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ABSTRACT: T-branes are a non-abelian generalization of intersecting branes in which the
matrix of normal deformations is nilpotent along some subspace. In this paper we study the
geometric remnant of this open string data for six-dimensional F-theory vacua. We show
that in the dual M-theory / ITA compactification on a smooth Calabi-Yau threefold Xgnn,
the geometric remnant of T-brane data translates to periods of the three-form potential
valued in the intermediate Jacobian of Xg¢n. Starting from a smoothing of a singular
Calabi-Yau, we show how to track this data in singular limits using the theory of limiting
mixed Hodge structures, which in turn directly points to an emergent Hitchin-like system
coupled to defects. We argue that the physical data of an F-theory compactification on a
singular threefold involves specifying both a geometry as well as the remnant of three-form
potential moduli and flux which is localized on the discriminant. We give examples of
T-branes in compact F-theory models with heterotic duals, and comment on the extension

of our results to four-dimensional vacua.
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1 Introduction

Recently there has been renewed interest in F-theory, both as a starting point for model
building efforts, as well as for addressing more conceptual questions connected with non-
perturbative phenomena in string compactifications. In F-theory, the IIB axio-dilaton is
interpreted as a modulus of a twelve-dimensional geometry, thus providing a geometric
characterization of vacua with order one string coupling as well as non-perturbative bound
states of seven-branes [1].

From a model building standpoint, an attractive feature of F-theory is that it can
simultaneously accommodate the flexibility of intersecting brane constructions with the
promising GUT phenomenology of exceptional gauge symmetries. In a suitable decoupling
limit, the task of constructing realistic string vacua in F-theory reduces to the specifica-
tion of intersection patterns for seven-branes. In this way, GUT model building [2-5],
flavor physics [6-16] and various string-motivated scenarios for physics beyond the Stan-
dard Model can all be accommodated in a single local formulation. For recent reviews on
F-theory model building, see e.g. [17-21].

This allows a division of labor in building up phenomenologically viable models. The
basic outline in this programme (cf. [2, 4, 22-26]) is to first identify the local aspects of
an intersecting seven-brane gauge theory necessary to realize the gauge theoretic data of
a field theory, i.e. an “open string sector”. Second, there is the recoupling to gravity, i.e.
the “closed string sector” of the model. For recent efforts in constructing global F-theory
compactifications, see e.g. [5, 27-44].1

A powerful tool in understanding the open string sector is the effective field theory of
a seven-brane coupled to defects [2, 4, 47]. In this field theory, an adjoint-valued complex
field ® controls the position of the stack of seven-branes in the local geometry normal to the
brane. Of particular significance for flavor physics models are configurations where ® has
position dependent eigenvalues with branch cuts [8, 48-53]. In a holomorphic presentation
of @ i.e. without branch cuts, this means [®, ®1] # 0 (see [51]). The non-zero commutator
means the seven-brane has puffed up to a dielectric nine-brane, and the eigenvalues of ®
do not fully characterize the configuration. A T-brane is any such configuration where
® is nilpotent (i.e. upper or lower triangular as a matrix) along some subspace of the

'As a brief aside on the philosophy of the “local to global” programme of F-theory model building,
we note that there could in principle be several global completions of a local model, and these global
completions may not even be geometric. Rather, the global model serves more as a proof of concept, i.e.
UV consistency. From this perspective, the relevant question is how well one might expect to distinguish
these different choices of UV completion. For recent perspectives on this issue, see for example [45, 46].



worldvolume of the brane. Such nilpotent Higgs fields in bound states of branes were first
introduced in [54], and in the context of F-theory in [51] (see also [16, 52, 53, 55]).

To move forward with the second stage of F-theory model building where gravity is
recoupled, it is necessary to match the data of the seven-brane gauge theory back to the
geometry of an F-theory compactification. However, since T-brane data is not visible in
holomorphic Casimir invariants, it has remained an open and surprisingly basic question
as to how to identify its geometric remnant in global models.?

In this paper we show how to identify the geometric remnants of T-branes. We view
the open string sector and closed string sectors as defining overlapping patches for the full
moduli space of an F-theory compactification. Our aim will be to determine the “transition
functions” which interpolate between these two coordinate systems.?

Our focus in this paper will be on T-branes in six-dimensional F-theory vacua with
eight real supercharges.? In this case, the internal dynamics of the seven-brane gauge the-
ory is governed by a Hitchin-like system coupled to point-like defects. These defects are
often associated with localized matter fields, but can also reflect couplings to a theory of
tensionless strings.

To find the geometric remnants of T-brane data, we first show how to identify the data
of the Hitchin system with defects in geometric terms. Locally, we model this by a curve
of ADE singularities with possible higher order singularities at some marked points. We
view this local threefold X as the limit of a family of smoothings X; — X so that ast — 0
we recover the singular space X. These smoothings physically correspond to moving the
stack of seven-branes around to more general positions. We find that in the smoothing,
the remnant of T-brane data is captured by the intermediate Jacobian of X;:

J(X:) = H3(Xy,R)/H?(X;, 7) (1.1)

which fibers over the complex structure moduli M¢p«. Indeed, after compactifying on a
further 72, there is a dual description in terms of IIA supergravity. There, the intermedi-
ate Jacobian and complex structure moduli (along with the universal axion and dilaton)
combine to form the hypermultiplet moduli space. The holomorphic Casimir invariants of
the Higgs field give coordinates on the complex structure moduli, while the remnants of
T-brane data corresponds in the dual ITA / M-theory picture to integrating the three-form
potential over three-cycles.

However, this description is inadequate in the singular limit ¢ — 0, since it is not
even possible to speak of the classical intermediate Jacobian. It is nevertheless possible to
study the limiting behavior of these constructs using the theory of limiting mixed Hodge
structures (LMHS), which directly points to the Hitchin system coupled to defects. In other
words, we are going to use the theory of limiting mixed Hodge structures to construct the
transition functions between the “open string patch” and “closed string patch”.

2See [41, 43] for some recent work.

¥We view this as developing the dictionary entries in a gauge / gravity correspondence involving gauge
theory on stack(s) of seven-brane(s), and the non-singular locus of an F-theory base manifold. This is in
line with the interpretation of local F-theory model building given in [26].

4In supersymmetric compactifications to eight dimensions, T-branes do not exist because the seven-brane
equation of motion reduces to [®, ®'] = 0.
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Figure 1. Depiction of the moduli space of F-theory in six dimensions. The intermediate Jacobian
J(Xsmtn) fibers over the complex structure moduli Mpix. At singular points of the complex struc-
ture, the classical intermediate Jacobian description breaks down and is replaced by an emergent
Hitchin system which captures the T-brane data. At the singular point in moduli space where
both the complex structure and T-brane data are switched off, one can instead perform a Kéahler
resolution of the geometry, moving onto the Coulomb branch of the low energy theory. The two
branches only meet at singular loci in the moduli space.

This begs the question: what is the defining data of a 6D F-theory model at large
volume? The standard procedure in much of the literature is to start with a singular
Calabi-Yau X, and to view it as the limit of either a blowdown XX , or as the limit of a
smoothing X; — X. In fact, our analysis shows that just specifying X is ambiguous from
a physics standpoint: the T-brane data must also be included. On the smoothing side, this
is reflected in the three-form potential moduli valued in the intermediate Jacobian.

Turning to the characterization as a blowdown, we find that T-branes obstruct some
Kahler resolutions, simply because the theory is still at a non-trivial point of the Higgs
branch. In the low energy effective theory, this is the statement that the vevs of the
three-form moduli continue to give a mass to states in the theory.

To repair this ambiguity, we propose to supplement the definition of compactification
of F-theory on a singular threefold X by appropriate “T-brane data”. This data consists
of the singular limit of an intermediate Jacobian, as well as abelian flux data of the Hitchin
system. In configurations which admit a Kéahler resolution, this would translate to a four-
form flux in the dual M-theory description. Now, in compactifications to six dimensions on
smooth Calabi-Yau threefolds, such fluxes are inconsistent with the supergravity equations
of motion. However, in singular limits, such fluxes can be activated. In fact, it is known
that for a smooth Calabi-Yau, the three-form moduli, and flux data are naturally pack-
aged in terms of a single object, the Deligne cohomology H2(Xgntn, Z(2)) [56]. From this
perspective, the emergent Hitchin-like system gives a definition of this object in certain
singular limits. See figure 1 for a depiction of the moduli space.

As a check of our proposal, we present examples of compact F-theory models which
contain T-branes. We focus on the specific case of F-theory compactified on a Hirzebruch
base F,, for n € Z and —12 < n < 12. These F-theory vacua have a dual description in
terms of the Eg x Eg heterotic string compactified on a K3 surface with (12 4+ n,12 —n)
instantons in each vector bundle factor (see e.g. [57-59]).

SWhen we write F,, with n < 0, we mean |, with the sections of self-intersection 4n switched.



Quite remarkably, some of the simplest heterotic string compactifications are dual to

T-branes in F-theory! For example, the singular local geometry:

y? =23 + gropn(2)2° (1.2)
is ambiguous, and can actually refer either to a theory with small instantons, or to a smooth
vector bundle which happens to have a singular spectral cover. An important example of
this type is the standard embedding of the spin connection in one of the Eg factors. This is
a perfectly smooth vector bundle which has a singular spectral cover. This ambiguity was
noted in [60], and was recently revisited in [53]. More generally, heterotic theory abounds
with examples of smooth vector bundles with singular spectral covers [61] (see also [62-64]).
Our plan will be to show how to identify the geometric remnants of T-brane data in these
and related situations.

As a final remark, we note that the main aim of our work is to carefully track the
behavior of the relevant geometric structures in singular limits. Indeed, though some as-
pects of our discussion, especially in relation to spectral covers, are well-known for smooth
spectral covers and their associated threefold duals in F-theory, comparatively far less is
known in singular limits.

The rest of this paper is organized as follows. First, in section 2, we review two
complementary perspectives of F-theory vacua based on a global “closed string” description
and the local “open string” description. Next, in section 3, we study the effective field
theory of a seven-brane using the associated Hitchin system with defects. In section 4
we show how the limiting behavior of a local curve of singularities directly points to an
emergent Hitchin system, and in section 5 we give a revised prescription for how to analyze
the effective field theory associated with F-theory on a singular threefold X. We provide
realizations of T-branes in compact F-theory models in section 6. We conclude in section 7.
Some additional review and technical details are deferred to the appendices.

2 Global and local models in 6D F-theory

In preparation for our later discussions, in this section we review two complementary
approaches to 6D F-theory compactification based on the local geometry of a stack of
seven-branes, and the closed string description of such vacua.
F-theory [1] provides a non-perturbative generalization of type IIB superstring theory
in which the axio-dilaton: )
T=Co+ — (2.1)

Gs

is now interpreted as the modular parameter of an auxiliary elliptic curve:
2 _ .3
y* ="+ fr+g, (2.2)

where f and g can have non-trivial dependence on the positions of the ten spacetime
dimensions. In physical terms, the position dependence in the axio-dilaton is induced by
the presence of non-perturbative bound states of seven-branes.



Supersymmetric compactifications of F-theory to flat space can be obtained as follows.
We split up the ten dimensional spacetime of string theory as the product Mig_9,, X B,
where Mig_o,, designates the 10 — 2m uncompactified directions and B is a compact man-
ifold of complex dimension m. This can be arranged by assuming that the elliptic fibration
only depends on B so that the Weierstrass model defines an elliptic fibration with section
E — X — B, where X is a Calabi-Yau (m + 1)-fold. In this geometric description, seven-
branes are associated with the locations where the elliptic fibration degenerates. This oc-
curs when some of the roots of the cubic in x collide, i.e. at the vanishing of the discriminant:

A =4f3+274% (2.3)

The components of the discriminant locus (A = 0) C B define complex codimension one
subspaces inside B, which should be thought of as submanifolds which are wrapped by
seven-branes. This defines the location of the “open string sector”. The “closed string
string sector” is associated with the complement, i.e. the non-singular parts of the elliptic
fibration. One of the remarkable features of F-theory is the close interplay between the
open and closed string sectors. Our primary interest in this paper will be the special case
of compactifications to six dimensions, i.e. m = 2, with X a Calabi-Yau threefold.

In the remainder of this section we describe two complementary descriptions of such
six-dimensional vacua. First, we consider the closed string description, focussing on the
M-theory / ITA dual compactifications on X a smooth Calabi-Yau threefold. In the limit of
moduli where X develops singularities, the supergravity description breaks down and must
be supplemented by additional light degrees of freedom. In local patches of B it is then
fruitful to switch to a second description based on the gauge theory of a seven-brane. It is in
this second patch that we will see the appearance of T-branes. Part of our aim in this work
will be to provide a patchwork of different coordinate systems for the moduli space, and
to then describe how these different patches fit together in overlapping regions of validity.

2.1 Closed string description

One way to characterize some compactifications of F-theory is in terms of a dual description
in M-theory. The lift of T-duality between ITA and IIB vacua then becomes a statement
about duality between M-theory on a smooth Calabi-Yau threefold Xgntn and F-theory
compactified on S' x X. A further circle compactification then relates IIA string theory
compactified on Xgnn to F-theory compactified on 72 x X . In both the ITA and M-theory
descriptions, we reach the F-theory limit by shrinking the volume of the elliptic fiber to
Zero size.

The vacua of ITA compactified on a Calabi-Yau threefold has been extensively studied,
so we shall be brief. For additional review, see for example the review [65] and references
therein. The effective theory in four dimensions has eight real supercharges, i.e. N' = 2
supersymmetry. In the ITA supergravity, we get gauge fields from integrating the three-form
potential over the A% (Xgnm) independent two-cycles. The vector multiplet moduli are
controlled by the special geometry of the complexified Kihler moduli. There are (1/2)h3(X)
hypermultiplet moduli, i.e. 2h3(X) real degrees of freedom. Working about a fixed choice



of holomorphic three-form €2, there are h?!(Xgui,) complex structure moduli, and two
additional real moduli from the dilaton and the universal axion (from dualization of B,
in the R*! directions). The other h3(X) real degrees of freedom come from periods of the
Ramond-Ramond three-form potential over the A- and B-cycles of Xg¢,. Since the dilaton
sits in a hypermultiplet, the geometry of the hypermultiplet moduli space will generically
receive various perturbative and non-perturbative corrections in string theory.

For this paper, our main focus will be on the geometric moduli space specified by the
intermediate Jacobian J(Xgmen), and its fibration over Mk, the complex structure mod-
uli. The three-form potential moduli take values in the fiber J(Xgnn), i-e. the intermediate
Jacobian:

J(Xamtn) = H?(Xemtn, R)/H?(Xemin, Z), (2.4)

that is, we view H3(Xguin, R) as a vector space, and then mod out by the integral lattice
H3(Xgmin, Z).% In the ITA supergravity, the hypermultiplet moduli space is given by a C*
bundle which is fibered over the intermediate Jacobian introduced by Griffiths Jg(Xgsmtn),
i.e. the total space of the fibration J(Xgmth) = Jo(Xemth) — Mepix, With Jg(Xsmen) =
(H39(X) @ H*1(X))*/H3(X,Z). This intermediate Jacobian specifies the correct complex
structure on the real torus (2.4).” In the low energy effective field theory, we can expand
around some point of the quaternionic Kahler moduli space, with fluctuations taking values
in the tangent space. For example, the infinitesimal variations of complex structure moduli
live in H*!(X) = Def(X), and the SU(2) R-symmetry acts on the tangent space, rotating
the different components of the hypermultiplet fluctuations into one another.

The supergravity description requires all volumes on X to be large compared with
the Planck scale. Away from this limit additional light degrees enter the effective theory.
Starting from a smooth Xg.n, we can reach a singular geometry either by tuning the
Kahler moduli or by tuning complex structure moduli of Xgnn. By abuse of notation,
we shall refer to this singular Calabi-Yau as X. The main condition to have an F-theory
compactification is that X admits an elliptic fibration with section. From this perspective,
there is more than one possible X, which could degenerate to X. We can approach X
either via a blowdown X — X , or by switching off a family of smoothings X; — X.

2.2 Open string description

In local regions of the twofold base B, there is a complementary description of an F-theory
compactification in terms of the gauge theory of a seven-brane. In the local description,
a seven-brane wraps a genus g curve C'. The curve comes with some number of marked
points p1, ..., pr corresponding to locations where other components of the discriminant
intersect C.

SHere we are ignoring possible torsional contributions to H*(X,Z).

"Note that H>°(X) is the tangent space to the moduli of the dilaton and H?'(X) is the tangent space
to the moduli of complex structures, so the tangent space to the intermediate Jacobian naturally pairs
with the tangent space to the complex structure plus dilaton, as must be the case for the complex halves
of hypermultiplet moduli. This is not the case for the Weil intermediate Jacobian, which is sometimes
incorrectly used in the physics literature as a description of the RR moduli.



In M-theory terms, some of the field content of the effective field theory on the seven-
brane descends from variations in the complex structure 0, ), and variations in the
three-form potential C5. Assuming we have a curve of ADE singularities, we can, at a
heuristic level, consider a basis of (1, 1) forms w® for the fiber, and then locally decompose
these modes as:

Q1) ~ D B Aw® and 0z~ Y A% AW, (2.5)

(10

should be viewed as taking values in the abelian subalgebra of some non-abelian gauge al-

where @ is a collection of (1,0) forms on C, and A® is a connection on C. These fields
gebra g. The rest of the states in the adjoint representation come from M2-branes wrapped
over collapsing cycles.

Taking these additional degrees of freedom into account, the effective theory for this
system is controlled by a Hitchin-like system coupled to defects [2, 4, 47]. For a seven-
brane with gauge group G, this is given by a principal G bundle F, and an adjoint-valued
(1,0)-form Higgs field @, which satisfy the equations of motion:

F+ |0,0f] - Ep:%)“g) and 9.0 = zp:a(p)ufg’), (2.6)

where here, F' = dA+ AN A is the curvature of E, ¢, is a delta function (i.e. (1,1) current)
localized at the point p € C', and ,ug ) and ug ) form a triplet of adjoint valued moment
maps. In most cases, these moment maps can be associated with bilinears in the vevs of
“bifundamentals”.

Some of the moduli of the Hitchin system have a clear geometric interpretation in the
local geometry of the F-theory compactification. It is helpful to illustrate this unfolding

by way of example. To this end, consider a curve of singularities:
y? =23 4 2P (2.7)

so that x = y = z = 0 denotes the location of the curve C'. We view this as a seven-brane
with gauge group Fg wrapping the curve C. A Higgs field such as:

o =

10}
2.8
qb] (2.8)

valued in the su(2) factor of ey x su(2) C eg corresponds to the unfolding of Eg to Er:
y? =23+ 2° + ¢Pa2, (2.9)

where ¢? is the quadratic Casimir of the su(2) valued Higgs field. More generally, the
holomorphic Casimir invariants C ;) (®) of @ give gauge invariant coordinates on the moduli
space of the Hitchin system via the map:

o — C(z) ((b) . (2.10)

In the curve of singularities, such deformations show up as unfolding parameters.



A natural way to characterize the local neighborhood of the seven-brane is in terms of
the total space O(K¢) — C. Then, after activating a vev for the Higgs field, the location
of the seven-brane is captured by the spectral equation:

det(s —®) =0 (2.11)

where s is a section of O(K¢) ® Id. The key point is that in the spectral equation, the
holomorphic Casimir invariants of line (2.10) directly show up.

But the holomorphic geometry fails to capture all of the moduli of the Hitchin system.
We define “T-brane data” [51] as any gauge invariant data of the Hitchin system which is
absent from the map (2.10). Roughly speaking, such data is associated with a nilpotent
Higgs field and cannot show up as a complex structure deformation.

To give an example, consider again the Hitchin system defined by the local model
of equation (2.7). We assume the Higgs field again takes values in the su(2) factor of
e7 X su(2) C eg. Then, a nilpotent Higgs field such as:

01
D= [00], (2.12)

will satisfy the equations of motion on a genus g > 1 curve [66]. To solve the Hitchin
system of equations, we need a non-trivial flux, corresponding to the rank two bundle E =
K12 —1/2

o O K¢

that all holomorphic Casimir invariants vanish. So, the complex geometry remains as:

. In this case, all of the su(2) gauge symmetry is broken. Observe, however,

y? =%+ 2, (2.13)

which would suggest a singular geometry with eg gauge symmetry, even though the su(2)
factor in e7 X su(2) C eg has already been broken. Let us note that instead of taking g > 1
we could instead add multiple punctures to a genus zero curve. We will encounter the
latter situation repeatedly in the context of F-theory models.

In the related context of four-dimensional compactifications of F-theory, such T-brane
data can also be detected through D3-brane probes [67-73]. In that context, the resulting
superconformal fixed points are determined by the Jordan block structure of the Higgs field.

3 Seven-branes wrapping Riemann surfaces

In preparation for our later geometric analysis, we now discuss in more detail the low
energy effective field theory associated with a seven-brane wrapping a Riemann surface
which is coupled to defect modes. To set the stage, here we study the low energy effec-
tive field theory defined by a seven-brane with gauge group G wrapping a genus g curve
which is coupled to matter localized at points of the curve. For each point p € C, let R,
denote the representation of the matter fields. This system has been studied from various
perspectives, including [2, 59, 74].

Let us now turn to the six-dimensional effective theory defined by this system. For
ease of exposition, we assume that no background fields have been switched on. For details



on less trivial backgrounds, see [2, 51]. The massless field content is given by all zero
mode fluctuations around this background. First of all, we have a single 6D vector multi-
plet with gauge group G. Additionally, we have a number of hypermultiplet moduli. The
zero modes of the Higgs field satisfy the equation of motion d® = 0, and are associated
with global sections of the canonical bundle, which has complex dimension h°(C, K¢) = g.
Additionally, the holonomies of the gauge field around the 2g one-cycles of C' produce
another 2¢g real degrees of freedom. We therefore conclude that the zero mode content of
the system produces ¢ adjoint-valued hypermultiplets. Additionally, we have the localized
hypermultiplets at points of C.

It is also instructive to compactify on a T2 to reach a four-dimensional system. This
yields a theory with N' = 2 supersymmetry, with the same number of hypermultiplets. The
only difference in the mode content is that now the vector multiplet also contains a complex
adjoint-valued scalar . In ' = 1 language, the associated superpotential for this system is:

g
W= T (90' [XXD + Y )¢ 4 (3.1)
=1 P
and the D-term constraint is:

g
ZTl"g (T . [Xi, Xj]) + qup) T Ap) — Za(p) T - q~gp) =0 (3.2)
=1 p

p

modulo gauge transformations. Here, Try is shorthand for contraction using the Killing
form of the Lie algebra g, T is a generator of the Lie algebra g, X; @& X; denotes the g
adjoint valued hypermultiplets, and g(,) © ¢(,) denotes a hypermultiplet transforming in a
representation R, @ R’(kp), which descends from a localized point p € C.

The Higgs branch corresponds to activating vevs for the hypermultiplets, and the
Coulomb branch corresponds to giving vevs to the complex scalars in the vector multiplet.
There can also be mixed Coulomb / Higgs branches. In an N' = 2 theory, these “mixed”
pieces still factorize (see e.g. [75]). Jumping ahead to a geometric characterization, the
Coulomb branch corresponds to activating a Kéhler resolution, while the Higgs branch
corresponds to activating a smoothing and non-trivial periods for the three-form moduli.

The total dimension of the hypermultiplet moduli space is given by adding up the
dimensions and representations of all points, and modding out by the hyperkahler quotient
defined by GG. The complex dimension of the hypermultiplet moduli space is:

dime Miyper = 2(g — 1) - dim G + > _2dim Ry, (3.3)
p
3.1 SU(N) example

Let us illustrate some additional aspects of the above remarks in the case G = SU(N). For
simplicity, we assume there are k localized hypermultiplets in the fundamental representa-
tion. Then, the dimension of the hypermultiplet moduli space is:

dime Migper = 2(g — 1) - (N? — 1) + 2kN. (3.4)



We can geometrically engineer an example of this type with a curve of Ay_1 singularities:
y? =22 + 2V ()2, (3.5)

where 2’ denotes a local coordinate on C, and ay(z) has k zeroes, indicating the points of
localized matter.

Once we switch on background values for the defects, we induce delta function sup-
ported curvature in the gauge field flux, and poles in the Higgs field. A meromorphic Higgs
field of the form:

. 1 1
@Zdlag((bl,,(bk,—mz(m,,—mz(pl), (36)
N—k
where: £
o Hiaz
O (37)

corresponds to activating a bifundamental vev for the localized matter fields at the roots
pi of ag(z'). As explained in [2], the Ax_; singularity then unfolds to:

y? = a? 4 N Nk (ozk(zl)zk +ap 1 (2N 4+ ag(z/)z:o) . (3.8)

The «; for i = 0,...,k — 1 correspond to holomorphic Casimir invariants of SU(k) built
from the vevs of the defect modes. So in other words, we can capture all the effects of
unfolding by a suitable SU(k) Higgs field with poles along the localized matter of a parent
SU(N) gauge theory.

4 Geometric remnants of T-branes

In this section we argue that T-brane data should be viewed in the dual M-theory and type
ITA descriptions as the remnants of three-form potential moduli. This is in accord with
N = (1,0) supersymmetry in six dimensions, where the three-form potential moduli fiber
over the complex structure moduli. By abuse of notation, we shall sometimes refer to the
three-form potential moduli simply as “RR moduli”.

Since we are now asking how to go from the closed string moduli space back to the
open string moduli of a T-brane configuration, we will assume that we have started with a
compact Calabi-Yau threefold X¢,e, and that we have taken a local limit for this system
which consists of a curve of ADE singularities possibly coupled to defects. In this section,
we shall therefore confine our discussion to a family of non-compact smooth Calabi-Yau
threefolds X; such that the ¢ — 0 limit defines a curve of ADE singularities. In fact, since
these local models can be embedded in F-theory, it will be enough for us to consider the
related compactification of IIA string theory on the background X;.

The plan should now be clear: we shall study the degeneration of the hypermultiplet
moduli space, and in particular the intermediate Jacobian J(X;) as t — 0. There are at
least two difficulties with this approach. First, there is no well-defined notion of a limit
of a family of complex tori, and second, naive definitions of this limit do not match the
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expected properties of the RR moduli space, and in particular the hypermultiplet moduli
space of the low energy effective theory.

Both issues are symptoms of the fact that near the singular points of the moduli space,
some of the three-cycles are about to disappear from the classical geometry. This is also
reflected in monodromies in the basis of three-cycles around the singular points in moduli
space. To study this behavior, we apply the machinery of limiting mixed Hodge structures.
Using this, we can introduce a trajectory dependent notion of the intermediate Jacobian
as it approaches a singular point in moduli space. This will allow us to establish that as
t — 0, the geometric characterization becomes singular, but that the geometry points to
the appearance of a Hitchin system. We stress that in this discussion we do not put the
Hitchin system in “by hand” ahead of time. Rather, we will see this structure emerge!

Our plan in this section will be to describe in more precise terms this limiting operation.
The main mathematical tool we use is known as the theory of “limiting mixed Hodge
structures” (LMHS). Since this may be unfamiliar to some readers, we illustrate some
elementary aspects of this theory in the case of the conifold. We then apply this machinery
to the cases of interest for geometric engineering in string theory. We illustrate how to
recognize the appearance of a Hitchin system for an isolated curve of ADE singularities,
building on the work of [76, 77]. Then, we illustrate how to extend this to geometries
which include collisions with other singularities. In physical terms, this corresponds to a
situation where the seven-brane is coupled to charged defect modes. When these modes
get a vev, we induce poles in the gauge field and Higgs field of the Hitchin system. We
show that our analysis of limiting mixed Hodge structures extends to this case as well, and
that the remnants of the RR moduli are accounted for by a parabolic Hitchin system.

4.1 Limiting mixed Hodge structures

Before launching into our analysis, we would first like to give some general background
on why the theory of limiting mixed Hodge structures is the relevant machinery for our
analysis. For additional details, we refer the interested reader to appendix A.

Our basic claim is that T-brane data comes about from the limiting behavior of the
intermediate Jacobian. The idea here is to consider not a single Calabi-Yau threefold,
but rather, a whole family of them X;, with ¢ a smoothing parameter. The singular limit
corresponds to taking ¢ — 0. The straightforward approach would be to simply compute
J(X¢) for each non-zero ¢ and to then extrapolate to the singular limit.

Now, for generic points of complex structure moduli, there is indeed a natural notion
of parallel transport for the complex structure given by the Gauss-Manin connection. We
can extend this to the intermediate Jacobian, so we can also naturally consider how this
space responds to variations in the complex structure.

Subtleties materialize in singular limits. Indeed, at a singular point in complex struc-
ture moduli, some elements in the basis of three-cycles will start to disappear. One way
to see this is by considering monodromies in the parameter ¢ around the singular point
t = 0. Such monodromies can reshuffle the original basis of three-cycles, and can also mix
the spaces HP*?(X) of the Kdhler manifold.
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To isolate the effects of monodromy we need a refined notion of how to define a family
of intermediate Jacobians. The basic idea is to have a notion of complex structure moduli
and intermediate Jacobian in which we can “untwist” the effects of monodromy, i.e. by
going to a suitable cover. This is where the theory of mixed Hodge structure, and in
particular limiting mixed Hodge structure comes to the fore. To have a natural notion of a
holomorphic family of Hodge structures, we can take HP4(X), and add to it all other spaces
which can mix with it under parallel transport with respect to the Gauss-Manin connection.
In the case of a Kédhler manifold, a well-known example of this type is the Hodge filtration:

FPHM(X,C) = @ H* 7 (X). (4.1)

'>p

This has the property that F? C F P for p > p/, i.e. it defines a decreasing filtration. It is
common to refer to the entire filtration as F'®*. By a similar token, we can also introduce
an increasing filtration W,, known as the “weight filtration”.

Now, the utility of introducing this additional formalism is that as we move around in
the parameter ¢, this filtration structure remains intact, so we have a well-defined notion
of parallel transport on the vector spaces. We can then define various limits of this Hodge
structure by a choice of trajectory t — 0. To this degeneration is associated a limiting
mixed Hodge structure which is denoted by Hﬁ’m Details are reviewed in appendix A.2.

Since the intermediate Jacobian fibers over the complex structure moduli, we can
extend these considerations fiberwise. Along these lines, we can introduce a generalized
notion of the intermediate Jacobian for a cohomology theory H by quotienting Hc, the
complexification of the integral cohomology:

JPH = He/(FPHe + Hy). (4.2)

where Hy refers to the cohomology theory with integer coefficients. When p = 2 and X
is smooth, we get back our previous notion of the intermediate Jacobian J(X;), though
now, we can track the behavior of this space as we move towards a singular limit. In what
follows, we shall refer to this limiting behavior as J2(H; ), in the obvious notation.

By now, it should hopefully be clear that the theory of limiting mixed Hodge structure
is the appropriate tool for tracking the behavior of the intermediate Jacobian as we move
towards singular limits. We now illustrate how this machinery works in progressively more
involved examples, and show that it matches to the expected behavior of T-branes.

4.2 Warmup: the conifold

By way of example, in this subsection we show how to calculate the limiting behavior of the
intermediate Jacobian in the case of conifold singularities. See appendix A for additional
details.

Before we describe the deformation theory of conifold singularities, we digress by re-
viewing the deformation theory of a general affine hypersurface singularity. Given any affine
hypersurface X defined by f(z1,...,2,) =0 in C", the space of first order deformations of

— 12 —



X is identified with the vector space underlying the Jacobian ring

7 =clora [ (52). (4.3)

Now, the first order deformations of an arbitrary variety X are given by the vector space

Ext!(Q%, Ox). The local to global spectral sequence leads to
0 — H' (X, Ext(Q),0x)) — Ext’(Qk,O0x) — HY (X, Ext' (0%, 0x)).  (4.4)

Here, Ext’ denotes “local Ext” and is a sheaf on X. In particular given sheaves F and G
on X, the sheaf Ext’(F,G) is the sheaf whose sections on sufficiently small open sets are
just the local homomorphisms from F' to G.

Since Q% is locally free on the smooth locus of X, it follows that the sheaf
ml(Qk, Ox) vanishes there, hence is supported on the singular locus of X. We put

7! = Ext}(Q%, Ox) (4.5)

and the last map in (4.4) describes the restriction of a first order deformation of X to a first
order deformation of the singular locus of X. Note that this map need not be surjective.
In more detail, it is natural to study the limiting mixed Hodge structure ngim of a generic
degeneration, to which a Jacobian is associated:

Jz(lel)m) = Hl?m/ (F2H1?m + HSm,Z) ) (46)

where F' 2Hﬁ’m denotes a piece of the Hodge filtration and Hﬁ’m,Z denotes the integer lattice
of the mixed Hodge structure Hﬁ’m
Let us now illustrate these aspects for the case of a conifold singularity. From (4.3), a
single conifold singularity
w? + 2 +y? + 22 =0, (4.7)

has a ring of first order deformations:
Clw,z,y, 2|/ (w,z,y,2) ~ C, (4.8)
which tells us that the first order deformations of the conifold are all given by
w? + 22+ 4 22 =1, (4.9)

as is well-known.

More generally, let us now consider the case of X a Calabi-Yau threefold with only coni-
fold singularities. The calculation (4.8) shows that 7! is a skyscraper sheaf supported at
the conifolds whose stalks are all isomorphic to C. Returning to the exact sequence of (4.4):

0 — H'(X,Ext’(Q),0x)) — Ext}(Qk, 0x) — H°(X,Ext!(Q), Ox)), (4.10)

the term H'(X,Ext’(Q%,Ox)) is the space of first-order deformations which preserve
the conifold singularities, Extl(Qg(, Ox) is the space of all first order deformations, and
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HO(X,Ext'(Q%,Ox)) is the space of local deformations of the conifolds. By abuse of
notation, we shall refer to a smoothing of X by X, so that ¢ — 0 denotes the singular case.

For expository purposes, we assume that X has a small Kahler resolution X , in which
case a smoothing X; of X completes a conifold transition. We now show in this case that
the intermediate Jacobian J(X;) has a canonical limiting behavior as ¢ — 0.

Basically, we need to find a basis of three-cycles to calculate the periods of the RR
moduli, and then track the behavior of these periods as ¢ — 0. Associated with each
conifold point is a vanishing cycle in H3(X;,Z), Poincaré dual to the class in H3(X,Z) of
the familiar vanishing S3 near the conifold point. In general, if there are m such conifold
points they will typically only span a lattice W of rank m — r for some 0 < r < m.
This number r is nothing other than the jump in the Hodge numbers in passing from the
deformed side of the conifold to the resolved side [78-80]:

RUNX) = RV X)) +r, RPNX) = RPN (X)) 4+ —m. (4.11)

We also have in this case that dim H°(X, Ext'(Q4,Ox)) =m —r.

For example, in the conifold transition of the quintic acquiring 16 conifolds, we have
A1 (X,) = 1,h21(X,) = 101,m = 16,r = 1. So the Hodge numbers of X in that case are
A1 (X) = 2 and h21(X) = 86.

Next, let H3

iy denote the limiting mixed Hodge structure of the smoothing of a conifold
(which is a mixed Hodge structure on H3(X;)). For now, all we need to know is that a
mixed Hodge structure H has an increasing filtration, the weight filtration, which we
denote by W;Hgq since it is a vector space defined over the rationals. Letting GrpHg =

Wi Hg/Wi_1Hg be the associated graded vector space, we compute in appendix A that

GT4H§m ~ Wo
GrsH?  ~ H3(X,Q) (4.12)
GT'Qngim ~ W,

where Wy = W ® Q.
Now, recall that to any mixed Hodge structure H, we can associate for each p a

generalized Jacobian
JpHEHc/(FpHc+Hz). (4.13)

So, returning to the smoothing X; from the conifold transition, instead of examining the
limiting mixed Hodge structure, which is a limit of third cohomologies, for the purpose of
computing RR moduli we study the limit of the intermediate Jacobians J(X;). This can
be determined from J 2Hl?i’m. In appendix A, we compute that

JZHE s a (C*)™ " fibration over J(X), (4.14)

independent of the choice of smoothing X;. We further show in appendix A that the
extension class of the mixed Hodge structure WgHﬁ’m determines the global structure of
this (C*)™ " fibration. Thus, we conclude that the (C*)™" fiber over J(X) is the moduli
space of the RR fields on X associated with the singularities.
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Near X, the hypermultiplet moduli space of X fibers over the complex m — r dimen-
sional moduli space parametrizing the smoothings of the conifolds (the space whose tangent
space is the image of the rightmost map in (4.4)). The fibers of this map in turn fiber over
the hypermultiplet moduli space of X , with fibers (C*)™~". Locally, the two complex m —r
dimensional spaces just described combine into m — r quaternionic moduli.

If we do not assume that X has a small Kéhler resolution X, we simply replace J(X ~)
with J (X' ), where X is the (non-Calabi-Yau) blowup of the conifolds of X. Note that
J ()2 ) = J(X) when X exists, since no new 3-cycles are created in blowing up X to X.

4.3 Isolated curve of ADE singularities

We now turn to the first case of interest with non-abelian gauge symmetry, given by a curve
of ADE singularities in IIA string theory. Such singularities generate the corresponding
ADE gauge theory in the six-dimensional effective theory. Non-simply laced gauge theories
occur when there is an appropriate monodromy action in the fiber [59].

In contrast to the previous case of the conifold, all of our examples from this point on
have the property that the limiting mixed Hodge structure analysis depends on the trajec-
tory we take as ¢ — 0. Physically, this is to be expected, because each choice of trajectory
corresponds to a different identification of the W— and Z— bosons of an su(2) factor. By
sweeping over all possible trajectories, however, we can extract the trajectory independent
data associated with the limiting mixed Hodge structures. In the physical theory, these
different trajectories correspond to conjugation by elements of the broken gauge symmetry.

To begin our geometric analysis, we recall the local presentation for the different ADE

singularities:
Ay :ay=2VT1 4 (4.15)
Dy:yt=a?z+N"1 4+ . (4.16)
Ee:y?=a%+21+... (4.17)
By =ad a4 ... (4.18)
Es:y =2 +2°+... (4.19)

where the curve C' is defined by z = y = 2z = 0 and z,y, z lie in respective line bundles
L;,L,,L, on C. The Calabi-Yau condition together with the adjunction formula and
homogeneity of the above equations constrains the bundle assignments for L, L,, and L..
For example, in the Ay singularity we have L, ®L, ~ KgNH and L, ~ K¢. For additional
explanation and the relation to gauge theory on a seven-brane, see for example [2].

The first order smoothing deformations of the singularities are captured by 7' of
equation (4.5). In physical terms, we know that this unfolding corresponds to activating a
non-zero adjoint-valued Higgs field, and explicit checks between the two descriptions have
been carried out, for example in [2, 4, 47, 76, 77]. Here, H(T"') corresponds to the base
of the Hitchin fibration with gauge group corresponding to the singularity type.®

In fact, even more is true. In [76, 77] it was observed that away from the discriminant
locus, the Hitchin system is identified with the Calabi-Yau integrable system whose fibers

8In [76, 77] only the local case was considered, but H°(7™) only depends on a neighborhood of C.
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are the local contributions to the intermediate Jacobian.? In this context, the discriminant
locus equivalently parametrizes singular Calabi-Yaus, or singular spectral covers.

Our assertion is that the local RR moduli space over H°(T!) is completed over the
discriminant locus by the Hitchin system. As with the case of conifolds, this part of the
moduli space can be realized globally inside a moduli space associated with a limiting
mixed Hodge structure. Similar to the case of conifolds, the hypermultiplet moduli space
can be related to the hypermultiplet moduli space of the blowup X of X by two fibrations.

4.3.1 Example: a curve of Apn singularities

Let us now illustrate these general considerations in the specific case of a curve of Ay
singularities:
xy = 2N (4.20)

If we view this as the equation of a hypersurface in C* with coordinates (w,z,y, z), the
ring of first order deformations becomes

Clw, z,y, 2] /(x,y, ") ~ Clw, 2]/ ("), (4.21)

where w is a local coordinate on C. Thus, to first order, deformations can be written as

N+1
ay = 2N 4 Z a;(w)N T (4.22)
j=2

Since z is a section of K¢ (via the Calabi-Yau condition), equation (4.22) must now be
interpreted as a section of O(Kg?NH), so we conclude that the aj(w) are to be understood

as sections of O(K g%j ). We therefore see that

n+1

T =i [PoxK) |, (4.23)
j=2

where 7 : C'— X is the inclusion.

Specializing further, we now verify the claim that in the case of an A; singularity, the
remnant of the RR moduli is captured by the Hitchin system. More precisely, our proposal
is that the RR moduli of X combined with the moduli of global deformations of the complex
structure which preserve the singularity are fibered over the intermediate Jacobian of the
small resolution, with fiber the corresponding Prym in the fiber of the Hitchin system.
In other words, the Hitchin system describes the missing piece of the RR moduli. A
consequence of this proposal is that T-branes arise naturally from Pryms of singular spectral
covers. A similar but more involved analysis holds for the case of Ay singularities for all V.

Reverting to ITA language, we want to see the local contribution to the RR moduli
of X when we have a curve C of A; singularities. So we want to see the fiber over the
origin of the SU(2) Hitchin system, i.e. the nilpotent cone defined by Tr(®2?) = 0, which

9There are subtle differences in comparing families of complex tori between isomorphism and a torsorial
relationship; we ignore these issues here.
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was worked out in detail in [81]. The nilpotent cone has many components; the component
called Ny in [81] corresponds to T-branes whose Higgs fields do not vanish anywhere. One
such example is given in [66] by the bundle £ = K é/ ‘o K 51/ 2 with Higgs field

o =

01
. 0] : (4.24)

where 1 is identified with a section of Hom(Ké/Z7 Kgl/Q ® K¢) in the natural way.
The general point of Ny corresponds to a rank 2 bundle F fitting into an exact sequence:

1/2 1/2

0—+K,'" = E— K+~ —0. (4.25)

The corresponding Higgs field ® is given by the composition

E-KI’~K.,"?9Ks— E® K. (4.26)
The extensions (4.25) are parameterized by Extl(Ké/2, K51/2) ~ H'(—K(), which is Serre
dual to H°(2K¢) and has dimension 3g — 3, as expected. Note that ®? = 0, although ®
can no longer be described in a block diagonal form, as F need not be decomposable.
We now smooth the A; singularity and calculate the limiting mixed Hodge structure.
We have
HYTY ~ H (X,i. (O(2K¢))) = HY(C,0(2K¢)), (4.27)

the space of quadratic differentials, where ¢ : C' — X is the inclusion. Then, a smoothing
is given by zy = 2% + ¢, with ¢ € HY(C,O(2K¢)). For technical reasons, we consider the
degeneration

ry =22 +t%q (4.28)

as t — 0. We work out the limiting mixed Hodge structure in appendix A. We will see, as
already follows from [76, 77], that the limiting mixed Hodge structure is actually a pure
Hodge structure of weight 3. We compute that the local contribution to J2H§m is the
Prym variety of 22 + ¢ = 0, the fiber of the Hitchin map over Tr(®?) = q.

To define this Prym variety, let Z C C be the zero set of ¢, assumed to be 4g — 4
distinct points. We introduce the double cover:

m:C—C, (4.29)

which is branched along Z, so that C has genus 4g — 3. Letting Jg,l(CN’) denote the space
of line bundles of degree g — 1 on C, then the Prym is given by:

Prym(C/C) = {L € Jogo(C) | 'L~ 1" Ko @ L—l} (4.30)

where i : C' — C is the involution which interchanges the two sheets of the double cover.
The space Prym(C/C) can be seen to have dimension 3g — 3.1°

°The computation of the limiting mixed Hodge structure gives more in fact: the limiting intermediate Ja-
cobian fibers over the intermediate Jacobian of the blowup of X, with fiber the Prym variety discussed here.
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This situation is directly related to the SU(2) Hitchin system as follows. First of all,
q is naturally identified with a point of the Hitchin base, and C' is the associated spectral
cover, as given by the equation

C = {y e Tot(Ko) | y* = q} . (4.31)

Then the Higgs bundle is reconstructed by the usual procedure, putting £ = m,.(L) and
deducing the Higgs field E — E ® K¢ from the embedding C' C Tot(K¢).

This computation makes clear that, in contrast to the conifold case, the limiting mixed
Hodge structure cannot be the correct identification of the RR moduli, since it depends
nontrivially on the choice of ¢q. As already mentioned, this choice effectively dictates a
trajectory for the smoothing to approach the singular limit.

However, we can also see that by sweeping over all different trajectories of smoothings,
that the calculation points directly to the Hitchin system. Note that the fiber of the Hitchin
system over ¢2q is independent of ¢ (as 22 +¢ = 0 is seen to be isomorphic to 22 +t2g = 0 by
rescaling z), which explains why naively taking the limit as ¢t — 0 gives a spurious result.
Nevertheless, the Hitchin system itself provides a well-defined notion of RR moduli, within
which the ¢ — 0 limit makes perfect sense and is independent of q.

4.3.2 Example: unfolding an A; factor

In the previous example we focussed on recovering the remnant of T-brane data for a curve
of Ap singularities. More generally, given X a curve of ADE singularities corresponding to
a gauge theory of rank r, we can blow up r — 1 of the fiber P's to reach a still singular
space )Nfsing. The remaining gauge symmetry in the Hitchin system is U(1)"~! x SU(2), and
indeed, there is a single smoothing deformation in this case as well. Since we are performing
a blowup on some factors, and a smoothing on others, we refer to this smoothing as X;. As
a consequence, the analysis of the previous section easily extends to the unfolding patterns:

Ay :zy = 2V 7122 + 2q) (4.32)
Dy :y? =222+ N2 (2 4+ t2¢) = 0, (4.33)
Eg:y* = 2% 4 2% (22 + t*qn) (4.34)
Er:y? =%+ w2(2? + tPqn) (4.35)
Eg:y® = 2%+ 2°(2* + t*qx) (4.36)

where in each case, ¢ corresponds to a quadratic differential for the su(2) valued Higgs
field, i.e. ¢ = Tr(®?). Note that in all cases, this quadratic differential is a section of K %

In the Ay case, we see directly that the associated SU(2) spectral curve C is given
by 22 + t?¢ = 0. Since in the other cases there are only cameral covers rather then
spectral covers, we do not expect to see the embedded SU(2) spectral cover directly
from the equation, but it can be checked that in each case, the spectral cover is indeed
22 4+ t2¢ = 0.1 The main point is that after a change of variables, the deformation after

HWe caution the reader that here, z is valued in O(Kc¢), so differs from the coordinate z appearing
in (4.33)—(4.36).
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the partial blowup can be rewritten in the form xy = 22 4 t?¢ in each case [82]. It is now
clear that we construct Prym(a /C) in the same way as before. Taking the limit ¢ — 0,
we again see that the limiting behavior of the intermediate Jacobian J ()?t) again points
back to the T-brane data of the Hitchin system.

A similar analysis also allows us to cover some situations where the Hitchin system
couples to defect modes. Indeed, we can consider the deformation X; associated with the
partial smoothing of the singularity. Following the general procedure of [59, 83|, in all of
these cases there are matter fields localized at the intersections of the component curves.
Initiating a further unfolding pattern, we can now in principle track the RR moduli by a
further unfolding.

Let us give a concrete example of this type. We derive the moduli space in the special
case of breaking SU(3), i.e. a curve of Ay singularities which we unfold via:

2y = (z—w)?(z+2w), (4.37)

where w is a section of K¢. There are now two factors, which we denote by C’ given by
z = —2w, and the multiplicity 2 curve C” given by z = w.

In this new system, there is localized matter trapped at the zeroes of w. So, we get
an S(U(2) x U(1)) Hitchin system coupled to defects which transform as bifundamentals
of the algebra su(2) x u(1). The su(2) factor of the algebra is localized on the component
z = w, while the u(1) factor is spread over both z = w and z = —2w.

The vevs of the trapped matter can generate localized T-brane data in the original
SU(3) Hitchin system. Alternatively, one can view this as “gluing data” in the sense
of [52, 53]. To see this, observe that the Hitchin base for the SU(3) system is HY(2K¢) @
H°(3K¢), and the associated spectral curve C has equation:

(z —w)? (2 + 2w) = 0. (4.38)

We pick a line bundle L on C such that 7, L is an SU(3) bundle, where 7 is the projection
to the base curve. Let Z be the intersection C’ N C”, which is a length 2 scheme at each
of the 2¢g — 2 points of intersection, corresponding to the zeroes of w. Turning next to the
classification of line bundles on 6, the exact sequence

00z =05 ®05, =0z =0 (4.39)

yields

0— HO (og) S HO (Og,) @ H° ((’)~) S HYO)) > H (Og) SH! (Og,) @ H' (O~> 0

(4.40)
The first two terms are just constant functions, and the third has dimension 2(2g — 2),
so the net contribution to the dimension of the group H'(O}) of line bundles L on C
is 49 — 5. Next we have g + (4g — 3) parameters from the next H'’s (since they are the
fibers of a U(1) and U(2) Hitchin system, respectively). Finally, we have to reduce these
moduli by ¢ since we want 7.L to be an SU(3) bundle rather than just a U(3) bundle.
The conclusion is that we have 8¢ — 8 parameters in all, and we have accounted for the
entire fiber of the SU(3) Hitchin system.
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4.4 More general defects

In this subsection we extend our match of the limiting behavior of the intermediate Jacobian
to more general configurations where the Hitchin system supports defect modes. In contrast
to the analysis of the last subsection, we do not assume the existence of a globally defined
parent gauge theory which Higgses down to the configuration of intersecting branes.

In field theory terms, we will now be interested in a Hitchin system on a curve C' which
is coupled to k defects modes located at points pi,...,pr € C. We saw in section 3 that
activating a vev for a localized matter field generates a pole for the Higgs field, and a delta
function concentrated flux. The mathematical object which captures this pole data is a
parabolic Higgs bundle. For an introduction to this construction, see for example [84].

Here, we illustrate this for the case of Ax_; singularities whose general sections at
finitely many points are Ay singularities. This is the situation which would arise in F-
theory at transverse collision points of Iy and I; components of the discriminant.

Let P = pj+...+pg denote the divisor associated with the k = | P| points on C' where
there is a defect. For ease of exposition, suppose that near any p;, the local equation of
the singularity can be put in the form:

zy = 2N N, (4.41)

where the curve C' is defined by © = y = z = 0 and w restricts to a local coordinate on C'
centered at p;. We now study the deformation theory of this singularity. Locally, the sheaf
T is given by the Jacobian ring, which in this case is

Clz,y, z,w]/ (x,y, (N+1)z"+ Nszfl,zN) = Clz,y, z,w]/ (x,y, ZN,szfl) . (4.42)

Now, 7' is not a line bundle at w = 0 due to the presence of torsion: 2N~ € T!is a
torsion element of 7' supported at p;, as it is annihilated by the maximal ideal (x,y, z, w)
at p;. Modding out by this torsion element gives

T (C- 2N ~ Cla, y, 2, w)/(z,y, 2) ~ Clz, w] /2" (4.43)

Since the quotient is a vector bundle as before, there can be no torsion element other than
scalar multiples of zV—1.

Globally, the torsion subsheaf Tors (Tl) of T!is a skyscaper sheaf supported on P, one-
dimensional over each p; € P, and the quotient 7' /Tors (77) is a vector bundle on C. We
can infer the global structure of this bundle from the term wz? in (4.41), which is a section

of O(NK¢) times a local equation for p; € P. Globally, this is a section of O(N K¢ + P).

The deformations of (4.41) corresponding to the local generators (2N =1, 2N=2 ... 2 1)
of T1/(Tors(T?)) as an O¢ bundle (cf 4.43) can be written as
N
zy = 2N w4 Z a;(w)N . (4.44)
=2

Globally, the equation needs to hold in O(N K¢ + P), and so can be written as

N
zy =rzV 42N 4 Z a;zN"I, (4.45)
j=2
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where z as before is in the bundle O(K¢), s is a global section of O(P) vanishing at P,
r € HY(O(P — K¢)), and a; € HY(O(j K¢ + P)).
This calculation shows that

Tl/(TOI“S(Tl)) ™~y (Oc(QKC + P) D Oc(SKC + P) ©---D Oc(NKC + P)) . (4.46)

For later use, note that if we set s = a; = 0 (and add higher order terms), we get an
SU(N + 1) theory with matter localized at the zeros of r. Turning on s corresponds
to partially Higgsing to SU(N). If we use a parabolic Hitchin system to describe the
SU(N + 1) theory, then we will see later that the complex structure deformation given by
s partners with RR moduli and can collectively be described by a parabolic SU(2) Hitchin
system with singularities at the zeros of r.

Returning to our main line of development, we therefore get an exact sequence

0 — Tors (T1) = T = i (Oc(2Kc + P) & Oc(3Kc + P) & - -+ & Oc(nK¢ + P)) — 0.
(4.47)
As a check, we have an SU(N) gauge symmetry with g adjoints and |P| fundamentals.
From our analysis in subsection 3.1, we know that we should find (N? —1)(g — 1) + N|P|
complex structure deformations. We check this against H°(77). From (4.47) we get:

0— H(Tors (T1)) — H(T") = &l ,H*(O(jKc + P)) — 0. (4.48)

But A°(Tors (T1)) = |P|, while h°(O(j K¢ + P)) = (2j —1)(g — 1) + | P| by Riemann-Roch,
and so hO(T1) = |P| + Z;-V:2((2j ~1)(g—1)+|P|) = (N2 —=1)(g — 1) + N|P|, as expected.

Now we turn to the RR moduli for the smoothed system and track their behavior in
the limit where we switch off the smoothing parameters. We will show that a parabolic
Hitchin system emerges from the limiting mixed Hodge structure. For each point p € P
we associate a vector space V), with a flag 0 C W), C V), with dim W,, = 1. The parabolic
Hitchin system allows Higgs fields ® which are meromorphic along P, and whose residues
are nilpotent with respect to the flag. The nilpotency condition assures that the Casimirs
of @ are sections of O(jK¢ + P), which should be compared to (4.48).

In appendix A we present a special example where N = 2. We then compute the
limiting mixed Hodge structure of the degeneration

xy =123 + 522 + t2q, (4.49)

where ¢ € H'(O(2K¢ + P)). As in the conifold case, the limiting mixed Hodge structure
has weights 2, 3, and 4. The weight 2 part is | P|-dimensional. For the Jacobian of Hﬁm, we
get a ((C*)'P | fibration over the Jacobian of the ordinary weight 3 Hodge structure GrsH .
We also see that the contribution of the singularity to J?(GrsHg ) is precisely the fiber
over ¢ € HY(2K¢ + P) of an SU(2) parabolic Hitchin system.

We therefore assert that the local part of the hypermultiplet moduli space in which
the location of the points P are fixed fibers over a parabolic Hitchin system with fibers the
local RR moduli of complex dimension |P|. The |P|-dimensional RR moduli are computed
in appendix A. These RR moduli combine with the |P| complex moduli corresponding to
complex structure deformations moving the points P (i.e. to H(Tors(T!))) to form |P|
quaternionic moduli.
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4.4.1 Example: a local F-theory model

To illustrate the considerations of the previous subsection, we now turn to a local F-theory
model involving a seven-brane wrapping a P! with some number of punctures. Along these
lines, we consider the elliptic Calabi-Yau threefold with base the Hirzebruch surface F,:

v =%+ gian(2)2° + fs(2)2z" + g12(2)2° + gra-n(2)2" (4.50)

where (z,2') are respectively coordinates in the fiber and base of F,,. To get a consistent
F-theory model (i.e. not violate the Calabi-Yau condition after blowing up), we need to
take —12 < n < 12. For additional review, see [57-59] and our later discussion of T-branes
in global models in subsection 6.1.

For our present purposes, the main point is that there is an Fg singularity located at
z = 0 and another one at z = 00.!?2 These are associated with a seven-brane wrapping a
divisor given by a P'. So, without loss of generality, we shall focus on the non-compact
model defined by the equation:

y> =12 + gra4n(2)2". (4.51)

Following up on our previous discussion, we see that there is an associated parabolic Higgs
bundle with poles located at the zeroes of g124,,(2’). In contrast to previous cases where
we could associate these poles with vevs of bifundamental vevs, in the case of an Eg gauge
theory, here these poles are induced by condensing modes of a tensionless string theory
with degrees of freedom localized at these intersection points. This is simply because we
cannot embed our Eg gauge theory in a unitary theory with a bigger simple gauge group.
We can track the behavior of the intermediate Jacobian locally by switching on a lower
order deformation to an E7 singularity:

Y2 =23 + grogn(2) 20 + fapn (223 (4.52)
Let us note that to activate this unfolding, we need to assume that 8 +n > 0. When this
is not satisfied there is no unfolding, i.e. Higgsing, available.

Assuming an unfolding to Ey is possible, we can consider the SU(2) parabolic Hitchin
system in the limit that we switch off the smoothing, i.e. send the coefficient fg,, to zero.
Working in a patch of the P! which contains the zeroes of fs|,, we can describe the T-
brane configuration as a Higgs field taking values in the su(2) factor of the e7 x su(2) C eg
subalgebra with matrix representative:

o 0 f8+n
o = L . ] (4.53)

where the T-brane is reached by sending ¢ — 0. The system therefore contains 8 + n
localized matter fields, corresponding to the number of half hypermultiplets in the 56 of
¢7. To turn the e — 0 limit into a globally well-defined configuration on the compact P!

12The Es at z = oo can be put in standard ADE form by switching to a different affine coordinate patch.
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base wrapped by the seven-brane, we need to also mark the points where gi2, vanishes.
Doing so, we can view the Higgs field as a map:

P F > FEF® K(g12+n) (454)

where K (g12+y) is the bundle of differentials with poles on g194y,.
If @ is nilpotent but nonzero, the methods of [81] exhibit E as an extension of line
bundles
0L '-E—-L-=0 (4.55)

The Higgs field ® is determined by the additional data of a nonzero section
s € HY(P!, K(g124n) ® L™2) as the composition

E—L—L'®K(gam) = E®K(gi2:n). (4.56)

In (4.56), the second map comes from multiplication by s, and the other maps are deduced
from (4.55).

At this stage, it is convenient to further divide the analysis according to whether n is
even or odd, since we are dealing with half hypermultiplets. For n even, there is a natural
choice given by:

L=0((10+n)/2). (4.57)

In this case, the bundle O(K (g12+n)) ® L2 is trivial, so that s and hence ® may be taken
to be nowhere vanishing.

For n odd, we can see that there is a small subtlety, because there is no such line
bundle. Indeed, this is related to the fact that in the six-dimensional effective theory, one
cannot give a vev to a single half hypermultiplet. We can, however, still consider the moduli
space of rank two bundles consistent with our requirements on localized matter and poles.

Now, we can also see that there are 9 + n degrees of freedom for deforming these
bundle (RR) moduli preserving nilpotency. In the case of n even, these are given by the
space of extensions

0— O(—(10+n)/2) = E' - O(10+n)/2) —» 0 (4.58)

which is dual to H?(P!, O(8 +n)). The latter characterization also works for n odd. Now,
if we approach the Eg locus by adding a term e g, (2')2zz> and let € go to zero, that will
constrain the RR moduli to Higgs fields that vanish along f and for which E’ splits as
O(1) ® O(—1) by the above description of extensions.

To summarize, we see that from the perspective of the parabolic Higgs bundle, we
work over a P! with 12 4+ n punctures. At these punctures, we can specify additional
non-normalizable boundary data for the Hitchin system, such as the asymptotic behavior
of the Higgs field and gauge field holonomies. We also have moduli from the positions of
the localized matter, i.e. 9 4+ n such moduli associated with the choice of polynomial fg,.
These are associated with the breaking pattern es — e¢7, i.e. a choice of unfolding in the
generic case. We also see that the extensions in line (4.58) are the 9 + n partners in the
quaternionic Kahler moduli space for the h°(P', O(8 + n)) deformations. Additionally,
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once we fix a choice of background Higgs field and gauge bundle, we have matter fields
localized at the zeroes of fsi,.

Turning next to the characterization in the limiting mixed Hodge structure analysis, we
can see a similar split between the treatment of the moduli associated with g2, and the
moduli associated with fsy,. The moduli associated with the pole data, i.e. the zeroes of
g124n combine to form a 12+ n-dimensional quaternionic Kahler moduli space. Here, these
are associated with the complex structure moduli from moving around the zeroes of gi94n
(which was the data 7' of the SU(NV) example encountered previously) and the limiting
behavior of the weight two part of the intermediate Jacobian J2(H; ). Additionally, we
have the 9 +n moduli associated with the choice of fgi,. Altogether, these combine to fill
out a 21 4+ 2n dimensional quaternionic Kahler moduli space.

The distinction between the contributions to the moduli space from gio4, and fgin
reflected in the filtration of the limiting mixed Hodge structure is naturally reflected in
the mass hierarchies of the physical theory. Indeed, the background values at the zeroes
of gi24n specify a UV cutoff for our local analysis (the background data of the parabolic
Hitchin system), and when we unfold from Eg to E7, we are tilting the stack of Eg seven-
branes. The moduli associated with this breaking pattern correspond to activating a choice
of solution to the parabolic Hitchin system, with boundary data at the zeroes of gi24,. For
a given choice of background, the zeroes of fg;, lead to localized matter fields in the 56
of e7. In our present discussion we have kept the vevs of the localized matter switched off.

Once we recouple to gravity, however, we should really view all contributions to the
moduli space on an equal footing. The reason is that in this limit, the “boundary data” of
the parabolic Higgs bundle is associated with a mass scale which cannot be taken arbitrarily
large, the upper bound being the Planck scale. So more generally, we expect the two
contributions to the quaternionic Kahler moduli space to combine into a single moduli
space of quaternionic dimension 21 + 2n. In fact, we can see how this regrouping has to
work by initiating a further unfolding from F; down to Eg by activating a vev for some
combination of the 56’s of e7. In this case, the local profile of the spectral equation for the
Higgs field in the non-compact geometry O(K ) — C takes the form:

g124n5° + fa4ns + Gon =0 (4.59)

where s is a normal bundle coordinate such that s = 0 is the curve C. This is simply
the spectral equation for an SU(3) parabolic Hitchin system with pole data at the zeroes
of gio4n. At each zero of g1, we have a 27 of ¢g. In the limit where the vevs of the
56 of e are taken to be very large compared to fluctuations in the 27 of ¢g, we see that
this amounts to additional “boundary data” for the system. Indeed, we have the complex
structure moduli associated with deformations of the polynomials gio4, and fgi,, and
the remnants of the three-form potential moduli are now packaged together in the limiting
behavior of the weight two part of J?(H ).

Anticipating our later discussion in section 6, we will later show that the case n = 12
corresponds to the F-theory dual of the standard embedding of the spin connection in an Eg
factor for heterotic strings on a K3 surface. Our treatment in this paper should therefore

also be viewed as generalizing as well as clarifying the heuristic treatment provided in [53].
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5 Defining data in six dimensions

Having identified the geometric remnant of T-brane data, we can now give a more precise
statement on the defining data of an F-theory compactification. For the most part, this
agrees with the operative definition used in the literature, though in singular limits, our
analysis demonstrates that additional care is necessary. In fact, part of the point of this
work is that the local gauge theory provides a clean definition of various singular limits of
the closed string moduli space.

At a practical level, it is typically challenging to start from a fully smooth Xgnin
and then track various degeneration limits. Indeed, in much of the literature on F-theory
compactification, the logical order is actually reversed: one starts from a singular threefold
X and either “unfolds” or “blows up” the singularities of X. There is a fly in the
ointment, though, because T-branes can obstruct such blowups! To properly define an
F-theory compactification on a singular space X, it is therefore necessary to supplement
this geometry by additional physical data.

We propose that in addition to the singular space X, we must also specify some T-brane
data. In the Hitchin system, this is associated with the “discrete flux data” and choice of a
flat connection. In the lift to a IIA / M-theory compactification, this will be captured by a
four-form flux and three-form potential moduli. For smooth X, this data is captured by the
Deligne cohomology of X [56].12 Motivated by our earlier analysis, we shall in fact propose
the local Hitchin system as the limiting behavior of the Deligne cohomology for singular X.

The rest of this section is organized as follows. First, we show that the standard oper-
ation of “blowing up in the fiber” is actually obstructed by T-branes. Then, we turn to our
proposal for how to unambiguously specify an F-theory vacuum on a singular threefold X.

5.1 Obstruction to a blowup

A standard way to understand the gauge symmetry and matter content of F-theory on
a singular threefold X is to consider the dual M-theory compactification and perform a
sequence of blowup operations to a smooth Calabi-Yau X. In this section we show that
the presence of a T-brane can obstruct this sort of blowup operation.

We can see this obstruction by considering the physical origin of the blowup modes
and the T-brane moduli. It is simplest to consider F-theory compactified on S* x X. At
low energies this yields a five-dimensional theory with eight real supercharges. The blowup
parameters then correspond to the vevs of the real scalars in the 5D vector multiplets.
Activating a vev for the vector multiplets moves the theory onto the Coulomb branch,
while activating a vev for the hypermultiplets moves the theory onto the Higgs branch.

Now, the key point is that once we move onto the Higgs branch, we have given a mass
to the vector multiplet. As a consequence, we cannot give a vev to the scalar in the vector
multiplet, and so we cannot activate a blowup mode. Said differently, activating a T-brane
breaks the gauge symmetry, so the vector multiplet has a mass.

13 This defining data is well-known for M-theory compactified on a smooth eight manifold [85, 86].
Y Observations of a similar spirit have been made in the context of Green-Schwarz anomalous U(1)’s in
F-theory [87, 88].
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It is instructive to illustrate this for the four-dimensional effective field theory defined
by wrapping a seven-brane over T2 x C. Then, the superpotential for this system is:

W = iTrg (go . [Xi, )?z]) + Za(p) P q(p)s (5.1)
=1 P

so once we activate a vev for one of the hypermultiplets, we induce a mass term for some
components of ¢, the vector multiplet complex scalar. We can also track the fate of the
previously massless gauge bosons of the vector multiplet. In the dimensional reduction in
the ITA / M-theory descriptions, these gauge bosons come from integrating the three-form
potential along the fiber P! for the resolution. The equation of motion for the three-form
potential is:

(A4D + Ainternal)cf(f}) = 07 (52)

with Ayp the 4D Laplacian, and Ajyternal the Laplacian in the internal directions. So,
upon expanding Cs5 = A4p A Winternal, With A4p the 4D gauge field and wipternal & two-form
dual to the fiber P!, we see that once the gauge boson has picked up a mass, Winternal 15
no longer a harmonic two-form.

Similar considerations hold in the purely geometric context. Indeed, in the limiting
mixed Hodge structure analysis, we can see that at a generic point of complex structure
moduli, there is no singularity to speak of, and so there is no blowup to perform.

5.2 Disambiguation

We now give a proposal for what additional data needs to be attached to a singular threefold
X to unambiguously define the corresponding effective field theory derived from F-theory.

We motivate our proposal by first summarizing the evidence accumulated so far. In
the local models defined by a Hitchin system, the extra data needed to specify the theory
is associated with the remnants of the three-form potential moduli, and the choice of
an abelian flux. In compactifications to four dimensions, such seven-brane fluxes can
be lifted to a corresponding four-form flux G in the resolved geometry. Indeed, taking
T? x X with no T-brane data switched on, we can consider the blowup of some singular
ADE fiber to reach the geometry T2 x X. Then, we can consider the difference of two
four-form fluxes, G; — Go which by quantization needs to be valued in H 4(T2 % X VAR
The main requirement is that integrating the difference G; — Gs over the two-cycle in the
fiber of the ADE singularity descends to the corresponding abelian flux in the Hitchin
system. Observe that for a rank r gauge group, there are precisely r linearly independent
combinations of U(1) generators, and there r homologically distinct P!’s in the ADE fiber.

Now, there are a few potential issues with defining an F-theory compactification in
this way. First of all, since we have already argued that T-branes can obstruct a Kahler
resolution, how can we speak of the geometry T2 x X? The point is that although
there is no Kahler parameter which allows us to perform a blowdown X 5 X , wWe can
still construct the topological space T2 x X , even when a T-brane is switched on. The
construction is simply to delete the singular ADE fibers and replace them with the blown
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up fibers. Since we only need the integrality condition for the difference of two G-fluxes,
this is sufficient for our purposes.'®

The second potential issue is that at least when X is a smooth Calabi-Yau threefold,
it is well-known that the supergravity equations of motion forbid the presence of any
four-form flux. The reason this is bypassed when T-branes are switched on is that we
are working with a singular geometry. Indeed, in the Hitchin system equations of motion,
the flux often balances against the nilpotent Higgs field. Turning the discussion around,
specifying a G-flux in this way gives a necessary and sufficient condition to recognize the
appearance of a T-brane in the geometry.

Finally, in the context of compactifications to four dimensions, there are tight global
consistency conditions related to tadpole cancellation for D3-brane charge. So, we might
expect similar constraints in the six-dimensional case. In fact, we can see that the fluxes
we are activating always descend from a non-abelian gauge group. This means, for
example, that the net amount of five-brane charge induced on a seven-brane is zero, since
Try(F) = 0. On the other hand, we do not know the full list of consistent G-fluxes which
can be switched on. What we can assert is that when we can take a local degeneration
limit X; — X, it is possible to consistently switch on such a G-flux. In fact, we can see
that this flux should loosely be thought of as a (2,2)-form, since it must descend to a
(1,1)-form flux in the Hitchin system.

Putting these remarks together, we propose that in the geometry X , the remnant
of T-brane data is a four-form G-flux, while on the smoothed side X;, the remnant of
T-brane data is the three-form potential moduli valued in the intermediate Jacobian
J(X3). Giving this data is then enough to specify the effective six-dimensional theory of
an F-theory compactification.

Now, as noted in [56], in the case of a smooth Calabi-Yau Xgpin, the (2,2)-flux data and
intermediate Jacobian can actually be packaged in terms of a single mathematical object
known as the Deligne cohomology Hp(Xsmntn, Z(2)) (see appendix B for a brief introduc-
tion). For our current purposes, the main point is that it fits into the short exact sequence:

0 = J?(Xemtn) = Hp(Xamtn, Z(2)) = Ho*(Xamtn) — 0. (5.3)

So we see that Hz (Xgnen, Z(2)) captures both the discrete flux data H;’Q(Xsmth), as well
as the data of the intermediate Jacobian J(Xgntn). Actually, the more precise statement
is that to account for the possibility of half integer shifts in the quantization condition we
should only require that the difference of this flux data across a domain wall is an element
of the Deligne cohomology.

But in the case of a singular manifold X, the usual definition of Deligne cohomology
breaks down. This motivates a conjecture: we propose that the Hitchin system provides
the correct definition of Deligne cohomology in certain singular limits. To see this, we
observe that the Hitchin system data captures both the discrete flux data of the blowdown
X — X as well as the limiting behavior of the RR moduli valued in J(X;) in the limit
t — 0. So in the singular limit, the Hitchin system unifies these two contributions.

5For a recent approach to reading off matter from geometry from a deformation-theoretic perspective,
see [89].
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6 Global models and heterotic duals

In this section we present some global examples of T-brane phenomena. Our strategy will
be to show how to go from the globally defined geometry to a local limit. In particular, we
will explain how to isolate the relevant contributions to the three-form potential moduli of
the dual M-theory / ITA description in taking the local limit of the geometry.

Now, in the global setting we face some additional complications, because it is typi-
cally not possible to globally smooth away all singularities. So, while we can still unfold
some component of the discriminant locus, other components may intersect it. A common
circumstance in F-theory is the collision with additional I; components, which generically
contains various cusps. To deal with these cases, we shall therefore need to show how to iso-
late the relevant contributions to the three-form potential moduli in taking the local limit
of the geometry. Though more technically involved, in principle we can simply carry over
our previous discussion of the theory of limiting mixed Hodge structures to this case as well.

To give some concrete examples of global models with T-branes, we focus on some
simplifying cases where a heterotic dual description exists. In technical terms, the reason
this leads to a simplification is that the task of computing the relevant contributions to
the intermediate Jacobian J(X) reduces to the calculation of the Jacobian J(C) of an
algebraic curve C. This curve C is nothing other than the spectral curve which figures in
both the heterotic string construction of the vector bundle, as well as in the local behavior
of intersecting seven-branes on the F-theory side.

Another benefit of this analysis is that we will be able to see what T-brane data turns
into in the dual heterotic description. As one might expect, this corresponds to situations
where the spectral curve used in the spectral cover construction of bundles on K3 has
become singular.

More striking is that this occurs in a host of rather ordinary and well-known cases!
For example, the standard embedding of the spin connection in an Eg vector bundle is a
perfectly smooth vector bundle which nevertheless has a singular spectral curve [60] (see
also [53]). We provide compact examples along these lines which illustrate various features
of T-brane data and their manifestation in both the F-theory and heterotic descriptions.

The rest of this section is organized as follows. First, we give a brief review of heterotic /
F-theory duality in six dimensions, and show how the elements of the intermediate Jacobian
relevant for T-branes reduce to related questions in the associated spectral curve. After
this, we turn to some examples of T-branes and their heterotic duals.

6.1 Review of 6D heterotic F-theory duality

Since we shall be making heavy use of it later, in this subsection we briefly review some
aspects of the duality in six-dimensions between heterotic strings compactified on a K3
surface and F-theory compactified on a Hirzebruch F,, base. Most checks of this duality
have been performed at generic points in the moduli space. Indeed, we will see that certain
ambiguities crop up in singular limits, and need to be treated with additional care.
Loosely speaking, the six-dimensional duality is obtained by applying fiberwise the
eight-dimensional duality between the Eg x Eg heterotic string on 72 and F-theory on an
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elliptic K3 surface. Fibering over a common P!, we arrive at a K3 surface on the heterotic
side, and on the F-theory side, an elliptically fibered Calabi-Yau threefold with Hirzebruch
surface as the base. We recall that the Hirzebruch surfaces are given for n € Z by a fibration
Pl — Fn — Pl defined by projectivizing the rank 2 bundle Op1 & Op1(n). For physics
applications, we need to restrict to —12 < n < 12. In the heterotic dual description, the
parameter n indicates the number of instantons (12+mn,12 —n) in the Eg X Eg bundle. For
additional details on the proposed duality and numerous previous checks, see e.g. [57-59].

The F-theory threefold, 7 : X — B can be described in minimal Weierstrass form as
v =23+ frtg (6.1)

where f € H'(B,K5"), g € H(F,,, K3%), Kp is the canonical bundle of the base B = F,,.
Introducing affine coordinates (z, 2’) for the fiber and base, respectively, we can perform a
further expansion:

f= Z fsin@—i(2)z" and g= 2912+n(6—j)(2/)zj (6.2)

J

where the sum on 7 and j is over all non-negative degree terms. Here, z = 0 specifies the
base ]P’]%)ase of the Hirzberuch surface degree. The discriminant locus:

A = 4f3 4274 (6.3)

defines a divisor in the Hirzebruch surface, and components of the discriminant locus
indicate the locations of seven-branes in the geometry.

For our present purposes, the primary advantage of this class of examples is the exis-
tence of a globally defined K3 fibration.!0 In a suitable limit of moduli for the Calabi-Yau
metric, the K3 fiber can be split into two “1/2 K3’s”, i.e. del Pezzo nine (dPy) surfaces
where the fiber ]P’%iber asymptotes to a cylinder, i.e a sphere with two punctures. In the
stable degeneration limit, X splits up into the components X = A} U A5, where each X} is
given by a dPy fibration over the base Pllaase. In the dual heterotic description, these two
factors are associated with the two Eg vector bundles.

In the dual heterotic M-theory description [1, 57, 58], the heterotic dilaton is given to
leading order by the expression:

Vol(P}_..)

exp(—2¢net) = W (6.4)

Moreover, we can also recognize the dual heterotic K3 surface. In the middle region of the
cylinder, we can locally approximate the Calabi-Yau threefold as:

P =23+ fg(zl)z4x + 912(2/)26 (6.5)

which for z held fixed defines an elliptically fibered K3 surface in the variables x, v, 2’. In
fact, these middle coefficients should be viewed as defining the moduli of the K3 surface in

SFor a recent proposed extension of heterotic / F-theory duality which does not require a global K3
fibration, see [90].
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the dual heterotic string description:'”

v =ud + fa(Zu+ g12(2), (6.6)

where to make the context clear, we reserve (z,y,z,2') for coordinates in the F-theory
geometry, and (u, v, 2’) for coordinates in the dual heterotic K3.

The other complex structure moduli of equation (6.1) translate to deformations of the
vector bundles Vi, Vs of the two FEg factors. The terms in f and ¢ of respective degrees
less than four and six (i.e. concentrated near z = 0) correspond to moduli for V;, while
the terms of higher degree (i.e. concentrated near z = oo) correspond to moduli for Va. A
quick way to see this is to start from the singular model:

y? = 23 + gron(2)2° 4 f3(2)xzt + g122'25 + gro_n(2)7, (6.7)
and to then unfold by switching on deformations of the singularity near z = 0 and z = oc.
In [57, 58], the further unfolding to a lower singularity was interpreted as dissolving the
small instantons located at the zeroes of gi24,(2") and g12—,(2’) back into smooth vector
bundle moduli.'® As the astute reader will have no doubt noticed, there is an ambiguity
in just specifying the physical system by the singular geometry of equation (6.7), since
T-brane data could be hiding in the discriminant. We return to this in subsection 6.3.1.

6.1.1 The spectral cover construction

Some of the most detailed checks of heterotic / F-theory duality have been performed for
vector bundles produced via the spectral cover construction. Here we shall be interested
in the case of heterotic strings compactified on a K3 surface. As we shall repeatedly stress,
sometimes a singular spectral cover description can correspond to a perfectly smooth
vector bundle.

We are mainly interested in vector bundles on the K3 surface, so for now we simply
reference a vector bundle V with structure group G C Eg. For ease of exposition, we shall
take G = SU(N), though nothing depends on this restriction. Now, for an elliptically
fibered K3 surface, the defining data of the spectral cover consists of a pair (C~’ , L&) where
Cisa compact curve inside of K3, giilven by an r-sheeted cover of the base P!, and Lgisa
rank 1 sheaf defined over the curve C' (See appendix C and [91] for a review). We turn this
into a vector bundle on the elliptic K3 by applying a fiberwise T-duality, i.e. Fourier-Mukai
transform (see e.g. [92, 93]). The number r = rk(V) then corresponds to the rank of the
vector bundle. One can also go the other way, starting from a general vector bundle V and

"There is a slight subtlety with this statement owing to the non-trivial fibration over the base Pi ...
We have 9 + 13 complex coefficients, but we have fixed the locations z = 0 and z = oo, where the two
stacks of branes are located. This means that the total number of moduli is given by 22 — 2 = 20. This
accounts for the 18 complex structure moduli of the heterotic K3, as well as the two complexified Kahler
moduli of the elliptic K3 in the heterotic dual description.

1811 slightly more detail, the idea is that when all unfolding parameters have been switched off, we
should perform a blowup at each intersection of gi24,(2") = 0 with z = 0. These blowups corresponding
to pulling an Mb5-brane off the end of the world nine-brane in the heterotic M-theory description. Similar
considerations hold for the blowups at the intersections of gi2—,(2") = 0 with 2z = co.
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Het/Spectral Cover | F-theory/Global
Def(C) Def(X)

J(C) J(X)

Table 1. Summary of six-dimensional heterotic F-theory duality and moduli matching for smooth
spectral covers. On the heterotic side, we have the deformations of the spectral curve Def(C), and

the Jacobian of the curve, J(C'). On the F-theory side, we have the space Def(X'), which refers
to the space of complex structure deformations of (the resolution of) X, and J(X) refers to the
intermediate Jacobian. Implicit in the definition and the correspondence is the assumption that
all quantities are non-singular.

by applying a Fourier-Mukai transform producing some pair (C~’ , L&), though this may lead
to a singular spectral curve C.

For an SU(N) vector bundle, we can write the associated spectral curve C' as the zero
set [91]:

N-2

C= {ang + asuw +aspwN 34 = 0} (6.8)

ending in anu?’? for N even and ayu™N=3)/2y for N odd. Here, the a; are given as sections:
a; € H'(P', K5 @ O(12 +n)). (6.9)

Anticipating our discussion of the F-theory geometry, we note that a;(2’) specifies a degree
124 n — 2i polynomial in the variable 2’. The class of the curve C is [C] = Nog+ (12+n) f
where g is the class of the zero-section of K3 and f is the fiber class. The two classes
satisfy og- f =1, f- f =0 and 0¢g - 09 = —2. The genus of the spectral curve C follows
from an application of intersection theory:

29(C) = —2N? + 2N (12 +n) + 2 = —2(N? — 1) + 2N¢o(V) = h*(K3,Endo(V))  (6.10)

where the right hand side follows from an index computation. This match is not an
accident, and reflects the fact that the vector bundle moduli space of the N' = 2 theory
appears as a pairing in the degrees of freedom parameterized by deformations of the curve
C, Def(C) with those in its Jacobian, J(C). The space of local deformations is counted
by hﬂ(é, O(Kz)) = g(CN’), while the Jacobian is simply the set of all locally free sheaves
(i.e. line bundles) on C and dimcJ(C) = ¢g(C).

Now, we have already encountered a rather similar pairing in F-theory between
complex deformations of the geometry, and the associated intermediate Jacobian of
the Calabi-Yau threefold. As explained in more detail in appendix C, we can again
track the behavior of this structure in the stable degeneration limit, where the relevant
correspondence now involves the complex deformations and intermediate Jacobian of X,
one of the factors in X = A} UX,. We summarize the correspondence between the relevant
heterotic and F-theory structures in table 1.

Of course, in many cases of interest for physics we cannot expect to remain at a
completely generic point of the moduli space. In these limits, we need to extend the
correspondence of table 1 to cover singular limits as well. From our analysis in earlier
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Figure 2. Depiction of the spectral curve C and some possible degenerations. In the figure,
we illustrate in the case of a three-sheeted cover of a curve C. Possible degenerations include
a non-reduced scheme of length three, as indicated by C — 30 , by a factorization into two
smooth reducible components, as indicated by C— C’1 U Cg, and a factorlzatlon into two reducible
components, one of which is a non-reduced scheme, as indicated by C— 26'{“ U Cs.

sections, we know that such singular limits arise when we turn off smoothing parameters.
In the dual heterotic description, this translates to limiting behavior for the spectral curve,
and there are two basic ways this can occur:

e C becomes reducible, i.e. splits into a collection of factors C—-CiuCyU...
e C becomes a non-reduced scheme, i.e. it contains a factor w™ = 0 for some function w.

In principle, both types of behavior could be present for a given spectral curve. See figure 2
for an illustration of such degenerations.

But in spite of this apparent singular behavior, the resulting heterotic vector bundle
could still be perfectly smooth [60]. Indeed, it is worth noting that there are a wide range
of smooth heterotic bundles on K3 surfaces and Calabi-Yau threefolds that give rise to
singular spectral covers. For example, according to [61], most bundles built via the monad
construction (see also [62-64]) will yield a degenerate spectral cover. An important example
of this type is the tangent bundle on K3 [53, 94]. The extra data that makes it possible to
obtain a smooth bundle under the Fourier-Mukai transform is that for such singular curves,
the Jacobian of C' is no longer a smooth torus and can now contain more exotic rank 1
sheaves. The new types of rank 1 sheaves that can be defined over such singular curves have
been well-studied in the mathematics literature (see e.g. [81, 95-97]). Of course, we should
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expect something like this to occur in the heterotic description, because on the F-theory
side of the duality, these singular limits are correlated with the possibility of T-brane data.

6.2 From J(X) to J(C)

Having reviewed some basic elements of heterotic / F-theory duality, in this subsection we
now show how T-branes fit into this correspondence. One pragmatic reason for carrying
out this detailed match is that in practice it is often far simpler to calculate the limiting
behavior of the Jacobian of a spectral curve compared with the limiting behavior of the
intermediate Jacobian of a Calabi-Yau threefold.

To this end, we first explain how to embed the compact spectral curve Cin X , one
of the dPy fibered components appearing in the stable degeneration limit. Using this,
we show how the data of the intermediate Jacobian filters down to the spectral curve,
and moreover, how to track the singular behavior of the spectral curve. We should note
that for non-singular heterotic / F-theory pairs, this correspondence is by now well
established [57, 58, 91-93] and continues to yield new insights [27, 48, 98]. Our aim is to
track the behavior of this correspondence in various singular limits.

6.2.1 Projectivization

In order to facilitate our analysis, it will prove convenient to switch to a different pre-
sentation of an elliptic curve. As is standard in much of the F-theory literature, up to
now we have presented the elliptic fiber on both the heterotic and F-theory sides of the
correspondence as a weight six hypersurface in the weighted projective space IP’%’QQ). To
avoid unnecessary complications from the orbifold singularities we now consider a presen-
tation of the elliptic fiber in a P? bundle. At the expense of introducing spurious orbifold
singularities, we can of course switch back and forth between these presentations.

Let us now turn to the parametrization of the elliptic fibration, viewed as a P? bundle
over a base curve C' = P%)ase on the heterotic side, and over the base Hirzebruch surface
B =T, on the F-theory side. Along these lines, we introduce the P? bundles:

P=P(Oc® Oc(4) & Oc(6)) (6.11)
for the heterotic configuration, and:
Y =P(Op & Op(—4Kp) ® Og(—6Kp)) (6.12)

for the F-theory configuration. In (6.12), I?B is the log canonical divisor Kp + Dgjye of
the log pair (B, Dglue), where Dgjye is the divisor along which the other component of the
stable degeneration is glued. Then, we can present the heterotic K3 surface as:

VEIW = U3 + fo(2YUW? + g1o(2 ) W3 (6.13)
where (W, U, V) are fiber coordinates:

W e HY(P,0p(€), U e H'(P,0p( +4h)), V € H'(P,0p(¢ +6h)), (6.14)
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where h is a fiber class and & = ¢;(Op(1)). Similar considerations hold for the F-theory
geometry X', where by abuse of notation, we use the fiber coordinates (A, z,y). The context
will be clear when we are using the P? bundle versus P%72,3 bundle fiber coordinates. For
the P? fiber bundle coordinates, we have sections:

AeHY (Y, 0y(€)), 2€ HO(Y, Oy(E+20y+Rn+4)oy)), y€ HO(Y, Op(E+30,+Bn+6)oy)).

(6.15)
and £ = ¢1(Oy(1)). Here, oy is a section of the Hirzebruch surface with o - 0, = —n,
which is where the other component of the stable degeneration will be glued. The E7
singularity is located at a disjoint section, whose class is o3, +no . Introducing homogenous
coordinates (zg, z1) on the fibers of IF,, with z; vanishing on ¢ and zy vanishing on the E7
locus, the F-theory model on X is:

A =23+ (fg+n(z’)z03zl + fg(z’)z04) a2+ (gl2+n(z’)zo521 + gm(z')zoG) A3 (6.16)

In this presentation, the spectral curve also appears somewhat differently. For
example, for an SU(V) vector bundle, we can write, for & = [ N/3] the associated spectral

curve C' as:1?

C = {Ozkg,owk + Oék_17170Wk_1U +...+ 05070,ka =0}, (6.17)

i.e. a general homogeneous polynomial of degree k in (W,U,V). Here, the coefficients
Qg b aTe sections:
ape € HY(PY, O(12 4+ n) @ O(—4b — 6¢)) (6.18)

where a + b+ ¢ = k, as required by homogeneity. Indeed, the general form is deduced by
requiring overall homogeneity of (6.8) after assigning W, U, V' the respective weights 0, 4, 6.

In this presentation, the geometric characterization depends on the value of N mod
3. For N = 3k, there are no further restrictions, while for N = 3k — 1, the same form as
equation (6.8) holds with agoj, = 0, but an explanatory point is needed. Since the zero
section is given by w = u = 0, the spectral equation vanishes on the zero section when
apor = 0. The SU(N) spectral cover is obtained by removing the zero section from the
solution curve of (6.8). Finally, if N = 3k—2, we still have the equation (6.8), but we require
the zero section to be a solution with multiplicity 2, and then remove two copies of the zero
section. This requires the vanishing of g o 1 as well as the coefficient of UVk-1 je. 0, 1,k—1-

6.2.2 Embedding C in X

Having set up our notation, we now proceed to the embedding of the spectral curve C
directly in the F-theory geometry. Using this correspondence, we will be able track the lim-
iting behavior of the intermediate Jacobian for X in terms of the limiting behavior of .J (6’)

Let p : S — P! be an elliptically fibered K3, and V be an Eg bundle on S. Then V
restricts to an Eg bundle on the elliptic fiber E, over any p € P!, and hence gives rise to

D,, a dPy which contains F), as a fiber. Varying p gives rise to a dPy fibration X' — P'. The

YFor k > 3, this representation is not unique, as a multiple of the Weierstrass equation can be freely
added.
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threefold X can be viewed as dPy fibered over P! or elliptically fibered over a Hirzebruch
surface Iy, where co(V) = 12 + n.

Now suppose that the structure group of V can be reduced to SU(N) C Eg.2° Then
for each p € P!, we have that V| g, is an SU(N) bundle on E,, which can be represented
by points p; = pi(p) € E, satisfying ZZ]\L 1 pi(p) = po(p). For additional details, see
appendix C. Varying p, the points p;(s) sweep out the SU(V) spectral cover

Cc s
[} (6.19)
]P>1

On the F-theory side, to each point p;(p) of C, we get a section E;(p) of the dPy
D(p), the fiber of X — P! over p. Thus C parameterizes a family of curves in X.2! The
coincidence of the points py41(p) = -+ = ps(p) = po(p) leads to the conclusion there there
is a curve of singularities in X', located along the zero section Sy C S C X, with Sy ~ P

For clarity of exposition, let us first perform a small resolution of the singularity of
X to get a smooth X. Then C parameterizes a family of curves in X , the pullback of
the family of curves in X to a family of curves in X (recall that the fibers of X — X are
curves). So we get an Abel-Jacobi mapping

J(C) = J(X) (6.20)

whose image is an explicit description of the RR moduli associated with the SU(N) part
of the geometry of X.

But now we can think of elements of J (5) as line bundles on C, which is precisely the
additional data needed to reconstruct V from the {V|g,}, which is all that is determined
by the complex structure of X'. So the Abel-Jacobi mapping gives an explicit description
of heterotic / F-theory duality in this context.

Now, blowing up to get X was really just a crutch, at least as far as the physics is
concerned. In the spirit of the appendices, we can define an Abel-Jacobi mapping

J(C) = J(X), (6.21)
where J(X') denotes the three-form potential moduli of X', which are in principle determined
by a limiting mixed Hodge structure analysis as in the appendices.

This last point can be made more precise if the family of curves in X’ parameterized
by C is disjoint from the singular locus Sy. However, this is typically not the case, since
whenever C' meets Sy at a point po(p), i.e. when p;(p) = po(p) for some i < N, the
corresponding curve F;(p) C X intersects Sp C X. In fact, this apparent complication can
be turned into a virtue. Let

Z=p (5 N So) c P, (6.22)

20The method employed here does not require this restriction and applies in principle. Details are left
for future work.

2'This is the same family of curves found by Aspinwall in an explicit situation using the Mordell-Weil
group [99]. The analysis here holds more generally.
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Now, as we saw in the context of the local models of section 4 and the appendices, the
collection of points Z correspond to the poles of the SU(NN) parabolic Higgs bundle. In
this context, the spectral curve C should be viewed as an abstract cover of the locus C
wrapped by the physical seven-brane. What we have just seen is that Pic(é) should then
be identified with the corresponding fiber of this parabolic Hitchin system.

Let us now show how this construction works for the case of SU(2) spectral covers.
Recall that in section 4, we showed how to see the emergence of a parabolic Higgs bundle
from the geometry of a local curve of singularities. The main idea there was to isolate an
su(2) subalgebra, and perform the corresponding unfolding. Our aim here will be to show
how to recover this description in the compact setting.

Consider the SU(2) spectral cover. Recall that we can describe SU(2) bundles on an
elliptic curve E in terms of points k1, k9 € F such that x; + k9 = 0 in the group law for
E. If FE is a Weierstrass fiber, the origin of the group law is ko = (W, U, V) = (0,0, 1), and
k1 + ko = 0 if and only if kg, k1, and ks are collinear. The coordinates of kg show that
this line must be of the form:

alU + bW = 0. (6.23)

Now varying the fibers, we identify a and b with homogeneous polynomials on C, and
then equation (6.13) shows that the degrees of a and b must differ by 4. In fact, if the
SU(2) bundle V has ¢2(V) = 12 4 n, then globally the equation defining the spectral cover
is of the form:??

fs+nU + gro4nW = 0. (6.24)

1

base Where

The spectral curve C meets Sy (given by X = z = 0) over the points in C =P
fatn =0. Let Z C P!__ be the set of points given by the zeros of g1o.4n.

base

Let us note that the base of an SU(2) parabolic Hitchin system with poles on Z is
HO(Phose, 2K + Z) o2 HY (P, O(—4 4+ n+ 12)) = H*(O(n + 8)), (6.25)

corresponding precisely to the moduli of fgy, in (6.24). The spectral cover (6.24) is
isomorphic to the Hitchin spectral cover as can be seen by comparing branch points. The
moduli of g,412 are precisely the complex structure part of the quaternionic moduli in
the hypermultiplet space which are the fibers over the parabolic Hitchin system. We will
return to this explicitly below.

We now describe the F-theory dual corresponding to unfolding Eg to E7. Returning
to our general discussion near equation (6.12), we consider projective fiber coordinates so
that the associated F-theory model on X is:

YA =2 + (fsrn(2)20° 21 + f3(2)20") oA + (91240 (2)20°21 + g12(2)20%) A* (6.26)
We now consider a slight modification of equation (6.24):

fsan(2)x + graan(2)A2E = 0. (6.27)

#2We are not claiming that the spectral cover is a complete intersection of (6.13) and (6.24). In fact both

of these equations vanish on the zero section U = W = 0. The complete intersection has two components,
one of which is the zero section, the other one being the spectral cover.
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The equations (6.26) and (6.27) both contain the zero section. As with the spectral cover,
the complete intersection of (6.26) and (6.27) contains the zero section, and another
component, which we call S.

We claim that the surface S is ruled by a family of (rational) curves which are sections
of X over the fibers of [F,,, and that the parameter space for these curves is precisely the
heterotic spectral cover.2? To see this, let (Ao, 2, ¥o) be the coordinates of a point p of the
spectral cover lying over a point p € C, i.e. satisfying (6.13) and (6.24). Then the point
(Ao, 70202, Yoz0®) satisfies (6.26) and (6.27). We verify this by rewriting (6.26) as

YA = (2% + fez0"aA® + g1220°A%) + 20821 A% (frgs® + gna12A20%) - (6.28)

Then (6.27) vanishes at (Ao, Z020%, 3020°) because (6.24) vanishes at (X, zo, o), and the
indicated regrouping shows (6.26) vanishes at (Ao, 20202, 5020°) because of the vanishing
of (6.13) and (6.24) at (Ao, %o, y0). Now 2o — (Ao, 20202, Y020°) parameterizes a curve Cp,
which is visibly a section of X over the Hirzebruch fiber over p (which is parameterized by
20). This completes the proof of the claim.

6.3 Examples

Having illustrated the general map from the Jacobian of the spectral curve to the
intermediate Jacobian of the F-theory geometry, we now turn to several examples which
illustrate different types of T-brane phenomena. First, we present some examples based
on a spectral curve which is a non-reduced scheme, and we then present an example where
the spectral curve is reducible.

6.3.1 Standard embedding versus small instantons

A rather striking example of T-brane phenomena in the heterotic string already occurs for
V = Tks, i.e. the standard embedding of the spin connection in one of the Eg factors [60, 94].
This corresponds to a rank two vector bundle with c3(V) = 24. A helpful feature of the
standard embedding is that the heterotic anomaly constraint is automatically satisfied.

In the general spirit of our approach, we work at a generic point in the moduli space,
and then show how T-brane data arises at some singular loci in the spectral cover construc-
tion. To this end, first consider heterotic strings on K3, in the presence of a rank two vector
bundle with instanton number 24 which breaks one of the Eg factors to the commutant
subgroup E7. The hypermultiplet matter is completely fixed by the topological condition
c2(V) = 24 and consists of the following quaternionic degrees of freedom:

H'(Tk3) = 20 (singlets corresponding to the deformations of the K3 surface) (6.29)
H'(V) = 20 (charged-matter fields: 1/2 hypers in the 56 of Ey) (6.30)
H'(Endy(V)) = 90 SU(2) (bundle moduli: 1/2 hypers which are singlets of F7) (6.31)

A generic SU(2) bundle of this type can be described via the two-sheeted spectral cover:

g2a (2" )w? + foo(2)u =0 (6.32)

23 This assertion may be viewed as a concrete verification of a general claim made in appendix C.1.
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where we view the heterotic K3 as embedded in a IP)%Q,?)—bundle over the base curve C.
Viewing the heterotic K3 as embedded in a P?%-bundle over C, we can also write:

921(2" )W + foo(2")U =0 (6.33)

where we recall our convention that the spectral cover is obtained by removing the zero
section. For later use, note that the Weierstrass equation shows that W = 0 defines the
zero section with multiplicity 3, since substituting W = 0 into the Weierstrass equation
forces U = 0.

A surprise arises, however, in the case of the standard embedding. Recall that this is
given by the tangent bundle of K3, i.e. we embed the spin connection of K3 in one of the Eg
factors. As was demonstrated in [60], performing a Fourier-Mukai transform on the tangent
bundle of the K3 surface, the spectral equation takes a very particular and singular form:

g (2 )w? = 0. (6.34)

Here, g0y € HO(IP’1

base’
equivalently the coefficient oy, 9o appearing in equation (6.17).

O(24)), it is the coefficient ag appearing in equation (6.8), or

This defines a spectral curve which is both a non-reduced scheme, and reducible. It
is reducible since it is the union of the base P! (given by w = 0 in K3), and 24 vertical
components given by the zeros of go4. In fact, for the tangent bundle the 24 fibers
appearing in the spectral cover are the 24 singular I; fibers of the K3 [60, 92]. It is
non-reduced because w? = 0. Equivalently, since W = 0 contains the zero section with
multiplicity 3 and we have removed one copy of the zero section, we see that gos(2')W =0
contains the zero section with multiplicity 2.

The spectral data in (6.34) appears degenerate and indeed, is exactly what would be
expected from one very singular point in bundle moduli space: the limit in which the SU(2)
bundle is dissolved into 24 point-like instantons on K3 [60, 94]. Indeed, if the location of
the instantons is given by the zeros of g4, the Fourier-Mukai transform of @fillr yields
exactly the vertical (I; fiber) components of (6.34).

But how is it that one spectral cover can describe two very different gauge config-
urations, one of which corresponds to highly non-perturbative physics and tensionless
strings? A resolution to this puzzle was proposed in [60] by considering the values of the
three-form potential moduli. More precisely, non-zero vevs for the three-form potential
moduli prevent the effective theory of the standard embedding from approaching the
singular small-instanton limit.

As we can see from table 1, the remnants of the three-form potential moduli in the
dual M-theory description arise in the heterotic geometry via the rank 1 sheaves, L5
over the spectral cover. In the case of a non-reduced spectral cover, the Jacobian of this
degenerate curve can have multiple, disjoint components. It is this extra geometric data in
J (6’) which guarantees that the singular spectral curve still gives rise to a smooth bundle
(in this case Tk3) under the Fourier-Mukai transform.

More explicitly, it was pointed out in [81] that the Jacobian J(C) of a non-reduced
curve could contain rank 1 sheaves with exotic origins. In particular, if C' is a smooth
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curve of genus g > 2 and V¢ a vector bundle of rank n and degree k + (n? —n)(1 — g) on
C', then Vo may also be viewed as coherent, rank 1 sheaf, Vo = Ly, on the non-reduced
curve nC'. As we will see below, it is exactly such rank 1 sheaves (the remnants of higher
rank bundles on the base curve) which appear in non-reduced heterotic spectral covers
and can explain mysteries like the one above.?*

For the tangent bundle, the spectral sheaf, L is characterized by the fact that Tks|e,
the restriction to the elliptic fiber, generically does not split as a sum of two line bundles

Or @ O, but instead the non-trivial extension
0—>OE—>TK3‘E—)OE—>0 (6.35)

while the 24 point-like instantons trivially decompose.

Likewise, for the instantons, the spectral sheaf trivializes (see section 3.3 of [60]). In
contrast, for the tangent bundle, the sheaf over the spectral cover is indecomposable. As
explained in [53], the rank one sheaf L& on the non-reduced and reducible curve can be
defined via the following short exact sequences:

0— i, TP = Ly — K — 0 (6.36)
24

0= 0os +K—i.TP' -0 (6.37)
=1

where ¢ imbeds the zero section into K3. This rank 1 sheaf then is defined via line bundles
over each of the 24 vertical fibers as well as a rank 1 sheaf over the double cover of P!. At
each of the 24 points of intersection we must define non-trivial extensions of the form given
in (6.36). This “gluing data” identifies the sheaves at each point of intersection. As was
shown in [53], the gluing data at the 24 points of intersection are not all independent. In
fact, only 21 degrees of freedom are sufficient to specify the non-trivial extensions defining
the spectral sheaf, L. These gluing vevs, together with the choice of 24 line bundles on
the singular fibers give rise to the 45 degrees of freedom in the Jacobian of the singular
curve in (6.34).

Having given a detailed discussion of the heterotic string side of the story, let us
now turn to the dual F-theory description. Here, we have the Hirzebruch base F,,, where
n = 12 as required by the value of the instanton number in the heterotic description. The
associated Weierstrass model is:

=23+ 924(,2/),25 + fg(z'):cz4 + 912(2’/)26 + g0z7. (6.38)

In this case, the coefficient multiplying 27 is a constant, reflecting the fact that one of the
FEg factors is frozen to a “non-Higgsable” Eg factor. On the other Fg factor, however, we
see a high degree coefficient, reflecting the fact that there are many moduli available to
unfold the singularity.

Now, the important point for our present discussion is that equation (6.38) could refer
to two completely different vacua. In the heterotic dual description, these two vacua are
the standard embedding and the limit of small instantons.

24¥or other work on Jacobians of non-reduced curves (frequently called “ribbons”) see for example [100].
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To illustrate, consider first the small instanton limit. As proposed in [57, 58] one
can consider blowing up in the base the 24 points where the zeroes of g24(2’) and z = 0
intersect. In the dual heterotic M-theory dual description, these blowups correspond to
pulling the M5-branes off of the Eg wall, and moving them into the bulk. The distance of
each Mb-brane from the wall corresponds to the size of the Kéahler resolution parameter.
After performing these blowups in the base, we reach a new F-theory model, with base B
such that hl’l(é) = hb1(B) + 24. These blowup modes correspond to additional tensor
multiplets in the six-dimensional supergravity theory. After blowing up the Fg singularities,
we reach the “Coulomb branch” of the theory.

Now, we can go back to the origin of the Coulomb branch by blowing down all the
Kahler classes, which in the dual heterotic M-theory description includes moving all the
Mb5-branes back to the Eg wall. At this point, we can dissolve the small instantons back
into smooth vector bundles, moving onto the Higgs branch. However, only some of these
moduli will show up as complex deformations of equation (6.38), with the rest captured
by the three-form potential moduli.

Returning to our general discussion in subsection 4.4.1, we saw there that locally, the
dynamics of the gauge theory are controlled by a parabolic Higgs bundle with pole data
localized at the zeroes of go4. These poles should be viewed as specifying background vevs
for modes in a tensionless string theory with degrees of freedom charged under the FEjg
gauge theory. We can next perform a smoothing to an E7 singularity:

g2 = 2P + foo(2)22® + goa(2)2° + fa(2)z2t + g1a(2) 20 + 902" (6.39)

Then as expected, the T-brane moduli are captured by the SU(2) parabolic Higgs bundle,
with poles at the locus @ = {g24a = 0} N {z = 0}. The 21-dimensional space of non-trivial
extensions:

0—0O(-11) - E—0O(11) = 0 (6.40)

which pair with H°(P!, O(20)) to form a hypermultiplet are dual to the heterotic degrees
of freedom in the Jacobian given in (6.36).

To summarize our discussion, we can see that in the correspondence between the het-
erotic / F-theory pairs, the deformations of the spectral curve C agree with the appropriate
deformations of X'. However, we can also see that the behavior of the Jacobian J (6) ex-
hibits more structure in the singular limit, and that this is matched by the degeneration
of the limiting behavior of the intermediate Jacobian J(&X'). Indeed, the 24 vertical com-
ponents of the spectral curve associated with small instantons correspond in the F-theory
description to the location of the poles of the Higgs field, which is the point set Z of (6.22).
In the limiting mixed Hodge structure analysis, this corresponds to the weight two part
of the mixed Hodge structure, associated with J2(Hj ). The moduli of the intermediate
Jacobian correspond to choices of line bundles on the nonreduced scheme of multiplicity 2
which arises as the spectral cover associated to the origin in the base of the corresponding
parabolic Hitchin system. Moreover, the 20 locations of gluing data in the spectral cover
simply translate to the limiting behavior of the three-form potential moduli, just as we
already observed in the local configurations of subsection 4.4.1.
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It is also instructive to compare this with the structure of the hypermultiplet moduli
space in the heterotic string description. There, all of the 45 moduli are on an equal footing,
even though in the parabolic Higgs bundle there is a natural split between the “boundary
data” fixed at the zeroes of go4, and the dynamical moduli associated with fog. As we ob-
served at the end of section 4.4.1, once we move away from the decoupling limit of the seven-
brane gauge theory by recoupling to gravity, these moduli get put back on an equal footing.

There are some clear generalizations of our analysis. For example, we can see that
similar phenomena will arise for other choices of instanton numbers, i.e. choices of n.
Additionally, it is worth pointing out that in making the heterotic / F-theory comparison
above, we have focused on rank 2 heterotic bundles. It is equally possible to consider higher
rank bundles with degenerate spectral covers. For example, if we include another copy of
the zero section, W = U = 0 in the definition of the spectral cover given in (6.34) and
compare the F-theory geometry given in (6.38) with a heterotic spectral cover of the form

gaa (2 YW =0, (6.41)

we have the union of the zero section with multiplicity 3 with the fibers located over the
zeros of gog. In the equivalent presentation with fiber coordinates (w,u,v) for IP’%’QB, this
would read as:

goa (2w = 0. (6.42)

In this case, once again it is possible for the degenerate spectral cover to be have a smooth
SU(3) bundle as its Fourier-Mukai transform. The Jacobian of the non-reduced curve
would lead to an additional 19 degrees of freedom, corresponding in the dual F-theory
geometry to the three-form potential moduli partners of the smoothing parameters ¢ig2%x
in the Weierstrass equation. See appendix C.2 for further details of such SU(3) examples.

Similar degenerate spectral covers can correspond to smooth, higher rank vector
bundles. For example, given an su(N) C eg subalgebra, we can produce an N-sheeted
spectral cover with degenerate spectral equation:

graanw’ =0 (6.43)

This would likewise give rise to a rich possible structure of rank 1 sheaves on C. In
this case, some choice of smoothing, connected with a choice of limiting behavior for
the three-form potential moduli would again differentiate between small instantons and
specific smooth SU(N) bundles.

The above example clearly illustrates one important lesson in heterotic / F-theory
duality: in considering a degenerate spectral cover and its F-theory dual, we must first
decide what F-theory smoothing deformation, or equivalently, heterotic bundle moduli
space, we want to compare. We have already encountered this ambiguity in section 4 and
appendix A.4. This freedom is precisely the choice of smoothing that must be included to
fix the limiting mixed Hodge structures and define the emergent parabolic Hitchin system.

6.3.2 Reducible spectral covers

T-brane data can also arise when the spectral curve becomes reducible, i.e. factors into two
or more components. Here we focus on the case where the spectral curve factors into two
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components C = C1UCs. Now, the naive expectation would be that since the spectral cover
splits into two components, so does the vector bundle, V' — V1 @& Vs, From the point of view
of the moduli space of properly slope-stable sheaves [101], a poly-stable bundle V; &V, would
correspond to a singular point, at which we would expect an enhancement of symmetry in
the heterotic effective theory, and possibly additional light states (see e.g. [102-104]).
However, such a splitting of the bundle only occurs if the full data of the spectral
cover is reducible. That is, it is not enough to consider just the split form of the spectral
cover C. To illustrate, consider an SU(N) bundle, V, and its characterization as a spectral
cover. This will be captured by a pair (5 , Lé). For this to become a direct sum V; & Vs of
stable bundles with ¢; (V1) = —c1(V2) and rk(V1) + rk(V2) = N, the spectral cover must
become reduced, i.e. we need to have two independent pairs (C’l, 5, ) and (Cg, 5,)- S0 in
other words, in addition to the condition that C degenerates to two components C’l U C’g,
to get a reducible bundle we must also demand that the rank one sheaf Lz splits up as a
direct sum. More generally, all we can say is that we have a pair (Cl U Cg,
L

&.uG,) Where

GGy is some rank one sheaf with support on C1 U Cs.
As should now be clear, it is possible to have a reducible spectral curve C — 61 U C~’2,

but an irreducible vector bundle V. This will occur whenever the rank one sheaf LC UG

does not trivialize at the intersection points {p;} = C1 N Cy. Indeed, to define L&oé,

must, for each point p € C1 N Cs choose an isomorphism ¢ : L lp — Lg, |p- The map gi) is

referred to as the “gluing data” and the triple, (Lé17 Lg,, ¢) determines the line bundle L.

Schematically, we can describe the bundle V over the whole K3 by considering D =

7 1(x(C; N Cy)) (the collection of points viewed now as points in K3), and the short
exact sequence

0=->V—-Va&V—-T—=0 (6.44)

where 7T is a torsion sheaf supported at the points p € D. In the case that 7 = (V1)|p =
(V1)|p the bundle V splits as V — Vi & Va(—D) (where the sum has now been modified
by the familiar dualizing sheaf). Thus, in order for the bundle to decompose as a direct
sum globally, we must not only describe the factorization of the spectral cover, but also the
gluing data and the decomposition of the line bundles over Ci and Cs. Returning to our
discussion near equation (6.10), we can see that these extra moduli are accounted for by
the intersection points. Indeed, applying the intersection theoretic genus formula, we learn:

9(C) = g(C1) + g(Cy) + Cy - Co + 1., (6.45)

Since the genus tracks the complex dimension of the Jacobian, we see that roughly speaking,
the intersection points make up the additional degrees of freedom for the gluing data.

We now turn to a specific example. On the heterotic side, we consider an SU(4) vector
bundle which initiates a breaking pattern in the second factor of s0(10) x su(4) C eg. For
generic bundle valued moduli, this will leave us with an so(10) gauge symmetry factor.
By tuning the vector bundle moduli, we can reach a spectral curve which factorizes, and
so would naively correspond to a breaking pattern so(12) x s0(4) C ¢s. However, once we
include the gluing data, we will be able to see that in spite of the reducible form of the
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spectral curve this could still be a perfectly smooth SU(4) vector bundle. In other words,
further tuning must be specified to get a reducible bundle. We then turn to the F-theory
description of these models, where the appearance of the gluing data is reflected in the
choice of a T-brane configuration.

Consider first the heterotic side of the correspondence. We construct a smooth vector
bundle with structure group SU(4) via the four-sheeted spectral cover of CP!. In this and
more involved cases, it proves convenient to adopt the presentation with fiber coordinates
(W,U, V) for a P? bundle. The spectral curve can then be written as:

G124 W? + fsinUW + qopn VW + hyyU? = 0, (6.46)

where the subscripts on g194n, f84+n, ¢6+n and hyqy, indicate their degrees viewed as polyno-

mials in the coordinate 2’ of P} Recalling our discussion near the end of subsection 6.2.1,

base*
since N = 3k — 2 with £ = 2, here we have removed two copies of the zero section which
in turn requires the vanishing of V2 and UV. For the sake of comparison, we also give the

spectral curve in a presentation with fiber coordinates (w,u,v) for a Pi% bundle:
Gro4nwt + fapnuw? + gornvw + hapnu® =0, (6.47)

In what follows, however, we shall stick to the P?-bundle presentation.

Applying Fourier-Mukai to the pair (5,L5), we get a rank 4 bundle of instanton
number c2(V) = 12+ n, leaving us with an unbroken s0(10) C eg subalgebra. Now, we next
consider a specific limit where the curve factorizes. We arrange this by switching off ¢gn,

and setting gio4n = QayrVstn—r, fstn = Brystn—r + ir041n—r and hayn = Br044pn—r, for
some 7. The equation for the spectral curve then factors as:

(a4+7‘W + ﬁrU)(78+n—rW + 54+n—rU) =0 (648)

to two components C = C~’1 U 62.

We might be tempted to say from this reducible curve alone that the resulting
heterotic theory has gauge symmetry SO(12) (see [59] for such a heterotic / F-theory
pair). However, by careful choices of line bundle L& on the spectral cover it is possible
for the bundle V' to be a smooth, indecomposable bundle with either an SU(4) or SO(5)
structure group, leading to SO(10) or SO(11) theories.

Next, let us explain how this shows up in the case of the dual F-theory description.
Following the general outline in earlier sections, we first give the Hitchin-like system
description, and then turn to the global model. Our interest is in the unfolding of the

su(4) factor in the decomposition s0(10) x su(4) C eg. It is therefore enough to focus on an

1

base With punctures. The punctures are specified

su(4) Hitchin system on the curve C' =P
by the zero set g124+,,(2') = 0 on the curve, and indicate the existence of possible poles and
delta function supported fluxes.

We first take a pair of independent SU(2) Higgs bundles, and then explain how to
glue them back together. Along these lines, we introduce two SU(2) bundles F; and Es,

and two Higgs fields:

P FE > LK (Oé4+r) (649)
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Dy By — Fy R K (78+n7r) , (650)

where K (ay4,) corresponds to the sheaf of differentials with a pole along ay4, = 0, with
similar notation for K (y84n—r). We can now start to construct much more general SU(4)
Higgs bundles:

® : Esy) — Esu) @ K(g124n) (6.51)

by taking extensions of the parabolic Higgs bundles for the SU(2) case. This corresponds
to gluing the two factors back together.

Our primary interest is in those cases where this gluing retains the original form of the
reducible spectral curve. To do this, we first begin with the construction of the bundles
E;, viewed as appropriate extensions:

0= L' = E — L =0 (6.52)
0— Lyt — Ey — Ly — 0, (6.53)

where the line bundles L; are chosen so as to satisfy the analogue of the degree requirements
seen on the heterotic side for equation (6.48), i.e.:

L=K;,"©0(r/2) and Ly=K.'"?@0(4+n-r)/2). (6.54)

Here, we assume that all degrees are integers, though the count of the number of moduli
associated with these extensions holds more generally.

To produce a more general SU(4) bundle, we can then perform a further gluing by
activating some choice of vevs for the localized matter trapped at the zeroes of 3, and
044n—r- So in other words, we can pick a non-trivial extension in either Extl(El, Esy) or
alternatively in Ext!(F,, ;). In these cases, we can retain the condition of T-brane data
which remains hidden from the spectral equation. To give an example of this type, we
could consider, in some local patch of C, the Higgs field:

0 Br/cuasr Tio4n/g124n 0
€ 0 0 —T
P — 1 IO-H’L/ng—l-n . (655)
0 €2 0 54+n—r/’78+n—7“
0 0 €3 0

where notation is as in equation (6.48), and Tio+, € H°(P',O(10 + n)). The degree is
fixed by the condition of homogeneity in the spectral equation:

graindet (s — @) = (aurrs® —18r) (V8 rnr5° —€3041n—r)+e2 (€3 — €1) 8Ti04n = 0. (6.56)

When g9 = 0, the moduli associated with 1191, do not appear at all. Of course, following
our previous discussion, we can track these moduli by first working at generic values of
€9, and then passing to a singular limit.

Now we turn to the F-theory realization of these configurations. We first consider the
case of the smooth spectral cover, as described by equation (6.47). Using the fact that we
can embed C in X , we can write the threefold X as:

i = (:B3 + fawz*A? + 91226)\3) +2zA (g12+nz4)\2 + fanZZ® X+ Qo pnzy\ + h4+nx2) (6.57)
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where (A, z,y) are fiber coordinates for a P? bundle. So, we see as in earlier cases that
we get a surface in the F-theory geometry ruled by a family of (rational) curves which are
sections of X over the fibers of F,,. In this presentation, we have grouped the terms into
two contributions to reflect their different roles in the duality. If the second term had been
switched off, we would be describing the equation for the heterotic K3 surface. With the
second term switched on, we can clearly identify the contribution from the spectral equa-
tion. To put this in minimal Weierstrass form, we would need to complete the square in z.

Next, consider the case where we tune the moduli of the spectral equation, as in
equation (6.48). In this case, the model for X becomes:

Y2\ = (x3 + fexztA? + 91226)\3) + z)\(a4+rzz)\ + ﬁrm)('ngrn_,,«z?/\ + d44n—az). (6.58)

To track the behavior the behavior of the intermediate Jacobian in this limit, we can now
blow up the SO(10) factor, and see what happens as gg4, — 0 and the other components
of the spectral cover factorize. Since we have essentially reduced the problem to a more
involved example along the same lines considered in section 4, we see that the remnants of
the three-form potential moduli descend to T-brane data of the local SU(4) Hitchin system
on the curve C with punctures at the zeroes of gio4,.

7 Conclusions

In F-theory, the interplay between open and closed string degrees of freedom provides a vast
generalization of perturbative IIB vacua. T-branes correspond to a class of non-abelian
bound states which are straightforward to construct in the open string description, but are
surprisingly subtle to identify in the closed string moduli. In this paper we have argued that
the geometric remnants of T-brane data are, in the dual M-theory description, associated
with periods of the M-theory three-form potential. To track this data in a singular limit,
we have applied the theory of limiting mixed Hodge structures, showing in particular how
it directly points to the emergence of an associated Hitchin system coupled to defects.

While the structure of the hypermultiplet moduli space (pairing complex structure de-
grees of freedom with RR-moduli ) has long been understood in six-dimensional compactifi-
cations of F-theory in the case of smooth resolutions of Calabi-Yau threefolds, the degrees of
freedom in singular limits of the geometry have remained largely unexplored. In this paper
we have investigated for the first time the definition and structure of this moduli space in the
singular limit, including singular Calabi-Yau geometries which admit no Kéahler resolution.

We have found that a generalization of the results of [77] to the compact setting pro-
vides a remarkable new tool in this study. The periods of the three-form potential valued in
the intermediate Jacobian of Xgn can be tracked in singular limits using the theory of lim-
iting mixed Hodge structures and lead to an emergent Hitchin-like system coupled to defects
on the discriminant locus of Xg;,s. Our results concretely link the degrees of freedom in
local/global F-theory compactifications and can also be non-trivially verified in the case of
theories with heterotic duals (corresponding to singular/degenerate spectral covers). This
work provides not only a (singular) geometric description of the notion of T-branes [51-53],
but also resolves a number of outstanding puzzles in heterotic/F-theory duality [60].
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To unambiguously characterize an F-theory compactification on a singular threefold
X, we have found that it is necessary to include additional discrete “flux” and continuous
“three-form potential moduli”. This data is a natural generalization of Deligne cohomology
to the case of a singular threefold. We have provided some explicit checks of our proposal
in the case of compact models, finding agreement with the heterotic dual description,
when it exists. In the remainder of this section we discuss some potential avenues of future
investigation.

Our strategy in this paper has been to study deformations of the closed string sector
to track the remnant of T-branes in geometry. In this sense, all of the branches of T-brane
vacua discussed in this paper fit within known (albeit singular limits of) geometric phases
of F-theory, in accord with the classification results given in [105]. From the perspective of
the six-dimensional effective field theory, however, this is not strictly necessary. It would
be interesting to study possible T-brane solutions which do not have a geometric remnant.
Such vacua would correspond to new, non-geometric phases of F-theory.

Clearly it would be important to extend our considerations to four-dimensional super-
symmetric F-theory vacua. In this setting, we have a theory with four real supercharges, so
we should not expect the intermediate Jacobian to fill out half the degrees of freedom of a
quaternionic Kahler moduli space, as would happen in a theory with eight real supercharges.
Even so, the intermediate Jacobian will still fiber over the space of complex deformations, so
the general theory of limiting mixed Hodge structures still enables us to study the limiting
behavior of the three-form potential moduli in this setting. Based on this, it is reasonable
to propose that the geometric remnant of T-brane data in a smooth four-fold is captured by
the Deligne cohomology, and that in the limit where we degenerate to a singular component
of the discriminant locus, the Vafa-Witten theory (see e.g. [2, 47, 106]) coupled to defects
and pointlike Yukawas fills in the remnants of the three-form potential moduli and flux.
What this means is that the results of this paper should persist to four-dimensional vacua,
but will need to be further restricted by compatability conditions associated with superpo-
tential obstructions. It would be quite interesting to explore these details in future work.
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A Limits of the intermediate Jacobian

In this appendix we review some basic features of the intermediate Jacobian for X a Calabi-
Yau threefold. We shall be particularly interested in how to make sense of this structure
in limits where X develops singularities, since this is where T-brane data can hide.

To begin, let X be a smooth compact Kéahler threefold. Then the real dimension of
H39(X) 4+ H*!(X) is the same as the rank of H3(X). The map

¢ Hy(X,Z) — (H**(X) —I—HQ’I(X))*, oY)t w /w (A1)
ol

is easily seen to map H3(X,Z) to a full rank lattice in (H>°(X)+ H?1(X))*. The quotient
J(X) = (H*"(X)+ H>'(X))" /H*(X,Z), (A.2)

is a complex torus, the intermediate Jacobian of X. The intermediate Jacobian is not an
Abelian variety if H>%(X) # 0, so in particular, it is not an abelian variety when X is
Calabi-Yau. The intermediate Jacobian varies holomorphically in X. When we are only
concerned with the real structure of J(X), we will sometimes write it more simply as
J(X) = H3X,R)/H3(X,Z).

If X becomes singular, the intermediate Jacobian need not be defined. We can,
however, still sometimes make sense of a limit of intermediate Jacobians. Our plan in
the remainder of this appendix will be to explain how to track this behavior. To this
end, we first review some background on mixed Hodge structures. Then, we show how to
apply this in some simple examples. In the cases of primary interest for applications to
F-theory, this prescription becomes incomplete, and is supplemented by the emergence of
a Hitchin-like system.

A.1 Background on mixed Hodge structures

In preparation for our later discussion, we now give some background details on mixed
Hodge structures. See also [42] for additional discussion on applications to F-theory.
We recall that a Hodge Structure of weight k consists of the following data:

e A finitely generated abelian group Hy,
e A decreasing filtration F'®* on Hc = Hz @ C
The filtration is required to satisfy
FP N Fk=ptl = (. (A.3)

The filtration F*® is called the Hodge filtration. The prototypical example is H*(X), where
X is a compact Kéhler manifold. We put Hz = H*(X,Z) and

FPHM(X,C) = @ H* 7 (X). (A.4)

'>p
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The Hodge decomposition of X can then be recovered from the Hodge filtration by
HPY(X) = FPNFa. (A.5)

The Hodge filtration varies holomorphically in families, while the Hodge decomposition
does not. An element of HP4(X) is said to have Hodge type (p,q).

There is a natural space of Hodge structures, which is not compact. In order to study
limits of Hodge structures, we will need a more general notion. A mized Hodge structure
consists of

e A finitely generated abelian group Hy,
e An increasing filtration W, on Hg = Hz ® Q, called the weight filtration
e A decreasing filtration F'®* on H¢e = He ® C, called the Hodge filtration

Let Gr}’v = Wy/Wy_1, which is obtained from the finitely generated abelian group
(Gr)¥)z = (Hz N Wy)/(Hz N Wy_1) by tensoring with Q. Furthermore, F'* induces
decreasing filtrations F'*(Gr}” ® C). The data (Gr}" )¢, F*(Gr)’ @ C) is required to be a
Hodge structure of weight ¢ for each £.

Now, we can associate generalized Jacobians to any mixed Hodge structure:

JP(Hz, F*,W,) = FP\ (Hz, ® C) /Hy,. (A.6)

This generalized Jacobian does not depend on the weight filtration. These generalized Jaco-
bians are functorial in the sense that we can define natural categories of mixed Hodge struc-
tures and of generalized Jacobians. Observe that if X is a compact Kahler threefold, then
J? of the usual Hodge structure on H3(X) is just the usual intermediate Jacobian J(X):

J? = (H*(X) + H*' (X)) \H*(X,C)/H*(X,Z). (A7)

Note that by Poincaré duality, we can write (H>°(X) + H>Y(X))\H?*(X,C) =~
(H*(X) & H>1(X))*.

A.2 Limiting mixed Hodge structure

We review the limiting Mixed Hodge Structure of a semistable degeneration 7w : X — A,
where X and X; = 7~ !(t) are smooth for ¢ # 0, while Xy = Y3 U...UY, is a union of
smooth normal crossings divisors Y;.

The cohomology groups H*(X;, A) for t # 0 form the fibers of local systems Hffl over A*
for A =7,Q, or C. The Hodge filtrations on H*(X;, C) give rise to a decreasing filtration
F* of the vector bundle 7-[{6 ® Oa+ on A* by subbundles. The local system gives rise to a
flat connection V on ’Hé ® Oa+, which obeys Griffiths transversality: VF? C FP~1 @ QL..
This is the prototypical example of a variation of Hodge structure.

We would like to take the limit of the Hodge filtration as ¢ — 0, but monodromy
can prevents us from doing so. Instead, we pull back to the universal cover where we
can disentangle the monodromy. Let H be the upper half plane, which we realize as the
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universal cover of A* via u : H — A*, where t = u(r) = exp(2mir). The pullback
u*’l—[(’é ® Oy of the vector bundle to the universal cover becomes trivial, so we can and will
trivialize the bundle as H*(X;,C) ® Oy for some fixed ¢ # 0. The flat connection need not
be the trivial one, but the covering map 7 — 7 + 1 leads to a monodromy transformation
T : H*(X,Z) — H*(X,Z) which naturally extends over Q or C. For each 7 € H|, the
fiber F® of F* at 7 together with H?(X;,Z) defines a Hodge structure of weight k, which
undergoes monodromy as 7 — 7 + 1.

In the situation of a semistable degeneration, 7" is known to be unipotent, (7'—I)"*! =
0 for some n > 0 [107]. For a unipotent transformation 7', we can define its logarithm as

(T-1)* (T-1)7°

N =log(T)=(T—-1)— 5 + 3 e

(A.8)
which is a finite sum. The transformation N is nilpotent. We can then define a filtration
exp (—7N)F* (A.9)
which by construction is invariant under 7 — 7 + 1. It can be shown that the limit
Fi, = lim exp(—7N)F* (A.10)
TH3i00

exists.

This filtration does not define a Hodge structure, but is the Hodge filtration of a mixed
Hodge structure with respect to a suitably defined weight filtration W, on H*(X;, Q). The
weight filtration is uniquely characterized by

N(W;) € Wy_g, N*: Gr}¥,, ~ G}/, (A.11)

The mixed Hodge structure (H*(Xy, Z), F*lim, W) is called the limiting mized Hodge struc-
ture and will be denoted HF

k for brevity. For example, if N2 = 0, we have

Wi = H(X;,Q)
W, = kerN
Wi_1 = ImN
Wi_o = 0

(A.12)

so that Gr?ﬁrl ~ coker(N), Gr}) ~ker N/ImN, Gr}’, ~ ImN and all other graded pieces
of the weight filtration vanish.

The limiting mixed Hodge structure is related to the mixed Hodge structure on H*(X)
by the Clemens-Schmid sequence. We sketch this connection in the case of interest, where
there are two components, Xg = Y; U Ya.

Let Y19 = Y1 NYs. Then for any k, H*(X() has a mixed Hodge structure whose only
nonvanishing graded pieces are of weights £ — 1 and k:

GriH*(Xo) = ker (H’f(YI) @ H*(Ys) — Hk(Y12)) (A.13)

— 49 —



Gr_ H*(Xy) = coker (H’“*l(yl) @ H1(v3) — H’“*l(Ym)> . (A.14)

The mixed Hodge structure on H¥(Xj) is related to the mixed Hodge structure
on Hf by the Clemens-Schmid sequence. Letting n = dim(Xo) = dim(X;), the
Clemens-Schmid sequence reads

) N
e Hopo g S HRX) Dol Nomk o, (Xe) S HM2(Xg) = - (A15)

In (A.15), the map ¢* is deduced from the inclusion of Xy into the total space of the
family, while o and g are deduced from Poincaré duality. All maps are morphisms of
mixed Hodge structures, which means that they shift the Hodge types by a fixed amount,
called the Hodge type of the morphism. The maps «, i*, IV, and [ have respective Hodge
types (n+1,n+1), (0,0), (—1,—1), and (—n, —n) respectively. See [108] for more details.

A.3 The conifold transition

Let us illustrate the computation of limiting mixed Hodge structure in the case of a de-
generation of a smooth threefold to a conifold singularity. We refine this later to the case
of a conifold transition. We assume that X; is Calabi-Yau which defines a smoothing of
Xo, the conifold. While X; is not a semistable degeneration, one arrives at a semistable
degeneration by blowing up the conifold point of Xy. This blowup does not affect the X;
for t # 0 which is all that the limiting mixed Hodge structure depends on. So we can still
construct a limiting mixed Hodge structure as above.

It is well known that X, can be obtained from X; by contracting an S3. By Poincaré
duality, this corresponds to a vanishing cycle Aqg € H3(X;,Z). The monodromy is given by

T(y)=~+(v-Ao0)Ao (A.16)

Sometimes the monodromy transformation is written by extending Ag to a symplectic basis
(A;, B;) for H3(Xy,Z) with 0 <7 < h?!(X;).2> We then have

T(A) = A
T(Bo) = —Ay+ By (Al?)
T(Bi) = Bj, i #0.

Since (T — I)? = 0, we have N = T — I and N? = 0. From (A.17) we get for the log of
monodromy
N(4;) = 0
N(By) = -4 (A.18)
N(B;) =0, i #0.
We immediately get for the weight filtration
W, = H3(X4,Q)
W3 = spang {Ao, ..., Ap21, Bi,..., By }
Wy = Q- A
Wi =0,

(A.19)

25This is where we first use the Calabi-Yau condition.
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where h%! = h?}(X). We immediately get

£|dim Grgv basis
4 1 B
{Bo} (A.20)
3| 2n% |{Aq,...,Ap21, By, ..., By}
20 1 {Ao}

Since Gry’ and GrY are each 1-dimensional and defined over the rationals (in particular
they are real), they must have Hodge type (2,2) and (1, 1), respectively.
For the limiting Hodge filtration we have

dim Ff,
2h%1 42
2h2 +1 (A.21)
hl 41

1

W I = o3

Note that GrY’ is an ordinary Hodge structure of weight 3 and dimension 2h%'. So
its Jacobian J?(GrY ) is an ordinary complex torus of dimension h?'.26 A straightforward
calculation using the Clemens-Schmid sequence shows that J 2(Grrgv) is isomorphic to the
intermediate Jacobian J ()?6) of the (non-Calabi-Yau) blow up of Xg at the conifold point.

Claim. J%(H} ) is a C* fibration over J()A(B).
This follows from two claims.

e J2(H{ )= J*(W3), the second generalized Jacobian of the sub-mixed Hodge struc-

ture W3.27
e J?(W3) is a C*-bundle over J?(GrY).

To see the first subclaim, we first note that since Grl has Hodge type (2,2), we have
for the induced Hodge filtration on Gr}’ that F2Gr}) = Gr})’. In terms of the limiting
Hodge filtration this means:

H3(X;,Z) = F? + W;. (A.22)

For brevity, in (A.22) and the sequel, F? denotes F? H3lim.
The inclusion W3 C H3(X¢, Z) induces a map

(F2 N W3)\Ws/ (Ws N H*(Xy,Z)) = J*(W3) — J*(Hj,) = FP\H*(X;,C)/H* (X}, Z)

which we now show is an isomorphism.

26The notion of a polarization of a mixed Hodge structure is needed to confirm this assertion. We omit
further discussion of polarizations for brevity.

*"In fact, by Clemens-Schmid, the mixed Hodge structure W3 is precisely the mixed Hodge structure on
Xo and so is independent of the chosen degeneration of X; to Xo.
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First of all, surjectivity follows immediately from (A.22). Consider next injectivity.
Suppose w € W3N(F2+ H3(X;,7Z)). We must show that w € (F2NW3)+ (H3 (X, Z)NW3).
Now consider F2 N F2 N H3(X;,Z). Since Gry has type (2,2) and is spanned by By, we
have a element g() e F2NF2NH 3(Xy,Z) which is equivalent to By mod W3. We have
NBy= NBy = —Aq.

Write

w=¢+n  eF* neHy (A.23)

Applying N to (A.23), we have 0 = Nw = N¢ + N7, where the first equality holds since
w € W3. Thus N¢ = —Nn hence is an element of Wy N Hz, and we conclude that

N¢ = kAg (A.24)
for some integer k. Then we can rewrite (A.23) as
w= (gf) + k%) + <—k:/556 + 77) (A.25)

Each of the two terms in parentheses in (A.25) is in W3 since they were constructed to be
contained in the kernel of N. Also ¢ + k§0 € F? since it is a sum of terms in F?, and
—kBo + n € H3(X;,7Z) since it is a sum of integral terms.

For the second subclaim, we consider the natural map

(F2NW3) \Ws/ (W3 N H*(X,Z)) = J*(W3) — J*(GrY) (A.26)
which is surjective by the surjectivity of W3 — Grgv. Further, we have

JHGrY) = (F*nW3) / (F2nWa))\GtY / (W N H* (X, Z)) / (Wa N H*(Xy,Z2)))
(A.27)
We let ¢ € W3 be such that

¢ € (F2NWs) + (H*(Xy, Z) N W3) + Wo (A.28)

and we need to classify the possible ¢ modulo (F2 N Wg) + (H3(Xt7 Z)N Wg). Clearly the
only flexibility is to add an element of W5 to ¢, i.e. a complex multiple of Ag, modulo an
integer multiple of Ag, which is a C*, as claimed.

It is now straightforward to extend this analysis to the type IIA conifold transition in
the situation where m hypermultiplets charged under U(1)" get Higgsed. Geometrically,
we have a smooth Calabi-Yau threefold X containing m curves C; ~ P's whose homology
classes span an r-dimensional subspace of H. 2()~( ). We simultaneously contract these curves
to obtain a threefold Xy which has m conifold singularities and is smooth elsewhere. We
then deform Xg to a smooth X; for ¢ # 0.

For ¢ near 0, we get for each conifold point p; € Xg a vanishing cycle A; € H?(Xy,7Z).
The monodromy is given by the Picard-Lefschetz transformation

T(y) =7+ (v A)As. (A.29)
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The vanishing cycles satisfy 7 independent relations in cohomology
m
D ejdi=0, j=1,...,m (A.30)
i=1

so that the A; span an m — r-dimensional space of vanishing cycles V C H3(Xy,7Z).

Repeating the previous analysis, we get a weight filtration with Wy = Grgv =V,
Gr) ~ GrY (via N) and rank Gry = 2h?! +2 — 2(m — r). In this case, J2(GrY') is the
ordinary intermediate Jacobian of X. Our result is that:

J2(H? ) is a (C*)™ " fibration over J(X). (A.31)

Finally, we have to explain the global structure of this (C*)™~" fibration in order to give
a complete picture of the RR moduli. This is again given by the limiting Hodge structure,
specifically its extension class.

Recall the result of [109] in a special case adapted to our purposes. Given a mixed
Hodge structure H, consider the exact sequence

0-Gr{'H—-H— H/Gr})/H—0 (A.32)

This exhibits H as an extension of the mixed Hodge structure H/GrjY H — 0 by the
mixed Hodge structure Gr{" H. It is shown in [109] that such extensions are classified by
the generalized complex torus J°Hom (H/Gr}Y H,Gr}Y H) defined as

Hom ((H/GrH) ,Gr}Y H) / (F°Hom ((H/Gr}' H) ,Gr}) H) + Homy) , (A.33)
where FOHom (H/Gr}" H,GrV H) is defined as
{¢ € Hom ((H/Gr}H) ,Gr} H) | ¢ (FPH/Gr}) H) C FPGr}' H ¥p} (A.34)

and Homy denotes the homomorphisms preserving the integral lattices.
Letting H be W3 of the limiting mixed Hodge structure above, and k = 2, then (A.32)
becomes
0— Ve — WsH — H3(X) — 0. (A.35)

Passing to Jacobians, we see that the extension class (A.33), combined with an arbitrary
character of (C*)™~" = V¢ /Vz produces an element of Hom(Hﬁm/FQ,(C)/H:g()Z',Z), a
complex torus dual to J ()N( ), with points which parameterize line bundles on J(X).
This completely characterizes the bundle structure. Finally, note that the weight 3 part
only depends on X and not on the choice of the smoothing X;, so we have intrinsically
described a space that we assert are the RR moduli.

A.4 Emergent SU(2) Hitchin-like system

In this appendix we provide some additional technical details on the analysis of limiting
mixed Hodge structures for a curves of ADE singularities given in section 4. These methods
are borrowed from techniques used in a related collaboration of the third author with
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D. Morrison and R. Plesser [110]. The main point is that in contrast to the case of a
conifold, for a curve of ADE singularities, the classical intermediate Jacobian does not
have a canonical limit. However, the theory of limiting mixed Hodge structures directly
points to the appearance of a Hitchin-like system.

Along these lines, we first present some additional details on the case of an isolated
curve of A singularities discussed in section 4. This analysis is performed from another
perspective in [76, 77]. The primary novelty here is that in preparation for our application
F-theory, we will couch this analysis in the formalism of limiting mixed Hodge structures.
Additionally, we shall extend the analysis of [76, 77] to cover Hitchin-like systems coupled
to defect modes.

To begin, we return to a Calabi-Yau threefold X containing a curve C' of A singularities
and no enhancements. We deform it using a quadratic differential g as in (4.28). We make
the simplifying assumption that ¢ has simple zeros, so the zero set Z of ¢ has |Z| = 4g — 4.
We study the limiting mixed Hodge structure and identify it with the fiber of the SU(2)
Hitchin system over the point ¢ of the Hitchin base. It is known that this fiber can be
identified with a generalized Prym variety of the associated spectral cover 22 = gq.

To achieve a normal crossings situation, we make the substitution e = t* to get

xy + 2% =t%q (A.36)

and blow up the singularity along C' x {0} defined by x = y = z = ¢t = 0. The central fiber
X has two smooth components: X , the blowup of X along C, in which C' is replaced by a
family of P's parametrized by C, and the exceptional divisor F, which can conveniently be
thought of as being defined by the same equation (A.36), with (z,y, z,t) now interpreted
as homogeneous coordinates on the projective bundle P(L, & L, & L, & O¢) over C, with
line bundle assignments as in subsection 4.3. So the threefold E is fibered over C', with
generic fiber isomorphic to a smooth quadric surface in P3. But the fibers over Z are
singular quadrics, isomorphic to the quadric cone zy + 22 = 0 in P3. The intersection
F=XnNEis just the exceptional divisor of the blowup of X (without the product with
t € C) and is a P'-bundle over C. Thus we have achieved normal crossings.
We now compute the mixed Hodge structure of H3(Xy). We have

GrsH3(Xo) = ker (H3()Z) @ H3(E) — H3(F))

_ (A.37)
GroH3(X0) = coker (H2(X) @ HX(E) — H2(F))

From this it follows by direct computation that GroH?3(X() = 0 and the “local” part of
Gr3(H?(Xp) is isomorphic to H3(E) (with its Hodge structure). In a little more detail,
the map H3(X) — H3(F) is surjective, and its kernel is the “non-local part” of H3(X).
The description of F together with a Mayer-Vietoris calculation gives 8¢ — 6 for the
3rd Betti number of E. It follows that the 3rd (local) Betti number of Xy is 8 — 6. So
the Jacobian associated to this Hodge structure is just the intermediate Jacobian J(E),
a compact complex torus of dimension 4g — 3. In fact, this is an abelian variety since
h39(E) = 0. We show that this abelian variety is isogenous to the Jacobian of the spectral

cover Cy with equation 22 =q.
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To see this, we rewrite the spectral cover in projective coordinates as 22 = t2q, where
the homogeneous coordinates (z,t) live in K¢ @ O¢. Then, for each point of the spectral
cover, we get two P's in E: substituting 2> = t?q in (A.36) gives zy = 0. Either of these
families of P's gives an Abel-Jacobi map

J(Cy) — J(E), (A.38)

which can be shown to be surjective by the surjectivity of the related map
HY(C,) — H3(E). It follows that (A.38) is an isogeny, being a surjective map of
abelian varieties of the same dimension.

To identify the limiting mixed Hodge structure of (A.36), we use the Clemens-Schmid
sequence, which includes the terms

N
Hs5(Xo) — H*(Xo) — Hpp = Hi (A.39)
Looking at graded pieces gives
Gr_gHs(Xo) = GroH?(Xo) = GroH? — 0 (A.40)

and
GT_5H5(X0) — GT3H3(X0) — Grng?i’m — 0 (A.41)

Another Meyer-Vietoris calculation gives Gr_gHs(Xo) = 0 and Gr_sH5(Xo) ~ Hi(C).
The conclusion is that the local part of Hj} is a quotient of H?(E) by the image of a map
H(C) — H3(E). On Jacobians, we get a map J(C) — J(X).

Since J(X) is isogenous to J(Cy), the local part of the the limiting mixed Hodge
structure is a quotient of J(Cy) by J(C') up to finite order.

The generalized Prym of Cy is the fiber of the Hitchin map over ¢, and up to a finite
group is the quotient of J(Cy) by J(C') (the mapping J(C') — J(Cy) being given by pullback
after a shift). So, it is natural to expect the local part of Hl?i’rn to be the generalized Prym
of Cy and local part of the full hypermultiplet moduli space to be equal to the Hitchin
system. In fact, this has already been verified in [77] away from the discriminant locus.

Having covered the case of an isolated curve of A; singularities, we now extend our
analysis to the case where the Hitchin-like system is coupled to defect modes. To this
end, we now consider the case of X a non-compact threefold given by a curve C' of A;
singularities. Let P C C be the location of the localized matter associated with the zeroes
of the section 5 € O¢(P). The geometry we consider is:

zy = a2’ + B2°. (A.42)

Now, we saw in section 4.4 that there are two complex structure moduli for each point
of P, one arising from torsion in 7' and the other comes from replacing 2K¢ with 2K¢c + P
in deforming A.42. So the count of complex structure moduli is 3g — 3 4+ 2k where k = | P,
as one would expect from Higgsing g SU(2) adjoints and k fundamentals.

We now describe the most general complex structure deformation. From the analysis
in section 4.4, the parameters are:

— 55 —



e ¢: a section of 2K + P

e ~: a section of K¢+ P. Only ~v|p is a true modulus, but we need to fix a choice of
for a concrete model. These deformations correspond to the torsion in 7.

The equation of the deformation can be taken to be
_ .3 2 2
xy = az’ + B2° + tyz + tq. (A.43)

We compute the limiting mixed Hodge structure as t — 0. To achieve a semistable
degeneration, we blow up x = y = z = ¢t = 0 inside the fourfold which is the total space
of the deformation. There are now two components over ¢ = 0: the blowup X of X , and
the exceptional divisor E of the blowup. FE is fibered over C', with fiber having equation

xy = B2 + tyz + tg. (A.44)

In (A.44), z,y, z,t are now coordinates in a projective bundle over C, so that E is a bundle
of quadric surfaces over C'. The generic fibers are smooth quadrics, but the fibers are
singular over the discriminant locus A with equation 3¢ — 49? = 0. As this is a section of
2K + 2P, there are 4g — 4 + 2k singular fibers, where k = |P|. In the generic situation,
all singularities are quadric cones.

Recall that H? of a smooth quadric is two-dimensional, as there are two families of
P's on a smooth quadric. Also H? of a quadric cone is one-dimensional, corresponding to
the unique family of lines (which all pass through the vertex of the cone) on the quadric
cone. Next, letting FF' = E'N X , we see that F'is just the exceptional divisor of X , which
is a P! bundle over C' which degenerates to a union of two P's over P.

We now compute the limiting mixed Hodge structure. The relevant pieces are already
visible in the mixed Hodge structure on the central fiber Xy = X UE. The weight three
part is

W3 H3(Xo) = ket (H?’(X’) @ H3(E) — H3(F)> (A.45)

and the weight two part is
WoH3(Xo) = coker <H2()?) ® H*(E) — H2(F)) (A.46)

We now specialize to the case C' = P!, the case that is relevant for heterotic / F-theory
duality. For Wi, note that H3(F) = 0, so Wy = H3(X) ® H3(E). The “local” part
comes from H3(E), so we compute this. From the Leray spectral sequence, we look at the
part H'(R?r,Z), where 7 : E — C is the projection. The contribution we need is from
the locus where the quadrics are smooth. These have a pair of H? classes in the fiber,
corresponding to the lines ¢/, /" of the respective rulings on the quadrics. The class ¢/ — ¢"
is odd under monodromy around points of A (where the two rulings come together: a
generic singular quadric surface is a cone with a singular ruling give by the lines through
the singular point). Let C be the double over of C' branched along A, and let A c C be
the ramification locus. Let H 1(C~’ — ﬁ)* be the part of cohomology which is odd under
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monodromy. Then the relevant classes in W3 H? are given by p® ([¢'] — [¢""]). These classes
correspond to the Prym and will relate to the Hitchin system.
Let us now count the degrees of freedom associated with our system:

o culer(C — A)=(2—-2g) — (49 — 4+ 2k) =6 — 69 — 2k

euler(C — A) = 2(6 — 6g — 2k) = 12 — 129 — 4k

o W{(C'—A)=6g+2k—T7 h'(C—A) =129+ 4k —13

dim HY(C — A)~ = (12 4 4k — 13) — (69 + 2k — 7) = 69 — 6 + 2k

The corresponding part of the intermediate Jacobian of the limiting MHS has
dimension half of that: 3¢ — 3 4+ k. This can be matched to the fibers of a parabolic
Hitchin system.

The missing k£ moduli come from WoH?. For each point p € P, consider the difference
of the pair of lines over p in F. This is a class in H?(F) which survives in the cokernel. Like
the conifold calculation, in the corresponding intermediate Jacobian, we got a C* factor.
So in conclusion, the net count of RR moduli is 3g — 3+ 2k, matching the complex struture
moduli, as expected in the physical theory.

To summarize then, in this section we have seen that the Hitchin System is contained
in the local part of the Calabi-Yau integrable system. This result can be succinctly
summarized by the following diagram:

M

Sl
T H — Mepiy (A.47)

\ i
H — Mloc

where H is the Hitchin moduli space, Mcplx the complex structure moduli space of the
resolved geometry, and the maps are defined such that the bottom map is the Hitchin
fibration and the top map is an inclusion.

B Brief introduction to Deligne cohomology

In the context of the Hitchin-like system and its lift to a global F-theory geometry, there
is a natural sense in which one can unify the space of flat connections with flux data. Here
we briefly this unified description for a smooth analytic variety X. As we now explain,
the relevant mathematical object is the Deligne cohomology of X. For a review of Deligne
cohomology, see for example [111].

The starting point for our considerations is a smooth analytic variety X. We then form
the Deligne complex Z(p)p:

0—Z(p) —» Q% - k- » %! (B.1)

— 57 —



where Z(p) = (2mi)PZ, and Qﬂ( refers to the sheaf of holomorphic j-differentials on X. For
each value of p, we can define an associated cohomology theory, which we label as:

H (X, Z(p)) = HY(X, Z(p)p) (B.2)

i.e. the Deligne cohomology is defined by the hypercohomology of the complex.

For the purposes of this paper, the key feature of Deligne cohomology is that it pro-
vides a unified perspective on the discrete data of fluxes, and three-form potential moduli.
Indeed, for any p, we have the short exact sequence:

0 — JP(X) = HZ(X,Z(p)) — HEP(X) — 0. (B.3)

where JP(X) is the intermediate Jacobian in the sense of Griffiths [112-114].

For details on the geometric interpretation of the various Deligne cohomology groups,
see for example [115]. At least for low values of p, there is a simple geometric interpretation
of this data. For example, for C' an algebraic curve and p = 1, we can see that the
sequence reduces to:

0 — J(C) = H3(C,0%) — Hy'(C) — 0, (B.4)

i.e. the Deligne cohomology captures the space of flat connections and discrete flux data
as well. This provides a simple way to characterize the gauge theoretic data of the Hitchin
system. Similar though more involved considerations hold for higher Deligne cohomology
groups.

Now, an important caveat in this discussion is that it works for smooth varieties X.
Of course, in the applications to F-theory, we typically do not have this luxury. In fact,
the analysis of this paper motivates the conjecture that a Hitchin-like system provides a
definition of Deligne cohomology in certain singular limits of Calabi-Yau threefolds. A
similar proposal holds for singular Calabi-Yau fourfolds, where now we have the Vafa-
Witten theory coupled to matter fields and Yukawas.

C Intermediate Jacobians and stable degeneration

In section 6 we considered a class of examples where the calculation of the relevant compo-
nents of the intermediate Jacobian J(X) could be reduced to a simpler calculation of the
Jacobian of a spectral curve. In this appendix we present some additional details on this
limiting behavior of the intermediate Jacobian in the stable degeneration limit. We shall
explain how to apply this analysis in some specific examples of singular spectral curves.

First, consider the simplest case where X is a smooth, generic elliptically fibered
Calabi-Yau threefold over a Hirzebruch base F,,. We consider the stable degeneration limit
so that it becomes a union of two elliptic fibrations X7, X> over [F,,, intersecting over an
elliptically fibered K3 surface, S. We assume that the &; and S are all generic, and in
particular smooth. We want to understand what happens to J(X) in this process.

Letting X; be a smooth Calabi-Yau with ¢ # 0, and let Xy = &} U X3 as above,then
H3(X;,7) undergoes monodromy as ¢ goes around zero. The monodromy 7' is unipotent,
so N = log(T) is nilpotent. It can be shown that N? = 0, so ImN C ker N.
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The transformation N defines the monodromy weight filtration --- C W; C W41 C
-+ H3(X;,C) by
W, = H3(X;,C)

Wi = ker N
BT (C.1)

Wy = ImN

Wi =0

Next, letting Gr; = W;/W,;_1 be the associated graded pieces of the weight filtration, we
have:
Gry ~ H?(S,C)
Grs ~ H3(X;,C) ® H3(X,,C)
Gry ~ H?(S,C)
Gr; = 0, i #2,3,4

(C.2)

The Hodge numbers of X; can be related to these graded pieces, with shifts on Gry and
Gry. The computation is:

H?(S,C) (1 20 1 0)  (from Gry)

H3(X,C) (0 111 111 0) (©3)
H3(X,,C) (0 111 111 0)

H?(S,C) (0 1 20 1)  (from Gra)

and the columns add up to the Hodge numbers (1,243,243,1) of X, as they must. More
precisely, let

° . 1

Then this limit exists and induces the familiar Hodge structures on each of the graded
pieces (C.2). The usual Hodge structures can be recovered asymptotically as ¢ — 0 as
exp (%m log(t)N) E..

Next, suppose that X; has a singular limit Xy. We assume that this is a semistable de-
generation (a mild requirement, often achievable by a substitution ¢ — ¢" and a blowup of
X0). Then the Hodge structure approaches a limiting mized Hodge structure Hﬁm, a com-
plex vector space of the same dimension as H3(X), equipped with a Hodge filtration and
a finite increasing weight filtration --- C W; C W41 C Hgm We put Gr; = W;/W;_4
(see [42] for details for Calabi-Yau fourfolds). For example, suppose Xy = &} U X, is the
usual stable degeneration limit to two dPg fibrations. Then we can return to line (C.2). In

this and similar cases, W3 represents the part of H3(X;) that survives in the limit as ¢ + 0.

C.1 Spectral covers and dPy fibrations

Having reduced the computation of the limiting mixed Hodge structure to a calculation of
the intermediate Jacobian of X7, one of the components appearing in the stable degenera-
tion, we can now specialize further to a discussion of spectral covers and dPy fibrations.
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To begin, we reviewing the dictionary between Fg bundles on an elliptic curve £ and
dPy’s containing F as an elliptic fiber. For additional discussion, see e.g. [91, 92]. Let G
be a semisimple group and let M (FE) be the moduli space of semistable G-bundles on FE.
Let T' C G be a maximal torus. Then the structure group of any G bundle can be reduced
to T', leading to a description

Ma(E) ~ Mp(E)/W, (C.5)

where W is the Weyl group of G. Now, if y is a character of 7" and P is a principal
T-bundle on E, we get an induced line bundle V, on E, giving rise to a homomorphism

A = Pic(E),  x~Vy, (C.6)

where A is the lattice of characters of T', which we identify with the weight lattice Ag of
G. The degree zero constraint follows from the condition that our flux has vanishing first
Chern class. Then, we can rewrite (C.5) as

M (E) = Hom (Ag, Pic"(E)) /W. (C.7)

Now let D be a dPs containing E as an anticanonical divisor. The anticanonical linear
system on a dPg has a unique base point pg, which we require to be the origin of the group
structure on F£. We sometimes blow up pg to get a dPy with an elliptic fibration containing
E as a fiber. Next, we define

H*(D,Z)* ={y€ H¥D,Z) |v-E=0}. (C.8)

Then H?(D,Z)" is isomorphic to Ag,. The isomorphism is not canonical but is determined
up to the action of W (Eg) on Ag,. Further, we see that the pair (D, E) determines an Eg
bundle on F as follows. Composing the homomorphism

H?*(D,Z) — Pic°(E), v = Op(Y)|E (C.9)

with the isomorphism Ag, ~ H?(D,Z), we get a homorphism Ap, — Pic’(E), which
determines an Eg bundle. If we modify the choice of isomorphism by an element of W (FEj),
we still get the same Fg bundle.

Conversely, given an Eg bundle V on E, we can represent V by a T-bundle @§:1O 5(pi—
po). We construct a dPg containing E as an anti-canonical section as follows. First, embed
E — P? as a Weierstrass cubic using the linear system |3py|, i.e. write E in Weierstrass form
with po corresponding to (x,y,2) = (0,1,0) € P2. Then blow up the points p, . .., ps inside
IP? to obtain the desired d Py, or blowup po, p1, - . . , ps to obtain a dPy containing F as a fiber.

We can similarly describe SU(NN) bundles on E as

N
P orwi—po), DY _pi=po, (C.10)
i=1

where in (C.10) the sum ) p; denotes addition in the group structure of E. So, when
Zi]\il pi = po and py+1 = --- = pg = po, then the structure group of the corresponding Fjg
bundle can be reduced to SU(N). More generally, any T-bundle which can be brought to
this form by an element of the Weyl group has an associated Eg bundle whose structure
group can be reduced to SU(NN). These two constructions are inverse to each other and
identify Eg bundles on F with dPy fibrations containing E as a fiber.
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C.2 An SU(3) example

In section 6 we explained how to embed the spectral curve associated to an SU(2) spectral
curve into the geometry of the elliptic fibration = : X; — ), associated with the stable
degeneration limit of an elliptic Calabi-Yau threefold X = X} U As In this subsection
we perform a similar analysis for an SU(3) spectral curve. As per our discussion in
subsection 6.2.1, we use a presentation of the minimal Weierstrass model embedded in a
P? bundle over an appropriate base space.

To begin, we start on the heterotic side of the duality, associated with compactification
of the heterotic string on a K3 surface in the presence of a vector bundle V with structure
group SU(3). Now, an SU(3) bundle on an elliptic curve E is described in terms of three
points p1,p2,ps € E such that p; + ps +ps = 0. If £ is in Weierstrass form, this just
means that the points p; are collinear. Comparing to the SU(2) case, we just have to
replace (6.23) with

fsenU + geanV + groanW =0, (C.ll)

where the relationship between the degrees of f,q,¢g is determined by (6.14). Note that
with Z C P! as before, we have

HO(P' 2K + Z) ~ H°(O(n + 8))

o ; (C.12)
HO(P!, 3K + Z) ~ H°(O(n +6)),

perfectly matching the parameters fsi, and ggp in (C.11) as in the SU(2) case. The
spectral cover (C.11) is isomorphic to the corresponding Hitchin spectral cover as can be
seen by comparing branch points.

Let us turn next to the F-theory description. To begin, recall that the Weierstrass
equation is

YN =2 + (fg+nz03zl + fgz04) A + (q§+nzo4z12 + Groanz0°21 + g12206) 3. (C.13)
On the F-theory side, to get the homogeneity required by (6.15), we must modify (C.11) to
40 + dony + G124020°A = 0. (C.14)

We uncomplete the square in y to rewrite the Weierstrass equation in new coordinates as
VPN + 20N Qe nz0’2 = 28 + (f8+n20321 + fgz(]4) 2\ + (glg+nzo5zl + 9122’06) A3, (C.15)

Redefining ¢ by rescaling to take care of the factor of 2 and the sign to match the spectral
cover, we rewrite this as

YA = 2% + faz20" 2N + 91220°A° + (fs4n®20 + 6y + G124n20°N) 20221 A2 (C.16)

so as in the SU(2) case, the spectral cover parameterizes a family of curves in the F-theory
model, giving an Abel-Jacobi mapping from the Jacobian of the spectral curve to J(X).
We now tune the coefficient ¢ to 0. This forces the spectral curve to become reducible,
with the zero section of the heterotic K3 as a component. We want to understand the limit
of the Abel-Jacobi mapping as ¢ — 0. The two components of the spectral curve intersect
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at 8 4+ n pairs of points where fsy, = 0, and the Fg enhances to E7. The corresponding
curve in the F-theory model is the zero section over the fiber of F,, corresponding to a
point of P! at which fs,, = 0. Note that this curve intersects the E; locus by our explicit
parametrization of this curve.

We resolve the Fjg singularity and see what we are left with. This can be done explicitly
by resolving the Fg singularity, but there is an easier way: the Eg or E7 singularities live
at © =y = z9 = 0, but the zero section is at x = A = 0. Hence the curve is disjoint from
the singularity. By explicit calculation, the Hilbert scheme of these curves is supported on
the reducible spectral curve, and also contains embedded points at the intersections.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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