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ABSTRACT: In the planar N' = 4 supersymmetric Yang-Mills theory, the conformal sym-
metry constrains multi-loop n-edged Wilson loops to be given in terms of the one-loop
n-edged Wilson loop, augmented, for n > 6, by a function of conformally invariant cross
ratios. That function is termed the remainder function. In a recent paper, we have dis-
played the first analytic computation of the two-loop six-edged Wilson loop, and thus of the
corresponding remainder function, in terms of known mathematical functions. Although
the calculation was performed in the quasi-multi-Regge kinematics of a pair along the
ladder, the Regge exactness of the six-edged Wilson loop in those kinematics entails that
the result is the same as in general kinematics. We show in detail how the most difficult
of the integrals is computed, which contribute to the six-edged Wilson loop. Finally, the
remainder function is given as a function of uniform transcendental weight four in terms
of Goncharov polylogarithms. We consider also some asymptotic values of the remainder
function, and the value when all the cross ratios are equal.
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1 Introduction

In the planar N = 4 supersymmetric Yang-Mills (SYM) theory, Anastasiou, Bern, Dixon
and Kosower [1] made an ansatz for the iterative structure of the colour-stripped two-loop
scattering amplitude with an arbitrary number n of external legs in a maximally-helicity
violating (MHV) configuration. Writing at any loop order L, the amplitude MT(LL) as
the tree-level amplitude, MT(LO), which depends on the helicity configuration, times a scalar

function, mle), the proposed iteration formula for the two-loop MHV amplitude mg) (e) was

mP(e) =, [mPE)] + 1O @mP2e) + 0+ 0(e). (L.1)
Thus the two-loop amplitude is determined in terms of the one-loop MHV amplitude mg) (€)
evaluated through to O(€?) in the dimensional-regularisation parameter € = (4 —d)/2, the
constant C'®) = —¢3/2, and the function f®)(e) = —¢ — (3e — (4%, with ¢ = ((i) and
((z) the Riemann zeta function. In ref. [1], the iteration formula (1.1) was shown to be
correct for the two-loop four-point amplitude, which previously had been evaluated ana-
lytically [2]. Eq. (1.1) was proven to be correct also for the two-loop five-point amplitude
through numerical calculations [3, 4].!

Subsequently, Bern, Dixon and one of the present authors extended the ansatz by
proposing an all-loop resummation formula [9] for the colour-stripped n-point MHV am-
plitude, which implies a tower of iteration formulae, allowing one to determine the n-point
amplitude at a given number of loops in terms of amplitudes with fewer loops, evaluated
to higher orders of €. In ref. [9], the ansatz was shown to be correct for the three-loop
four-point amplitude, by evaluating analytically mf’)(e) through to finite terms, as well as
mf)(e) through to O(e?) and mg})(e) through to O(e?).

However, eq. (1.1) fails for the two-loop six-point amplitude: in ref. [10] it was shown

that the finite pieces of the parity-even part of mé?)(e) are incorrectly determined by

'The one-loop five-point amplitude to O(e?) has been computed analytically in the multi-Regge kine-
matics [5, 6]. The great computational complexity introduced in the amplitude by the higher orders in e
makes it desirable to devise regularisation schemes for which such higher-order terms are not present. A
step in this direction has been made in refs. [7, 8] where a mass regulator has been introduced, which does
not require, in the square of the amplitude, higher-order terms in the regulator.



eq. (1.1),2 although the parity-odd part of m((f)(e) does fulfill eq. (1.1) [16]. In particular,
it was shown numerically that the two-loop remainder function, defined as the difference
between the two-loop amplitude and the ansatz for it,

n n n

R® — m(Q)(e) _ ; [m(l)(e)r _ f(2)(€) mﬁf)(%) —0® +O(e), (1.2)

(2)

is different from zero for n = 6, where Ry, is a function of the kinematical parameters of
the n-point amplitude, but a constant with respect to €. The analytic computation of R((f)
has been performed recently in ref. [17].

In the strong-coupling limit, Alday and Maldacena [18] showed that planar scattering
amplitudes exponentiate like in the ansatz, and suggested that the vacuum expectation
value of the light-like n-edged Wilson loop could be related to the n-point amplitude in
N = 4 SYM. At weak coupling and at one-loop accuracy, a similar duality was found
between the four-edged Wilson loop and the four-point MHV amplitude [19]. At one loop,
the duality has been extended to Wilson loops and MHV amplitudes with an arbitrary
number of points [20]. At two loops, the duality has been verified for the four-edged
Wilson loop and the planar four-point MHV amplitude [21], and for the five-edged [22] and
six-edged [12, 23] Wilson loops and the parity-even part of the corresponding planar MHV
amplitudes.

Furthermore, it was shown that the L-loop light-like Wilson loop exhibits a conformal
symmetry, and that the solution of the Ward identity for a special conformal boost is given
by the ansatz, augmented, for n > 6, by a function RiL‘ZV ; of conformally invariant cross
ratios [22]. Because of the duality between Wilson looI;s and amplitudes at one and two
loops, RS}/V ; can be identified as the remainder function of eq. (1.2).

In refs. [23, 24], the two-loop n-edged Wilson loop has been given in terms of Feynman-
parameter-like integrals. Furthermore, in ref. [24] a numerical algorithm has been set up,
which is valid for the two-loop n-edged Wilson loop and by which the two-loop seven-edged
and eight-edged Wilson loops have been computed,® although the corresponding planar
two-loop MHV amplitudes are not known.* Thus, also the remainder functions R%)/V ;, and
Rgl)/v ;, of the Wilson loops are known numerically, and the numerical evidence [24] confirms
that they are functions of conformally invariant cross ratios only. However, their analytic
form is in general unknown.

In ref. [17], we gave a brief account of our analytic computation at weak coupling of the
two-loop six-edged Wilson loop in general kinematics. The computation was performed in
the Euclidean region in D = 4 — 2¢ dimensions, where the result is real, and it was found

2There were hints of a failure from the strong-coupling limit of an amplitude with a large number
of legs [11], from the two-loop six-edged Wilson loop [12], from the six-point amplitude analysed in the
multi-Regge kinematics in a Minkowski region [13-15].

3In fact, in a particular kinematic setup for which only 2n-edged regular polygons are allowed [25], and
for which the simplest non-trivial remainder function is the one of the two-loop eight-edged Wilson loop,
the remainder function has been computed numerically through the algorithm of ref. [24] for Wilson loops
with up to 30 edges [26].

4The parity-even part of the planar two-loop n-point MHV amplitudes has been given in terms of scalar
Feynman integrals, yet to be evaluated [27].



2)

in agreement with the numerical evaluation of ref. [24]. For n = 6, Rgwp, is a function of
the three conformally invariant cross ratios, w1, us, us. However, it is sufficient to compute
the two-loop six-edged Wilson loop in any kinematical limit which does not modify the
analytic dependence of R((f‘),v , on ui,ug,ug [28]. Among such limits are the ones which
feature an exact Regge factorisation of the Wilson loop [19]. In ref. [17], we showed that
the exact Regge factorisation is exhibited by the L-loop Wilson loops wnL in the quasi-
multi-Regge kinematics (QMRK) of a cluster of (n—4) particles along a Regge-limit ladder,’
thus in particular by wéL) in the QMRK of a pair along the ladder [29, 30], by ng) in
the QMRK of three-of-a-kind along the ladder [31], by wéL) in the QMRK of four-of-a-
kind along the ladder [32]. Then, we illustrated briefly how the Feynman-parameter-like
integrals of the two-loop six-edged Wilson loop have been computed in the QMRK of a pair
along the ladder, and commented on the type of functions which appear in the final result.
Because of the exact Regge factorisation, the ensuing remainder function is valid in general
kinematics. It can be expressed as a linear combination of Goncharov polylogarithms of
uniform transcendental weight four. In ref. [17], the remainder function was presented in an
electronic form at www.arxiv.org where a text file containing the Mathematica expression
was provided. Furthermore, the remainder function for u; = us = ug = u was computed,
and compared to the numerical values quoted in ref. [24] and to the analytic expression in
the strong coupling proposed in ref. [33].

In this paper, we provide a detailed account of the most difficult integral we had to
evaluate in the analytic computation of the two-loop six-edged Wilson loop, as well as
the explicit expression of the remainder function Ré?‘),v ;, as a function of the cross ratios
ui, Uz, u3, and for u; = we = ug = u. Furthermore, we compute the asymptotic values
of Ré?‘),v ;, for large or small values of the cross ratios. Finally, we briefly comment on the
exact Regge factorisation of the Wilson loop in the QMRK of a pair along the ladder in
backward scattering, and on the possibility of computing the remainder function in that

kinematic setup.

In section 2, we write the two-loop Wilson loop in terms of the one-loop Wilson loop
plus a remainder function RS,%/V ;- Then we write the six-edged Wilson loop in terms of
Feynman-parameter-like integrals [24], and derive Mellin-Barnes representations for all of
them. Finally, we exploit the Regge exactness of the Wilson loop, and extract the leading
behaviour of the integrals in the QMRK of a pair along the ladder. In that fashion,
the Mellin-Barnes integrals are reduced to one threefold integral plus several twofold and
onefold integrals. In section 3 and appendix C, we describe the evaluation of the diagram
which generates the threefold integral. The full expression of the remainder function R(()‘?I)/V I
is rather lengthy and is given in appendix H as a function of uniform transcendental weight
four in terms of Goncharov polylogarithms. In section 4, we consider some asymptotic
values of the remainder function when the conformal cross ratios are either large or small
and in section 5, we evaluate the remainder function when all the cross ratios are equal,

u1 = uy = ug = u and consider some special values of it. Our conclusions are given in

®Note that the corresponding L-loop amplitudes do not exhibit exact Regge factorisation because the
one-loop amplitude to higher orders in € is not Regge exact [5, 6].



section 6. Definitions of harmonic sums and Goncharov polylogarithms are recalled in
appendix A and B. The multi-Regge and collinear limits of the remainder function are
discussed in appendix D. Appendices E, F and G collect relations between Goncharov
multiple polylogarithms and (harmonic) polylogarithms for several special values of the
arguments.

2 The two-loop Wilson loop

2.1 Definitions

The Wilson loop is defined through the path-ordered exponential,
WG] = Tr P exp [ig 74 drit (r) A, (2(7)] | (2.1)

computed on a closed contour C,. In what follows, the closed contour is a light-like n-edged
polygonal contour [18]. The contour is such that labelling the n vertices of the polygon as
T1,...,Ty, the distance between any two contiguous vertices, i.e., the length of the edge
in between, is given by the momentum of a particle in the corresponding colour-ordered
scattering amplitude,

Pi =T — Tiq1, (2.2)

with ¢ = 1,...,n. Because the n momenta add up to zero, > . ; p; = 0, the n-edged
contour closes, provided we make the identification 1 = z,11.

In the weak-coupling limit, the Wilson loop can be computed as an expansion in
the coupling. The expansion of eq. (2.1) is done through the non-abelian exponentiation
theorem [34, 35|, which gives the vacuum expectation value of the Wilson loop as an

exponential,

(W[C,]) =1+ Z a* W) = exp Z alwl) (2.3)

L=1 L=1
where the coupling is defined as
2
g°N
a="c 5 (2.4)

For the first two loop orders, one obtains

W =W, @ =wP - (W) (2.5)

(1)

The one-loop coefficient wy, ’ was evaluated in refs. [19, 20], where it was given in terms of
the one-loop n-point MHV amplitude,

F(l - 26) CQ
(1) — (1) — () _
w,y, r2(1 - ) My = my) = n + O(e), (2.6)

where the amplitude is a sum of one-loop two-mass-easy box functions [36],

mit) =Y F™™(p,q,P,Q), (2.7)

p,q



where p and ¢ are two external momenta corresponding to two opposite massless legs,
while the two remaining legs P and ) are massive. The two-loop coefficient w,(f) has been
computed analytically for n = 4 [21], n = 5 [22] and n = 6 [17], and numerically for
n =06 [23] and n = 7,8 [24].

In ref. [22] it was established that the Wilson loop fulfils a special conformal Ward
identity, whose solution is the BDS ansatz plus, for n > 6, an arbitrary function of the
conformally invariant cross ratios, defined in eq. (2.11). Thus, the two-loop coefficient w,(f)
can be written as

w (e) = figr () wiD (2e) + CFy + R+ O(e) (2.8)
where the constant is the same as in eq. (1.1), C‘(,[Q,)L = C® = —¢2/2, and the function

£ (e) s [21, 24, 37),
FOL(0) = —Go o+ T¢se — 5Gae®. (2.9)
With the two-loop coefficient w,(f) given by eqgs. (2.8) and (2.9) and the planar two-loop

MHV amplitude given by eqgs. (1.1) and (1.2), the duality between Wilson loops and am-
plitudes is expressed by the equality of their remainder functions [24],

R®)  =R®. (2.10)

s n

Defining the conformally invariant cross ratios as,

2 2
i1ty
Ui = o o y (2.11)
TiiTit154+1
for n = 6, they are [22],
2 .2 2 .2 2 .2
T13%46 T15T24 Lo6L35
uze = UL = 5 5 upg =ug = 5° 5, Ugs = U3 = 5 5, (2.12)
L36L41 L14T35 Lo5L36

2

where z3; = (mi—xj)Q, and using eq. (2.2) one sees that xiH_Q = s;,i+1 and xiH_g = Siit1,i42,

where the labels are understood to be modulo 6.

2.2 The two-loop six-edged Wilson loop

The diagrams that enter the computation of the two-loop six-edged Wilson loop have been
spelled out in ref. [24].6 In terms of those diagrams, we write the two-loop six-edged Wilson

®Note that there is a factor 1/8 missing in eqs. (4.4) and (B.1) of ref. [24].



loop as,

ws? = Cfr(prsp2:p3; 0, pa + ps + e, 0) + frr(p1, P2 pai p3, ps + ps, 0)
+fu(p1, 2, P5; 3 + P4, 06, 0) + (1/3) fr (p1, p3, P53 P4 P6, P2)
+fc(p1, 2, p3; 0, pa + ps + ps, 0) + fo(p1, p2, pasps, ps + pe, 0)

+fc(p1,p2; ps; p3 + P4, p6, 0) + fo(p1, P2, Pe; P3 + pa + p5,0,0)

fo(p1,p3,p4;0,p5 + pe, p2) + fo(p1, s, ps; pa, Pe, p2)
(
(

+

+fo(p1, 3, p6; pa + 5,0, p2) + fo(p1,pa, ps; 0, pe, P2 + p3)
+fo(p1, P4, pei ps, 0,p2 + p3) + fo(p1,ps, pe; 0,0, p2 + p3 + pa)
+fx(p1,p2;p3 + pa + s + 06, 0) + fy (p1,p2; p3 + P4+ p5 + pe, 0)

+fy (p2,p1;0,p3 + pa +ps + p6) + [x(P1,P3; P4 + P5 + e, P2)

+fy (p1,p3ipa + ps + pe. p2) + fv (p3, p1:p2, pa + p5 + pe)
+(1/2) fx (p1,pa; ps + v, p2 + p3) + fy (p1,Pas P5 + P6, P2 + P3)

+(=1/2) fp(p1,p3; Pa + P5 + p6, P2) fP(P2, Pa; P1 + P5 + D6, P3)

+(=1/2) fp(p1,p3; P4 + p5 + Pe, p2) fP (P2, Ps; 1 + D6, P3 + Pa)

+(=1/4) fp(p1, 43 P5 + p6; p2 + p3) fr (P2, Ps; P1 + D6, P3 + Pa)

+ cyclic permutations of (pi, p2, ps, pa, Ps, P6)] (2.13)

where, in the terminology of ref. [24], fgy stands for a hard diagram, fo for a curtain
diagram, fx for a cross diagram, fy for a Y diagram plus half a self-energy diagram, fp
for a factorised cross diagram. Furthermore,

C = 2a%u* [D(1 4 €)e]? , (2.14)

and the scale p? is given in terms of the Wilson loop scale, ,u%/V L= e .
The six-edged Wilson loop is a function of the six external momenta p;, 1 < i <
6. Imposing momentum conservation and on-shellness reduces the number of indepen-

dent multi-particle invariants to nine.”

As the basic kinematic invariants, we choose
$12, 523, S34, S45, S56, S61, S123, S342, S345, all the other kinematic invariants being related to

them by the following relations,

§13 = —S812 + 5123 — S23, 8§14 = —S123 + S23 — S234 + Ss6,

515 = —S16 + 5234 — S56;, So4 = —S23 + S234 — S34,

825 = 516 — S234 + S34 — S345, 826 = —S812 — 516 T 5345,

§35 = —S34 + S345 — S45, 536 = S12 — S123 — S345 + S45,

546 = 5123 — 545 — 556 - (2.15)

We use the parametric representations of the Wilson loop diagrams given in ref. [24] and

we derive appropriate Mellin-Barnes (MB) representations for all of them. In multi-loop

"Note that in four dimensions we could also impose the Gram determinant constraint. However, we do
not impose this constraint and treat the nine invariants as independent variables.



calculations it is sometimes difficult to find an optimal choice for the MB representation.
However, in our case the MB representations are introduced in a straightforward way using
the basic formula

1 Y B P A?
= I'(—z)T' (A . 2.16
(A+B» ~ T()\) /Z.OO omi LATAH2) gy (2.16)
where the contour is chosen such as to separate the poles in I'(... — z) from the poles in

I'(...+ z). Note that in our case A is in general an integer plus an off-set corresponding to
the dimensional regulator €. In order to resolve the singularity structures in €, we apply the
strategy based on the MB representation and given in refs. [38—41]. To this effect, we apply
the codes MB [42] and MBresolve [43] and obtain a set of MB integrals which can be safely
expanded in € under the integration sign. After applying these codes, all the integration
contours are straight vertical lines. Then we proceed and simplify the computation by
exploiting the Regge exactness of the Wilson loop [17] and extract the leading quasi-multi-
Regge behaviour by applying MBasymptotics [44]. Finally, we apply barnesroutines [45]
to perform integrations that can be done by corollaries of Barnes lemmas.

To illustrate this procedure, let us consider the hard diagram fr(p1,ps, ps; P4, P, P2)
of (2.13). A parametric representation of this diagram was given in egs. (B.1)—(B.5) of
ref. [24]. We consider separately the nine terms originating from the decomposition of the
numerator (B.1). In particular, for the first part of the first line of (B.1), 1/2s13515072(1—
71), we have the following parametric integral:

['(2 — 2¢)(s12 — s123 + S23)(S16 — S234 + S56)
2I'(1 —€)?

></01.../01 (Zf[ldal) (f{ldn) <Zaz—1> (1 - m)al el a5

X [—s1201a9(1 — 71)(1 — 7o) — s123cv1a(1l — 71)To — Sa3Q1 2 T1 T2 — S1601Q3TI T3

F=

—8234041043T1(1 — Tg) — 856a1a3(1 — T1)(1 — Tg) — 834042043(1 — TQ)(l — Tg)

—s3450003(1 — T2)T3 — Su5Q0a3ToT3) 2 (2.17)

Separating different terms of the function in the square brackets using eq. (2.16), we obtain
the following eightfold MB representation:

F= (812 — 8123 + S23)(S16 — 5234 + S56) /HOO /HOO dz [(—2)
2T (1 — €)2T'(e + 1) : 27” Z

—512)" (—5123) "7 (—516) " (—523)*? (—5234)** (— 834)23(—845)

X X

(
(_856)25(_8345)25—2:1—2:2—23 Z4—25—26—27—28—2 (2.18)
XF(E—Zl—22—2’7—1)P(26—22—2’4—25—26—2’7—28—1)
['(2¢ =2y —20 —23 — 25 — 27 — 28 — 1)[(—e 4+ 21 + 20 + 25 + 26 + 27 + 28 + 2)
xT'(e— 25 — 26 — 28)[(—2€ + 21 + 20+ 23 + 24 + 25 + 26 + 27 + 28 + 2)
D(z1+25+ 27+ 2)0(22+ 24+ 21 + D (20+ 26 + 28 + 1) (23 + 25 + 28 + 1)

I'(2¢ — z —2’2—Z7)P(26—Z5—26—28)F(2’1+22+Z5+26+Z7+2’8+3)

X



Then we apply the codes MB [42] and MBresolve [43] to resolve the singularity structure in e.

It might seem that we have made the situation more complicated because, instead
of the fivefold integral in eq. (2.17) (one of the six integrations is performed using the §
function), we have now the eightfold integral (2.18). However, eq. (2.18) as well as the MB
representations of the other contributions to eq. (2.13) is much more convenient for taking
various limits. In fact, the cornerstone of our approach is to expand eq. (2.8) in some limit
such that for n = 6 the computation of the remainder function is considerably simplified.

Explicitly, we rewrite eq. (2.8) as

Ré?%m = [wg)(e) 0 wé”@e)} L:O —c (2.19)

and look for a limit in which () the cross ratios the remainder function depends upon take
non-trivial values and (#7) the two-loop hexagon Wilson loop w((f) (€) is as simple as possible.
The simplest variant of such a limit is the quasi-multi-Regge limit (QMRK) of a pair along
the ladder [29, 30]. In those kinematics, the outgoing gluons are strongly ordered in rapidity,
except for a central pair of gluons along the ladder, while their transverse momenta are
all of the same size. In the physical region, defining 1 and 2 as the incoming gluons, with
momenta pe = (p3 /2,0,0,p3 /2) and p1 = (p; /2,0,0,—p] /2), and 3,4,5,6 as the outgoing
gluons, the ordering can be chosen as

Y3 > ya Y5 > Ye; Ip3i| > [pai| =~ |psi| >~ pei], (2.20)

where the particle momentum p is parametrised in terms of the rapidity y and the azimuthal
angle ¢, p = (|p.|coshy, |p1|cosd,|pL|sing,|p,|sinhy). We shall work in the Euclidean
region, where the Wilson loop is real. There the Mandelstam invariants are taken as all
negative, and in the QMRK of a pair along the ladder they are ordered as follows,

— 812 > —834, =856, —5345, —5123 > —523, — 545, —S561, —5234 - (2.21)
Introducing a parameter A < 1, the hierarchy above is equivalent to the rescaling
{534, 856, 8123, 8345} = O(A), {523, 845, S61, 5231} = O(X?) . (2.22)

It is easy to see that in this limit the three cross ratios (2.12) do not take trivial limiting

values [28],
QMRK 545
U — U = B . =0(),
' (py +p3)(py +03)
2, 4, —
QMRK P3| Ps Dg
U — U = - _=0(1), 2.23
’ (Ipss + parl? + pEw0) 0 +93)rg (2.23)
2, 4, —
ug — quMRK _ [P6.L|°P5 Py —0(1).

p3 (py +05)(Ipsr +par|? +pipy)

Taking this limit on eq. (2.19), its right-hand side simplifies. However, the Regge
exactness of the Wilson loop allows us to take, one after the other, not only this limit



but also the five limits obtained from the first one by cyclic permutations of the external
momenta py,...,pe [17]. For example, the second limit in this series is,

{545, S61, 5234, 5123} = O(A), {534, 856, 512, 5345} = O(N\?). (2.24)

While taking these consecutive limits, we keep in each case the leading power asymp-
totics (including all the logarithms), a step which is fully automatized by the code
MBasymptotics [44]. We also apply the code barnesroutines [45] whenever possible to
perform integrations that can be done by corollaries of Barnes lemmas.

Finally, we arrive at a set of multiple MB integrals of a much simpler type than the
original ones. After applying our procedure, all integrals are at most threefold and all
of them are explicitly dependent on the cross ratios only.® We checked numerically that
the sum of the MB integrals in the QMRK equals the sum of all the original parametric
integrals, the latter being evaluated numerically using FIESTA [46, 47]. In particular,
for the diagram fr(p1,ps,ps; P4, Pe, p2), the eightfold integral of eq. (2.18) reduces to a
combination of one threefold integral, 51 twofold integrals and 22 onefold integrals and
a term without any integration left. Note that, after taking the six consecutive limits
described above, this diagram is the only one that involves a threefold integral, all other
contributions to eq. (2.13) involving at most twofold integrals. The threefold contribution

to fr(p1,p3,Ps: P4, Pe, p2) reads,

+i00 +ioc0 +ioc0 d21 dZQ ng ;
1,,22 ,,%3
/ / / omi omi 2mi (122 T2 B T 2 2) W g (2.25)

I (—21)° T (—22)? T'(—23)° T (21 + 22) T (22 + 23) T (23 + 21)
where the contours are straight vertical lines such that,

1 1 1
Re(z1) = —_, Re(z2) = — , Re(z3) = —_. (2.26)

3 4 5
The explicit evaluation of this integral is reviewed in the next section, whereas the full
analytic expression for the remainder function is given in appendix H and is also available

in electronic form at www.arXiv.org.

3 Evaluation of the hard diagram

In this section we review the computation of the MB integrals we derived in the pre-
vious section. Apart from the threefold integral contributing to fx(p1,ps,ps;pa, D6, P2),
eq. (2.25), all the integrals are at most twofold and can be computed by closing the in-
tegration contours at infinity and summing up residues using the standard techniques.
Therefore, in this paper we only concentrate on the case of the hard diagram and present
in detail the analytic computation of the integral in eq. (2.25).

8Note that the coefficients of the integrals do not only depend on the cross ratios, but on logarithms
of Mandelstam invariants as well. This is to be expected since the contribution to w((f) depends on such
quantities.



We rewrite eq. (2.25) in the form,

1
— 8 (F(ul,u2,u;g,) + F(UQ,U3,U1) + F(U3,U1,UQ)) N (31)

where we define,

“+i00 —+100 —+100 le sz ng .
P, us, us) omi 2mi 2mi 01 Y2 U3 (3.2)

( 2’1)2 22)2 r (—2’3)2 r (21+ZQ+1) r (21+23) r (22+23) .
Note that this function is symmetric in its first two arguments,
F(ul,uQ,ug) = F(uQ,ul,u;J,), (3.3)

so that the expression in eq. (3.1) is totally symmetric in the three cross ratios. We
start with the change of variable z3 = 2§ 4+ 1. This also shifts the corresponding contour,
Re(z3) = —1/5 — Re(z4) = —6/5. Shifting the contour back to Re(z5) = —1/5, we arrive
at the expression,

Fluy,ug,uz) = Fuy,ug,uz) + Ry (u1, ug,uz) + Ry, (w1, uz, uz) + R, (u1,ug, uz),

(3.4)
where the threefold integral I is given by
+i00 +i00 +io0 d d d 1
F(uy, up, ug) / / / e uit ug? u§3+1
21t 2w 2wt 1+ 23 (3.5)

XF(—Zl) P(—ZQ) ( 2’3) P(Zl—i—ZQ—i-l)F(Zl+23+1)F(22+23+1),

and we made the relabelling z; — z3. The integration contours are given by eq. (2.26).
The functions Rj(u1,ug,u3) arise from taking the residues of the poles in 25 = j that we
crossed when shifting the contour from Re(z5) = —6/5 to Re(z5) = —1/5,

+i00 +i00 dZ dZ
R_ 1(U1,U2,U3 / / ! 2 ’il u§21“(—21)2 P(Zl) F(—ZQ)Q P(ZQ)

2wy 21
X P 2’1 + z9 + 1)

+ioc0 /—Hoo d21 sz 21 o

1
R_1_; (u1,uz,u3) = uit us? ug” le(—zl)z [ (2 4 1)

ioo 2 2w (3.6)
XF( F(ZQ—Zl)F(Zl+ZQ+1),
Fioo Fioo le dZQ _ 1 2 2
R_i_ ., (u1,ug,uz) = - / i D ui' ug? ug . [(—29)" T (22 +1)
XP( ) F(Zl—ZQ)P(Zl—l-ZQ—l-l).
Note that we have the relation,
R_1— (w1, u2,u3) = Ro1—z (u2,u1,u3), (3.7)

where we assumed that the contours on both sides are chosen according to eq. (2.26). The

computation of F (u1,ug,us) is detailed in this section, whereas the computation of the
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residues R;(u1,u2,ug) is discussed in appendix C. We start by writing F(u1,u2,u3) as the
integral of the derivative,

~ - us3 a
F(uy,u2,u3) = F(u1,uz,0) +/ du o F(uy, ug, ). (3.8)
0

The value for ug = 0 can be easily obtained by expanding around small values of us using
MBasymptotics. We find,
F(ul,u2,0) =0. (39)

Next, we follow the procedure used in ref. [5] and we replace the MB integrations over z7,
z9 and z3 by Euler integrations using the formula (see, e.g., ref. [41]),

/+m d= T(—2)T(c— 21)T(b+ 21) T(c + 21) X

oo 2
—ico ST X (3.10)
=T(a)T(b+¢) / doo® t (1 =)ot b (1 — (1 - X)v)™®.
0
This leaves us with a fourfold Euler integral,
Ful,u2,u?, / dvl/ d’[)2/ dv3/ du (1—( 1—u1)vl)
(3.11)

<1 — vy <1 - ﬁQ((ll__uvll))m)) (1—v3(1 —uvyvg)) ™!

Some comments are in order: Firstly, eq. (3.10) is only valid if the contour separates
the poles in I'(... — z) from the poles in I'(... + 2;). It is easy to observe that our
contours, eq. (2.26), fulfill this requirement. Secondly, we tacitly exchanged the order
of the integrations in deriving eq. (3.11). We checked numerically that this operation is
allowed in the present case.

The integrals over u and v in eq. (3.11) can be done very easily, resulting in the
following twofold integral,

2
F(ul,u2,u;g, /dvl/ dvgvl vy <7T Li2(1—’[)1’[)2U3)>

X —UgVy + U1 (u1 (’UQ — 1) + (UQ — 1)2}2 + 1) + vo — 1)71

(3.12)

The remaining twofold integral can be computed in terms of Goncharov multiple polylog-
arithms [48, 49], defined recursively by,

. Z o dt - L z
Gla, 0 2) = /O G, Glaz) = (1 - a) . (3.13)
If all indices are zero we define
. dt - 1
G(0p;2) = / G(0p_1;t) =  In"z. (3.14)
1 t n'

In particular cases the Goncharov polylogarithms can be expressed in terms of ordinary
logarithms and polylogarithms, e.g.,

) . G(0p_1,a;2) = —Li, (2) . (3.15)

— 11 —



We define the weight of the function G(; z) as the number of elements in the vector .
The Goncharov polylogarithms form a shuffle algebra, i.e., a product of two G functions
of weight w1 and ws can be expressed as a linear combination of functions of weight
w = wy + wa,

G(;2) G(ip;2) = > Gl 2), (3.16)

W= W

where W W Wy denotes all the mergings of the vectors w and s, i.e., all possible concate-
nations of W and ws in which relative orderings of W and s are preserved. Furthermore,
if the rightmost element of the weight vector @ is non zero, the polylogarithms are invariant
under a rescaling of the arguments,

G(kw;kz) = G(wW; z) . (3.17)

A more detailed review of Goncharov polylogarithms and of their properties and special
values is presented in appendix B, E, F and G.

Using the definitions we just introduced, we can rewrite the numerator of the integrand
in the form,

2
71-6 —Lig (1 — 1)1?)2213) = G(l, 0; Uﬂ)gﬂg)

= G(l; 1)1?)2U3) G(O; Ulvgu:),) — G(O, 1; 1)11)211,3)

1 1
=G <v1u3’02> [G(O, v1)+G(0; 02)+G(07U3)} -G (07 vlu;»,’w)

= (G001 + G(0:u)] G <v123;”2> e <Ullug,0; v2> L (318)

After partial fractioning the integrand in v, we arrive at,
~ 1 1
F(uy,ug,u3) = — / dvl/ dvy vl_l (ugv1 — o1 + 1)_1
0 0
< e+ cou)a (! va o
;U U v ;U
» U1 s W3 U1U3’ 2 ’Ul’U,37 y U2 (319)
( U1V — U1 + 1 )1 -1
X Vo — ) .
u1v1 +ugvy —ug — vy +1
We see that the integral over vy can be reduced to a sum of four terms, each of them
consisting of a Goncharov polylogarithm divided by a linear function of vy. This form

matches precisely the recursive definition (3.13) of the polylogarithms, and we can easily
perform the integral in vy in terms of those special functions, e.g.,

1 -1
1 — 1
/ duy G < , 0; v2> <v2 — urvy — oLt >
0 VU3 u1v1 + ugvy —ug — vy +1
:G< uvy — v + 1 7 1 70;1>.
u1vy + ugvy —uz —v1 + 1 viug

All other terms in eq. (3.19) can be integrated in the same way.

(3.20)

- 12 —



We now turn to the remaining integral in v;. From eq. (3.20) it is clear that the
integration in vs has produced an integrand which depends on Goncharov polylogarithms
whose weight vectors are rather complicated functions of v1. In order to perform the
integration over vy in the same way as we did for vy, we need all polylogarithms to be of
the form G(w;v;), where  is independent of v;. In appendix B we describe an algorithm
that allows us to rewrite all the terms in the required form, e.g.,

a uvy — v +1 7 1 0:1) =
u1v1 + Uy — ug — v1 + 17 viug

+ 1 + ug — 1
-G (1,0;u2) G (u%ﬁ;m) + 6772G (u%ﬁ;m) + G (0;u2) G | 0, s 1;1)1 —

_ 1 _
G (0;u) G <0,u§2§;v1) —G(0;u) G <0,ug§;v1) + 6G <u§ g;m) (7% = 6G (1,0;u2)) +

ug — 1 2 uy — 1 1
. 1.0: _ o . .
G<u1+u2_1,v1> (G( 05 u2) 6) G(O’UQ)G<U1+U2—1’1—u1’vl>+

(3.21)

. up — 1 ug —1 . - Lo\
G(Oau2)G<u1+u2_1au1+u2_1avl>+G(07u2)G<u1 3,1_u1avl>
— ’LLQ—l + 1
G(O;UQ)G<ug§’U1+UQ—1;U1>+G(O;U2)G<ug2§’1—u1;vl>_

-1 1 1
G(0u2) G (ull), o) —26(0,0, o) -G (o1,
(,’LLQ) <u1237u1+u2_177}1 B ”LLg’Ul B 7u37?}1 +
UQ—l UQ—l 1 (-)
G 07 717 _G 07 ) ; _G(07 717 )
< up +up —1 111) < up+ug —1"1—uy Ul) tizg) 101 )
_ 1 1
G (0,ug2g, 1 _u1;vl> +G (0,ug2g, us;m) -G (0,ug§,1;v1> +
alout 1. alouh L. a L
0,u123a 1 ulavl + 0,u123a ugavl - 150’ ugavl -
UQ—l 1 U,Q—l 1 1
G 1; G ;
<U1+UQ—171—U17 7U1>+ <U1+UQ—171—U171—U17U1>+
-1 -1 -1 -1 1
G "2 ) 2 71;?}1 -G 2 ) " ) ;U1 +
Uy +ug—1 ug +ug—1 urt+us—1 up+us—11—uy
) o L. - b - 1 1
G<u123,0,u3,vl>+G<u13,1_u1,1,vl>—G<u123,1_u1,1_u1,v1 _
_ -1 _ up — 1 1 (+) 1
a(uly, ™ 1; G (uls, : a 0, ;
<u123 ul—l—uQ—l’ ve) 123 ul—l—uQ—l’l—ul ve) 123 U3’v1 +
1 1 1 uy — 1
e (+) 1: -G (+) . e (+) 1:
<u12371_u17 ;U1 Uqg 71_u171_u17vl u1237u1+u2_17 ;U1 +
-1 1
G (+) u2 .
<u123’u1+u2—1’1—u1’vl )

where we defined,

1—uj—uk+uli\/(uj—i—uk—ul—1)2—4(1—uj)(1—uk)ul

e
I 2(1 = uj)w

(3.22)

A comment is in order about the square roots in eq. (3.22): It turns out that the square
roots become complex for certain values of the cross ratios inside the unit cube, but they
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always come in pairs such that the sum of the two contributions is real. To emphasize this

property, we introduce the following notation,

G(oo o Uijky -3 2) :G<...,u§;§3,...;z>—|—G<...,u§;k),...;z> . (3.23)

Note that this definition follows the same spirit as the definition of Clausen’s function,
defined as the real or imaginary parts of the ordinary polylogarithms,

B ! [Lin(ew) —i—Lin(e*w)] , n odd,
Clu(6) = { zlz [Lin(ew) — Lin(e*w)] , I even. (3.24)

All the integrations can now be done very easily using eq. (3.13), and we find,

F(uy,ug,uz) =

ug — 1 ug — 1
. . 1) —@G(1.0: i1
G(O,UQ)G(O,Ug)G(0,u1+u2_1, ) G ’0’“2)G<0’u1+u2—1’ >+

1 -1 1 -1
G <0, 2 ;1> — G (0;u2) G(0;u3) G < 2 ;1> +

6 up +us — 1 1—u up4+us —1
1 —1 1 1 —1
G(1,0;u2) G , 2 1) - %G , 2 1) —
1—up ui +us—1 6 1—up ur +us—1
1 UQ—l
G (0;u3)G (0,1, G (0; G 10, 0;1
)G (0.1, >+ 0o, ot i)

-1 1
G (0;us) 0, 1> +G(0;u2) G (0, 2 , ;1) —

ul—l—uQ—l u tuy—1"1—ug

UQ—l 1 UQ—l U,Q—l

0 '1 — G (0 G0 01

’u1+u2—1 1—u ) (05 u2) <’u1+u2—1’u1+uQ—1’>+
1 —1

1) —G(O;m)G( 2 ,0;1) -

1—u1 " us 1—wup up4+us —1

(o,

6

( 1 1 1 1
0u3G< vz 11)—G(0;uz)G< vz -1>+

(1

(-

1—U1 U1+UQ—1 1—U1’U1+UQ—1,1—U1’

UQ—l 1
G (0;u3) G 01
U3 1—U1 ul—l—uQ—l 1—U1’ >+
-1 -1 1
G (0;us) G 2 2 —afo,1, " L0:1) +
1—U1 ul—l—uQ—l ul—l—uQ—l U3
-1 —1 1
G(o, ™ 0,1:1) -G (o, " 0, 1)+
up +uo — 1 up +ug — 1 1—u
UQ—l UQ—l 1
G0 1,0:1) -G (0 0:1
<,u1+u2_15’7> <,U1—|—UQ—1’1—U1”>+
UQ—l 1 (75 1 1 1
G 0, ) ’171 _G 0’ ) ) al -
( ur+up—1 1—wuy > < ur+ueg—1 1—u 1—u >
-1 -1 -1 -1 1
cglo, ™~ ™70 ni)+cfo T W 1)+
uy +us— 1" ug +ug—1 urtus— 1" ug +us—1"1—uy
1 1 1 —1
G 1, ,01) -G . 0,151 +
1—u us 1—u; up4+uy—1
1 UQ—l 1 1 UQ—l
G ) ,Oa al _G ) 51’0;1
(1—u1 up +ug — 1 1—u; > <1—u1 up +ug — 1 >+
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1 -1 1 1 —1 1
TR S § Y TR (5 B
1—u ug+u—1"1—uq l—u u14+u—11—uy
1 -1 1 1 1 -1 —1
) "2 ’ ’ 71 +G ’ e ) "2 7171 -
l—uy ' uv14+u—1"1—u; 1 —uq 1—up up+us—1 up+us—1

1 UQ—l UQ—l 1
1) — G (0; G (0; 0 i1
1_u17u1+u2_17u1+u2_171_u17 > ( ,UQ) ( ,U3)g( , U123 )+

1 1
(1,0;u2) G (0, u123; 1) — 67729 (0,u123;1) + G (05 u2) G (0;u3) G <1 oy 12 1) -

—~
]

1 1
su123,1;1) =G (03 u2) G <O,U1237 1 U1;1> +G (0;u3) G <O7U123, 1w, 1> +

, U123,

g
G (0;u2)G (0 21 ) L@ (0ius) 6 (0 L)+
s W2 ) 1237ul+u2_17 ; W3 ) 1237u37
1 1
;1 ; 1;1
G(Oau2)g<1_ulau123aoa >+G(0au3)g<1_u1,u1235 ) >+
1 1 1 1
G (0; ;1] — G (05 ;1] —
( ’“2)g<1—u1’“123’1—u1’ > ( ’“3)g<1—u1’“123’1—u1’ >
g< 1 ug — 1 1

1
1) —G(O;u3)9< , U123, ;1> -
1 — Ul us
1
(0,u123,0,1;1) + G <O7U123,07 1—u ;1> —G(0,u123,1,0;1) +
— Uy

1 1 1 1
0?”1235 ’0’ 1) - g 0,”123, ) 1’ 1)+ g O,U123, ) ; 1)+
1—u1 1—U1 1—U1 1—U1

U,Q—l u2—1 1
0, ) ’171 - 0’ ) 9 al
e uy +ug — 1 ) g< s up+ux— 1" 1—up >+

1 1 1 1
07u1237 7071 +g 7u1237071;1 _g 7u123707 71 +
u3 1—u 1—uy 1—up

ul—l—uQ—l;

1 1 1 1 1
,u123,1,0;1 ) — G , U123, 0,1 ) +G , U123, 151 ) —
1 (75} 1—U1 1—u1 1—U1 1—u1

u ! 1) g ' =) 4
1—U1’ 12351_u1’1_u1a 1—U1, 123,u1+u2_15 3

1 uy — 1 1 1 1
) ) ) 71 - ) ) 7071 .
g <1—U1 s utu—1 1—wu ) g (1—11,1 23 us3 >

Note that all the terms in this expression are of uniform transcendental weight four, as
expected. Then F(uj,ug,us) in eq. (3.4) is obtained by combining eq. (3.25) with the
residues R;(u1,u2,u3) computed in appendix C.

4 Asymptotic values of the remainder function

In this section we study the asymptotic behaviour of the remainder function in various
limits. For the sake of simplicity, we exclusively studied strongly ordered limits, i.e., lim-
its where any ratio of conformal cross ratios is either small or large. Note that since the
remainder function is completely symmetric in its arguments, it is enough to study the
strongly ordered limits for a specific ordering, all other orderings being obtained by sym-
metry. The technique described in this section to compute the asymptotic behaviour in the
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various limits can easily be extended to non-strongly ordered limits. In the next section
we briefly comment on such limits when all cross ratios are equal.

We start with the limit where all cross ratios are small, v < us < uz < 1. We can
easily obtain the leading contribution by using MBasymptotics. We find,

i 2)
U1<<1}2H<£1u3<<1 Ry p(u1, us, uz)
" 1772 (4.1)
= _ (Inu;nus +Inuglnuz +Inuzlnu) + - O(uy).
2 1440

In exactly the same way, we can find the asymptotic behaviour when some of the cross
ratios are equal to unity and all the others are small,

lim Ré?‘)/[/L(u1,u2, 1)=0,

u <<up<1 (42)
1 7'('4 ’
lim R 1,1) = (3 Inug — .
L, Rg (w1, 1,1) 2(3 nug = o + O(uy)

Note that the limit u; < ug < 1, with ug = 1, corresponds to the multi-Regge limit (D.3).
We now repeat the previous analysis in the limit where the cross ratios are large,
u1 > ug > ug > 1. Using again MBasymptotics to extract the leading behaviour, we find,

. (2) _
U1>>u121g1u3>>1 R6’WL(UI, e UB) Bl (4 3)
1 Uy 5 w1 up 1577t '
— " In* —  7r?n? — (31 — O(1/u;) .
96 . uau3 487T . UuUgU3 2C3 . UuUU3 1440 + ( /UZ)
Similarly, for the case were some of the cross ratios are equal to unity, we find,
. 1, yu 1 up 37t
lim R D=—_I*"— 72m>"_ O(1/u;
u1>>lzr£>>1 6’WL(u1’u2’ ) 96 t U3 127T . ug 40 TOW/u), (4.4)
lim R? (ug,1,1) =— In*uy — ! 72 In? ul—i—lC lnu1—237r4+(’)(1/u1) .
w1 GWLAT S 96 16 23 480 '

5 The remainder function for all cross ratios equal

In this section we discuss the form of the remainder function in the special case when
all the cross ratios are equal, u; = ug = ug = u. In ref. [17] several special values were
presented for this case. We start by briefly reviewing how these values were obtained and
present some additional special values. At the end of this section we give the analytic form
of Rgl)/VL(u’ u,u) for arbitrary w.

In the special case where u = 1, which corresponds to a regular hexagon [26, 33],
most of the integrations are easily done using Barnes lemmas and their corollaries, leaving
us with at most onefold integrals. Note that some of these integrals involve I' functions
with poles in half integer values which lead to multiple binomial sums [50, 51], but all
these contributions cancel out when combining all the pieces. Applying this strategy to
our integrals, we immediately find the value quoted in ref. [17],

2) 7t
Rewr(1,1,1) = a5 = —2.70581.... (5.1)
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Note that this value agrees with the value conjectured in ref. [24]. The asymptotic be-
haviour of RéQI)/VL(u, u,u) for u — 0 can be obtained in a similar way using MBasymptotics,
which leaves us with at most trivial onefold integrals. The result is
2 4
@) T 177
Ry p(u,u,u) = < In“u+ 1440 + O(u). (5.2)
Finally, the asymptotic value for large u is obtained in exactly the same way. We can

perform a rescaling « — A~! v and expand around small values of \ using MBasymptotics.

We find
4

Tim R, (u,u,u) = —17;4 +O(1/u) ~ —0.67645...., (5.3)
in very good agreement with the numerical value quoted in ref. [24].
For u = 1/2, the denominator in eq. (3.12) drastically simplifies. Repeating the deriva-
tion of section 3, we obtain,
4
Riwe <; ; D - _16045C?’h12 - 654 "2+ 6547TQIH22 - 185Li4 @) * ;;7(;4 (5.4)
~ —1.26609... .

Let us now turn to the generic case where all three cross ratios are equal but they still
take generic values. In this limit it is easy to see that egs. (3.22) and (C.16) reduce to

uz(ﬁ) — ,u(i) = 1 \éi_ tu , vgjik) —H) = :I:\/11_ ' (5.5)
We can massage the resulting expression and apply the reduction algorithm of appendix B
to simplify the expression as much as possible. In particular, we can remove all the de-
pendence on v&). As regards u®), we observe that similar arguments have already been
found in the strong coupling case [33].° Note that for u = 1/4 the square roots in eq. (5.5)
vanish. This value corresponds to a regular hexagon in a space with a (2, 2) signature [33].

Using the relations of appendix E and F, we find,

111 (1 9 . /1 567 . (1
Ré?‘),VL <4, R 4) = 3Li, <3> In?2 — 2L12 (3) In?3 — 4 Lis (3) In2

543 _ . 1 567 . (1 567 _ . 1 1323
+ 4 Lis <—2>ln2+ 3 Lis <3>ln3— 4 Lis (—2>ln3+ 16 (3ln2

945 39 257 173 189 543
n3— " In*2-— In*3 In31n32 In®3In2— In%31n?2
T ogg Galn3 = g In ge 0T g momEt g dnmsin2 o ntsin
63 o 5. 181 , . 189 /1 1701 (1 543 . 1
— 22— In?3 L L — " Liy (-
16" " Ga T O g Mg )T g Malg )T gt T
555 1\ 9 1\? 567 1\ 567 1\ 212374
Lig(—_ )= "Li - )= — ) -
T 14( 2) 92 <3> 16 S”( 3> 1 S“( 2> 2880
~ 1.08917... .
(5.6)
9We are grateful to Paul Heslop for pointing out that
NP Iz RS 1
(1-u)p 71+x67 (1-u)p —1+W€,

where p and x. are defined in [33].
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Finally, let us turn to the expression for generic values of u. Using the notation
introduced in eq. (3.23) as well as the corresponding one for harmonic polylogarithms,

(@51 /p) = H (@ 1/ ) + H (@1/60) (5.7)
the final answer for the remainder function reads, when all three cross ratios are equal,
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3 1 1 1
2g (1 R 1> H(0,0;u) — 87T2H(0,0; w)+3H(0,0;u)H (0, 1; (2u)) + 471'2H(0, 1; (2u)) +
—Uu
3 u—1\ 1 u—1\ 3 1 u—1
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6 Conclusion

In this paper, we have given details on the first analytic calculation of the remainder func-
tion of the two-loop six-edged Wilson loop in the Euclidean space in arbitrary kinematics,
which we recently performed [17]. By displaying in detail how the most difficult of the inte-
grals is computed, we have shown nonetheless how the whole calculation is greatly simplified
by exploiting the Regge exactness of the six-edged Wilson loop in the quasi-multi-Regge
kinematics of a pair along the ladder.

The remainder function is given as a combination of Goncharov polylogarithms of
uniform transcendental weight four. The expression we have obtained is very lengthy.
At present, we do not know whether, and if so to what extent, this expression can be
further simplified by using some other kinematic limit that leaves the conformal cross
ratios unchanged. Such a setup is for example found in backward scattering. Let us
consider the physical region in which two gluons undergo a backward scattering. In a
2 — 2 scattering process, backward scattering may be obtained from forward scattering by
crossing the t and u channels. In a 2 — 4 scattering process, we may choose the kinematics
in which 1 and 2 are the incoming gluons, with momenta ps = (p3/2,0,0,p; /2) and
p1 = (p; /2,0,0,—p; /2), and 3,4,5,6 are the outgoing gluons, with ordering

Y3 K Y4 ~ Y5 <K Ye; P3| >~ |par| =~ [psi| =~ |peL]- (6.1)
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We may term this the backward quasi-multi-Regge kinematics of a pair along the ladder. In
the Euclidean region, where the Mandelstam invariants are all negative, the ordering (6.1)
entails that

— 512, =523, —S61, —5234 > —S534, —S56, —5345, —S123 > —S545 - (6.2)

Introducing a parameter A > 1, the hierarchy above is equivalent to the rescaling

{534, 556, 5123, 8345} = O(A), {512, 523, S61, 5234} = O(\?), (6.3)

whereas s45 is O(1). Note that this scaling is equivalent to the scaling of the Mandelstam
invariants in the limit where three of the points of the Wilson loop are at infinity, as
considered in ref. [33]. It is easy to see that in the limit (6.2) with the rescaling (6.3) the
cross ratios (2.12) do not take trivial limiting values, and thus the six-edged Wilson loop is
Regge exact in the backward QMRK of a pair along the ladder. We could hence repeat our
computation in this limit with the hope that the ensuing analytic expression be simpler.
Even though we have not performed the full evaluation of the remainder function in this
limit, we have examined the diagram fg(p1, ps, ps; P4, P6, p2) in eq. (2.13) in the six limits
obtained from eq. (6.2). We observe that, just like in section 2.2, the most complicated
hard diagram reduces to a combination of one threefold integral, plus twofold and onefold
integrals. Since this kinematic limit leads to the same threefold integral as the standard
Regge limit, the result will be expressed in terms of the same functions and thus we expect
it to be of similar complexity.

Even though the analytic form of the remainder function is very lengthy, the expression
greatly simplifies when considering various limits. In section 4 we considered the remainder
function in various strongly-ordered limits, and we presented in each case the leading term
in the limit where the conformal cross ratios are either large or small. In section 5 we also
considered the remainder function where all three conformal ratios take equal values, and
computed explicitly the value of Rgl)/VL(u,u,u) for u =1/4,1/2,1 as well as the leading
behaviour in the limit of large and small values of w.

The techniques described throughout the paper are generic, and not restricted to the
case of a hexagon Wilson loop. In principle they can be applied to the computation of
a polygon with an arbitrary number of edges, but in that case the set-up is complicated
by the fact that the number of cross ratios grows with the number of edges, giving rise
to multiple polylogarithms depending a priori on all those cross ratios. However, these
techniques could be useful in the computation of special classes of regular polygons where
the cross ratios take special values [26, 33, 52]. This is currently under investigation.
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A Nested harmonic sums

The nested harmonic sums are defined by [53],

n

Si(n) = Z;(n) = H) = 11"

"\ Sk - " Zik -1 A
Sij(n)zz ];{(Z) and Zij(n)zz j(kl_ )

k=1 k=1

The S and Z sums form an algebra. Let us illustrate this on a simple example,

simsn) = > Y L
12

k1=1 ko=1
n k1 n ko n
1 1 1 1 1 (A.2)
:Z ZZ ‘+Z Z i—Z i+j
k1=1 Fy ka=1 k2 ka=1 k3 k1=1 ki k=1 R
= Sij(n) + Sji(n) = Siyj(n).
A similar result can be obtained for the Z sums,®

For sums of higher weight, a recursive application of the above procedure leads then to
the reduction of any product of S or Z sums to a linear combination of those sums.

Furthermore, S and Z sums can be interchanged, e.g.,

n n k—1 n k
Zi(k—1) 1 1 1 1 1
Z = = = _
ulm) =3 " DIy k<k+zﬁ>
k=1 k=1 =1 k=1 =1 (A.4)
1 &1
=-> L+ . S1(k) = =S3(n) + S (n)
k=1 k=1
For n — o0, the Euler-Zagier sums converge to multiple zeta values,

lim Zp,, m,(n) =((mg,...,m). (A.5)

n—oo

ONote the sign difference with respect to eq. (A.2).
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In ref. [54] generalisations of the S and Z sums were introduced to make them depen-
dent on some variables,

n k
Silmia) = Zimx) =y
k=1

n k

x
Sij(n;ml,...,xg) :Z ]; S]‘(k;l'g,...,xn), (Aﬁ)
k=1
Zif(nsx1,...,x0) = Z i Zi{k — 1Lixg,...,xy).
k=1

Those sums naturally share all the properties of the corresponding number sums introduced
in the previous paragraph , e.g., they also form an algebra and the S and Z sums can be
interchanged. In ref. [54] several algorithms were derived that allow one to express certain
classes of nested sums as linear combinations of S and/or Z sums, and those algorithms
are implemented in the FORM code XSummer [55]. Furthermore, for n — oo, the Z sums
converge to Goncharov multiple polylogarithms,

nlggo Zmlmk (TL, Tyy--- 73316) = Limk,...m’u (:Ck’ cee axl)' (A7)
which are reviewed in the next section.

B Goncharov multiple polylogarithms

B.1 Definition
Let us define [48, 49]

and iterated integrations by

/OZQ(wl)o...oQ(wn):/Oz dt /OtQ(wg)o...oQ(wn), (B.2)

t—w1

Goncharov multiple polylogarithms can be defined by the iterated integration,
G(wy, ..., wy;2) = /OZ Q(wy) o...0oQwy), (B.3)
and in the special case where all the w;’s are zero, we define,
G0p;2)=  In"z. (B.4)

The vector @ = (wy,...,w,) is called the weight vector of the polylogarithm and the
number of elements in the weight vector is called the weight w of the polylogarithm.
Iterated integrals form a shuffle algebra, and hence we can immediately write,

G(h;2) Giy;2) = G(i2). (B.5)

W= Wwa
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Note that all terms in this equation have the same weight wy + wy The algebra properties
of the Goncharov polylogarithms imply that not all the G functions are independent, but
there must be (polynomial) relations among them. In particular, we can choose a basis
where the rightmost index of all the weight vectors is non zero (apart from objects of the
form G(0,; 2)), e.g.,

G(a,0,0;2)

G(0,0;2) G(a; 2) — G(0,0,a;2) — G(0,a,0; 2)
= G(0,0;2) G(a;2) — G(0,0,a; 2) — (G(0,a;2) G(0; 2) —2G(0,0,a;2)) (B.6)
= G(0,0;2) G(a; z) + G(0,0,a;2) — G(0,a;2) G(0; z) .

If the rightmost index of a G function is non zero, then the function is invariant under a
rescaling of all its arguments,

G(kw;k z) = G(w z) . (B.7)
From the definition (B.3) it is easy to see that,
lim G(w;2) =0. (B.8)

Goncharov multiple polylogarithms can also be represented as multiple nested sums,

0 ny ni1—1 ng—1—1 n,
lek7"'7ml (xlm v ,.’L‘l) - nm st T = Zml,...,mk(oo; L1y 7:1;]?) . (Bg)
ni=1 1 na=1 np=1 k

Since the Li functions are the values at infinity of the Z sums introduced in the previous
section, they share all the algebra properties of the Z sums. The G and Li functions define
in fact the same class of function and are related by,

1

Lim, . my Ty x1) = (=DFG [ 0,...,0, ~,...,0,...,0, 1. (B.10)
~ - .

B.2 Special values

In some cases it is possible to express Goncharov multiple polylogarithms in terms of other
functions, e.g.,

" 1, N S 2
G(0ns2) = n! "z, Gilan; 2) = n! In <1 B a) ’
0 N S oo N (_1\P z
G(0p-1,a;2) = —Li, (a) , G(0p, dp; 2) = (—1)P Sy p (a) , (B.11)

and in the special case where the elements of the weight vector only take values in the
set {—1,0,4+1}, Goncharov polylogarithms can be expressed in terms of the harmonic
polylogarithms introduced by Remiddi and Vermaseren [56],

Gw; 2) = (~1)* H(w; 2) (B.12)

where k is the number of elements in @ equal to (41).
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Furthermore, up to weight two, Goncharov polylogarithms can be completely expressed
in terms of ordinary logarithms and dilogarithms. In particular, if a and b are non zero,

we find,

G(a,b; ) = Lis (Z:Z) — Lis (bﬁa> +1n (1 - ”Z) In (;:Z) . (B.13)

More special values of Goncharov multiple polylogarithms are presented in appendix F
and G.

B.3 Reduction of polylogarithms of the form G(@(z);1)

In this section we present the algorithm used to express a polylogarithm of the form
G(wW(z);1), where w is a rational function of z, as a linear combination of polylogarithms
of the form G(u';z), where o' is independent of z. This algorithm is a generalisation of
the corresponding algorithms described in refs. [5, 57, 58]. We start by writing G(w(z);1)
as the integral of the derivative,

G(H(2); 1) = G(@(20); 1) + / Tt gt GE(t); 1), (B.14)

20

where zg is arbitrary (provided that G(w(zg);1) exists). We now carry out the derivative
on the integral representation of G(w(z);1),

G(W(z);1) = G(wW(z0);1) +/ dt Z/ (wq(t ;Q(wi(t))o...oQ(ww(t)), (B.15)

0 dt; 0
ot Qwi(t)) = (t; — wi(t))2 atwi(t)-

The integrals over the t; variables are easily performed using partial fractioning and inte-

(B.16)

gration by parts. At the end of this procedure, we are left with an integral over ¢t whose
integrand is a linear combination (with rational coefficients) of Goncharov polylogarithms
of the form G(w(t);1), with w; = w— 1. At this point we know recursively how to express
these functions in terms of polylogarithms of the form G(w;t) where @] is independent of
t. The last integration is now done using partial fractioning and integration by parts, and
since the upper integration limit is z, we end up with polylogarithms of the form G(; z).

C Evaluation of the additional residues of F'(u1, uz, us)

C.1 Evaluation of R_j(uy,us,us)

In this appendix we give the details on the computations of the additional residues defined in
eq. (3.6). For convenience let us start by introducing the definition that R ;(u1,u2, us; 21, 22)
is the integrand of Rj(u1,us2,us), i.e., we define,

+ioc0 +ioc0 d21 sz
Rj(u1,uz,us) / / 9i O Rj(u1,uz,us; 21, 22) - (C.1)

— 24 —



We now turn to the evaluation of R_j(uq,usg,us). We close the contours to the right,

and take residues in z; = n;, n; € N. We obtain,

R_i(u1,u2,uz) = —Res; o Resz,—0 R_1(u1, uz, us; 21, 22)

[oe)
— g <ReszlznResZFoR_l(ul,ug,ug;21,22)+ReszlzoReSZFnR_l(ul,uz,u;;;zl,zg))

- § E Res,,—n, Res.o—n, R_1(u1,ug, us; 21, 22) .

ni=1ng=1
(C.2)
The first line in eq. (C.2) is trivial,
—Res,, —o Res,,—0 R_1(uy, ug, us; 21, 29) =
1 1 1 1 1774
(3lnug + (slnug — 4 In? us In? uy — 6772 Inwuy — 6772 In? uy — 6772 Inug Inuy — 1271(-)
(C.3)

The single sum in the second line can be expressed in terms of S-sums and the sum can
be performed using the algorithms A and B of refs. [54, 55,

o0
E <R€Sz1 —n Res.,—o R_ (U1,U2,U3;Z1,22)+ReSzlzoReSzganq(ul,uz,us;21,22))

3
—_

io: < Sl 1 ugSl,l(n) I U?SLQ(TL) i U?Sll(n) i UELSLQ(H) I uSSQ,l(n)
— n? n n n n
ufInugSi1(n)  wylnugSii(n)  Se(n)ul  Sa(n)uf — Si(n)uf lnug
B n B n o2 p2 * n?
Sy(n)uflnuy w2 wPud ufIn®ug n u In? uy B 7281 (n)ul ~ 283(n)uf
n? 3n? 3n? 2n? 2n? 6n n
7281 (n)ul _ 283(nJuy  Si(n)uf Inug Inug n Sa(n)ul Inuy n Sa(n)ul Inusg
6n n n n n
~ Si(n)uyInug Inug n Sa(n)ul Inuy n Sa(n)ul Inugy n Cauf N Caul
n n n n n
ul Inuy In? us uy In?uylnuy 72 ul Inuy 72 ul Inug 72 uf Inuy
a 2n a 2n a 3n a 6n a 6n
w2ul Inuy
B 3n )

(C.4)

"Note that we used a private implementation of these algorithms in Mathematica.
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=G3H (Lur) + GH (1;uz) — (1).772H(0; uz) H (1;u1) — éﬂzH (0;u1) H (15 uz)

1 1 1
— w?H(0,1;uy) — 67T2H(O,1;UQ) — H(0,0;u2) H (1,0;u;) — 37T2H(1,o; uy)

6
1 2 1 2 1 2
— H (0,0;u1) H (1,0;u) — 37 H (1,0;u9) — 67 H(1,1;u) — 67 H (1,1;u9)
- H(Oaul)H(LlaoauZ) - H(0717170;u1) - H(071717O;u2) - H(171717O;u1)
— H(1,1,1,0;uz) ,

where H(w;x) denote the standard harmonic polylogarithms of Remiddi and Ver-
maseren [56]. The double sum in the third line is rewritten as a nested sum by letting
n =mnj+ no,

o0 o
=Y ) Resy—n, Reszy—p, Ro1(un, up, ug; 21, 22)

ni=1no=1

co n—1 — _ _ _
Z Z n Inwuftuy™™  Inwjuud™™  Inwputuey™™ Inwg Inugutuy ™
ni

= n2ny ~ n2(n; —n) n(ny —n)? nny
Inw Inwuguftuy™™ Inwuguituy ™ B Inwouftuy ™™ Inwuguitugy ™™
n(ny —n) n’ny n?(ny —n) nn?
ImwSi(n)uituy ™ InurSi(n)uituy ™ InueSi(n)uytuy ™
nny n(ny —n) nny
ImupSi(n)uituy ™™ 2S1(n)uytuy ™ 281 (n)uftuy ™ Si(n)uftuy ™
n(ny —n) n’ny n?(ny —n) nn?
Si(n)uftuy ™ InwugSi(n —ng)uytuy” ™ ~In u1S1(n —ny)uftuy ™
n(ny —n)? nny n(ny —n)
n Si1(n)Si(n —ni)uftuy ™™ Si(n)Si(n —n)uftus”™ S —n)uituy™
nny n(ny —n) n’ny
Si(n —n)uftuy ™ Si(n—nguytuy™ n InugSy(ng)uf uy ™™
n?(ny —n) nn? nny
- InueSi(ny)uftuy ™ n Si(n)Si(n)uftuy™™  Si(n)Si(na)uf uy ™
nny —n nny n(ny —n)
~ Si(n —mn)Si(ny)uytuy ™ N Si(n —n)Si(ni)uy uy™™  Si(na)ugtuy™
nny n(ny —n) n2n,
Si(ny)uytuy ™™ Si(nauytuy ™ 28y (n)uitus M 28 (n)uytuy ™
n?(ny —n) n(ny —n)? nny n(ny —n)
C28(n)uytuy ™ 28 (n)uf ey 2uf M 2u gy M gty
nny n(ny —n) n3ny n3(ny —n) n?n?
Couftuy ™M m2uPtuy ™ wPuPtuy ™
n?(ny —n)? 6nn 6n(n; —n)
(C.5)
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All the sums in this expression can be performed using the algorithms C and D of refs. [54].
With the help of XSummer [55] we find,

- E § Resz,—n, Reszo—n, Ro1(u1,u2,u3; 21, 22) =

ni=1no=1

(C.6)
1 1 1 1 1 1 1 1
—lnullnu2G< , ;1)— 7T2G< , ;1>— 71'2G< , ;1)—
Ul Ul +ug 6 Uy U+ uz 6 Uz Uy + U
1 1 1 1 1 1
2G<O , >—2G<, . i1 —|—4G<0,0, , ;1>+
" uy u1+u2 U2 U] + U2 U + Uz up
1 1 1 1 1
—8G (0,0, , +2G ,0 i1
u1+u2 ug U + U u1+u2
1 1 1 1
( J)—G@,, | g>_a@ J>+
U2 Uy Ul +u2 U Uy u1+u2 U

1 1 1 1 1
—2G ,0, i1
" ug "y’ u1+u2 Tug” g +u2 Ul
1 1
( ,1>+2G<0 1 —|—2G<O 71>
u2 u1+u2 u2 u1+u2 u1+u2

( ! ! >+2G< >+4G< 0,0, | >
Uy + uo’ u1+u2 U + ug’ uy’ Uy’

1 1 1
< ,0,0, ;1) G( , 0, ,1 < , ;1)—
up +u u1+u2 u1 Tug 4 ug ug

7

1 1 1

G , ,1 ,1 00 ;1) +
Uy U1+u2 Uy u1+u2 Uy
1 1 1

2G ,0,0, ;1] —2G e ,0 ;1 —
U9 U9 Ty —|— UQ Uy’ U +us Uy

1 1 1 1 1 1
G ,0, ,1 -G 0, ;1|]-G , ,0, 1)+
ug’ u1+u2 U2 u2 Tuptuz’ w U2 Ul + U2 U2
)—

! 72 H (0, 1;u1)+ 7T2H(0 1;ug 2H(o 1;u +uz)+éw2H(1 1; u1)+é7r2H(1 1;u9)+
12H(O,0,O,1;u1)—|—12H(O 0,0,1 uQ)—12H(0 0,0, 1;u; 4+ ug) — 2H (0,0,1,1;u;) —

2H (0,0,1,1;ug) + 8H (0,0,1, 1;uy +ug) — H (0,1,1,1;u1) — H (0,1,1,1;u3) —

4H (0,1,1,1;u1 +ug) — H(1,0,1,1;u;) — H (1,0,1,1;up) — H (1,1,0,1;uy) —

1 1 1 1
H(1,1,0,1;u2)+G<0, ) ;1> lnul—l—G<0, , ;1> Inu; —

up Ul + U U2 U1 + U
1 1 1 1
2G <0, , ;1> Inu; + 2G (0, ;1) Inuy +
uy + u2 Uy u1+u2 u1+u2
1 1 1 1 1
G 0 ;1) Inu; + G 71 Inu; — 2G ,0, ;1) Inug +
Uy

uy U+ us Uq U1+UQ u1 U9

1 1 1
G( ,0, ;1> lnu1+G< 71> Inu; —4H (0,0, 1;u1) Inwu; —
Uz U+ U2 ug’ ug 4 ug wy

4H (0,0, 1;uz) Inwug +4H (0,0, 1;u1 +wug)Inwug + H (0,1, 1;u1) Inuy — H (0,1, 1;uz) Inwug —
2H (0,1,1;u1 + ug) Inuy — H (1,0, 1; ul)lnul H (1,0, 1;u9)Inuy + H (1,1, 1;u1) Inwug +

1 1 1 1 1
G(O, , >lan+G<O >lnu2—2G (O, , ;1> Inus +
up’ up + ug’ ug ug + ug’ up + Uz U2
1 1 1 1 1 1
2G <0 >1nu2—2G< 0, ;1> lnu2+G< , 0, ;1) Inus +
w4 ug’ uy + u’ u’ Uy up U+ ug
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1 1 1 1 1
G( ;1>lnu2+G< 0 ;1>lnu2—|—

bl ) ) bl
Uy U+ U2 Uy U9 U1 + U2

1 1 1
G( , , ;1> Inug —4H (0,0, 1;u1) Inug — 4H (0,0, 1; ug) Inug +
U2 UL+ U2 UL

4H (0,0,1;u1 4+ ug) Inug — H (0,1, 1;u1) Inug + H (0,1, 1; ug) Inug —
2H (0,1, 1;u1 + ug) Inug — H (1,0, 1;u1) Inug — H (1,0, 1;uz) Inug + H (1,1, 1;u9) Inug —

1 1
G( , ;1> Inwuy Inwug +2H (0,1;u1) Inug Inug + 2H (0, 1;ug) Inwug Inug —
U UL+ U2

2H (0,1;u1 + ug) Inwug Inug + H (1, 1;u1) Inug Inug + H (1, 1;u2) Inug Inus .

C.2 Evaluation of R_;_,, (u1,us,us)

We now turn to the evaluation of the residue, R_j_,, (u1,us,us), in z3 = —1 — 21 by
exchanging the MB integrations with the Euler integration, eq. (3.10). Changing the
integration variables from z5 to —z9 and shifting the integration contours, we arrive at the

following representation for R_q_,, (u1, ue, us),

R—l—z1 (ul,ug,u;;) = R(_lz_zl (ul,ug,ug) + R(_Qi_%(ul,uz,u?,)

+1/5+i%0 4, (C.7)
—/ - Res; —o R-1—2, (w1, u2, u3; 21, 22)
+1/5—ico 2T

where we defined,

B —2/3+i00 d —1/5+ic0 d

R(flile (ul? U2, U3) = / Zl. / 22, z29 ul_ZQ u;1+1 u§2
—2/3—ico 2T J_1/5-ico 270

xT (=21 =)D (=2) T (21 —22+ 1) D (=2)* T(2)* T(z1 + 22+ 1),

—2/3+i00 —1/5+i00 2
»(2) _ / dz / dzy ) —22 ) 21+1 | 29
R, (uy,ug,u3) = . . 1 Uy ug
' —2/3—ico 2Tl J 15 jce 2Ti z1 +1

(C.8)

XT (=21 =D (=2) T(z1 —20+ 1) T (—22)° T(22)* T (21 + 22 + 1) .

In each case, the integration contours are straight lines and their position is explicitly
indicated for each integral. The residue appearing in eq. (C.7) arises from shifting the

integration contours'? and is given by the onefold integral,

+1/5+i%0 4,
/ o Res, =0 R_1-2, (u1, u2, us; 21, 22)
+1/5—io0

- /+1/5+ioo dzo (CQ)

zpup PP T (—2)° T (2)°
+1/5—ico 2Tl ! ’

X (zolnug + 2vg20 + 209 (—22) + 229 (22) — 1) ,

where ¥(z) = (fz InT'(z) denotes the digamma function and ~yg is the Euler-Mascheroni

constant, vz = —(1). Closing the integration contour to the right and summing up
2Note that there are in principle two more non-zero residues coming from crossing the poles in z; = —z»
and z2 = —z1, but it turns out that these two contributions cancel mutually.
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residues in z9 = ny € N*, we obtain,

+1/5+i00 4
/ Res;,—0 R_1-z, (w1, u2, us; 21, 22)
+1/5—ico 2T

1 1 1
— IfwH(1,— s In® us H S I ul H 0,1;—u3
6 6 Ul 2 Ul
1 1
+In?u H 1,1;— s Inus In? uy H 1;—u3 + 1nu;»,ln2u1H 1;—u3
2 Ul 2 U1
In? U31DU1H< u;»,) In? us H <0,1;—u3> +In?usH (1,1;—u3>
u1 u1 u1
+

N = DN =

1
In v In? u3H< )~ H (1;—“3> CwH (0,0,1;—u3>
uy 2 Uy Uq

+2nw H (0,1,1;—u3> 2Inu H (1,0,1;—u3> + Inug Inuy H (0,1;—u3>
Uy w1 Uy

+ In g In ug H (0, L; —“3) —2lnuslnu H <1,1; —“3>
Ul U

1
—InusInugInu  H <1;—u3> + mlnusH (1;—u3> + InusH <0,0,1;—u3>
Ul 2 (75} Ul

1
+ 7 InugH (1;—u3> +InugH (0,0,1;—u3> — 2InusH (0,1,1;—u3>
2 u1 Uy Uq
—2lnusH <1,0,1;—u3> —Inug InusH (0,1;—u3> —2(3H <1;_u3>
U1 U1 Ul
1
— n°H (0,1;—u3> + 2 H <1,1;—“3> - H <0,0,0,1;_“3>
2 a1 Uq Uy

1 oH <0,0,1,1;—“3> 1 oH <0,1,0,1;—“3> 1 oH (1,0,0,1;—“3> .
U1 U1 U1
(C.10)

Let us now turn to the computation of R(_lz_ZI (uq,ug,us). We apply eq. (3.10) and we
obtain,

—1/5+i00 dzo Res., 1 7~€( )

R(,lf,zl (u1,ug,u3) = /

o 1., (U1, ug,us; 21, 22)
1/5—ico

d 1/5+ZOO dZ 2 z2 ngl —2Z92 72271
v u222u1 2u3z’ (1 —w) v 2 (1= (1 —ug)v)
—1/5—i0c0
X r(_ZQ) F(z2)3.
(C.11)

We tacitly exchanged again the MB and Euler integrations, having checked numerically
that this operation is allowed. The residue in eq. (C.11) comes from the fact that in
eq. (3.10) the contour must be such that it separates the poles in I'(... + z) from the poles

,29,



in I'(... — 2). The computation of the residue is trivial,

—1/5+i00
Z2 = (1)
/ 5 .Reszlz—lR(_l_zl(uhuQ,u?,;m,zQ)
—1/5—ic0 =T

1 1
= — 2w H (0,1;—“3> — n2ugH (o,l;—“?’) — 2w H <0,0,1;—u3>
2 (75} 2 Ui (5% (C.12)

1
+Inuglnu H <0,1;—u3> +2InusH <0,0,1;—u3> — 27r2H (0,1;—u3>
Uy w1

—3H <0,0,0,1;—“3> :

Uy

The MB integration in the second term is also trivial and yields

1 ; U ; (v—1)ug
/0 W1 —v) (1= (1= up)o) {2L3<vu1(1—v(1—u2))>

+ Liy (Um (iv__vl()lui u2))> 2In(1—(1—wu2)v)+2nu; —2Inuz —2In(l —v) +2Inwv)
—(In* (1= (1 —=wus)v) — 2w In(1 —v) —2In(l — v) In (1 — (1 — ug) v) + 2InuzIn(l — v)
+2Inuynv+2nvin (1 — (1 —wuz)v)+2Inu;In(l — (1 —uz)v) —2Inuglnw
—2Inuzln (1 — (1 —wug)v) +In?u; +In®uz — 2Inu; Inuz + In?(1 — v) + In*v
St U s L e Ay }

(C.13)

The remaining integration over v can be done in a similar algorithmic way as for

F(u1,u2,us), so we will be brief on its derivation. We start by expressing the polylog-

arithms appearing in the integrand of eq. (C.13) in terms of Goncharov multiple polylog-
arithms,

b (o 1 ot aap) = =0 (B ™y 1)

Using the algorithm of appendix B, we can express the Goncharov polylogarithms in the
right-hand side of eq. (C.13) as a linear combination of Goncharov polylogarithms of the
form G(...;v), e.g.,

G<O7O’ vu1(1_v(1_uQ))_1> _

(v—1)us ’
(C.15)
1 1
—Inwug In?us + Inugn?us — G (0, ;1) Inuy — G ,0;1 ) Inug —
1—u2 1—U,2
1 1 1
G , 11 ) Inue—G R i1 IHUQ—l-g(O,Uglg;1)IHUQ+Q(U213,1;1)IHU,2+
1—UQ 1—UQ 1—UQ

1 1
g ,v213;1> Inug+G(0;v) Inug Inug—G(1;0) Inug Inug+G < ;v> In uy Inug—
1 —us 1 —ug
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G(0;v) InugInug + G(1; v)1HU3lnu2_G<1 1 (0;v) +

G(0
ZG(l'v)—l w1t v)G (0, — G(1;v)G 1)+
TR T L~y ’ 1—u2’

! (o,ll )—l—GOvG )-G(m) ( L01)

(. )
(1_1u >+G0vG<1 1 >—G(1;v) <1_u2,1,1>+
( =

1
>+GOUG ;1)—
—UQ 1—UQ

1
>1HU3111U2—|— 671' lnuz—

1 1 1
. -1 1) = .
G( ,v)G<1_u2 . >+G<1_u2, G(l_u2 . ) G(0,0,0;v) +

1 1 1
0,0, 71> G(OO ;v)—i—G(O,l,O;v)—i—G(O,l, ;v>+
—UQ 1—UQ

1
1 1 1
0, ,0,1) —G {0, ,0,v ] +G (0, 151 ) +
1—UQ 1—UQ 1—UQ
1 1 1 1 1
0 ) ;1] —G {0, , ; G(1,0,0; G| 1,0, ;0] —
(’1—u2 1—u2 ) ( 1—U2 1—U2 v>+ ( U)—|— ( 1—U2 U>
G(1,1,0;v) =G (1,1 Dose(n b o) +a(n L) s
777?} 7’1—'[,[,271) ’1—'[,[,27 71) 71_u271_u271)
1 1 1 1 1
,0,0;1) -G 001) +G ,0.1;1 ) +@ 0, 1) —
1—UQ 1—UQ 1—UQ 1—UQ
1 1 1
v +G ,1,0;1} + G 1,11 ) +
1—UQ 1—UQ 1—UQ
1 1 1 1
) ; G ,0,1 _G ) aoa
(1—u2 1—u2 >+ (1—u2 1—U2 > (1—1@ 1—U2 U>+
0

1 1 1 1 1
G 1) -G v ) —
+ <1—u2 1—u2 1—u2’> (1—UQ71—1L271—1L2’U>
1

@

1;1

) )

1— u9 1 — U2
G(0;v)G(0,v213;1) +G(1;0)G(0,v213; 1) = G <1

1
G(1;v)G(va13,1;1) = G <1 ;v> G(v213,1;1) — G(0;v)G <
— U2 1

1 1 1
G(Lv)g (1 _u2,v213;1> -G (1 _u2;v> g (1 _u2,0213;1> —G(0,0,v213;1) +

1
G(0,0,v213;v) — G(0,1,v913;v) — G(0,v213,1;1) — G (0, , V213; 1) +
— Uy
1
1 — U9

1 1 1
g(’l)213,1,1;1) _g 705/0213;1 +g ,05/0213;2} _g ,1,U213;U -
1—uy 1—uo 1 —ug

1 1 1 1 1
) alal - ) ) al ) ) ; -
g<1—u2 V213 > g<1—u2 1=y V213 >+g<1_u2 1 — 1213 v>

1 1
G(0,0;v)Inu; + G(0,1;v)Inu; + G | 0, ;1) Inu; — G (0, v | Inwug +
1—u2 1—UQ

2;U> G(0,v213; 1) —G(0;v)G(v213, 1; 1) +

1
21351 | +
— g

1
1

g <07 l—u ,12213;U> —G(1,0,v913;0) + G(1,1,v913;v) — G <1,
— ug

, V21350 | —

1 1
G(1,0;v)Inu; — G(1, L;v)Inu; + G | 1, v | Inug + G ,0;1 ) Inwug —
1—u2 1—UQ
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1 1 1
,00 | Inuy + G Lo ) Inu +G , ;1 Inwg —
1—u2 1—U,2 1—U,2

1
, ;v> lnu1—i—G(O,O;v)lnu;»,—G(O,l;v)lnug—G<O,1 ;1) Inus +
— Uy

1
0, ;v> lnu3—G(l,O;v)lnug—|—G(1,1;v)lnu3—G(l, ) ;v> Inus —
— Uy

1 1 1
,01 ) Inug + G ,0;v | Inug — G v Inug —
1—UQ 1—UQ 1—UQ
1 1 1 1
G ;1)1 G s )l
(1—u2’1—u2’ > nug + (1—11,2,1—11,2’1)) nuss

where we introduced the quantity,

) up — u; \/—4ujukul + 2upu; + uz + ul2 o
e . .16
Conl 2 (1 ) u (C.16)

Finally, the integration over v is done using the recursive definition of Goncharov polylog-
arithms, eq. (3.13), and the result reads,

1 1 1 1 1 1
1) 1In3 1) In? 1:1) In?
2G<1—u2’ ) n u1+2G<1_u2,0, ) n u1+2G<1_u2, ; ) n‘ui+

1 1
In?uy —
1—UQ 1—UQ

1

2

>lnu21n Uy — 3G<
2 1—U,2

1

2

(1

G In? usInuy + G ;1) In“uglnu; + _7°G ;1) Inuy +
—UQ 2 1—U,2 3 1—U,2

(o

oy,

(C.17)

1 1
G(va, 1;1) In? uy — 29 (1_u2,v213;1> In? uy +

1
> In us In?uy — 127‘('2 In?u; +

1 1
,1, Inu; +G (0, L1 ) Inu + G ,0,0;1 | Inuq +
1—UQ 1 2

1 1
0, ;1 Inwu; + G ,1,0;1 ) Inwy — 2G , 1,151 ) Inug +
— U2 1—UQ 1—UQ

1 1 1
2G , 1 ;1 Inwu + G , ,0;1 ) Inwg +
1—u2 1—u2 1—UQ 1—U,2

1 1 1 1 1
2G 1;1)1 G ;1)1 —
(1—11,271—11,2’ ’ ) nu1 + (1—2@71—11,271—11,2’ ) n

1 1
G | 0,v213, ;1) Inu; —G {0, 021331 ) Inug — G(v213,0,1;1) Inuy —
1 — U2 1 — U9

1
g(’vzlg, 1,0; 1) Inuy + 29(1}213, 1,1; 1) Inu; —2G <’L)213, 1, ) Inu; —
2

1 1
2G <U213, 1—u2’1;1> 1nu1_g<1_u2,0av213a >1DU1 < 1)213,0; 1> Inwuy —

1 1 1
2 ;1)1 -2 1
g<1_u27?)213,1_u27 > nuy g<1_u2 1 gy V2135 > nuy —
1 1
G(l ,0;1) lnu;»,lnul—G<1 ,1;1) InugInwu, —
2

_U2

1 1
G , ;1| InugInwug + G(vo13,1;1) Inug Inwuy +
1—UQ 1—UQ
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1 1
g<1 ,1)213;1> InugInu; — 2G i1 lnu21nu;g,lnu1+671'21nu;g,lnu1—

1—UQ

Inup — G ;1) In® G 0;1 ) In? G 1;1) In?
(31Inwuy 9 <1_u2,>HU3+2 <1—u2’ 7>nug—i—2 Ly b n® us +
1 1 1 1 1 1

G 1) In?usg — 1;1) In?us — ;1) In?
2 (1—u2’1—u2’ > ns = g Gleas, 1 1) s 29<1—uQ’”213’ ) s

1 1 1 1 1 1
G 1) InugIn?uz — 7% 1n? ’G 0;1 ’q ;1
(1—u2 )nu2n Us T g s G ) Ty ) T

1, 1 1 1 1
G , i1 G10,0,1, i1 G 10,0, ,1;1) —
2" (1—u2 1— uy >+ ( 1—uy >+ < 1 - uy >

1 1 1 1
26 (0,0, , 1) +¢(0,1,0, 26 (0,1,1, 1) +
1—u 1—wus

1—u2 1—U2

1
G 10,1, ,0;1) —2G (0,1, 1 , ;1) +G (0,1, 1 , 1 ;1| +
1—UQ 1—UQ 1—UQ 1—UQ
1 1 1 1
Glo, ,0,1;1) —2G (0, .0, 1) +G|o, 1,01 ) —
1—UQ 1—UQ 1—UQ 1—UQ
1 1 1 1 1
2G| 0, 1,11 ) —2G | 0, , ,0,1) —G {0, , 1) —
< 1—u2 > ( 1—u2 1—UQ > ( 1—U2 1—U2 >
0, ! 1 00, ! i1 o ' Lo
’1—u2 1—u2 1—UQ7 1—wu 1—u27 T
1 1 1
G 70717 ; G 7 7071 _2G 707 7171 -
1—UQ 1—UQ 1-— 2 —u 1—UQ 1—UQ
1 1
2G ,0, 1) +G ,1,0,0;1 ) —2G ,1,0,151 ) +
1—uy’ 1—u2 1—u2 1 —u9
1 1 1 1
G . 1,0, —2G ,1,1,0:1 ) +3G J1,1,1:1) —
1 —uy 1—wu — U9 1—us
G(

1 1 1 1 1 1
3G 1,1 >+ ,1, ,0;1)—30( 1 ,1;1>+
1—U2

G( oyt ,1>—G B ! ,0,0;1>—

1—UQ 1—UQ 1—UQ 1—UQ 1—UQ
,0,1;1 2G 1 1 0 1 i1
1—u2 1—u B 1l—uy' 1—uy’ "1 —ug’

,1,1;1 G L 1 1 1 ;1
1—u2 1— B 1—UQ,1—U2, ’1—U2’

Loon) —sa( ! ! Lo
1—u2 1—u2 1—u2 ’ 1—UQ71—1L271—1L2’ ’
0

1—u2 71—UQ

1 1 1 1 1
1) — o x? 1) — 7 i1
1—u2 1—u2 1=y’ 1—uy ) g™ 9oz 1i1) 2ﬂg<1—uQ’”13’ >+
1 1 1
,0,1)213, 71 +g 0,05 ,U213;1 +g 05”213,15 ’1 +
1—UQ 1—UQ 1—UQ

g
1 1 1
G ( 0,v213, 1) +G 10, ,0,v213;1 ) +G (0, 0213, 1; 1) +
1—u2 1—U2 1—U2
g

1 1 1 1
07 ’ ’ ;1 2 07 ? ? ;1 - 707071;1 —
< 1—u o L —up >+ g< 1—up 1 —wus 213 ) G(va13 )

1 1
G(v213,0,1,0;1) + 2G(v213,0,1,1;1) — G { v213,0, 1, ;1) —G | v213,0, ;1) —
1—u2 1—UQ
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1
g(’l)213,1,0,0; 1) +2g(’l)213,1,0,1;1) _g <U213,1507 1 u ﬂ1> +2g(’l)213,1,1,0; 1) -
— u2

1 1
3G(v213,1,1,1;1) + 3G | va13, 1,1, ;1) =G (va3, 1, ,0;1) +
1-— u9 1-— u9

1 1 1 1
3g 7}213717 7171 _g 7}213717 ) 71 _g V213, 707171 -
1—UQ 1—UQ 1—UQ 1—UQ
1 1 1 1
51,0;1 + 3G V213, 51,1;1 -G V213, ’15 al -

1—UQ

1 1 1
V213, ) ,17 1)+ g ’0705/0213; 1)+ g 50,U213a 1’ 1)+
1—u2 1—u2 1—UQ 1—U2

7
7
1 1 1 1 1
g ,0,v9213, ;1) +2G ,0, ,v213;1 ) — G ,0213,0,0;1 ) +
1 Uy ug 1 — us 1 —uo
1 1
o | |
9’ U
1 1 0:1) +
» .
1_u25 213’1—”&2”
< 1

! ! 1]+
, U213, ;
2131—u2 1—ug’

1-—
1 1 1;1) +
) .
1_u271_u27 1—U2 1_— 213, 4,

+9G
1 1 " 1
1
g(l—uQ’l—uQ’”mﬂ—uz ) (1—u2 L—uy 1 —uy 2% >+
1

1 1 1
H (0,0,0,1,1 —ug) — 6W2G<1_u2;1> lnu2+2G<0,1_u2,1_u2;1> Inug +

1 1 1 1
2G ,0, ;1) Inus + G , 1, i1 ) Inwug +
1—u2 1—u2 1—UQ 1—UQ

1 1 1 1
2G< , ,0;1) lan+2G< ) ,1;1) Inus +

1—u2 1—u2 1—UQ 1—UQ

1 1 1 1
3G ) , i1 ) Inug — G (| 0,v913, ;1) Inwug —
1—UQ 1—UQ 1—UQ 1—UQ

1 1 1
Gglo, 021331 ) Inug — G | w213, 1, ;1) Inug — G | v213, 11 ) Inug —
1—UQ 1—UQ 1—UQ
1 1 1 1
g ;0,v213;1 | Inug—G 0213, ;1 ) Inug—G , V213, ;1) Inug—
1—UQ 1-— 2 1—u2 1—’u,2
1 1 1 1 1
, ,v9213; 1 | Inug — G 1) In®uslnusg — _7°G ;1) Inug —
1—u2 1—u2 1—U2 3 1—U2

1 1 1
0,1, ;1) Inug — G {0, 11 ) Inug — G ,0,0;1 | Inug —
1 —ug 1 —u

G
1 1 1 1
G , 0, ;1) Inug — G ,1,0;1 ) Inug + 2G ;1,11 ) Inug —
1—UQ 1—UQ 1-— 1—UQ

1 1
, 1, ;1) Inug — G ,0;1 ) Inwug —
1—u2 1—u2 1—UQ 1—
1 1 1
, ,1;1 ) Inug — G Inuz +
1—u2 1—U2
0

1—u2 1—U2 1—U2
1 1
g ( , V213, ;1> Inug +§G <0, ,V213; 1> Inus + G(v213,0,1;1) Inug +
1—u2 1—U2
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1
G(v213,1,0;1) In ug — 2G(v13,1,1;1) Inuz + 2G <0213, 1, 1) Inuz +

"1 —ug
1 1
2G ( vais, 151 ) Inug + G ,0,v213;1 | Inuz + G 12213,0;1 Inusz +
1—u2 1—UQ
1 1 1 117?
2 1)1 2 1 1 —
Q(l_u27vz13,1_u27 > nus + Q(l_m 1 gy V2135 > nug + Inwuz(s 90

We now turn to the evaluation of R(EL o (u1,u2,us). The computation follows the same
lines as for R(_li_ ., (u1,u2,u3), with a slight complication coming from the denominator in

p(2)

the integrand. To get rid of the denominator, we rewrite R7]__ (u1,u2,u3) as the integral

of the derivative with respect to us,

0

o R®)_ . (ur,u,uz) . (C.18)

~ ~ u2
R®)_ (ur,us,uz) = R®)_ (u1,1,us) +/ du
1

Let us start with the first term in eq. (C.18). The value for us = 1 is easily obtained by
applying Barnes lemmas, by means of which one of the two integrations can be performed.
This leaves us with a onefold integral trivial to compute,

~(2) /5 Fico dZ 2, —z2 % 3 3
R (1) = | o 2 BT T (2 T(aa)” (0 (2) 4 v (a2) + 20
+ 100

1 1

In? u H (1;—u3> In3 U3H< > +In®>u H <1,1;_u3>
6 6 (75} U1
1

Inug In’ u1H< “3> In2 ug In uy H (1;—u3> +In2ugH (1,1;—u3>
2 ul uy Ul
1
2

lnu1H< >+lnu1H (0,0,1;—u3>+21nu1H <0,1,1;—“3>
(5] (5] (5]

1
+2InuH <1,0,1;—u3> —2lnuslnu H (1,1;—u3> + wllnusH <1;—u3>
Ul Ul 2 Ul

InusH (0,0,1;—“3> — 2nuzH (0,1,1;—“3> — 2nuzH (1,0,1;—“3>
U Uy u1

_2GH (1;—“3> +n2H (1,1;—u3> to2H (o,o,o,1;-“3>
Uy U1 U

1oH (0,0,1,1;—“3> LoH (0,1,0,1;—“3> 1oH (1,0,0,1;—“3> .
Uq Uy u1
(C.19)

The remaining term is again computed by exchanging one of the MB integrations with an
Fuler integration. Shifting the contours such that they satisfy the assumptions underlying
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eq. (3.10) introduces an additional residue of the form,
U2 o
/ dua Res, =1 RQLZI (uy,u,us; 21, 22)
1 u

U2 o +1/5+i00 d
= / du 2 Bur P uPT (—2)° T (22)° u™!
1 U J1/5—ico 270

+1/5+ico g,
= / > 22 uy 2 w2l (—29)° T (22)° Inuy
+1/5—ico 2Tl

1 1
= 2lanln2u1H <1;_u3> + 9 In ug In? ug H (L—ug) +InugInu H <0,1§—U3>

(5] (75} (75}
1
—Inuslnuglnu H <1;—u3> + w2 lnusH <1;—u3> + InusH <0,0,1;—u3>
Ul 2 Ul Ul
—InugInusH <0,1;—u3> .
uy
(C.20)

After inserting an Euler integral for the integral over z; in the second term of eq. (C.18)
and exchanging the Euler integration and the integration over zo, the MB integral is trivial
and can be performed by closing the contour and summing up residues,

1 U2
/ dv/ du u;, (uv — v + 1)71 (—u1v2 + uuv® + ugv — usv + u;;)il
0 1

X {1112 (u—1ov+1)=2Inu;In(1 —v) —=2In(1 —v)In((u—1)v+1)

+2lnuzsln(l —v)+2lnuynv+2nmvln ((u—1)v+1)+2lnuyIn((u—1)v+1)
—2InuzInv —2lnuzln ((u— 1) v+ 1) +In?wu; + In® uz — 2Inu; Inug + In?(1 — v)

+1In%v — 2Invin(1l —v) +7T2} ,
(C.21)

and the integration over u can be done easily in terms of ordinary polylogarithms, yielding,

/1dvévl(1—v)1{ln3(v(u2—1)+1)—3ln(1—v)ln2(v(u2—1)+1)+
0

(C.22)
3Invin? (v (up — 1) ;— 1) +3InwuIn? (v (ug — 1) +1) — 3lnuzIn? (v (ug — 1) +1) —
31n (—ul (2 1)?1)—’—_(12;;3 U3)U+U3> In? (v (ug — 1) + 1) +
3In*(1 —v)In (v (ug — 1) + 1) +3In*vIn (v (ug — 1) + 1) + 3In?uy In (v (ug — 1) + 1) +
3In?uzln (v (up —1) +1) =6In(1 —v)Invin (v (uy — 1) + 1) —
6ln(l —v)InuyIn(v(ug —1)+1)+6lnvinu; In(v(ug—1)+1)+
6ln(l —v)Inugln (v (ug —1)+1) —6lnvlnuzln (v(ug — 1)+ 1) —
6lnu;Inugln (v (ug — 1)+ 1) +
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u (ug — 1) v + (u1 — ug) v + ug

6ln(1 — v) In <_ > In (v (ug — 1) +1) —

iz~ 1)1+ o — )

up (ug — 1) v 4+ (up — ug) v + us

6Ilnvlin <— (UQ— 1)uis ) In(v(ug —1)+1) —

61lnug In (_ul(u2—1)1()2}—5(11;;3—%)2)4—113)ln(v(u2_1)+1)+
2

61n us In —ul(uQ_l)l()vt(lz;;;uzs)v_'_us)ln(v(u2—1)—|—1)_

6Lis <”“1 (?(’U(“_Z ;)22 * 1)> In (v (g — 1) + 1) + 37% In (v (uz — 1) + 1)

3In%(1 —v)In (u1 (ug — 1) v? + (ug — ug) v + ug) —

3In?vln (u1 (ug — Dv? + (ug — ug) v +ug) —

3In?wu; In (u1 (ug — 1) v? + (ug — ug) v+ ug) —

3In?uzIn (u (ug — 1) 02 + (w1 — ug) v +ug) +

6In(1 —v)Invln (ug (uz — 1) v* + (ug — ug) v + ug) +

6In(1 — v) Inwug In (uy (ug — 1) v? 4 (ug —ug) v + ug) —

6InvlnugIn (ug (ug — 1) v? 4 (up — ug) v + usg) —

6In(1 — v) InugIn (ug (ug — 1) v* + (ug — ug) v +ug) +

6lnvinugln (ug (ug — 1) v? + (uy —ug) v + usg) +

61nuy Inugln (ug (ug — 1) v® + (ug — ug) v+ uz) —

372 1n (u1 (ug — 1) v? 4+ (up —us) v+ u;»,) + 3ln2(1 —v)In (vug — vus + ug) +
3In?vln (vuy — vug 4+ uz) + 3 uy In (vuy — vus + uz) + 310 uz In (vuy — vuz + uz) —
6In(1 —v)Inovln (vug —vus +uz) — 61n(l — v) Inwu; In (vu; — vug + uz) +
6lnvinugIn (vu; — vug + uz) + 61In(1 — v) Inuz In (vu; — vug + u3) —
6Invlnusln (vu; — vug + uz) — 6Ilnuy Inwug In (vuy — vug + ug) +

37'('2 ln (Uu1 — vus + U3) — 61n(1 — U)Li2 ((U iull)u'g) —+ 61n ’ULiQ <(U iull)fuﬁ) +

-1 1
61nu Liz < o > — 6InugLip <( vu11 +6In(1—v)Lip [ (vlup = 1) + )> -

(v (— 1()”3 )+1) v —1)ug v D+1) (v —1)us
o (ouy (v(ug — 1) + . (ovup (v(ug — 1)+
6 In vLis ( (v — 1)us ) — 61InwuqLisy < (v — 1)us > +

ot (" (2500 ) i (7, ) o () |

We are thus left with only the integration over v to be done. We proceed in the by now usual
way by converting all the polylogarithms in eq. (C.22) into Goncharov polylogarithms using
the algorithm of appendix B and then perform the integration over v using the recursive
definition of the G-function. At the end of this procedure we find,

1 1 , 1 1 ,
2G<0,1_u2;1>ln u1+2G<0,1_u1;1> In“u+

u3

(C.23)
G 1 ,1;1 ) In u1—|—2G — ,1;1 ) In u1—2g(0,0213;1)ln uy —
2

Ul — us

1
92 _
1 , 1 1

G(vo13, ;1) In“u; + G | 0,0, ;1) Inu + G (0,1, 1) Inwug +
2 1—UQ 1—UQ
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1
G1l0 0;1)1 1 ;1)1 —
<’1_u2 ) >HU1+G<O’1—U2 1_u2 >DU1+G<O’1—Z§,O’ )nul

1
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D Limits of the remainder function

D.1 Multi-Regge limits

In this section we discuss the behaviour of the remainder function in the multi-Regge
kinematics. These are defined by requiring the final-state gluons to be strongly ordered in
rapidity while having comparable transverse momentum. If we choose the gluons 3 and 4
as incoming, this implies the hierarchy of scales,

— 834 3> —S234, —S345 > —S56, —S61, —S12 > —S45, —S456, —523 - (D.1)
Introducing a parameter A < 1, the above hierarchy is equivalent to a rescaling,

{5234, 5345} = O(N), {5356, 561, 512} = O(\?), {545, 5436, 503} = O(X*),  (D.2)

whereas s34 is O(1). In this limit all three conformal cross ratios take limiting values [28,
59, 60],
U = O()\), Uy = O()\), uz =1+ O()\), (D.3)

and it was shown that in the Euclidean region the remainder function must vanish.

As a consistency check of our computation, we computed the leading behaviour of the
remainder function in the multi-Regge limit. Apart from fr(p1,ps3, ps; pa, Pe, P2), the sums
of all the other terms in eq. (2.13) is expressed in terms of harmonic polylogarithms, thus
we can directly expand the harmonic polylogarithms in the scaling parameter A and only
keep the leading term. However, fr(p1,ps, ps; P4, Pe, P2) is expressed in terms of Goncharov
polylogarithms whose arguments are complicated functions of the conformal cross ratios.
It is therefore easier to compute fr(p1,ps,Ps; P4, Pe,p2) from scratch in the limit under
consideration. In what follows, this technique is described on the example of the threefold
contribution to fr(p1,ps3, Ps; P4, Pe, P2) presented in eq. (2.25).

Defining a quantity us by ug = 1 + us, we can reformulate the problem as finding the
leading behaviour in the limit A — 0 of the integral

(21 22 + 20 23 + 23 21) VT2 0 w3 (1 + N iag)™

oo J—ico J—ico 21 2mi 27

_1 /Jrioo +ico  pHico le sz ng
4
X T (=21)? T (=22)? D (—23)* T (21 4 22) ' (22 + 23) T (23 + 21) .

(D.4)

The code MBasymptotics allows us to extract the leading behaviour for A — 0 of MB
integrals of the form

+ico +ico < dzi> AP () Flz), (D.5)

—100 —100 i 2mi

where P(z;) is a polynomial in the integration variables, and f(z;) denotes a function
independent of A\. However, the integral in eq. (D.4) violates this form. We can bring
eq. (D.4) into the desired form to the price of introducing an additional MB integral by
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applying eq. (2.16) to the term (1 4+ Aug)**. Eq. (D.4) now takes the form,

+i00 +i00 +i00 +i00 d d d d
Z1 dzZo dZ3 z
/ / / / (2223 + 21220 + 2123) A T2 T2 uful? @f

2wy 2me 2w 27

D(—2)T (=21)? T (=22)? T (21 + 22) T (2 — 23) ' (—23) T (21 + 23) T (22 + 23)

+ioc0 +ioc0 +i0c0 dz d d
1 dzg dz3 z1t22 21 , 22
2923 + 2129 + 2123) A uyt u
/ / / 2wt 2w 2me ( ) L2

[ (—21)? T (—22)* T (21 4 22) T (—23)* T' (21 + 23) T (22 + 23)

+ioc0 +ioc0 +ioc0 d
z1 dzo dz
/ / / 3 (2223 + 2120 + 2123) A H22Hl uyt us? uszs

2wy 2w 2w

D (—21)? T (—22)° T (21 4 22) T (—23)? T (21 + 23) T (22 + 23) ,
(D.6)

where the contours for the integrations over z;, i = 1,2,3, are given in eq. (2.26) and the
contour for the integral over z is a straight vertical line with Re(z) = —1—2’. The three-
fold contributions arise when shifting the z contour from the form required by eq. (2.16)
to a straight line. All the integrals in eq. (D.6) match precisely the form required by
MBasymptotics, and we find,

1 1 up b w1377
_ 1 B mt U 27,2 U1
gCan(uaug) = g0 % = ™I o880
1 +1/34ic0 d
+ 4/ ' 22 2 (uf uy ™ +upugt) T(—21)* T'(21)° T (221)
+1/3—io0 (D.7)

1 Ustioo g, ,
- / 23T (—23)? T (23) <6 (Inuy + Inug + 2vg) ¥ (23) + 6y Inug
24 —1/5—ioc0 2711

+6Inu; (Inug + ) + 60 (23)° + 72 + 67%) .

The integral over z3 can be evaluated in terms of harmonic polylogarithms in the usual way
by closing the contour to the right and summing up residues. The integral over z; is more
special, because it involves poles in half-integer values of the I' function. Summing up the
tower of residues leads to multiple binomial sums [50, 51]. However, we observe that this
contribution cancels against similar contributions coming from the twofold contributions to
fr(p1,p3,05; P4, P6, P2), so we do not discuss this issue further. Finally, combining all the
contributions, eq. (2.13), we find that the remainder function vanishes in the multi-Regge
limit (D.1),

;%Rg”(ml,mz,umg) = 0. (D.8)

Note that there are five more ways in which we could have defined the multi-Regge limit,
corresponding to the five cyclic permutations of the indices in eq. (D.1). It is clear that in
terms of conformal cross ratios the six different ways of taking the multi-Regge limit are
equivalent pairwise, and we have checked that our expression satisfies

)l\ir%R((f)(l + A, Auz, Auz) =0 and - lim RP (Aug, 1+ Mg, Aug) =0, (D.9)

Therefore, our result has the correct behaviour in all the multi-Regge limits.
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D.2 Collinear limits

In this section we compute the remainder function in collinear kinematics. If the momenta
of two external particles, say 1 and 2, become collinear, then the conformal cross ratios
take the particular values,

u; — 0, ug — (1 —2) 556 , uz — 1 —ug, (D.10)

5234

and the remainder function must vanish in this limit, i.e.,
lim RO (Aug,up, 1 —up) =0,  Vuy. (D.11)

We proceed in a similar way to the multi-Regge limit, and we again only discuss here
the case of the threefold contribution to fg(p1, ps, ps; p4, Pe, p2). Using MBasymptotics we
obtain the leading behaviour of eq. (2.25) in the limit A — 0

1 Fioo Fioo dZQ ng 2 2
T (1= u)® w2 T (—29) T (29) T (—=23)" T (23) ' (29 + 2
S e G T R T D T D)

X (2320 Inuy + 2yp 2329 + 22 + 23 + 23220 (22) + 23229 (23))

with the integration contours given by eq. (2.26). Closing the integration contours to the
right and taking residues results in binomial nested sums, similar to the ones encountered
in eq. (C.5). All the sums can hence be done using XSummer and result in polylogarithms.
Since the expression is rather lengthy and does not add anything new to the discussion, we
do not show the result explicitly. Finally, combining this result with the contributions com-
ing from the other contributions in eq. (2.13) we see that our expression for the remainder
function satisfies eq. (D.11).

Similarly to the multi-Regge case, we could have defined five additional collinear limits
obtained by cyclic permutations of the external momenta. The six limits one obtains in this
way are again equivalent pairwise at the level of the reminder function (up to redefining,
e.g., up — 1 —wug in eq. (D.11)), and we checked explicitly that our result does not only
satisfy the constraint (D.11) but also

)l\in% Ré?)(ul, Aug, 1 —up) =0 and /l\in% Ré?)(ul, 1—wug,Aug) =0, VYuy. (D.13)

E Special values of ordinary and harmonic polylogarithms

In this appendix we present several special values of polylogarithms up to weight four we
encountered throughout our computation. All the identities of this section were obtained
either using the PSLQ algorithm [61, 62] or using the HPL package [63]. The question
whether a given transcendental number can be expressed as a polynomial with rational
coeflicients of other transcendental numbers, i.e., the problem of finding a basis in the
space of transcendental numbers, is an open mathematical problem, and we must therefore
make an a priori choice for our basis. Our choice consists in monomials in the following
transcendental numbers:

— 492 —



weight one: In2, In 3,

weight two: 72, Lig(1/3),

weight three: (3, Liz(1/3), Lig(—1/2),

weight four: Liy(1/2), Lig(—1/2), Lis(1/3), Lig(—1/3), S2.2(—1/2), S22(—1/3).

Note that the values of harmonic polylogarithms in 1/2 presented in this appendix are

sufficient to obtain all harmonic polylogarithms in 1/2 up to weight four. Furthermore,

as the space of harmonic polylogarithms is closed under the transformations z — (1 —

xz)/(1 + x) and x — —x, these values are at the same time sufficient to construct all

harmonic polylogarithms up to weight four in —1/2 and +1/3, and we have hence proved

at the same time that all harmonic polylogarithms up to weight four in these values can

be expressed completely in the basis we just defined.
E.1 Polylogarithms of weight two

2

1
Lis(—8) =3In23 — 61n21n 3 + 6Liy (3) —7;
. 9 . (1
Lis(—3) = — In“3 — 2Liy 5
Lig(=2) = *n?3 — In2In 3+ Lis [ - ”2
19— = n — 1n n 1 —
2 2 *\3) 6

1 1 1
= - 211r122— 2ln23—i—11r131n2—Li2 <3>

1 1 w2
= In?3 + 2Li -

g 1Ok <3> 6
2

3

7T2

1
= —2In22 -1’3 +2In3In2 — 2Li, <3> +

7.(.2

1
= —In®3+mn2In3 - Li
n“s+mn2in 12<3>+6

2

6

1 1
Lis <_ ) = - gln22—3ln23+61n31112—6Li2 <3> -

1
— —In23+1n2In3 — Liy <3> 4+ 7

E.2 Polylogarithms of weight three

3 1 49
Li3(—8) = —3In%2— 27T2]n2+18Li3 <_2> + 4C3
13¢5

1 1
Liz(—3) = — 3ln33+2L13 (3) o
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1 1
Lig —2) = 6 32— 671'2 In 2 + Lig <— > (E13)
1 1 1 13
Lis ( 3) 6 In®3 + 67T2 In 3 + 2Li3 <3> G (E.14)
1 4
Lis ( 8> :;ln 2 — 721n2 + 18Lis ( > + 943 (E.15)
1\ 2 (1 7C3
<4> =g In®2 — 7T *In2 + 4Lis <—2> + (E.16)
1 1 1 1 1
< ) 6111 2—i— l —2ln23ln2+67T21n2—67T2ln3—Li3 <3> (E.17)
. 1
— Lig (—2> + (3
3 1 1 1
Lis <4> =2In®2 + 5 In®3 —2In3In?2 — 2Li; (3) — 4Lis <—2> — C;’ (E.18)
E.3 Polylogarithms of weight four
Lig(—8) = —4In" 2 — _7°1n“ 2 — 42Li4 —b4Liy | —_ ) — (E.19)
2 2 40
. 1.y 1 ﬂ4
Lig(—3) = ~ o4 In®3 — 1271' 2In?3 — Liy ( 3) (E.20)
, 1y 1 5 1 w4
Liy(-2) = ~o4 In*2— 1277 In* 2 — Liy < 2> (E.21)
. 1 D 4 4
Liy —5) = ln 2 — 71' 21n%2 + 42Liy + 54Liy + 18 (E.22)
1 1
Li 8L E.23
o (0) - () w2 2
1 1
Li 8L E.24
oa) () 14() 24
e 1 1 1,
Liy 5 = —Li3 In2 + Lig In3+n2—_3In3+ 19 In* 2 (E.25)
- L In*3— 1n31n 2+ ln 3ln2+ L 72In?2 + L 721n?3 — 17T21D31112
12 6 6 12 12 6
1 1 1 m
—Li —Lig | — S —
14 <3> 14( 2) + 2,2( 2) +90
3 1 1 4
Liy <4> = 4Li3 <3> In2 — 2Li3 <3> 1113— C31n2+ C31n3—31 n2 (E.26)

4

1 1 1 rd
—Tiu [ — — 8Lix [ — —
ig < 3> 8Liy ( 2) + 522 < 3> + 90

8 1 1 57 16
Lis <9> — —36Lis <3> In2 + 18Li3 <3> 3 +57¢G 2~ G+, m*2  (E.27)

1 4 2 1
+ In*3+ 3 In3n32 — 5 In®3In2+ 37T21n22 - 127T21n23 — 8Liy <2>
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7 5 11
=9 n*3+10In°3In2 — 9123122 — 67721n22+ o 210?23 — 3721n31n?2

1 1 1 1 1 1174
411 — 8Li 10Liy4 | — 4Lig | — — — —
+ 74Liy4 <2> 8Liy <3> + 10Li4 < 3> + 54Liy4 < 2) 9522 < 3> 190
1 . 1 . 1 . 1
S22 <_8> = —36Li3 (3) In 2 + 54Li3 <—2> In2 + 18Li3 (3) In3 (E.28)

1 363 89 15

—36Lis ( —_ |In3+ " " In2-51¢Gn3+  In*2— " In*3+6In3n®2
2 4 24 8

3 2 91,2 29 5. 9 3 9.9 (1 ; 1

4+6In°3In2 —9In“31In°2 — 67T In 2—|—27T In“ 3 + 116Liy 5 + 18Liy ~3

1 1 1774
108Liy [ —_ ) =980 ( —. ) —
* 14( 2) 2’2< 3> 360

1 1 1 1 1
S99 <3> = —Lis (3) In2 + Lis <—2> In?2 + Lis (3) In3 — Lis <—2> In3 (E.29)

1 1 1 1 1 1
—2411142—241n43+6ln3ln32—|—61n331n2—4ln23ln22+2Li4<3>
1 1
Wiy [ -~ ) — -
1 1 1 i
= — (3In2 In*2 E.
52’2<2> g2t o 724 7, (£:30)
S (2 Li Y 2 -1 113+<12 g13+1142+1143 (E.31)
= — L1 — nz-— L1 n nz-— n n n .
22\ 3 3\ 72 3 3 3 3 24 8

1 1 1 1 wd
— In®3In2 — 2Li —Liy [ — Soo [ —
6 o 14(3) 14( 2>+ “( 2>+360

1 1 1 2
5272 (i) = —8Lig <—2> In2 — 2Li3 <3> In3 —9¢3In2 + 69C3 In3 + 3 In*2 (E32)

5 4 2 1 1 1
+241n43—31n31n32+ 7721n22—67721n23—16Li4<2>—2Li4 (- >

3 3
1 1 mt
— 16Liy | — Soo [ —
14 ( 2) + 522 ( 3> + 360
8 (1 (1 . 1
S92 9) = —36Li3 3 In2 — 6Li3 3 In3 — 36Li3 [ — 9 In3 +57¢3In 2 (E.33)
107 4 35 4
- (3In3+ 5 In*2+ 04 In*3+6m3n®2+2mn*3In2—-9In?3In%2 — 37T21n22
1 5 5 et . (1 _ 1 1 (e
In? 3 + 32L — 16L 2Lig [— ) =982 (- ) —
+67T n° s+ 14 <2> 14 <3>+ 14( 3> 2,2( 3> 45
1 (1., (1, /(1
H{-1,1-11; o) = —Lis 3 In“ 2 + 2Liy 3 In“ 3 — 4Li3 3 In2 (E.34)

1 1 1 181 73
+ 8Lij (—2> In2 — 2Liy <3> In31n2 + 4Lig (3) In3+ 19 (3In2 — 12(31113

11 1 5 1 1 23
+ 3 In*2 + 19 In3 + 6ln31n32— 311r13311r12— 21112311122— 2471'211122
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I o5 9 I, (1 . 1 . 1 C/1\?
+ 7ln 3—127{' In31n 2+ 32Liy 9 + 4Liy4 3 + 32Liy ~y + 2Liy

4 3
a 7TQLi62 b 2522 <_;> * 1220
H (o, —1,-1,1; ;) = —;LiQ (;) In? 2 + Liy (;) In” 3 4 9Lis <:1))> In2 (E.35)
— 7Li3 <—;> In2 — Lis (;) In31n2 — 4Li3 (;) In 3 4 8Li3 <—;> In3 — 12145C31n2
5

1 5 5 9 7
— 3g31n3— 21n42—|— o In*3— 6ln3ln32—21n33ln2+ 4ln23ln22+ 247T21n22

1 1 1 1 1 1
+ 87r2 In%3+ 127T21n31n2 — 9Liy <2> — 12Liy <3> + 2Liy (-3) — 22Liy <—2>
1\? m2Liy (1) 1 1 Tt
Li - 3 492 - —
+ Lio <3> o T S22 ( 3> + 8522 < 2> * 540
1 1 1 1 1
H (0, -1,1,—1; 2) = —2L12 (3) In%2 — Li, (3 In?3 — 12Li <3> In2 (E.36)

1 1 1 1
+ 12Li3 (—2> In2 + 2Lis (3) In31n2 + 6Li; (3) In3 — 12Lis (—2> In3
5
2

95 19 7 19 17
+ 8g31n2— 8(31n3+1 In*2— 21n43—|— In3n®2+3mn*3In2— A In%31n?2

2 3
17 5. 9 I 5.9 1 5 . 1 27Liy (;.) 3Liy (_é)
247? In“2 4871' In“3 127T In31n2 + 20Liy4 ) + 5 4
1 1\?  w2Liy (}) 1 1\ 7t
Lis (—_ ) — Li 3/ - )= )=
HRE 14< 2> 12<3> T 3522( 3) 8523( 2) 240
1 1 1 1 1
H(0,-1,1,1; _ ) = Liy In%2 — 4Lis | — 1n2—7<31n2— In*2 (E.37)
2 2 3 2 2 6
1 g oo o1, . (1 , 1 1774
21n3hr1 2—{—4ln 31n 2+37T In“2 — 9Liy 5 12Li4 5 1440
1 1 3 5 1
H (0,0,—1,1; 2) — —Lis <—2> In2— 4431112 oy In*2 + 8772 In?2 (E.38)

1 1 3174
— 2Li —6Lig [ —_ ) —
M (2) 0 14( 2) 1440
1 (1 , 1 1. /(1
H (0,0,l, —1; 2> = Lis <3> In2 — Lig (—2> In2— 2L13 (3) In3 (E.39)

1 53 17 1 5 1 1
Lis(—_ )| In3— In2 In3 In*2 n*3— In3n®2— In®3In2
+l3< 2)“ gy BINZH pGalnd ) T2 g i3 = In3inT2 = In"3n

1 1 1 1 Lig (-1 1
+4ln23ln22—|— 721n2 — 7721n23—2Li4<>— 4 ( 3)+2Li4<—2>

24 24 2 2
Sa2(—3) 1\ = 1ix?
+ O, TS )+ g
1 1 1 3 1
H <0, 1,-1,—-1; 2> = 3Li3 (3) In2 — 3Lis (—2> n2 - Lis <3> In3 (E.40)
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1 11 1 1
+3Li3<—2>ln3— C31n2—}— <31n3— ln42—|—961n43—2ln3ln32—21n33ln2

3 7 1 1 1 Lig (-}
+4ln23ln22+247721n22—247721n23—8Li4<2>—2Li4< >— 14( 3)

3 2
1\ 35 (-} 7
— 11Liy (—2> + 22 (=3)

4 1440
1 (1 . 1
H(O,l,— ,1,2> = —TLi3 <3>ln2+10L13< >ln2+ L13< >ln3 (E.41)
—7Li3< >ln3+ <31n2+ <31n3+ 1 49 1n 3+Zln3ln 2+ 1n331n2
21L TLig (-1
—zln23ln22—1727721n22—4787721n23—|—17Li4< ) 14( ) 14z£ 3)
1\ 752 (-3) 1 md
2Ly | — —
3 14( 2) g T2 7y ) Ty
H({0,1,0 1'1 = 2Li L In2 — 2Li L In2 — Li L In3 (E.42)
, L, U, ,2 = 13 3 n 13 9 n 13 3 n .
(1 1 1 3 1. 5
+ 2Li3 ln3+ C31n2— C31n3+ ln 2—481n 3—3ln3ln 2—3ln 3In2

1 1 1 1
+ 0 In231n%22 — 87T21n22+ 67121n23+3Li4 <2> — 6Liy (3) + 2Liy (—3)

1\ Sao(—3 1 4
— 3Ly <— >+ 22 ( 3)4—252,2 (—2>+37T

2 2 160

1 1 1 1
H <0, 1,1,-1; 2> = 8Lis (3) In2 — 8Lis (—2> In2 — 4Lis (3) In3 (E.43)

1 14 1 1 4 4
+ 8Lij <—2> In3— 3 (3In2 — ?))Cgln?)— 3ln42—|— 61n43— 3ln3ln32— 3ln33ln2

1 1 1 1 1
+2In%3In%2 + 37r2 In?2+ 67r2 In?3 — 10Liy <2> — 12Liy4 <3> + 2Ly (-3)

) 1 1 1 1974
o () 25 (-3) () +

E.4 Polylogarithms of complex arguments

1 1 i 1 5 35
Li Li — )= m*2— " 7?In2 E.44
8 (2 + 2) s (2 2) gy 2T g™ N2 4G (E44)
1 1 1 5 5Lis (3)  3437*
Li Li — )= mt2- *In?2 2 E.45
. (2 * 2> b (2 2> g2 g2 T g (BAD)

F Special values of Goncharov multiple polylogarithms

In this appendix we present special values of Goncharov multiple polylogarithms that we
encountered throughout our computation. The results are expressed in the same transcen-
dental basis as in appendix E. All the expressions have been derived using the reduction
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algorithm of appendix B. Note that we present here only values for polylogarithms of
the form G(w;1). It is very easy to extend this list to other types of polylogarithms by

applying eq. (B.7).

F.1 Polylogarithms of weight two

4 1
G| .,1;1) =1n%3+ 2L, (F.1)
3 3
3.\ 1., (1) 7
G<2,1,1> ——2ln 3+ 1In2In3 — Liy <3> + 6 (F.2)
2
m
2,1;1) = F.
G211 =, (F.3)

F.2 Polylogarithms of weight three

11 1 7
G|—_,—.,—1;1) =4Li, In2 + Liy ln3+ — ®3-In3Wn?2 (F.4)
2" 3 3 6
2 L o 2 : . 1
4+ 21In 3ln2—671' 1n2+37r In 3 + 10Lig — 3Lij — —10¢5
11 1 1 7
G(—z,—3,0;1> = Liy <3>ln3+61 ln 3+67T In2— 127121n3 (F.5)
1\ 11Lig(—3) 1 1743
l3<3>+ D BTy
Gl-2o-11) =iy () mo+ "mPo— L 33— m3m? 2+, L2312 (F.6)
97 ) = L12 3 n 9 n 24 n noin n n .
L o L, Liz (3) Lis (—3) . 1 23(3
In2 In3 — —3Lis [ — _
TpminEt Tty 4 B\ 72 8
11 1 19 1 13
G<—3,—2,—1;1> = —8Liy <3>ln2— 6 In®2 + 3ln33+ ) In31n*2 (F.7)
7 1 1 1\ 121
— 4?32 — 1271'211&2 —~ 67721n3—2Li3 <3> + 19Li3 <—2> + 8C3
1 1 1 1 17
G<—3,—2,—3;1> = —14Li, <3>ln2— 5 In®*2 +14In3n%2 — 7In*31n 2 (F.8)

49¢3

1
2 .
In2 + 34L —
7 In2+ 13( 2>—i— 9

3

5 1 1 1
— 67r2 In2+ 3772 In 3 + Lis (3) + 18Li5 <—2> +

1 1 1 1 7
G<— ,—2,1;1> — —10Lis <3>ln2—3ln32—61n33+61n31n22—21n23ln2 (F.9)
45¢3
4

1 1 1 1 17
G<—3,—3,—2;1> = 2Li, <3>1n2+ 6 In32 —4In31n?2 +In’3In2 + 7%In2 (F.10)

. 1 49Cs
—17L _ _
7 13 ( 2) 4

,48,



1 1 1 1 2 2
G<— 1, - ;1>:10L12 <3>ln2—6L12 <3>ln3+ Pm32— Zin33 (F.11)

3772 6 3
2 1 1
— 8322+ 5?32+ 72In2— ~7%ln3 — 14Lis — 25Lig ( — _ TG
3 3 2 12
(1 (1 11, 4. 7 5
G(0,—-2,-8;1) = —9Liy 3 In2 + 6Liy 3 In3 — 6 In® 2+ 6ln 3 (F.12)
1 1 1 1 1
+5In3In%2 - 50?32+ 7°In2+ _72In3+ 11Li;s +4Lig | — 316
6 3 3 2 6
G(0,-2,1;1) = Uigor D isss Pnsm?o - Pm2sma - o2 (F.13)
, )= n 94 n 9 noin 9 n n 671' n .
7, Liz (3) 3Lig(=3) . [/ 1\ 13
1 3/ _ 3 L _ _
Fggm 3ty g - T Ty 8
1 5
G(0,1,2:1) = 7’2~ §3 (F.14)
13 1
G(0,2,1;1) = 8C3 —47721112 (F.15)
G(0,3,—1;1) = Li Nmottmdo— ? w3 P mam2o4 S m23m2 (F.16)
1. — — — n n .
v >\3 2 24 2 2
1, 1, Liz (3)  3Lig(-3) , 1\ 9G
— %2 1 —3Lig (—_ | —
67T n —|—247T n3d+ 9 + 4 3Lig 9 g

1 1 5 1
G(0,4,-2;1) = —Liy <3> In2 + Liy (3) In3 — 61n32+ ) In33 + gln3ln22 (F.17)

7C3

3
—2ln23ln2— 5

1 1 1
67T21D2 - 67T2ln3+4Li3 <—2> +

4 1 1 2 2
G<3,1,4;1> = 6Li, <3>ln3—4Li2< >ln2+3ln33—21n21n23+37r2ln3 (F.18)

3
(1 65¢3
14L —

4 4 1 2 1
G<3,3,1;1> = —4Lis <3>ln2— 31n32+21n31n22—21n231n2+4L13 (—2> (F.19)

5C3
Ty
4 3 1 5) )
1;1) = 4Li In2+ ) In*2— " In®3 - 4In3In’ ? :
G<3,2, ; ) is (3) n —i—3 n o0 3 n3n“2+2In"3In2 (F.20)
1, 1, . (1\ Lig(-3) , 1\ 19¢G
In2 1 L — — 10Li3 | — —
+27T n —|—127T n3 + 3Li3 <3> 9 OLig 9 9
4 e 2.3 L3 2 2
G 3,2,1;1 = —2Liy 3 ln2—3ln 2—3ln 3+2In3In“2 —In"31In2 (F.21)
1, /1 1\ 476
— In2+ 2L 4Lig | —
" et 13<3>+ 13< 2>jL 24
L 5
G(2,0,1;1) = AT In2— (3 (F.22)
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_5G3

G(2.1,0:1) = =" (F.23)
G(2,1,1;1) = —323 (F.24)
G(2,1,2;1) = G_1oay, (F.25)
) b ) 4 12
oy G3
G(2.2.11) =~ (F.26)

1 1 1 1
G(3,0,—1;1) = Liy <3> In2 — 2Liy <3> In3+ 6 In?2 — Zln?’?) — In31n%2 (F.27)

1 1 1 Lis (3)  7Lig(-3) 1\ 3G
In231n2 21n?2 ’In3 — 3/ _ 3 _Lis(-2) -
Tomenat yminsd gmin 2 4 Bl7o 2

1 1 5 19 5
G(4,0,—2;1) = 3Liy (3) In2 — 2Li, (3) In3+ 61n32 ~ 9 In®3 — ) In3In?2 (F.28)

1 7 Liz (3)  7Lig (—3) 1\ 23¢
2In%31n2 21n2 2] 3/ _ 3/ _6Lig | —_ ) —
+2In“31n +127T n +247T n3 -+ 9 4 6Lig 9 4

F.3 Polylogarithms of weight four

1 1. (1\. 4 /1 (1
G (—2,0,—1,—1, 1) = 2L12 <3> In® 2 + 8Li3 <3> In2 — 11Li3 <—2> In2 (F.29)

1 1 35 37 5 1
— 4Lis <3> In3 + 8Li; <—2> In3— < C3In2— 24<31n3+ o In*2 + 61n43

11 4 9 7 1 1
~ 6 ln3ln32—3ln33ln2+4ln23ln22+247721n22—|—67721n23—8Li4 <2>

1 1 1 1 1 m
— 12Li 2Li4 | — — 23Li4 | — 2 - -
iy <3> + 2Liy < 3> 3Liy ( 2) + 2529 < 3> + 8522 < 2> + 450
11 (1N, (1 (1
G <—2,0,—2, —1; 1) = Liy (3) In“3 + 17Li3 (3) In2 — 19Li3 (—2> In2 (F.30)

1 1 1 1 1 1
— Liy <3> In3In2 — 25Li3 <3> In3 + 19Lig <—2> In3 — fC31n2 — 34 (3In3
13 19 10 19 1
29 5 In3n®2 — 3 n33In2 + 4 1n231n22+47121n22

7 1 1 1 15Liy (=1 1
+ 1277211123— 67721n31n2—6Li4 <2> — 30Liy4 <3> + 142( 3) — 38Liy4 <—2>

1\? 7ip(3) 15855 (—3) IS
iy (3) 2la) 1% lms) 952,2< 2)+16

13
+24ln42+ In*3 —

1 1 7. (1Y, , (1 . 1
G <—3, -1, —2,O7 1) = —2L12 <3> In“ 3 + 15Lis <3> In2 — 19Li5 (—2> In2 (F.31)

(1 21_. (1 . 1 293 45
+ 3Lis <3> In3In2 — 5 Lis (3) In3 + 11Lig <—2> In3 — 19 (3In2+ 3 (3In3
31

1 11 11 23 1
~ 19 In*2 — 6ln43— 6 332 —1n*3n2+ 4 In?3n%2 + 247T21D22— 2 1n’3

48
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1 1 : 1 . 1\2
+ ;772 In3In2 — 57Liy (;) _ 33Li4 (3) B 13L14( 3) — 70Liy <_1> B 7Ligy (3)

2 4 2 2
mLip (3) 2152 (—3) 1 417t
3 ) 3
11 -
+ 5 + 4 + 11522 ( 2) t o0
1 1 1 1 11 1
Gl-—_,—  — . —1:1) = —12Li In?2 Li In’3 F.32
< 35 2’ 3’ 5 > 12 <3> n + 9 12 <3> 2 ( )
1 1 1 12 1
— 123Li3 (3) In2 + 195Lis (—2> In2 + 3Liy (3) In3n2+ 23L13 (3) In3

1 249 477 73 1 229
— 157Li3 (—2>ln3+ , G2+ C31n3—121n42—161n43+ o In31n®2

181 85 7 1
+22In%3In2 — A In231n%2 — 5721n%2 — 7721n23—|—37721n31n2+112Li4<2>

16
2
AT7Lig (3)  231Lig (—3) 1\ 11Liy (3) 1\ 12355 (—3)
+ 9 4 + 365Liy 9 + 9 m“Liy 3 4
1 39774
-1 — _
57522( 2) 720
1 1 1 9 1 1 1
Gl-_,—_,—",0:1) = "Li In? 3 — 30Li In2+64Lis [ —_ | In2 F.33
< 35 2, 3, ) ) 9 12 <3> 1 13 <3> n2-+ 13< 2> n ( )

1 1 1 4 2
+3L12 <3> In3In2 + 14L13 <3> In3 — 62L13 <—2> In3 — 37<31D2 + 29<31D3

1 1 1 1
—37ln42+51n43+3 In31n2 + 3ln33ln2—3 In23In%2 — 71211122—871211123
24 3 3 2 2 12 3

1 1 1 1\ 9Lip (1)
4+ 721n3In2 + 18Liy <2> + 96Liy <3> — 34Li, (-3) 4 139Li, <—2> 4R (5)

2
m2Lis (3) 1 1\ 6l
3
—TSs (—. ) — 62805 (—. | -
L 2’2< 3> 23( 2) 360

11 1 1 1
G <—3, —y L 1> = —12Li, <3> In? 2 + 6Lis (3) In? 3 4 15Li3 <3> In2 (F.34)
1 1 1 14
+ 15Lis <—2> In2+ ;Lig (3) In 3 + 19Li3 <—2> In3+ 49C31n2— 5285431@

11 1
— 152 In*2 + 152 In*3 + 367 In3n32 —2In%3mn2 — . In23In%2— 277211122—1— 287T21n23

5 1 59Li4 (1) 63Liy (-1 1 1\?
—67721n31n2+52Li4<2>— 1;‘(3)+ 144( 3)+17Li4 <—2>+6Li2<3>

7599 (—é) 1 4
_ ; 1 _
4 + 19529 9 + 40

1 1 1 1 1 1
G (—3,—3,—2,_1;1> = —Li, (3) In? 2 — 2Li, (3) In? 3 + 25Lis (3) In2 (F.35)

. 1 31_. /1 . 1 123 155
— b5Lis (—2>ln2— 2L13 <3> In 3 4 31Lis <—2> In3 — 4 (3ln2 — 94 (3In3

7 16 25 29 17
—3ln42—|—481n43— 3 In3n®2 — 5 In33In2 + 4 In?3n’2 + 677211122
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16 2 2 4
1\? 7°Lip (}) 31852 (-3) 1\ 13z
— 2L 3 TN 3 18185, —
12 <3> + 3 + 4 + 2,2 < 2> + 180
1 1 1 1 1 1
G (—3,—3,—2,1;1> = 2Liy (3) In? 2 — 6Lis (3) In%?3 — 15Lis (3) In2 (F.36)

— 18Li3 <—;> In2— ;Lig <;> In3 — 18Lis <—;> In3 — 1;15C31n2 + 52645C31n3

13 1 1 93Lig (1)  31Liy (-1 1
+ 7T21n23—27r21n31n2—101Li4<)— 14(3)+ i 3)—160Li4<—2>

25 13 5 5 5 13
3 In*2 — 2411143—3ln3ln32—|—21n331n2—41n231n22+ 671211122

71 1 57Lig (L) 71Liy (-1 1
N 7121n23—|—7721n31n2—94Li4<2>—|— ia (5) _ 7L ( 3)—71Li4<—2>

48 2 4
1\? 7S5 (-13) 1\  4n?
6L 2\73) 4 )
OLi2 (3) Ty 85227y ) 7 45
1 (1N, /1 (1
G —3,0, —3,1;1 ) = 8Liy 3 In“3 — 28Li3 3 In 2 + 8Li3 — In2 (F.37)

1 1 1 199
— 8Liy <3> In31n2 + 26Lis (3) In3 — 8Lis <—2> 3+ 57¢ 2~ (3In3+ 3In*2

5 4 2 4 3 4 1
— 8ln43— 3ln31n32+ 311r13311r12— 37?21n22—|— 27T21D23— 37?21n31n2+64Li4 <2>

1 1 1 1\? 27%Lis (1) 1
6Li 29Liy | — 32Lig | — 8Li — 37 13859 [ —
s () e () o (1) 0 3250 s ()
1 97t
8502 <_2> 40
1 1 1 1 1
G (—3,0,—2,1;1> = 4Liy (3) In%2 — 5Li, <3> In%3 — 29Li5 (3) In?2 (F.38)

. 1 (1 9. (1 . 1 93
+ 20Li3 (—2>ln2+3L12 <3>ln3ln2+2L13 <3>ln3—40L13 <—2>ln3— 4(311&2
263 49 4 29 4 8 3 19 4 27 9. . 9 1 5 5
+ 3 C31n3—241n 2—48111 3—|—3ln3ln 2+ 3 In°3In2 — 4 In“31n 2+27T In~ 2

101 4 1 129Li, (L 97Liy (-1 1
10 7721n23+37721n31n2—38Li4<2>+ i (3) _ 144( 3)+29Li4 (—2>

48 2
TLis (5)7 | 7Lia (}) 9822 (1) 1\ 131x!
— —+ — —40522 — —
2 2 4 7 2 720
1 1., 1 5. 5 et m
G(0,0,1,2;1) = 8(31n2— 94 In® 2+ oy In“2 — Liy <2> + 988 (F.39)
G(0,0,2,1:1) = St 4 3Ly Hr! (F.40)
M = n 1 — .
e 8 1\ 2 720
1 1 1 1 197*
1,0,2;1) = — (3In2— _ In*2-— 21n%2 — Li F.41
G0,1,0,21) = = GIn2 =, 72— " n o) a0 (F.41)
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G(0112-1)—3§1 o tmto P r2m2o o, (1 ™ (F.42)
R T 12" " M2/ 7 60 '
1 1 1 2974
1,2,0:1) = _In*2 — 21n% 2 + 3Li - F.4
G(0,1,2,0;1) . n 247‘(’ n® 2+ 3Liy <2> 1440 (F.43)
7.1_4
G(0,1,2,1:1) = — F.44
(0,1,2,1;1) 450 (F.44)
5 1 mrd
1,2,2:1) = In2— 21n%2 — F.4
G(0,1,2,2;1) 8C3 n 127r n 450 (F.45)
1 1 Tt
G(0,2.0,1:1) = 142— 21n22 — 3Li F.46
0,2,0,1;1) = = In 87Tn 49 )T ogs (F.46)
G0,2,1,0:1) = — mio+ Lemza aniy () 4 T (F.47)
e g 87T . M9 160 '
1 1 5 (1
G(0,2,1,1;1) = ln 2+ . In%22 — 2Liy + (F.48)
1
G(0,2,1,2;1) = (3In2 + 6ln42—|— 127T 21n? 2 + 4Liy <2> o’ (F.49)
G(0221-1)——11n42— L 2o _or4 +7T (F.50)
e ) 247 tla2) " g0 '
4 33 (1Y, /1 . 1
G <3, o 2,0, 1) = Ligy <3> In* 3 + 30Li3 <3> In2 — 42Li5 (—2> In 2 (F.51)
1 1 1 79 149
—Lig <3> ln31n2—3Li3 <3> 1D3+42L13 <—2> In3 + 6(31112— 4 Cghl?)
3 4 3 31 3 2 2 2 2 21 2 2
ln 2—In"3—-7In31In°2 — 5 In°3In2+10In“31n 2—67'(' In“2 + 87r In“ 3
1 1\  49Li, (-1 Liy (1)?
—57721n31n2+4Li4 _ 68Liy n i 3)—84Li4 )+ iz (3)
6 2 3 2
2T, (L 35. 1 4
_7'(' 12 (3) 22( ) 42522 +7T
6 2 2 15
4 33 (1) (1 . 1
G <3, o 2,1,1) = —2Lis <3> In“ 3 + 13Lis (3) In2 — 23Li3 (—2> In 2 (F.52)
13 1 1 29 305 17 1
— 14 In3+23Lis [ —_ | In3 In2— In3 n*2 — " In*3
2 13<3>n+ 13( 2>n+12@’n gy I3 F o 2=, I
2 1 21 1 1 2
— 3ln3ln32— 3ln33ln2+ ln23ln22+ 7T21I122—|- 771'21n23— m21n31n?2
6 6 4 16 3
1\  69Liy (1) 47L14( H 1 1\? 7°Lis (3)
— 6Li — 3 — 46Li — 2Li 3
6 14(2) 9 T 4 Sl 2lg) T g
13555 (—3) 1y | 137!
+2
+ 4 3922 (=5 |+ 159
4 3 15 1 1 1
G (3, 5 205 1) =, Lis (3) In?2 + Lis (3) In% 3 — 3Lig <3> In2 (F.53)

1 1 1 1 2
— 27Lig (—2> In2 — 2Liy <3> In3In2+ gLig (3) In3 — 5Li3 (—2> In3 — 1823C31n2

,53,



25 3 7 1 7 4
+ 24g31n3+ 21n42—|— 2 In*3—7In3n®2 — 21n331n2+ 2ln23ln22+ 37T21n22

3 5 1 1 1 1
- 8772 In?3+ 6772 In31In2 — 38Liy <2> + 9Liy (3) — Liy <—3> — 39Liy (—2>

2 2L- 1 4
+L12<1> T 12() 5822 (—3) 5522( 1>_13w

4 2 480

1 1
( ,2,0,0;1 :2L12< >ln 2 — Liy <3>ln23—6L13 <3>ln2 (F.54)

1 1 1 29 1
+ 6Lig In2 + 2Lis In3—8Lig (—_ |In3+ 32+ (3In3+ _ In*2
2 3 6 24
2
3

1 1 1
ln 3+ In3n®2+n®3n2— ln23ln22—67721n22— 721n% 3 + 12Liy (3)

4
3Lig (— L) + 14Li S (1) s 1) —ss by
14 3 14 12 3 2,2 3 2,2 9 360
1 1
( 1,1) L12< >ln 2 + 3Liy <3>ln23—|—9Li3<3>ln2 (F.55)

1 1 29 5 1
—5L13< >ln2— L13<3>1n3+3L13< >ln3— C31n2—8C31n3—121n42

3 1 1
+ ln 3 — 1n31n 2 — ln 3In2+In%3In%2+ 71' 21n22 — 7721n23+67721n31n2

16 3 6 48
— 6Liy (;) - QLM‘Q(%) + 3Ll4i ) 131, ( 1) + 3Liy (;)2 - ﬂzLig )
P35 () g, (L)
G (3,2, ; 1; 1) = —;LiQ (;) In%2+ ;’Li2 (;) In? 3 — 15Lis (;) In2 (F.56)

1 1 21 1 1 377
+ 27Li3 (—2>ln2—Li2 <3>ln3ln2+ 9 Lig <3> In3 — 11Li3 <—2> In3 + 19 (3In2
45 5 1 7 41
-9 (31n3 + 41n42 — 3ln43—|— 3ln31n32+21n331n2—31n23ln22— 247T21n22

13 1 1 33Lig (1) 13L 1
+ 7T21D23—27T21D31n2+57Li4< >—|— 14(3)+ 14( ) 70L14< 2)

48 2 2 4
3Liy (1)° 218 1\ 6lx
B 2SOy e
2 4 720
4 /1), (1), (1
G 3,2,4,0;1 = —2Li 3 In“ 2 — 5Lis 3 In“ 3 + 17Li3 3 In2 (F.57)

. 1 . (1 23_. (1 . 1 385
— 5Lij (—2>ln2+6L12 <3>ln3ln2— 5 Lis <3> In 3 + 3Li3 (—2>ln3— 19 (3In2

365 23 1 7 1 1 31
4 (3ln3 — 94 In*2 — 94 In*3 — 61n31n32—{— 6ln33ln2— 4ln23ln22—{— 247T211r122

9 2 1\ 3Lig (%) 39L 1
— 167T21n23+ 37r2ln31n2—17Li4 <2> — 142(3) 144( ) —2L14< 2>
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3 2 4 720

3 (1 . 1 7. (1
G (2, 1,2,0; 1> = 7TLi3 <3> In2 — 4Li3 (—2> In2— 2L13 (3) In3 (F.58)

1 1
+ 7Li3 <—2> In3 — §;§31n2+ i<31n3— 254 In*2 + 92 In*3 — gln3ln32— gln33ln2

2 21 (1 ! 4
st (1) | mLiz (3) N 23552 (—3) 35, (_;) | 597

1 1 1\  Lis (-3
+Zln23ln22+27721n22+247121n23—7Li4<2>—8Li4< >+ 4 (=)

3 2
1 7S99 (—1 1 47t
— 10Liy <— >+ 22(73) | yg,, (—2)+ iy

2 4 720
3 (1), /1 , 1
G 2,2,0,1;1 = —Li 5 In“ 3 + 4Li3 3 In2 — 8Li3 —5 In2 (F.59)
1 1 1 1
+ 2Liy (3) In31n2 — 2Lis (3) In3 + 4Li;3 <—2> In3+ §C31n2 — 2347C31n3+ 254 In*2
25 2 1 1 29 2 1
~ 96 In*3— 3ln3ln32+ 3ln33ln2+ 47721n22+ 487T21n23— 37121n31n2—4Li4 <2>
21Li4 (3)  13Lig (—3) 1 1\?  27%Lis (1) 1
— —15Liy | —_ ) — Li 3 —
5 + 4 ) 14( 2) in <3> + 3 +SQ,2< 3>
1 rd
8500 [ —_ ) —
+ 2,2( 2) 90
3 1 1 3 1
G (2,2,1,0; 1) — —3Li3 <3> In2 + 4Li3 <—2> 2+ Lis <3> In3 (F.60)

1 3 67 1 1 1 1

— 3Lis (—2>1n3+4§31n2+24<31n3—2411142—481n43+21n31n32+21n331n2
3 7 1 13Lig (})  7Lig (=1 1
_41n231n22_487r21n23+2m4( >+ i (5) _ Thia (=) 1 9Ly <—2>

2 2 4
B 35272 (—;’) _4522 (_1) _ 37T4

4 2 160
7 1 1 1 i

G(2,0,0,1:1) = In2 In*2 21n22 + Li - F.61

(2,0,0,131) = oG24+ ) 724 w72+ Lig |, ) = (F.61)
7 1 1 1 i

2.0,1,0:1) = — (3In2 In*2 — 21n22 + Li F.62

G2,0.1,0:1) = = GIn2+4 ) 72—, w7 In"2 4 14<2>+1440 (F.62)
197% 7

G(2,0,1,1;1):14ZO—4<31112 (F.63)
13 1 1 1 Tt

2.0,1,2:1) = — n2— In*2-— 21n22 — 4Li F.64

G(2,0.1,21) = = g GIn2 = (72— 7 In l4<2>+180 (F.64)
21 1 Tt

G(2,0,2,1;1):—8C31n2+47721n22+720 (F.65)
7 1 1 1 4

G(2,1,0,0:1) = In2 In*2 — 21n22 + Li - F.66

(2,1,0,0:1) = (GIn2+4 ) In gq T AT o )T oeg (F.66)
7 1 1 1 Tl

G(2,1,0.1:1) = In2 In*2 — " 721n%2 + 4Li — F.67

(21,0, 151) =G24 (72— (m "2 4+4L () J =)0 (F-67)
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1174

13 1 1 1
2.1,0,2:1) = In?2 In*2 — “7%In%2 + 4Li - F.
G(2,1,0,2;1) 4(311 +6 n 871' n”2 4+ 4Liy 5 940 (F.68)
7 1 1 1 1174
21,1,0:1) = — (3In2— _In*2 21n22 — 2Li F.
G(2,1,1,0;1) JGn2— w2+ o7t 14<2>+ 260 (F.69)
7 4
G(2,1,1,1;1) = 77;0 (F.70)
7.r4
G(2,1,1,2:1 In2— F.71
(7 Pt b ) an 288 ( )
21 1 1 1
G(2,1,2,0;1) = — g Galn2— In2 + 87r2 In?2 — 4Liy <2> + (F.72)
7 1., 1,
G(2,1,2,1;1) = — _(3ln2—  In"24 7°In“2 —4Liy (F.73)
2 6 6 2
2 1 1 1 4
G(2,1,2,2;1) = 83<3 m2 - In2 + 67r2 In?2 — 3Li4 ) N (F.74)
G(2201-1)—21§1 2+ Lmto— P 2224 oL (F.75)
S BT g SIET oq " M 142 288 '
7.‘.4
G(2,2,1,0;1) = 480 (F.76)
7 1 1 1 o
2.2.1,1;1) = In?2 In*2 — 21n? 2 + 2Li - F.
G(2,2,1,1;1) 4C3 n2+ . 1o 72420k |, 18 (F.77)
11 1 1 1 4
G(2,2.1,2:1 In2 n*2 — " 72In%2 + 3Li — F.78
(7777) 4<3n+8n 87Tn + 14 9 30 ( )
7 1 1 1 rd
G(2,2.2,1:1) = — GIn2— _ In*2 21n%22 — Li F.79
(2:22,131) = — G2 - W2+, i “la) T oo (F.79)

G Goncharov multiple polylogarithm in terms of harmonic polyloga-
rithms

If we consider Goncharov polylogarithms of the form G(w(a);1), it is sometimes possible
to reexpress this function in terms of harmonic polylogarithms in a. In the following we
present the identities we encountered throughout our computation.

G.1 Polylogarithms of weight one

1
G(a;1) =—H (1; a> (G.1)
G.2 Polylogarithms of weight two
1

G(0,a;1) =—-H <O, 1; a> (G.2)

1 1 1
G(-1,a;1)=In2H <—1; ) +H <—1, 1; > -H <O, 1; ) (G.3)

a a a

1

G(a,0;1) = H <0, 1; a> (G.4)
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G(—a,—1;1) :ln2H<—1; 1> —|—1n2H<1; 1> —H(O,—l; 1> —H(l,—l; 1) (G.5)
a a a a

2
8
|
=
—_
~—
I
|
—_
B
[\]
=
/T\
=
ISEEN
N————
|
=
[\
=
7 N\
=
SIS
N————
|
/T\
=
=
S
N————
+
=
N
=
=
S|
N————
Q
D
~—

G(—a,a;1) = —-H <—1, 1; 1>
a
1
G(a,—a;1) =—-H <1, —1; )
a
1
G(a,a;1) =H <1, 1; a)

1 1 1
G(—a,a2;1):H<—1,—1; >+H<O,—1; )—H<0,1; >
a a a
1 1 1
G(a,a2;1):H<0,—1; >—H<0,1; >+H<1,1; >
a a a

G.3 Polylogarithms of weight three

1
G(0,0,a;1) = —H (0,0,1; >
a

1 1 1
G(0,1,a;1) = 67721{ (1; ) - H (0,0,1; ) - H (1,0,1; 1)
a a a

1
G(0,a,0;1) = 2H (o, 0,1; >
a

1 1 1 1
G(0,—a,—1;1)=In2H (0,-1; | +Wm2H(0,1; |+ _w2H|(1;
a a 12 a

1 1
—2H (0,0,—1; > —H<0,1,—1; > —H<1,0,—1; 1)
a a a

1 1 1
G(0,a,—1;1) = —In2H (0,—1; | —I2H (0,1; | —  _«*H(-1;
a a 12

1 1 1
—H<—1,0,1; >—H<O,—1,1; >+2H<0,0,1; )
a a a

1 1 1 1
G(0,a,1;1) = —67T2H (1; > +2H (0,0,l; > +H <O, 1,1; )
a a a
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1
a

)

(G.10)
(G.11)
(G.12)
(G.13)

(G.14)

(G.15)

(G.16)

(G.17)

(G.18)

(G.19)

(G.20)



1
+H<1,0,1; )
a
5 1 1 1
G(0,a%,—a;1) = H (—1,0,—1; | —2H (-1,0,1; ) +2H (0,-1,—1; (G.21)
a a a

1 1 1 1
—2H<O 1,1; >—4H<0,0,—1; >+4H<0,0,1; >—2H<O,1,—1; )
a a a a

1 1 1
G(0,a% a;1) = —2H <0,—1,1; ) —4H (0,0,—1; ) +4H <0,0,1; ) (G.22)
a a a
1 1 1 1
—2H (0,1,—1; ) +2H (0,1,1; ) —2H (1,0,—1; ) +H (1,0,1; >
a a a a
1
G(0,—a,a;1) = —-H <O,—1,1; > (G.23)
a
1
G(0,a,—a;1) =—H <0, 1,—1; ) (G.24)
a
1
G(0,a,a;1) = H <O, 1,1; ) (G.25)
a

1 1 1
G (0,—a,a*1) = —H (—1,0,—1; ) +2H (—1,0,1; > +H (o,—1,—1; > (G.26)
a a a

1 1
+3H<0,0,—1; >—3H<0,0,1; >
a a

1 1 1

G (0,a,a%1) = 3H <0 0,— > _3H <0,0, 1; a> +H (0, 1,1; a> (@.27)
LoH (1 0, - ) (1,0,17 )

1 1, 1

G(—a,0,—1;1) = —In2H (0, — —In2H(0,1; + 7w H | —1; (G.28)

a 12 a
+H<0,0—; > (0,1, )

Gla,0,—1;1) =2 H (0,13 ) +m2H (0,11 ) = "2 (1] (G.29)
@ L a “a 127" "a '
+H (o,—1,1; 1) —H (0,0,1; 1>

a a
1, 1 1 1
G(a,0,1;1) = 7°H | 1; — H|(0,0,1; —H|(0,1,1; (G.30)
6 a a a
1
G(—a,0,a;1) = —H (—1,0, 1; a> (G.31)
1
G(a,0,—a;1) =—-H (1,0, —1; a> (G.32)
1
G(a,0,a;1) = H (1,0, 1; a> (G.33)

1 1 1
G (—a,0,a*1) =2H <—1,0,—1; ) —2H <—1,0,1; > +H (0,—1,—1; > (G.34)
a a a
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1 1
+H<0,0,—1; >—H<0,0,1; )
a a
) 1 1 1
G (a,0,a%;1) =H(0,0,—-1; | —H(0,0,1; |+H(0,1,1; (G.35)
a a a

1 1
—2H<1,0,—1; >+2H 1,0,1; )
a a

1 1
G(a,1,0;1) = —-H (0,0, 1; a> - H (1,0,1; a) (G.36)
1 1 1 1
G(a,1,1;1) = —H (0,0, 1; ) —H (0,1,1; > —H (1,0,1; > H (1,1,1, ) (G.37)
a a a
1 1
G(-a,1,—a;1) = H (—1, 1,1 a) —H (—1,0, 1 a) (G.38)
1 1 1
G(-a,l,a;1)=—-H <—1,—1,1; ) —H(1,-1,-1; ) —H <1,—1,1; > (G.39)
a a a
1
+H (1,0,—1;
a
1 1 1
G(a,l,—a;l):H<—1,0,1; >+H< 1,1 >+H< 1,1,1; > (G.40)
a a
+H<1,1,—1; 1>
a
Gla,1,a;1) H(l 0, 1; ) H<1,1,1, ) (G.41)
1 1
G (-a,1,a%1) = ( 1,— ) H( —1; ) +H (0,—1,—1; ) (G.42)
a a
1 1 1
+H<OO > H(OO,L >+2H< )—H<1,0,1; >
"a "a a

1
a
1
a
) 1 1 1
G(a,1,a%1) =—-H +2H (-1,0,1; )+ H (0,0, —1; (G.43)
a a a
—H<0,0,1;1> <0,1,1,1> H(l,O,L ) H<1,1,171>
a a
) 1 1 1
G(a®,0,—a;1) = H | - - H —1; " )+ H(0,-1,1; (G.44)
a a a
1 1 1 1
+H<0,0,—1; > H<001 >+H<01 ) H<1,0, )
a a a
5 1 1 1
G(a®,0,a;1) = —H (-1,0,1; |+ H(0,—1,1; 0,0, — (G.45)
a a a
1 1 1 1
—H(0,0,l; >—|—H<0,1,—1; )—H(O,l,l; > (1,0,1, >
a a a a

1 1
G (a® —a,0;1) = —2H <—1,0,—1; ) +2H <—1,0,1 > - H (0, 1,-1; > (G.46)
a a

1 1 1 1
+H<O,—1,1; >+3H<0,0,—1; >—3H<0,0,1; >+H<0,1,—1; >
a a a a
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(G.47)

> (G.48)

)

1
a

1

1
) +2H (o,—1,1; >
a
a

1

a
)—H<0,1,1;

> - H (—1,0,—1;
) ~H (0, —1,-1;

1
a

1
a

1

> —2H (o, ~1,-1;
a

> +2H (0, 1,-1;

1
a

1

> - H (—1, ~1,1;
a

1
a

> - H (—1, 1,—1;
1

> —3H (0,0,1;
a

1 1
- H (1,—1,—1; ) +H (1,0,—1; >
a a

1
a

1
a

+3H <0,0, —1;

G (a®,—a,1;1) = H <—1, -1, -1
tH (—1,0,1;

(G.49)

)

> +H (—1,1,1;

H (-1,0,1;
> +3H (0,0,—1;

G(aQ,a,l;l)

)

1
a

) +2H <0, 1,—1;

1

) —3H <0,0, 1;

1

a
) +H <1,0, —1;

1
a

+H (1, ~1,1;
—H (1,1, 1;

)
|

+2H <0,—1,1;
—2H <0,1, 1;

(G.51)

)

) + H <—1,0,1;

> ~H (0, ~1,-1;

> - H (1,—1,—1;

1
a

~H <—1,0,—1;

)

1
a

)

1
a

> +H (0,—1,1;

1

a
> +H (1,—1,1;

1
a
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1 1

+H< 1,0,1; ) H< 1,1, — )—H<0,—1,—1; >+H<0,—1,1; >

a a
1

+H<0,0 ) H<001 >+H<01 )—H<1,—1,—1;>
a

H( 1,— )—H(—l,o,—1;1>+H<—1,O,1;1> (G.53)
a a
1 1 1
—H<—1 ) H< 1,1,1; >+H<0,—1,1; >+H<0,0,—1; )
a a a
1 1
_H(oo,l, )+H(O,, ) H(o,l,l, )+H(1,_1,1; )
a
) 1 1
G(a®,a,—a -1,1,-1; | -H o,—1,—1;a +H(0,— ,1,@ (G.54)
1 1 1
+H<0,0,—1; > H<001 >+H<01 > H<1 —1,—1; >
a a a
1 1
+H<1,—1,1; >+H< , ) 1,0,1; >+H<1 )
a a
1,1 ( >—|—H<0,0,— a) (G.55)

G(aZ,a,a;l):H< 1,1, 1; > + H
1 1 1
—H<0,0,1; > ( ) <011 >+H<1,—1,1; )
a a
1 1 1
+H<1,0,—1; > H<101 ) < >—H<1,1,1; )
a a a
2 2 1 1
G(a*,—a,a*1) = H —1,—1,—1, ~-H(-1,-1,1; | -H(-1,0,-1; (G.56)
a a a
1 1 1 1
+H<—1,0,1; >—H<—1,1,—1; >—H<1,—1,—1; )—H<1,0,—1; >
a a a a
1
+H<1,0,1; >
a
5 o 1 1 1
G(a*,a,a%1) =H (-1,0,—-1; | -H|(-1,0,1; )+ H 1,1,17 (G.57)
a a
1 1 1 1
+H<1,—1,1; >+H<1,0,—1; )—H(l,o,l; >+H<1,1,—1; )
a a a a
1
—H<1,1,1; >
a

G(a2 aal

1 1
G(a,a,0;1) = —H (0,1, 1; > —H <1,0,1; ) (G.58)
a a
1 1
G(—a,—a,1:1) = H (—1, 1, -1, ) —H (0, 1, —1; ) (G.59)
a a
1 1 1
G(-a,a,1;1)=H <—1, 0,1; > +H (—1, 1,1; > +H (0, -1, 1; ) (G.60)
a a a
1 1 1
v H <1,—1,—1; ) v H <1,—1,1; > _H <1,0,—1;
a a a
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1 1 1
G(a,—a,1;1)=—-H (—1,0,1; ) —H <—1,1,—1; ) —H <—1,1,1; >
a a a

+H<0,1,—1

1
G(a,a,1;1) = —H (0, 1,1 > H <1, 1,1;
a

G (-a,a®,0;1) = —H (—1,0,—1,

)

+4H (0,0,1;

1 1 1
; >—H<1,—1,—1; >+H<1,0,—1; >
a a a

)

1 1
—1,—1; )—4H <0,0,—1; >
a a

1 1 1
G (a,a® 0;1) = —4H (0,0,—1; ) +4H <0,0,1; ) —2H <0,1,1; )
a a a

1
—H<1,0,1; )

1
G(-a,a®,1;1) =H [ -1,-1,-1; >+H<—1,0,_1; >_H<_
a

_H<
(o

G
G (~a,a® —a;1) =

G (—a,aQ,a; 1) =

—2H (0,0,—1;

1
o)
G (a,a® 1;1) H(
<)

-
o)

1
1,0, —1; >—2H<—1,0,1; >+H<0,—1
a
1
(Z
(0,1,17 ) H<

H

G (a, a?, —a; 1) =H

+H (—1,1,1;

.
)

1
+2H (0,0,1;
a

+

1
H(O, 1,1; >—4H<0,0,—
a

1
1,0,1; >
a

1 1
1; >+4H (0,0,1; )
a a

1 1
H<0,1,1, >—2H<1,0,—1; >+H<1,0,1; )
a a

(o0
(-
(-

—1;

1) +4H (0,0,1; 1) —H(O
a a

1
>+H<1,0,1; )—H<1,1,1
a

1

a

1 1

—H(O 11 > H<00—1; >+2H<00,17>

a

1

_H 11 Ry )

a

1

a
1 1

—H<1,—1,—1; )—H(l,—l,l; >—H<1,0,—1,
a a

<_o

1 1 1

+H<0,—1,—; )—H(O,—l,l; )—2H<0,0,—1; )

a a a

—H<0,1,—1,

1
1
a

) (Lo

1
) (o)) e (1
a
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1)
— 1
a

1
717_1; )
a
.1
"a

1 1 1
H(0,0,l; ) —H<0,1,—1; >+H<0,1,1;

a a a

1 1

; >+H<101, >

a a
1 1 1

1,0, -1; ) - H <—1,0,1; >—|—H (—1,1,—1; >
a a a

1
a

(G.61)

(G.62)

(G.63)

(G.64)

(G.65)

(G.66)

(G.67)

(G.68)

(G.69)



G(a,a* a;1) = —H (o, ) 2H < > +2H <0,0, 1; i) (G.70)
nfonnd) ) (s l) a(ns )

G (-a,a®,a*1) = H ( i) + H < 1,0, — ) —H <—1,o,1; i) (G.71)
cn{ont)o-und)- ) oo

G (a,a* a*1) =H (o,—1 > H ( ) H <0,1, —1; i) (G.72)
T () RCRNS) RACHS)

Gl-a,—a,al) = —H < i) (G.73)
Gl-a,a,—a:1) = —H ( i) (G.74)
G(-aa,a;1) = H ( 1,1, 1: ) (G.75)
Gla,—a,—a;1) = —H <1, 1,1 i) (G.76)
Gla,—a,a:1) = H <1, T i) (G.77)
Gla,a,—a:1) = H (1, 1,1 i) (G.78)
Gla,a,a;1) = —H <1, 11 i) (G.79)

1 1 1
G (-a,—a,a*1) = H <—1,—1,—1; > +H (0,—1,—1; > +H (0,0,—1; ) (G.80)
a a a

—H<0,0,1;1>
a

1 1 1
G (-a,a,a*1)=H (-1,0,—1; ) - H (-1,0,1; ) +H< 1,1,1; > (G.81)
a a

1 1 1 1
+H<0,—1,—1; >+H<0,0,—1; >—H<0,0,1; >+H<1,—1,—1; )
a a a a
1 1
+H<1,—1,1; >+H<1,0,—1; >—H<1,0,1; )
a a
1
)—H(—l,l,—l; ) (G.82)
a
> 1
1
a

1

a

1 1
G(a,—a,aQ;l):—H<—1,0,— >+H< 1,0,1;

a

1

a

1 1
—H<—1,1,1; >+H<0,0,—1; )—H(0,0,l;
a a
1 1
—H<1,—1,—1; )—H<1,0,— >+H<101;
a
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1 1 1
G (a,a,a*1) = H (0,0,—1; ) - H <0,0,1; > +H (0,1,1; > (G.83)
a a a

1
—H<1,1,1; )
a

G.4 Polylogarithms of weight four

1
G(0,0,0,a;1) = —H (0,0,0, 1; a) (G.84)
1 1 1
G(0,0,1,a:1) = C3H (1; > —H (0,0,0, 1; ) —H (1,0,0, 1; ) (G.85)
a a a
1
G(0,0,—a,0:1) = —3H (0,0,0, 1 a) (G.86)
1
G(0,0,a,0;1) = 3H <0,0,0,1; a) (G.87)
1 1 3 1
G(0,0,—a,—1;1) =In2H (0,0, —1; a) +1n2H (0,0, 1; a> + 4Cg,H <1; a> (G.88)

1 1 1 1 1
+ wH(0,1;" ) =3H(0,0,0,—-1; |—H(0,0,1,-1; " | —H(0,1,0,—1;
12 a a a a
1
—H<1,0,0,—1; >
a

1 1 3 1
G(0,0,a,—1;1) = —In2H (0,0,—l; a> —In2H (0,0,l; a) — 4C?,H <—1; a) (G.89)

— 1 m2H (O,—l; 1) - H <—1,0,0,1; 1> - H <0,—1,0,1; 1) - H <0,0,—1,1; 1>
12 a a a a

1
+3H <0,0,0,1; )
a

1 1 1 1
G(0,0,a,1;1) = —(3H <1; > — m’H (0,1; ) +3H (0,0,0,1; ) (G.90)
a 6 a a
1 1 1
+H <0,0,1,1; ) +H (0,1,0,1; ) +H (1,0,0,1; )
a a a
) 1 1
G (0,0,a,—a;1) =3H ( —1,0,0,—1; | —4H ( —1,0,0,1; (G.91)
a a

1 1
+2H <0,—1 0,— > —4H (0,—1,0,1; ) +4H <0,0,—1,—1; >
a a
1 1 1
—4H (0,0, 1; ) —12H (0,0,0,—1; ) +12H (0,0,0,1; > —4H (0,0,1,—1; )
a a a

1 1
G (0,0,a%,a;1) = —4H (0,0,—1,1; ) —12H (o,o,o,—1; > (G.92)
a a

1 1 1 1
+12H<0,0,0,1; >—4H<0,0,1,—1; >+4H<0,0,1,1; )—4H<0,1,0,—1; >
a a a a

1 1 1
+2H<0,1,0,1; )—4H<1,0,0,—1; >+3H<1,0,0,1; >
a a a
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1
G(0,0,—a,a;1) = —H <0,0, -1, 1; a) (G.93)

1
G(0,0,a,—a;1) = —H <0,0, 1,-1; ) (G.94)
a
1
G(0,0,a,a;1) = H (0, 0,1,1; ) (G.95)
a
5 1 1
G (0,0,—a,a*1) = =3H | —1,0,0,—1; ) +4H ( —1,0,0,1; (G.96)
a a

- H (o,—1,0,—1; 1) +2H (0,—1,0,1; 1) +H (0,0,—1,—1; 1)
a a a
1 1

+7H (0,0,0,—1; ) —7H (0,0,0,1; )
a a

1 1 1
G (0,0,a,a%1) = 7TH <0,0,0, ~1; a> —7H <0,0,0, 1; a> +H (0,0, 1,1; a> (G.97)

1 1 1 1
+2H<0,1,0,—1; )—H(O,l,o,l; >+4H<1,0,0,—1; >—3H<1,0,0,1; >
a a a a

1 1 1 1
G(0,1,0,0:1) = 7*H (0,1; ) H (0 0,0,1: ) _H (0,1,0,1; > (G.98)
G(0,1,1,a;1) = —(3H 1, + 71' H10,1; + 71' H » (G.99)
—H<0001 > H(l()l > H<1001 > <,1,0,1,>
1, 1, 1
G(0,1,a,151) = — 7*H 0,1, -, mH (L1 ) +3H 0.0,0,1; * (G.100)
a

1 1 1 1
+H<0,0,1,1; >+2H<0,1,0,1; >+3H<1,0,0,1; >+H<1,0,1,1; >
a a a a
1
+2H<1,1,0,1; )
a

1 1 1 1
G(0,1,a,a;1) = — 2 H (1,1; > + H (0,0, 1,1; ) +H <1,0,0, 1; ) (G.101)
6 a a a
1 1
—i—H(l,O,l,l; >+H<1,1,0,1; )
a a
1 1
G(0,—a,0,—1;1) = —2In2H <0, 0,—1; > —2In2H <0,0, 1; ) (G.102)
a a

1 1 1 1 1 1
+  wH(0,-1; |- x*H(0,1; ) +3H(0,0,0,—1; ) +2H(0,0,1,—1;
12 a 12 a a a
1
—|—H<0,1,0,—1; )
a

1 1
G(0,a,0,—1;1) = 2In2H <0,0, ~1; > +2In2H <0,0, 1; > (G.103)
a a

1 1 1 1 1 1
+  wH(0,-1; |- . x*H(0,1; )+H(0,-1,0,1; ) +2H(0,0,—1,1;
12 a 12 a a a
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1
—3H <0,0,0,1; )
a

1 1 1 1
G(0,a,0,1;1) = . m°H <0,1; > —3H (0,0,0,1; > —2H (0,0,1,1; > (G.104)
3 a a a
1
- H <0,1,0,1; )
a
1
G(0,—a,0,a;1) = —H <o, —-1,0,1; ) (G.105)
a
1
G(0,a,0,—a;1) = —H (0, 1,0, —1; > (G.106)
a
1
G(0,a,0,a;1) = H (o, 1,0,1; > (G.107)
a
9 1 1
G (0,—a,0,a%1) = H (0,-1,0,—1; +2H (0,0,—-1,—1; (G.108)
a a

1 1
+4H<0,0,0,—1; >—4H<0,0,0,1; )
a a

1 1 1
G (0,a,0,a%1) =4H (0,0,0,—1; > —4H (0,0,0,1; > +2H <0,0,1,1; ) (G.109)
a a a

1
+H<0,1,0,1; >
a

1 1 1
G(0,a,1,0;1) = 2¢3H <1; > —3H <0,0,0, 1; > - H (0, 1,0,1; > (G.110)
a a a
1
—2H (1,0,0,1; )
a
1\ 1 1\ 1 1
G(0,a,1,1;1) = G3H (1; > + 6772H (0,1; ) + 67721{ <1,1; > (G.111)
a a

1 1 1
—3H<0001 >—2H<0011 >—2H<0,1,0,1; >—H<0,1,1,1; >
a
1 1
—2H<100,17 ) (1 0,1,1; ) H<1,1,0,1,
a
G(0,a,1,a;1) = H( > H(O,l,O,L ) (,1,1,1, ) (G.112)
1
> (1011 >—2H<1101 >
a
G (0,—a,1,a*1) = Yo (cnont) - ler (! (G.113)
3 ) 7a 6 ”a *
1 1 1 1
— 712H<1,—1; >+3H (-1,—1,0,—1; >—2H (-1,—1,0,1;
6 a a a
1 1 1
+H<—1,0,—1,—1; >—6H<—1,0,0,—1; >+4H<—1,0,0,1; >
a a a
1
a

1 1
—2H <—1,1,0,—1; ) +2H <—1,1,0,1; > +H (0,—1,—1,—1; >
a a

—3H<1001
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1 1 1
—2H <0,—1,0, ~1; ) +2H <0,—1,0, 1; > +2H <0,0, 1,1,
a a a

1 1 1 1
+4H<0,0,0,—1; )—4H<0,0,0,1; >+2H<010 ) H(0,1,0,1; >
a a

1 1 1
—2H<1,—1,0,—1; >+2H<1,—1,0,1; >+5H<100 )—3H<1,0,0,1; )
a a a
2 1 2 1 1 2
G(0,a,1,a*1) =— 7H | —1,1; H 1,1, (G.114)
6 a 6
—1,0,0,—1;1>+5H<—1,0,O,1;1>—2H< 1,1,0, — .
a a a

1 1 1
~1,1,0,1; > - H (0,—1,0,—1; ) +2H (o,—1,0,1; >
a a a

1 1 1 1
0,0,0, —1; )—4H<0,0,0,1; >+2H<0,0,1,1; >+2H<0,1,0,—1; )
a a a a
1 1 )
~1

1

a
1 1 1 1

+4H (1,0,0,—1; >—6H<1,0,0,1; )—H<1,o,1,1; >+2H<1,1,0,—1; )
a a a a

1
G (0,a%,0,—a;1) = H <0,—1,0, 1; ) +2H (0,—1,0,1, ) (G.115)
a a
1 1 1 1
—4H (0,0,—1, —1; > +4H (o 0,—1,1; ) +6H (o,o,o,—1; ) —6H (0,0,0,1; )
a a a
1 1
+4H (0,0,1,—1; )—2H<O,1,0 )
) 1 1
G (0,a%0,a;1) = —2H (0,-1,0,1; | +4H (0,0,—1,1; (G.116)
a a

1
+2H(0,1,0,—1; > +H <0,1,o,1;
a
G (0,a% —a,0;1) = —6H <—1,0,0, —1;

1 1
—5H (0, 1,0, —1; > +6H (0 ~1,0,1; | —4H (0,0,—1,—1; >
a a

1
a
1 1
>+18H<000 >—18H<0,0,0,1; )
a a
1
) +2H (0 1,0, — )
a
1
(0, ) +4H (0,0,—1,1; ) (G.118)
a

1
+4H<,

"a

1
—|—4H<00 1, -

"a

G (0,a* a,0;1) = 2H



1 1 1 1
+18H<0,0,0,—1; >—18H<0,0,0,1; >+4H<0,0,1,—1; >—4H<0,0,1,1; >
a a a a
1 1 1 1
+6H<0,1,0,—1; )—5H<0,1,0,1; >+8H<1,0,0,—1; )—6H<1,0,0,1; )
a a a a

1 1 1 1
2 1.1\ — 2 1 1. _ 2 .
G(O,a ,—a,1;1) 6" H< 1,—1; a) 6" H <o, 1; a> (G.119)

1 1
H< >—2H< -1,0,1; >+H<—1,0,—1,—1; >
a
1
< > H( 1,0,0,—1; >+4H <—1,0,0,1; >
a
1 1
2H< 1,0,1,—1; > H(O, 1; > —2H <O,—1,—1,1; )
a a
1
<0, ) 6H (0, 1; ) —2H <0,—1,1,—1; )
a
1
—8H (0,0, > +8H <0,0, 1,1; > + 18H <0,0,0,—1; >
a

1
—18H<OOO,1, >+8H 0,0,1,—1; >—4H<0,0,1,1; >
a

1 1
—2H<0,1,—1,—1; )+4H(0,1,0,—1; )—2H<0101 )
a a
G(O,a,a,l;l):—67rH 0,—; —|—67TH 01 - 7TH 1,1, (G.120)
—2H <07_1707 5 >+4H<07 ) 7 7 >+2H< 7 7 71>
a
1
—4H<OO ) +8H (0,0, 1 >+18H<OOO )
a
1 1 1
—18H<0,0,0,1; >+8H<0,0,1, 1; )—8H<0,0,1,1; >+2H<0,1,—1,1; >
a a a
1 1
) 5H<0,1,0,17 >—|—2H<0,1,1,—1; )—2H<O,1,1,1; )
a a
1 1
+2H< >+4H<1 )—2H<1,0,0,1; >+2H<1,0,1,—1; >
a a
H<1011 > 2H<1,1,0, >
2 2 1 1
G(0,a*,a%,—a;1) = —H ( —1,-1,0,-1; ) +2H (—1,-1,0,1; (G.121)
a a
1 1 1
( 1,0,0, — >—4H<—1,0,0,1; >+2H<—1,0,1,1; )
a a a
1 1 1
+2H<0, 1; )—2H<0 -1,1; )—2H<0,—1,1,—1; >
a a
1 1
<0, >—4H<0,0,—1,—1; >+4H <0,0,—1,1; >
a a

—5H

+6H (0,1,0

1
"a
1
"a

+4H

+2H
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1 1 1
+4H <0,0,1,—1; > —4H <0,0,1,1; > —2H <0,1,—1,—1; )
a a a
1 1 1 1
+2H <0,1,—1,1; > +2H <0,1,0,—1; > —2H (0,1,0,1; > +2H (0,1,1,—1; )
a a a a

1 1
G (0,a% a* a;1) = —2H (0,—1,—1,1; ) —2H <0,—1,0,—1; ) (G.122)
a a
1 1 1
+2H<0,—1,0,1; >—2H<0,—1,1,—1; >+2H<0, ~1,1,1; >
a a a
1 1 1
—4H<0,0,—1,—1; >+4H<OO 1,1; >+4H<00,1, : )
a a a
1 1 1
—4H<0,0,1,1; >—2H<0,1, ,—1; >+2H<O,1, 1 >
a a a
1 1 1
+2H<0,1,1,—1; >—2H<0,111; >—2H<,, )
a a a
1 1 1
—4H<1,0,0,—1; >+4H<1001; )—2H<1,1,0, >+H<1,1,0,1; >
a a a
) 1 1
G (0,a%,—a,a*1) =2H ( —-1,-1,0,-1; | —4H ( —1,-1,0 (G.123)
a a
1
+H< 1,0,—1,—1; >—2H< 1,0,-1,1; )—7H< 1,0,0, — )
a

—2H

< y — 13 +
2H<0, >—2H<O 1,0, —1; >+2H<0 1,0, 1;
<07 —1; ) —2H (O,l,—l,—l; > —2H (0,1,0,—1;

+2H <0,1,0,1;
a

1 1
G (0,0 a,a%1) =2H (0,—1,0,—1; > —2H (0,—1,0,1; > (G.124)
a a
1 1 1
—|—2H< >—|—2H<0,1,—1,1; >—|—2H<O,1,0,—1; >
a a a
1 1 1
—2H<0101 >+2H<0,1,1,—1; >—2H<0,1,1,1; >
a a a
1 1 1
+2H< >+7H<1,0,0,—1; >—7H<1,0,0,1; )
CL a a
1 1 1
+2H<1 0,1,— ) H<1,o,1,1; >+4H<1,1,0,—1; >
a a a
1
—2H<1,1,0,1; )
a

S

G(0,a,a,0;1) = —2

1 1
<0,0,1,1; )—H<0,1,0,1; ) (G.125)
a a
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1 1 1 1
G(0,a,a,1;1) = —6772}1 <1,1; > —2H <0,0, 1,1 ) - H (0, 1,1,1; > (G.126)
a a a

1 1
+2H <1,0,0,1; >+H<1,1,0,1; >
a a

1 1
G (0,—a,a*0;1) = 6H (—1,0,0, —1; ) —8H <—1,o,o, 1; > (G.127)
a a

1 1 1
+H<0,—1,0,—1; )—4H <0,—1,0,1; >—4H<0,0,—1,—1; )
a a a
1 1
— 18H (0,0,0, —1; > + 18H (0,0,0, 1; >
a a
) 1 1
G (0,a,a®,0;1) = —18H ( 0,0,0,—1; ) +18H (0,0,0,1; (G.128)
a a
1 1 1
—4H<0,0,1,1; )—4H<0,1,0,—1; >+H<0,1,0,1; >
a a a
1 1
—8H<1,0,0,—1; >+6H<1,0,0,1; )
a a
1 1 1 1
2 2 2
— 1;1) = — 7?H(-1,-1; H(-1,1; 12
G(O7 a7a 7 ) ) 67T < ) 7a> + 67T < ) 7a> (G 9)
1 1 1
+ 7T2H 0, — m2H 0.1 )+ mH (1,-1;
"a 6 6 a
1 1
, ) < -1,0,1; )—H<—1,0,—1,—1; )
a a
1 1
1,0, — +1 —1,0,0, — —11H | —1,0,0,1;
a a
1 1
>—2H (-1,0,1,1; >+2H <—1,1,o,—1; >
a a
1 1
+H (0,—1,—1,—1; > +5H (0,—1,0,—1; >
a a
(00 1)—3[{(0,0,—1,1;1)
a a
1 1 1
—18H (0,0,0, — >+18 (000,1, >—3H<0,0,1,—1; >
a a a
1 1
+3H<0,0,1,1, )—4H<0,1,0,—1; >+3H<0,1,0,1; >
a a
1 1 1
+2H<, 1,0, —1; >—2H< -1,0,1; >—5H<1,0,0,—1; )
a
1
+3H<100,17 >
a

—-3H

\V)

+2H

_l’_

—2H

—7H (0,-1,0

(-

(-
2H< 1,0,1,—

(-1

(

G (0,a,a% 1;1) w —1,1; >+ wH(O —1;1> (G.130)
a

,70,



1 1 1
H( )—i— 772H< 1; >— 7T2H<1,1; )
a 6 a
1 1
+3H< 1; ) —bH <—1,0,0,1; >—|—2H (—1,1,0,—1; )
a a
1 1
< 1,1,0,1; > + 3H <O,—1,0,—1; ) —4H <O,—1,0,1; >
a a
1 1
(0,0, 1; ) —3H <0,0,—1,1; > — 18H <0,0,0,—1; >
a a
1 1 1
+ 18H ( 0,0,0,1; ) —3H <0,0,1,—1; > - H (0,0,1,1; )
a a a
1 1
< >+5H<O,1,0,1; >—H<0,1,1,1; >
a a
1 1 1
< > 2H <1,—1,0,1; >+2H <1,0,—1,—1; >
a a
1 1
—2H (1,0, ) 11H (1 0,0, — >+11H (1,0,0,1; >
a

a
1 1
+H (1,011 ) —4H (1,1,0,-1;
(Z a
1
+3H<1,1,0,1, )
a

1 1
G (0,—a,a® a*1) = —H (—1,—1,0,—1; > +2H (—1,—1,0,1; > (G.131)
a a

1 1 1
—H(—l,O,—l,—l; >+2H<—1,0,—1, ; >+3H< 1,0,0, — )
a

—3H (—1,0,0, 1; 1) +2H (-1,0, 1,—1;
a

) a

1 1 1
+H<O,—1,—1,—1; >+H<0,—1,0,—1; )—H< 1,0 >
a a a

)- 3

1
+3H (0,0,—1,—1; ) —3H <0,0, —1,1;
a

—7H(0,1,0,—

+2H (1,—

) 7

—2H(1,0,1,—

1
+3H (0,0,1,1; )
a

1 1
G (0,a,a% a%1) = 3H (0,0,—1,—1; ) —3H (0,0, —1,1; ) (G.132)
a a

1 1 1
—3H<0,0,1,—1; >+3H<0,0,1,1; )—H<0,1,0,—1; >
a a a
1 1 1
+H<0,1,0,1; >—H<0,1,1,1; >+2H<1,0,—1,—1; )
a a a
1 1 1
—2H<1,0,—1,1; >—3H<1,0,0,—1; >+3H<1,0,0,1; >
a a a
1 1 1 1
—2H<1,0,1,—1; >+H<1,0,1,1; )—2H<1,1,0,—1; >+H<1,1,0,1; >
a a a a
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1
G(0,—a,—a,a;1) = —H (0,—1,—1,1; a> (G.133)

G(0,—a,a,—a;1) = —H (0, —1,1,-1; 61L> (G.134)
G(0,—a,a,a;1) = H <O, -1,1,1; (1z> (G.135)
G(0,a,—a,—a;1) = —H (O, 1,-1,-1; (11> (G.136)
G(0,a,—a,a;1) =H (0, 1,-1,1; i) (G.137)
G(0,a,a,—a;1) = H <O, 1,1,-1; (1z> (G.138)
G(0,a,a,a;1) = —H <O, 1,1, 1; i) (G.139)

1 1 1
G(—a,0,0,—1;1) = In2H (0,0,—1; > +1n2H (0,0,1; > + iggH <—1; ) (G.140)
a a a

1 1 1 1
- x*H(0,-1; |—-H(0,0,0,—1; ) —H(0,0,1,—-1;
12 a a a

1 1 1
G(a,0,0,—1;1) = —In2H (0,0, —1; > In2H (0,0, 1; ) - iggH (1; > (G.141)
a a

1 1
+ mH 0,0, — ,1; 4+ H10,0,0,1;
12 a

1 1
G(a,0,0,1;1) §3H< (0 1; > +H <0,0,0,1; a> (G.142)

+H<0,0,1,1; 1)
a

1
G(—a,0,0,a;1) = —H (—1,0,0, 1; > (G.143)
a
1
G(a,0,0,—a;1) = —H (1,0,0, —1; > (G.144)
a
1
G(a,0,0,a;1) = H (1,0,0, 1; > (G.145)
a
) 1 1
G (—a,0,0,a%1) =4H ( —-1,0,0,—1; | —4H ( —1,0,0,1; (G.146)
a a

1 1 1
+2H<0,—1,0,—1; >—2H<0,—1,0,1; >+H<0,0,—1,—1; >
a a a
1 1
+H<0,0,0,—1; >—H<0,0,0,1; )
a a

1 1 1
G(a,0,1,0;1) = —2(3H (1; > +H (0,0,0, 1; > +H (o, 1,0,1; ) (G.147)
a a a

1 1 1
G(a,0,1,1;1) = —(3H (1; ) +H <0,0,0,1; > +H (0,0,1, 1; > (G.148)
a a

a
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1 1
+H<0,1,0,1; >+H<0,1,1,1; )
a a

1 1 1 1
G(a,0,1,a;1) = —37T2H (1,1; ) +2H <0,1,0,1; ) +H (o, 1,1,1; ) (G.149)
a a a
1 1 1
+2H(1,0,0,1; )+ H(1,0,1,1;" ) +2H(1,1,0,1;
a a a

1 1 1 1
G (-a,0,1,a%1) = _37T2H <—1, —1; a) + 67T2H <—1, 1; a) (G.150)

- Lapy (1,—1; 1) —4H (-1,—1,0,—1; 1) +4H (-1, )
6 a a
1 1 1
—2H<—1,0,—1,—1; >+4H<—1,0,0,—1; >—3H< 1,0,0,1; )
a a a
1 1 1
+2H<—1,1,0,—1; )-2}1(—1,1,0,1; > H(O -1,-1,— >
a a a
1 1
+5H<0,—1,0,—1; >—4H<0,—1,0,1; >+H< >
a a
1 1
+H<0,0,0,—1; >—H<0,0,0,1; >—2H<o,1,o )
a a a
1 1 1
+H<0,1,0,1; >+2H<1,—1,0,—1; )—2H<1,—1,0,1; >
a a a
1 1
+2H<1,0,—1,—1; )—H<1,0,0,1; )
a a
1 1 1 1 1
G (a,0,1,a%1) = H<—1,1; >+ w2 H (1,—1; )- 72H<1,1; > (G.151)
a 6 a 3 a
1 1 1
: —2H<—1,o,1,1; >+2H( 1,1,0, — )
a a a
1 1 1
—2H<—1,1,0,1; >+H<O,—1,0,—1; >—2H<0, )
a a (l
1 1
+H<0,0,0,—1; >—H<0,0,0,1; >—|—H<0,O,1,17 )
a a a
1 1 1
—4H<0,1,0,—1; >+5H<O,1,0,1; >+H<O,1,1,1; >
a a a
1 1 1
+2H<1,—1,0,—1; )-2}1(1,—1,0,1; >—3H<1,0,0,—1; >
a a a
1 1 1
+4H<1,0,0,1; >+2H<1,0,1,1; >—4H<1,1,0,—1; )
a a a

1
+4H (1,1,0,1; >

6
- H (—1,0,0,—1,

1 1
G(a,0,a,0;1) = —H <0 1,0,1; > 2H <1,0,0,1; a> (G.152)

a

1 1
G(a,0,a,1;1) = 71' ( ) <0, 1,0,1; a> —3H <1,0,0, 1; a> (G.153)
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1 1
—2H<1,0,1,1; >—2H<1,1,0,1; )
a a
1 1 1 1
G(—a,O,a2,1;1): mH(-1,-1;" ) - =x*H(-1,1; (G.154)
3 a 6 a

1 1
H( 1; >+4H< —1,0,—1; >—4H<—1,—1,0,1; )
a a
1 1 1
( 1; >—2H<—1,0,—1,1; >—8H<—1,0,0,—1; )
a a
1 1
( 1,0,0, 1; >—2H<—1,0,1,—1; >+2H<—1,0,1,1; >
a a
1 1
( 1; >+2H<—1,1,0,1; >+H<O,—1,—1,—1; >
a a
1 1
(0, 1; >+3H<0,—1,0,1; >—3H<0,0,—1,—1; >
a a
1 1 1
H(0,0, 1; >—6H<0,0,0,—1, >+6H<0,0,0,1; )
a a a
1 1 1
—H(0,0,l,—l; >+H<0,0,1,1; )-21{(0,1,0,—1; )
a a a
1 1 1
+H<0,1,0,1; )—2H<1,—1,0,—1; >+2H<1,—1,0,1; )
a a a
1 1
—2H<1,0,—1,—1; >+H<1,0,0,1; >
a a
1 1 1 1 1 1
G(a,0,¢*> ;1) =— 7*H(-1,1; |- =°H 1,—1; + 7?H(1,1; (G.155)
6 a 6 3 a
1 1
+H<—1,0,0,—1; > )—2H< 1,1,0, — >
a a
1 1
+2H<—1,1,0,1; +H<0,—1,0,—1; )—2H( )
a a
1 1
+H<o,o,—1,—1; ) H(0,0,—l,l; >—6H<0,0,0,—1; )
a a
1 1 1
+6H<0,0,0,1; )—H(0,0,l,—l; >—3H<0 0,1,1; >
a a a
1 1
( H(0,1,0,1; ) <0111 )
a a
1 1 1
—2H<1,—1,0,—1; >+2H< —-1,0,1; >—2H<10 -1, — )
a a

+4H
+7H

—3H

+2H (—1,0,1,1;
a

17 07 _17 17

1 1
> (1,0,0,1; >
"a a
1
) +4H (1 1,0,—1; )
a

+
[\
=
\.D—‘
=
\.D—‘
|
SN—
|
e~
A
7N
,_\
=
,_\
=
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1
G(—a,0,—a,a;1) = —H (—1,0, -1,1; a> (G.156)

1
G(—a,0,a,—a;1) = — (—1,0,1,—1; > (G.157)
a
1
G(—a,0,a,a;1) = H <—1,0,1,1; > (G.158)
a
1
G(a,0,—a,—a;1) = — <1,0,—1,—1; > (G.159)
a
1
G(a,0,—a,a;1) = H <1,0,—1,1; ) (G.160)
a
1
G(a,0,a,—a;1) = H (1,0, 1,—1; ) (G.161)
a
1
G(a,0,a,a;1) = —H <1,0,1,1; ) (G.162)
a
1 1
G(a,1,0,0;1) = H (0,0,0, 1; ) +H (1,0,0, 1; ) (G.163)
a a
1 1 1 1 1
G(a,1,0,1;1) = — 7?H (0,1; |- #*H (1,1, |+ H(0,0,0,1; (G.164)
6 a 6 a a

1 1 1
+H<0,0,1,1; >+H<1,0,0,1; >+H<1,0,1,1; >
a a a

1 1 1
G(a,1,0,a;1) = —2H (0, 1,0,1; > - H (0, 1,1,1; ) ~H <1,1,0,1; ) (G.165)
a a a

1 1
G (-a,1,0,a*1) = 2H (—1, —1,0, —1; ) —2H (—1, —1,0,1; > (G.166)
a a

1 1 1
+H <—1,o,—1,—1; ) +H <—1,o,0,—1; ) - H <—1,o,0,1; >
a a a
1 1 1
+2H (0,—1,—1,—1; ) —4H (0,—1,0,—1; > +2H (0,—1,0,1; )
a a a
1 1 1
+H (0,0,—1,—1; > +H (0,0,0,—1; ) - H (0,0,0,1; )
a a a
1 1
+4H (0,1,0,—1; > —2H (0,1,0,1; >
a a
+

1 1
G (a,1,0,a%1) = —2H <0,—1,0, —1; ) AH <0, —-1,0,1; > (G.167)
a a

)
)

1 1 1
—4H<O,1,0,1; >—2H<O,1,1,1; >—H 1,0,0, —1; >+H<1,0,0,1;
a a a a

1 1 1
—H<1,0,1,1; >+2H<1,1,0,—1; >—2H<1,1,0,1; >
a a a

1 1 1
G(a,1,1,0;1) = H <0,0,0, 1; > +H (0, 1,0,1; > +H (1,0,0, 1; > (G.168)
a a a
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1
+H<1,1,0,1; )
a

1 1
G(a,1,1,1;1) = H (0,0,0, 1; >+H<0,0,1,1; >+H<0,1,0,1; ) (G.169)
a a

1 1 1 1
(0,1,1,1, >+H<100,17 >+H<1,0,1,1; >+H<1,1,0,1; >
a a a
1
+H<1111 )
a
1 1
G(a,1,1,a;1) :H<100,17 >+H<1,o,1,1; >+H<1,1,0,1; ) (G.170)
a a
+H<1,1,1,1, >
) 1 1
G(—a,1,1,a%1) =H(-1,-1,-1,-1; - H|(-1,-1,0,-1; (G.171)
a a

1 1 1
—H<—1,0,—1,—1; >+H<—1,0,0,—1; >+H<0,—1,—1,—1; >
a a a
1 1 1
—H(O,—l,o,—l; >+H<o,o,—1,—1; >+H<0,0,0,—1; >
a a a
1 1 1
—H(0,0,0,l; >+2H<0,1,0,—1; )—H<0,1,0,1; >
a a a
1 1 1
+2H<1,0,—1,—1; )—H<1,0,0,1; >+2H<1,1,0,—1; )
a a a
—H<1,1,O,1;1>
a

1 1
G (a,1,1,a%1) :H<—1,—1,0,—1; )—2H (—1,—1,0,1; > (G.172)
a a
1 1 1
—H(—l,0,0,—l; >—2H<—1,0,1,1; )—H<0,—1,0,—1; )
a a a
1 1 1
+2H (0,-1,0 >+H<0,0,0, ) H(0,0,0,l; )
a a a
1
+H<0,0,1,1, H(O,l,O,L > <0,1,1,17 )
a
1
+H<1,0,0,1; +H<1011 ) <1101 >
a
1
+H<1,1,1,1;
a

1 1 1
0,1,0,1; ) +H <0,1,1,1; ) +H (1,0,0,1; ) (G.173)
a a a
1 1 1
G(a,1,a,1;1) = H (0,1,0,1; > +H (0,1,1,1; > +H (1,1,0,1; > (G.174)
a a a
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1
+H<1,1,1,1; )
a
9 1 1
G(-a,1,a%,0;1) = —H ( —1,-1,0,—1; +H|-1,0,0,—1; (G.175)
a a

1 1 1
—2H <o, ~1,-1,-1; ) +H <o,—1,o, —1; ) —4H (0,0,—1,—1; >
a a a

1 1 1
—6H (0,0,0,— >+6H<0,0,0,1; >—4H<0,1,0,—1; >
CL a a

(0,1,0,1, N _om (1,0,—1,—1; 1) —5H (1,0,0,—1; 1)
a a a

1 1
G (a,1,a%0;1) =4 <—1,0,0,—1; > —5H (—1,0,0,1; ) (G.176)
a a
1 1 1
+2H (—1,0,1,1; ) +2H (0,—1,0,—1; > —4H (0,—1,0,1; )
a a a
1 1 1
—6H (0,0,0,—1; ) +6H (0,0,0,1; ) —4H <0,0,1,1; >
a a a

1 1 1
+H<0,1,0,1; >+2H 0,1,1,1; >+H<1,0,0,1; >
a a a

1
+H<1,1,0,1; )
a

G(-a,1,a*,1;1) = H (—1, —1,-1,—1; 1> - H (— ) (G.177)
a
1
a

1 1
+H<—1,o,—1,—1; >+H<—1,0,0,—1; )—H( 1,0,0,1; )
a a
1 1 1
+2H<—1,1,0,—1; >—H< 1,1,0,1; )—H(O,—l,—l,—l >
a a a
1 1
)—H(O,—l,O,L >—3H (0,0,—1,—1; >
a a
1 1
O _1- .
a a
1 1
—H<,0,1,—1; +H<0,0,1,1; )—6H<0,1,0,—1; )
a a

1 1 1
0,1,0,1; >+2H 1,-1,0,—1; )—H<1,—1,0,1; >
a a a
1

0
—2H<1,o,—1,— ;1> H<10 1)—5}1(1,0,0,—1;1)
a a a
< 1 1
. 0 .

— 77 —



1 1
G (a,1,a% 1;1) —2H< 1,-1,0,—1; >+4H (—1,—1,0,1; > (G.178)
a

1 1
—H(— >+H< 1,1; >+5H<—1,0,0,—1; >
a a
1 1 1
—5H< 1,0,0,1; > H( 1,0,1,—1; >—|—2H<—1,0,1,1; >
a a a
1 1 1
+H<—1,1,0,—1; > H< 1,1,0,1; >—|—3H<O,—1,0,—1; >
a a a
1
CL

1 1
6H<0, >+H< —H<0,0,—1,1; >
a a
1 1 1
—6H<000 >+6H 0,0,0,1; ) H<0,0,1,—1; )
a a a
1
—3H<0 0,1,1; ) H( ,0,—1; >+3H<0,1,0,1; >
a
1 1
+H<0,1,1,1; > H<1,—1,0,—1; >—2H<1,—1,0,1; )
a a a
1 1 1
—H<1,0,0,—1; +H<1,0,0,1; —H(1,0,1,1; )
a a a
1 1
+H<1,1,0,1; >+H<1,1,1,1,
a a
2 2 1 1
G(—a,l,a*,a%1) =H(-1,-1,-1,-1; - H|(-1,-1,0,-1; (G.179)
a a

1 1 1
+H<—1,0,—1,—1; >+H ~1,0,0,—1; >—H<—1,0,0,1; >
a a a

1 1 1
+2H<—1,1,0,—1; >—H< 1,1,0,1; >+H<0,—1,—1,—1; >
a a a
1

_ 1
a a
1 1 1
—H(0,0, 1,1; )—H 0,0,1,—1; > H(0,0,1,1; )
a a
1 1
+2H<1, .0, —1; —H<1, 1,0,1; )—H<1,0,—1,1, )
a a
1
—H<1,0,o, 1; >+H<1,O,0,17 )—H<1,0,1,—1; >
a

1 1
G (a,1,a%,a%1) = —H (—1,—1,0,—1; > +2H (—1,—1,0,1; ) (G.180)
a a

1 1 1
~H <—1,0,—1,—1; > +H (—1,0,—1,1; > +H (—1,0,0,—1; )
a a a
1 1 1
~H <—1,0,0,1; > +H (—1,0,1,—1; > +H (—1,1,0,—1; >
a a a
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1 1 1
—2H< 1,1,0,1; >+H<0,0,—1,—1; >—H<0,0,—1,1; )
a a a
1 1 1
—H< > (0,0,1,1; )—H<0,1,0,—1; >
a a a
1 1
<0,1,o,17 ) <0,1,1,1; ) +H (1,—1,0,—1; )
a a
1 1
—2H <1,—1,o,1; > - H (1,0,0,—1; ) +H <1,o,o,1; )
a a
1 1
<1011 > (1101 >+H<1,1,1,1; )
a a
1
G(a,1,a,a;1) (1,1,0,17 > +H (1,1,1,17 ) (G.181)
1 1
) - H (o, -1,0,—1; ) (G.182)
a a
1 1 1 1
+H|(0,0,—-1,-1; |—-H(0,0,—1,1; ) —H(0,0,0,—1; |+ H (0,0,0,1;
a a a a
1 1 1
- H (0,0,1,—1; ) +H (0,1,0,—1; > - H (1,0,0,—1; >
a a a
) 1 1 1
G (a®,0,0,a;1) = -H (-1,0,0,1; )+ H (0,-1,0,1; | —H (0,0,—1,1; (G.183)
a a a
1 1 1 1
- H <0,0,0,—1; > +H (0,0,0,1; ) - H <0,0,1,—1; > +H (0,0,1,1; >
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H The analytic expression of the remainder function

In this appendix we present the full analytic expression of the remainder function. The re-
sult is also available in electronic form from www.arXiv.org. Using the notation introduced
in egs. (3.23) and (5.7), the full expression reads,
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