequent sections.

As described above, the scaling in eq. (1.5) is quite general but here we will focus on
quenches for free scalars and free Dirac fermion fields with time dependent mass terms.



Quench Type | Coupling | Operator | Dimension
Fermions m(t) P A=d-1
Scalars m2(t) }? A=d-2

Table 1. Description of free field theory quenches.

The parameters characterizing these free field quenches are given in table 1. Hence in the
limit of fast but smooth quenches, eq. (1.5) becomes

<1Z¢>ren ~ 77’L/5td_2 ) (2.1)
<¢2>ren ~ m2/5td_4 . (22)

In [20-22], we demonstrated that the above scaling holds both numerically and analytically.
In particular, for an odd number of spacetime dimensions, we found that the leading
order response was given by

()ren = (—1)F 2d e 8d Zm(t/6t) + Ot~ for d >3, (2.3)
(P)ren = (~1)T 2d o ag m(t/5t) + Ot ford > 5, (2.4)
where oy and o, are constants that only depend in the spacetime dimension d — see

egs. (3.4) and (3.14). In an even number of spacetime dimensions, there is an enhancement
of the scaling due to an extra logarithmic divergence in the counterterms. The leading
response in the free field quenches then becomes [21]

e = (1E D G/t + O dord =4, (25)
(6%)ren = (~1)% 1;’5(2? oy tm?(t/6t) + O(6t*~%)  ford >6, (2.6)

where p is an additional renormalization scale. As a practical matter, this logarithmic
enhancement was not very strong in our numerical calculations and it was important to
account for the nonuniversal contribution appearing at the next order [21].

2.2 Kibble-Zurek scaling

We now turn to a quench which is slow compared to physical scales in the problem. This
is the regime where one expects Kibble-Zurek scaling [1-7, 13-16]. Generally, this would
mean that we will be in the adiabatic regime and so intuitively, the expectation value is
just that corresponding to a fixed-mass expectation value with the mass at that particular
instant of time.* However, as noted in the introduction, that is no longer true if the quench
involves a critical point. In this case, it is impossible to maintain the adiabatic evolution
in the vicinity of the critical point. In particular, adiabatic perturbation theory will break

4This intuition is inaccurate when the spacetime dimension is sufficiently large because counterterms
include contributions involving time derivatives of the mass profile [20-22] — see egs. (3.6) and (3.15).



down when the change in the instantaneous gap Egap(t) becomes of the same order as the

gap itself, i.e.,
1 dEgap(t)

Eoap(t)?  dt

Now consider a quench where the time dependence of the coupling is described by

~1. (2.7)

eq. (1.1) near the critical point. The instantaneous gap is given by®

Baap(t) = g(t) — gcl” (2.8)

and it then follows from eq. (2.7) adiabaticity breaks down at the Kibble-Zurek time, txy:

trep ~ (éor)fm . (2.9)

Kibble and Zurek assumed that the system switches to a diabatic evolution between ¢t =
—tky and t = tyk,, for symmetric protocols that cross the critical point at ¢ = 0. If one
further assumes that tx, defines the only relevant physical scale during this period, the
scaling for the expectation values can be determined by dimensional analysis, i.e.,

(OA)ron = tiA . (2.10)
KZ
Substituting eq. (2.9) in eq. (2.10) then yields to eq. (1.2). Similar expressions have been
predicted by Kibble and Zurek for the density of defects produced when sweeping across
an order-disorder transition (see, for instance, [16]). Similar arguments extend the KZ
scaling to a more precise description of the time period [t| < tx; with universal scaling
functions [13-16]. For example, the one-point function behaves as

(OA())ren = tiA Ft/ter) . (2.11)
Higher point correlation functions exhibit a similar scaling form [16].
In the following, we will also consider protocols which approach the critical point with
a exponential decay, i.e., |g(t) — gc| ~ goexp(—t/ot). In this case, while adiabaticity still
breaks down at some finite time, the amount of time required to reach the critical point is
always infinite. On the other hand, as measured by the energy scale of the gap, distance to
the critical point remains finite. Hence it is more appropriate to define the Kibble-Zurek
energy, Ex,, as the value of the instantaneous gap when eq. (2.7) is satisfied. Following
the analogous arguments as above, one then finds

<OA>ren ~ KAZ . (212)

Note that for a power-law profile as in eq. (1.1), the KZ time and KZ energy are simply
related by tx, = 1/FEx; and so egs. (2.10) and (2.12) are identical in this case. However, in
the exponential protocol, there is no such relation and we will show that eq. (2.12) gives
the correct scaling in this case in section 5.

5We are dealing with relativistic theories for which the dynamical critical exponent z = 1.
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Figure 1. Quench profiles to study KZ behaviour.

In sections 3 and 4, we will consider quenches in free field theories where the gap is
linear in time near the critical point, i.e., Egap(t) ~ 5 t. This then defines the Kibble-Zurek

time as
For the free field quenches, eq. (2.10) then yields

d—1

() ren ~ t;il;l = (%)T , (2.14)
(@ )ren tf{l;? = (gi)d22 . (2.15)

In section 5, we will consider an exponential approach to the critical point in scalar
field quenches, i.e., Egap(t) >~ m exp(—t/0t). In this case, Ex; = 1/6t and hence eq. (2.12)

yields
1
<¢2>ren = 5pd—2 -

Note that the scaling behaviour here does not depend on m, the initial amplitude of the gap.

(2.16)

3 Explicit solutions

Following [16], we will analyze three different protocols for which slow quenches should
exhibit Kibble-Zurek scaling when approaching the critical point. As illustrated in figure 1,
we will consider: Trans-Critical Protocols (TCPs), which cross through a critical point at
t = 0; Cis-Critical Protocols (CCPs), which only touch the critical point at ¢ = 0; and
End-Critical Protocols (ECPs), which approach the critical point as t — co. In each case,
we are considering a free scalar or fermion field and varying the mass. The key feature that
makes our analysis manageable for free fields is that we are able to choose mass profiles
for which we are able to solve the resulting field equation exactly and determine all of the
modes analytically.

For the TCP, we consider a quench of the Dirac fermion where the mass varies with a
profile proportional to tanh(¢/dt). In our previous work [20-22], we were able to determine
the modes for tanh profiles where the mass interpolates from (A — B)m at t — —oo, to
(A+ B)m at t — oo, with A and B being arbitrary constants. Our past investigations
focused on quenches to the critical point with A = — B, and reverse quenches where A = B.



In the present situation, we want the mass to go through zero at ¢t = 0, so we will simply
choose A = 0 and B = —1, i.e., m(t) = —mtanh(¢/dt). Note that this means that the
mass will be negative for ¢ > 0, however, this is not a problem in the fermionic field.

For the scalar quenches, the coupling is the mass squared and having a negative mass
squared would result in unstable modes, i.e., imaginary frequencies. To avoid this problem,
for the scalar case, we will consider a CCP and will be analyzing pulsed quenches, where
basically the mass squared will start at some positive value at ¢t = —oo, then go down to zero
at ¢ = 0 and then return to that same positive value at t = 4o00. This analysis requires a
slight extension of the study of pulsed mass profiles proportional to 1/ cosh?(t/6t) in [21, 22].

Finally, to consider the ECP, we will use the scalar field quench with a tanh profile
which starts at some m when ¢t = —oo and approaches zero mass as t — oo, i.e., m2(t) =
%2 (1 — tanh(¢/dt)). Of course, this profile was already extensively studied in [20-22],
however, there we focused on the scaling behaviour near ¢ = 0 in the regime mdt < 1. In
the present case, we will consider the late time behaviour where m?(t) ~ m? exp [—2t/4t].
As emphasized above, with this exponential approach to the critical point, our analysis
of the ECP differs from that discussed in [16] which considered ECP protocols with a
power-law decay.

Again, sketches of the three different profiles are shown in figure 1. Note that the
first two protocols need some changes from the original solutions given in [20-22], and
hence in the next subsections we will describe the required analysis of both quenches to
critical points in some detail. For completeness, we will also show the mode solutions and
calculation of the corresponding expectation value for the ECP, however, these can already
be found in [20-22].

3.1 Trans-Critical Protocol for fermionic quenches

We start by describing the exact mode solutions for a free fermionic quench with a TCP
protocol. More general solutions for a mass profile of the form m(t) = A + B tanh(t/dt),
with arbitrary A and B was already discussed in [21]. So here, we just need to specify
convenient values for these parameters to produce the protocol of interest. In particular,
we choose A =0 and B = —1 to produce the mass profile

m(t) = —m tanh(t/dt) , (3.1)

which crosses the critical point at ¢ = 0 with m(t) ~ —mt/dt. Hence following the
discussion in section 2.2, we will expect KZ scaling behaviour to appear in the region

t| <tz = \/0t/m when mdt > 1.
Again, the evaluation of the mode solutions and the expectation value (1)) can be
found in [21]. For the specified values of A and B, the expectation value is given by

(Y) = Ufl/@bdiv(k) dk = afl/kd_4dk; (w;;}m)
x [ (2 = m(0)) 165l — 0wzl + 2m(0) Im (00107 | (3:2)




where w = Vk2 + m? and the functions ¢y are given by

(3.3)

1 h
¢p(t) = exp (—iwt) 2F1 (1 —imdt,imot;1 —iwdt; +t&ﬂt/5t> ,

2

where o F is the usual hypergeometric function. Further, oy is a numerical coefficient that
depends on the spacetime dimension d,

(3.4)

o 9l—d/2 (277)‘1%1/9&2 for even d,
f 26-9/2 (21)5" /Qy_y for odd d,

where Qg o = 2(27)(4=1D/2/T((d — 1)/2) is the solid angle in d — 1 spatial dimensions.

As discussed in [20-22], eq. (3.2) is the bare expectation value, which is UV-divergent.
The renormalized expectation value requires that we take into account the contributions
for various counterterms and the final result takes the form

(Goheen = 07" [ () = uelm(0) )], (35)

where f. subtracts all the divergent terms in 1g;y as kK — oco. The counterterm contribu-
tions are given by [20-22],

Fet(m(t), k) = —m(t) k"% + m(zt)g kP - ?m;(tﬁ kT 4+ iafm(t) -5 (3.6)
_ <116 dym(t) + 572(15)(815771(15)8157%@) + m(lﬁ)@fm(ﬂ)) T g

where for a given value of d, one includes the terms where the power of k is greater than
or equal to —1. Hence eq. (3.6) includes all the necessary terms needed to regulate the
fermionic expectation value (3.5) up to d = 7. As we discussed in [20-22], the first three
terms are those needed to regulate the expectation value for a constant mass, while the
remainder are novel contributions that involving time derivatives of the mass profile. It is
significant that these counterterm contributions are written in a universal form that can
be applied for any profile m(¢) that is a smooth function of time. In fact, these terms
are obtained by considering the adiabatic expansion and performing a large-k expansion
of the answer.

Finally if we consider the free fermion in an odd number of spacetime dimensions d
with a fixed mass m, the renormalized expectation value of the fermion bilinear becomes

r(1-9r(s)

2y

3.2 Cis-Critical Protocol for scalar quenches

(V) ren fixed = 07" m® L sgn(m(t)). (3.7)

For a scalar field with a pulsed mass profile that just touches the critical point, we need to
slightly extend the analysis for a CET-to-CFT quench studied in [21]. In fact, we will be
consider here a slightly more general profile

m2

204y — 2
me () = ms cosh?(t/6t) (3:8)



For this profile the equation of motion reads,

d2

ug 5 9 m? >
T JLLI— pyp— 3.9
dt? < 0T Cosh? t/ot UF (3:9)

By making the necessary substitutions in the solutions of the CFT-to-CFT quench in [21],
we obtain the following “in” solution to (3.9),

1 Qi\/k2+m(2) «
up = R Y« (3.10)
Vam (k2 +mg)V/4 B o Esjy — Eypp By

1 . 1 13
X <E3/2 2 F1 <a,b, 5, 1-— y) + E1/2 Slnh(t/5t)2F1 (a + §7b + 5, 5, 1-— y>> y

where

L'(e)l'(b— a) ,

Ee= i E,=E. b),
T (c—a) o= Eela o d)

S5t 2 2 5t 2 2

0= aq OVE M kz+m0, b o OLVR My ’<?2+m07 (3.11)
1 — V1 — 4m?25t?

o= 1 m , y = cosh?(t/dt) .

To recover the mode solutions for the CFT-to-CFT quench studied in [21], we need to
replace m? — —m? and set m% = 0. Instead we are interested here in the CCP quench
which is achieved by setting mg = m in the above expressions. With this choice, the mass
profile (3.8) becomes simply

m?2(t) = m? tanh?(t/6t). (3.12)

In the vicinity of the critical point, i.e., near ¢t = 0, we have m?(t) = m? (t/§t)? and hence
(away from ¢ = 0) the time dependence of the mass is again linear. Hence we again expect
KZ scaling to appear in the region |t| < tky, = \/0t/m when mdt > 1.

In this case, we are interested in the expectation value of the mass operator ¢?. Again,
the bare expectation value is UV divergent but after introducing the necessary countert-
erms, a renormalized quantity becomes [20-22]:

(@Phan =3 [ e (K2 = futhm(e)) (313)

where
0s=202m)%4 ) Qq_s . (3.14)

The counterterm contributions can be obtained using an adiabatic expansion, as in [20, 21].

For completeness, we write the results needed to regulate the theory up to d =9,

Saalhymi(®)) = K2 kd; m*(t) + kc;_? (3m™ () + 97 m* (1)) (3.15)
_k(;;g (L0mS(t) + 9}m?(t) + 10m>(t) 97m>(t) + 50ym>(t) pm?(t)) + - - -



As above, we end this subsection by noting that if we consider the free scalar in an
odd spacetime dimension d and with a fixed mass m, the renormalized expectation value

_d d—1
<¢2>ren,ﬁxed = 0';1 : (1 22\)/; ( 2 ) md72 . (316)

becomes

3.3 End-Critical Protocol for scalar quenches

To study the ECP, we consider quenching the free scalar field quench with the following

mass profile,

m2

m2(t) = 5 (1 — tanh(t/dt)) . (3.17)
Such quenches were extensively studied in [20-22], however, the focus was on the early-
time scaling for fast quenches, i.e., for [t| < 6t with mdt < 1. Here, we will examine
these quenches for KZ scaling as we approach the critical theory, i.e., for t/6t > 1 with
mdt > 1. The late time behaviour of the above profile yields m?(t) ~ m?exp [~2t/dt].
Hence following the discussion in section 2.2, KZ scaling behaviour should appear when
m(t) < Fx, = 1/0t. Alternatively, we can phrase the latter as t = 0t log(mdt).

For completeness, we exhibit here the exact mode solutions for these quenches, as
shown in [20-22]. Exact solutions to the Klein-Gordon equation with this mass profile is
given by the following “in” modes:

1 o .
up = i exp(ik - T — iwyt — iw_dtlog(2 cosht/ot)) x (3.18)
1+ tanh(t/dt
o F (1 Fiw_ Ot iw_ 6t 1 — iwindt —i—an2(/)> , (3.19)

where win = V k2 4+ m2, wout = \E! and wy = (Wout + win)/2. As in the previous case, we
compute the renormalized expectation value is given by eq. (3.13) with the counterterm
contributions f.; appearing in eq. (3.15).

4 Results for TCPs and CCPs

In the following, we will use the exact mode solutions described in the previous section to
provide both analytic and numerical evidence that slow quenches going through a critical
point exhibit KZ scaling near the critical point. In particular, we will study TCPs and
CCPs in this section and leave the analysis of ECPs to the next section. In each case, we
will be able to evaluate the corresponding expectation values at a fixed finite time, and by
varying the quench rate, 1/6t, we will show a smooth transition from the fast quench regime
to the the Kibble-Zurek regime and then to the adiabatic regime. The latter provides a
complete display of the universal properties of quantum quenches at any rate within a
single theory.

4.1 Breakdown of adiabaticity

We start by showing that in fact there is some loss of the adiabatic behaviour that is
manifest in our solutions near the critical point. To do this we fix a large value for mdt

~10 -
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Figure 2. Evidence for KZ physics near a critical point in TCP fermionic quenches. The green
solid line represents the adiabatic solution (4.1). The blue dots correspond to the exact expectation
value (3.5) of the mass operator for a slow quench with mdt = 10 and d = 5. In panel (a), we
see that for early and late times the expectation value follows the adiabatic expectation for slow
quenches. In panel (b), we focus on the region near the critical point (¢ = 0), and in fact, we see
that the expectation value differs from the adiabatic one. As a guide we plotted in dashed red
lines plus and minus the Kibble-Zurek time, +tyx,/dt = £1/v/m 0t, where we should expect the two
curves to start differing from each other, according to the original Kibble-Zurek argument. As we
see in panel (b), this is in fact what is happening.

and we follow the evolution of the expectation values as a function of time. What we see
is that, in general, the expectation value for the operator follows its adiabatic evolution,
i.e., eq. (3.7) for fermions and eq. (3.16) for scalars with the mass given by the value of
m(t) at that particular time ¢t. However, when the coupling approaches the critical point,
we begin to see a deviation from the adiabatic evolution. In particular, in the interval set
by the Kibble-Zurek time, i.e., |t| < tkyz, the expectation value of the operator differs from
the adiabatic result and it does not reach zero as the adiabatic answer would when m = 0.

This general behaviour is illustrated for the TCP fermionic quenches in figure 2 and
for the CCP scalar quenches in figure 3. In both cases, we show results for 6t = 10, m = 1
and d = 5. For the fermionic case, eq. (3.7) yields the adiabatic solution as

- 2

£ (1)) ren,adiabatic = 3 m(t)* sgn(m(t)), (4.1)

and similarly, for the scalar quench, eq. (3.16) produces

05<¢2>ren,adiabatic =m? (t) . (42)

As suggested by eq. (2.11), a useful way to observe the KZ scaling is by computing
the renormalized expectation value of the quenched operator as a function of ¢/tx,. For
symmetric protocols, then, we should expect the expectation value in the interval |t| < tky
to be given by the overall KZ scaling factor times some function of t/tyx,. In figure 4,
we plotted the expectation value for the mass operator in the TCP fermionic quenches
for different quench rates 1/t as a function of ¢/tx, with m = 1 and d = 5. Note that
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Figure 3. Evidence for KZ physics near a critical point in CCP scalar quenches. The green solid
line represents the adiabatic solution (4.2). The blue dots correspond to the exact expectation
value (3.13) of the mass operator for a slow quench with mét = 10 and d = 5. In panel (a), we
see that for early and late times the expectation value follows the adiabatic expectation for slow
quenches. In panel (b), we focus on the region near the critical point (¢ = 0), and in fact, we see
that the expectation value differs from the adiabatic one. As a guide we plotted in dashed red
lines plus and minus the Kibble-Zurek time, +tk,/dt = £1/v/m 6t, where we should expect the two
curves to start differing from each other, according to the original Kibble-Zurek argument. As we
see in panel (b), this is in fact what is happening.

we are extracting out the overall Kibble-Zurek scaling found in eq. (2.14), i.e., we plot
Jf<1§w>ren (6t/m)?. As we increase &t, we observe that (between t/ty, = 41) all the curves
converge towards a single scaling function F'(¢/tx;), as in eq. (2.11). Moreover, we plotted
the adiabatic expectation value (4.1) to show that outside of the KZ interval, the curves
tend to approximate to the adiabatic one as §t — co. However, in the KZ region, the curves
are clearly different from the adiabatic expectation. We computed analogous results for
the CCP scalar quenches and in that case, we were also able to obtain an analytic result for
F(t/tkz). So we reserve the discussion of this case for section 4.3. However, the impatient
reader can find the analogous plots in figure 9.

4.2 KZ scaling of expectation values at ¢t =0

In order to characterize this special behaviour, we first concentrate on the expectation
values at ¢ = 0. In this special case, the formulas are greatly simplified. For instance, all
the counterterm contributions that are proportional to the mass vanish and so we do not
need to consider them. As we will see below, at this particular time, we will be able to
extract the KZ scaling analytically in the case of the CCP scalar quench.

4.2.1 Numerical results

We start by evaluating the expectation values numerically at ¢ = 0 for both the fermionic
and the scalar quenches. This is, in principle, a challenging task because as we increase
dt, we expect the expectation value to approach zero. So in general we will be integrating
numerically large quantities that will cancel to give a very small (and decreasing with larger
0t) number.
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Figure 4. Renormalized expectation value of fermionic mass operator as a function of
t/txz with m = 1 and d = 5. The different curves correspond to ot = 10 with i =
0.5(blue), 1(yellow), 1.5(green), 2(orange), in units of m. Note that we are multiplying the expec-
tation value by 6¢2, that is the expected overall KZ scaling (2.14). The dashed red curve plotted the
adiabatic expectation value (4.1). In panel (a), we show the response for large time periods, while
in panel (b), we zoomed in the interval where we expect KZ scaling to appear (i.e., =1 < t/txy < 1).

Another important aspect to note is that in fact the formulas presented in section 3
are valid for any quench rate. In particular, for very small ét, we should recover our past
universal results for fast quenches (see section 2.1), while for large 0t, we expect to find
KZ behaviour. At this point, while focusing on ¢ = 0, the only (dimensionless) variable in
the problem is m dt and so we expect the fast quench scaling to appear for m dt < 1, and
the KZ scaling, for mdt > 1. Our exact expressions for the free field quenches also allow
us to see the transition between these two regimes.

Finally, note that at ¢ = 0, it is impossible to achieve adiabatic behaviour since the

adiabaticity condition requires

1 dmf(t)
m? dt <1. (4.3)

This becomes, both for fermionic quenches with mass given by eq. (3.1) and the pulsed

scalar quench with mass given by eq. (3.12),

1
mot > m ; (44)
which can never be satisfied at ¢ = 0.

We start by analyzing the fermionic quench. We fixed the time to ¢ = 0 and then
computed the expectation value for the mass operator for different values of dt for d = 4
and d = 5. The results are shown in figure 5. In the fast quench regime, we just reproduce
the early-time scaling behaviour in eq. (2.1), i.e., ()9)ren ~ m/6t%~2. In fact, our results
give perfect agreement with the analytic expressions found in [20, 21] (orange curves) — see
egs. (2.3) and (2.5). In the slow quench region, we find that the best fit curve reproduces
the expected KZ scaling (2.14), i.e., (¢9))en ~ (m/ét)%. In between these two regimes,
i.e., for mdt ~ 1, we find a smooth transition between the two scaling behaviours. Also
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Figure 5. The transition between the fast quench and slow quench regimes for expectation values
at t = 0 in the TCP fermionic quenches. The fast quench exhibits the usual fast quench universal
scaling (2.1). The leading analytical contributions were found in [20, 21] and are plotted in solid
orange. In solid purple, we have the best straight-line fits for the slow regime. The slope of these
fits agrees with the expected KZ scaling, i.e., (1)9)ren ~ §t—“". The two regimes are seperated by
the scale m 0t = 1, which is plotted in dashed red as a guide to the eye only.

note that in the d = 4 case, we do not find the logarithmic enhancement expected for even
dimensions. This is because we are calculating the expectation value at ¢ = 0, where the
logarithmic factor vanishes — see equations (3.15) and (3.16) in [21]. In the next section,
we will study expectation values at finite t where we do expect to see this logarithmic
enhancement in even dimensions.

Now we turn to the case of free scalars with the mass profile given by eq. (3.12). In
this case there is an extra feature: for fast quenches, the leading expectation value goes as
the (d —4)’th derivative of the mass profile — see egs. (2.3) and (2.5). This means that for
odd dimensions, this leading contribution to (¢?),e, vanishes at t = 0. As a result, the fast
scaling is very difficult to see, so we will focus our attention (for now) on even dimensions.
The results can be seen in figure 6. For d = 4, we see that for the fast quenches, there is a
pure logarithmic scaling and when we transition to the slow quench, we find that it scales
as 6t~ 7 = 5t~!, that is the expected KZ scaling (2.15). Note that in the intermediate
region the expectation value changes sign and to continue plotting in the logarithmic scale
we plot the absolute value of (¢?)en. This generates apparently singular behaviour in the
expectation value but that is just an artifact of the logarithmic scale, as can be seen from
the insets in figure 6. There the profiles are plotted on a regular scale and we see the
expectation value passes smoothly through zero.

Note that in d = 4, the KZ scaling is not enhanced by a logarithmic factor, as it is in the
fast quench regime. We will discuss this fact in the next section. In fact, this is special for
d = 4, because as can be appreciated in figure 6b. There we see a logarithmic enhancement
in both the fast and the slow quench regimes for d = 6, and the same holds for higher even
dimensions. Apart from that difference, the behaviour and the two characteristic scalings
are the same for d = 6.
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Figure 6. The transition between the fast quench and slow quench regimes for expectation values
at t = 0 in the CCP scalar quenches. The fast quench exhibits the usual fast quench universal
scaling (2.2). The solid orange curve is the leading order contribution for fast quenches. This has
an extra logarithmic factor as we are in even dimensions. The solid purple curves show the KZ
scaling (2.15), i.e., (¢?)ren ~ 5t‘d2;2, which is enhanced by a logarithmic factor in d = 6 but not in
d = 4. In each figure, the inset shows the same expectation value but not on a logarithmic scale,
near the region where the apparently singular behaviour appears. As shown there, the profiles are
smooth and the apparent singular behaviour is just an artifact of the logarithmic scale when the
expectation value changes sign.

4.2.2 Analytical results

In order to get some analytical understanding of the quench process near the critical point,
we study the pulsed scalar quench at t = 0. A generalization of the ideas in this section is
given in section 4.3 to evaluate the expectation value at finite times.

The expression for the quenched operator simplifies at t = 0. Consider eq. (3.10) which
we recall here,

1 2i\/k2+m(2)yoc
Var (k% + md)1/4 Ei/2E3/2 - E1/2E§,/2

1 . 1 13
X <E3/2 o F1 <a,b; X 1-— y) + By jo sinh(t/6t)2 1 <a + i’b + 375 1— y>> .

UE = (45)

Now, at ¢t = 0, the second term of the second line vanishes because of the overall factor
of sinh(t/6t). Moreover, we remind the reader that y = cosh?(t/6t), so the last argument
of both hypergeometric functions is (1 — y)|;=p = 0. This means that at ¢ = 0, the mode
solutions are simplified to

217 /k24+m E, /2

uz(t=0) = .
O TR ) BBy - BBy

(4.6)

Now we need to find the behaviour of this expression for large values of mdt. Note that
an adiabatic expansion would be a power series in 1/(mdt)? [21], which is indeed a good
expansion far from the critical point. However at ¢ = 0 adiabaticity has broken down, so
this power series expansion is no longer valid.
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The bare expectation value is given by

@), = o7 /dk K2t = 0)]2. (@7)

An efficient way of extracting the large mdt behaviour is to make a change of variables in
the above integral in a way which allows an expansion of the integrand for large mdt. This
is along the lines of the analysis of fast quench which was performed in [20-22] where we
were looking for an expansion for small mdt. In that case, it was useful to perform the
change of variables k — p = kdt, however, this is no longer useful in our present situation.

For large modt, Kibble-Zurek physics indicates that once we are in the vicinity of the
critical point, the only scale in the problem is the Kibble-Zurek time, tyx, = /dt/m. Then,
it is promising to define dimensionless variables in this case as

[t
q=Fktg, =k m (4.8)

Kk = =mtyx, = Vmdt. (4.9)

Indeed this is the correct change of variables in the integral which allows us to extract the
large x behaviour.

The renormalized expectation value becomes

2

E
82 — falg, k) | . (4.10)

E1/2E3/2 - E1/2E§/2

d—2 d—2
2 _ () 2 q
7s{enli=o = () / Ny

We will now show that the integrand has an expansion in %, with the leading term being
O(k?). Therefore the leading large x behaviour is given by the pre-factor, which is in fact
the expected KZ scaling, i.e., 1/tfl<;2, for this expectation value.

At this point, it will be useful to remind the reader what the different E’s are in
eq. (4.10). In terms of the dimensionless variables introduced in eqgs. (4.8) and (4.9),
we have

L()l(b — a) /
Eczia E :EC ba

rO)I(c—a) ¢ (a6 5)
a:onr% K2+ q¢?, b:af%\//i2+q2, (4.11)
a:i(l—\/l—élﬁ‘l).

The usefulness of choosing the dimensionless momenta as in eq. (4.9) is the following: the
crucial point is that in eq. (4.11) the expansion of a is

o (4.12)

1 7
=-(1+i>)+ —
a 4( +zq)+16/€2

so that the leading term is O(x"). This allows us to perform a series expansion of the
integrand in inverse powers of 1/k. Note that the gamma functions which appear have
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vanishing arguments and therefore individually each E can diverge. However, the combi-
nation present in eq. (4.10) is well-behaved. In fact, one gets an expansion

()0 () o

(4.13)

2

K 5t 2 2 2
=——¢e 219 (e”q 1)
872 +

E3/o

Bl joB3p2 — Evpa By

With regards to the counterterm contributions (3.15) at ¢ = 0, all the terms that are pro-
portional to the mass vanish and for lower dimensions, we do not have any time derivatives
in the counterterms. Hence we need only consider the leading contribution proportional to
q?=3 from eq. (3.15).

As an aside, we note that the rescaling of the integration variable is simply a tool
to obtain the large x behaviour. In fact, we can change to any other dimensionless vari-

ables, e.g.,
N 5tP
k= (mét)?, (4.15)

with 8 being some real number. In the cases analyzed so far, 8 = 1 for the fast quench

and 8 = 1/2 for the slow quench. For general 3, one would obtain

)
a-i(— 1 — 4r%/B 4 gM/P8 <2i+f2+0(1/n4)>> : (4.16)
Consider the term proportional to ¢?. It turns out that if we chose 8 < 1/2, then that
term would be leading in the s expansion and a would be just proportional to ¢2. In the
opposite case, with 5 > 1/2, then that term would be subleading and a won’t depend on ¢
to leading order. It turns out that none of these possibilities allow us to get a well-behaved
series expansion of the combination of E’s that we have in eq. (4.10). It is only when
B = 1/2, that the leading term is at the same time independent of k and dependent on
g and that is exactly the right combination needed to produce an expansion in (inverse)
powers of k2. Note that the natural scale in the problem is x and one might have thought
that the expansion is in inverse powers of k. However, the expansion in (4.13) is in powers
of 1/k2, i.e. in powers of 1/8t.

Returning to the evaluation of (¢?)en at t = 0, we observe that the leading term in

. . . 1 .
eq. (4.13) is proportional to x. Going back to eq. (4.10), the factor T starts with 1/x,
and hence one finally gets for d < 5,

d—2
m\ “z- _
Us<¢2>ren’t:0 = (E) : /dq |:(I>1(Q) - qd 3 + - } ; (417)
where ¢?=3 corresponds to the counterterm contribution from eq. (3.15) and
d—2 S 2 1—3 2 144 2 2
q _5m 2 2 1q 1q
s =G0 (e ) () ()
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Now the integral over ¢ yields a numerical constant, so that the scaling behaviour is given

by the prefactor, which is exactly the expected Kibble-Zurek scaling given in eq. (2.15).
We have not been able to perform the integral in eq. (4.17) analytically. We can,

instead, integrate numerically to any desired precision. For example, in d =4 and d = 5,

we obtain
d=4 : 05 renlico = (%) 0.091412 + - - - , (4.19)
3/2
d=5:  05(¢Mrenlto = (g) 0.256921 + - - - . (4.20)

The expression obtained for d = 4 fits perfectly with the purple curve in figure 6a. One
can do an analogous calculation for d = 5 and will find the same agreement, validating this
analytic expansion.

In higher dimensions, i.e., d > 6, the counterterm contributions (3.15) also include
terms involving time derivatives of the mass [20, 21]. This means that even at ¢ = 0 the
lower order counterterms can make a non-vanishing contribution. In fact, for d =6 and 7,
eq. (3.15) yields

1
fer(a, ) = g7 + ¢ 7" (4.21)
The last term will introduce the extra logarithmic divergence in d = 6. In this case, we
obtain,
9 m\2 (1
d=6 :  05(¢¥)renlio = (E) < log(udt) +0.030079 ) 4.+ (4.22)

where we introduced a new renormalization scale p in the logarithm, as in [20-22] for even
d. Of course, this result perfectly matches the purple curve on figure 6b.

Extracting KZ scaling and corrections became much easier since we worked at ¢ = 0.
In principle, one should be able to carry out the analysis for finite ¢/tx, in the critical
region. We show how to deal with it analytically at the end of the next subsection.

4.3 Universality at any rate!

Above we focused our attention on ¢ = 0 where the TCP fermionic quenches (3.1) and
the CCP scalar quenches (3.12) precisely reach the critical point. We found that the
expectation values scale exactly as predicted by the Kibble-Zurek arguments. However,
KZ scaling should hold not only at the critical point but also in its vicinity, see eq. (2.11),
so in this section we study what happens with the quenched operators at any finite time.
This analysis is also interesting because it will give a complete description of the expectation
value of the quenched operator at any finite time for any quench rate.

Following our earlier studies [20-22], we work in terms of the dimensionless time 7=
t/ot. The idea is first, to fix a finite value of 7=1¢/dt =19, and the study the response at
this time as a function of dt. This means that at different values of dt, we are examining
the response at different physical times ¢t =7y dt. In particular, recall that for the Kibble-
Zurek time is given by tx; =+/dt/m and hence we reach this time when §t =tk =tk /70

=1/(m73).
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Figure 7. Expectation value at fixed 79 = —1/5 as a function of §t for a TCP fermionic quench

with d = 5 and m = 1. The solid orange line is the analytic leading contribution (2.4) for fast
quenches; the solid purple line is a linear best fit and agrees with the KZ scaling, (¢t));en ~ 672
and the solid green line shows the adiabatic value for a fixed mass. As a guide to the eye, the
dashed red lines show 0t = 1 and §t = 1/73, which correspond to the transition regions.

As a function of §t, three different regimes will appear: first, for mdt < 1 we have the
universal fast quench regime studied in [20-22]. At the other extreme, when 6t > tky,
which means mét > 1/7¢, the system is far from the critical point and the time evolution
should be adiabatic. Finally for 1 < mdt < 1/7¢, we will be in the KZ interval [t| < tx,
and so we will observe Kibble-Zurek scaling. In general, the choice of 7y is arbitrary but as
a practical matter in the following examples, 79 must be small enough (in absolute value) so
that 1 < mdt < 1/ Tg is a large interval to make sure that the KZ scaling easily discernable.
Note that dtx is inversely proportional to 73, so as 7o — 0 the division between the KZ
and adiabatic regimes diverges. This explains why we only saw the fast quench and KZ
scaling regimes in the previous section where implicitly we set 7p = 0.

To illustrate the above discussion, we start by analyzing the TCP fermionic quench
in d =5 with m = 1 and 790 = —1/5. The expectation value of the mass operator for
a wide range of 4t is shown in figure 7. We can clearly recognize the three different
scaling behaviours in this figure. First we have the fast quench scaling, whose analytic
answer (2.4) is plotted in solid orange. As mdt — 1, there is a transition and KZ scaling
begins to appear. The solid purple line shows the expected KZ scaling (2.14). Finally,
when 6t is large compared to 1/ 7'02, the response becomes adiabatic and is independent of
dt. The solid green line shows the value of the expectation value for a fixed mass (3.7) with
mass equal to m(t/dt = 19). The passage between these three scaling behaviours appears
to be completely smooth.

The next example is a CCP quench for the scalar field. Figure 8 shows the expectation
value for d =5, m = 1 and 79 = —1/16. Note that since we are now away from ¢ = 0, we
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Figure 8. Expectation value at fixed 7 = —1/16 as a function of §t for a CCP scalar quench with
d =5 and m = 1. The solid orange line is the analytic leading contribution (2.3) for fast quenches;
the solid purple line is a linear best fit and agrees with the KZ scaling, (¢?)en ~ 515’%; and the solid
green line shows the adiabatic value for a fixed mass. As a guide to the eye, the dashed red lines
show 0t = 1 and 0t = 1/7Z, which correspond to the transition regions. Note that the expectation
value changes sign near Jt ~ 0.1 which produces a dramatic effect on the logarithmic scale. To avoid
misinterpretations, we included an inset showing that the expectation value is a smooth function
of §t at this point.

can also see the fast quench scaling in odd dimensions. The results are essentially the same
as in the previous example of a fermionic quench. There are three distinct phases for the
scaling of the expectation value as a function of dt. For small §t, we see the fast quench
scaling with (¢?);en ~ 1/6t. For very large 6t, the expectation value is just the adiabatic
one, independent of dt. But between these two regimes, there is a Kibble-Zurek scaling in
the region 1 < mét < 1/(13), where (¢?)ren ~ 1/6t3/2. As observed in the previous section,
the expectation value smoothly changes sign between the fast quench and KZ regimes,
which, however, produces a rather dramatic effect on the logarithmic scale.

4.4 Scaling functions

We can understand the KZ behaviour analytically in the case of the CCP scalar quench
with a pulsed mass profile (3.12) by generalizing the arguments in section 4.2.2 to a finite
fixed (dimensionless) time ¢/dt. In particular, by making an appropriate expansion of the
full expectation value, we will find that takes exactly the form claimed in eq. (2.11), i.e.,
an overall scaling factor times a function of t/txy.

Recall that the (bare) expectation value for the pulsed scalar quench is given by

ddflk )

(6(1/61)) = / Grluelt/o0) (4.23)
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where the mode solutions are given by

Uy = '
B VaAR(R2 A+ md) VA B o By — BB

. 1 13
X <E3/2 o F1 (a,b; X 1 —y) + By jo sinh(t/6t)2 <a+ §,b+ 5;5;1 — y)> .

with y = cosh?(¢/0t). The latter was used in section 4.2.2 to simplify the expression
as 1 — yli=o = 0 and then both hypergeometric functions in eq. (4.24) had a vanishing
argument and so they simplified to 1.

Here rather than setting ¢ = 0, we want to expand for small £/§t. Note that according
to the arguments presented in section 2.2, we expect the expectation value to take the form
in eq. (2.11) for |t| < tkz. Then it will be useful to write the fixed (dimensionless) time
t/ot as

t t/t
ot ok
where again ty, = 1/0t/m as in eq. (2.13) and x = v/mdt is the dimensionless mass
introduced in eq. (4.9). As in eq. (4.8), we also scale the momentum by tx, to define

(4.25)

q=ky/ %. In terms of these dimensionless variables, the expectation value becomes,

E3)9
E{ By — By o E

& / V@ + K2 3/2

Eyjo t/txz 1 13
F b~7-1— inh F —.b 1—vy
X |9 1<a, x y>+E3/2sm < - o F a+2, +2 5

Now from eq. (4.25) for times of order ¢/tx, < 1 where we expect to observe the KZ scaling,

o5 (9% (t/txz)) (4.26)

2

we see that examining small ¢/t is equivalent to studying the limit of large . Hence our
approach will be to evaluate the integral in eq. (4.26) in this large x limit and the leading
order contribution should result in a scaling function F'(t/txz).

First we note that the factors appearing in the first line of the integrand in eq. (4.26)
are precisely the ¢ = 0 integrand analyzed in section 4.2.2 — see eq. (4.18). Hence we
already have the large  limit of these terms being
d—2 2

q
1/2

V@ + K2
d—2

®y(q) = q87r2 e*%rq2 (emp n 1)

E3/9

E3/2 - E1/2E3/2

= ) (4.27)

K—00

2 T 1—ig? r 1+ ig? 2
4 2

Next, we need to expand / =2 sinh (t/ tKZ) for large k. In this limit, the leading term

from sinh is proportional to 1/x but expanding the ratio E/o/FE3/5 gives a leading term
proportional to k. Combining these, we have

9 3mi/AT 3—iq
E
/2 Goh (t/ tm) t 2 () +O(k?). (4.28)
E3/2 K K00 tyy T (71_41‘1 )
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The last step is to expand the hypergeometric functions in eq. (4.24) to leading order
for large k. Note that by expanding its arguments we get,

t/t t/t

lim 9Fy(a,b;c,1 —y) = lim oF} (a, —ik% e, — /;q) = lim oF (a, k2 e, /;{Z) ,

K—00 K—»00 K K—»00 K
where a = # +O(k2) and ¢ = 1/2 or 3/2 depending which of the two hypergeometric
functions we are considering. To produced the second equality, we used the series repre-
sentation of the hypergeometric function: 9Fi(a,b;c,z) = > %% With b = —ik?,
we have (b), ~ (—ik?)" to leading order® and so the (—i)" can be transferred to the last
factor as (—iz)"™. Note also that the second hypergeometric in eq. (4.24) has b+ 1/2 as the
second term, however, that extra 1/2 will be irrelevant in the large  limit. Now the limit
Kk — oo yields confluent hypergeometric functions with the identity
- (T)n 2"

Jim o By (2, w; s 2/w) = 1 Fi (755 2) = > o (4.29)

n=0

Hence the hypergeometric functions in eq. (4.24) become

14+ig®> 1 it? 9
2F1(a/7b7 1/271_y) m 1F1 (472’1512(2 +O("<‘3 )7 (430)
3+ig® 3 it? _
oFi(a+1/2,b+1/2:3/21—y) —— 17 (202 5 | O, (4.31)
K—+00 4 2" tz,
both of which are independent of s to leading order.
With this we have all the ingredients to compute the bare expectation value. The
final component is the counterterm contributions (3.15) needed to regulate the expectation

value. For d < 5, the necessary contributions can be written as

Ful _ 43 d-5 'ﬁt 12 t/twa\ _ a3 a5 U O(r—2 439
ct(q: k) = q ¢ 5 tanh*( =) =4 ¢ 5 O (432)
Kz

Then the renormalized expectation value to leading order for large k is given by

d—2
ma 42
Us<¢2(t/tkz)>ren = <E) ’ F(t/tkz) (4.33)
with
. . 37ri/41-\ 3—iq? ) ] 9
1+ig? 1 it? t 2e (T ) 3+ig* 3 it?
F(t/tey) = [ dq|® J o L S DL 3 at”
(/KZ) / Q|: 1(Q)1 1( 4 727t12(Z +th F<1742.q2> 141 4 ’2,t12<z
i3, a5 t°
_ o9 - ) 4.34
¢ +q 2t}2<z] (4.34)

Of course, this is just what we were looking for! The overall factor in eq. (4.33) gives
the correct Kibble-Zurek scaling and the expression in eq. (4.34) is an integral over ¢ that

SRecall (X)n=X(X+1)--- (X 4+n—1)and (X)o = 1.
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(a) Long times, —4 < t/txz < 4. (b) Kibble-Zurek interval, —1 < t/txz < 1.

Figure 9. Renormalizad expectation value of ¢ as a function of t/tx, for d = 5. The different
curves correspond to mdt = 10°, with i = 0.5(blue), 1(yellow), 1.5(green), 2(orange). Note that
we are multiplying the expectation value by (§t/ m)% to cancel the expected KZ scaling. In dashed
red, we show the adiabatic result for the expectation value. In dashed green, we present the scaling
solution emerging from the large x expansion. Panel (a) shows the results over longer time periods,
while panel (b) zooms in the interval —1 < t/tk, < 1.

only depends on t/tx,. Hence performing the integral yields a scaling function F(t/txz),
as expected in eq. (2.11). In fact, the integral can be done numerically and so, we can
compare with the full expectation value for different values of §t. Basically, in figure 9, we
present the analogue for CCP scalar quenches of figure 4 for the TCP fermion quenches
but with the added green dashed curve that gives the scaling function, i.e., the leading
order solution in the k expansion, computed by numerically integrating eq. (4.34). We
observe that as 0t increases, the full solutions approach F(t/tx;) in the range [t| < txyz
and clearly move away from the adiabatic result, providing good evidence of the expected
Kibble-Zurek scaling.

It is also worth mentioning that this analytical computation agrees with the numerical
fit in the previous section. For instance, for the CCP scalar quench illustrated in figure 8,
the KZ scaling regime was fit with the purple curve as y = adt™%, with a = 0.1867 and
a = 1.515. The expected value of the exponent for the KZ scaling in d = 5 is o = 3/2
and so the fit gives good agreement with this. But we also find quite a good agreement in
the overall coefficient a here. In figure 8, 79 is fixed to —1/16 and dt is of the order of 10
in the KZ region, so t/tx, ~ —0.2. The numerical integration of eq. (4.34) for d = 5 gives
a ~ 0.194, which is again close to the numerical fit above.

Figure 9 also reveals another interesting feature about the scaling function F'(t/tx;).
One’s initial impression might be that this function is only appropriate to describe the
Kibble-Zurek region, i.e., |t| < txy. However, figure 9a shows that for |t| > txs, F(t/tkz)
overlaps with the adiabatic curve, showing that it also describes the behaviour of the
expectation value in the adiabatic regime. Even though this might be surprising, it also
be related to the fact that to obtain F'(t/tx;) we just performed an expansion for large x
expansion but we did not assume any special limit for ¢/tx;.
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Figure 10. Expectation value (¢?),, for the CCP scalar quenches at fixed t/§t = 79 = —1/16, as
a function of the large §t with d = 5 and m = 1. The same numerical results are shown in figure 8.
The solid green line shows the leading order solution in the s expansion, 0t —3/2F(—+/3t/16). As a
guide to the eye, the dashed red lines indicate 6t = 1 and §t = 1/7Z, which roughly separate the
different scaling regimes.

Moreover, we can extend this discussion by comparing F(t/tx;) with the full numer-
ical evaluation of figure 8. There, we fixed ¢t/6t = —1/16. Then, in order to compare
both solutions we need to compute F(t/ty,) = F(4vmdt) = F(—&+/6t) with m = 1.
Figure 10 compares the numerical evaluation of the full solution with F(—%6 dt) for large
dt. The overlap between the two curves at large dt makes manifest that F'(t/tx,) is a good
approximation even during the adiabatic evolution.

Further let us observe that the KZ scaling function (4.34) was derived by taking a limit
where k = v/mdt becomes large. Since mdt is the only dimensionless quantity characterizing
the free field quenches, this should also correspond to the adiabatic limit, i.e., the limit
of large dt. This perspective suggests that it is natural to expect some kind of agreement
between the two solutions. However, this agreement is still somewhat counterintuitive.
Using egs. (3.12) and (3.16), the adiabatic expectation value for d = 5 is expected to be

05 (02 (t/6t))ren = %m?’ tanh?(¢/6t) (4.35)

which for large t/dt saturates at the constant value, og (¢%)ren|t—s00 = %m?’. On the other
hand, for d = 5, the KZ scaling solution (4.33) takes the form

m\3/2

/ .
0 {2t/ een = (57) Flt/ta)  with ts = /3t/m, (4.36)
which simply can not saturate to a constant proportional to m? at large t/tx,. To resolve

this tension, we note the key difference between egs. (4.35) and (4.36) is the scale with
which the time is compared. That is, eq. (4.35) implicitly holds ¢/dt fixed while eq. (4.36)
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holds t/tx, fixed. Holding the second ratio fixed in the adiabatic solution instead yields

Os <¢2(t/tKZ)>ren = %mg tanh3 <1 t>

3
:2<T>3/Q <t> (1_1t2+...>, (4.37)
3 \5t tes K2 2,

Hence we see that this particular limit will yield agreement with the KZ scaling solution
if for large t/tx,, the scaling function reduces to F(t/tx;) =~ % (t/txz)®. Of course, the
agreement in figure 9 shows that this must be the case.” To contrast with our initial
discussion above, let us further note that in the regime where the adiabatic and KZ scaling
solutions agree in this figure, both curves are rapidly increasing rather than approaching a
constant value. We have also kept the first correction in the large x expansion to this simple
scaling behaviour in eq. (4.37). This term makes clear that if we are working with large
but finite , then we should expect the agreement between the adiabatic solution (4.35)
and the KZ scaling solution (4.36) to break down when t/tx, ~ k — see further discussion
in section 6.

5 Results for ECPs

Finally we consider End-Critical Protocols in the free scalar field theory by examining the
tanh quenches (3.17) which end at zero mass. We already studied the early time scaling in
fast quench regime for these quenches in [20-22] and so in this section, we will concentrate
on the late time scaling in the slow quench regime. In particular, we are interested in the
appearance of Kibble-Zurek scaling as the mass approaches m = 0. At late times, the
mass profile in eq. (3.17) decays exponentially with m(t) = m exp(—t/dt). As emphasized
in section 2.2, the description of the KZ behaviour is slightly different for this exponential
approach to the critical point, in comparison to the power law approach of the TCPs and
CCPs examined in the previous section. In particular, rather than focusing on the time
at which adiabaticity breaks down, we consider the value of the gap FEy, at this point
and then the KZ scaling takes the simple form given in eq. (2.12). For the case at hand,
FEx, = 1/6t and this scaling becomes the result given in eq. (2.16), i.e., (¢?)ren =~ 1/6t972.
Our approach here is similar to that in section 4.3. That is, we fix the dimensionless
ratio t/6t = 7y to a sufficiently large value and then evaluate the expectation value as a
function of dt. Let us note that with the exponential decay of the mass, adiabaticity always
breaks down irrespective of the parameters. In particular, with m(t) = m exp(—t/dt),
eq. (2.7) is satisfied for tx, = dt log(mdt). Hence, when we fix t/6t = 79, we will be in the

KZ scaling regime for
1 < mét < mtgg =exprp. (5.1)

~ ~

For larger values, i.e., vdt > mdty,, the response would be adiabatic, and for smaller values,
i.e., vét < 1, we would be in the fast quench regime. One practical issue, however, is that

"It is straightforward to generalize this result to general d. In this case, the large t/txz behaviour of the
r(1-¢

_d da—1
scaling function becomes o <¢2(t/th)>ren = # (t/th)d72.
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Figure 11. Expectation value of the scalar mass operator as a function of 6t with fixed t/dt = 12,
and d =5, m = 1. The solid purple line is the linear best fit for the points in the KZ regime. The
green line corresponds to the adiabatic value at ¢/6t = 12. Red dashed lines correspond to 6t = 1,
the transition from the fast to the slow quench and 6t = dtxz = exp(79) = exp(12), the transition
from Kibble-Zurek to adiabatic.

identifying the early time scaling for the fast quenches is very difficult here because we
are examining large values of ¢/6t and (¢?),en decays very rapidly after the initial quench.
This issue could be avoided by examining the energy density, which is conserved in a
global quench. Of course, the fast quenches of this kind were already extensively studied
in [20-22]. Hence, for simplicity and for cohesion with the rest of the paper, we continue
examining the expectation value of the mass operator but focus only on the KZ scaling
and adiabatic regimes in the following examples.

In figure 12, we show (¢?);en as a function of 6t for ¢/t = 12, m = 1 and d = 5. In the
KZ scaling regime, we made a linear best fit which yields: y = a dt~™%, with a = 0.0199 and
a = 2.993. Hence, the fit agrees with the expected KZ scaling (2.16) i.e., (¢?)ren ~ 1/6t2 for
d = 5. We also see the expected transition to the adiabatic behaviour at roughly 6t = dtky.

Figure 12 shows the results of a second computation to the expression for dtx, in
eq. (5.1). In particular, we estimated 0tx, by computing the intersection between the
linear fit for the KZ regime and the adiabatic value for different values of ¢/dt. The results
in the figure 12 show that as expected 0tx, grows exponentially with 79 = ¢/dt.

6 Concluding remarks

In this paper we have studied various mass quenches in free field theories for a wide range
of quench rates. We were able to exhibit universal scaling of the expectation value of the
mass operators in both the fast and slow quench regimes. In particular, we found that
the fast quench scaling smoothly crosses over to Kibble-Zurek scaling and finally to an
adiabatic behaviour.

Kibble-Zurek beyond free field theory. Previously, in [20-22], we showed that the
fast scaling that was present in both free field and holographic theories should be valid
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Figure 12. The transition value of §t between the KZ scaling and the adiabatic behaviour as
a function of the fixed 79 = t/6t (with m = 1 and d = 5). Note that the vertical axes is on a
logarithmic scale. The best linear fit (in solid blue) with log(dtkz) = a + b7y yields a = —1.0783
and b = 0.9948, supporting the exponential relation between dtky and 7g.

in general interacting theories. In this work we show that KZ scaling is present in free
field theory, so a natural question would be whether this scaling also holds beyond the
present setup and in a much broader class of field theories. Again, as in the case of the
fast quench, we have holographic studies that support the KZ scaling [8-12], but having a
more general argument indicating this scaling would certainly be an interesting direction
for further study.

As pointed out in the Introduction, the KZ argument also involves predictions on the
density of defects in the KZ phase. It might also be interesting to study models where we
can actually compute defect formation and then extend the calculations to the fast quench
regime, where we might also see a new novel scaling appearing for the defect density.

Finally, recently the appearance of KZ physics has been reported for systems in which
the quench parameter is treated as a dynamical field [32]. It would be very interesting to
see what are the implications of our results in this new context.®

UV cutoff and instantaneous quenches. Our calculations involved renormalized ex-
pectation values of local operators and so as discussed in [20-22], the quench rate is always
much slower than the UV cutoff scale, i.e., Ayy > 1/0t. With these operators, it is not
possible to study the case of instantaneous quenches, i.e., 6t — 0. However, as shown in
some detail in [22], certain properties of instantaneous quenches can be studied by looking
at UV finite objects, such as correlation functions at finite spatial separations. In the latter
case, the separation r provides an extra scale in the problem somewhat analogous to the
UV cutoff and we found that for dt < r, the early time scaling (1.5) saturated and the
correlator became independent of 6t.

8 A related model where the driving parameter is a dynamical field and becomes trapped near the critical
point was studied in [33]. We thank one of our anonymous referees for pointing out these references.
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We expect a similar behaviour for local quantities when the UV cutoff is finite. Such
models may describe realistic experimental systems and so it would be interesting to analyze
those cases. In that case, one can consider a quench rate which is at the cutoff scale.
For such rates, the physics should be described by an instantaneous quench. For such
quenches, Calabrese and Cardy have proposed a simple description of the state after a
quench from a gapped phase to a critical theory [25-27] in terms of boundary states of the
final CFT. It turns out that the validity of this proposal depends on which observable is
being measured [30, 31]. An exactly solvable model on a lattice will be useful to address
these issues. Progress in this direction has been made recently in [34] analyzing the Kibble-
Zurek scaling in the transverse Ising model. We have recently found exactly solvable quench
protocols in several spin models and studied the dependence on the quench rate: the results
will appear in a separate communication [23].

Beyond KZ scaling. In section 4.3, we were able to find the behaviour of the expectation
value of the quenched operator when the coupling goes through its critical point at any finite
time and any quench duration 6. We did so numerically for both the fermionic TCP and
scalar CCP quenches. Of course, when mdt is large and the time is near the critical time,
we found that quenches obey Kibble-Zurek scaling. Further for the scalar CCPs, we found
that same behaviour analytically with an expansion for large x = v/mdt. As anticipated in
eq. (2.11), we found (¢?)yen ~ (m/6t)2/2F(t /ty,), where F is a scaling function that only
depends on t/tx,. Apart from being a check of this KZ scaling formula, our calculations
revealed a few other interesting aspects about the slow behaviour of quantum quenches:
first, even though the natural dimensionless variable for the expansion in this regime is 1/,
it is straightforward to verify that corrections to the KZ scaling formula appear in powers
of 1/k% = 1/(mét) — see appendix A. In principle, this differs from previous holographic
studies [8-10] which found fractional powers of the quench rate. However, upon a closer
examination, it appears that the corrections can be expressed in terms of simple integer
powers of 1/tx, in all of these different models. It would be interesting to develop a better
analytic understanding of these corrections to the KZ scaling (2.11).

Second, and perhaps more surprising, is that F'(¢/tx;) is a good approximation to the
full expectation value even beyond the Kibble-Zurek region, i.e., |t|/tx, > 1. We found
that for large t/tx,, the scaling function F' takes a simple form which yields precisely the
adiabatic response. This was a feature of the large x expansion and this agreement will
fail for |t|/tkz > k. While F(t/tx,) will in general depend on the details of the theory and
the quench protocol, it might have this universal characteristic of capturing both the KZ
scaling and the adiabatic behaviour. It will be very interesting to extend these ideas and
analytic findings first to the fermionic TCPs and then, try to formulate a similar expansion
for general interacting CFTs, giving full evidence for universal scaling in slow quenches
through a critical point.

‘Not-quite-critical’ slow quenches. If we assume there is a CCP quench, we will find
the corresponding K7 scaling for slow quenches near the instant where the protocol touches
the critical point. Now one can ask what happens if the protocol does not ‘quite’ touch
the critical point but just goes close to it. To be more precise, we might be examine our
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scalar quenches with protocols of the form,
m?(t) = m? tanh?(¢/dt) + m?e, (6.1)

where ¢ < 1. Rather than reaching the massless theory at ¢ = 0, this profile yields
m(t = 0) = \/em (for € > 0). Note that this is just the same CCP as in eq. (3.12), but
with a small shift in m?2(¢) by m2e. In particular, € can be both positive or negative. Of
course, if € is some finite negative number (and mdt is large), then we should expect the
system to become unstable with a negative mass-squared near ¢ = 0 (and everywhere if
e < —1) and there will be a large number of particles created. However, if |e| is small
enough in magnitude then we might have some interesting behaviour.

To study these ‘not-quite-critical’ protocols, we fixed the time to zero and choose
some large value for mdt. Then we evaluate the expectation value as a function of e.
In figure 13, we show the results for d = 5 and 6t = 30 (setting m = 1). We see that
for |e| < 1/0t, the expectation value is just the one expected from KZ scaling shown in
eq. (4.20), independently of the sign of e. For positive €, the expectation value takes its
adiabatic value when |¢| > 1/dt. In between, there is a smooth transition between the two
regimes but apparently there is not any special scaling with €. On the contrary, when € is
large in magnitude compared to 1/t but negative, the expectation value rapidly diverges,
pointing out the instability mentioned before.

The numerical results in figure 13 may not provide convincing evidence that the
crossover between the two regimes occurs at |e| ~ 1/(mdt) — where the factor of 1/m
to make the result appropriately dimensionless. Hence let us estimate where the transi-
tion takes place by finding the intersection of the curves describing the KZ scaling and
the adiabatic expectation value. From eq. (4.20), we estimate ($?);en ~ 0.25 (m/5t)3/? at
t = 0. For the mass profile in eq. (6.1) with € > 0, the adiabatic expectation value at ¢t = 0
becomes %m?’e?’/ 2. The intersection between the two gives that the transition should be at
order € ~ 1/(mdt), which was our estimate from figure 13. That is, we have found that the
KZ scaling survives as long as m(t = 0) = /em < 1/tx, = /m/ot.

A more precise explanation of this behaviour can be found by examining the condition

for the breakdown of adiabaticity in eq. (2.7): m(lt)Q drgit) ~ 1. For the following analysis,

we limit our attention to € > 0 for simplicity. Now let us assume that adiabaticity breaks
at some t = tx,(€) with tx,(e) < 6t. The latter implies that in the relevant regime, the
mass profile (6.1) can be simplied to:

m?(t) = m? [(25/525)2 +e| . (6.2)
Then, with a change of variables, the adiabaticity condition may be written as
y 3 t?
—— ~ (1 h = —. 6.3
(mdt €)? (1+y) where e(dt)? (63)

It is clear that this condition cannot be met if € becomes too large. The critical value €.
(such that adiabaticity breaks for € < ¢.) is obtained when the line (medt)~2y becomes
tangent to the curve (1 + y)3. This is easily determined to be

2

€c= ——
¢ 3vV3mét
The condition € < ¢, is clearly the same as the condition given above upto a numerical factor.

(6.4)
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Figure 13. Renormalizad expectation value of ¢? as a function of e at t = 0 for d = 5. We
are considering mass functions of the form m?(t) = m?tanh?(t/dt) + m?e and fixing 6t = 30 and
m = 1. In panel (a) we show results for negative ¢, while in panel (b) we exhibit analogue results
for positive €. In both cases, the blue solid line represents the KZ value at that §¢t and the yellow
curve shows the adiabatic behaviour.

Now it is straightforward to show that for 0 < € < €., adiabaticity breaks at some time
tiz(€) < txz(0) = /6t/m. Further, at the critical value € = €., the Kibble-Zurek time is
given by tyy(e.) = \/€./2dt. Hence using eq. (6.4), we have

\/ot/m
37\/3 <trze) < V/ot/m. (6.5)

Hence for any value of €, we have tx; ~ dt/vVmdt < dt since we are in the slow quench
regime. This justifies the initial assumption made above eq. (6.2). If all of the other

parameters are held fixed, the mass value at tx,(€) also decreases as € increases. One can
express the general result as

1 ten(€)\ 3
m(tKZ(e))—tKZ(O) (tKZ(0)> . (6.6)

Given that properties of the non-adiabatic regime are changing quick significantly as
€ varies, it may seem surprising that naive K7 scaling appears to fit so well in figure 13.
However, this is largely because ¢ is negligibly small over most of the range where the blue
line fits the numerical results. Note that for positive € in panel (b), we can see that the
numerical result already shows an appreciable difference at € ~ 0.006, while €. ~ 0.013 for
the parameters used in the figure.
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A Subleading contributions to KZ scaling

In the main text, we discussed the emergence of KZ scaling in the expectation values of
quenched operators after slow quenches that go through a critical point. In particular, for
protocols where the mass approaches the critical point linearly, it was possible to define
a KZ time, tx, = /0t/m, as in eq. (2.13). Then, the leading behaviour of corresponding
expectation values is controlled by tx, as in eq. (2.11). The aim of this appendix is to
analyze the subleading corrections to this scaling behaviour

(Oa)ven =t | F(t/t0) + ooz Pot/ )+ | (A1)

In the above expression, we have anticipated that the corrections to the scaling function
are controlled by the combination mdt, which is the only dimensionless parameter which
characterizes the quench. The key question which we will address here is determining the
power « for our free field quenches. Some previous studies [8-10] found that in a variety of
holographic models, these corrections come in fractional powers of the quench duration §t.

In section 4.4, we constructed the scaling function F(t/ty,) for the scalar CCP
quenches. Our approach there was to expand the full solution for large x = v/mdt while
holding t/tx, fixed. A natural first guess might then be that the first subleading correction
to F(t/tx;) should be of order 1/x = 1/v/mét. However, this turns out not to be the case.
In fact, the first correction comes at order 1/x? = 1/(mdt) for both the scalar CCP and
fermionic TCP quenches. In the scalar field case, this result can be determined by simply
examining the different factors appearing in eq. (4.26) and looking at their expansion for
large . In doing so, we realize that all the different corrections to the leading scaling be-
haviour appear at order 1/x2. In the following, we will extract that this leading correction
numerically for both the fermionic TCP and scalar CCP quenches.

Next, we consider the fermionic TCP quenches in d = 5. We numerically compute the
expectation value at a fixed t/tx, and large mdt and perform a fit with the expected KZ
scaling, e.g., as in figure 5. The overall coefficient in this fit yields our numerical estimate
of the scaling function F(t/tx,) at the given value of t/tx,.

1 5t2 -
o) Fo(t/tia) = —5 05 (0t)ren(t/tica) = F(t/tica) (A.2)

as a function of mét to identify the scaling power a. Note that the factor (6¢2/m)? on the
right-hand side simply cancels the expected KZ scaling (2.14) (for d = 5) of the expectation
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Figure 14. Subleading contributions to the expectation value of mass operators in fermionic TCP
and scalar CCP quenches at t/txz = 0, with d = 5 and m = 1. In each case, we are multiplying the
full expectation value by the expected KZ scaling and then subtracting F(0). The remainder are
the subleading contributions, that we fit as a function of 0t: y = adt®. The result of the fit (in solid
blue) gives o = —1.09684 in the fermionic case and o = —1.00941 for scalar case, both supporting
the idea that the first corrections to KZ scaling in free field theory come at order 1/6t.

value. The numerical fit of the results shown in figure 14 shows that this first subleading
contribution scales as 1/0t at t/tx; = 0. One might worry that the Fy(t/tx,) vanishes at
t = 0. However, performing the analogous calculations at a different finite values of ¢/txy
yields the subleading scaling, i.e., eq. (A.2) scales as 1/6t. Hence we conclude that the
corrections to the KZ scaling in these free field quenches take the form given in eq. (A.1)
with a = 1.

Of course, as described above for the scalar CCP quenches, we can reveal this 1/dt
scaling analytically from our construction of F(t/tx;) in section 4.4. However, we can
also use the scaling function (4.34) in an analogous numerical calculation as described
above for the fermionic TCP quenches. In particular, in d = 5, we numerically evaluated
(6t/m)320($?)ren(t/tiz) — F(t/tws) for fixed t/ty, as a function of mdt. The results are
shown in figure 14 for ¢ /tx, = 0. Numerically fitting these results shows that the subleading
correction scales as 1/dt, as expected. Hence we again find that the corrections to the KZ
scaling take the form in eq. (A.1) with a = 1.

This clearly shows that the subleading corrections for our free field quenches come with
integer powers of 6t. Of course, this contrasts with the previous holographic studies [8-10],
which found fractional powers of the quench duration.
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