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1 Introduction

Double Field Theory and its M-theory generalization, exceptional extended geometry, now
have a long history. Following the initial endeavours by Duff [1, 2], Tseytlin formulated
a version of the string in a doubled space [3, 4]. The new geometry to describe a duality
covariant version of supergravity was introduced by Siegel [5-7]. Hull then constructed
the double sigma model in [8] and developed more of the ideas which eventually led to the
conception of Double Field Theory (DFT) which was established with the seminal paper [9]
by Hull and Zwiebach. Since DFT allows for dynamics in all the doubled dimensions, it
goes beyond the duality covariant formulation of supergravity. DFT was then developed
further [10-13] and expanded in various directions by Park and collaborators [14-17] and
others [18-23]. Similar developments for the U-duality groups of M-theory can be found
in [24-39]. Of course, from one point of view many of the ideas in DFT and extended
geometry were anticipated by the E7; programme of West and collaborators; see for ex-
ample [40-44]. For a review of double field theory and its generalisations one may choose
from the following three articles [45-47].



We will now adopt a rather simplistic approach which begins with the question, is
there a lift of supergravity to a higher dimensional theory where the p-form potentials are
“geometric” just as the graviphoton is in conventional Kaluza-Klein theory?

If one only considers the NS-NS sector of ten-dimensional supergravity where there
is only the Kalb-Ramond two-form potential, then the answer to this question is Double
Field Theory. If one considers eleven-dimensional supergravity with C3 and Cg potentials,
then the answer is exceptional extended geometry. The message is that one may view these
novel extended theories as lifts of known theories and the so-called “section condition” is
the Kaluza-Klein reduction constraint.

In Kaluza-Klein theories the origin of electric charge is from momentum in the KK-
direction. The quantization of momentum then results in the quantization of electric
charge. The origin of magnetic charges comes from twisting the KK-circle to produce a
non-trivial circle bundle with non-vanishing first Chern class. The first Chern class is the
magnetic charge. The construction of such a non-trivial solution for traditional Kaluza-
Klein theory was first given in [48, 49].

In 1995 M-theory came into being. A crucial aspect was the lift of Type IIA super-
gravity to eleven dimensions and the Ramond-Ramond one-form playing the role of the
KK-graviphoton. Crucially, it was not just the fields of the Type ITA theory that could be
lifted to eleven dimensions but also the charged states. Most notably, the DO-brane was
identified with the momentum in the eleventh direction and the D6-brane was identified
as the associated KK-monopole! [50].

Thinking of Double Field Theory as a Kaluza-Klein theory immediately brings forth
the idea of describing the fundamental string as a momentum state with the momentum in
the novel additional directions. This was the subject of a recent paper [51]. Not only could
the string be identified as the null wave solution in DFT, but the effective action of such a
solution could be identified with the string action with manifest O(d, d) symmetry [3, 4].

Logically, the remaining task is to identify the monopole-like solutions in DFT. That
is, what do the DFT equivalents of KK-monopole solutions correspond to? It should not
be a surprise to the reader that this is the NS5-brane since it is the magnetic dual to the
fundamental string. The NS5-brane is also in the same O(d, d) orbit as the KK-monopole
solution in supergravity and so is a natural candidate. Note that technically there is
something much more non-trivial about having a mono-pole-type solution of DFT than
the null wave solution. The null wave has a trivial dilaton whereas the fivebrane does not
which leads to more complicated equations of motion.

It is a pleasure to note that the fivebrane/monopole in DFT has been previously studied
in some very inspiring articles using gauged linear sigma model techniques, originally by
Jensen [52] and later in various detailed works by Kimura [53-56].

When one talks of the DF'T monopole solution, one is describing a solution of DF'T with
a particular monopole-like ansatz for the generalized metric. In the case where there is an
isometry so that one has two T-duality related solutions of supergravity — the NS5-brane

"'We are extremely grateful to Paul Townsend who pointed out the importance of the identification of
the D6-brane with the monopole in the M-theory context which then inspired this paper.



and the KK-monopole — this is an embedding of those solutions in DFT. When there
is no isometry (though topologically there is a circle) then we have localized solutions
in DFT which require the existence of solutions with no supergravity description. Thus
these localized solutions cannot be purely thought of as an embedding in DFT since they
correspond to solutions with no ordinary spacetime interpretation.

Having identified the NS5-brane as the KK-monopole in DFT, one may then repeat
this trick with the exceptional extended geometry and describe the M-theory fivebrane as
a KK-monopole in the exceptional theory. This should not be so much of a surprise since
the M-theory lift of the NS5-brane is the M5-brane. However we can also consider the
membrane as a KK-monopole of the exceptional theory which is perhaps some what more
surprising. Finally, we can also have the fivebrane as a null wave. Thus in the exceptional
geometry case, the membrane and fivebrane solutions of eleven-dimensional supergravity
may be identified as either a wave- or a monopole-like solution of the extended theory.

On further reflection, this had to be the case since the whole point of the exceptional
extended geometry is to have U-duality manifest symmetry of the theory. S-duality is
clearly a part of the U-duality group. S-duality swaps “electric” and “magnetic” solutions
which in terms of geometry means exchanging null wave solutions with monopole like
solutions. This is a non-trivial duality since it relates solutions with different topology.

The story of this paper is similar to what happens in the six-dimensional (0, 2) theory
associated with the M-theory fivebrane. The (0,2) theory is self-dual in six dimensions
and under dimensional reduction on a torus this self-duality results in the hidden duality
symmetry of the lower dimensional theory, such as the S-duality in four-dimensional N = 4
Super-Yang-Mills [57, 58]. The relevant solution of the six-dimensional theory is the self-
dual string. It is only how one identifies the wrapped self-dual string with states in the
four-dimensional theory that causes the emergence of the hidden duality symmetry.

Just like the (0,2) theory, the exceptional extended geometry is describing a theory
where the duality group is a manifest symmetry. As such it is only through the reduction
to the lower dimensional theory that one actually produces a hidden duality. What is
novel is that this is a gravitational theory as opposed to the field theory examples that
have been studied so far and the duality group is beyond that of the SL(2) corresponding
to large diffeomorphism of the torus. Yet the principle is the same. In general we expect
all solutions related under U-duality to be a single solution in the extended geometry.

Let us start by describing the monopole in DFT and using this to extract the NS5-
brane. We will then show how the M-theory fivebrane may be described in the exceptional
extended geometry associated to E7 first as a null wave and then as a monopole solution.
We will then also show how the membrane can be produced as both wave and monopole
solutions. Finally we comment further on the implications.

2 The monopole in DFT

In what follows it will be useful to introduce coordinates (z*,,) for Double Field Theory.
We will call the coordinates associated to our usual notion of spacetime z* and the winding
or dual coordinates Z,. It is the presence of the O(d,d) structure 1 that allows this split



into (2*,,) coordinates since 7 produces a natural pairing between coordinates. (For the
reader familiar with the symplectic geometry of classical mechanics, 7 is very much like a
symplectic form and may be used to define a polarization which is essentially what one does
when applying the section condition or equivalently picking a duality frame.) The action
and equations of motion of DFT are concisely written in appendix A for easy referral.

In [51] a null wave in the doubled space of DFT was shown to reduce to a pp-wave
or a fundamental string when viewed from the ordinary supergravity point of view. The
interpretation of the solution in terms of the normal supergravity theory associated to the
reduction of DFT was determined by the direction the null wave was travelling in. If the
DFT solution carries momentum in a spacetime direction x it reduces to a wave. But if
it carries momentum in a dual (winding) direction Z it gives the string whose mass and
charge are determined by the momentum in that dual direction.

Instead of the wave we will now consider the Kaluza-Klein monopole solution also
known as the Sorkin-Gross-Perry monopole [48, 49]

ds> = H' [dz + Audy’]” + Hoydy'dy
h 1
H=1+—, oA = —€; O H
Tl S

(2.1)

where H is a harmonic function and A; a vector potential with ¢ = 1,2, 3. If this solution
is supplemented by some trivial world volume directions, it can be turned into something
known as a KK-brane, the KK-monopole being a KKO-brane. The low energy limit of M-
theory is eleven-dimensional supergravity. Thus, to embed the monopole solution (which is
four-dimensional) requires adding seven trivial dimensions (one of which is timelike) which
would then produce a KK6-brane solution as follows

ds? = —dt® + Az + H' [dz + Ady']” + Hdg, (22)

where H and A; are the same as above. (From the point of view of Type IIA supergravity,
which is the theory that emerges upon Kaluza-Klein reduction in the z direction, this is the
Type ITA D6-brane.) All of this is part of the usual supergravity story relating solutions
of eleven-dimensional supergravity to those of the Type IIA theory [50].

Now let us consider a monopole-type solution in Double Field Theory which we call
the DFT monopole. Appendix A shows that the following is a solution and satisfies the
DFT equations of motion. The solution is described by the generalized metric Hasn given
below. It is an open question if the generalized metric is an actual metric tensor on the
doubled space or something different, in which case the term “metric” is a misnomer.
For the purpose of this paper it is sufficient that the generalized metric transforms under
generalized diffeomorphisms (generated by the generalized Lie derivative) and for a given
solution satisfies the DF'T equations of motion. Nevertheless, for convenience we will encode
the matrix Hyn in terms of a “line element” ds? = HynydXMdX?Y which provides a
concise way of presenting the components of Hps . It is not neccessary to us that this line
element defines an actual metric tensor in the doubled space.? With this caveat in mind,

2We thank Chris Hull for emphasizing this issue to us.



we write the monopole solution as follows

ds? = HyndXMdx?y
= H(1+ H ?A*)d2* + H'dz* + 2H ' 4;[dy'dz — 67 dg;dz]

) o Leiio (2.3)
+ H((Sl] + H™ AiAj)dyZdyJ + H™ (Wdyidyj
+ Napdz?da? + n®dz,diy,
and the rescaled dilaton of DFT (defined as e~2¢ = g1/2¢=29)
e 2 = He 2% (2.4)
where ¢ is a constant. The generalized coordinates with M =1,...,20 are
XM = (2, 2,9, 5i, 2%, Ea) (2.5)
where i = 1,2,3 and @ = 1,...,6. The last line in the line element uses the Minkowski

metric 7gp, i.e. ' =t and #; = ¢ are timelike, our signature is mostly plus.
Here H is a harmonic function of the y* only; it is annihilated (up to delta function
sources) by the Laplacian in the y-directions and is given by

h o
H(r) =1+ T r? = dijy'y’ (2.6)

with h an arbitrary constant that is related to the magnetic charge. The vector A; also
obeys the Laplace equation, is divergence-free and its curl is given by the gradient of H

L - 1
VxA=VH or A= e, 0l . (2.7)

This doubled solution is to be interpreted as a KK-brane of DE'T. It can be rewritten to
extract the spacetime metric g, and the Kalb-Ramond two-form B, in ordinary spacetime
with coordinates x# = (z, %%, ). We will show explicitly that the “reduced” solution is in
fact an infinite periodic array of NS5-branes smeared along the z direction.

One can also show that if 2 is treated as a normal coordinate and z as a dual coordinate
the reduced solution is the string theory monopole introduced above. This means the
(smeared) NS5-brane is the same as a KK-monopole with the KK-circle in a dual (winding)
direction.

One might be concerned about the presence of A; in the generalized metric since for the
monopole picture to make sense, A; must transform as a one-form gauge field. (Below we
show how this one-form is a component of the two-form B, ). Crucially, the generalized
metric transforms under the so-called generalized Lie derviative. When the generating
double vector field of the generalized Lie derivative points in the dual space directions it
generates the gauge transformations of the B-field. When we have an additional isometry,
the z direction of this solution, then this generalized Lie derviative generates the correct
gauge transformations of a one-form field A4;. (This requires the gauge parameters to also
be independent of z).



2.1 Rewriting the solution

We will now use the form of the doubled metric H sy in terms of g,,, and B, to rewrite the
solution (2.3) in terms of ten-dimensional non-doubled quantities. This is like in Kaluza-
Klein theory, writing a solution of the full theory in terms of the reduced metric and vector
potential

ds® = (9w — Bupg”® Boy)datda” + 2B,,,¢"" dztdz, + ¢""dZ,dT, . (2.8)

By Comparing (2.8) with (2.3) the reduced fields can be computed. The spacetime metric
9w and the non-vanishing components of the B-field B, are given by

ds® = —dt? + d7F) + H(d2? + dg3)

2.9
B, = A4;. 29

The determinant of this metric is —H* and therefore the string theory dilaton becomes
e = g2 = g2H 20 — gl 20 (2.10)

This solution is the NS5-brane solution of string theory [59], more precisely it is the NS5-
brane smeared along the z direction. Usually the harmonic function of the NS5-brane
depends on all four transverse directions, that is y' and z. By smearing it over the z
direction the brane is no longer localized in z and so the z-dependence is removed from the
harmonic function.

Smearing the solution along z has also consequences for the field strength H,,,. The
NS5-brane comes with an H-flux whose only non-zero components are in the transverse
directions y* and z = y*. The field strength is written as

Hypnp = 30, Bry) = €mnpl0g In H (1, 2) (2.11)

where m =i,z = 1,...,4. We then note that the non-trivial part of the metric is g, =
H6,py so that ¢ = det gy, = H*. This then allows us to write the field strength as

Hipnp = /9€mnpgg® 0s In H

2~ —15gs pr—1 ~ q (212)
= H2Enpg H YO H O H = &y 10, H

where the epsilon tensor has been converted to the permutation symbol (a tensor density)
in order to make contact with the epsilon in a lower dimension. If the solution then is
smeared along z, H no longer depends on this coordinate. Therefore H;j;, = 0 and

Hijz = 28[1B]}z = g’ijzkr(sklall—l

2.13
= &M O H = €70, H = 20,;A 213)

Jl-

Thus the only non-zero component of the B-field (up to a gauge choice) of the smeared NS5-
brane is B;, = A;. This then shows how the flux of the smeared NS5-brane is just the same
as the usual magnetic two-form flux from a magnetic monopole for the electromagnetic field.



In conclusion, the smeared NS5-brane solution (2.9) can be extracted from the DFT
monopole (2.3) using (2.8). If z and Z are exchanged, the same procedure recovers the KK-
monopole of string theory. Since the monopole and the NS5-brane are T-dual to each other
in string theory and DFT makes T-duality manifest, this should not come as a surprise.

In order to identify the NS5-brane with the KK-monopole, it needed to be smeared
along the z direction. Any monopole type solution is expected to need more than a single
patch to describe it (and in fact the topological charge may be viewed as the obstruction
to a global description). In [60] the problems of constructing a full global solution contain-
ing NS-NS magnetic flux, with patching between different local descriptions in DFT, are
discussed in detail. So have we resolved those issues here?

Not really, in the case described above, because of the additional isometry in the
transverse directions, the three-form flux is completely encoded in a two-form flux. (This
is non-trivial and can be constructed in the usual way, & la Dirac). In other words because
of the additional isometry H3 = F5 A dz, so that although the Hj3 flux is an element of the
third cohomology it is really completely given by the second cohomology of which Fj is a
non-trivial representative.

One can now ask the question if it is possible to localize the monopole and remove this
additional smearing. We will look at this next.

2.2 The localized monopole solution

One can construct a solution which is not smeared but localized in the z direction. Then

the harmonic function H has an explicit dependance on z
h

r2 + 22

and the field strength H,,, in (2.11) of the NS5-brane has two non-zero components

Hiji = 30, Bjy) = €ji0-H(r,z) .

H(r,2) =1+ (2.14)

7] (2.15)

The first one can be expressed in terms of the magnetic potential A; as before in the
smeared case. The second one is new, as the 0, derivative now does not vanish. The
localized monopole solution of DFT then reads

ds? = H(1+ H2?A?*)dz? + H1d#?
+2H ' Aidy'dz — 2H P Aldgde + 2H B dy'dy;
+ H((SU + H_2AiAj + H_2BikBkj)dyidyj + H_l(sijdgidgj
+ Napdz®da® 4+ n®dz,di

(2.16)

where extra terms for dy? and dyidgj involving B;; arise as compared to (2.3).

Upon rewriting this solution by using the ansatz (2.8), one obtains the localized NS5-
brane with its full field strength. If we carry out the simple operation of swapping the roles
of z and Z in the reduction, then this gives the following result

- — ~ i12 -
ds® = —dt* + diifs) + H ' [d2 + Ady’]” + HAgR,

(2.17)
Hijk = 38[1'Bjk] = €ijkazH(T7 Z) .



) DF'T solution DFT solution
duality frame
with H = H(r, 2) with H = H(r, 2)
A NS5-brane NS5-brane
localized in spacetime localized in winding space
B KK-monopole KK-monopole
localized in winding space localized in spacetime

Table 1. In this table both DFT solutions are of the form (2.16) but with different coordinate
dependencies in the harmonic function. Each solution can be viewed in two different duality frames.
In frame A the z coordinate is a spacetime coordinate while Z is a dual winding coordinate. In frame
B it is the other way round, z is a dual winding coordinate while Z is a spacetime coordinate. The
solutions extracted from the DFT solutions that are localized in spacetime have good supergravity
descriptions while those that are localized in winding space have not.

This solution is the KK-monopole. The spacetime coordinates in this duality frame now
include Zz, crucially though the harmonic function H still depends on z, which is a dual
coordinate in this frame. One thus concludes that this is the monopole localized in the dual
winding space. This property is discussed in detail in [52]. This is exactly the same result
as blindly applying the Buscher rules (which would require an isometry) to the localized
NS5-brane along the z direction. It produces the monopole (which is indeed the T-dual of
the fivebrane) but the solution is localized in the dual winding direction.

The alert reader will be aware that obviously one should not be allowed to use the
Buscher rules to carry out a T-duality in the z direction in the case where the NS5-brane
is localized. The z direction is not an isometry of the localized solution. Here we have a
very clear example of how Double Field Theory differs from just a theory with manifest T-
duality. Double Field Theory makes no assumptions about the existence of isometries. The
O(d, d) symmetry in DFT is a local continuous symmetry that is applicable for any back-
ground. This perspective was discussed in [61] amongst other places, most recently in [62].

The usual spacetime manifold is defined by picking out a maximally isotropic subspace
of the doubled space. Normally this is done by solving the section condition or strong
constraint, which removes the dependence of fields on half of the coordinates. We then
identify the remaining coordinates with the coordinates of spacetime.

The DFT monopole is a single DF'T solution which obeys the section condition; how we
identify spacetime is essentially a choice of the duality frame. When the half-dimensional
subspace which we call spacetime matches that of the reduction through the section condi-
tion, then we have a normal supergravity solution which, in the case described above, is the
NS5-brane. Alternatively, one can pick the identification of spacetime not to be determined
by the section condition, this then gives an alternative duality frame. Generically this will
not have a supergravity description even though it is part of a good DFT solution. This
is precisely the case described in this section. There is a localization in winding space and
so this solution cannot be described through supergravity alone — even though it maybe
a good string background. In DFT it is just described by picking a spacetime submanifold
that is not determined by the solution of the section condition.



With this in mind, we come to the following conclusion. There are two different DF'T
solutions of the form (2.16), one with H(r,z) and the other with H(r, Z) as harmonic
function. Here by z and Z we do not mean spacetime and winding coordinates a priori, but
just the coordinates as expressed in (2.16). For each of these two DFT solutions there is a
choice of duality frames which are of course related by O(d, d) rotations. In one frame, for
clarity call it frame A, z is a spacetime coordinate and Z is a dual winding coordinate. In
another frame, say frame B, the role of z and Z is exchanged, i.e. Z is a spacetime coordinate
and z is dual. See table 1 for an overview.

In the case where H is a function of z, the DFT solution rewritten in the duality
frame A is the NS5-brane localized in spacetime. Its T-dual, found by going to frame B,
is the KK-monopole localized in winding space which has no supergravity description as
explained above. In the other case where H is a function of Z, the DF'T solution rewritten
in frame B gives the KK-monopole localized in spacetime while frame A gives the NS5-
brane localized in winding space. Again this is a solution with no supergravity description
but valid from a string theory point of view.

The DFT solution listed in the first column of table 1 containing the winding localized
monopole and spacetime localized NS5-brane was first given in the work by Jensen [52].
The DFT solution described in the second column extend Jensen’s ideas but are of course
a natural consequence of the structure of DFT. We would also like to emphasize that one
may interpret Jensen’s solution as a DFT monopole as described here (this interpretation
has not been made before).

What then is T-duality? When there is a spacetime isometry then there is indeed an
ambiguity in how one identifies the spacetime in doubled space. The presence of the isom-
etry means there are no unwanted dependences on dual coordinates from picking different
duality frames and so supergravity is a good description for both choices. Thus from the
DFT perspective, traditional T-duality comes from an ambiguity in how one defines the
half-dimensional subspace corresponding to a good supergravity solution. This perspec-
tive of T-duality and the identification of spacetime as a null subspace, determined by the
O(d, d) structure n was described first in [8]. We do not differ from this perspective. Where
we perhaps extend the description in [8] is that DFT does allow us to pick subspaces that
do not match the section condition. This choice does not allow a spacetime interpretation
but does have an interpretation from string theory.

In [63] and more recently in related works by Harvey and Jensen [52, 64] and
Kimura [53-56, 65, 66] a gauged linear sigma model was used to describe the NS5-brane
and related solutions. By “related solutions” we mean the KK-monopole and in fact also
the exotic 52 brane [67, 68]. These are all solutions in the same O(d,d) duality orbit.
The advantage of the gauged linear sigma model description is that one may examine the
inclusion of world sheet instanton effects. As first shown in [63], the inclusion of such
world sheet instantons gives rise exactly to the localization in dual winding space we are
describing above. Thus in some sense DFT knows about world sheet instantons.

In terms of the topological questions raised by [60], the localized solution (which does
not have the additional isometry) requires an appropriate patching to form a globally



defined solution. Thus for this paper we restrict ourselves to giving only descriptions in a
local patch. What is hopeful is that the solution described here has very specific topology
of the dual space since it is itself a monopole. It is hoped to carry out a detailed analysis
of the global properties in the future.

3 The exceptional case Er

There are similar constructions to DFT for the U-duality groups of M-theory. In this
paper we will work with the E7 group. For more on this, see [33]. The approach described
in [33] is in fact a truncated version of the full theory. Recently, through an excellent
series of works, the full non-truncated theory, which goes by the name Exceptional Field
Theory, has been developed by Hohm and Samtleben [69-73]. We will not deal with this
non-truncated version of the theory in this paper but we hope to investigate properties of
solutions to the Hohm and Samtleben theory in the future [74].

3.1 The E7 exceptional extended geometry

We consider the case where the eleven-dimensional theory is a direct product of M* x M7,
the U-duality group acting on the seven-dimensional space M7 is E7. We will truncate the
theory to ignore all dependence on the M* directions and will not allow any excitations of
fields with mized indices such as the graviphoton. The exceptional extended geometry is
constructed by combining the seven spacetime dimensions with wrapping directions of the
M2-brane, M5-brane and D6-brane to form a 56-dimensional extended space with tangent
space given by

TM ® A°T*M & A°T*M @ AT M . (3.1)
Details of this construction and the resulting theory are described in [26] and [24, 25, 27—

29, 33, 34]. The algebra is Er ® GL(4) with the E7 acting along the seven spacetime
dimensions of the extended space. The generators of the associated motion group are

PmQ/“/7QM1---M5’QM1---M77V and po (3'2)

where p =1,...,7 and o = 1,...,4. The first four generate the 56 representation of E7
and the last one generates translations in the remaining four directions, the GL(4). For
convenience, the following dualization of generators is used

- 1 ~ 1
Q;w = 56”1//?1..475@/)1'”;)5 and QM = ﬁfuy..memW’u' (3'3)

For the E; generators we can now introduce generalized coordinates
XM = (XY, ZM W) (3.4)

to form the extended 56-dimensional space. Note that an index pair pv is antisymmetric
and we thus have indeed 7 4 21 4 21 + 7 = 56 coordinates.

The generalized metric My;ny of this extended space can be constructed from the
vielbein given in [24-26, 28, 29, 33]. The full expression is quite an unwieldy structure, so
we will introduce it in several steps.

,10,



The underlying structure of Mjsn can be seen clearly if the M-theory potentials Cy
and Cg are turned off. Then the only field present is the spacetime metric g, and the line
element of the extended space? reads

ds? = MpndXMax
= g7 guAd XX 4 PNV, dVs (3.5)

97 Gporrd 2742 + g7 g AW, AW, |

Here the determinant of the spacetime metric is denoted by g = det g,,,, and the four-index
objects are defined by g p0 = % (9up9vo — Yuo9vp) and similarly for the inverse.

The generalized metric has a scaling symmetry and can be rescaled by a power of its
determinant which in turn is just a power of g. The bare metric, i.e. without the factor of
g~ /2 upfront, has det My = g~ 2%. One could choose to rescale by including a factor of
g"/? which would then lead to det My;x = 1, an often useful and desirable property.

Here the factor g—1/2

is included. It arises completely naturally from the Fq; pro-
gramme, see [33], and interestingly gives solutions in the Einstein frame when rewritten by
a KK-ansatz (i.e. no further rescaling is necessary).

If the gauge potentials are non-zero, there are additional terms for the “diagonal”
entries of (3.5) and also “cross-terms” mixing the different types of coordinates. For what
follows we will not need to use the full generalized metric with both potentials present at
the same time. We will just need to consider the two special cases where either the C3
potential or the Cs potential vanishes.

In the first case with no three-form, the six-form is dualized and encoded as
1

Ut = e Ch g (3.6)

which allows the line element to be written as
1 2
d$2 — 971/2 { [g,w 4 5(glepUp _ UMUV):| dXHXY 1+ ﬁgil/Qgp,[)\UT]qudZ)\T
1 2
+ [g”a”\T - QU[”gU”)‘UT]} dY,,dYy, + ﬁg_l/QU[pg”}”degdWy (3.7)

+ g_lgpa,ATdeadZ)\T + g_lg“”dWHdW,, } .

In the second case with no six-form, the three-form components are encoded in C,V
and X (see [33]). We will concentrate on the special case where

1
VI = e O, Ly 0 but X = O VAT = 0. (3.8)

3 As for the generalized metric in DFT, we utilize a line element to present the components of the matrix
My and the coordinates of the extended space in a concise form. We do not wish to imply that the
generalized metric is an actual metric tensor on the extended space.
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Then the line element for the generalized metric is then given by
1
ds? = g71/2 { [gw, + 2Cu,,pg”"’”C,\ﬂ,] dxrdx”
1
+ [gmm,uwa + 2V“w2p09pa,)\rv/\wly2} AYy 4, dYo 0,

_ 1 "
tg 1 [gmm»’/l’/? + icﬂlﬂzﬂgp C’U,,IVQ] dzrirzqzvive

2
+ g7 g AW, AW, + —=g7 V20,0 gP AT AXHAY),

V2

2
+ 7971/2 mepagpmyl ) de w2 dz"

V2

+ ég_l/QCulungp”dZ’“”dey} :

The action for the E7 theory can be constructed as in [24-26, 28, 29, 33]. One should
remember though that when deriving the equations of motion through the variation of the
action, it is necessary that the generalized metric remains in the E7/SU(8) coset. Thus the
variation is subject to a constraint. This has the effect of introducing a projector on the
naive equations of motion. This set of projected equations of motion was first worked out
for DFT in [11] and for the SL(5) exceptional case in [51] along with the general formula for
the exceptional cases. A solution of the exceptional extended geometry thus has to satisfy

Pun®™'Kgp =0 (3.10)

where P is the projector of the Fy; theory and K is the variation of the action with respect
to the generalized metric M. (The indices are taken to run from 1 to 56 and appear in
symmetric pairs.)

Before we go on to construct and discuss specific solutions to the Fr7 theory, let as
briefly recall some classic M-theory solutions. This allows us to present our conventions
and clarify the notation.

3.2 Classic supergravity solutions

In eleven-dimensional supergravity there are four classic solutions: the wave, the mem-
brane, the fivebrane and the monopole. They are all related by T- and S-duality and
upon reduction on a circle they give rise to the spectrum of string theory solutions in ten
dimensions.

Here we will briefly present these four solutions in terms of the bosonic fields C5, Cg and
g which in turn are given terms of an harmonic function H. To allow for easy comparison
of the solutions, they are all expressed in the same coordinate system, even if is not the
most natural for each solution. The coordinates we choose have one time direction ¢, one
“special” direction z, six directions Zg) = z® and three directions 3y = y* for a total of
eleven dimensions. The reason for this notation will become apparent soon.

The order of these coordinates is important for the extended coordinates with an
antisymmetric pair of indices since for example Y;, = —Y,;. It is fixed by defining the
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permutation symbol €;,,1,2,3,4,5,6 = +1. This order will be kept also after reductions

ylyQySZ
when some of the coordinates drop out.

Let’s start with the “pure gravity” solutions, the pp-wave and the KK-monopole.
They do not come with a gauge potential and are given just in terms of the metric. The
pp-wave consists of parallel rays carrying momentum in the z direction with transverse
plane wavefronts spanned by z® and %’ in the above mentioned coordinates. The wave

solution then reads
_ _ 2 N R
ds’ = —H 'dt* + H [dz — (H ' = 1)dt]” + dZ{) + g
= (H —2)dt? + 2(H — 1)dtdz + Hdz* + §pdada’ 4 6;;dy’dy’
o
1) + 5™

(3.11)
H=1+

where h is some constant proportional to the momentum carried.

The KK-monopole or KK6-brane solution was already introduced in section 2. Where-
as the momentum of the wave solution can be seen as gravito-static charge, the monopole
carries topological or gravito-magnetic charge, hence the name “monopole”. This solution
is expressed in terms of a vector potential A; which is related to the harmonic function
as before, see equation (2.7). For the monopole, the z direction needs to be compact and
will be referred to as the “KK-circle”. The x* form the world volume of the KK6-brane,

leaving the ' to be transverse. For completeness, the monopole solution is restated in full
ds? = —dt? + dZZ) + B! [dz + Aidy’]” + HAg3,
= —dt* + dupdada’ + H™'d2? + 2H 7 Aidy'dz + H (0 + HT2Aidj) dy'dy’ (5 19)

H=1+ _,L , 8[214
|y(3)|
Again h is a constant, here it is proportional to the magnetic charge.
Now turn to the extended solutions, the M2-brane and the Mb5-brane. These branes
naturally couple to the C3 and Cg gauge potentials respectively. This can be seen as the

1 k
i1 = 561‘]‘ akH.

natural electric coupling.

For both branes the worldvolume is spanned by ¢ and some of the %, while the remain-
ing 2’s, y* and z are transverse to it. The harmonic function H in each case is a function
of the transverse directions. The membrane solution is given by

2 -2/3 =2 1/37 922 9 2
ds? = H*3[—dt + dily] + H'3[dZ]) + dij) + d27]

Ciprg2 = —(H_l — 1), Ciopdpigsgs = Aj

) (3.13)
H=1+ — =
%0 + 9 + 2210
and the fivebrane solution reads
ds? = H'3[—dt + di}] + H*P[dag + i) + d2”)
ém1x2$3x4x5 = —(Hil — 1), Cizxs = A; (3‘14)

h

H=1+4 5 .
|£E6 +y(3) +22|3/2
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solution t 2?2 23 2t b b yl y2 y3 z
pp-wave — —
KK-monopole | — — — — — — — e e e o
M2-brane — — — o o o o
M5-brane _ = = = = — o o o o

Table 2. In this table a dash denotes that the solution is extended in that direction while a blank
denotes a transverse direction. For the monopole, the four transverse directions (denoted by a dot)
are special in the sense that the magnetic potential A; and the KK-circle z encapsulate all the non-
trivial features of the monopole. These four directions are of interest for the M2 and M5 because
they are the directions (denoted by a circle) through which the electric or magnetic fluxes will flow.

In both cases both the electric and magnetic potentials are shown. The latter ones can
be found by dualizing the corresponding field strengths. The field strength of the electric
potential is proportional to F ~ dH ' ~ AH which is dualized into F ~ edH ~ 9A
where we use (2.7) to relate H and A. Therefore the vector potential A; appears in the
components of the magnetic potentials.

The four solutions recapped above are all related to each other by M-theory dualities.
The wave and the membrane are T-dual to each other, in the same way the wave and the
fundamental string are related by T-duality in string theory. Similarly the monopole and
the fivebrane are T-duals, again as for the monopole and NS5-brane in string theory (cf.
section 2).

Furthermore, the membrane and fivebrane are related by S-duality, they are electro-
magnetic duals of each other. To complete the picture, there is a S-duality relation between
the wave and the monopole. We will discuss this further towards the end of this paper.
In table 2 the character of each of the eleven dimensions for each of the four solutions is
illustrated.

If these classic solutions are carried over from eleven-dimensional supergravity to the
extended F; theory, the underlying spacetime has to be reduced from eleven to seven
dimensions in order to build the 56-dimensional extended space. There are various ways
of picking the seven and four out of the eleven as will be explained below.

Note that in order to keep the notation simple we will use the following convention. If

3 2% and 2 are reduced, we still use 2 with a = 1, 2 for the first two z’s or

1 6

the directions x

alternatively label them as ' = u and 2 = v. Similarly we use 2% = w where necessary.

3.3 The M2- and Mb5-brane as a wave in exceptional extended geometry

In [51] it was not only shown how the wave in DFT gives rise to the fundamental string but
also that a null wave in the SL(5) extended theory reduces to the membrane in ordinary
spacetime. The same is true for the F7 extended theory. A null wave propagating along a
membrane wrapping direction gives rise to the M2-brane.

Furthermore, due to the larger extended space, it is now also possible to consider a
wave travelling in a fivebrane wrapping direction. Unsurprisingly, this reduces to the M5-
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direction of | supergravity

propagation solution

XeTM pp-wave
Y € A>°T*M M2-brane
Z € N°T*M | Mb-brane
W € ASTM | KK-monopole

Table 3. The wave in exceptional extended geometry can propagate along any of the extended
directions giving the various classic solutions when seen from a supergravity perspective.

brane in ordinary spacetime. We will demonstrate this explicitly and for completeness
reproduce the membrane result.

In DFT, the section condition is easily solved by reducing the coordinate dependence
to half the doubled space. Thus each pair of solutions related by an O(d,d) transforma-
tion, such as the wave and string or the monopole and fivebrane, can be presented in a
straightforward fashion. In contrast in the exceptional extended geometry, the solutions to
the section condition are more complex since a much larger extended space has to be dealt
with. In the case of E7, the section condition takes one from 56 to seven dimensions. We
thus present the solutions step by step and relate them “by hand” rather than constructing
the different solutions to the section condition explicitly.

Consider the following solution for an extended Ey theory built from a seven-dimensio-
nal spacetime with coordinates X* = (t,2™,z) — XM with m = 1,...,5, i.e. in the

above mentioned coordinate system reduce on 23, 2%, 2° and 2% and collect the remaining

1

transverse directions z!, 22 and 3’ into ™. The generalized metric is given by*

ds? = (2 — H) [—(dX"? + 6™ AY;-dYss + Gy d ZMAZ0 — (AW,)?] — (dY2)?
+ H [(dX?)? = 6™ Yy dYey — 6mndZ™dZ" + (dW,)?] + (AZ7%)?
+2(H — 1) [dX'dX* = 6™ dYimdYn: + 6mnd Z7"d 2" — AW, AW, ]
+ 8 d X™AX" + 8™ M AY,,, AV — S d 2T A ZE — 5T AW, AW, .

(3.15)

This is a massless, uncharged null wave carrying momentum in the X? = z direction and
H=1+ ﬁ is a harmonic function of the transverse coordinates z”*. The solution is
smeared over all other directions and thus there is no coordinate dependence on them. If
the extra wrapping dimensions are reduced by using a Kaluza-Klein ansatz based on (3.5),
one recovers the pp-wave in M-theory in seven dimensions.

If the wave is rotated to travel in a different direction, the momentum it carries becomes
the mass and charge of an extended object in the reduced picture. The different M-theory
solutions obtained upon a KK-reduction of the extended wave solution pointing in various
directions are summarized in table 3.

“The delta with four indices is defined as dmn,kt = % (6mr6ni — Omidnk) and similarly for the inverse.
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The rotation that points the wave in the Z!* direction is achieved by the following
swap of coordinate pairs in the above solution

X? 7% W,+— Y.,

" - (3.16)
X"+— 7 Wi <— Yo .

The rotated wave solution can now be rewritten by using a KK-ansatz based on the line ele-
ment given in (3.7) to remove the extra dimensions. This gives the M5-brane solution (3.14)
reduced to seven dimensions (and smeared over the reduced directions)

ds? = HY/5 [—dt + A7) + Hd2?
étaclx?x3m4x5 = —(H_l -1) (3.17)
h
H=1+—.
z
The details of this calculation can be found in appendix B.1.

It can also be shown that the wave in the E; extended theory pointing along one of
the Y-directions gives the membrane from a reduced point of view. The key steps of this
calculation are given here.

Start by splitting the transverse coordinates ™ into % and y* with @ = 1,2 and

i = 1,2, 3 as before so that the extended space is given by X# = (t,2%,¢*, 2) — XM Then
the wave can be rotated to point in the Y,1,2 direction. This is achieved by the mapping

XY, W,«— zv'e
X% ey, W, +— e 2% (3.18)

Vij «— ein 2% 29— kY,

while leaving the remaining coordinates unaltered. The extended solution (3.15) then reads
(recall that 2! = u and 22 = v)

ds? = (2 — H) [—(dXt)2 + 6pd XX + 57 dY;.dY;,
+apdZ9d 2™ + 5IRAYdY, — (dzuv)ﬂ (dY)?
v H [(on/uv)2 — 5% dY;odYy — Oi; d 27 d ZH
5 AW, AW, — 8,,d 27229 + (AW))?] + (dZ'%)? (3.19)
F2(H — 1) [dXtde — AX"dY}, + dXVdYy, — Fd 29 dY),
+€7,dYi;dZ% + AW, dZ" — AW,dZ™ — thdZ“”]
+ 6%V, ,dYy, + 6;;dX dXY 4 (AX7)? + §;;dZ"dZY 4 57069 dY,,dYy,
— (dW,)? = 69dYy;dYy; — 6,p0:;dZ24AZY — §,,dZ9%A 2% — 59 AW, AW .

The KK-ansatz to reduce this metric is based on the line element given in (3.9), it will
be used again later in the monopole section, equation (B.16). The procedure is the same
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as in the reduction calculation that yielded the fivebrane and gives

ds? = B2/ |~dt + Az}, + H(dg3, + dzﬂ

Ct:clacQ = _(Hil - 1) (320)
h
H=1+—5—"7
y(g) + z

which is the M2-brane solution reduced to seven dimensions (with the harmonic function
smeared accordingly).

Hence, both the M2 and the M5 can be obtained from the same wave solution in the
exceptional extended geometry and all branes in M-theory are just momentum modes of
a null wave in the extended theory. The direction of the wave determines the type of
brane (from the reduced perspective) or indeed gives a normal spacetime wave solution.
From this point of view the duality transformations between the various solutions are just
rotations in the extended space.

3.4 The Mb5-brane as a monopole in exceptional extended geometry

In section 2 we showed that the NS5-brane of string theory was the monopole solution of
DFT. In this section we want to show something similar for the M5-brane in exceptional
extended geometry.

If the KK-circle of the monopole in the Fr7 extended theory is not along a usual
spacetime direction but instead along one of the novel Y-directions, then this produces a
smeared fivebrane solution.

First, a slightly different extended space has to be constructed. Starting from eleven

dimensions and reducing on z2,z* 2° and t allows for a construction of the monopole

solution in the extended space with coordinates X* = (2% w,v’, 2) — XM (where w = 2°)
and potential A;. The generalized metric is given by

ds? = (1 + H 242 [6“deadebz + (dY)? + H‘z(dWZ)Q}
+(1+ H2A2) [(dxl)2 + H25,,dZ29% 42" + H—2(dzw1)2}
+(A+H2A) .+ +H2AYD][...]
+(1+ H 2A7 + H2A3) [H1(dYs.)? + H 1 (dZ"%)?]
+ (1 +H2AI+ H2A) [ )+ (U + H2A3+ H243)[...]
+2H A1 A, [dX1dX? — H'dY.dYs, + H'dZPd 2% (3.21)
FH25,dZ70 A2 + H—dewldzwﬂ
+2H2A Az ]+ 2H 2A5A5].. ]
roH A [H—l(dxldxz — 694Y,.dY; — dYi.dYr)
+H%(dY12dYs, + dYi3dYs, — dZM2dZ2% — dz13dZ2%)
FH3(6d 2712 + Az A2V — dWlsz)}
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+2H_1A2 [ ] —|—2H_1A3 {]
+ H L [5,d X% X0 4+ (dXY)2 + 690dY,d Yo, + 5“”"”ddYadecd]

+ H™2

(AX?)2 + 67679 Y,V + 5idewide]}
+ H3 [5dW,dW, + (dWa)? + 804d 270 A28 + 6,4 cqd 270 d 2

+3HAY; Yy + 6,542 77|

v H 4 [6,,dZ29%d 2% + (dZv%)? + 5ideide}

where A% = 4;A" = A% —|—A% —|—A§. The ellipsis denotes the same terms as in the line above,
with the obvious cycling through the i index. The harmonic function H is a function of
the three y’s and is given by H = 1 + % The relation between the harmonic function
and the vector potential are as given in (2.7).

This is a monopole® with the KK-circle in the X* = z direction. The solution as before
may be rotated such that this “special” direction is of a different kind. If the KK-circle is
along Y., a membrane wrapping direction, the solution reduces to a M5-brane smeared

along z. This rotation is achieved by the following map (recall that 2! = u and 2? = v)

X7 +— -Y,. W, +— Z%7
XY +—Y,. Wy +—— Z%
Yiw «— =Yy, Z%W «— ZF (3.22)
Yyi <— —Yi, Z% s 777

1 ) ) 1 ..
Vi ¢ 561%23’“ ALRE ie”’fyjk.

Using (3.7) to read off the fields, the exceptional extended geometry monopole reduces to
the Mb-brane solution

ds? = H*P[di ) + H(dw® + djjjy) + dz°)]
Cizw = Az
h

H=1+ _ .
|’U}2 + y(23) + 22‘3/2

The fivebrane is given in terms of its magnetic potential, i.e. to the dual gauge potential
(35 given in (3.14). The full calculation is shown explicitly in appendix B.2.

We have thus demonstrated how a monopole with its KK-circle along a membrane
wrapping direction is identified with a (smeared) fivebrane. This is the analogous result to
the KK-monopole/NS5-brane identification in DFT shown in section 2.

5The solution is presented here in a coordinate patch and is therefore only valid locally. A global solution
requires multiple patches with appropriate transition functions. For the purpose of this paper we do not
require such a globally defined solution, we will restrict the calculations to a single coordinate patch.
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3.5 The situation for the membrane

In theory the same story should be true for the membrane. In the previous sections the
wave was shown not only to give the membrane but also the fivebrane. From the same
reasoning the monopole should not only give the fivebrane, but also the membrane.

The problem is that this cannot be shown as simply as for the fivebrane in the E7
truncated theory. To obtain the membrane from the monopole one has to consider its
magnetic potential Cg given in (3.13). But this six-form has non-zero components with in-
dices C;,,3,4,5,6, 1.€. in directions which are truncated in order to construct the exceptional
extended geometry.

More technically, if the electric C'5 of the membrane is dualized in seven dimensions,
this gives a two-form. This means that only some part of the above six-form lives in the
seven-space that gets extended, the remainder lives in the other four directions. Thus
it is not possible to describe the membrane this way and stay in the truncated space.
This is simply a problem with the tools at our disposal, i.e. the truncated version of the
FE~ exceptional field theory. By looking at all the relations we have built between the
solutions in the extended space, it seems natural that a monopole with its KK-circle in a
fivebrane wrapping direction gives a membrane. This problem then is demanding the full
non-truncated EFT [71] and we hope to report on this in future work [74].

4 Discussion and outlook

This paper has explored the role played by monopole-type solutions in Double Field Theory
and its M-theory version, exceptional extended geometry. We have seen how the KK-
monopole in both the doubled and the exceptional extended geometry can be identified
with a fivebrane solution (NS5 and M5 respectively) in supergravity.

For the DFT monopole, we also examined the localized solutions. The key here is
seeing how the O(d, d) symmetry in DFT is not T-duality. T-duality in DF'T emerges only
when one has sufficient isometries in the solution, something that is certainly in tune with
our intuition. Without the additional isometries the O(d,d) related solutions do not all
have supergravity descriptions because they have a localization in the dual space. How can
we understand the localization in the dual space? It has no supergravity description. From
gauged linear sigma models this has been shown to be the result of world sheet instanton
effects. Rather speculatively, this may indicate that DFT has some knowledge of world
sheet instantons.

For the wave- and monopole-like solutions in the exceptional extended geometry, there
are numerous directions of further investigations that one may consider. The most pressing
is the need to study these solutions in the full non-truncated version of the theory, so called
exceptional field theory, developed by Hohm and Samtleben. This will then allow us to see
the relation between the wave- and monopole-like solutions which are obviously duals of
each other. We need to do this in the full theory because the duality requires the Hodge
star operation of the full eleven-dimensional spacetime. In other words, the truncated
FE7 theory uses both C3 and (g and treats them as independent. We know from eleven-
dimensional supergravity though that there is a duality relation between these potentials,

,19,



i.e. Fy = xF7. This is a crucial aspect of the story and is part of exceptional field theory,
but is not seen in the truncated E7 theory.

A further direction building on this work is to examine how black branes fit into the
picture in exceptional extended geometries. In particular it would be good to know how
the presence of the additional dimensions of the extended solutions affect the singularity
structure and the origin of the black brane. This is reserved for future work.

We have seen how a single extended geometry solution may give rise to the membrane
and fivebrane of M-theory. The orientation of the extended geometry solution determines
the M-theory brane type. One may ask what happens if the orientation of the solution
is directed along a linear combination of exceptional directions. It is clear that this may
be used to describe M-theory brane bound states or equivalently branes with non-trivial
background potentials. These solutions have been explored in detail in [75] where the
solutions were constructed through a U-duality technique.

The NS5-brane in Type ITA has an interesting two-dimensional CFT description [76] in
the near horizon. It would be interesting to examine this DF'T description of the fivebrane
from some two-dimensional CF'T point of view (note that the shift in the dilaton in the DET
description allows for different regions of validity as compared to the usual description).

Finally, in [51] the dynamics of the Goldstone modes of the DFT wave solution were
calculated to give the Tseytlin string. A similar Goldstone mode analysis for these ex-
ceptional extended geometry solutions would produce a U-duality covariant worldvolume
description for the membrane/fivebrane. The analysis cannot work for the membrane or
the fivebrane alone since they transform into each other under U-duality. It would be inter-
esting to see exactly what are the Goldstone modes and describe their dynamics in order
to describe how the extended geometry solutions relate to normal M-theory brane actions.
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A Reduction of the DFT monopole

In this appendix it is demonstrated that the monopole solution of DFT presented in (2.3)
satisfies the equations of motion which can be derived from the action

S = / dPXe %R (A1)
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where the scalar R is given by

1 1
R = g/HMNaM/HKLaN’HKL — §HMN8MHKL8KHNL
+ AHMN G 0N d — O ONHMY — AHMN Gy dONd + 400 HM N Ond (A.2)

1
+ §?7MN77KL<9M5AK3N53LHAB .

For a detailed presentation of this action and the meaning of the last line in R, see [51].
The full equations of motion are given in terms of a projector to take the fact into account
that the generalized metric is constrained to parametrize a coset structure. The equations
for Hpy/n and d are

Pun™"Kgr = - (Kuny — nupH" K H 9ngn) =0 (A.3)

N | =

R=0 (A.4)
where K is the variation of the action with respect to the generalized metric

Kyn = %3M/HKL3N'HKL + 200 0Nd
(9 — 20..d) [HKL (8(M’HN)K - iaKHMNﬂ
+ (1%”%13@ —~ ;HKQHLP> Ok HarpOr Mg
— i EpPe <3Kd3L5AP - ;3K3L5AP> HvirE aM g -

Here 7 is the invariant O(d, d) metric of DFT.% Thus one has to compute R and Ky for
the solution and show that they satisfy these equations of motion.

Let us recall the components of the metric for our solution (2.3). In order to not
confuse inverse and dual components, we will use a bar to denote a winding index and
raised indices for inverse parts. We thus have the metric and its inverse

H,,=H! H** = H(1 + H 2A?%)
HEE _ H(l +H_2A2) HEE _ H—l
Hij = H((S” + H_2AZ'A]') /Hij = g t54

My = H Lo HY = H(67 + H2A'A)

1 : 1 g (A.6)
H.=H A H*'=—-H A
Ho=—H'4; W =H A
Hab = Nab H? = nab
Hab = Nap Hb = 77&5

and the DFT dilaton is simply
1
d=g¢o—;InH. (A7)

5The different meanings of the symbol 7 should be clear from its indices.
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The harmonic function H is a function of 3* only, independent of z and any dual coordi-
nate. Therefore the only relevant derivatives will be 9;. Furthermore, H obeys the section
condition and the Laplace equation. The vector A; (whose index can be freely raised by
§%7) is a function of H and obeys the same constraints. In addition its divergence vanishes.
The relation between H and A given in (2.7) will be used frequently.

Since ‘H and d obey the section condition, the last line in both R and Kj;y can be
dropped as it vanishes under section. With these simplifications in mind, we can proceed
to check the equations of motion.

Start with R. Inserting the components of H, the first line reduces to

1 1
gHMNaMHKLONHKL — §HMN6MHKL6K”HNL = —H 36™"8,, HO, H (A.8)
while the second line gives
AHMN9r 0N d — O ONHMY —AHMN 9y rdOnd+ 40y HM N Ond = H36™"9,, HO, H (A.9)

and we thus have R = 0.

Next we compute the components of Kj;n. By inspection it can be seen that Ky,
and Ky vanish for any index M. Also K.z, Kya, Ko7 and Kz, vanish trivially. The
non-zero components are

Ky = iH‘Qé’“ [0k AmO1An — SmnO HOH) — H36M A (,,0,,) A0 H

1,
-4 H 1A, A 0F5PI0, A0, A,

1
Kin = ZH_45kl [0k Am01An — 0mnOLH O H]

Kz: = —iH725kl(5pq8kApalAq + H 36K §P1 A0, A 0 H

(A.10)

1
+ ZH*%“ [AP AY0, A0 Ag — A*O,HO H |

1 1
Kp: =~ H36% (20, Ay, — Op An) O H — ZH—‘*(s’d(quAma,pralAq

1 1
Ky = _EH—?’(S’”@,CAM&;H + ZH_46M [AnOp HOLH — 671 ApOr A0y Ag) -

Now expand the projected equations of motion componentwise. For example, the mn
component of the equation reads

2P KV K 1, = Kpn — N | 7K1 + H™ Ko H 4 2H 7 K ™ . (A1)

Inserting the components of Kj;n computed above into this expression yields zero once
all terms are summed up properly. The same holds for all the other components of the
equations of motion. They are thus satisfied by our solution.

It is interesting to note the action of the projector here. Whereas the general signif-
icance of the projector in the equations of motion was pointed out in [51], it turned out
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that its presence was not strictly needed to show that the DF'T wave was a solution as all
the components of Ky vanished for it independently (see appendix A of [51]).

In contrast here for the DF'T monopole, not all components of K,y are zero and
only once the projector acts are the equations of motion satisfied. This might be due
to different properties of the wave and monopole solution, the former being conformally
invariant while the latter is not.

B Reduction of the exceptional extended wave and monopole

In this appendix we fill in the details of how the extended solutions of the E7 duality
invariant theory can be rewritten by using a Kaluza-Klein ansatz to obtain solutions in
ordinary spacetime.

B.1 From wave to fivebrane

In section 3.3 it is explained how the extended wave solution can be rotated to carry momen-

tum along a fivebrane wrapping direction. From a ordinary spacetime point of view, this

is then the M5-brane solution of supergravity. Here this calculation is presented in detail.
After the rotation (3.16), the wave solution (3.15) reads

ds? = (2 — H) [~(dAX")? + 6™ AY;p. Vs + Gpnd XX — (dY7,)?] — (AW,)?
+ H [(dZ")2 = 6™ AW, dWy, — 85 dZ™M2AZ™ + (dW3)?] + (dX7)?
+2(H — 1) [dX*dZ" — §""dW,,dY. + Gy d XA Z™ — AW, dYy |
+ 8mndZmAZ 4 5 QY Y — S d 2™ AZE — 5™ AY,,d Yy, -

(B.1)

The KK-reduction ansatz to reduce the extended dimensions is based on the line element
given in (3.7)

1
ds® =g~/ { [gw + §e2“ (9 UPU, — U#Uy)] dxX*Xxv

1
+ [e%‘lgﬂ”v” — 5e2V2U[Pg“1 [’\UT]} dY,,dYy,
2a0 —1 po AT 2a3  —1 _pv
+ €797 gpoard 27 dZ + e g gH AW, AW,

2 2
+ 762’81971/2gu[>\UﬂdX“dZ/\7 + ﬁez&g*lﬂmpga]ydypadw” }

V2

where the scale factors €@,

e?# and e are undetermined. They arise naturally in such a
reduction ansatz which attempts to reduce 49 dimensions at once and will be determined
by consistency.

By comparing (B.2) to (B.1) term by term, one can step by step work out the fields

of the reduced solution. The term with dW? gives

62a3973/292z -1 62013973/29” —H 82a3973/29mn — _H§™ (B3)
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while the dZ? term gives

62a29_3/29tz,tz =H, 620429—3/292”1%“ = —Homn B.A
_3/ _3/ ( : )

62a2 62(12

2 2
g Gtm,tn = Omn » g Imn,kl = _5mn,kl .

Using (B.3), the cross-term dY'dW gives an expression for U* which encodes the six-form
potential

_62529—1Uzgtt _ —(H _ 1)
_QQBQg—legmn _ (H _ 1)5mn

} N 6252*2°‘3g1/2UZ - H-1 . (B.5)
H
Next consider the dY? term which gives
e2alg—1/29mz,nz + e2'y2g—1/2gan-zU-z _ (2 o H)dmn’ e2alg—1/29mn,kl _ 5mn,kl B
€2a1g—1/29tz,tz + 62719—1/29ttUzUz _ _(2 - H) ’ eQalg—l/Qgtm,tn — _gmn ( . )

and using (B.3) and (B.5) one can extract

H 1 2
eQalg—l/ngm,zn |:(2 H—) H—( > ) 6272+2a3—452:| ymn E[—lémn
A (B.7)

201 g1/2 gtate [(2 ~H)+ H(HH21)26272+2a3452] — !
if the factor e2721223=452 i equal to 1. The penultimate step is to look at the dXdZ term
g lguU, = (H - 1), 0197 g Uy = —(H — )6 (B.8)
and the dX? term which gives
9 Pgu + g PguUU. = —(2— H)
9 g + g g UV, = (2 — H) (B.9)

—~1/2

g 9zz = 1.

They can all be combined to determine the two remaining components of the metric

2
9_1/291515 = — |:(2 — H) + w};l)6271+2a3—261—262:| — g1

(- 1) (B.10)
9™ gmn = [(2 —H) e%”a”ﬁl?ﬂ Omn = H™ 0
provided that e?11+203=251-282 — 1 Collecting all the above results, we have’
g_l/ZgW = H_ldiag[—l, Smn, H]
208 g3/ g — —Hdiag[—1,6™", H™ ]
(B.11)

62&29_3/2gw/,p0 = _diag[_émm —H, 5mn,kla H(Smn]

62alg—1/2gm/,po _ diag[—ém”, —H_l, 6mn,kl’ H—15mn] )

"The order of the entries in the diagonal matrices have indices [t,m, 2] for g,, and ¢"”. For g, ,o and
g""P? the order is [tm,tz, mn, mz].
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From the first line the determinant of the spacetime metric can be computed as g = —H2/5
and thus g, is finally determined. The three objects in the other lines, the inverse metric
9", Guvpo and gt"P? are all related to the metric. For this to be consistent and the
constraints mentioned above to be satisfied, the factors e2?, €2 and €2? have to be

e2a1 — H8/5 _ ‘9‘2/3 6261 —H?2 = ‘9‘5/6 2N — H4/5 _ ‘9‘1/3

€2a2 — H16/5 — |g|4/3 62ﬁ2 — H18/5 — ‘9‘3/2 6272 — H12/5 — |g| (B12)
e2as H24/5 _ |g|2

With this the factor in front of U# in (B.5) now also vanishes and the six-form potential
can be worked out from (3.6) as

H-1 ~
Ur= H — Ciplgzasgtyy = —— = _(Hil —1). (B.13)

Thus the result of reducing the full solution (B.1) down to seven dimensions is

ds? = H'/® |t + A7) + Ha?
C’tx1121314m5 = —(H_l — 1) (B.14)

h
H=1+-.
z

where the harmonic function has to be smeared over the reduced directions. This is pre-

cisely the fivebrane solution in seven dimensions, obtained from reducing (3.14) on 23, 2%, 2%

and 2% (and smearing H).

B.2 From monopole to fivebrane

In section 3.4 the extended monopole solution with its KK-circle in a membrane wrapping
direction was shown to give the fivebrane coupled to its magnetic potential in ordinary
spacetime. The details of this calculation are given here.

The monopole solution (3.21) is transformed by (3.22) to have its KK-circle along Yy,..
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The extended line element then reads

ds? = (1 + H?A?) [(X™)? + (dYy)? + (dX7)? + H2(dZ2")?]
+ (1+ H2A}) [(dX1)? + H%(dZ"%)? + H*(dYa3)* + H*(dZ"")?]
+(A+H2A) .+ +H243)][...]
+ (1 4+ H 242 + H242) [H(dY,3)? + H ' (dY3)?]
+ (1 +H2A+H2A) ]+ (U +H2A3 + H243)[...]
+2H 2 A1 Ay [dX1dX? — H'dY,1dY,, — H'dY,1dYo,
+H?dZ"*d 2% — H*dY12dYos + H2dZ" dZ"?)
+2H 2A Az ] + 2H 2 A243].. ]
+2H Ay [HH(—d XYy, + dX¥dYi: 4+ dYed 2% + dX*dY,)
+H ?(—dZ"3dY,s + dZV2dY,3 — dY,3d 2% + dY,,d Z%3)
+H 3 (dZZAW,, + dYe3d Z* 4+ A2V AW, — dW1dZ"7)]
+2H 1Ay [ ]+ 2H A5 ]

+H [5abdxadxb + (AY2)? + 69d Y0 d Yy + (dYW)Q]

(B.15)

o+ H [ (AY2)? + 674Y3.dY, + 8y adZ7AZM + 59dY,,idY,5]
v oS [5adeade F(AZ%)2 4 6d 27 d 20 4 (d27%)?
+6;;dZ"AZ" + 6;;dZ"'dZ" ]

+ H 4 [(dWy)? + (dZ")2 + (dW3)? + 69 dW;dW;] .
A suitable KK-ansatz to extract the spacetime metric and three-form potential is based
on (3.9)

1
ds? = g~1/2 { [gw + 562% Cﬂpggp”’)‘TC’,\w] dXH*dX"”

1
+ {620419#1;12,111112 + 562’72 V“W2pggpg,)\TV>‘Ty1V2:| dYMl,UQdYVlVQ

1
+ gfl {62&2%1#271/1@ + 262730u1u2p9pacaulu2:| dZHik2q zviva

+ eQaggflg,uzdeMdWV (B.16)

2
+ E6251 Clupo g’ T dXHAY ),

2 — a
+ 562629 1/2y/ 1 p2p Gpoan gAYy up d 27172
2 _
+E62539 1/2culu2pgﬂl’dzmu2dwy}
where again the a priori undetermined scale factors e2®, e2® and 2" have to be included.

We now proceed in the usual way, comparing (B.16) to (B.15) term by term to determine
all the fields. The scale factors are then picked to ensure a consistent solution. Start with
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the dW? term
620439—3/29(117 _ H—35ab ’ e2a39—3/2gww _ H—4 .
¢208 =312 4] — [r—A5ii ¢208 g=8/2 22 _ pr—4 (B.17)
which can be used in the dZdW term to find an expression for the three-form potential
62B3.g_lcwzigij = _H_3Aj
62539_1C’izwgww — H_3Ai — e?ﬁg—?aggl/QCizw — A'L . (B18)
g Cuing™ = H A,

Once this is established, it can be used in the dZ? terms

62&29_3/29w21wz —+ 62739_1/20wzigijcjwz =H? + H™*A?
62&29_3/29101',103‘ + 6273g—1/20wizgzzczwj _ H_zdij + H—4AiAj (B19)
*2g732g,. o+ €397 2Cig Cupj = H 2635 + H 1A A;

together with (B.17) to find

62&29_3/2911},2,102 _ H—2 + H—4A2 o 6273+2043—4/33H—4A2 _ H—2
620‘29_3/291111@3‘ _ H—Zé-ij + H_4AZ'AJ' _ 6273+2a3—433H—4AiAj _ H_Q(Sij (820)
62a2g_3/29iz,j2 _ H_Q(Sij + H_4A@AJ _ 62’73+2a3—453H—4AiAj _ H_25ij
provided that 27312237493 ig equalt to 1. The remaining components of Guv,po are
62&2973/29@'&1 = H %51, 62&2973/29@,@' = H ?0,0;
62a2973/2gaw,bw - Higdabv €2a2973/29az,bz - Higéab (B21)

2 —3/2 —4
€ a2.g / Juvuv = H™.

We continue with the dY'dZ terms containing the object V#*P?. They are all of the same
form (up to a sign), for example

62529_1‘/”2”39@37@3 _ —H_3A1 N 62ﬂ2—20¢291/2vu2v3 _ _Al (B22)

where (B.21) was used. Looking at all the terms with the relevant sign and taking the
order of the i-type index into account, the general expression is

62,827201291/2‘/1[012]' — GUkAk . (B23)
This can in turn be used in the dY?2 terms

62a1971/29uv,uv + 6272971/2Vuvijgijklvkluv =14 H 242
62a1gfl/2923,23 + 6272gfl/2v23uvguv7uyvuv23 _ H72 + H74A% (B24)
e?alg—1/29a3,b3 + 62729_1/2Va36igci,djVdjbg _ H—l(sab + H_3(5ab(A% + A%)
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together with (B.21) to find

eQalg—1/2guv,uU =1+ H—2A2 o 6272+2042—4,82H—2A2 -1

620419—1/2923,23 _ H—2 _|_ H—4A% _ 62’72+2042—4,BQH—4A% _ H—2

e2alg—1/2ga3,b3 — H—lé‘ab + H_3(5ab(A% + A%) . 6272+2a2—462H—36ab(A% + A%)
— Hfl(sab

(B.25)

provided that e?72+202=452 s equal to 1. The same holds for other values of the i-type
index. The remaining components of g’ are

e?alg—1/2gaw,bw _ H_léab 7 62alg—l/29az,bz _ H—ldab
e2alg—1/2gwi,wj _ H—Q(sij ’ €2o¢1g—1/2giz,jz _ H—26ij (B26)
eQalg—l/ngz,wz _ H—Z ]

The final cross-term to consider is the dXdY term which together with (B.26) yields
another expression for the three-form potential
6261971/20iwzng,wz _ _H72Ai
P g12C g7 = H3 AT — T2l 20 = A, (B.27)
201120, gwiwd — 3 A
In a last step, the dX? terms
g_l/zgww + 62719_1/2Cwizgiz’jzcjzw =1+ H2A?
971/2922 + 6271971/2Cwizgwhchwjz =1+ H242
9 Y25 + g7V 200,V Clpy = 61 + H 2 A A
971/29@ = Hil

(B.28)

are combined with previous statements to to determine the spacetime metric

g_l/ngw -1 + H_2A2 o 6271+2a1—451H—2A2 -1
g2 =1+ H2A% = 22—t =2 42 (B.29)
g V2gij =0y + H 24 Ay — P24 44, = 55
provided that 27112217481 i5 equal to 1. Collecting all the above results, we have®
929, = H™'diag [0, H, H;, H]
62a39—3/29uu _ H—3diag[5ab’H—I’H—léij’H—l]
22732 » = H™4diag[1, HOuy, Hou0ij, Hoay, H26ij, H, H6;j 41, H254] (B.30)
62alg—1/29uu,pa _ diag[l, H_I(Sab’ H_l(sabéij, }I—léab7
H_26ij,H_Q,H_Q(sij’kl,H_26ij] )

8The order of the entries in the diagonal matrices have indices [a,w, i, 2] for g, and g"”. For g, 0 and
g""P? the order is [ab, aw, ai, az, wi, wz,ij,1z].

— 28 —



From the first line the determinant of the spacetime metric can be computed as g = H*/5
and thus g, is finally determined. The three objects in the other lines, the inverse metric
9", Guvpo and gt"P? are all related to the metric. For this to be consistent and the
constraints mentioned above to be satisfied, the factors e2?, €2 and €2? have to be

62041 _ H74/5 _ gfl 62ﬁ1 _ H76/5 _ g73/2 6271 _ H78/5 _ 972
62042 _ H—8/5 _ g—2 62,32 _ H—10/5 _ g—5/2 62’)/2 _ H—12/5 _ g—3 (B31)
62()43 _ H—12/5 _ g—3 62,33 _ H—14/5 _ g—7/2 62’)/3 _ H—16/5 _ g—4 )

Having set the scale factors, the prefactors in (B.18), (B.23) and (B.27) vanish and V#*r?
can be converted into Cy,, via (3.8) which all boils down to Cj.,, = A;. Thus the result of
reducing the full solution (B.15) down to seven dimensions is
ds? = H-3/[diily) + H(dw® + djjjy + dz?)]
Cizw = Az

, (B.32)

|w2 + ,’_17(23) + 22‘3/2 ’

H=1+

where the harmonic function is smeared over the reduced directions. This is precisely the

3

fivebrane solution in seven dimensions, obtained from reducing (3.14) on x3, 2% 2% and ¢

(and smearing H) with its magnetic potential.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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