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ABSTRACT: The forward Drell-Yan process at the LHC probes the proton structure at a
very small Bjorken-z and moderate hard scales. In this kinematical domain higher twist
effects may be significant and introduce sizeable corrections to the standard leading twist
description. We study the forward Drell-Yan process beyond the leading twist approxima-
tion within the color dipole model framework that incorporates multiple scattering effects.
We derive the Mellin representation of the forward Drell-Yan impact factors for fully dif-
ferential cross-sections. These results combined with the color dipole cross-section of the
saturation model are used to perform the twist expansion of the Drell-Yan structure func-
tions at arbitrary transverse momentum ¢p of the Drell-Yan pair and also of the structure
functions integrated over gp. We also investigate the Lam-Tung relation, find that it is
broken at twist 4 and provide explicit estimates for the breaking term.
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1 Introduction and conclusions

The forward Drell-Yan (DY) processes at the LHC are expected to provide the most sensi-
tive measurements of parton densities in the proton down to very small z ~ 1076, At the
LHCDb experiment the DY lepton-antilepton pair may be measured down to invariant mass
M of about 2.5GeV, so the related parton density to the scale u? ~ 6.25GeV? [1]. This
kinematic region has been never probed before. It extends HERA measurements of proton
structure at moderate scales towards small parton x by about two orders of magnitude.
In fact, the forward Drell-Yan process is a unique tool to explore this region. Hence, it is
mandatory to acquire deep theoretical understanding of the process in QCD.

The region of moderate scales and very small z is sensitive to interesting QCD effects.
The standard DGLAP description of parton densities evolution in the proton may be
significantly affected by small-z resummation effects [2-4] and higher twist contributions
related (but not identical) to multiple scattering corrections. Therefore, the forward Drell-
Yan process may be used as a sensitive probe of these effects. On the other hand, a
good theoretical understanding of higher twist corrections to the Drell-Yan cross-section



is necessary to extract the standard twist-2 parton densities with higher precision and
reduced uncertainties. Thus, in this paper we address the problem of higher twist effects
in the forward Drell-Yan processes.

The forward Drell-Yan process has multiple advantages as the probe of the proton
structure and QCD dynamics. The presence of hard electromagnetic probe allows for effec-
tive application of perturbative QCD. From the experimental side, the kinematic variables
of the final state composed of a lepton-antilepton pair may be measured with a good pre-
cision, giving access to multiple differential distributions. In particular the Drell-Yan pair
angular distributions are determined by four invariant structure functions, 7;, 7 =1,...,4,
describing proton interactions with a virtual photon which mediates the lepton pair pro-
duction [5, 6]. All structure functions 7; may be decomposed into twist-series using the
Operator Product Expansion (OPE), in which the leading twist-two contributions may
be computed using standard parton densities and the (unknown) higher twist terms are
suppressed by negative powers of the process hard scale. This power suppression, however,
may be compensated in the region of moderate scale and very small-z by rapidly growing
higher twist matrix elements, so that the higher twist contributions are expected to become
important below 12 ~ 30 GeV? [7].! Hence the four DY structure functions carry enriched
information on higher twists: the higher twist hadronic matrix elements are coupled to four
different coefficient functions. This gives opportunities for broader and more detailed tests
of the higher twist description and provides tools for more efficient isolation of higher twist
corrections. In particular, it follows from the famous Lam-Tung relation [6] that certain
combination of the DY structure functions vanishes at twist-2 (up to next-to-next-to lead-
ing order corrections), and therefore its deviation from zero is a sensitive probe of higher
twist effects.

As yet the higher twist contributions to the proton structure and to the Drell-Yan struc-
ture functions are poorly known from experiment and the rigorous theoretical description
of the higher twist terms within QCD is highly involved. A treatment of the higher twist
contribution in DY scattering within collinear QCD proposed in refs. [8, 9], see also [10, 11],
still requires modeling of higher twist matrix elements. A practical way to circumvent these
obstacles is to adopt, as a first approximation, the eikonal or Glauber-Mueller picture where
multiple scattering in QCD is a product of independent single scatterings. This approach
was implemented e.g. in the very successful Golec-Biernat-Wiisthoff (GBW) saturation
model [12, 13].

The GBW model was proved to provide an efficient and accurate unified picture of mul-
tiple HERA processes at small z: deeply inelastic scattering (DIS), diffractive DIS, elastic
vector meson production, deeply virtual Compton scattering [12-14]. In the high energy
limit in QCD, relevant for the forward Drell-Yan processes at the LHC, the DY scattering
amplitudes may be computed using the high-energy factorization (kp-factorization frame-
work [15]) and the transverse position space. This leads to the ‘color dipole picture’ [16] of
the forward DY process, proposed by [17-19] in which the QED-QCD partonic amplitudes

!Existing results on twist-7 evolution at small-z indicate that leading twist-7 gluonic matrix elements
grow with decreasing-z faster than powers > 7/2 of the large gluon density zg(z, u?).



of virtual photon production are combined with the color dipole cross-section, that needs
to be fitted and/or modeled (beyond the leading order contribution at the leading twist).
The dipole cross-section is constrained by the HERA data, and the fit of results may be
applied to predict the DY cross-sections including the higher twist effects [7, 17-22], see
also ref. [23]. Thus, we shall estimate the higher twist effects in the structure functions of
the forward DY processes using the color dipole approach and the GBW saturation model.
One should stress that at the leading twist the dipole approach is consistent with the stan-
dard collinear picture results in the high energy limit up to the NLO, but it provides in
addition an estimate of the multiple scattering and higher twist effects.

In this paper the cross-section decomposition into its twist components is carried out in
the Mellin representation for the color dipole sizes. This decomposition method was initially
proposed in ref. [24], further developed in ref. [25] and then applied to the total forward
DY cross-section [7] and diffractive DIS [26]. In this framework the twist contributions are
related to complex singularities (poles or branch points) in the Mellin plane. We follow the
technique of the total DY cross-section twist decomposition proposed in [7], but extend
the results to differential cross-sections in the lepton angles and the DY pair transverse
momentum ¢7. In more detail we compute the Mellin transforms of all the forward DY
impact factors at given gr and combine the results with the color dipole cross-section to get
qr-dependent twist decomposition of all the four DY structure functions. Here we restrict
ourselves to the simplest GBW eikonal model of the color dipole cross-section but it is
straightforward to combine the obtained Mellin representation of the impact factors with
other descriptions or parameterizations of the color dipole cross-section.

The findings of this paper may be summarized as follows. The key novel result are
the Mellin representations of the forward DY impact factors for all the DY structure func-
tions at an arbitrary transverse momentum gp. These impact factors follow directly from
perturbative QCD. The impact factors are then combined with the GBW color dipole
cross-section to get an analytic form of the twist expansion of the DY structure functions.
These results are model dependent but they exhibit some generic features driven by the
perturbative part, like e.g. the saturation of the Lam-Tung relation at twist 2, the pres-
ence or absence of hard scale logarithms. We obtain results both for the helicity structure
functions and for the invariant structure functions. We find that the Lam-Tung relation
holds at twist 2 but it is broken at twist 4, and the breaking term is leading in perturbative
QCD at this twist. Thus, the Lam-Tung combination of the DY structure functions is a
promising observable for experimental measurements of the higher twist effects. In the
GBW model of the color dipole cross-section the higher twist terms are power-enhanced
with decreasing x (besides the generic suppression by negative powers of the hard scale),
at twist 7 one has Ti(T)/Ti(Q) ~ 1/(p?2*)72 (modulo logarithms), with A ~ 0.3. Also the
gr-integrated structure functions are derived. Interestingly enough, this integration leads
to the emergence of a twist 3 contribution in the LT helicity structure function. Results of
this paper provide the necessary tools for a forthcoming experiment oriented analysis of the
LHC potential to measure the higher twist components of the proton structure within the
color dipole approach, and prove that the applied twist decomposition method is effective.



Figure 1. Dominant diagrams for the forward Drell-Yan process in the t-channel helicity frame (in
which the target is at rest), see the text for the notation.

2 Kinematics and notation

We consider the high energy proton-proton collision with a lepton-anti-lepton pair, [T]~ =
ete” or utu~, in the final state, p(P)p(P2) — 71~ X in which the pair is produced in
the fragmentation region of one of the protons and the leptons four-momenta [T and [~
are measured. At the leading order in QED this process is mediated by a virtual photon
v*(q) , with the four-momentum ¢ = [™ +1~, and the virtuality ¢> = M? > 0 is the lepton
pair invariant mass squared. It is convenient to introduce also x = [ — [~. The proton
projectiles four momenta are P; and P> and they are near light-like, in the center of mass
system (c.m.s.) of the pp pair P; ~ (v/S/2,0,0,—v/S/2), P, ~ (v/5/2,0,0,/5/2), where

the invariant collision energy squared S = (P; + P»)? is much greater than the proton mass

2
p

the z axis is given by the beam direction in the c.m.s. From now on we shall use the

squared, m2. We define light-like components of the momenta as p* = p° £ p*, where
light-cone coordinates for four-vectors, v = (v*,v™;@r). The Sudakov decomposition of
four momenta will be employed, p; = o; P1 + 8; P> + p, where p | is the p four-momentum
component in the plane perpendicular to P, and P,. For the DY virtual photon we have
q = agP + ByPy + qu, with ¢, = (0,0;¢r) and ¢3 = —¢;?. The forward region is defined
by the condition 5 > «, and the photon (or the DY pair) rapidity y = 1/2log(5/a). At
the LHC the backward region o >  is, in fact, fully symmetric to the forward region, so
for simplicity we shall restrict our discussion to 8 > a.

At the leading order of QED and QCD at the parton level the DY hard subprocess
is q1(p1)q2(p2) — v*(q) — 71, where ¢1 (q2) is a quark (anti-quark) coming from one of
the protons (the other proton) that carries four momentum p; (p2). At the NLO QCD the
partonic subprocesses include also quark (anti-quark)-gluon contributions, ¢a2(p2)g(k) —
q2(py)v*(q) — q2l*1™. In the high energy limit p1 = z1 P + p11 and p2 = 22Ps + pay,
where x; are the parton z-variables, see figure 1.

In the forward region at the LHC one has xo > x1, x5 is a sizable fraction of the
longitudinal proton momentum P2+, say 29 ~ 0.1 and x; is very small, down to 21 ~ 1075,
In this region the quark ¢; distribution function (d.f.) is strongly dominated by the sea-
quarks and the valence quark contribution to ¢; d.f. may be neglected. At a small x the
evolution of the sea-quark (or anti-quark) distribution function of the target proton is driven
by the gluon evolution. In more detail, due to the suppression of quark propagation over



a large rapidity distance, the dominant contribution to the sea-quark distribution function
comes from the diagrams where the sea-quark emerges from the gluon in the last splitting
of the QCD evolution. Therefore, in the k7 factorization framework the dominant diagrams
with the gluon exchange in the t-channel are given in figure 1. The topology of the diagram
at the right-hand side coincides with the topology of the LO collinear contribution with
the sea-quark emerging from the gluon at the last splitting. The diagram at the left-hand
side of figure 1 contributes to the NLO ¢gg partonic subprocess in the collinear picture.

The diagrams shown in figure 1 are the basis of the color dipole approach to the forward
DY process. Thus, one considers the virtual photon emission by a fast quark coming from
p(P,) in the scattering off the proton p(P;) by a small-z gluon exchange, q(p2)g(k) —
q(p5)7*(q). The effective color dipole emerges here through the interference of amplitudes
of the virtual photon emission before and after the quark scattering off the target proton.
The effective color dipole size corresponds to a displacement of the quark position in the
transverse space due to the v* emission. In the color dipole formulation one relies on
the kp-factorization (the high-energy factorization) approach, where the gluon transverse
momentum does not vanish and the standard gluon distribution function zg(x, u?) gets
replaced by a k7 dependent unintegrated gluon distribution, fy(x, k%) (with implicit scale
dependence). At the LO, xg(x,p?) = f”Z dk2./k2 fy(x, k). On the other hand, the fast
quark g(p2) carries a rather large xs, so its transverse momentum may be neglected, po is
saturated by p; .

Having defined the relevant partonic channel and diagrams, we complete fixing the
notation: let the gluon-z be z, = k=/P;, z = ¢ /p; is the longitudinal momentum
fraction of the fast quark q(p2) taken by v* , xp = ¢*/P5" is the Feynman z of the virtual
photon (or the DY pair). The fast quark distribution function in the proton p(P2), taken
in the collinear limit, is denoted by . Finally, it is convenient to analyze the process in
the helicity basis, so we denote the helicities of the incoming and outgoing quark (q(p2)
and ¢(ph)) by A1 and Ag respectively, and polarizations of v* by o. Since the photon is
virtual, it has three polarization states.

3 The forward Drell-Yan cross-section

3.1 Structure functions

The standard description of the differential DY cross-section employs so-called helicity
structure functions W, Wy, Wrp, Wi [5, 6] (see appendix A). In this approach one fac-
torizes leptonic and hadronic degrees of freedom by contracting both hadronic and leptonic
tensors with virtual photon polarization vectors (PPVs). The leptonic tensor reduces to a
distribution of lepton angles 2 = (6, ¢) in the lepton pair center-of-mass frame while the
result of contraction of the hadronic tensor with the different PPVs are the W-structure
functions. The differential DY cross-section is then given by the formula:

do a?

— em 1— 2 1 2 in2 )
JepdM 200y 3(2m)i [(1 = cos® )W, + (1 + cos” 0)Wr + (sin® 6 cos 2¢) W

+ (sin 26 cos )W) . (3.1)



The form of W-structure functions depends on an arbitrary choice of axes (which defines
the PPVs) in the lepton pair center-of-mass frame. In this paper we perform calculations in
a frame with the Z axis anti-parallel to the target’s momentum and the Y axis orthogonal
to the reaction plane (in [5] this frame is called the t-channel helicity frame).

In order to avoid the helicity frame dependence one introduces invariant structure
functions, T;. They are defined as coefficients of the hadron tensor decomposition [5]:

_ 1/~ .
WH = =Ty g + Ty PUPY =Ty 5 (PY5 + P P") + Tu " (3:2)
where g = g" —gq" /¢*, P = Pi+Py, p = Pi—Py and P = "' P, /\/S, j" = §"p, /V/S.

The invariant DY structure functions are related to the helicity structure functions in the
t-channel helicity frame in the following way,

T, = Wy + Wrp, (3.3)
M2 M2 (M2 4 Sa:2 )2 _ 25582 q2 4 q4
2 $%S L x%S T 2:62F5q% TT
M (M? —l—Sx% —q%)
5 WLT?
rHSqr
M2 2M2 M* — S?%z% + ¢4 2M (—M? 4 ¢%)
Ty = ———W, Wr — LTy, L wir,
3 225 L+ 25 T 22562 TT + 2547 LT
M2 M2 (M2 _ 5332 )2 + 2511.2 q2 4 q4
Ty = 5W,— —5Wr— £ =L Ly,
4 :L‘%S L :13%5’ r 2:13%Sq% T
M(M? — Sz% — ¢?
+ ( 3 L QT)WLTa
x5 Sqr

see appendix A for the derivation. The DY helicity structure functions in any helicity frame
may be expressed through the invariant structure functions and the explicit formulae for
several standard frames may be found e.g. in ref. [5].

In the following we shall re-derive the DY helicity structure functions in the kp-
factorization approach. Thus, the scattering amplitudes of the fast quark will be com-
puted within the high energy limit of QCD and the corresponding helicity dependent
cross-sections will be represented in terms of the impact factors. In order to account for
the multiple scattering effects we shall introduce the color dipole cross-section. Next the
Mellin representations of the impact factors and of the helicity structure functions will
be given.

3.2 The forward Drell-Yan impact factors
In the framework applied the forward DY cross-section takes the following form [17-21],

1

do Qem
= LO’O’ Q d
depdM?dQd?>qr — (2m)2(Py - P2)? M2 2%.(1 — 2) ( )/IF z p(zr/z)
2mag k2) -
></d2k;T T JC(LQT)(I)W,(QT&T’Z)’ (3.4)
3 kr



where the helicity dependent v* impact factors are
boor(gr b, 2) = > AT @) AT (@), (3.5)
A, A2=+,—
the leptonic tensor in the helicity basis reads

KHKRY

oo — EELU)L/W 6I(jﬂ/)Jf, LM = —gh + , (3.6)

2
and p(xzp/z) is a collinear parton distribution function for the projectile. The amplitudes
Agg) x,(@r) of the virtual photon emission with the polarization o and the transverse mo-
mentum ¢r are given in figure 1. In the target rest frame P; = (my, my; 0) and we choose
a standard set of the polarization vectors,

+
0) — (q _M6> and &) = (0,03€(Ti)) ag(Ti) =

YA (1, +i) . (3.7)

1
V2
In the lepton c.m.s. where It = —1~ we define the spatial axes (X,Y, Z) through the
~* polarization vectors,

1
65?) — ZN and EEL:t) = % (Xu + ’I/Yu) . (38)

The leptonic helicity tensors, L9 are then expressed through a set of three scalar products
(recall that k = 1T —17),

k- X = —2|I"|sin 6 cos ¢, (3.9)
kY = —2|I"|sin 6 sin ¢, (3.10)
k- Z = —2|I*| cosb, (3.11)

where Q) = (6, ¢) are the standard angles of the spherical coordinate system in the lepton
CM frame.
With the chosen set of v* polarization vectors the DY ~* emission amplitudes take

the form
. e V1—zaxp(P- P
AE\O),\ (qr) = i 2)5,\1,>\2
1A o /T(2m)? 2 M
M?(1 — M?(1 —
X |~ ( Z>ﬁ2 - =2 | (3.12)
M2(1—2)+q7  M2(1—2)+ (Gr — zkr)?
A e V1—2z
Ag\l,)AQ(QT) WO e zp(Pr- )0y 20 (2 — 2 F Ai2)
—qr —(Gr — zkr) L (1)
X — — = €7, (3.13
[M2(1—2)+qT2 M2(1—z)+(cj'T—sz)2] + (8:13)
(£)

where we suppressed the dependence of A/\1 A2(§T) on z and ET. The inverse Fourier
transforms of the amplitudes to the transverse position space read

AV (7 1 o) (7 o—idrT
A7) = 5= / AV, (@) 7T d?qr, (3.14)

:271'



which is convenient to rewrite as

A0 = [1= e e, @), (3.15)
where

dg\ol),)q (F) = 2\/77‘_?271_)2 12_ ZxF(Pl : P2)5A1,)\2M(1 - Z>K0 ( V1— ZMT) ) (316)

(£ e € vV1—=z .
(7) = 14\/7?(27r)2 . xp(Pr - P2)ox, x

X(2—2zF Mz)MV1— 2K (V1—zMr)

Ty iry
\@ r
—izk7

Using representation (3.15) of the amplitudes, with the dipole eikonal factor, 1—e ,

(3.17)

one may express the forward DY cross-section (3.4) in terms of the color dipole cross-
section [17-19],

() = 2% /d%Tf(jg;k%) 1 — e, (3.18)

3 kg

where we introduce Z, being the value of z, at the process threshold. In what follows
we suppress the Z, dependence of (7). At the leading order the dipole cross-section is in
one-to-one correspondence with the unintegrated gluon density, f(z,, k%), and their inverse
relation reads

2 S X ak2 1 M 1 . . -
a 7]0(%2 7) = /d27“ eZkT'TVQ&('r) = /d2r etk T 6(7’)(—]{7?), (3.19)
3 k2 2 2

where V? is the Laplace operator in two transverse dimensions.
Using the last formula one can rewrite (3.4) as

do Qem /

= L7 (©
dx pdM?2dQd2qr (2m)2(Py - P2)? M? 22.(1 — z) ()

1
></ dz p(l‘F/Z)/dQT a(r)®yo (qr, T, 2) (3.20)

TF

with
1

Qoo (qr,7,2) = _2/d2kT RIS i (qr, ke, 2). (3.21)

Substituting the inverse Fourier transform of (3.14) into (3.21) and integrating over
d?kr one obtains the impact factors in the transverse position representation,

— —

1 ~ o)
oo (qr, 1, 2) = 5 Z /d27“1d27“2 af\?)\Q(rl)Tagz,))\z(rg) e~ (M1 —72)
AL, Ao=~+,—

x [5(?— )+ 6(F —73) — 8(F — (7} — rg))} . (3.22)

Finally, let us parameterize the DY structure functions W; in terms of new functions ®;,

At 1
W, = W/ dz W(xF/Z)/dQT o(r)®i(gr,m, 2) (3.23)

em F



for i = {L,T,TT,LT}. Comparing (3.1) and (3.20) one gets the following expressions for
®; in terms of the DY ~* impact factors:

L%Q)®oo(qr, 7, 2) = (1 — cos? 0)®r(qr, T, 2), (3.24)

LT Q)@ (qr,72) + L~ (D®__(qr,7,2) = (1 + cos®0)®r(qp, T, 2), (3.25)

LY~ ()@, _(qr,7,2)+ LT (Q)®_ (qr,7,2) = (sin” 0 cos 2¢)Prr(qr, 7, 2), (3.26)
Lo ()@, (g7, 7, 2) + LO7(Q)®o_ (g7, 7, 2)

+ LD 0(qr, 7, 2) + L ()P _o(gr, 7, 2) = (sin26cos ¢)®rr(qr,r,2). (3.27)

The functions ®,, and ®; play a similar réle to the virtual photon wave functions of the
color dipole model for the DIS, but for the DY also off-diagonal amplitude products in the
helicity basis contribute. The functions ®,,s are related by (3.21) to the standard impact
factors in the momentum space, so we shall use for them the term impact factors as well,
specifying the ®; functions as the leptonic impact factors.

3.3 The Mellin representation of the impact factors

Mellin representation is a useful tool in the analysis of QCD amplitudes, in particular of
their twist structure. In order to find this representation for the forward DY process we
start introducing a Mellin transform of the dipole cross-section,

& (7) ZL;; (Cf’r)sé(—s), (3.28)

where the contour C is a vertical line in the complex s plane, Qg is the saturation scale and

s = [ () o (329)

Using (3.28) we rewrite (3.23) as

d 2092\ 5
W; = / dz plar/2) / s &<s><zn§°> Bilar. s, 2), (3.30)

where n? = M?(1 — z) and

- 2(2m)t M4 2 \°
P;(qr, s, 2) = <ag/d27" (4322 r) ®i(qr, 7, 2) (3.31)

is the Mellin representation of the leptonic impact factor.

The leptonic impact factors ®;(qp,r, z) are linear combinations of ®,,/(qr, 7, 2) (see
formulae (3.24)—(3.27)) where ®,,/ are given in (3.22). After integration (3.31) over d*r
and d?ri1d®ro we get the following results for Mellin transforms of the leptonic impact fac-



tors,

- 2% (s +1 9%
(I)L(QT,S,Z) = {H((]/Q) 2F1 <$+1 8—|—1,1, 1” )
T z

2
~T(s+1)D(s+2) o F <s+1,s+2,1,—q§>}, (3.32)
7

z
- 1+ (1—2)%f 2¢7/n2
(I)T(QT,S,Z): 2( — ) QTéanF
222(1=2) (1+qp/n2

2
(s + 1)D(s +2) oy <s +1,542,2, —f?g)

z

2
—T(s + 1)2 [QFl <s +1,5+1,1, —q§>
77

z

2
(s +1) o <s+1,s+2,1,f7§>] } (3.33)

z

| o q2 —s—3
(i) _ 1 1T IR 2
r7(q7, 8, 2) 92,2 {r 1 —s)sinms qT/nz ( " 773) e

2
[<1+QT)( €(3+2)> 2F1<—s+1 s+1,1, ar >
77z T+T}z
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773 T+T}z
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1+ q7/n? I 2
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& 5.2) = o ’ F s,5+2,2,
rr(qr, s, 2) 21—z { (1+q2/n2)st2 T'(—s —1)sinms 2 a7 + UE

2

QT/nz 2 qr

- A 12054) [gFl <s+1,s+1,1,—>
1+ ¢2./n? n?

2
+ (s+1)2F <s—|— 1,s+2,2,—q€>] } (3.35)
n

z

The above formulae are one of the main results of this paper. Inserted into (3.30) they allow
for an efficient analysis of the forward DY cross-section in terms of the double integrals
over z and s. Let us stress that the obtained Mellin forms of the impact factors do not
depend on the chosen form of the color dipole cross-section, they follow directly from the
perturbative (leading order) QCD amplitudes in the high energy limit.

3.4 The Mellin representation of the integrated helicity structure functions

For a description of inclusive measurements of the DY processes one applies gp-integrated
helicity structure functions,

- 1
W, = W/Wi d?qr. (3.36)

Clearly, the results depend on the chosen set of the virtual photon polarization vectors, in
particular one has to account carefully for a possible correlation of the polarization vectors
with @p. W; can be found by the direct integration of the helicity impact factors <i>2-(qT, S8, 2)
(given by (3.32)—(3.35)) over d?qr and then use (3.30). In the t-channel helicity frame the
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integration over the azimuthal angle is trivial and gives 27, and the remaining integrals
can be performed using a new variable ¢r/n,. One obtains:

- s ! —z [(22Q3%\° 7 I3(s
W, = dl/ dz ga(:L‘F/z)l < Q;) 5(—8){m}, (3.37)

¢ 2mi )y, 42 T (s+3)
W= [ | iz ofar /) (290) o)
e
Wer = [ [ o otars 55 (58) ot
X{F( s)T(s + 1) [4° (( \/EI‘3+2)]}7 (3.30)

3) —
+3)
Wi = ds./;dzp(w/z)@z (;?) 5(~5)

{ 4571 F2< >+X1(s)+X2( )} (3.40)

where functions x12 are define by their integral representations

= | dp p*tsin(pt) K,
Xl(s) /0 (1+t2)1/2\/0‘ P p Sln(ﬂ) 0(p)7

0 == | S [ de e sinieni (o) (3.41)
s) = — —_— sin . .
X2 o (1+ 232 ), PP pL)ap
These expressions provide a compact representation of the gp-inclusive forward DY cross-
sections differential in the angles of DY leptons in the t-channel helicity frame.

4 The twist expansion of the DY structure functions and the Lam-Tung
relation

With the Mellin representations of the leptonic DY impact factors derived in the previous
section, it is possible to evaluate the DY structure functions and perform their twist anal-
ysis. For this one needs, however, to specify the dipole cross-section, 6(p). Within OPE
approach to hard scattering in QCD, (p) includes a tower of matrix elements with increas-
ing twist. Currently the higher twist components of the proton structure at small x are not
known from the experiment. Also a theoretical analysis within perturbative QCD is not
capable to predict the non-perturbative inputs for evolution of the higher twist operators
from the first principles. Therefore current theoretical estimates of the higher twist effects
must rely on certain assumptions and models. So far two main QCD-inspired approaches
to the dipole cross-sections beyond the leading twist were used in the higher-twist analysis:
the eikonal Glauber-Mueller scattering cross-section (used in the GBW saturation model)
and the Balitsky-Fadin-Kuraev-Lipatov (BFKL) and the Balitsky-Kovchegov (BK) dipole
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cross-sections, obtained within the small-z resummation framework in QCD [2-4, 27-29].
With both forms of the dipole cross-sections one can describe well the existing data on the
proton structure from the deep inelastic scattering (DIS) at small z, see e.g. ref. [14], but
as it was found in refs. [25, 30], the inclusive DIS data probe the proton structure efficiently
only at the leading twist. Hence, the current theoretical predictions of the higher twist
effects are uncertain. Still, it is important to estimate these effects within different models
in order to design measurements probing the higher twist effects and to make an optimal
use of the resulting data. In particular, measurements of the higher twist contributions in
the forward DY structure functions may be used to discriminate between models of the
higher twist / multiple scattering effects and provide essentially new information about the
proton structure and the QCD evolution beyond the leading twist.

As a first step towards understanding of the higher twist structure of the forward DY
scattering we consider the simplest case of the eikonal dipole cross-section used in the GBW
approach. Using this cross-section we perform an explicit analytic twist decomposition
of the forward DY structure functions. This test case exhibits already some interesting
features, clearly visible due to a simple analytic form of the results. A more detailed
numerical analysis of the forward DY process at the LHC, taking into account also the
BFKL / BK dipole cross-section will be performed in a forthcoming paper [31].

4.1 The twist decomposition of the helicity structure functions W;

The twist decomposition of the forward DY structure functions W; may be performed
using the Mellin representation (3.30), (3.32)—(3.35) supplemented by the GBW dipole
cross section, that takes the form [12, 13],

6(p) = oo(1 — e "), (4.1)

and its Mellin transform reads 6(—s) = —ogI'(—s).

In order to define properly the twist content of the DY structure functions one should
specify the scale that plays the role of the OPE hard scale. The forward DY structure
functions (3.30), however, depend on two hard scales, M and g7, as visible from the form
of the impact factors (3.32)—(3.35), so the choice is ambiguous. In order to avoid this
ambiguity we take advantage of the fact that in the OPE series the powers of the hard
scale p are accompanied by the corresponding opposite powers of the hadronic (soft) scale
A, so that twist-7 terms enter with scale ratio (A/u)”. In the color dipole formulation the
soft scale enters only through the dipole cross-section in accordance with the requirement
that the soft scale should be related to the target hadron structure. The GBW dipole cross-
section carries a unique soft scale — the saturation scale Qo(Z4). In order to match the
OPE series structure we identify A = Q¢ and define the twist-7 terms as those that scale in
Qo as Q.2 The problem of the ambiguous hard scale may be understood from the OPE
perspective. In the OPE the forward DY structure functions depend on non-perturbative

2The naive scaling is modified by the QCD evolution leading to anomalous dimensions. This may be
also taken into account in our approach to twist analysis as shown in [25], but the anomalous dimensions
vanish in the GBW model so the naive scaling of twist contributions holds (modulo logarithms).
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matrix elements of hadronic operators and perturbative coefficient functions. The hadronic
operators depend on the hadronic scale A and the factorization scale p, and the coefficient
functions depend on M, g, and p. Hence, if the factorization scale pu is identified with one
of the hard scales, M or ¢r, then in the DY structure functions computed within the color
dipole approach dependencies on M and g7 coming from the matrix element and from the
coeflicient functions are entangled and, in general, the scaling in M or ¢r cannot be used
to isolate the terms with definite twist. On the other hand, the procedure based on the
determination of terms with the definite positive powers of )y leads to a unique definition
of the twist expansion in the adopted approach.

The twist decomposition of the DY structure functions reduces, therefore, to determi-
nation of their Qg power series expansion. This may be done with a technique described
in refs. [7, 24, 25], based on analytic structure in s of the Mellin representation. One closes
the contour C of the inverse Mellin transform (3.30) with a semicircle at complex infinity
for Re s > 0. The integrands are analytic in s except of isolated singularities so one can
express the inverse Mellin integrals as sums of contributions coming from the singularities
in the complex s and these contributions carry a definite Q)¢ scaling, hence the definite
twist. For the GBW dipole cross-section the only singularities in the complex plane of the
Mellin variable s in integrands (3.30) are the simple poles coming from I'(—s), contained
in the dipole cross-section, so the evaluation of the s-integrations by taking the residues
is straightforward. Integrals over z in (3.30) are convergent for Re s > 0. The obtained
leading twist contributions to the forward DY structure functions are the following,

we - aoj\i?; /z i dz o(zr/2) [;‘f 32((11__2);4, (4.2)
we 00]332 / : dz p(zp/z) [1+ (1 —2)?] ]‘Z 4[(1[;%++]\%;(1__;])? , (4.3)
Wi = uggs [ o oty BRI (49
Wi = a0 / 1 0z plan)2)@ - 2) 2L [[; ;%:Mﬂf;“_‘)f} k) B

It is clearly visible from the above equations, that the structure functions have the following
leading behavior at small values of the photon transverse momentum, g < M: Wéz) /oo ~
o(1), W]-EzT)/JO ~ O(qr/M), Wf:)pT/ag ~ O(g%/M?). Therefore, there is a hierarchy of

contributions in which Wg) dominates over WéQT) and finally come WIQFT

At twist 4 one finds,
4,1
W£4) = U()]C\i(i/ dz p(xp/z)2% x
TR
AM® [7¢3 — 10M?¢3.(1 — 2) + M*(1 — 2)?] (1 — 2)?
X
6
[q% + M?(1— z)]
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4l
W:(F4) = UQO/ dz p(zrp/2) [L+ (1 —2)?] 2% x

F

MO [g3 — 2M%(1 - 2)] [gh — AM3g3.(1 = 2) + M'(1 - 2)?]

X G , (4.7)
(43 + M2(1 - 2)]
@ Q[ o 12M8342. (¢ — 2M?(1 — 2)] (1 — 2)?
Wi = 0057 /xF dz p(zp/z)z FRST z)]6 : (4.8)
1
ngp) = UO]QWEE/ dz p(xp/2)(2 — 2) 22 x
y 2M7 qr [—2q% + M?(1 — z)] [q% —5M?(1 — z)] (1- z) (4.9)

[q% + M?2(1 - z)]6

In general, only the even twist contributions are found in the structure functions. Evalua-
tion of twist 7 > 4 contributions may be easily done as well.

The obtained results on the twist content of the structure functions exhibit certain
common features. Clearly, at twist 7 one has a suppression by the negative powers of the
scale and an enhancement due to the growth of the saturation scale Qo(z4) ~ a’:;A with
the decreasing z4, with A ~ 0.3. Hence Wi(T) ~1/(M 2%\)7. This small 4-enhancement is
specific to the eikonal color dipole model and not necessarily holds in other models. One
sees as well that the two hard scales of the problem, M and ¢p, enter in combinations
dependent on the term and none of them can be identified as the unique main hard scale
of the problem. Moreover, the denominators of the integrands are proportional to powers
of M? = M*(1—z)+¢%. Thus, in the region 2 — 1 and gr — 0 the scale M — 0 and one
finds soft singularities. We will discuss the treatment of this problem in section 4.3.

The terms of twist expansions of the helicity structure functions (4.2)—(4.5)
and (4.6)—(4.9), are valid in the t-channel helicity frame only. However, these results
may be used to obtain the twist expansion of the invariant structure functions, 7;. Twist-2
contributions to the invariant structure functions are given in appendix B.

4.2 The twist expansion of the integrated structure functions

It is easy to see that the expressions for the twist 2 and twist 4 components of the DY
structure functions derived in the previous sections cannot be simply integrated over d?qy.
The reason is a divergence at gy — 0, z — 1, that follows as a consequence of the form of
denominators in the integrands, o< (¢2 + M?(1 — 2))". For example, the gr integration in

W:(FQ) leads to a divergent z-integral:

2 ot 1+ (1—2)2aM?
W Pqp = UOQO/ dz p(zrp/z) . (4.10)
/ T M2 ), 1—2 3

In order to define properly the twist expansion of the integrated structure functions one has
to perform the g7 integration of (3.37)—(3.40) prior to evaluating the inverse Mellin integral
and carrying out the twist decomposition. Then, the integration over d?qr dz introduces
additional poles at the positive integer values of the Mellin variable s, and double and
single poles in s are found in the Mellin representation of the integrated DY structure
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functions. The problem with z — 1 limit of the integrands in the twist expansion of the
integrated forward DY structure functions was found and solved in ref. [7]. In short, in this
prescription one assumes a power series structure of the structure function integrands in the
variable 1 — z (modulo logarithms) at z — 1 and treats analytically terms of this series that
would naively lead to the divergent integrals of the twist components. The corresponding
integrals lead to additional poles in s, ~ 1/(s — 7) at twist 7. The s integration of
these terms may be then performed analytically. The additional s-singularity increases the
order of the twist poles by one, which results with an additional logarithm In M?/Q? in
the structure functions. The remaining part of the structure function integrands left after
separation of the apparently singular terms, lead to the convergent integrals that can be
directly evaluated by a numerical integration.
Thus, following the prescription of ref. [7] we get for the leading twist,

w? = o Qs /1 dz p(xp/z) w2 = o Qs /1 dz p(xp/z) w2 =0 (4.11)
L 3M?2 J,, LT 6M2 J,,. R
2 2
< (2) Q5 B 4 2 AM=(1 — zp) 2
W - ao4M2{p<xF>[ 142+ 2 (Qg Frue)] )
1 — 2)2] —
L2 / o oler/2)[L+ (1= 2)?) @(wF)}.
3 Jap 1—-2

Interestingly enough, after the ¢r integration a non-zero twist 3 contribution emerges
for WLT,

W@ _ VT2 —x1(3/2) — x2(3/2)] 4

LT = 90 6 e p(zF). (4.13)

This twist 3 emergence occurs in the perturbative part due to the presence of the v/1 — z
factor in (3.40). It comes from the singular region, z — 1, ¢gr — 0. Since no twist 3
singularities are present in the color dipole cross-section, this contribution comes from a
single pole in s and carries no In(M?2/Qo). The twist 3 contributions to the other structure
functions vanish, VNVE’) = W}‘g) = W}?’T) = 0. It means, in particular, that the twist 3
contribution affects only the lepton angular distribution and not the total cross-section.

Expressions for twist 4 contributions in the integrated structure functions take the
following form,

~ 4 ’ —
W — 125005[%{@(@) [3 —2yp—In (W) - ¢(7/2)}

B /1 5, Pwr/2)2 = @(OUF)} (4.14)

op 1—-2
Wit = 0—0]{%{31()@(“) [—46 +24vp 4+ 12In (W) + 12¢(7/2)] (4.15)
0
AMZ(1 —
+31—0pr'(561!7) [17 — 1295 —61In <%(2)33F)> - 7@0(7/2)} + ;f(_x;):
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5 1—=z2

e p(w/z)[ua—z)?]z?—p(w)—<1—z>[2p<xF>—w’(wn}
5 Ja ’

F

. 4 (1 4M?(1 -
Wi = aoﬁi{mp(xp) [13 —18yF +30In4 — 241n <(ng> + 6¢(7/2)}
B i/l 5 p(:vp/zl)z2 Z— @(CUF)}7 (4.16)

714 = oo: f& 4 { rpar) _w / o, 9ar/2)2(2 — 2) — plar) } 417

- Vi—zp 2 /4, (1 — 2)3/2

The obtained results for the twist components of W}T) and Wg) may be directly compared
to the results of ref. [7] after an integration of the lepton angles in the DY cross-section. This
comparison was performed and the agreement was found. The contributions of two other
structure functions WTT and WLT to the DY cross-section vanish after the integration
over the lepton angles so they did not appear in the analysis of ref. [7] and the twist
decomposition of the gr-integrated DY structure functions WTT and WLT is a novel result.

In accordance with ref. [7] the obtained expression for twist-7 components of the DY
integrated structure functions take a general form,

T 201 _ ~ ~
o0 (CA?;) [AY) In <4M (223 xF)) + A +B(T)} , (4.18)

with the numerical coefficients fllm given in the explicit analytic form and B(™) expressed

as the integrals over z. Both A(") and B(™) depend on the fast quark density p(z, M?),
in the projectile proton. The convergent integrals B(™ may be obtained by a numerical
integration. In general, the terms B(") have no enhancement by In(M?2/Q?), so they are
subleading, however they may be numerically important at a moderate M?2.

4.3 The Lam-Tung relation

One of the main goals of this paper is to prepare the ground for experimental measurements
of the higher twist contributions in the forward DY scattering. Optimal observables for
this purpose should have a suppressed leading twist contribution. One of such observables
is given by the well known Lam-Tung relation [6]. Thus, within the parton model the
following relation between the structure functions was proven [6]:

) 2
T1+<qp_ )TQ_QPQpT3+ <qf’_|_1> T, = 0. (4.19)

Using (3.4) this can be rewritten as the equation for Wj; [20, 21]:
Wy — 2Wrr = 0. (4.20)

This relation holds in perturbative QCD at twist 2 up to the next-to-next-to-leading order
correction, see e.g. [20, 21].
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Our results are consistent with the Lam-Tung relation. Indeed, from (4.2) and (4.4)

one sees that Wéz) — 2W’1(“21)“ = 0. Moreover, as in refs. [10, 11, 20, 21] we find a breakdown

of the Lam-Tung relation at twist 4,

4 1 8 2
(4) @ _ @ / o AM(1-z)
W —2Wot = 09—+ dz p(xp/z)z , (4.21)
L T M4 op [q% + M2(1 o Z)]4
and its integrated version,
/ (Wi — 2w f2) dar = 2mo0 12 (WP - 2317 (4.22)

el M?(1 —
= 27100~ — o(zp) [—19 + 125 + 121n ((”)ﬂ

Q3
/1 NG p(m)}_

1—=z

The breakdown term carries In(M?/Q32) so the Lam-Tung relation breaking at twist 4
enters at the leading order in QCD. Hence, the Lam-Tung combinations (4.19) and (4.20)
of the forward DY structure functions exhibit an enhanced sensitivity to the higher twist
effects and so they are promising observables for the experimental finding of the higher
twist effects at a small x.

5 Discussion and outlook

The estimates of higher twist contributions to the Drell-Yan structure functions given in this
paper are based on the eikonal GBW color dipole model cross-section. Although this model
provides an efficient unified description of the small z DIS data down to the photoproduc-
tion limit, the diffractive DIS and the exclusive vector production, its twist content was not
tested experimentally yet. In particular, the HERA data are consistent with the leading
twist description, except of the kinematic edge of the very small x and moderate scales, and
also with the Balitsky-Fadin-Kuraev-Lipatov (BFKL) and the Balitsky-Kovchegov (BK)
cross-sections that have a different twist composition than the GBW model. Therefore, our
results for the twist expansion of the forward DY structure functions are model-dependent
predictions. Such an approach is justified by the lack of higher twist measurements at the
small x domain, and the need to estimate the LHC potential to resolve the higher twist
effects. On the other hand, clearly, for this latter goal one needs also to provide predic-
tions dedicated for the LHC within other reasonable schemes, e.g. within the BFKL/BK
approximation.

This paper is a necessary step towards such a broader analysis of the higher twists
effects in the forward DY scattering at the LHC. It summarizes the key theoretical re-
sults needed for the higher twist extraction from the color dipole picture. In particular,
the Mellin representation of the DY impact factors is a novel model independent result,
following directly from perturbative QCD. This means in turn that certain features of the
higher twist structure, following from properties of the impact factors, are generic, for ex-
ample the breakdown of the Lam-Tung relation at twist 4. Also the presence or absence
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of In(M?/Q3%) enhancement factor in the twist components of the structure functions is
generic. It should be stressed that the obtained Mellin forms of the DY impact factors may
be also used within the BFKL formalism for the small x resummation.

The next step in our program of the theoretical analysis of the LHC higher twist will
be a data oriented study in which more models of the dipole cross-section will be considered
and suitably refined to reproduce the existing forward DY data. Thus, we leave explicit
numerical predictions for the higher twist corrections to forward DY scattering at the LHC
to the second part of the analysis to be presented in the forthcoming paper [31].

Acknowledgments

Support of the Polish National Science Centre grants nos. DEC-2011/01/B/ST2/03643,
DEC-2011/01/B/ST2/00492 and DEC-2014/13/B/ST2/02486 is gratefully acknowledged.
TS acknowledges support in scholarship of Marian Smoluchowski Scientic Consortium Mat-
ter Energy Future from KNOW funding.

A Derivation of relations between the helicity and the invariant struc-
ture functions

The invariant structure functions 7; are defined as coefficients of hadron tensor decompo-
sition [5]:

. 1 /. _
WH = —Ty g + Ty PP’ =Ty 5 (P9 + ' PY) + Ty ', (A1)
where § = g" —g"q" /¢*, P = Pi+ Py, p = Pi— Py and Pl = 3P, |\/S, j# = 5/p, /5.

The helicity structure functions are coefficients of hadron tensor decomposition using some
coordinate system (X*, Y* ZF) in a lepton pair c.m.s.:

WH = —gh"(Wr + Wrr) — XFX"Wpr + 2427 (W, — Wr — Wrr)
- (X“Z” + ZMXV) Wit (A.2)
To find the relations between W; and T} one should relate (X,Y, Z) to P, p:
ZM = aP* + Bpt, X" =o P*+ B'p", (A.3)

where we assumed that the Y axis is orthogonal to the reaction plane. Comparing (A.1)
and (A.2) one finds:

T, = Wp + Wrrp, (A.4)
Ty = —a*(Wyrr — Wi+ Wr) — 28/ (aWrr + o/ Wrr),

Ts = 2a8(Wrr — Wi, + Wr) + 20/ (BWrr + 28 Wrr) + 208 Wir,

Ty = —B*(Wrr — Wi + Wr) — 28 (BWrr + 8 Wrr).

In our calculations the Z axis is anti-parallel to the target momentum Z = —P, /|Py|.
Since in the lepton pair c.m.s. ¢* = (M, 0,0,0) one has P* = (0, P//S), p* = (0,5/V/S).
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Comparing these two equations with (A.3) one arrives at the relation o = 3. Remembering
that X2 = Z2 = —1, X - Z = 0 one obtains

M M2 2
a=8=— : a’:—qp;quQqP? B =
qr + qp qr(M? + q7)

M?2q, + ¢3qp
qr(M? + ¢F)’

(A.5)

where we denoted qp = q- P/v/S, qp = q-p/V/'S. In the target rest frame P; = (m,,0,0,0)
these scalar products become:

xF\/§ M2—|—q% ‘ _:L‘F\/E_MQ—FQ%
2 237}7\/57 P 2 2.CCF\/§.

Inserting (A.5) with (A.6) into (A.4) one obtains relations (3.4) between T; and W;.

qp = (A.6)

B The twist 2 components of the invariant structure functions

Applying the relations between the helicity and invariant DY structure functions one may
find the twist decomposition of the invariant structure functions. We list the leading twist
components of the DY invariant structure functions:

2 sl 4
@ _ M
" = UOMOZ /mF dz go(fL‘F/z)2 [q% YT z)]4 [4M2q:2p(1 — z)2
Fah(2 - 2(2— ) + M1 222 — (2 2)2)], (B.1)
@) B Q2 1 _MG
Ty” = UOMOQ /IF dz KJ(QTF/Z)%OC% [+ M2(1 z)]4 [23233%(1 —z)°

+23x2F(q:2p + M2(1 —2))z2(1—2) + (q% + M2(1 — z))222] , (B.2)

2 1 6
@ _ @ / M 2 4 2
T = 0p—= dz p(xp/z —2s8°xm(1 — 2
3 M2 /.. (@r/ )QSx% [q% + M2(1 — z)}4 [ i )
+gp + M*(1 - 2))%27] (B.3)
2 1 6
@ _ @ / M 2.4 2
T,” = oo—5 dz p(xp/z) 2s°xp(1 — 2)
! M? [, 2572, [q%+M2(1—z)]4 [

—2s23(qp + M?(1 — 2))z2(1 — 2) + (g7 + M*(1 — 2))%2%] . (B.4)

Analogous expression for the higher twist components may be also obtained. They are
however lengthy so we do not list them here.
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