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1 Introduction

We compute the entanglement entropy of a spherical region that contains an external

heavy quark (or Wilson line) at its center, see figure 1(a). We compute the additional

entanglement entropy relative to the one present in the vacuum. This is a UV finite

quantity. In a conformal field theory this computation can be done if one knows the result

for the circular Wilson loop as well as the one point function of the stress tensor in the

presence of the circular Wilson loop. The reason is simple, this problem can be mapped to

the computation of the ordinary entropy for a thermal field theory on hyperbolic space at

inverse temperature β = 2π [1]. To compute the entropy we need to know the free energy

as well as its first derivative with respect to the temperature. The latter can be computed

by slightly changing the size of the thermal circle in the euclidean geometry, which is of the

form S1 ×Hd−1. This is achieved by an insertion of the stress tensor. Both of these can

be computed at inverse temperature β = 2π since this space is conformal to ordinary flat

space. In flat space the one point function of the stress tensor in the presence of a Wilson

loop is fixed by conformal symmetry up to an overall coefficient.

Then the additional entanglement entropy due to the Wilson loop has the form

SW = (1− n∂n) log〈W 〉|n=1 = log〈W 〉+

∫
〈Tττ 〉W (1.1)

The simplest example is a pure Chern Simons theory. Here T = 0 and the entanglement

entropy is just given by the Wilson loop expectation value [2, 3].

In certain supersymmetric field theories one has exact methods for reducing the com-

putation of the Wilson loop to a certain matrix integral [4, 5]. It is also possible to compute

the one point function of the stress tensor in the presence of the Wilson loop. We will pro-

vide a precise way to relate these computations to the entanglement entropy in question.

In three dimensional theories, [6] have defined a certain supersymmetric Rényi entropy

which coincides with the ordinary entanglement entropy as we take the replica number

n → 1. We can also apply their method to this computation and the answer is related to

the computation of a Wilson loop in the b-deformed theory [7].

The results are as follows. For N = 4 super Yang Mills we obtain

SW =

(
1− 4

3
λ∂λ

)
log〈W◦〉 (1.2)

where 〈W◦〉 is the expectation value of the circular Wilson loop in the appropriate repre-

sentation For N ≥ 2 theories in three dimensions we obtain

SW =

(
1− 1

2
∂b

)
log〈Wb〉|b=1 (1.3)

where 〈Wb〉 is the circular Wilson loop expectation value on the b-deformed sphere.

In theories with gravity duals this entropy computation can be related to the entropy

of a string that ends on the horizon of a hyperbolic black hole. As noted in [8–12], when a

string ends on the horizon of a black hole there is an extra contribution to the entropy that
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Figure 1. (a) is the entanglement entropy of a disk in the presence of a Wilson line.2 (b) is

the thermal entropy in thermal hyperbolic space in the presence of a Polyakov loop and (c) is the

entropy of a plane in the presence of a circular loop, which can also be interpreted as the entropy

induced by a quark/anti-quark pair undergoing hyperbolic motion.

Figure 2. (a) String coming from the boundary and ending at the horizon. (b) In Euclidean space

we have a worlsheet wrapping the radial and time directions with a disk topology. We can use it

to compute the entropy.

arises from the string. This contribution has two pieces. One is related to a term of the form

− log gs that comes from the fact that the topology of the Euclidean worldsheet is a disk, see

figure 2(b). This is related to a factor ofN that appears in the computation of a Wilson loop.

In addition, we have a term that depends on the string tension. The simplest contribution

comes from the area of a euclidean string worldsheet wraps around the Euclidean black

– 3 –
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hole cigar topology. The exact results discussed in this paper interpolate between the weak

coupling answers and the results previously obtained using classical strings.

The one point function of the stress tensor in the presence of a Wilson loop is also

expected to determine the amount of radiation produced by a moving quark. The reason

is that the circular Wilson loop can be mapped to two accelerated quarks and we can

integrate the stress tensor flowing outside the Rindler regions. This computation is slightly

subtle because the particle accelerates forever and it is difficult to separate the energy that

is radiated from the increasingly boosted value of the self energy (see [13, 14] and references

therein). However, for certain supersymmetric theories we propose a method for removing

the self energy contribution by using the existence of a vacuum expectation value for an

operator O of dimension d − 2 in the presence of the Wilson loop. In those cases, we can

obtain an expression for the coefficient of the radiated energy, called the Bremsstrahlung

function, in terms of the stress tensor expectation value, see equation (6.6). Using the

results in [15, 16] we give an expression for B in the planar ABJM theory [17]. If it were

possible to also derive an expression for this function using integrability (as it was done

for N = 4 super Yang Mills in [18, 19]), then by comparing the two answers one could

compute a non-trivial function of the t’Hooft coupling that appears in all the ABJM results

obtained via integrability [20].

The structure of the paper is as follows. In section 2, we explain the configuration that

we are going to consider. In section 3, we compute the entropy for a free scalar and a free

vector. In section 4, we compute the entanglement entropy for N = 4 SYM and check the

expression at weak and strong coupling. In section 5, we study 3d Chern-Simons-matter

theories. In particular we obtain the entropy for Wilson loops in ABJM. In section 6, we

construct a Bremsstrahlung function for superconformal field theories and propose a B

function for ABJM. In section 7, we briefly make some comments about the entanglement

entropy from the worldsheet perspective.

2 The configuration

Let us present the configuration that we are considering.

Consider a circular Wilson loop in the x, t directions, centered at 0. See figure 1(c).

We are going to compute its entanglement entropy. From the Lorentzian perspective, this

is the entanglement between two quarks undergoing uniformly accelerated motion. That is,

if the quarks are separated a distance 2a in the direction x at t = 0, our entangling surface

is x = 0. If we go to “replica trick” coordinates, τ , r =
√
x2 + t2, then our entangling

surface is r = 0 and the Wilson loop is the circle r = a (see figure 1(c) ). The metric is

ds2 = dr2 + r2dτ2 + dy2 + y2dΩ2
d−3 (2.1)

Proceeding as in [1], the computation of the entanglement entropy is equal to the thermal

entropy in the space ds2
S1×Hd−1

= 1
r2ds

2.

– 4 –
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We can now rewrite the metric in hyperbolic coordinates

ds2
S1×Hd−1

= dτ2 +
dr2 + dy2 + y2dΩ2

d−3

r2

= dτ2 + dρ2 + sinh2 ρ(dθ2 + sin2 θdΩ2
d−3) (2.2)

In terms of these coordinates the Wilson loop is simply a Polyakov loop sitting at ρ = 0,

wrapped along the τ direction. The replica trick now is as simple as changing the radius

of the S1, τ ∼ τ + β, the original geometry has β = 2π. See appendix A for a description

of various coordinate systems.

Using the geometry (2.2), we would like to compute the thermal entropy SW = (1 −
β∂β) logW . If change to coordinates σ = βτ (so σ ∼ σ+2π), we can evaluate the derivative

in terms of the stress tensor

β∂βW |β=2π =

∫
S1×Hd−1

−β
〈
∂(
√
gL)

∂gµν
∂βg

µν

〉
W

=

∫
2β−2

〈
∂(
√
gL)

∂gσσ

〉
W

= −
∫
√
g〈Tττ 〉W

(2.3)

Where we used the usual stress tensor
√
gTµν = −2

∂(
√
gL)

∂gµν . Of course this is just saying

that the operator that changes β is Tττ .3 So we have to compute

SW = logW +

∫
〈Tττ 〉W (2.4)

A subtlety in the definition

When we compute the entanglement entropy on a state which is not the vacuum we en-

counter a small finite ambiguity related to the precise procedure for defining the entropy.

Namely, when we consider the replica trick we need to consider the partition function of a

theory on a conical space. Depending on how we regularize the cone we can get additional

finite contributions that depend on the state [21–24]. These arise because of the conformal

coupling to the scalars which involve
∫
Rφ2. Such terms can give rise to delta function

contributions at the tip of the cone. We then get extra terms that involve the expectation

value of φ2 at the entangling surface, which can have a finite part. Such extra terms are

harmless but should be clearly specified to make sense of the computation. It is interesting

to note that relative entropy does not suffer from this ambiguity. The ambiguity in the

change of entanglement entropy is canceled with the ambiguity in defining the modular

Hamiltonian.4 A more detailed discussion can be found in appendix C.

2.1 Stress tensor for CFT’s in the presence of a Wilson line

Conformal invariance, tracelessness and conservation are strong constraints for the stress

energy tensor. In the presence of a Wilson line we have enough unbroken symmetry to

completely fix the functional dependence of the stress tensor one point function. Only

3There could also be a contribution from the change in the metric in the part of the Wilson loop involving

the scalar. This leads to the insertion of an operator along the loop whose one point function vanishes by

conformal symmetry.
4We thank Horacio Casini for pointing this to us.
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the overall constant remains to be computed. For example, if we use hyperbolic coordi-

nates (2.2) , the stress tensor cannot depend on τ and it has to be invariant under τ → −τ .

This, plus rotational symmetry constrains it to be diagonal. In addition, it should be

traceless and conserved. Using the metric (2.2) and setting the Wilson loop along the τ

direction at ρ = 0 we find the following expectation value for the stress tensor

〈Tµν〉Wdxµdxν =
hw

sinhd ρ

(
dτ2 + dρ2 − 2

d− 2
sinh2 ρdΩ2

d−2

)
(2.5)

We can now integrate it to obtain∫
S1×Hd−1

√
g〈Tττ 〉W = −2πV ol(Sd−2)hw (2.6)

where we discarded a divergent term going like 1/ε, where ε is a short distance cutoff.

Thus, once we compute hw we can insert (2.6) into (2.4).

2.2 General features of the result

Before we discuss more detailed results, let us discuss a general feature of the answer. If

we consider a Wilson loop in the fundamental representation in the large N planar limit,

then the first thing to understand is the N dependence for fixed λ. In the literature, it is

customary to include a factor of 1
N in the definition of the Wilson loop. However, if we

are considering the insertion of an actual physical quark, we should not do this. In fact,

we define the Wilson loop operator without this factor of N , W = Tr[ei
∫
A+···]. In this

case the planar expectation value fo the Wilson loop will be 〈W 〉 = Nw(λ). This follows

from standard large N counting arguments. When the theory is free, λ = 0, then the

quark and antiquark have their indices correlated since the gauge invariant combination

is |Ψ〉 = 1√
N

∑N
i=1 |i〉|̄i〉. So this gives us a entanglement entropy Sλ=0 = logN . This

argument is a bit more subtle than it appears. The issue is that the unentangled states are

not gauge invariant!. In fact, this issue is related to the difficulty in defining entanglement

entropy for gauge fields (see [25] and references therein). A reasonable way to define it

is to separate the system into two and do not impose the Gauss law on the entangling

surface. Then the entanglement of color indices across this surface becomes physical and

contributes to the entanglement entropy, which for large N gauge theories is just this logN

factor. This contribution is present in any planar large N theory. At strong coupling it

is related to a a factor of 1/gs in the partition function which is due to the fact that

the Euclidean worldsheet has the topology of a disk. It is just the contribution from the

Einstein Hilbert term in the worldsheet

Sgs = (n∂n − 1)IEH = (n∂n − 1)
log gs

4π

∫
Σ2

R = − log gs (2.7)

We used that the Euler characteristic of the disk is χ = 1. This is essentially the Bekenstein-

Hawking entropy on the string worlsheet. This contribution to the entropy is similar on

spirit to that of [26]. Note that in any theory which contains strings, like large N QCD,

we will get a − log gs ∼ logN contribution to the entanglement entropy. This is also true

in two dimensional QCD.

– 6 –
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For the particular case of pure Chern-Simons, [2] computed the entanglement entropy

for this configuration. In that case Tµν = 0 and the only contribution comes from the

expectation value of the Wilson loop , which is [27] SW = log
Sa0
S0

0
= logW . Sij is the

modular S matrix of the rational CFT. At large N , this expression contains the logN we

discussed above.

Once we take into account this factor of N , the rest depends on the ’t Hooft coupling

λ. At strong coupling we get a relatively large contribution [8] (see appendix B)

S =
R2

α′(d− 1)
(2.8)

which is of order
√
λ. This is due to the classical area of the string, see figure 2(b). More

precisely, the entropy is due to the change in the area when we change the temperature.

At weak coupling we also expect a similar effect. If we consider an external quark in a

charged plasma, then we know that it will produce a Yukawa style potential V = e2

r e
−µr

where µ ∼ eT is the thermal mass. Then the self energy due to this potential is cutoff in

the IR at µ. This introduces a temperature dependence in the free energy, and therefore a

contribution to the entropy.

Then there can be a term proportional to logR/ls (or log λ). This a quantum correction

on the worldsheet and it comes from the quantum fields propagating on the string. Since

the worlsheet theory is a CFT with central charge c = 12 we expect the usual term given

by c
6 log R

ε where R is the IR cutoff and ε is a short distance cutoff on the worldsheet,

which could be ls =
√
α′. This gives a candidate logarithmic term. However, we will

see that this does not agree with the exact expressions we will derive below. This means

that there must be other sources for logarithmic terms in the worldsheet computation that

we have not identified. One source are zero modes of the scalars on the internal manifold.

Presumably a careful analysis, similar to the one performed in [28], would produce a precise

match for these terms. We leave this problem to the future. In fact, the worldsheet origin

of these logarithmic terms has never been properly explained for the circular Wilson loop.

3 Free fields

Here we are going to consider a free conformal scalar and vector field with line operators

introduced. Our normalizations are

Ls =
1

2
(∂φ)2 +

1

12
Rφ2 Ws = ee

∫
dtφ(x(t))

Lv =
1

4
F 2 Wv = eei

∫
dxµAµ (3.1)

For these free theories hw can be computed easily by considering for example a straight

line. They are [29]5

hs =
e2

96π2
hv = e2

32π2 (3.2)

Now we are going to compute the entropies by calculating the contribution to the value

of the Polyakov loop in the hyperboloid at temperature β.

5Note that our definition for stress energy tensor differs in a sign so that our hw is positive.
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3.1 Entanglement entropy for a free scalar field

As we showed in appendix D (see also [30]), the Green function at ρ = 0 is (τ ∼ τ + β):

Gβ =

(
2π

β

)2 1

cos 2πτ/β − 1
(3.3)

The scalar contribution to the partition function at any temperature is

logWβ =
e2

2

∫
dτdτ ′Gβ(τ − τ ′) = πe2

∫ 2π

0

1

2(1− cos τ)
= 0 (3.4)

where we substracted a divergent term.

Note that this is not compatible with the formulas (2.3) (2.6). In fact, the β derivative

of (3.4) is zero, and not given by hs (3.2). This is because our definition of entanglement

entropy that behaves nicely under conformal transformation is a bit different. The entropy

computed from (3.4) does not take into account the regularization of the conical singularity

that appears in the replica trick. The entropy that behaves more nicely under conformal

transformations is the one defined by smoothing out the conical space that appears in the

replica trick. The details are in appendix C . The net result is the following. To the entropy

computed from (3.4) we should add a term that comes from a Wald type term from the

conformal coupling of the scalar to curvature. In the end we obtain

SsW − β∂β logWβ = 〈Swald〉 = −4π

12

∫
dA〈φ2〉W (3.5)

Where A is the area of the tip of the cone. Now, 〈φ2〉W = e2

16π2 sinh ρ−2 (see ap-

pendix D), A = 4π sinh2 ρ and the tip of the cone in hyperbolic coordinates is at ρ = ∞,

so the sinh2 ρ cancels and we have 〈Swald〉 = − e2

12 .

So, indeed we get the expected result

SsW = logW +

∫
Tττ = −8π2hs = − e

2

12
= 〈Swald〉 (3.6)

This is in agreement with (2.3) (2.6). Here logW = 0.

3.2 Entanglement entropy for a free vector field

As explained in the appendix D, the contribution to the Wilson loop will only come from

the temporal mode, which is simply a massless particle. When ρ = 0, the zero temperature

propagator is G∞m2=0(t) = K1(t)
4π2t

.

From here, the contribution to the Wilson loop is

logWβ = −e
2

2
β

∫ ∞
−∞

dtG∞(t) =
e2

4

β

2π
(3.7)

Because the Polyakov loop is linear in β it does not contribute to the entropy

SvW = 0 (3.8)

Indeed the circular Wilson loop expectation value is logW = e2

4 and this, together

with (2.6) (3.2) gives (3.7).

– 8 –
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4 N = 4 SYM results

For N = 4 SYM we are going to consider the 1/2 BPS circular Wilson loop

W◦ = TrRPei
∮
ẋ·A+

∮
n·Φ (4.1)

Where ẋ = dτ and n is a constant unit vector in the S5.

Using localization [4, 31, 32] an exact expression for the loop was found

〈W◦〉 = L1
N−1

(
− λ

4N

)
e
λ

8N (4.2)

The normalization of the stress energy tensor hw can be obtained by relating it [33] with

the normalization of a scalar operator of dimension 2 which can be computed using local-

ization [34]6

hw =
1

6π2
λ∂λ log〈W◦〉 (4.3)

At weak coupling this just gives the sum of hw from the previous section and at strong

coupling is the same that they obtain in [37] T00 =
√
λ

12π2r4 .

4.1 The entanglement entropy for a Wilson line insertion

The exact result is then

SW = logW◦ − 8π2hw =

(
1− 4

3
λ∂λ

)
logW◦ ≈N→∞ log

(
2N√
λ
I1(
√
λ)

)
− 2

3

√
λI2(
√
λ)

I1(
√
λ)

(4.4)

So

SW (λ� 1) = logN +

√
λ

3
− 3

4
log λ+ . . . (4.5)

SW (λ� 1) = logN − λ

24
+ . . . (4.6)

Recall that we are multiplying the usual Wilson loop by N . In the next section we are

going to check that this is the expected result.

In figure 3 we can see SW (λ)− logN in the planar limit.

4.2 Checks

At weak coupling, the entropy is just the sum of the scalar and vector contribution

SN=4
W =

(
1− 4

3
λ∂λ

)
logW = − λ

24
= SsW + SvW (4.7)

We used that e2 = λ
2 . This contribution comes from the Wald like term (3.6). Its negative

sign seems responsible for the initial decrease of the curve in figure 3.

The leading term at strong coupling is the same as the entanglement entropy due to

the classical string (see appendix B for details).

6This particular expression for the normalization of the operator is obtained when comparing the work

of [35] and [36], and it is related with the Bremsstrahlung function of section 6.
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Figure 3. Entropy (solid blue) vs λ. We compare it with the weak coupling expansion (dashed

purple) to order O(λ8) and with the strong coupling result up to three loops (dashed red). Note

that the weak coupling expansion has a finite radius of convergence (|λ| ∼ 14.6).

4.3 Entanglement entropy for other branes

D1 brane

If we S dualize the exact result for the circular Wilson loop we obtain

〈W 〉1/gYM = e
π2N
2λ L1

N−1

(
−π

2N

λ

)
(4.8)

We can take the strong coupling limit, ie gs fixed. In this case we obtain

〈W 〉1/gYM ,λ→∞ =
gYMλ

1/4e
2π
√
λ

g2
YM

2π2
(4.9)

Other representations

We can compute the entanglement entropy for the kth-symmmetric and kth-antisymmetric

representations at strong coupling [38–40] for k,N →∞ and k/N =fixed. We find

logWAk =
2N

3π

√
λ sin θ3

k → SAk =
2N

9π

√
λ sin θ3

k (4.10)

logWSk = 2N(κ̄
√
κ̄2 + 1 + sinh−1 κ̄)→ SSk = 2N

(
− 2

3
κ̄
√
κ̄2 + 1 + sinh−1 κ̄

)
(4.11)

Where κ̄ = k
√
λ

4N and sin θk cos θk − θk = π( kN − 1) . For the first one we get the expected

result since the D5 brane is wrapping the same AdS2 surface as the fundamental string.

The second result seems less trivial. Checking it involves finding a D3 brane configuration

in the background of a hyperbolic black hole with β ∼ 2π, but not just only the β = 2π case.

– 10 –
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Figure 4. The τ circle shrinks at θ = 0 while φ shrinks θ = π
2 . We are going to put a loop at

θ = π
2 . The geometry is not singular, we just draw the cones to denote that the circles shrink.

5 3d N ≥ 2 Chern-Simons — Matter theories

In [6], they defined a supersymmetric quantity similar to the Rényi entropies in 3d. To do

that, they considered the regularized (regularized in the sense of [41]) branched sphere (see

figure 4 and appendix A for the relation with the previous metrics). A branched sphere

is simply a sphere where one of the angles has its periodic identification changed from 2π

to 2πn.

ds2 = fε(θ)
2dθ2 + n2 sin θ2dτ2 + cos θ2dφ2 (5.1)

Where fε(θ → 0)→ n, fε(θ > ε) = 1 and τ ∼ τ + 2π. They applied the results of [42]

to look for supersymmetric regularized spheres. They observed that this background can

be supersymmetric by turning on a connection coupling to the U(1) R symmetry

H = − i

fε
; A(R) =

(
n

fε
− 1

)
dτ

2
+

(
1

fε
− 1

)
dφ

2
(5.2)

where the killing spinor equation Dµξ = −1
2Hγµξ is satisfied for two constant spinors with

opposite R charges. For n 6= 1 the background is different that the original one but if

n→ 1, fε → 1 we get the three sphere without any extra field turned on.

After localizing a Chern-Simons matter theory in this background they observed that

the matrix model that they obtain is equivalent to the one of the squashed sphere [7] for

b =
√
n. In [43] it was also observed that in the localization computation nothing depends

on the precise shape of f .

Now we would like to consider our Wilson loop in the S3 and compute its entanglement

entropy. The branched sphere is conformal to the hyperboloid, the loop we have been

considering in these coordinates is extended along τ and sits at θ = π
2 . Wilson loops in the

b-deformed sphere were considered in [44, 45].

We can now compute the entanglement entropy for this Wilson loop [6]

SW = (1− n∂n) log |W (S3
b=
√
n)|
∣∣∣
n=1

(5.3)

– 11 –
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Here we have taken the absolute value to remove an unexpected phase. The phase is unex-

pected because the computation of a Wilson loop expectation value has an interpretation

as the norm of a state. This is the state produced by Euclidean evolution on a half sphere

with the insertion of a half circular Wilson line. The entanglement entropy computation

also has a similar interpretation. A similar phase is also present in the computation of

the sphere partition function. It was shown in [46] that it arises from a local counterterm

because the regularization that is implicitly used in performing the localization procedure

does not respect the unitarity of the theory. Here we expect a similar interpretation. For

this reason we are always going to ignore such phases. For the pure Chern Simons theory

this goes under the name of “framing ambiguity”.

The supersymmetric Wilson loop that we are considering on the squashed sphere is

W (S3
b ) = TrPe

∮
iA+σ (5.4)

Where σ is the scalar partner in the vector multiplet. These theories in the squashed

sphere localize to a matrix model [7], so the expectation value of the Wilson loop is just

the expectation value in a matrix model: 〈W (S3
b )〉 = 〈e2πbσ〉S3

b ,MM .

An analytic expression seems complicated to find. However, because we are only

interested in the first derivative at b = 1, we can make the problem easier. This is because

the Chern-Simons and matter terms in the matrix model are symmetric under b → b−1

and thus b even to first order. This means that the only contribution will come from the

localization of the Wilson loop, ie we can set b = 1 for the other factors and compute

the expectation value of the winding Wilson loop in S3. So we only have to compute the

expected value of the winding Wilson loop, do the analytical continuation and take the

derivative: ∂bW (S3
b )|b=1 = ∂m〈e2πmσ〉S3,MM |m=1 . We write m so it is clear that it is a

loop wound m times in a great circle of the S3.

Before exploring the case of ABJM, we will analyze its relation with hw.

Relation with hw

If we now expand the expectation value of the loop to linear order in n− 1 , we get [42]:

−∂n logW =

∫
S3

−1

2
〈Tµν〉W,S3∂ng

µν + 〈jRµ 〉W,S3∂nA
µ + 〈JZ〉W,S3∂nH

= −
∫
S3

1

2
〈Tµν〉W,S3∂ng

µν (5.5)

The term 〈jRµ 〉W,S3 drops out because the scalar σ does not carry R charge. And the

other term cancels because for the regularized sphere ∂nH ∼ ∂nfε is localized in a small

region near θ = 0 which ends up having measure zero as ε → 0. Also the operator JZ is

zero for a CFT. Note that the overall sign is positive because ∂ng
ττ = −2.

Because of the relation of this derivative with the wound loop, we can compute hw
from it7

4π2hw =
1

2
∂m log |〈Wm〉S3 |

∣∣∣∣
m=1

(5.6)

7Note that since we are smoothing out the cone, we are automatically computing the entropy that

includes possible Wald like contributions.
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5.1 ABJM

For ABJM two kinds of circular loops are known [47–50], they are 1/6 and 1/2 BPS

respectively.8 Here we discuss the former, in appendix E there is a discussion about the

1/2 BPS loop. If we group the scalars into C, which transforms in the fundamental of

SU(4)R, this Wilson loop can be written as

W 1/6 = TrPe
∮
iA+ 2π

k
MIJC

I C̄J (5.7)

Where M = diag(1, 1,−1,−1) and the contour is the great circle of S3. This is the

same loop that we considered in the previous section. When we integrate out σ we get

σ = 2π
k MIJC

IC̄J (see (4.11) of [52] for more details). This means that the loops we are

considering are 1/6 BPS loops. From the string theory perspective, the string configuration

which preserves 1/6 SUSY has Neumann boundary conditions along a CP 1 ⊂ CP 3 [47].

Thus, there are two zero modes.

The multiply wound Wilson loop in ABJM was analyzed in [16], we will denote a loop

that winds m times the great circle W
1/6
m .

They have an expression which can be expanded at strong coupling [16]

〈W 1/6
m 〉 =

2πim+1

gs
eπm

√
2λ

( √
λ

2
√

2πm
−
(
Hm

4π2m
+

i

8πm
+

1

96

)
+

(
i

192
+

πm

4608
+
Hm−1

96π

)
1

2
√
λ

+O(λ−1)

)
(5.8)

Where λ = N
k = R4

2π2α′2 and Hm is the m-th harmonic number.

Now, using the entropy formula SW = (1− 1
2m∂m)| logW

1/6
m |m=1, we obtain

S
1/6
W = − log gs +

R2

2α′
+ log

R2

α′
+O(1) (5.9)

We expressed it in term of R,α′, gs ∝ λ
N to compare with the previous worldhseet cal-

culations, ie
√

2π2λ = R2

α′ + O( 1√
λ

). The leading contribution agrees with the gravity

result (2.8).

The weak coupling expansion can be easily done (in the planar limit) using the matrix

model of [15, 53]

〈W 1/6
m 〉 =

1

2π2iλ

∫ a

−a
dxemx arctan

√
α− 2 coshx

β + 2 coshx
(5.10)

Where

λ =
N

k
=

κ

8π
3F2

(
1

2
,
1

2
,
1

2
; 1,

3

2
;−κ

2

16

)
ea =

1

2

(
2 + iκ+

√
κ(4i− κ)

)
α = 2 + iκ β = 2− iκ (5.11)

8See [51] for a discussion on more general contours.
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Figure 5. Entropy (solid blue) of the 1/6 BPS loop in the planar limit. Weak coupling (dashed

purple) up to O(λ10) and strong coupling (red purple) at three loops.

If we expand this integral for small λ we obtain for the entropy

S
1/6
W = logN− π

2

6
λ2+

37π4

90
λ4− 2887π6

4536
λ6+

288937π8

302400
λ8− 5380427π10

3742200
λ10+O(λ12) (5.12)

In figure 5 we can see how the exact planar result interpolates between weak and

strong coupling.

6 Relation between conformal stress energy tensor and the

Bremsstrahlung function

The energy radiated by an accelerated quark has the form E = 2πB
∫
dtv̇2 for small veloc-

ities. The general formula has the same form but we replace v̇ by the proper acceleration.

Here B is a function of the coupling constant. Since we are considering a configuration

that involves an accelerating quark-antiquark pair it seems that we can relate the radiated

energy to a flux of the stress tensor. Thus we expect a relation between the coefficient

hw that sets the value of the stress tensor and the function B. In this section we discuss

the relation between the two. It turns out that there is no universal relation since we can

compute these two things independently for various theories, such as a free Maxwell field,

or a free scalar field, or weakly coupled N = 4 super Yang Mills and we get a different ratio

for hw/B in each of these cases.9 We think that this is related to the problem of separating

the radiation component from the self energy part of the field. If we had zero acceleration

in the far past and far future this would not be an issue. However, it is an issue when we

have constant acceleration and there has been quite a bit of discussion in the literature on

this point [14].

9For the free fields the Bremsstrahlung functions are Bs = e2

24π2 ;Bv = e2

12π2 (see [54] for example). The

corresponding hw values are in (3.2).
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Figure 6. We are going to integrate the stress energy tensor over the surface of constant κ and

then send it to zero.

We consider the metric

ds2 = −r2dτ̃2 + dr2 + dy2 + y2dΩ2
d−3 (6.1)

We set the quark at r = a and y = 0. Here the ordinary Minkowski time t is given

by t = r sinh τ̃ . By analytically continuing r → iκ we can go into the Milne region and

compute the flux of energy through the surface at a fixed κ, see figure 6. The Killing vector

associated to Minkowski energy is ζµ∂µ = ∂t. Then we need to integrate
∫

Σd−1
∗j, where

jµ = Tµνζ
ν . Expressing the Killing vector in the coordinates (6.1) we find

E =

∫
κ=const

∗j =

∫ τ̃max

dτ̃κ cosh τ̃

∫
dyyd−3dΩd−3T

rr

∣∣∣∣
κ→0

(6.2)

where the cutoff in the proper time integral is chosen so that tmax = κ sinh τ̃max ∼
κ cosh τ̃max (where τ̃max � 1). Thus the first integral gives a factor of tmax. Note that

we are integrating between roughly τ̃ ∼ 0 and the large value τmax. The integral over

negative values is expected to correspond to the radiation emitted by the other particle.

The expression for T rr is

T rr = hw

(
1

r̃d
+ not important

)
, r̃ =

√
(r2 + y2 − a2)2 + 4a2y2

2a
(6.3)

where we did not specify the terms that vanish in the κ → 0 (or r → 0) limit. We can

easily now set κ = 0 (or r = 0) and integrate over y to obtain

E = tmaxv̇
2(2π)

dπ
d−3

2

2Γ(d+1
2 )

hw , v̇2 =
1

a2
(6.4)
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In general this gives us a different answer than the function B computed directly.10 We

think that the reason for the disagreement is the improper separation between the radiated

energy and the self energy.

In supersymmetric theories, such as N = 4 super Yang Mills, or Chern Simons matter

theories, we can subtract the self energy in the following way. In those theories we have

a dimension ∆ = d − 2 scalar operator that gets an expectation value in the presence of

a Wilson loop. Then we define a new conserved (but not traceless) stress tensor, T̃ by

adding a total derivative

T̃µν = Tµν + α(gµν∇2 −∇µ∇ν)Od−2 (6.5)

where Tµν is the standard traceless stress tensor. Here α is defined so that the stress tensor

T̃ has no 1/r̃d singularity at short distances from the loop. Setting the normalization of

Od−2 to 〈Od−2〉 = hw
r̃d−2 , with r̃ as in (6.3), we find α = 1/(d − 2)2. We can now do the

same integral as in (6.2), but using T̃ rr to find

E =

∫ τ̃max

dτ̃κ cosh τ̃

∫
dyyd−3dΩd−3T̃

rr

∣∣∣∣
κ→0

=
2πtmax

a2

π
d−3

2

2Γ(d+1
2 )

(d+ (d− 2)α)hw

Therefore

B̃ =
4π

d+1
2

Γ(d−1
2 )

d− 1

d− 2

hw
4π2

(6.6)

The tilde just means that we have defined this function simply in terms of the radiated

energy using the above procedure. We conjecture that B̃ = B for these theories. In fact,

we can check that at strong coupling we can compute both hw and B independently and

find that the answer is in agreement with (6.6) in any dimension. This can be done as

follows. From the expression for the entropy S = R2

α′(d−1) we can compute hw by using the

circular Wilson loop expectation value log〈W 〉 = R2

α′ and (2.4), (2.6). The computation of

B using the classical string worldsheet the same in all dimensions and gives B = R2

4π2α′ ,

in agreement with (6.6). For N = 4 SYM this relation (6.6) was noticed in [36]. In [35],

B was computed using other relations among supersymmetric Wilson observables. Note

that (6.6) is bigger than the naively obtained expression from (6.4).

There is probably a more rigorous logic for deriving this result. At this point it is

just a reasonable conjecture, backed up by a qualitative argument. The idea is that we

need to subtract the self energy contribution in some intrinsic way. Subtracting it using

the expectation value of the operator Od−2 is a reasonably intrinsic way to do it. A

precise derivation could perhaps involve the appearance of T̃ in the right hand side of

supersymmetry anticommutation relations. We leave such a derivation to the future.

It is interesting to look at the problem of computing the radiation at strong coupling.

The string worldsheet in AdS is described by −t2 + x2 + z2 = a2 in Poincare coordinates.

We can compute the spacetime energy at a given time by integrating the corresponding

current on the worldsheet. We get the right expression for the radiation by integrating this

10For a maxwell field in d = 4 it gives us the same answer.
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current over the portion of the worlsheet that is within the region t2 − x2 ≥ 0 and any z.

If we consider Rindler-AdS space, this is the region of the worldsheet that lies behind the

Rindler AdS horizon. This was done in [55, 56]. See also [57].

At strong coupling, one can also compute the power radiated from the spacetime

perspective (by integrating the stress energy tensor). [58] did it for an arbitrary trajectory.

They observed that the power radiated had two pieces, one which didn’t contribute when

the quark began and ended at rest and they claimed that this term shouldn’t be identified

with radiation. For the case of uniformly accelerated motion, this term is exactly the

difference between our naive and improved radiation. This is an explicit example of the

fact that it is non trivial to separate the self-energy from the radiation unless the quark

ends with constant velocity. See also [59] for a recent discussion.11

6.1 Bremsstrahlung function in ABJM

For ABJM, we have O1 = 2π
k MIJC

IC̄J which sits in the stress tensor multiplet. Now,

using the result of the previous section we get B = 2hw.

Using the exact result from section 5.1 for the 1/6 BPS Wilson loop we have that the

Bremsstrahlung function in ABJM in the planar limit is then

B =
1

4π2
∂m log |Wm|

∣∣∣∣
m=1

(6.7)

Where Wm is the Wilson loop wrapping the great circle of the S3 wound m times. This

was computed exactly and, as we saw in section 5.1 is just an integral. We can expand at

weak and strong coupling

B1/6 =λ�1
λ2

2
− π2λ4

2
+

47π4λ6

72
− 17π6λ8

18
+

73667π8λ10

50400

B1/6 =λ�1

√
2π2λ

4π2
− 1

4π2
+

(
1

4π2
− 5

96

)√
1

2π2λ
(6.8)

In figure 7 we plotted the function.

Relation with cusp anomalous dimension

As shown in [35], we can relate the Bremsstrahlung function and the cusp anomalous

dimension in conformal field theories. The displacement operator will also have dimension

2 in 3d, so Γcusp ∼ −φ2B should still be true in 3d.

At this moment there is no cusp anomalous dimension computed at weak or strong

coupling for the 1/6 BPS Wilson loop. As we said before, the leading order at strong

coupling is the same as the energy radiated by the string. In the appendix E there are

some comments about a possible B function for the 1/2 BPS loop.

7 Conclusions

In this note we have used the localization techniques of [4–6, 15, 16] to compute the

entanglement entropy of a spherical region containing a Wilson line insertion inN = 4 SYM

11We thank Alberto Guijosa for discussions on these matters.
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Figure 7. Bremsstrahlung function (solid blue) for ABJM, 1/6 BPS loop in the planar limit. Weak

coupling (dashed purple) up to O(λ10) and strong coupling (dashed red) at three loops. The strong

coupling expansion is extremely good.

and ABJM. We have also given a candidate expression for the Bremsstrahlung function

in supersymmmetric theories. The derivation of this function is partly conjectural but it

seems quite likely to be correct. This prescription reproduces the known result in [35, 36]

for N = 4 SYM and gives a new proposal for BPS Wilson loops in general N = 2 theories,

including the ABJM theory. For the case of the ABJM theory we obtained a result for

the 1/6 BPS Wilson loop. For the 1/2 BPS Wilson loop we did not obtain a reasonable

answer, as discussed in appendix E .

In summary, we have related SW − log〈W 〉, hw and B in these theories.

We would like to end by mentioning some open problems.

When these formulas are expanded at strong coupling, they contain terms that can be

interpreted as the entanglement entropy of the string worldsheet across the horizon. The

leading term comes from the classical action of the string. But the subleading correction

should contain some information about the quantum entanglement on the string worldsheet.

This should be contained in the log λ terms. However, we could not properly match the

coefficients. It would be nice to match them.

As mentioned in the introduction, it would be nice if the cusp anomalous dimension

could also be computed using integrability techniques. In this way one could obtain the

function h(λ). An expression for h(λ) was recently proposed in [60]. It would be also be

good to obtain matching for B at one loop at strong coupling, presumably by using the

proper regularization for the fluctuations of the string. Another interesting thing would be

a more formal derivation (maybe using the SUSY algebra) of the prescription we used to

compute the radiation in the presence of conformal scalar.

Note. While this note was being prepared, [61] proposed a Bremsstrahlung function for

ABJM. His expressions for the 1/6 BPS Wilson loop differ from ours. The expressions

in [61] are complex, but even the real part is different. For the 1/2 BPS Wilson loops he
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obtained an expression given by even powers of λ. These differ from explicit computations

at weak coupling, as discussed in appendix E.
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A Coordinate systems

Hyperboloid

• Metric: ds2
S1×Hd−1 = dτ2 + dρ2 + sinh ρ2(dφ2 + sin2 φdΩ2

d−3);

• Wilson loop: along τ at ρ = 0;

• Expected value primary scalar operator 〈O〉W = hO
sinh2∆ ρ

.

Double polars

• Relation with hyperboloid: ds2 = r2ds2
S1×Hd−1 , cosh ρ = a2+y2+r2

2ra ,

cotanθ = a2−y2−r2

2ya ;

• Metric: ds2 = r2dτ2 + dr2 + dy2 + y2dΩ2
d−3;

• Wilson loop: along τ at r = a;

• Expected value primary scalar operator 〈O〉W = hO
r̃2∆ , r̃ =

√
(r2+y2−a2)2+4a2y2

2a .

Sphere

• Relation with hyperboloid: ds2 = sin2 θds2
S1×Hd−1 , cotanθ = sinh ρ;

• Metric: ds2 = sin2 θdτ2 + dθ2 + cos2 θ(dφ2 + sin2 φdΩ2
d−3);

• Wilson loop: along τ at θ = π
2 ;

• Expected value primary scalar operator 〈O〉W = hO
cos2∆ θ

.

Straight line

• Relation with hyperboloid: ds2 = (cosh ρ+ cos τ)−2ds2
S1×Hd−1 , t = sinh τ

cosh ρ+cos τ ,

r = sinh ρ
cosh ρ+cos τ

• Metric: ds2 = dt2 + dr2 + r2(dφ2 + sin2 φdΩ2
d−3)

• Wilson loop: along t at r = 0

• Expected value primary scalar operator 〈O〉W = hO
r2∆
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Stress tensor

For all the systems where the conformal invariant distance l (〈O〉 ∼ l−2∆) only depends on

one coordinate X, then the stress energy tensor is diagonal and is given by:

〈Tµν〉Wdxν∂µ =
hw
l2d

(
dxτ∂τ + dxX∂X −

2

d− 2
dxφi∂φi

)
(A.1)

Where are the angles φi parametrize the d− 2 sphere.

For the circular loop in double polars in 4d, the expression can be found in [33] (note

that our hw has an extra minus sign, so is positive definite):

Trr = hw

(
1

r̃4
− 2r2y2

a2r̃6

)
, Tττ = hw

r2

r̃4

Tyy = hw

(
1

r̃4
− (a2 + y2 − r2)2

2a2r̃6

)
, Tφφ = −hw

y2

r̃4

Try = −hw
ry(a2 + y2 − r2)

a2r̃6
(A.2)

B Strong coupling calculation of entropy

First consider general metrics

ds2 = −hdt2 + dr2/h+ · · · (B.1)

the temperature is

β = 2π
2

h′(r0)
, h(r0) = 0 (B.2)

Now we consider a string in the background of this black hole. Its action is given by

logZ = − 1

2πα′
β

∫ ∞
r0

dr =
1

2πα′
βr0 + β(divergent) (B.3)

where the divergent part does not contribute to the entropy. We can now compute the

entropy from this by taking

S = (1− β∂β) logZ = − 1

2πα′
ββ

∂r0

∂β
=

1

2πα′
β
h′(r0)

(h′(r0))′
=

2

α′
1

(h′(r0))′
(B.4)

Notice that h′ means the derivative with respect to r. While the second prime, means

derivative with respect to r0

(h′(r0))′ ≡ d

dr0

(
dh

dr

∣∣∣∣
r=r0

)
(B.5)

Planar black brane

We get S = 2R2

α′d .
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Hard Wall

Smooth ConeSingular Cone

Figure 8. The singular cone that appears in the replica trick can be regularized in two alterna-

tive ways.

Hyperbolic black brane

In this case h = r2 − 1− µ/rd−2. In our case β = 2π so µ = 0, and we obtain (note that if

we can restore the size of AdS , R, by simply multiplying by R2)

S =
R2

α′

(d− 1)
(B.6)

The evaluation of the partition function for r0 = 1 gives the expectation value of the

circular Wilson loop and it is

logZ =
R2

α′
(B.7)

Note that in N = 4, R2

α′ =
√
λ, while in ABJM R2

α′ =
√

2π2λ.

C The precise definition of entanglement entropy

When we compute the entanglement entropy using the replica trick we encounter a singular

cone. This cone can be regularized in a variety of ways. One would be to put a boundary

condition at a distance ε from the tip. With this prescription it is very clear that we

are computing the trace of powers of a density matrix. We will call this the “Hard Wall’

prescription. Another possibility is to smooth out the cone. This is the natural computation

if we view the entanglement computation as a one loop correction to a gravitational entropy

computation. We call this the “smooth cone” prescription. See figure 8. The main point

we want to stress is that these two prescriptions can differ by finite terms. Of course the

divergent terms are not universal, so we do not care about divergent terms. In particular,

if we compute the difference between the vacuum entanglement with the entanglement in

the presence of the Wilson loop, then all divergences shoud cancel. But we can nevertheless

have a finite difference. Essentially the same issue is discussed in [21–24].

This finite difference is due to the presence of the following term in the action

−
∫

1

12
Rφ2 (C.1)
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that is present for a conformally coupled scalar field, φ. When we smooth out the cone

we get a finite contribution from the curvature term which is proportional to n− 1 and is

localized at the tip of the cone. In other words, it is localized on the entangling surface. Of

course, if φ were a constant this would be the usual area formula arising in gravitational

entropy. In fact, since φ is a general function we call this a Wald term, though the term is

usually reserved for higher derivative corrections to the gravitational action.

Notice that when we map the problem to a thermal problem in the hyperboloid these

two prescriptions translate into either: “Hard Wall”, which is changing the temperature

everywhere but putting a hard wall at a large distance. Or the “smooth cone” which would

raise the temperature of the hyperboloid for ρ < ρmax but at larger values of ρ we would

revert to β = 2π.

When we used conformal methods and the insertion of the stress tensor we ignored any

possible contribution from large ρ in hyperbolic space. With the smooth cone prescription

this is correct because the metric reverts to the original metric far away. On the other

hand, if we use the “Hard Wall” prescription we can have some boundary terms at the

wall. The origin of these boundary terms is clear. When we vary the metric we need to

integrate by parts the variation of the curvature in (C.1), which can give rise to an extra

boundary term. This boundary term is the same as the one giving rise to the area term in

the black hole entropy.

The final result is that the difference between the two entropies is

SSmooth Cone − SHard Wall = 〈SWald〉 = −4π

12

∫
dA〈φ2〉 (C.2)

Here SWald is the gravitational entropy that we compute from the action (C.1).

If we now consider the circular Wilson loop in flat space and view this as the entan-

glement entropy of one of the Rindler regions, then this difference is also the same as the

difference between consdering the conformal stress tensor, or a naive stress tensor where

we set R = 0 before we take the derivative with respect to the metric to compute the

stress tensor.

D Free fields: the details

The free loop W = ee
∫
O expectation value is just

logW =
e2

2

∫
dτdτ ′〈O(τ)O(τ ′)〉 (D.1)

D.1 Scalar

If we set one point at ρ = 0, θ = 0, φ = 0 and the other point at an arbitrary place, the

propagator in H3 × S1
2π is

G(τ − τ ′, ρ, φ, θ) =
1

8π2

1

cosh ρ− cos(τ − τ ′)
(D.2)
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From here sum over the images for going from β = 2π to β = 2πn. To do so, one

should to do it m = 1
n integer and then can analytically continue [30]

m−1∑
k=0

G2π

(
ρ, τ +

2πk

m

)
=

1

8π2

sinhmρ

sinh ρ

m

cosmτ − coshmρ
(D.3)

So we obtain (τ ∼ τ + 2πn):

Gn =
1

8π2

sinh ρ/n

sinh ρ

n−1

cos τ/n− cosh ρ/n
(D.4)

Another useful quantity is the one point function of the scalar field in the presence of

the loop

〈φ〉W = en

∫ 2π

0
dσ′Gn(σ − σ′, ρ) =

e

4π sinh ρ
(D.5)

So, 〈φ2〉W = e2

16π2
1

sinh2 ρ
.

D.2 Gauge field

The Maxwell equation in Feynman gauge is

− gµν∇2
H3×S1 +Rµν = −gµν∇2

H3×S1 − 2δijµνgµν (D.6)

Where i, j denote the directions in the hyperboloid. The solution to this is 〈AµAν〉 =

gµνDm2 . That is, we have the propagator of a massless scalar for the temporal modes

and the propagator of a m2 = −2 scalar for the spatial directions. We have the explicit

propagator for a massive scalar field in H3 ×R, [62]

G∞m2 =

√
m2 + 1

4π2

ρ

sinh ρ
√
ρ2 + t2

K1

(√
m2 + 1

√
t2 + ρ2

)
(D.7)

In [62], they analytically continued it from the sphere and they got H
(2)
1 instead of the

Bessel function. Demanding regularity when t→ ±∞ requires that we pick K1. This gives

us the conformally coupled scalar propagator for m2 = −1, with the proper normalization.

This agrees with the n→∞ limit of (D.4)

From here we can obtain the solution at finite temperature Gβ =
∑∞

n=−∞G∞(t+nβ).

So the integral logWβ ∝ β
∫ β

0 dτGβ(τ) = β
∫∞
−∞ dtG∞(t).

D.3 The need for a boundary term in hyperboloid

In section 3 , we saw that for the scalar field ∂β logW = −
∫
〈TNττ 〉 = 0 (by TN we mean

the stress tensor without adding the improvement term). However if we explicitly plug the

stress energy tensor and the time independent solution φw = sinh−1 ρ, we obtain

−
∫
dρTNττ = −

∫ ∞
ε

dρ((∂ρφw)2 − φ2
w) = 1 (D.8)

This does not seem to be compatible with the statement ∂β logW = −
∫
〈TNττ 〉. The

reason is that we have to impose further boundary conditions. The time independent
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solutions to the scalar equation are φ = a+bρ
sinh ρ . We want to pick the solution with b = 0.

To do that we fix the boundary conditions at infinity: sinh ρ(φ+∂ρφ))|ρ=∞ = 0. Of course

the same equation is true for the variation. So we should impose the boundary condition

in the variation of the action.

The action will apply this boundary condition if we include a boundary term: S =

S − 1
2

∫
ρ=∞ sinh2 ρφ∂ρφ. This fixes everything:

−
∫
dρTNττ = −

∫ ∞
ε

dρ sinh2 ρ((∂ρφw)2 − φ2
w) +

∫
ρ=∞

sinh2 ρφw∂ρφw = 0 (D.9)

E Comments about the 1/2 BPS loop

The half BPS Wilson loop [48] is more complicated. It is formulated in terms of the

holonomy of a superconnection. This superconnection is a matrix whose diagonal elements

look like those of the 1/6 BPS loop and has fermions in the off-diagonal terms. For the

three sphere, it turns out that it is in the same cohomology as the sum of the two 1/6 BPS

loops, so we can easily compute it from the matrix model integral (5.10)

〈W 1/2〉S3 = 〈W 1/6〉S3 + 〈W̄ 1/6〉S3 (E.1)

Where 〈W̄ 1/6(λ)〉S3 = 〈W 1/6(−λ)〉S3 is just the 1/6 loop for the second U(N). In

the planar limit, 〈W 1/2〉 has a very simple expression in terms of κ (see eq. (5.11) for the

relation between κ and λ) [53]

〈W 1/2〉 =
κ

8πλ
(E.2)

Note that it is real. For the winding loop there is a small change [16] 〈W 1/2
m 〉S3,MM =

〈W 1/6
m 〉S3 − (−1)m〈W̄ 1/6〉S3 .

Now we would like to find a simple expression for the loop in the squashed sphere, at

least near b ∼ 1. The arguments that it is in the same cohomology as the sum of the two

1/6 BPS loop seems to also apply here. Very roughly, the localization locus is σ = const

and all the other fields are set to zero, so we expect that it is just the sum of the two loops.

To first order in b−1 we expect that we should simply be computing the expectation value

of ebµ1 + ebν1 in the matrix model with b = 1. Here µi and νi are the eigenvalues of the

matrix model for each of the two groups.

This would lead to

∂b〈W 1/2(S3
b )〉|b=1 = ∂m

(
〈W 1/6

m 〉S3 + 〈W̄ 1/6
m 〉S3

)∣∣∣
m=1

(E.3)

However, one can check that by expanding (5.10)in powers of λ that this expression vanishes

(at m = 1). This fact can balso be checked numerically and at strong coupling. This seems

incorrect since this expression is also determining the expectation value of the energy in

the presence of the Wilson loop. At strong coupling the energy seems to be non-zero. We

have not understood how to interpret this result.
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On the other hand, if we were to assume that the right answer is obtained by tak-

ing the derivative with respect to m of the multiply wound Wilson loop, then we would

obtain instead

∂b〈W 1/2(S3
b )〉|b=1 = ∂m(〈W 1/6

m 〉S3 − (−1)m〈W̄ 1/6
m 〉S3)

∣∣∣
m=1

(E.4)

This result is non-zero only due to the derivative of the (−1)m term, given that (E.3) is

zero. However, this result, Re(iW̄ 1/6), is an odd function of λ, so both the corresponding

B function and the entropy will not be invariant under parity. It is strange that if k < 0 we

have negative Bremmstrahlung. However, this result is in agreement with the perturbative

two loop computation in [63]. The one loop correction at strong coupling was computed

in [64], but it is not in agreement. However, this could be due to some subtleties in the

precise relation between the radius of AdS and λ.

In summary, the situation with the 1/2 BPS Wilson loop is confusing and requires

more thought.

The recent paper [61] obtains a result for the Bremsstahlung function for 1/2 BPS

Wilson loop which is even in λ.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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