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1 Introduction

Entanglement entropy has received much attention in recent years, with applications rang-
ing from condensed matter systems to the holographic reconstruction of spacetime. Given
a physical system composed of two subsystems A and B, it provides a measure of the
extent to which information from one subsystem is relevant for the other. For quantum
field theories with a dual AdS/CFT description it can be calculated holographically, at
least when the subsystems arise from a spatial partition of the background geometry into
regions A and B. The entanglement entropy of the region A is then given by the area of
a certain minimal surface extending to the boundary of AdS. Namely, it should end there
on the entangling surface, which is the boundary dA of the region A [1].

This rather ad-hoc proposal for the holographic calculation was placed on firmer ground
in [2]. The key is to introduce a notion of gravitational entropy which extends the usual
finite-temperature equilibrium interpretation of Euclidean compact-time solutions [3] to



the case where there is no U(1) isometry along the S! time direction. The gravitational
entropy of a configuration with a, possibly asymptotic, boundary which has an S! direction
is calculated by considering a family of solutions, where the period of the S! is varied. More
explicitly, with S(n) denoting the on-shell gravity action for the solution with period 27n,
the gravitational entropy S, is given by

Sg = —n0y, [log Z(n) — nlog Z(1)] log Z(n) = —=S(n) . (1.1)

n—1

The configuration itself is kept periodic with the original period 27 also for n # 1. The non-
trivial part then is to evaluate (1.1) for the case where n is not an integer and translations
along the S! are not a symmetry: there is a clash in keeping the original period for the
boundary conditions and implementing the varying identifications along the S' direction.
One of the two equivalent prescriptions given in [2] is to avoid that problem by defining
S(n) as follows. One integrates the S! direction only over [0,27) in the action. Since
the geometry should be regular for a period 27n, this introduces an apparent conical
singularity with opening angle 27 /n at the place where the S! degenerates, already for the
U(1) symmetric case. To get the full action the result is then multiplied by n, such that
S(n) = nS(n)2x. Using this prescription in (1.1) yields

— T 2
Se = Tl}_)rnln OnS(n)ar . (1.2)

A connection to the holographic calculation of entanglement entropies arises for the
case where the gravity solution is a Euclidean asymptotically-AdS space with a specific
boundary geometry. Namely, the S! direction should on the boundary encircle the entan-
gling surface 0A. The family of bulk solutions labeled by n then produces on the boundary
n-fold covers of the original geometry, branched along 0A. These are precisely the geome-
tries that would be used to calculate the entanglement entropy directly in the CF'T, as a
limit of Renyi entropies with the replica trick. With the standard AdS/CFT identification
of the bulk and boundary partition functions [4-6], the calculation of the gravitational
entropy (1.1) is then equivalent to the calculation of the entanglement entropy in the dual
theory with the replica trick. Moreover, as argued in [2], this formula reduces to the area
of the minimal surface ending on JA, so it reproduces the proposal of [1].

A topic of recent interest are the entanglement entropy corrections arising when flavor
degrees of freedom are added to the CFT, which have been studied, e.g., in [7-10]. Adding
flavors in the quenched approximation corresponds in the bulk to the addition of branes in
the probe approximation. To calculate the leading-order contribution of the flavors to the
entanglement entropy with the method of [1], one has to compute the backreaction of the
flavor branes on the bulk geometry and then the resulting change in the area of the minimal
surface. As discussed in [7], one can avoid an explicit calculation of the backreaction by
expressing it as a convolution of the brane energy momentum tensor with the gravitational
Green’s function. The resulting double-integral formula offers a crucial simplification: it
turns out that the detailed properties of the internal space only mildly affect the calculation
and can be subsumed into an effective brane energy-momentum tensor. Nevertheless, that
one needs the backreaction at all may seem surprising, given that the leading corrections to



other quantities, like the thermal entropy density, can be calculated from the on-shell action
of the probe alone. In this paper we show that the method of [2] offers a new perspective
on that issue: by a suitable adaption we can get the leading-order correction to the entropy
without computing the backreaction. The calculation of the entanglement entropy from
on-shell actions, combined with extremality arguments similar to those used in [2], allows
us to argue that the brane embeddings are only needed for the n = 1 geometry, and that we
do not need the backreaction altogether. This naturally is not entirely for free. With the
branes treated in the probe approximation we can not generally reduce the expression (1.2)
to a pure boundary term, and the computation does not explicitly reduce to the area of
the Ryu/Takayanagi minimal surface. However, this can certainly be a reasonable trade
for avoiding the backreaction or a double integral of twice the dimension.

As a specific application we consider the D3/D7 setup [11], which yields a holographic
description of N' = 4 super Yang-Mills theory coupled to flavor degrees of freedom, and the
D3/D5 system which adds flavors confined to a codimension-1 hypersurface to the Yang-
Mills theory [12, 13]. We calculate the entanglement entropy of a spherical region A. For
the pure CF'T that entropy has been derived in [14], by conformally mapping it to a thermal
one. To calculate the entanglement entropy from the gravitational entropy (1.2), we need
the one-parameter family of bulk solutions described above. For n # 1 these turn out to
be the Euclidean versions of hyperbolic AdS black holes, and to get the flavor contribution
we have to consider the D5 and D7 branes in these backgrounds. Nicely enough, though,
it is still sufficient to know the extremal brane embedding for the n=1 AdS geometry.
The entanglement entropies for massless flavors have previously been calculated in [7, §],
and our method reproduces those results. We also consider the case where the D7 branes
are separated from the stack of D3 branes, which corresponds to adding massive flavors
to the CFT. Building on the backreacted D3/D7 bulk geometry obtained by means of a
smearing technique in [15], their contribution to the entanglement entropy has been studied
holographically in [9]. In our approach we will not have to deal with the complicated
backreaction, and the case provides an example where the brane embedding breaks the
U(1) isometry along the S! direction. We find that the universal terms in the entanglement
entropy agree in both calculations. Comparing the remaining scheme-dependent terms is
difficult, since keeping the regularization scheme unaffected by the flavor perturbation is
subtle in the backreaction approach. To allow for a more detailed comparison we also
calculate the change in the Ryu/Takayanagi minimal area with the double integral formula
derived in [7]. This simplifies the backreaction approach rather drastically and allows us
to better keep track of the regularization procedure. Up to differences in the finite terms,
which as we will argue should be expected, we then find completely agreeing results.

The paper is organized as follows. We start in section 2 by calculating the pure CFT
entanglement entropy of a spherical region in terms of the gravitational entropy of the dual
gravity theory, and discuss in detail the relevant family of bulk solutions. In section 3 we
give a general discussion of how branes are incorporated into the generalized gravitational
entropy method and how the probe approximation can be exploited very efficiently. This
method is then applied in section 4 to calculate the entanglement entropy corrections due
to massless and massive flavors in A/ = 4 SYM theory. In section 5 we give an independent



calculation of the massive case, following the double-integral approach of [7], and compare
to the previous results. We conclude in the final section 6.

2 Entanglement entropy from generalized gravitational entropy

To set the stage and fix notation we calculate the entanglement entropy of a spherical
region in pure N' = 4 SYM. The result itself has already been derived in [1, 8, 14, 16], but
the calculation provides a nice opportunity to highlight the facts about the gravitational
entropy calculation that will be relevant for the probe brane discussion. We consider the
Euclidean CFT on flat R? with line element

ds? = dt* + dr* + r2dQ3_, . (2.1)

The region A for which we want to calculate the entanglement entropy corresponds to r < £
at t = 0, and we denote the complement at t = 0 by B. If we wanted to calculate the
entanglement entropy directly as limit of Renyi entropies in the boundary theory by the
replica trick, we would consider n-fold covers of the background geometry, branched along
0A. Such geometries can be obtained by the coordinate transformation

fsinT £sinhu

f=——— - 2.2
COShU + cosT " COShU “+ cosT ( )

This covers the entire R and maps the regions A and B to A = {7 = 0,u € R} and
B = {7 = m,u € R}, respectively. The line element becomes

ds* = O? (dr? + du® + sinh®(u)dQ3_,) , Q= {(coshu + cosT)™ " . (2.3)

The period of the S! direction 7 naturally is 27, and adjusting the range to 0 < 7 < 27n
yields the desired n-fold covers.

To calculate the CFT entanglement entropy holographically from the generalized grav-
itational entropy of the dual gravity theory, we have to consider asymptotically AdSsxS®
solutions which yield on the boundary of AdS5 the geometry (2.3), with the S! direction
encircling 0A. That is, the boundary geometry is precisely the n-fold cover that would be
used in the replica trick. The generalized gravitational entropy of the n =1 solution can
then be calculated from (1.2) and yields the CFT entanglement entropy.

2.1 Bulk geometry for a spherical entangling surface

We now discuss the AdS bulk geometry such that the boundary takes the form (2.3).
Starting with AdS in Poincaré coordinates, ds?> = L%z ™2 (dz2 + dt? + dr? + TQdQQ), we can
extend the coordinate transformation (2.2) into the bulk and perform the transformation

1
z:pCOShu+ﬁCOST7 t=zlpsinT, r = zlpsinhu, (2.4)

where 5> = p? — (=2, For p — oo this turns into (2.2). The resulting geometry is the
S! x H! slicing of AdS441 with line element
dp?

2 _ 72
ds“ =1L (p2—€_2

+ (p*0* = 1)dr? + p2€2ds§ﬂd_1) . dsfa—1 = du® +sinh®(u)dQ7_,
(2.5)



Figure 1. Tllustration of how the coordinates (2.4) cover the Poincaré patch of Euclidean AdS. The
plane on the left hand side represents the boundary at z = 0, the black thick line is A, the red thick
line is the place where the S' direction 7 degenerates, and the blue curves are along constant p and
u. The right hand side shows a section of the figure on the left hand side through the plane ¢ = 0.
The blue circular lines correspond to constant p and the green perpendicular ones to constant w.
At the red half circle corresponding to p = =1 the S! direction degenerates. The part inside of it
has 7 = 0 and the outside part 7 = 7.

where the H? ! slices have radius of curvature ¢. Demanding that there be no conical
singularity at p = ¢~! yields the identification 7 ~ 7 + 2r. The Lorentzian version of
that geometry covers the causal completion of the spherical region A on the boundary
of AdS, as discussed in [14]. The Euclidean version, however, covers all of the Poincaré
patch, as illustrated in figure 1. This figure already shows that the place where the S!
degenerates corresponds to the minimal area ending on JA, which was used to calculate
the CFT entanglement entropy in [1].

The boundary metric which we extract from that bulk geometry depends on the choice
of defining function h: following the standard procedure [17], the metric on the conformal
boundary is defined by

Ibndy ‘= lg% h29|8./\/16 ) (26)

where M. denotes the asymptotically-AdS spacetime with a finite spatial cut-off, and
OM the resulting boundary in the ordinary sense. If we now take the bulk metric (2.5)
and choose h = 1/(pL), the resulting boundary geometry is S' x H?"!. On the other
hand, keeping the defining function we had originally used in Poincaré coordinates, h =
z(p,T,u)/L with z as given in (2.4), we get precisely (2.3) as boundary geometry. Changing
the defining function corresponds to a conformal transformation in the boundary theory,
and for a CFT the choice is up to us. Since, however, we will be interested also in the
case where massive flavors are added to the CFT, such that conformal invariance is broken
by a relevant deformation, we have to keep the latter defining function used in Poincaré
coordinates, and thus get (2.3) on the boundary.

It is now not too hard to find the bulk solutions for n##1: these are the Euclidean
versions of the hyperbolic AdS black holes discussed in [18]. With C}, = pf — pz_Qﬁ_Q, the



line element reads

d 2
ds® = L? <f ?p) + fu(p)Pdr* + p2€2ds%1d_1> . falp)=pr 02—t (27)
The position of the horizon is determined from the absence of a conical singularity for
7 ~ 7 + 27n. This yields (f] (pn) = 2/n, or more explicitly

Cpid— (d—2) = 2ppl/n . (2.8)

Translations along 7 are an isometry of the metrics for all n, and for n = 1 the geometry
reduces to (2.5). The above discussion of the extraction of the boundary geometry and the
choices of defining functions also applies for n # 1, since f,,(p) becomes independent of n
for large p. The boundary geometry thus is — depending on the defining function — either
St x H4 1 or (2.3), but with period 27n. So, with the choice of defining function discussed
above, we have indeed found the family of solutions needed to evaluate the entanglement
entropy from (1.2).

To simplify the following computations, we note that we can also just work with the
bulk geometry (2.7) with £ = 1. To get the boundary metric (2.3) we then have to use
the defining function h = z(p, 7,u)¢/L. This change of defining function corresponds to a
constant rescaling of the metric on the field-theory side. The usual identification of the
field theory UV cut-off e~! with the bulk IR cut-off z > ¢ is thus changed to z > €//.
Likewise, the bulk quantity corresponding to the mass M, of the flavor fields in the CFT
(up to a rescaling the separation of the flavor branes from the D3 branes) now corresponds
to the dimensionless quantity M,¢ on the CFT side. This alternative way of encoding the
radius £ of A in the bulk computation will be used in section 4.

2.2 Gravitational entropy of pure gravity

We now calculate the gravitational entropy of the solution (2.5) via (1.2), which yields
the entanglement entropy for the spherical region A in the dual CFT without flavors. To
get the on-shell action for Einstein-Hilbert gravity on the bulk geometries (2.7) we have
to employ the usual procedure of holographic renormalization. That is, after cutting off
the bulk spacetime at a finite spatial distance, we supplement the action by covariant
counterterms on the cut-off surface, to cancel the divergences. Here we have to deal with
two kinds of divergences: those arising for large AdS;41 radial coordinate p and those for
large H! radial coordinate u, and we introduce a cut-off in both directions, analogously
to the procedure in [19]. The variation of the finite renormalized actions with n would
then automatically produce a finite entropy. However, in the existing calculations of the
entanglemenet entropy the divergences of the minimal area are kept, to see, e.g., the QFT
area law [20] and to have the universal log terms accessible. As we want to compare to
the existing results, we implement the following partial renormalization of the bulk action:
we subtract off the large-p divergences by adding the usual holographic counterterms at a
cut-off surface of fixed large p = p.. This leaves divergences arising for large u, which we
do not cancel. Following [14], we fix the cut-off by noting that, at the horizon p = =1, we



have from (2.4) that z = £/ coshu. With the usual identification of the field theory cut-off
with the bulk IR cut-off, we thus introduce an upper bound on u, which is given by

cosh upax = /€ . (2.9)

We then have the cut-off surface shown in figure 1(b), but introduce counterterms only on
the part of constant p = p., which excludes the circular regions.!

We can now turn to the actual calculation. The S® part of the on-shell action just
contributes a factor of the volume, which we absorb into the definition of the Newton
constant, G := G10q/Vgs. We will also keep the dependence on d for AdS;;1 explicit, since
the final result generalizes accordingly, with an appropriate definition of G to account for
different internal spaces. After integrating over the internal space, we use the (partly)

renormalized action Spuikren = Shuik + Set with

_ 1 d+1 d(d —1)
Sbulk = e /M d l’\/ﬁ(R[g] + =73 ) , (2.10a)
| ; 2d—1) L
ct — — € 2K_ € o . 2'1
5t = 167G o ° a( Tt Rled+.) (2.10b)

The metric (2.7) is a solution to the bulk field equations, where we use curvature con-
ventions such that the curvature of AdSyy; is R = —d(d + 1)/L?. In the second line,
OM denotes the boundary at a fixed large p. and g. the metric induced there. There
potentially are more counterterms, depending on d, and specifically for d = 4 we have the
usual log-divergent and finite counterterms constructed from the squared Weyl tensor of g..
However, the induced metric on the cut-off surface here is S x H~! and thus conformally
flat, such that these terms vanish. For the metric determinants and the extrinsic curvature,
K = %gi‘;'éENgindW, we have

_ _q 1 d—1 1 _ 1
\/§:Ld+1€dpd 1\/9Hd—17 V9e=1L 1f2\/§7 K = prQ +L lapf2 - (211)

Since the induced metric on M is ST x HY !, the scalar curvature is just the sum of the
S' and HY! curvatures, Rlg.] = —p-2L~2(d — 1)(d — 2)/¢>.

With all the ingredients at hand we can now calculate the gravitational entropy of the
n =1 solution (2.5) by evaluating (1.2), which yields the entanglement entropy Sgg in the
dual CFT. The n-dependent on-shell action is obtained by just integrating 7 over [0, 27),
such that

Sgpr = n28n [Sbulk(n)gw + Set (n)gw]nzl . (2.12)

A striking point of [2] is that the computation of the gravitational entropy actually reduces
to the evaluation of boundary terms. The arguments used there rely on rewriting the bulk

1One may be worried that this could add counterterms at the Poincaré horizon, corresponding here to
T=m, u=0, p— oo. This can be avoided by a lower cut-off on u, in addition to (2.9), such that the surface
where counterterms are added does not cross a fixed z = n. This yields coshu > (1 —npe cos 7)/(npe), which,
as pe — 00, only removes the point z — oo from the cut-off surface. However, none of our calculations is
sensitive to this procedure.



part such that it is proportional to the equation of motion, which produces additional
boundary terms at p. and pp. For the explicit example at hand we can see that rather
straightforwardly: the only n-dependence in the integrands of (2.10) is through f,(p), and
the integrand of Spyuk evaluates to —2dL_2\/§, which is actually independent of f,, and n.
Without using any integration by parts, only taking into account that the lower bound of
the p-integration, p, = pn(n), depends on n, the variation with n thus reduces to

Pe
—167G L* n?0,, Spuc = 120y, dpdz(—2d)\/g = —(n28nph)/ d?z(—2d)\/g . (2.13)
Ph p=pn

There is no contribution from a change in the range of the 7-integral, since that was
restricted to [0,27) for all n. Both contributions in (2.12) are thus reduced to boundary
terms. In fact, the 7 integrations are trivial here, since translations along 7 are an isometry,
so both terms calculate — up to coefficients — the volume of H?!, which is also the
minimal surface ending on 0A. For the evaluation of the counterterms we note that the
derivative of f,, with respect to n is strongly suppressed for large p, namely

Onfalp) = O™ fulp)) - (2.14)

Thus, only the GHY term and the volume counterterm, which are the leading terms at
large p. and of O(p?), can contribute finite parts to the gravitational entropy. With the
explicit expressions given in (2.11) above and

2p%~ O prls = 1

we can then evaluate (2.12). With Vjga—1 denoting the (regularized) volume of H%~! with

anfn(p)’nzl - (2.15)

unit radius of curvature, this yields
Lo
SEE - EL Vdel . (216)
The AdS., minimal surface ending on the sphere A on the boundary is precisely H ! (as
we will see explicitly in section 5.2 below), so this result agrees with the previous derivations.
Evaluating the volume of H! with the cut-off u < upax as given in (2.9), we find

L7 Wiy [Hma gca LTWaao 1 (1—s%)dT2
SEE e /0 du sin U e /E/g ds ] (2.17)

The explicit form of the volume of S92 is Vga—» = 27(@~D/2/T(4=L) and to get the sec-
ond equality we have substituted cosh(u) = 1/s. This result precisely reproduces (3.3)

of [1], where d refers to AdSg+2. We also see explicitly that we could have carried out the
computation with the £ = 1 geometry, just taking into account the modified identification
of the gravity and field theory cut-offs, and we will follow that procedure from now on.
Expanding (2.17) for small € yields

L™ Waao (2 1. € 1

The divergent and finite parts generally depend on the regularization scheme and on the

SEE =

choice of state in the CFT, from which the entanglement entropy is calculated, while the
universal, scheme-independent information is in the coefficient of the log-term [21].



3 Gravitational entropy of probe branes: reduction to boundary terms
vs. probe approximation

We now include branes embedded into the bulk spacetime into the picture. The gravi-
tational entropy of the combined system of bulk gravity and embedded brane, described
by a total action S = Shuk + Sbrane, can again be calculated via (1.2). Since solving the
combined system of equations for the bulk fields and brane embedding functions is notori-
ously difficult, the branes are often treated in the probe approximation. This corresponds
to solving for the brane embedding in a fixed gravitational background which is a solution
to the bulk equations of motion. The backreaction of the brane on the bulk geometry is
then only taken into account perturbatively. Since the background solution, into which the
brane is embedded, extremizes the bulk action, the bulk part has an expansion of the form

Sbulk = 515?1)11{ + t(Q)Sl()i)lk + (3.1)

where t( is the parameter controlling the strength of the backreaction (a combination of
Newton’s constant and the brane tension). The salient feature is, of course, the absence of
a term linear in to. The brane action, on the other hand, itself is of O(¢y) and including the
change of the embedding due to the linearized backreaction again only produces terms of
O(t%). For quantities calculated directly from the on-shell action, the probe approximation
therefore yields correct results at linear order in ¢y even without including the backreaction
at all. This unfortunately does not apply to the area of minimal surfaces embedded into
the bulk spacetime: their area is certainly sensitive to O(tg) corrections to the bulk metric.
The extremality of the bulk action just does not (obviously) help here. For a holographic
calculation of the flavor contribution to the entanglement entropy via [1], even at leading
order, one thus has to actually calculate the backreaction. In the following we will discuss
the gravitational entropy contribution of the branes. As it turns out, here we can obtain
the results to O(tp) without calculating the backreaction. Moreover, it is also enough to
know the correct brane embedding, determined from extremizing the DBI action, just for
the n = 1 geometry.

We consider an on-shell bulk configuration with a boundary which has an S! direc-
tion, possibly without U(1) isometry along the S!, into which a brane should be embed-
ded. The gravitational entropy can then once again be calculated with the formula (1.2),
which becomes

Sg = n2an [Sbulk(n)27r + Sbrane(”)?ﬂ']nzl . (32)

We are instructed to find a family of bulk configurations where the S! direction is cov-
ered n times, with n possibly non-integer. Restricting the range of integration for the S!
direction to [0, 27) introduces an apparent conical singularity with opening angle 27 /n,
whether or not the configuration has a U(1) isometry. For the following general arguments
we use a notation similar to [2], where 7 denotes the coordinate along the S! direction
and 7 the direction along which the S' degenerates. The locus where the S! degenerates
is =0, and the boundary corresponds to r — co. Since we will be explicitly interested in



asymptotically-AdS spaces, where both the bulk and brane actions have to be renormal-
ized by introducing a cut-off and counterterms at large r, we will explicitly include the
counterterms into the arguments. For other configurations one just has to appropriately
drop or replace the counterterm contribution. We then have

Sbulk(n) —/d?“ dd:ULbulk + Sct,bulk7 Sbrane(n) = /drdpyLbrane + Sct,branea (33)

where x, y denote the transverse coordinates in the bulk and on the brane, respectively. We
start with the contribution of the bulk action to the entropy. The derivative with respect
to n simply becomes

0 =
The derivative with respect to n evaluated at n = 1 can be understood as a first-order vari-

n2an5bu1k(n)27r‘n:1 :/ dr ddx nzaanulk + nzanSCt,bulk N . (3.4)

ation, which we simply write as d,,. Following [2], we can now rewrite the derivative of the
bulk Lagrangian using integration by parts, such that the integrand becomes proportional
to the equations of motion. We use the notation
oL
5nL = 76nguu + a,M@M [dﬂ ] ’ (3'5)
0Ypuw
to separate the part yielding the equations of motion from the total derivatives, and anal-
ogously for other fields and the brane action. The total derivatives potentially produce
boundary terms at the cut-off at large r., as well as at the apparent conical singularity at r =
0. The former are then combined with the variation of the counterterm action, and we find

Te I
81 Sputic (n)or = / dr dz 55 bulk
0

5nguu
Inw (3.6)

[t (uLepc+ Niluloag) + [ s NSOl fong),

r~0

where the metric represents the entire set of bulk fields. We have also denoted the outward-
pointing unit normal vector fields to the surfaces r = r. and r ~ 0 by N¢ and N?, respec-
tively. If we had the bulk theory alone, we would conclude that for an on-shell configuration
the first term vanishes. The second term vanishes as well, since the holographic countert-
erms are constructed precisely such that the renormalized action is stationary for solutions
of the bulk field equations satisfying appropriate boundary conditions. We would thus be
left with the third term, which evaluates to the area of the locus where the S' degenerates,
as argued in section 3.2 of [2].

We now want to add probe branes to the system. For simplicity we will also assume that
the brane Lagrangian only involves the volume of the induced metric, the generalization to
additional and possibly higher-derivative brane fields should be straightforward. In general,
the brane embedding will adjust to changes in n, and one has to solve the entire system of
resulting equations for each n. The variation of the brane action then becomes

oL brane oL brane
(5nS rane — drd? 571 v 5nXM
b / ey ( OGuw I+ 0X )

(3.7)
+ /_ dpy (5nLct,brane + N;@grane[dX]) —|—/ OdpyNg(—){)trane[dX] .

~10 -



There are no boundary terms from the variation with respect to the bulk metric, since the
Lagrangian does not involve its derivatives. The combination of boundary terms at r. van-
ishes when evaluated for on-shell embedding functions X*, since the brane counterterms are
again constructed such that the action is stationary. Moreover, in contrast to the analogous
terms for the bulk theory, the boundary terms produced at r ~ 0 vanish as well: in contrast
to the curvature at a conical singularity, the volume stays perfectly finite and shrinks to zero
as the tip of the cone is approached. Thus, as long as the brane Lagrangian just involves the
volume form, there is no additional contribution from r ~ 0. This may change as curvature
terms are included in the effective brane action, and a nice discussion of curvature invari-
ants at conical singularities can be found in [22, 23]. As emphasized in [2], one should also
not add explicit boundary terms at r = 0, since the conical singularity is just an apparent
one, resulting from our restriction to 7 € [0, 27), while the full geometries are regular. If
we assume the embedding functions X* to be on shell for n=1, we are thus left with

81 Sbrane = / drdPy 5?“‘“‘3 Ol + / oy Lt brane Sl - (3.8)
Guv r=re 5guu
The contribution from the brane counterterms is now reduced to the variation with respect
to changes in the bulk metric, which enters through the volume and curvatures of the
induced metric on the cut-off surface on the brane.

We could now use the backreacted metric to evaluate (3.2) with (3.6) and (3.8). The
metric variations in (3.8) then cancel the first two terms in (3.6). This is just the statement
that the backreacted metric solves the combined Einstein equations, and that the countert-
erms are constructed to cancel the boundary terms at r.. We are then left with the third
term in (3.6), evaluated for the backreacted metric. This of course just yields the area of
the minimal surface, now calculated for the backreacted metric, and thus reproduces the
prescription of [1].

But the derivation this far also allows us to take a different route and avoid calculating
the backreaction: Similarly to the arguments given around (3.1) above, we can exploit the
probe approximation to get the entropy to linear order in tg. Since the bulk geometries for
all n are constructed such that they extremize the bulk action (we are deforming along an
on-shell path), we can again use the extremality argument and expand, for each n,

Shuti() = S () + O(8F) (3.9)
where Sé?l)lk(n) is evaluated on the non-backreacted metric. The probe brane contribution
is itself O(ty), and including the backreaction there also only produces O(t2) corrections.
We can thus use the non-backreacted metrics to evaluate (3.2) to linear order in ty. This
yields the first two terms in the expansion S, = Séo) + Sg(;l) + O(t%), where tg is implicit
in Sg(l). When evaluated on the non-backreacted metric, the zeroth-order term (3.6) again
reduces to the boundary term at the locus where the S degenerates: the first two terms
vanish since the bulk equations of motion are solved and the third yields the minimal area.
The leading-order correction (3.8) now can not be further reduced to a boundary term,
which means that we will actually have to calculate the integrated variation of the brane
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Lagrangian. Summing up, we find for the gravitational entropy to linear order in ¢

Anin 0 Lpran 0 L¢t brane
S, = 9 + /drdpy bra SOnGu + / dpyﬁéngw : (3.10)
59/w r=re 69#!/

The first term is Séo) and arises from the last term in (3.6), while the remaining terms
are linear in ty and yield Sg). The bottom line of this general discussion thus is, that
we can calculate the contribution of the probe branes to the gravitational entropy by just
considering the variation of the DBI action with respect to changes in the bulk metric with
n, as given in (3.10). We do not need to calculate the backreaction and we only need the
correct brane embedding for the n =1 geometry.

3.1 Euclidean hyperbolic AdS black holes

We now put the calculation of section 2.2 in perspective and evaluate (3.10) for the bulk
geometry (2.7). This will then be used in the next section to calculate the flavor contribu-
tion to the CFT entanglement entropy of the spherical region A. In the coordinates used
in section 2.2, changing n also changes the range of the radial coordinate p, which we have
to take into account. For the variation of the bulk action away from n =1, which produces
the first term of Sgg = S}% + Sg]% + O(t3), we found

SIE:O) = (5nSbu1k(n)27r = —(5ph / dd.%'Lbulk + / dp ddx (5anqu + 5nSCt,bu1k y (3.11)
p=pn(1) p>pn(1)
where dpj, = n?0pppn(n)|n=1. Since the 7 integral is fixed to [0, 27), there was no contribu-
tion from a change of the 7 interval. As we had seen in section 2.2, the on-shell Lagrangian
was independent of n already, so rather than using integration by parts to rewrite it as
equation of motion plus boundary terms, we decided to explicitly evaluate the expression
at this point already, to get Sgg. For the brane embedded into (2.7) we analogously find

Pe

oL rane
S}E]l}% = 5nSbrane(n)27r = —5Ph / dpyLbrane + /dl)dpy 6; 5719;1,1/ + 5nSct,brane . (312)
uv

p=pn Ph

As argued above, we have to take into account only the variation with respect to the bulk

metric. If we further assume the brane Lagrangian to be given solely by the volume form,

without contributions of, e.g., worldvolume gauge fields, the DBI action for a Dp-brane
just is

Lbrane = _Tpﬁ7 (313)

with the induced metric v on the worldvolume of the Dp-brane. We note that a positive
tension brane has negative 7}, with that sign convention. To calculate the contribution to
the entanglement entropy we need to evaluate (3.12), which then becomes

Pe
sty=ony [ aws = 1 [Cdp [ @yrtonA ¢ rt0uSupme 310
Ph Ph

p:
Once again, we keep the n = 1 brane embedding and only take into account the change
of the worldvolume due to the change in the spacetime metric. This equation will be the
starting point for the calculations of section 4.
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4 Flavor entanglement entropy from generalized gravitational entropy

We now want to apply the method of the last section to include the contribution of probe
branes to the gravitational entropy. This will yield the entanglement entropy of the dual
CF'T with flavor degrees of freedom, which, corresponding to the probe approximation, are
treated in the quenched approximation. Specifically, we consider the D3/D5 and D3/D7
systems, which we introduce in the following. From the spacetime perspective the D7
branes provide an example of spacetime-filling branes, while the D5 branes are codimension
1. The mass of the flavors in the dual theory depends on the separation of the flavor branes
from the D3 branes in the ten-dimensional spacetime. We take the AdSsxS® background
created by the D3 branes in coordinates where the AdSs part is given by (2.5) and the S°
part reads

dsgs = L? (dip® + cos®(¢)d6? + sin®(¢)dQ3) ,  dQ3 = dp® +sin®(p)dQ3 . (4.1)

The brane embeddings extremizing the DBI action can simply be obtained by transforming
the solutions given in [11] to our coordinates. The D7 branes wrap an AdSs;xS? subspace
of the D3-brane near-horizon geometry, which is defined by 8 = 0 and

U
pcoshu + pcost’

cos = pz = (4.2)
where p is proportional to the separation between the D7 and D3 branes. The separation
of the branes corresponds to the flavor mass in units of the string tension, and with the
usual AdS/CFT identifications this yields a quark mass M, = 2—\/5;1, as given, e.g., in [24].
However, we will use the rescaling discussed in section 2.1 to set /=1 in the metric (2.5),
which changes the identification of the bulk quantity p with the flavor mass to

a, = YAB

i=ab (4.3)

At z = 1/ the S wrapped inside the S® vanishes and so does the effective tension seen
from AdSs, such that the branes end there. Choosing p # 0 breaks the isometries of
AdSs. However, in the hyperbolic slicing the amount of manifest symmetry is reduced
rather drastically: with 7 and u appearing in (4.2), the U(1) symmetry of translations
along 7 is broken, and only an SO(d — 1) remains of the H¢! symmetries. The 1SO(d)
transformations acting on the slices of constant z in Poincaré coordinates, or constant
z(p, T,u) in the hyperbolic slicing, are of course symmetries in both coordinates, they may
just not be as obvious. The U(1) isometry along the S!' direction 7, however, is broken.
For the embedding of the D5 branes we make one of the angular variables of the hyperbolic
slices in (2.5) explicit and write

dst. i = du® + sinh?(u) (d¢? + sin®(¢)dQ3_5) . (4.4)

The D5 branes then wrap an AdS;xS? defined by ¢ = ¢ = 5, 0 =0 and (4.2). Corre-
spondingly, the flavor degrees of freedom in the dual theory are confined to a codimension-1
subspace.
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In the following we calculate the gravitational entropy contribution of the D5 and D7
branes in the probe approximation. To validate our resulting entanglement entropies in the
massive case, we compare to the double-integral formula derived in [7], which represents
the change in the Ryu/Takayanagi minimal area due to the linearized backreaction.

4.1 Massless flavors from D3/D7 and D3/D5

We start with the massless case, u = 0, when the D5/D7 probe branes are not separated
from the D3 branes, before turning to the more involved massive case. As seen in section 2.2,
we can in fact obtain rather general results and thus again keep the dependence on d for
AdSg41 explicit. The brane embeddings in the massless case respect the U(1) isometry of
the background geometry in the 7 direction. They also preserve the SO(1,d — 1) symmetry
of the H?! hyperbolic slices of AdS for the D7 and, correspondingly, the SO(1,d — 2)
symmetry of the H?2 slices for the D5 branes.? We will use the bulk geometry with ¢ = 1
and, as explained above, incorporate the radius of the sphere by a proper identification of
bulk and boundary quantities. To keep the expressions simple we will also fix the AdSs
and S° radii of curvature to L = 1.

4.1.1 D7 branes in AdS;xS°

We now specialize to the D7 brane. To evaluate (3.14) we just need the induced metric,
which simply is the AdS5xS? part of the bulk metric with line element

dp?
ds? =
T falp)

Nicely enough, f,(p) drops out of the induced volume form, which thus is actually indepen-

+ fa(p)dr? + pPdsia i + dQ3 . (4.5)

dent of n. The second term in (3.14) therefore vanishes in the massless case. The S? part
of the DBI action just contributes a factor of the volume, and with p} (n)[p=1 = 1/(1 — d)
the contribution from the D7-brane action to (3.14) evaluates to

1
P [Ty = - Tl (4.6)
P=Ph d—1

where Ty = T7Vgs and Vs denotes the volume of the St x H9 1 transverse to p. This
leaves the contribution of the counterterms to be evaluated. As shown in [25], the usual
covariant counterterms can be reorganized into those for just the AdS;1q part and those
for a scalar field corresponding to the slipping mode ¥. The relation of ® used there to
1 as given in (4.2) simply is ® = 7/2 — +. The integral over the S® internal part then
just produces a factor Vgs, which turns 77 into Ty. For the massless case, ¢ = 7/2, the
resulting counterterms are

1 1
SD?,C(’, == TO/ ddys\/’yjﬁ (d - 2d(d IR ].)(d — 2)R[VS,€]> ) (47)
P=Pe

or the ranes the n =1 embedding in fact extremizes the brane action also for n # 1, since they
2For the D7 b th 1 embedding in fact extremizes the b ti Iso f 1, si th
wrap a maximal S® in S® and the entire AdS factor, which is the only part that changes with 7.
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where v . denotes the metric induced from the AdSg4; part of the bulk metric on the cut-
off surface. We have given the coefficients for general d, noting that in higher dimensions
additional counterterms will be required. The log-term for d = 4 once again vanishes since
the cut-off metric is conformally flat, and the sign difference to [25] is attributed to the fact
that AdS has negative curvature in the conventions used here. To evaluate the contribution
of these counterterms to the entanglement entropy via (3.14), we are interested in their
derivative with respect to n. Due to the strong suppression of the derivative of f,, with
respect to n by (2.14), again only the volume counterterm can produce a non-vanishing
contribution. Evaluating the third term in (3.14), we thus find

1

2 —
n 8TLSD7,C13 - d(d o 1)

ToVs . (4.8)
One may be worried that, since the bulk geometry changes with n, the implementation
of the field theory cut-off in the bulk theory also depends on n. However, the asymptotic
expansion of the bulk geometry does not change with n up to terms which are suppressed
by at least p~¢. The interpretation of the bulk cut-off in the dual theory is thus only
changed at a correspondingly subleading order, which does not affect the entanglement
entropy where the leading divergence is O(e?~%). Combining (4.6) and (4.8) with (3.14),
using Vy = 27 Va1, we thus find

to . Via—1
2d 4G

where we have introduced tg := 167GT} in the second equality. This is precisely the result
of (2.16) with an overall factor —t¢/(2d), and thus reproduces the result found in [7, 8].

St = —gTOVHH = (4.9)

4.1.2 D5 branes in AdS;xS°

We now turn to the D5 brane. The induced metric on the brane is simply the AdSyxS?
part of the bulk geometry, with line element

dp?
ds? =
T fa(p)

As in the D7 case, the induced volume form on the branes is independent of n and (3.14) re-

+ fulp)dr?® + p*dsia s + dQ3 . (4.10)

duces to the contribution from p = pp and from the counterterms. The former evaluates to

1
p/h(’rl)Tg,/ d5y\f: — T5V52VE . (4.11)
P=Ph d—1

Vs now denotes the volume of S x H?~2, but since we still have p}, (n)],=1 = 1/(1 —d), the

overall coefficient is not changed. Turning to the counterterm contribution, we note that the

leading counterterm, which is proportional to the volume of the cut-off slice, only diverges

as p?~1. Due to (2.14), the counterterms therefore do not yield a contribution that survives

the limit p. — o0, in contrast to the D7 case. The final result with Ty = T5Vg2 thus reads
2w to Via—2

(1)
S T = — ) 4.12
5B —ploVaes 2d—1) 4G (4.12)
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This again nicely reproduces the entropy corrections derived in [7, 8]. We thus find that
our gravitational-entropy results (4.9), (4.12), which required neither conformally mapping
the entanglement entropy to a thermal one, nor computing the backreaction, agree with
the existing results.

4.2 Massive flavors from separated D3/D7

We now turn to the case where D7 branes are separated from the D3 branes. Of the
AdS5xS® near-horizon geometry of the D3 branes they then wrap the part of S° given
by (4.2) with p # 0. At z = u~! the D7 branes end in smoke, and to keep the focus on the
essential steps we will discuss the case of small mass, ;< 1. In this case the branes cover
the entire locus p=1 where the S! degenerates, which is not the case for large mass and
has to be taken into account there. Conformal invariance of the boundary theory is broken
by the presence of the massive flavors, which in the bulk is reflected by the breaking of the
radial isometries evident in Poincaré coordinates. A comment is in order on the change
from Poincaré coordinates to the S* x H?! slicing (2.5). Changing coordinates clearly is
a perfectly valid thing to do, and since the S' x H?! slicing of AdS4,; covers the entire
Poincaré patch in the Euclidean setting, we can actually perform all our calculations in
these coordinates. However, in the massless case, where conformal invariance was intact,
we could have changed in addition the defining function to h = 1/(pL), which would have
corresponded to considering the dual CFT on S' x H%!. Once conformal invariance is
broken, switching to S' x H¢~! on the CFT side is not a symmetry anymore, and we have to
do an honest change of coordinates, keeping the original defining function h = z(p, 7, u)/L.
To evaluate (3.14), we first need the induced metric v on the brane, for which we find

2 27,2

ds% = fi[()p) + fu(p)dr? + p*(du® + sinh?(u)dQ3) + lliclizZQ
To keep the expression simple, we have denoted z(p,7,u) as given in (2.4) simply by z,
and analogously dz = (0,2)dp + (0r2)dT + (Oyz)du. For p = 0 this reduces to (4.5).
We then need the determinant of the induced metric for n = 1 and its derivative with

+ (1 — p22%)dQ% . (4.13)

respect to n at n = 1. The former can easily be evaluated by transforming the result
from Poincaré coordinates, where the induced metric is given below in (5.4) and, with
dztdz, = dt* + dr* + r?dQ3, we have \/y|n—1 = 27 1%, /ggz,53(1 — p2?). For the latter
we have to actually evaluate the derivative of the determinant, to arrive at

. 520,2)% — (0:2)?
Vet = PP sinh® (u)/Gszrgs (1 — 1°2%) . [OnvA ey = 1V Vet (9 3)/)2[;4( L

(4.14)

We start with the first term of (3.14), i.e. the contribution from the boundary at the
horizon. Using (4.14) with p =1 it evaluates to

1 Umax
p%(n)ﬂ/ dy/y = —§T7V33 <Vg - 27T,LL2V52/ du tanh? u) . (4.15)
P=Ph 0
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Since we have assumed small mass, ;o < 1, the restriction to z < pu~! does not restrict the
range of the u integration.

We now turn to the counterterm contribution. In addition to the counterterms in (4.7)
we now have those involving the slipping mode. As explained above, the counterterms can
be split into those constructed from the spacetime part of the brane metric for y = 0,
which is just AdSs, and those involving ¢. In addition to the terms in (4.7) we now have

1 1
St = To / d*y, 78’6(5@ — 5 log(p) 20 @ + ad + 5¢DZE(I>> . (4.16)
P=Pe

where & = 7/2 — 1) = arcsin uz(p, 7,u) and DYZ’E =0,,. — #R[ys, is the Weyl-covariant
Laplacian.® The coefficients of the finite terms were fixed in [25] by demanding the on-
shell action to vanish, as required by supersymmetry. One could in principle introduce an
explicit n-dependence of the renormalization scheme by varying them with n. However,
this would introduce additional, spurious divergences, as these locally finite terms are
integrated over an infinite volume, and we thus keep them fixed. The leading divergence
in the counterterms (4.16) is just O(p?), so due to (2.14) the derivatives with respect to n
vanish as p. — oo. This just leaves us with the contribution from the previously present

counterterms (4.7), as given in (4.8), and we find

to

120, (So7.et + S%?,ct) = %G

Vi - (4.17)
Using the explicit results for the counterterm variation, (4.17), and the contribution from
the change in pp, (4.15), in (3.14) yields

Pe t 4 Umax
SISI% = —T7/ dp/dEnzan\f N (VHs — u2V52/ du tanh? u> . (4.18)
on 32G 3 0

This already reproduces the massless result (4.9), as it should since in the massless case
the remaining variation of the brane Lagrangian did not contribute to the entropy.

The remaining thing is to calculate the contribution from the variation of the brane
Lagrangian, i.e. the second term of (3.14). Implementing the integration bound z(p, 7, u) <
p~!is a bit tricky, since it links the three integration variables in a non-trivial way. There
is a nicer way to do the integral, which we give in appendix A. Setting again coshu = 1/s,

the result reads

t ! 1-s2 1
T7/ dpdn?0,\ /7 = 480GV52/ dsy/1 — 2 {;ﬁs - guts(1 - 252)} . (4.19)
2<q; a/l S

Combining that with (4.18), we thus find

s _ _tgvsz ! s V1 — s?
EE 32G Jas 53

2 1
<1 — §u232(1 + 5%) — §u4s4(1 — 232)> . (4.20)

3To cancel the large-p. divergence of the on-shell action without having to use integration by parts we
use a slightly modified form where ®0J,, . ® — 200, .® — 570,90, .
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We note again that p is proportional to My¢ in the field theory, and this is indeed the
dimensionless combination which we expect to appear in the entanglement entropy. To
isolate the divergent and finite parts we expand the result for small €, which yields

toVer (121 1 4
SS]%:— 0 SQ< +6(4u2+3)10g(6)—+ﬂ—u> . (4.21)

32G \ 2¢2 20) 4 9 45

In the case of a CFT we had noted already below (2.18) that the regularization-scheme and
state independent information is in the coefficient of the log-term. For a CFT deformed
by a relevant deformation the analogous question has been studied from the field-theory
side in [26, 27] and holographically in [28, 29]. It turns out that the universal information
is in the coefficients of the terms pu¢=2=2"log(ue) for 2n < d — 2. To match our result to
that notation, we would expand log(e/(2¢)) = log(ue) — log(2uf). The conclusion then is
that both parts of the coefficient of the log-term in (4.21) are universal. Comparing our
result to the calculation in [9], we indeed find that the coefficients of the log terms agree.
Matching the finite and power-divergent terms is difficult, since they are regularization-
scheme and state dependent. While the regularization procedure is rather transparent in
the gravitational entropy calculation, there are subtleties when the backreacted geometry
is used. We will come back to this issue below, after giving another calculation of the
massive flavor entanglement entropy where we keep track of these subtleties.

5 Flavor entanglement entropy from the minimal area

We have already seen that the universal terms in the entanglement entropy due to massive
flavors calculated by the gravitational entropy method agree with those found in [9]. To
get a better understanding of the remaining terms we now compare to a computation with
the double-integral formula proposed in [7]. The basic idea here is to calculate the change
in the area of the minimal surface yielding the entanglement entropy in an efficient way.
This would usually involve calculating the linearized backreaction and evaluating

S0 =16 | 3T (@)gula). 5.1

x

where T"Y is the energy-momentum tensor corresponding to the minimal surface (up to
coefficients the variation of the induced volume form on the minimal surface with re-
spect to the spacetime metric). The linear backreaction can be calculated in terms of
the probe brane data using the gravitational Green’s function G, resulting in the double-

integral formula
1 1 1_ .. K
S = Joe / | 5 T(®) 5 G (0.0 T3e(0) (5.2)

The fact that the minimal surface is always of codimension 2 allows for a crucial simplifi-
cation: The details of the brane embedding in the internal space become largely irrelevant,
and can be subsumed into an effective energy-momentum tensor for the probe branes. The
formula (5.2) can then be reduced to

1 sVs s0s
Sé)]i)} = 77/ Trﬁirl; (l's)GuSuS,psas(l‘Says)Tepﬁ (ys)7 (5'3)
Ts,Ys
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where the subscript s refers to the fact that only the spacetime components (those cor-
responding to the non-compact part of the geometry) are summed over, and not those in
the internal space. Likewise, also the integral is only over the spacetime coordinates. The
details of the derivation can be found in [7].

5.1 Linearized backreaction

Once we have seen that only the effective spacetime part of the brane energy-momentum
tensor is relevant in (5.3), we can actually just as well calculate the backreaction of that
source on the spacetime part of the metric and go back to (5.1) to get the change in
the entanglement entropy. We thus start by calculating the linearized backreaction of
the D7-branes embedded via (4.2) into the AdS5xS® background. For the AdSs part we
use standard Poincaré coordinates and for the S® part (4.1). As discussed above, in the
gravitational entropy calculation the radius of the spherical region A entered the choice
of coordinates, and the use of the bulk geometry with £=1 consequently implied that ¢
entered the identification of bulk and boundary quantities. This is not the case here, and
the separation of the branes directly corresponds to the flavor mass. To avoid confusion
we replace (4.2) by cost = mz for this section, and note that M, = %m With that
embedding the induced metric on the brane reads

L2 ( dz ® dz

V=3 +dz, ® da:“) + L*(1 —m*2%)ggs (5.4)

1 —m?222

and we refer to the first term as v, and to the second as ;. To get the effective energy-
momentum tensor of (5.3), we integrate out the internal part of the D7-brane action

SD7-brane = —T7/d8yﬁ= _/d5ys <T7/d93ﬁ) Vs =t —/d5ysT5d\/7s. (5.5)

Since the brane direction z parametrizes both, a spacetime and an internal direction, -,
still carries information on the embedding into the internal space and is not induced from
the AdS5 part of the bulk metric. With \/y; = \/ggs L? sin® 1 (z) we find

Tsq = TrVea L3 (1 — m?22%)3/2 (5.6)

From the AdSs perspective, we get a spacetime-filling brane with a position-dependent
effective tension. Coupling this brane to the effective five-dimensional bulk Einstein-Hilbert
action (2.10a), the resulting energy-momentum tensor appearing on the right hand side of
Einstein’s equations is

2 0SD7-bran
Teuﬂsus = _\F 5D7 brane _ \/\/’ETsd’yusys =To(l — m222)’y“5"5 . (5.7)
9s 9Gspsvs Js

Nicely enough, this properly rescaled T :fFVS is conserved from the 5d perspective. We can

thus calculate the backreaction in the 5d effective picture, as advocated above. Noting
that the source respects translations and rotational invariance along the z#° directions, we

make the ansatz

L2
595 =~y (F(2)dz @ dz + (=)o @ diy,) (5.8)
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The functions f and g can then be determined by perturbatively solving Einstein’s equa-
tions. This fixes f in terms of A by the relation

to

f(z) = _E(l — m?2? )2 —zh'(2) . (5.9)

The function A itself is not further constrained by the Einstein equations, and represents
the remaining gauge freedom to make O(tp) changes to the z coordinate. To not spoil the
asymptotically-AdS form of the metric, both of f and h along with their derivatives should
be finite for z — 0, and the equation thus fixes the constant part of f.

What we have so far is the form of §gs in the region covered by the D7 branes, z < 1/m,
and we still have to join it to the unperturbed solution for the region z > 1/m, to which
the branes do not extend. The relevant junction conditions are that the induced metric
and the extrinsic curvature on the hypersurface z = 1/m agree. The first condition yields
h(1/m) = 0. The extrinsic curvatures K, = 3 (Lnh),, with hy = gu — nun, are

geam _ BN —2h(x) =)
Hovo 2/ f(2) +1

z>mT —1
K _L g,uouo )

Koo

Guovo - (5.10)

Demanding those two to be equal at z = 1/m and using that h(1/m) = 0, we find the
additional condition h'(1/m) = 0. Up to these requirements, the choice of h is not con-
strained.

5.2 Entanglement entropy

With the linearized backreaction at hand, we can now calculate the entanglement entropy
from (5.1). To derive the energy-momentum tensor corresponding to the original minimal
surface, we switch to spherical coordinates on the spatial part of the slices transverse to
the AdS radial direction, such that

dzt0dz,, = dt* + dr* + r?dQ3 . (5.11)

The minimal surface can then be parametrized by z = fs, r = (/1 —s? and Qy =
Qs(p1, v2). The induced metric on the minimal surface then is H? in the form

L? [(ds®ds
Ymin = 872 < 1_ 82 + (1 - 52)952> . (512)

Of the energy-momentum tensor Ty, we only need the diagonal part, since it will be
contracted with dgs, which is diagonal. From (5.12) we find

Y s? 1 1
diag(Th? ) = Iz (g2(1 —5%),0,0%s%, e kg cs(;?((pl)) . (5.13)

The entropy correction due to the change in the minimal area, (5.1), can then be evaluated
with (5.8) and (5.13), which yields

V1—s2
ds

S = —L?’VSZ
qe 28

(s> +2) h(ls) — (s* = 1) f(Is)] - (5.14)
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Note that the cut-off z > € corresponds to s > ¢/l. After replacing f by (5.9), we can use
partial integration to reduce the integral to

1 _ <2)3/2
(1) _ 1 tfg 3 / (1 S )
SEE = 74G 24L V52 E/Z d8783

3 2 273/2

(1— (mis)?)® + L;éSQ h(e)f—Z [1 - ﬁ] . (5.15)
The dependence on h is thus reduced to its value at the cut-off surface z=¢, or, more
precisely, to the first few terms of its Taylor expansion around z=0, since it multiplies
an asymptotic series. This reduction should be expected, since different choices for h are
related by gauge transformations. One would usually expect h to drop out entirely, that
it does not is due to the fact that we are dealing with an infinite area and the choice of h
affects the regularization. The remaining integral in (5.15) can then be performed easily.
With g =ml we find for the expansion around € = 0

I3V 2 4243 1 82t 3
SSE),:— 52 [t()( s log€++u+u>—4h(€)(2_2>} . (5.16)

32G 6e2 6 20 4" 9 15 €

The ambiguities due to the free choice of h reflect the freedom in the perturbed dual field
theory to adjust the regularization scheme: As emphasized already in [7], the identification
of the geometric bulk cut-off z. =€ with a field-theory cut-off A =1/z. generally is spoiled
by the change in the geometry due to the backreaction. This corresponds to an O(Ny/N)
adjustment of the regularization procedure in the dual field theory. In fact, we could have
used even more general ansétze than (5.8). We see, however, that the universal coefficient
of the log-term agrees with the one found in the gravitational entropy (4.21).

5.3 Comparison to gravitational entropy

We now want to discuss in some more detail how the backreaction method relates to
the calculation in terms of the gravitational entropy. Comparing the scheme-dependent
finite and power-divergent terms is notoriously difficult, as it requires a matching of the
regularization schemes. However, before discussing that issue there is another subtlety left
to be taken care of. In the calculation of the gravitational entropy, adding the flavor branes
to the setup does not seem to alter the regularization scheme: once the cut-off procedure
is fixed in the unperturbed theory, it is not affected by the probe branes, unless we choose
to explicitly change it. In the backreaction approach, on the other hand, the change in
the bulk metric does imply that the interpretation of the bulk cut-off in the dual theory
is affected. We thus still have to isolate the entanglement entropy contribution of the
flavors from that due to a change in the regularization scheme. To this end we will now
determine the precise meaning of the cut-off at z =€ in the perturbed CFT, and then fix
the ambiguities in (5.16) by demanding that the regularization schemes in the perturbed
and unperturbed CFTs are the same. In the massless case the perturbed metric is still
AdS, and we could transform it to Poincaré coordinates. The coordinate transformation
depends on h, and the cut-off at z =€ then corresponds, depending on h, to different cut-
offs 2/ =€ (€) in Poincaré coordinates. The latter can then be identified with the cut-off in
the perturbed CFT. The massive case is less straightforward, since the backreacted metric
is not AdS anymore. To relate the bulk and boundary cut-offs we will thus follow the
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covariant procedure discussed in [30]. The basic idea is to determine the minimal length §
which can be resolved in the cut-off CFT as follows: One starts with a causal diamond of
a given maximal spatial extent on the boundary, and extends it to a causal wedge in the
asymptotically-AdS bulk spacetime. If the spatial extent of the boundary causal diamond is
small enough, its extension into the bulk will be entirely hidden behind the cut-off surface.
The marginal case, where the extension into the bulk just touches the cut-off surface, then
sets the minimal length ¢ in the CFT, corresponding to the given cut-off in the bulk theory.
The identification for metrics of the form (5.8) has been worked out in [31]. For our g5+ dgs

_GZLJC(Z)_EEEZ zZ)— n\z 2
5_Ad’“+M@_ +zéd(ﬂ> W)+ O(E2), (5.17)

where we have dropped terms of higher order in the backreaction to get the second equality.
The second term gives the O(ty) change of the CFT cut-off. Using (5.9) and integration
by parts, we can eliminate h in the integrand, which produces a boundary term at z=¢

it evaluates to

and yields

d=¢€— % [h(e) + % <1 - §m262 + ;m4e4>} +O(t3) . (5.18)
To get a consistent result for this new cut-off, we would have to take into account that, due
to the changed cut-off, there is an additional contribution to the entanglement entropy at
O(tp) from the original minimal surface, as emphasized in [7]. Namely, we would have to
add the part of the original minimal surface bounded between z = ¢ and the surface z =9,
representing the new CF'T cut-off in the unperturbed bulk geometry. The more convenient
variant of course is to just choose h such that the meaning of the cut-off in the CFT is not
changed. We thus have to demand the expression in square brackets in (5.18) to vanish,
which fixes h(e). With this choice of h the regularization procedure is then unaffected
by the flavors and we have isolated their contribution in the entanglement entropy (5.16),
which becomes

toL3Vx 2 44243 1 242 4
W _ _to 82< Pt ¢ s “) (5.19)
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Comparing to the gravitational entropy (4.21), we now find that, in addition to the univer-
sal log-terms, also the scheme-dependent power-divergent terms agree. The only remaining
difference is in the m-dependent finite terms. But this should not come as a surprise, given
that we have not precisely matched the regularization procedures: For the regularization
of the minimal area we have chosen a cut-off at constant z, and then fixed the backreaction
such that the meaning of that cut-off in the field theory is preserved. For the gravita-
tional entropy calculation, on the other hand, we had chosen a different cut-off, shown in
figure 1(b).

To elaborate a bit further on this point, we recall the identification of the cut-off bulk
theory with the cut-off CFT in the approaches to the holographic renormalization group
in [31, 32], focusing on a bulk scalar field ¢. One rewrites the full bulk partition function
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Z[pp] in terms of the partition functions Zig on the cut-off spacetime and Zyy on the
remaining part as

(o] = / Do, Zinlo] Zuvldo. 6. (5.20)

where ¢y and ¢, are the boundary values on the conformal boundary and on the cut-off
surface, respectively. The correlators of the dual operator in the cut-off CFT are then
obtained from

Zglod = <exp{/¢e(9}>CFT7€ : (5.21)

In the semiclassical limit, where the bulk path integral is dominated by the on-shell action,
this gives the one-point function as the normal derivative of ¢ at the cut-off. When the
cut-off surface approaches the conformal boundary, this turns into the usual AdS/CFT
prescription where the subleading mode on the boundary gives the one-point function. We
now turn to the D7 branes. For the slipping mode v, the boundary-dominant solution
was chosen in (4.2), which sources as dual operator the mass term of the flavor fields.
There is no contribution from the subdominant mode, which would produce a vacuum
expectation value and corresponds to a deformation of the state. This clear split is lost in
the cut-off theory: the slipping mode (4.2) does not satisfy a pure Dirichlet or Neumann
boundary condition at the cut-off surface. Evaluating (5.21) thus produces a non-vanishing
one-point function, and adding the flavor branes perturbs the Hamiltonian and the state
in the cut-off CFT. As the cut-off approaches the conformal boundary, we get back to the
pure deformation of the Hamiltonian in the full CFT. However, here we have studied the
cut-off CFT, and choosing different cut-off surfaces corresponds to different admixtures
of perturbations to the state. As pointed out in [28], that affects the finite terms of the
entropy: while the divergent parts are generally independent of the state, i.e. the full
density matrix from which the entanglement entropy is calculated, this is not the case for
the finite parts. We thus conclude that the universal terms agree in both calculations, and
even the scheme-dependent power-divergent parts do, which is as much as we can expect.

6 Conclusions

In this work we have studied the gravitational entropy introduced in [2], with a focus on
practical applications in AdS/CFT. While its conceptual relevance for the calculation of
entanglement entropies in AdS/CFT is clear, as it permits an actual derivation of the
minimal-area prescription [1], one may naively expect it to be of little practical value,
precisely because it reduces to the minimal area. We have shown that it does offer practical
advantages, too, focusing on the case where the bulk theory is perturbed by the addition of
probe branes. The minimal-area prescription does not allow to efficiently exploit the probe
approximation, and one has to calculate the backreaction to get the leading correction to
the CFT entanglement entropy. Our general discussion of probe branes in section 3 has
shown that for the gravitational entropy, on the other hand, we can directly exploit that the
branes perturb an on-shell configuration, and thus avoid calculating their backreaction. The
line of arguments is in fact not limited to the case of probe branes. Rather, generally when
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a deformation of the gravity theory is considered only perturbatively, it should be possible
to use analogous arguments to get the entropy without calculating the backreaction. This
applies for the gravitational entropy itself, and in particular for the case where it is used
with AdS/CFT to calculate entanglement entropies for the dual CFT.

As a specific application we studied holographically the contribution of various types
of flavors in A/ = 4 SYM theory to the entanglement entropy of a spherical region. We have
validated our method by comparing to existing calculations in the literature. In comparison
to the computation of the backreacted minimal area, which in particular for the case of
massive flavors involves non-trivial techniques like a smearing of the flavor branes over the
internal space, the calculation has become very straightforward. For the case of massive
flavors we also compared to another approach, which simplifies the calculation from a
different perspective: the double-integral method of [7] does in fact boil down to computing
the backreaction, but only of an effective source on the AdS part. This allowed for an
independent concise derivation, which confirmed our result obtained from the gravitational
entropy. After subtleties in the regularization procedure due to the backreaction were taken
into account, also the scheme-dependent power-divergent parts agreed. It is worthwhile to
compare the two methods in a bit more detail. The double-integral formula offers a rather
drastic simplification of the backreaction approach. Its simplest form has limitations when
the brane sources non-metric bulk fields which already have background values in the bulk
solution. But if that is not the case, one just needs the backreaction of an effective source,
with the effective tension obtained from the full brane action, on the non-compact part
of the bulk geometry. It thus allows to be agnostic, to some extent, about the details
of the internal space. The gravitational entropy method, on the other hand, avoids the
complications of the backreaction altogether, and only needs the brane action. It also
does not interfere with the interpretation of the bulk cut-off in the dual CFT, as the
n =1 solution is not deformed. It does, however, need the one-parameter family of bulk
geometries with varying period of the S'. As we have seen for the brane embeddings, one
does not need the full solutions, just the background geometry is enough. Yet, finding
that family of geometries can be non-trivial. Depending on the case at hand, one of the
approaches or the other may thus be more convenient. The gravitational entropy method is
particularly easy to implement once the one-parameter family of bulk solutions is known. It
thus calls for further application, in particular for a spherical region A. For another choice,
where A is a half space, the family of bulk solutions has been discussed in [2]. It should,
among other things, be possible along the arguments given in section 3, to incorporate non-
trivial worldvolume gauge fields and study entanglement in the dual CFT at finite density.
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A Integrating 6,/ for separated D7

For completeness we now explain in a bit more detail how the result (4.19) is obtained.
With (4.14) the left hand side of (4.19) becomes

(70,2)% — (9:2)?

3ﬂ2ﬁ4 ’ (Al)

Ty / dp dX 6,/ = Ty 1i? /dpdrdu / p? sinh?(u) (1 — p?2?)

1 1 S2x 83
Z<u Z<u

where 2 again denotes z(p,T,u) as given in (2.4) and the volume forms on S? and S* are
implicit. Implementing the restriction to z < 1/ in our coordinates is a bit tricky, but we
can actually circumvent it: as an intermediate step, we perform the integration over the
full AdS5 corresponding to z € RT, and then subtract the part with z > p~!. Substituting
coshu = 1/s we find

1 1— 2 1
T7/ 1 dpd¥ 6,/ = tZ;/g; dsv/1—s? [,uQs - §M4s(1 — 25%)
2<s; a/l $

(P*0p2)* — (9,2)°
3p2ﬁ4 :

— To *Vge / . dpdrdup® sinh?(u) (1 — p?2?)

Z>u

(A.2)

Since the integral is over the n=1 geometry, which is just Euclidean AdSs, we might as
well switch to Poincaré coordinates for the remaining part. We could try to invert the
coordinate transformation (2.4), but we find it is easier to use explicit parametrizations of
the AdS hyperboloid. For L = 1 the Euclidean versions of the parametrizations in [14] read

y—1 = pcoshu, Yo = psinT, Yd = PCOST, Yo = psinhu wg, (A.3)
for the hyperbolic slicing, where a = 1,...,d — 1 and >  w? = 1. For the Poincaré coordi-

nates we use

y1+ya=2"", Y1 —ya=z+z ‘ot yi=1'/z, (A4)
where ¢ = 0,...,d — 1. Using these parametrizations and the explicit expression for
z(p, T,u), we can then express the terms of the integrand in (A.2) as

Orz =tz, 20,z = 2y_1/p — pz, PP=122 k. (A.5)

The volume form transforms to dpdrdup®sinh?®(u) = dzdrdtr?z~°. While the bound
z > 1/p is implemented straightforwardly in Poincaré coordinates, the integrand itself
becomes rather bulky. However, for z > 1 we see from (A.4) and (A.5) that p > 0. The
integrand thus has no poles and the integral can be performed straightforwardly. The
second line of (A.2) then evaluates to zero after the ¢ and r integrations,

22 — 2Y_ 2 _¢2
—Tp %V . dzdrdtr?275(1 — p%2?) ((p 3y21~£p) )
Z>TL p p

=0. (A6

We have also confirmed this result numerically, and the first line of (A.2) thus is the final
result.
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