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1 Introduction

The study of two-charge black holes has attracted much attention since the first investigations
of black holes in string theory. This is mainly due to the fact that they are supposed
to describe perhaps the simplest configuration in string theory which has a non-vanishing
degeneracy of BPS states. This microscopic system consists of a fundamental heterotic string
with winding (), and momentum (), charges along a compact direction S;. The degeneracy
of BPS states of this system was computed by Dabholkar and Harvey [1, 2], and it is given by

Smicro(Qpa Quw) = logd (pr Qu) = 477\/ QpQuw - (1.1)

Being a BPS degeneracy, general arguments indicate that it is protected when extrapolating
it to the finite string-coupling regime where an effective black hole description is expected to
exist (a priori).! In other words, it should be possible to match this BPS degeneracy with
the Bekenstein-Hawking entropy of the corresponding black hole. However, when trying to
do so one finds a puzzle: even though there is a supergravity solution with the same charges
and preserving the same supersymmetries as the Dabholkar-Harvey states [6-9], it describes

!Strictly speaking, what is protected is a quantity (the fourth helicity trace index) closely related to the
degeneracy, see e.g. [3-5].



a singular black hole with vanishing horizon area. Hence, the naive macroscopic entropy
that can be associated to the two-charge system vanishes.

In order to explain this mismatch, Sen proposed [10] that two-charge black holes have a
small horizon of string size, and therefore it cannot be resolved by supergravity unless the
latter is supplemented with higher-derivative terms capturing stringy o’ corrections.? Almost
ten years after this proposal, it was claimed in [11, 12] that four-derivative corrections in
the context of type ITA on K3 x T? (which is dual to heterotic on T®) stretch the horizon of
two-charge black holes (hiding the singularity behind) and, what is even more remarkable, also
give the precise contribution to the black hole entropy so that it reproduces the microstate
counting of the two-charge system.

These results, however, have been recently questioned in a series of papers [13-15] in
which, working directly within the heterotic theory, it has been shown that o’ corrections do
not remove the singularity of BPS two-charge black holes. Furthermore, it has been argued
that the configuration studied in [11, 12] should correspond to a regular four-dimensional
black hole whose entropy accidentally matches the microscopic degeneracy of the two-charge
system, but which carries different charges and preserves less supersymmetry. The fact that
it preserves less supersymmetry is indeed a smoking gun of the presence of additional sources
(NS5 branes and Kaluza-Klein monopoles), which would be the ultimate reason explaining
why this four-dimensional black hole has a regular horizon.

The fact that the two-charge system does not seem to admit a black hole description
in the BPS limit is something which would appear rather natural from the point of view of
the correspondence between black holes and fundamental strings [16-19] (see also [20-25] for
recent discussions). According to this proposal, black holes should turn into highly-excited
strings when their sizes are of the order of the string scale. This has been recently discussed
by Chen, Maldacena and Witten [21] precisely in the context of the two-charge system. Let us
consider a two-charge black hole at finite temperature. This can be described in supergravity
in terms of a solution with a large (macroscopic) horizon. However, if the black hole starts
losing its mass it will reach the string size before reaching extremality, which would imply
that the right description of the system near extremality should be a sort of self-gravitating
string solution [18, 19] rather than a solution with a horizon [21].3

In this paper we will mainly focus on two-charge black holes at finite temperature. More
concretely, we consider two-charge black holes in heterotic string theory and we study how
the first-order o/ corrections modify the solutions and their thermodynamic properties. The
corrections to the thermodynamics have been recently studied in [21], exploiting the fact
that the two-charge solutions can be obtained by perfoming suitable O(2,2) transformations
to the Schwarzschild-Tangherlini solution, whose o/ corrections had been already studied
in [27]. In principle this method can be used not only to obtain the corrections to the
thermodynamics but also the corrected solutions themselves, which were not provided in [21].
This is just technically more involved, as one would have to take into account that the O(2,2)
transformations receive o' corrections [28-32].4 This was precisely the strategy followed

2For this reason, these black holes are often referred to as small black holes.
3See also [26] for a complementary point of view on this.
“As explained in [21], one can ignore the explicit corrections to the O(2,2) transformations if the goal is



in [33]. However, as pointed out in [21], the corrected thermodynamics obtained in these
two references do not agree between each other. Our main motivation here is to perform an
independent “first principle” computation of the corrected solutions and their thermodynamics;
we are going to find the corrected solutions explicitly by solving the o/-corrected equations of
motion and then compute the thermodynamic quantities with standard methods.

Anticipating our results, we are going to show that the o’ corrections to the thermody-
namics that we compute fully agree with those of [21]. This is a strong consistency check of
both approaches, as well as of the methods employed and of the results obtained in previous
related works by two of the authors and collaborators, see e.g. [13-15, 34-43] and references
therein. In particular, we want to emphasize that the (singular) solutions found in [13-15]
are properly recovered from the non-extremal ones we have found in this paper after suitably
taking the extremal limit. This is discussed in subsection 2.4 and further confirms the
conclusions of [13-15], yet from a different perspective.

The organization of the rest of the paper is the following. In section 2 we review the
two-derivative solutions describing heterotic two-charge black holes in arbitrary dimension
(4 < d <9) and then provide the details about the o/-corrected solutions, focusing on the four-
and five-dimensional cases. In section 3 we compute the thermodynamic quantities of the
solutions and express them using two-different parametrizations: fixing the value of the mass
and charges (micro-canonical ensemble) and fixing the inverse temperature and the chemical
potentials (grand-canonical ensemble). We show that the results we get are consistent with
the first law of black hole mechanics. Then in section 4 we corroborate the results of section 3
by employing an alternative method to compute the corrected thermodynamics, namely from
the Euclidean on-shell action. Finally, in section 5 we compare our results with those of [21]
finding that they are in perfect agreement. The appendices contain additional information
on the effective action and equations of motion in appendix A, on the procedure followed
to find the corrected solutions in appendix B, and on the dimensional reduction of the
configurations on S%, in appendix C.

Note on conventions. We adopt the conventions of [44]. In particular, we use the mostly
minus signature for the metric (+ — ---—) and the conventions for the Riemann tensor
are such that

[v/u Vu]ga = Rw/pagp . (1.2)

The conventions for the remaining fields are specified in appendix A. Hats * shall be used
to denote both ten- and (d + 1)-dimensional fields, as they are identified with one another.
Instead, the d-dimensional fields obtained upon compactification on S; will not carry hats.

2 o' corrections to heterotic two-charge black holes

2.1 Two-charge black holes at leading order in o’

Let us begin reviewing the two-derivative solution describing non-extremal two-charge black
holes in d dimensions [17]. Given that in subsection 2.2 we will solve the corrected ten-
dimensional equations of motion, here we directly present the solution in its ten-dimensional

just to obtain the corrected thermodynamics.



form. However, since the solutions have a T4 torus playing a trivial role, we feel free
to ignore these torus directions from now on.® Doing so, the resulting (d + 1)-dimensional
solution is given by

ds? = fpf}w dt? — f1dp? - p2a02,_, — kgo]"éf: (dy + Bok (£, 1) dt>2 . (2.0
B = Bukeo (f,;l - 1) dt Ady, (2.2)
2P = (200 ot (2.3)
where d§ represents the line element in the string frame and
fp:1+%, fw:1+%, le—zgiz. (2.4)

The parameters g,, ¢, and p, are related to the charges and mass of the solutions. Together
with the moduli gZA)OO and ko (representing the asymptotic values of the dilaton and the
Kaluza-Klein scalar), they constitute the set of independent parameters of the solutions since
Bp and f,, are subject to the following constraints,

A =g (82 -1) =qu (82-1) (2.5)
implying that
d—3
Ps .
Bi=e\|1+ s i={p,w} . (2.6)
(3
where (—:Z2 = 1. These correspond to the signs of the winding and momentum charges,

respectively. In the BPS limit (ps — 0), the solution with €, = €, is supersymmetric, while
the one with €, = —¢, does not preserve any supersymmetry. The analysis of the Killing
spinor equations for these configurations can be found for instance in [14, 15, 40].

2.2 o'-corrected solutions

Our aim now is to compute the first-order o’ corrections to these two-charge black holes. As
usual, we treat the o’ corrections in a perturbative fashion and ignore O(a/?) terms. The
first-order o/ corrections in the effective action of the heterotic superstring were studied
in [45-47]. While different approaches were used, it was later shown in [48] that the resulting
effective actions are equivalent up to field redefinitions. Here we choose to work in the
Bergshoeff-de Roo scheme, [47]. In order to establish our conventions, we review the effective
action and equations of motion in appendix A.

Before entering into the details of the corrected solutions, let us briefly explain the general
strategy we have followed in order to find the corrected solutions. The interested reader is
referred to appendix B or to [42] for more details. It turns out that an educated ansatz to
solve the corrected equations of motion is the following,

dg® = fJ} dt? — g (f71dp? + p2A0Y, ) — kgoj;” [y + ks (0~ 1)ar]”, ()
pJjw w
B = Bukeo (f;l - 1) dt A dy, (2.8)

°Taking them into account just amounts to add the flat metric on the torus —dZ(y 4 to the (d 4 1)-
dimensional metric (2.1).



where the functions f, fp, fuw, fuw, g and the dilaton d§ are assumed to depend only on the radial
coordinate p. For consistency with the perturbative approach, they must be of the form

fp:1+pqp3+a,5fpa fw: 1+%+a,5ﬁua g= 1+O/597

a_
-3 (2.9)
1 Ps 's o qu 's
f_l pd73+a fv fw—1+7pd73+a fw.

After linearization in o/, the equations of motion boil down to a linear system of inhomogeneous
second-order ODEs for the unknown functions ¢ f,, & fu,09,6f,8f and ¢. The strategy we are
going to follow to solve them is the same as in [42], which consists of performing an asymptotic
expansion (large p) of the unknown functions and solve the equations of motion order by
order. Following this procedure, we can determine all the coefficients of the asymptotic
expansion except for a few of them which remain free, the integration constants. Once the
form of the asymptotic solution has been found, we resum the asymptotic series with the help
of Mathematica. The final step is to fix the integration constants by imposing regularity at
the horizon and suitable boundary conditions. Our choice here will be such that we keep the
asymptotic charges and the mass fixed: i.e., we are going to give the form of the corrected
solution in the micro-canonical ensemble.

In what follows we give the corrected (d + 1)-dimensional solutions for d = 5 and d = 4,
as well as the dimensional reduction of the latter on Szl/. Finally, we study their BPS limits
and check that they agree with the corrected solutions found in [13-15].

2.2.1 Five-dimensional black holes

Let us first consider the d = 5 case. The expression of the dilaton is found by solving the
equation of motion of the Kalb-Ramond 2-form B. It is given by

—p39fuwtl,

—_— 2.10
2wa1% ( )

~ 1
¢:a¢—|—§log

where a4 is an integration constant to be fixed by imposing the asymptotic value of the
string coupling is not renormalized, namely

A N

lim ¢ = oo - (2.11)

p—00



After fixing the integration constants in the way we have explained, we find the following
solution:

ot (12 ) s (142)

5fy =
8 2¢%p?
+ : 160,020" — quapp® (902 +32au) + 742,07
32quw (p* + qu) p°
B
+22 (160,020 + 84up” (902 — 200 (02 +20p) ) + 8a2ap02 ] | (2.12)
Bp
2 Buw Qw
o A )5 (14 5) B (a2 | Tast |
0fuw = — + +

2qup? 4ppp° 3205 2p
92 (qp — qu)

n , 2.13
4p% (4p2(qw + ap) + 4quwqp + 3p2) (2.13)
2 Buw Qu
g (1+5)tog (1+ %) L Bupi (g =20 _ 702
242, 4Bpqup* 32p%
802\ quw  4(quw+ ap) P2+ 3pt + 4quqp ’
4 Buw qu
5= (1+ 52 ) rog (1 + %)  Bupi (200" + qwpip® + ai, (3p2 — 40%))
2¢2 p? 4quwBpp® (p? + qu)
Praw  3(p*+ap) | ps (=16p" +9qup” — Tqy)
(p® + qw) p* 4p* 32quwp8 (% + quw)
20% (4 (quw + qp) P2+ 3p + 4quqp)
2 Buw quw
Sy = -2 (1+5¢) loa (1+ %)  Bup (qw —20%)  qup?
=
2quwp? 46,05 326
2 18(]w(Qw*q )
+ps (4 + 4(Qw+Qp)P§+3ﬂ§fi4Qw(]p> (2 16)
8p* ’ '
and ag = qgoo.

2.2.2 Four-dimensional black holes

We proceed as in the five-dimensional case. Solving the ten-dimensional Kalb-Ramond
equation of motion yields the expression for the dilaton,

N S e i
¢=¢oo+§10gWa (2.17)



where we have already imposed that the asymptotic value of the string coupling is not
renormalized. Solving the remaining equations of motion as explained before we obtain:

_ BoButp [ap (443, (ps — 3) + ps@ip — 3psqup” — 6psp®) — 6psdnp]
48¢2 p*(qp + ps)(quw + p)
4y [45,(39p — 10ps) + a3 p(17ps + 3p) + 9psqup® + 18psp°]
144¢2 p*(qw + p)
G BpBuwzps dpPs
+log <1 - p) <8q§2p(qp o) " 8q;3’;p> ’ (2.18)
: _ BpBulpps (445 + 3qwp — 6p°) ¢ (10ps — 3p) + 9psqup — 18psp”
48qup* (gp + ps) - 144q,,p*
+ Qp — qu
P (44pqw + 3qpps + 3psquw + 202)
Qu ﬁpBprPs Ps
+log <1 - p) <8q3,p(qp o) 8%0) ’ (2.19)
5g = DoPuinps (243, — 3qwp +6p*)  ps+3qw _ 5ps
242,03 (qp + ps) 8qup®  36p3
(ps + 2qw) (=34pps + 20pGw — 293 + 64z, + psdu)
4g2,p (3qpps + 4qpquw + 292 + 3psqu)
qu 5p/8qups Ps
o (1 9) (s + ) 220
57 = PoPutops (243 (6p — 5ps) — psaip + 3psqup® + 6psp®)
484¢2,p*(ap + ps)(qu + p)
409,39, + 300343 (4p + qw) + 20055, + p* (28845 + 144p5q.)
144¢2 0% (quw + p) [3ps(@p + qu) + 44pquw + 292
p® (—288¢3 (qp + qw) — 144952 (ap + qu) + 5403 (g + quw) + 72qpp2qw + 36p%)
+
1442, p*(qw + p) [3ps(@p + qw) + 44pqw + 2p?]
p* 190202, (5qp + qw) + 3p3¢uw(9gp + 11quw) + 18ptquw — 288qpqs, — 132ppsq3)]
1443, p*(qw + p) [3ps(@p + qu) + 44pqw + 2p3]
P [1564pp5qu + p2qs (185, + 117qw) + 30345 (17q, + 43qw) + 34p354s]
14442, p*(qw + p) [3ps(ap + quw) + 44pqu + 292

dfp

_'_

quw 5p/Bprp§ pg

—log (1 + ) + ; 2.21
p ) \8ap(ap+ps)  8aip (2.21)

(Sf _ _Bpﬁprl)s (2%3; - 3pr + 6p2) Qw(Qw - Qp) + quw
v 484w p*(qp + ps) p? (3psap + 3psquw + 4qpquw + 2p2)  48p3
8¢2 — 9 182
_ P (Bl — O +18%) (1 N qw> Doty Ps_ ) (2.22)
144qup p /) \8amp(ap +ps)  Baup

2.3 Dimensional reduction on S,;

The dimensional reduction of the solutions studied in section 2.2 to d dimensions can be
carried out using the formulae obtained in [39], which are collected in appendix C. Applying



them to the configuration at hands, we get

ds? = fpj}w a2 — g ( Fldp? + p2dQ%d_2)) , (2.23)
B=0, (2.24)
_ -1 -1 _ -1 /I o—1
fi—ﬁ%&m(ﬁ,AfD(M, C-_ﬂwkm[h)(1+1U%)AC)—1}&, (2.25)
. 5\ 1/2 1/2
20 — 26 1 (ﬁ) , k= koo (ﬁ) : (2.26)

where ds represents the line element in the string frame and

2B+ Bo) oL = I (Budolls + By f)
N 8fpfu '

c (2.27)

2.4 Extremal limit

The extremal limit is implemented by setting ps — 0 while keeping the charge parameters
¢p and ¢y, fixed. The o' corrections in this limit have been already studied in the recent
literature [13-15]. The corrected solution in arbitrary dimension is given by [14, 15]:6

f=9=1, (2.28)
g  (d—3)% UpGw
=14+ - , 2.29
o pt=? 2 (0" + qu) (229
r3 Qu)
fw = fw =1+ pd_3 . (230)

We have checked that this solution is precisely recovered from the non-extremal ones we
have presented in subsection 2.2 upon taking p, — 0.7 This is an interesting consistency

check of our solutions.

3 Black hole thermodynamics

In this section we compute the thermodynamic quantities of the o/-corrected solutions found
in the previous section. Let us first explain how to compute them in general. Then we apply
the corresponding formulae to the five- and four-dimensional solutions.

Temperature and chemical potentials. The inverse temperature § is obtained by
demanding regularity in the Euclidean section [49]. A standard calculation shows that it

8= dn \/ gfpfw

f/

is given by

, (3.1)

p=pn

SHere we are focusing on the supersymmetric case €p = €w, which was the case analyzed in [13-15].
Surprisingly, in the non-supersymmetric case ¢, = —é, the corrections simply vanish as the first-order
correction in (2.29) is multiplied by 1 + €p€.

"While the limit is smooth in the five-dimensional case, in the four-dimensional one the limit must be taken
before fixing the integration constants, as the expressions for the latter (which we have not provided explicitly)
diverge when p; — 0.



where py, is the position of the outer horizon. The latter corresponds to the (largest) root
of the metric function f,

f(ph) =0. (3.2)

As a consequence of our choice of boundary conditions the position of the horizon py is
shifted by the o' corrections.

The chemical potentials associated to the Kaluza-Klein and winding vectors are obtained
as usual,

Q) = ‘SMAMOO - §MAu‘p=ph ) ¢, = ’fucu‘oo - §MCﬂ|P:Ph ) (3.3)

where £ = 0; is the Killing vector that generates the horizon. As it turns out, the explicit
correction obtained in [39] for the expression of the lower-dimensional winding vector C,,
(reported here in (2.27)) plays a crucial role in order to obtain a result consistent with the
first law of black hole mechanics.

Electric charges and mass. The four-derivative corrections modify the two-derivative
Maxwell equations of the vector fields, giving rise to several notions of charge [50, 51].
However, we expect on general grounds that all of them should coincide when computed
asymptotically, provided the field strengths (and other quantities involved) decay fast enough.
Given this, we compute the so-called Maxwell charges [51]:®

- -1
167Gy

- -1
167Gy

Qp /S(d_2) e—2(¢_¢oo)ka(21) * F’ Qw /S(d_Q) e—2(¢_¢oo)k—2 * G, (34)

where F' = dA, G = dC, k() is the scalar combination given in (C.5) and Gy is the
1

d-dimensional Newton constant,

Gy G

2R, 2mkools’

Gy = (3.5)

being Gy the (d + 1)-dimensional one.

The expression for the mass F can be obtained by applying the ADM formula. In
practice, we can just identify E by looking at the asymptotic behavior of the £ component
of the metric in the modified Einstein frame [52],

4 (s 16rGNE
JEit = € 7-2(¢ %O)gtt ~1- ( N

. 3.6
d = 2)w(g—p?? ’ (3.6)

where w(g_g) is the volume of the unit S(4=2) gphere.

Black hole entropy. In higher-derivative theories the entropy follows from Wald’s for-
mula [53, 54]. However, one of the key assumptions in its derivation does not hold in presence

80ur conventions for the Hodge star operator are such that «*(dz*' A---AdzHr) =
ﬁeul,,,ud%’”l“'“” dz"* A - Adz¥im and €o1..a-1 = ++/]g|-



of gravitational Chern-Simons terms, such as the ones present in the heterotic theory.? As a
consequence, different strategies have been proposed in the literature in order to circumvent
this issue (see e.g. [31, 39, 56-59] for a limited list of references), which mainly involve a
convenient rewriting of the action. Nevertheless, it is also possible to extend Wald’s formalism
to properly account for gravitational Chern-Simons terms. Doing so, general expressions for
the black hole entropy were obtained in [60] and more recently in [38]. It is more convenient
for us to make use of the entropy formula given in [38], as it has been derived precisely in the
context of the heterotic effective action. We report it here for completeness,

(—1)d+142 oo [[arna o v L @ ai] o P
SZSG’N/Bﬂe ¢{{*(e /\e)-l-E*R(_) g+ (—1) 2Hn/\*H}, (3.7)

where BH stands for the bifurcation surface of the event horizon and ]%(,)&i’ is the curvature
two-form defined in eq. (A.2). II, is the vertical Lorentz momentum map associated to the
binormal to the Killing horizon, 7%, and it is defined by the property

dit, 2 R\, (3.8)
The formula for the entropy is gauge-invariant and frame independent. Performing a local

Lorentz transformation we can always put the Vielbein components éﬂ& in an upper triangular
form. In such a frame and with our ansatz II,, has the explicit expression

B

s

1, 20, (3.9)

and (3.7) can be easily evaluated.

Having explained how to compute the different thermodynamic quantities, we now apply
the above formuale to find the corrected thermodynamics of two-charge black holes. In order to
facilitate the comparison with the previous literature [21, 33] (which is something that we will
do later in section 5), we introduce the notation which is used in the aforementioned references:

gi = pd~?sinh® 5, , i={pw}. (3.10)

In addition, we will write down the different expressions both in the micro- and grand-
canonical ensembles. By definition, the first is the one in which the expressions for the mass E
and charges, Q) and @, take the same form as in the two-derivative solution (the solution in
section 2.2 is given using this parametrization). In turn, what is fixed in the latter ensemble
are the inverse temperature 5 and the chemical potentials, ®, and ®,,.

9Namely, that the transformation of the d-form Lagrangian L under diffemorphisms is §¢L = L¢L, being
L¢ the Lie derivative with respect to £. This property is however satisfied by mixed Chern-Simons terms of
the form A,y Atr (R A R), where A, is some p-form potential. In this case one can show [55] that Wald’s
formula is still applicable if suitable regularity conditions are imposed on A).

,10,



3.1 Thermodynamic quantities in the micro-canonical ensemble

Five-dimensional black holes. By definition, the expressions for the charges are the
same as in the two-derivative solution, namely

€pkooT .
Qp = ZGN pz sinh (2v,) , (3.11)
EwT 2 .
" = h (270 3.12
Q e (27w) (3.12)
72
E = —*[1+ cosh (2v,) + cosh (2,)] . (3.13)
8GN

Contrarily to the charges, the inverse temperature (3.1) and the chemical potentials (3.3)
receive o/ corrections. Parametrizing them as follows,

'A
B = 2w cosh 7y, cosh vy, ps (1 + agﬁ) , (3.14)
Ps
€, tanh o/ AD
@, = 2= Tp (1+ 2”), (3.15)
) Ps
AP
Py = €wkoo tanh v, (1 +2 5 “’) , (3.16)
S
we get
€€ 9 (4 sinh? Yp sinh? y,, — 1)
AB = —L= tanh v, tanhy,, — , (3.17)
2 8 (4 cosh? Tp cosh? v, — 1)
AD, — _6p6.w tanh ~,, B 9 cosh (27,) , (3.18)
sinh (2,) 4 (4 cosh? Yp cosh? vy, — 1)
AG, — ep‘ew tanhy, 9 cosh (2v,) ' (3.19)
sinh (2v.) 4 (4 cosh? Yp cosh? 7y, — 1)
Finally, the result that we obtain for the black hole entropy is
72 p3 cosh ~y, cosh 7y, o
S = 14+ — (9 + 4epey tanh v, tanh y,,) | (3.20)
2GN 8p3

These expressions pass several consistency checks. First, one can verify that the first law
of black hole mechanics,

dE = B71dS + @,dQ) + @, dQ. , (3.21)

is obeyed. Second, the corrections agree with those of [42], where three-charge black holes
were considered, in the limit in which the third charge, associated to the presence of NS5
branes, goes to zero. Finally, the expressions are consistent with T-duality, which exchanges
Yp ¢ Yw and sends koo — 1/kos. One can see that the mass, entropy and temperature are
left invariant, whereas the chemical potentials and charges are interchanged, as expected.
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Four-dimensional black holes. The expressions for the charges and mass read,

epkioo .

Qp = 8pGN pssinh (27yp) (3.22)
Qu = wha ) cinh (272) (3.23)
w T SGN PsS TYw) :
E=1 [2 + cosh (2v,) + cosh (27,)] - (3.24)

8GN

In turn, the inverse temperature and the chemical potential receive the following o/ corrections,

'A
B = 4w cosh 7y, cosh vy, ps <1 +2 2B> , (3.25)
Ps
"AD
D, = e,k tanh, (1 + 25 p) , (3.26)
Ps
'AD,,
D, = epkoo tanh vy, (1 + a e ) , (3.27)
where
N cosh(2yp) [1 — 2cosh(27y)] + cosh(27)  €péw tanh v, tanh vy, (3.28)
~ 2cosh(2v,) [1 + 2 cosh(27,,)] + 2 cosh(27,,) 8 ’ '
A®, — — 2 cosh(2vy) B epew.tanh(vw) 7 (3.29)
cosh(2v;) [1 + 2 cosh(2vy,)] + cosh(2v,) 4 sinh(27,)
AG, — — 2 cosh(2y,) B epeyf tanh(yy) (3.30)
cosh(27p) [1 + 2 cosh(27yy)] + 2cosh(2y,,)  4sinh(27,)
Finally, the expression for the entropy is
2 /
mp; cosh 7y, cosh 7y, { Q ( €p€w tanh y, tanh %,)]
= 1 1 . 31
S Gn + 22 + 1 (3.31)

These corrections agree with those of [43], where the corrections to a family of four-charge
black holes have been computed. As in the five-dimensional case, the thermodynamic
quantities we have obtained transform as expected under T-duality and obey the first law
of black hole mechanics (3.21).

3.2 Thermodynamic quantities in the grand-canonical ensemble

In order to obtain the thermodynamics in the grand-canonical ensemble, we must consider
a different choice of boundary conditions. This can be simply implemented by considering
a different parametrization of the solution,
o'6%i (ps,
ps = ps +0ps(psswi) » vt ’[ESJ) : (3.32)
S

and fixing §ps and dv; by imposing the vanishing of the corrections to § and the chemical
potentials ®;. The resulting expressions for the thermodynamic quantities associated to the
five- and four-dimensional solutions are given below.
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Five-dimensional black holes.

€p tanh v,

B = 2mpgcoshy, coshy,,, &, = ’ , Dy = epkootanhy, , (3.33)
[e.e]
Qp = phosT {p? sinh (27,) + o€p€, tanh yw} , (3.34)
8GN
€T )
Qu = 8G2koo [pg sinh (2v,) + /€y, tanh 'yp} ) (3.35)
T2 o
E=_—2-° [1 + cosh (27,) + cosh (27yy) + —5 (=9 + 4epe,, tanh v, tanh y,,) |, (3.36)
8GN 4p?
g _ 72 p3 cosh Yp cosh v, . (3.37)

2GN

Four-dimensional black holes.

= 47mpscoshy,coshy,, P,=c¢ k! tanh~y,, @, = epkoo tanh -y, , 3.38
P Yp i P PRoo P

€pkoops sinh (27,) o €p€y tanh 7y,

= 1 14— 3.39

@ 8GN + 202 * 4 tanh v, ’ (3.39)
ewk ps sinh (27) o €p€yw tanh 7,

, = Cwhoo 1 | 4 Elw Ay | 3.40
@ | +2p3( i) (3.40)
g _Ps (cosh (27;) + cosh (2y4) + 2) 14+ o [ cosh(2v,) + cosh(27y,) — 2

- 8GN 2p2 \ cosh(2vy) + cosh(27yy,) + 2
4w tanth tanh v, ﬂ (341)
2 /
mp; cosh 7y, cosh 7y, { Q ( €p€w tanh y, tanh 7, )]
= 1 1 . 3.42
S Gy tom Lt 1 (3.42)

4 Thermodynamics from the Euclidean on-shell action

In the saddle-point approximation the Euclidean on-shell action of the black hole gives the
dominant contribution to the grand-canonical partition function [49]. This leads to the
so-called quantum statisical relation,

Ioo:Bg:B(E_(I)pr_CDwa)_Sa (4'1)

where I, is the renormalized Euclidean on-shell action and G is the grand-canonical potential,
which is regarded as a function of the (inverse) temperature and the chemical potentials.
Knowing G = G (5, ®p, ) suffices to extract all the thermodynamic quantities since the mass,
charges and entropy can be obtained (assuming the first law of black hole mechanics) as follows:

09 _ 09 _0g
Qp__@’ Qw— a(I)wa S_ 8571)

E=G+®,Q,+0,Q,+57'S. (4.2)

As shown e.g. in [61-63], this method to obtain the thermodynamics is particularly useful
when dealing with higher-derivative corrections.

The purpose of this section is to evaluate the Euclidean on-shell action of the two-charge
black holes at first order in o’ and check that the thermodynamics that we get match the
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ones obtained in the previous section. For simplicity, we are going to evaluate the (d + 1)-
dimensional Euclidean effective action in the string frame, since its dimensional reduction
on S; gives rise to much more terms [31, 32, 39, 64, 65]. Instead, the (d + 1)-dimensional
action coincides with the ten-dimensional one (A.1) up to an overall factor which is absorbed
in the (d + 1)-dimensional Newton constant G .

Then, the heterotic Euclidean on-shell action I for a manifold M with boundary oM
is given by

~2 2 .
= —975;/ A fla) 9 Atz /|hl e PR + .. (4.3)
167Gy JMm 8GN JoMm
where
—2¢ | £ o > ppab
Leg=e 26 [R — 49" 8,1(;5 + 273'H2 + R( )ﬂﬁ&@R(—)M ] (4.4)

is the effective Lagrangian of the heterotic superstring at first order in o’ (see appendix A).
The second term in (4.3) is the standard Gibbons-Hawking-York (GHY) term written in the
string frame: fLW represents the metric induced at 9M and K is the trace of the extrinsic
curvature. Finally, the dots indicate additional boundary terms associated to the higher-
derivative corrections, which on general grounds are expected to give a vanishing contribution
for asymptotically-flat solutions, [61] (hence, we shall ignore them from now on). As observed
n [21, 66], the bulk contribution reduces to a boundary term after using the equation of
motion of the dilaton (A.9), which implies

Lo = —2V%e20 (4.5)

Therefore, we have that (4.3) reduces to:

_ /8M Az \/7 —2¢ < _onh 3}1(;5) : (4.6)

87rGN

where n” is the unit normal to the boundary.

Here we are interested in asymptotically-flat black holes whose boundary M has the
topology of Sk x S4—2 (XS;). As it is well known, the GHY term diverges in the limit in which
the radius of the S¥~2 goes to infinity, just as in flat spacetime. In order to obtain a finite
on-shell action, we follow the prescription of [49]. This amounts to first consider a regulated
spacetime Mp, where R is a radial cutoff. The regulated spacetime then corresponds to
the region p < R, and its boundary OMp is the hypersurface p = R. Second, we introduce
an auxiliary configuration with flat metric ) r and constant dilaton QASR chosen so that the
induced fields (metric and dilaton) at p = R coincide with the induced metric and dilaton of
the black hole solution, namely SR\,):R = §|p=r and QBR = qg\p:R. Once we have o and qBR,
we substract the regulated action associated with the flat spacetime [ 3[5 R, $ r| to the one
associated with the black hole Ig[g, (ﬁ] and only then take the R — oo limit. Summarizing,
the renormalized action I, is given by

Ioo = lim (Ir[g. 4] ~ Irlor, éxl) . (4.7)

R—o0
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and, making use of (4.6), we get

I, = lim { s /sz dd:UMe_QJ’ [(IA( - ASR) —2nh aﬂqﬂ} ; (4.8)

87?@1\/

where K in is the trace of the extrinsic curvature associated to the metric SR. For the

two-charge black holes we are interested in, the auxiliary flat solution {5 R, gZ; Rr} is given by

A f(R) _ - 2
b= U (4 4 200 ) ¢ K [y 5 (G = 1) ]
&R = &(R) ’ (4'9>

where k% = k% J{Z ((%)). Now we have all the ingredients to evaluate (4.8) using the corrected

solutions found in the previous section. Let us do this for the five- and four-dimensional
solutions separately.

Five-dimensional black holes. Expressing the result in the grand-canonical ensemble, we
get that the Euclidean on-shell action of the five-dimensional two-charge black holes is given by

7 - 72 p3 cosh ~y, cosh 7y, _ 9’ a’epey tanh v, tanh (4.10)
= 4GN 4p2 p3 ’ '
and we recall that
tanh
B = 2mpscoshry, coshy,, @)= EPZM , Dy = epkoo tanhy,, . (4.11)
o

It is a straightforward calculation to show that the corrected charges that follow from the
on-shell action (using (4.2)) are in perfect agreement with the ones we computed in the
previous section, namely with egs. (3.34), (3.35), (3.36) and (3.37).

Four-dimensional black holes. In the four-dimensional case the on-shell action in the
grand-canonical ensemble takes the form

o 7p2 cosh 7y, cosh 7y, {1 o (1 L w tanh v, tanh %})} (4.12)
o Gn 2p? 4 , .

with the inverse temperature and the chemical potentials given by

tanh
f = 4mpscoshy, coshy,, &,= Epiﬂ , Dy = €y koo tanh vy, . (4.13)
(e.)

As before, the charges (3.39), (3.40), (3.41) and (3.42) are properly recovered from (4.2).

5 Two-charge black holes from Schwarzschild-Tangherlini

As already mentioned, the corrections to the thermodynamics of two-charge black holes have
been previously studied in [21, 33]. The strategy of these references is to find the o corrections
by performing a set of O(2,2) transformations (boost with parameter J,, plus T-duality along
y, followed by another boost with parameter 6,) to the Schwarzschild-Tangherlini black hole,
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whose o/ corrections had been already studied in [27]. The main difference between these
two references is that [21] just focuses on the thermodynamic properties while in [33] the
full corrected solutions are obtained by means of this technique. This is technically more
complicated than just obtaining the thermodynamics, as one has to take into account the
explicit o/ corrections to the O(2,2) transformations. This might be the reason why the
o/-corrected thermodynamics obtained in these references do not agree with one another.

The goal of this section is to show that our results for the o’-corrected thermodynamics
of heterotic two-charge black holes are in agreement with those of [21]. To this aim, we find
convenient to review here their calculation. A key observation is that the Euclidean on-shell
action remains invariant after the O(2,2) transformation. Therefore,

Im(/Ba(I)pa(I)wQQvakoo) :joo(6~§ (2)007];00)7 (51)

where, following the conventions of [21], we are using tildes for the quantities associated
to the Schwarzschild-Tangherlini solution.

The right-hand side of (5.1) is obtained from the o/ corrections to the Schwarzschild-
Tangherlini solution [27]. Focusing just on the thermodynamic quantities, we have

E_d—27ng_3 1_€d0/ S,_’Yng_Z l_ado/ (52)
~d-3 87Gy 4RZ ) T 4Gy ARZ ) '

where Rg = (/(27) is the radius of the thermal circle S}j and

_ g\ d-2 B _ B N2
SR S TCES R (8. 8

2 i—3 74T (d-3) (5:3)

Assuming the quantum statistical relation (4.1), we get that the Euclidean on-shell action
of the Schwarzschild-Tangherlini black hole is

. .. . Ry (d - 2)%’
loo=pE = 5= 4G N (d —3) ll C2(d— 3)}?%] ' (54)

Because of (5.1), the right-hand side of (5.4) computes the Euclidean on-shell action of
the two-charge black holes as well. This is however meaningless at this stage, since we
have not specified yet the expressions for 3 and the chemical potentials ®,, ®,, in terms of
Rg and the parameters of the O(2,2) transformations. Such expressions can be recovered
from [21]. Taking into account all the possibilities for the signs of the winding and momentum
charges, we find

N 'epew tanh &, tanh 4y,
Rg = Rgcoshd, coshdy, (1 _ e ar21R2p an ) , (5.5)
B
o — P tanhd, (o d'epey tanh dy, (5.6)
P ke R% sinh (20,) )’ '

'eperw tanh 6

By = ek tanth oy, <1 -~ W) , (5.7)
4 sinh (26,)
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where d, ,, represent the parameters of the O(2,2) transformations. In addition to this, one
must also bear in mind the relation between the moduli of the solutions. In particular,
we need the relation between the asymptotic values of the d-dimensional dilaton e?> = g,
which is the following [21]

(5.8)

'ep€w tanh §, tanh &
g2 = G2 coshd, cosh g, (1—a€p€w anl op tan w>.

52
2R;

Taking into account that Gy oc g2, one gets that the Newton constants are related by

~ '€,€y tanh 0, tanh d,,
GnN = Gy coshéy, coshdy, (1 — Q@ Epuw 1A Op TAT . (5.9)
2R3
Using this in (5.4), we obtain
pd—2
e ’ydRﬁ cosh 9, cosh 6y, o [(d—2)?
=38E - S = S — wtanh d,tanh d,, | | .
B 4G n(d —3) 2R% d—3) + €p€qy tanh oy tan
(5.10)

This already specifies the thermodynamics. However, the parametrization we are using here
differs from the ones used in the previous sections. It is not difficult to find that the relation
between Rﬁ, 0p, 0 and the parameters pg, vy, 7w used in the previous sections to express the
thermodynamics in the grand-canonical ensemble is given by

- 205 epew(d — 3)2%a’ tanh 7, tanh ,,
Rs = 1-— 5.11
P d-3 ( 8p2 ’ (5.11)

epew(d — 3)%a’ tanh v

517 = - 8pg = ) (512)
€p€w(d — 3)?a’ tanh

B =+ 2 SL iy (5.13)

S

Making use of these relations, we can write the on-shell action of the two-charge black holes
in the grand-canonical ensemble:

I =

d—2 !

-2 ps4(dc_oz};g£vcosh T { _ 8/)2)& [(d —2)% 4 ¢pew(d — 3)? tanh v, tanh fyw] }
(5.14)
This properly reduces to (4.10) and to (4.12) when setting d = 5 and d = 4, respectively.
Given the grand-canonical potential G = 5711, we can obtain the charges, entropy and
mass through (4.2), as already discussed. Expressing them in the grand-canonical ensemble,

we obtain the following expressions

4 tanh
8 = 7rp cosh'yp coshvy,, @®,= m, D, = ewkoo tanh vy, , (5.15)

Qp = QY [ b
S
i

)2 (o’d — 2€epe(4 —d + cothgfyp) tanh v, tanh yw)] ,  (5.16)
S

)

T 16p2

S

(Ud — 2¢pew(4 — d + coth?y,,) tanh , tanh fyw>] , (5.17)

/

~——5— (04 + 2(d — 5)€pey, tanh y, tanh ’yw)] , (5.18)
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where

(d — 3)epkoowa—2pE 3 sinh(2,) (d — 3)ewwq_opd3 sinh(27,,)

(0) — 0) —
@ 327G N o Qu 327G koo ’ (5.19)
g(0) _ Ya—20%72 cosh ¥p cosh vy, .
32G N

Instead of the mass we provide the expression for the grand-canonical potential G, which
is simpler

d—3 _ /
g _ Wd—2 Pg |:1 _ (d 3)Oé

2 2
167G N 802 ((d —2)* 4+ (d — 3)” €pey tanh 7, tanh vw)] . (5.20)

The mass F follows then from the last of (4.2). It is now straightforward to compare these
expressions with the ones we obtained in sections 3 and 4 and see that they are in perfect
agreement. Furthermore, we have also checked that they agree with the corrected thermody-
namics given in the appendix of [21], after using the map between the two parametrizations,
provided in (5.5), (5.6) and (5.7).
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A Effective action and equations of motion

The effective action of the heterotic string at first order in o in the Bergshoeff-de Roo
formulation [47] is given by,

= =20 | B T L 5 o 4 o pwab
St = [ ov/=ge 2 |R— 4076050+ o P+ RO uagROM| (A)

where ]Ai’(_)dg = %R(_) ﬂ,;% dz” A dz? is defined as the curvature two-form associated to the
torsionful spin connection,

R = d)% — @) "e A (A.2)
where 1
by = 0% — FH e (A.3)



In the formula above, dj% represents the standard Levi-Civita spin connection and the
torsion is determined by the three-form field strength H, which satisfies the modified Bianchi
identity [67],

dH — fR(_)dB VAN R(_)i)a =0. (A4)

This implies that, locally, H is given by

/

H=dB+ —Q,, (A.5)

where Q(_) is the Lorentz Chern-Simons three-form, defined as

A N 2 N .
A~ a A b A a A b A C
Q) =do) AB(y'a = 30" A D) e Ao a (A.6)

Let us note that the definition of the Kalb-Ramond two-form B in (A.5) is a recursive
one, since Q(_) depends on H through (A.3). Then, it should be implemented order by
order in o, as follows:

/ /
A =dBO, AV =BV +T0% . . AT =aB® + SOV (A7)
where Qgi;l) is computed using H~ Y. This implies that the term H? in (A.1) actually

contains and infinite tower of o/ corrections. By consistency, we only keep the first-order ones.

A.1 Equations of motion

The derivation of the equations of motion drastically simplifies when using a lemma proven
in [47]. It states that the variation of the action with respect to @)% produces terms
which are subleading in /. Hence, we only need to vary the terms where the fieds appear
explicitly, ignoring implicit ocurrences of the fields through of:(_)al;. This leads to the following
equations of motion,

» = n 1~ T pé QA » ab
Rup — 2V 050 + ZHﬂﬁ&Hﬁp + ZR(,)M&ER(,)J b=0(?), (A3)

29 94 | 26 | A2 a2 1 o o 5 jwab
2V2e 2 e \R—40") 0udp + T+ g R e i) b} =0 (0/2) , (A9)
d(e™%0) = 0 (). (A10)

As observed in [21, 66], the equation of motion of the dilaton tells us that
Log = —2V2% 2 (A.11)

where Log is the effective Lagrangian. This observation is really helpful to evaluate the
Euclidean on-shell action, as it allows us to reduce the problem to the evaluation of a
boundary term.
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B Additional details on the procedure to find the a’-corrected solutions

The purpose of this appendix is to explain in more detail the procedure we have followed
to solve the o'-corrected equations motion (A.8), (A.9) and (A.10).

The ansatz. Let us begin motivating the ansatz we have used for the metric g,, and
two-form B. This is given in (2.7) and (2.8), which we repeat here for convenience:

ds? = fp];wdtQ g (F71dp? + p2d0}, ) kﬁoﬁ dy + Bok (£ = 1) dt]Q, (B.1)
B = Bukeo (fo! = 1) dt Ady. (B.2)

For the dilaton we only assume a dependence on just the radial coordinate p.

The “recipe” followed to fix the ansatz is essentially to keep the same field components ac-
tive as in the two-derivative solution. Spherical symmetry reduces the number of independent
components of the metric to four: §i, §yp, Gyy and G- These are in one-to-one correspondence
with the functions f, f, fuw and g. The reason to choose this particular parametrization
is that we expect the form of these functions will be simpler, just by experience with the
two-derivative ones. The last function to be considered is f,,, which is associated to the only
non-vanishing component of the two-form B. Since we are going to treat the o’ corrections
in a perturbative fashion, the form of these functions must be:

fp_1+p +O/5fp7 fwzl_F%_‘_a,éfwa g:1+0/(59,
(B.3)

f*l—pps +alSf, fo= 1+%+a’5fw,

so that the two-derivative solution is properly recovered in the o/ — 0 limit.

When plugging the above ansatz in the corrected equations of motion, one gets a
coupled system of second-order differential equations for the unknown functions. In what
follows we describe the procedure that we have followed in order to solve it, focusing on
the five-dimensional case.

The equation of motion of B. The expression for the dilaton can be found by solving
the equation of motion of the two-form B, (A.10). There is just one independent component
which is not trivially satisfied, and it yields the following equation (for d = 5):

fuw 21 fu

o + +—+ —2¢' =0, B.4
7 T 7, (B4)
where primes denote derivatives with respect to p. This equation can be integrated once to give
~ /
vl =g fufs
| wi =0 B.5
which is solved by
n 1 _1039 f w f .
= Q + —_ 10 LI W s B6
O S 2 ()
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where ay4 is an appropriate integration constant which we are going to fix imposing that the
asymptotic value of the dilaton (string coupling) is not renormalized. When expressing the
solution in the microcanonical ensemble, the term inside the logarithm goes to 1 at infinity,
which means that a is identified with q@oo.

Einstein and dilaton equations. As explained in the main text, the strategy to solve
the corrected Einstein and dilaton equations is to expand the unknown functions ¥ =

{6f,0fp,0fu,0fuw,0g} in a series in 1/p?,

ay N bgl)
T=—7+> 5. (B.7)
p n>1p

and then solve (A.8) and (A.9) order by order in 1/p?. This leads to a set of algebraic equations
(n)

that determine the values of the coefficients by’ in terms of ay and of the parameters of
the two-derivative solution, ps, gp, ¢w. Two out of the five integration constants ay can be
fixed right away. These are ay, and ay,, which are both set to zero by imposing that the
charges of the black hole @, and @, do not receive o’ corrections. The next step is to find
the generating functions that produce the asymptotic expansions (B.7). This is done with the
help of Mathematica.'? Finally, we must fix the three remaining integration constants g, Qg
and a i Since we want to express the solution in the microcanonical ensemble, we must fix
one of these constants (let us say, ay) by imposing the mass does not receive o’ corrections.
The resulting solution turns out to be singular at the horizon for arbitrary values of the two
remaining integration constants, ay and a fp_n Demanding regularity imposes two conditions
which fix both ay and a P leaving us with the solution reported in section 2.2.

C Dimensional reduction on a circle

In this appendix we make use of the results of [39] in order to find the dimensional reduction
of the solutions to d dimensions. The d-dimensional fields are: the (string-frame) metric
Juv, the dilaton ¢, the Kaluza-Klein scalar k and vector A, the two-form B, and, finally,
the winding vector Cu-12 These are given in terms of the higher-dimensional fields by the
following expressions [39]:

. Guy Gy g .
G = Guv — = Ay = =3 k? = —Gyy » (C.1)
yy Jyy
A . n o Gurn % Qb
Bp,z/ = B/Jz/ +gy[uBy]y + Z y[u ( )l:] b ( )y ‘ 5 (CZ)
Iyy
/ A A a. O b
3 @A e b Gy o)ya
Cu = By = | s Umpw'a — - : (C.3)
yy

~ 1
o =9¢— B log \/ —Jyy - (C.4)

9For this purpose, one has to compute the solution up to sufficiently high order in 1/

1Tn particular, the dilaton and the Kaluza-Klein scalar diverge when p — psr.
12Note that in this section g, v =0,...,d — 1, as opposed to the rest of the paper, where u,v =0,...,d.
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Finally, we define as in [39] the scalar combination

o A QA
ky =k + T h 00, 5 0(=), (C.5)

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

1]

2]

[10]

[11]

[12]

[13]

[14]

A. Dabholkar and J.A. Harvey, Nonrenormalization of the superstring tension, Phys. Rev. Lett.
63 (1989) 478 [INSPIRE].

A. Dabholkar, G.W. Gibbons, J.A. Harvey and F. Ruiz Ruiz, Superstrings and solitons, Nucl.
Phys. B 340 (1990) 33 [NSPIRE].

A. Sen, Black holes and the spectrum of half-BPS states in N = 4 supersymmetric string theory,
Adv. Theor. Math. Phys. 9 (2005) 527 [hep-th/0504005] [INSPIRE].

C. Chowdhury, A. Sen, P. Shanmugapriya and A. Virmani, Supersymmetric index for small black
holes, arXiv:2401.13730 [INSPIRE].

Y. Chen, S. Murthy and G.J. Turiaci, Gravitational index of the heterotic string,
arXiv:2402.03297 [INSPIRE].

A. Sen, Black hole solutions in heterotic string theory on a torus, Nucl. Phys. B 440 (1995) 421
[hep-th/9411187] [INSPIRE].

M. Cvetic and D. Youm, Dyonic BPS saturated black holes of heterotic string on a six torus,
Phys. Rev. D 53 (1996) 584 [hep-th/9507090] [INSPIRE].

A. Dabholkar, J.P. Gauntlett, J.A. Harvey and D. Waldram, Strings as solitons and black holes
as strings, Nucl. Phys. B 474 (1996) 85 [hep-th/9511053] [INSPIRE].

C.G. Callan, J.M. Maldacena and A.W. Peet, Extremal black holes as fundamental strings, Nucl.
Phys. B 475 (1996) 645 [hep-th/9510134] [INSPIRE].

A. Sen, Extremal black holes and elementary string states, Mod. Phys. Lett. A 10 (1995) 2081
[hep-th/9504147] [NSPIRE].

A. Dabholkar, Ezact counting of black hole microstates, Phys. Rev. Lett. 94 (2005) 241301
[hep-th/0409148] [INSPIRE].

A. Dabholkar, R. Kallosh and A. Maloney, A stringy cloak for a classical singularity, JHEP 12
(2004) 059 [hep-th/0410076] [INSPIRE].

P.A. Cano, P.F. Ramirez and A. Ruipérez, The small black hole illusion, JHEP 03 (2020) 115
[arXiv:1808.10449] [INSPIRE].

A. Ruipérez, Higher-derivative corrections to small black rings, Class. Quant. Grav. 38 (2021)
145011 [arXiv:2003.02269] [INSPIRE].

P.A. Cano, A. Murcia, P.F. Ramirez and A. Ruipérez, On small black holes, KK monopoles and
solitonic 5-branes, JHEP 05 (2021) 272 [arXiv:2102.04476] INSPIRE].

L. Susskind, Some speculations about black hole entropy in string theory, hep-th/9309145
[INSPIRE].

— 922 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1103/PhysRevLett.63.478
https://doi.org/10.1103/PhysRevLett.63.478
https://inspirehep.net/literature/278841
https://doi.org/10.1016/0550-3213(90)90157-9
https://doi.org/10.1016/0550-3213(90)90157-9
https://inspirehep.net/literature/27563
https://doi.org/10.4310/ATMP.2005.v9.n4.a1
https://arxiv.org/abs/hep-th/0504005
https://inspirehep.net/literature/679521
https://arxiv.org/abs/2401.13730
https://inspirehep.net/literature/2751332
https://arxiv.org/abs/2402.03297
https://inspirehep.net/literature/2755516
https://doi.org/10.1016/0550-3213(95)00063-X
https://arxiv.org/abs/hep-th/9411187
https://inspirehep.net/literature/380380
https://doi.org/10.1103/PhysRevD.53.R584
https://arxiv.org/abs/hep-th/9507090
https://inspirehep.net/literature/397308
https://doi.org/10.1016/0550-3213(96)00266-0
https://arxiv.org/abs/hep-th/9511053
https://inspirehep.net/literature/401969
https://doi.org/10.1016/0550-3213(96)00315-X
https://doi.org/10.1016/0550-3213(96)00315-X
https://arxiv.org/abs/hep-th/9510134
https://inspirehep.net/literature/400944
https://doi.org/10.1142/S0217732395002234
https://arxiv.org/abs/hep-th/9504147
https://inspirehep.net/literature/394602
https://doi.org/10.1103/PhysRevLett.94.241301
https://arxiv.org/abs/hep-th/0409148
https://inspirehep.net/literature/659210
https://doi.org/10.1088/1126-6708/2004/12/059
https://doi.org/10.1088/1126-6708/2004/12/059
https://arxiv.org/abs/hep-th/0410076
https://inspirehep.net/literature/661406
https://doi.org/10.1007/JHEP03(2020)115
https://arxiv.org/abs/1808.10449
https://inspirehep.net/literature/1692367
https://doi.org/10.1088/1361-6382/abff9b
https://doi.org/10.1088/1361-6382/abff9b
https://arxiv.org/abs/2003.02269
https://inspirehep.net/literature/1784064
https://doi.org/10.1007/JHEP05(2021)272
https://arxiv.org/abs/2102.04476
https://inspirehep.net/literature/1845594
https://arxiv.org/abs/hep-th/9309145
https://inspirehep.net/literature/36167

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

G.T. Horowitz and J. Polchinski, A correspondence principle for black holes and strings, Phys.
Rev. D 55 (1997) 6189 [hep-th/9612146] [INSPIRE].

G.T. Horowitz and J. Polchinski, Selfgravitating fundamental strings, Phys. Rev. D 57 (1998)
2557 [hep-th/9707170] [INSPIRE].

T. Damour and G. Veneziano, Selfgravitating fundamental strings and black holes, Nucl. Phys. B
568 (2000) 93 [hep-th/9907030] [INSPIRE].

Y. Chen and J. Maldacena, String scale black holes at large D, JHEP 01 (2022) 095
[arXiv:2106.02169] [INSPIRE].

Y. Chen, J. Maldacena and E. Witten, On the black hole/string transition, JHEP 01 (2023) 103
[arXiv:2109.08563] [INSPIRE].

R. Brustein and Y. Zigdon, Black hole entropy sourced by string winding condensate, JHEP 10
(2021) 219 [arXiv:2107.09001] [INSPIRE].

Y. Matsuo, Fluid model of a black hole-string transition, Phys. Rev. D 107 (2023) 126003
[arXiv:2205.15976] [NSPIRE].

B. Balthazar, J. Chu and D. Kutasov, On small black holes in string theory, JHEP 03 (2024)
116 [arXiv:2210.12033] [INSPIRE].

N. Ceplak, R. Emparan, A. Puhm and M. Tomaevié, The correspondence between rotating black
holes and fundamental strings, JHEP 11 (2023) 226 [arXiv:2307.03573] [INSPIRE].

S.D. Mathur and D. Turton, The fuzzball nature of two-charge black hole microstates, Nucl. Phys.
B 945 (2019) 114684 [arXiv:1811.09647] [INSPIRE].

C.G. Callan Jr., R.C. Myers and M.J. Perry, Black holes in string theory, Nucl. Phys. B 311
(1989) 673 [INSPIRE].

E. Bergshoeff, B. Janssen and T. Ortin, Solution generating transformations and the string
effective action, Class. Quant. Grav. 13 (1996) 321 [hep-th/9506156] [INSPIRE].

N. Kaloper and K.A. Meissner, Duality beyond the first loop, Phys. Rev. D 56 (1997) 7940
[hep-th/9705193] [INSPIRE].

0O.A. Bedoya, D. Marques and C. Nunez, Heterotic o/ -corrections in double field theory, JHEP
12 (2014) 074 [arXiv:1407.0365] [INSPIRE].

T. Ortin, O(n,n) invariance and Wald entropy formula in the heterotic superstring effective
action at first order in o, JHEP 01 (2021) 187 [arXiv:2005.14618] INSPIRE].

C. Eloy, O. Hohm and H. Samtleben, Duality invariance and higher derivatives, Phys. Rev. D
101 (2020) 126018 [arXiv:2004.13140] [NSPIRE].

A. Giveon, D. Gorbonos and M. Stern, Fundamental strings and higher derivative corrections to
d-dimensional black holes, JHEP 02 (2010) 012 [arXiv:0909.5264] [INSPIRE].

P.A. Cano, P. Meessen, T. Ortin and P.F. Ramirez, o’-corrected black holes in string theory,
JHEP 05 (2018) 110 [arXiv:1803.01919] [INSPIRE].

S. Chimento et al., On a family of o’-corrected solutions of the heterotic superstring effective
action, JHEP 07 (2018) 080 [arXiv:1803.04463] [INSPIRE].

P.A. Cano et al., Beyond the near-horizon limit: stringy corrections to heterotic black holes,
JHEP 02 (2019) 192 [arXiv:1808.03651] [INSPIRE].

A. Ruipérez Vicente, Black holes in string theory with higher-derivative corrections, Ph.D. thesis,
U. Autonoma, Madrid, Spain (2020) [INSPIRE].

— 23 —


https://doi.org/10.1103/PhysRevD.55.6189
https://doi.org/10.1103/PhysRevD.55.6189
https://arxiv.org/abs/hep-th/9612146
https://inspirehep.net/literature/427427
https://doi.org/10.1103/PhysRevD.57.2557
https://doi.org/10.1103/PhysRevD.57.2557
https://arxiv.org/abs/hep-th/9707170
https://inspirehep.net/literature/446109
https://doi.org/10.1016/S0550-3213(99)00596-9
https://doi.org/10.1016/S0550-3213(99)00596-9
https://arxiv.org/abs/hep-th/9907030
https://inspirehep.net/literature/503176
https://doi.org/10.1007/JHEP01(2022)095
https://arxiv.org/abs/2106.02169
https://inspirehep.net/literature/1867137
https://doi.org/10.1007/JHEP01(2023)103
https://arxiv.org/abs/2109.08563
https://inspirehep.net/literature/1923692
https://doi.org/10.1007/JHEP10(2021)219
https://doi.org/10.1007/JHEP10(2021)219
https://arxiv.org/abs/2107.09001
https://inspirehep.net/literature/1887120
https://doi.org/10.1103/PhysRevD.107.126003
https://arxiv.org/abs/2205.15976
https://inspirehep.net/literature/2089878
https://doi.org/10.1007/JHEP03(2024)116
https://doi.org/10.1007/JHEP03(2024)116
https://arxiv.org/abs/2210.12033
https://inspirehep.net/literature/2168953
https://doi.org/10.1007/JHEP11(2023)226
https://arxiv.org/abs/2307.03573
https://inspirehep.net/literature/2675209
https://doi.org/10.1016/j.nuclphysb.2019.114684
https://doi.org/10.1016/j.nuclphysb.2019.114684
https://arxiv.org/abs/1811.09647
https://inspirehep.net/literature/1704971
https://doi.org/10.1016/0550-3213(89)90172-7
https://doi.org/10.1016/0550-3213(89)90172-7
https://inspirehep.net/literature/24012
https://doi.org/10.1088/0264-9381/13/3/002
https://arxiv.org/abs/hep-th/9506156
https://inspirehep.net/literature/396497
https://doi.org/10.1103/PhysRevD.56.7940
https://arxiv.org/abs/hep-th/9705193
https://inspirehep.net/literature/443499
https://doi.org/10.1007/JHEP12(2014)074
https://doi.org/10.1007/JHEP12(2014)074
https://arxiv.org/abs/1407.0365
https://inspirehep.net/literature/1304331
https://doi.org/10.1007/JHEP01(2021)187
https://arxiv.org/abs/2005.14618
https://inspirehep.net/literature/1798576
https://doi.org/10.1103/PhysRevD.101.126018
https://doi.org/10.1103/PhysRevD.101.126018
https://arxiv.org/abs/2004.13140
https://inspirehep.net/literature/1793254
https://doi.org/10.1007/JHEP02(2010)012
https://arxiv.org/abs/0909.5264
https://inspirehep.net/literature/832483
https://doi.org/10.1007/JHEP05(2018)110
https://arxiv.org/abs/1803.01919
https://inspirehep.net/literature/1658812
https://doi.org/10.1007/JHEP07(2018)080
https://arxiv.org/abs/1803.04463
https://inspirehep.net/literature/1662317
https://doi.org/10.1007/JHEP02(2019)192
https://arxiv.org/abs/1808.03651
https://inspirehep.net/literature/1686749
https://inspirehep.net/literature/1851224

[38] Z. Elgood, T. Ortin and D. Perefiiguez, The first law and Wald entropy formula of heterotic
stringy black holes at first order in o/, JHEP 05 (2021) 110 [arXiv:2012.14892] [INSPIRE].

[39] Z. Elgood and T. Ortin, T duality and Wald entropy formula in the heterotic superstring effective
action at first-order in o/, JHEP 10 (2020) 097 [Erratum bid. 06 (2021) 105]
[arXiv:2005.11272] [INSPIRE].

[40] P.A. Cano, T. Ortin, A. Ruipérez and M. Zatti, Non-supersymmetric black holes with o’
corrections, JHEP 03 (2022) 103 [arXiv:2111.15579] [INSPIRE].

[41] T. Ortin, A. Ruipérez and M. Zatti, Extremal stringy black holes in equilibrium at first order in
o/, SciPost Phys. Core 6 (2023) 072 [arXiv:2112.12764] [INSPIRE].

[42] P.A. Cano, T. Ortin, A. Ruipérez and M. Zatti, Non-extremal, o'-corrected black holes in
5-dimensional heterotic superstring theory, JHEP 12 (2022) 150 [arXiv:2210.01861] [INSPIRE].

[43] M. Zatti, o corrections to 4-dimensional non-extremal stringy black holes, JHEP 11 (2023) 185
[arXiv:2308.12879] [INSPIRE].

[44] T. Ortin, Gravity and strings, Cambridge University Press, Cambridge, U.K. (2015)
[DOI:10.1017/CB09781139019750] [INSPIRE].

[45] D.J. Gross and J.H. Sloan, The quartic effective action for the heterotic string, Nucl. Phys. B
291 (1987) 41 [nSPIRE].

[46] R.R. Metsaev and A.A. Tseytlin, Order o/ (two loop) equivalence of the string equations of
motion and the sigma model Weyl invariance conditions: dependence on the dilaton and the
antisymmetric tensor, Nucl. Phys. B 293 (1987) 385 [INSPIRE].

[47] E.A. Bergshoeff and M. de Roo, The quartic effective action of the heterotic string and
supersymmetry, Nucl. Phys. B 328 (1989) 439 [INSPIRE].

[48] W.A. Chemissany, M. de Roo and S. Panda, o'-corrections to heterotic superstring effective
action revisited, JHEP 08 (2007) 037 [arXiv:0706.3636] [INSPIRE].

[49] G.W. Gibbons and S.W. Hawking, Action integrals and partition functions in quantum gravity,
Phys. Rev. D 15 (1977) 2752 [INSPIRE].

[50] D.N. Page, Classical stability of round and squashed seven spheres in eleven-dimensional
supergravity, Phys. Rev. D 28 (1983) 2976 [INSPIRE].

[51] D. Marolf, Chern-Simons terms and the three notions of charge, in the proceedings of the
International conference on quantization, gauge theory, and strings: conference dedicated to the
memory of professor Efim Fradkin, (2000) [hep—-th/0006117] [INSPIRE].

[52] J.M. Maldacena, Black holes in string theory, Ph.D. thesis, Princeton U., Princeton, NJ, U.S.A.
(1996) [hep-th/9607235) [INSPIRE].

[53] R.M. Wald, Black hole entropy is the Noether charge, Phys. Rev. D 48 (1993) R3427
[gr-qc/9307038] [INSPIRE].

[54] V. Iyer and R.M. Wald, Some properties of Noether charge and a proposal for dynamical black
hole entropy, Phys. Rev. D 50 (1994) 846 [gr-qc/9403028] [iINSPIRE].

[55] D. Cassani, A. Ruipérez and E. Turetta, Boundary terms and conserved charges in
higher-derivative gauged supergravity, JHEP 06 (2023) 203 [arXiv:2304.06101] [INSPIRE].

[56] B. Sahoo and A. Sen, BTZ black hole with Chern-Simons and higher derivative terms, JHEP 07
(2006) 008 [hep-th/0601228] INSPIRE].

— 24 —


https://doi.org/10.1007/JHEP05(2021)110
https://arxiv.org/abs/2012.14892
https://inspirehep.net/literature/1838979
https://doi.org/10.1007/JHEP10(2020)097
https://arxiv.org/abs/2005.11272
https://inspirehep.net/literature/1797491
https://doi.org/10.1007/JHEP03(2022)103
https://arxiv.org/abs/2111.15579
https://inspirehep.net/literature/1980799
https://doi.org/10.21468/SciPostPhysCore.6.4.072
https://arxiv.org/abs/2112.12764
https://inspirehep.net/literature/1996665
https://doi.org/10.1007/JHEP12(2022)150
https://arxiv.org/abs/2210.01861
https://inspirehep.net/literature/2160507
https://doi.org/10.1007/JHEP11(2023)185
https://arxiv.org/abs/2308.12879
https://inspirehep.net/literature/2690659
https://doi.org/10.1017/CBO9781139019750
https://inspirehep.net/literature/1383727
https://doi.org/10.1016/0550-3213(87)90465-2
https://doi.org/10.1016/0550-3213(87)90465-2
https://inspirehep.net/literature/236987
https://doi.org/10.1016/0550-3213(87)90077-0
https://inspirehep.net/literature/244869
https://doi.org/10.1016/0550-3213(89)90336-2
https://inspirehep.net/literature/279142
https://doi.org/10.1088/1126-6708/2007/08/037
https://arxiv.org/abs/0706.3636
https://inspirehep.net/literature/753832
https://doi.org/10.1103/PhysRevD.15.2752
https://inspirehep.net/literature/110328
https://doi.org/10.1103/PhysRevD.28.2976
https://inspirehep.net/literature/14480
https://arxiv.org/abs/hep-th/0006117
https://inspirehep.net/literature/528861
https://arxiv.org/abs/hep-th/9607235
https://inspirehep.net/literature/421404
https://doi.org/10.1103/PhysRevD.48.R3427
https://arxiv.org/abs/gr-qc/9307038
https://inspirehep.net/literature/35517
https://doi.org/10.1103/PhysRevD.50.846
https://arxiv.org/abs/gr-qc/9403028
https://inspirehep.net/literature/372182
https://doi.org/10.1007/JHEP06(2023)203
https://arxiv.org/abs/2304.06101
https://inspirehep.net/literature/2651131
https://doi.org/10.1088/1126-6708/2006/07/008
https://doi.org/10.1088/1126-6708/2006/07/008
https://arxiv.org/abs/hep-th/0601228
https://inspirehep.net/literature/709564

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

B. Sahoo and A. Sen, o'-corrections to extremal dyonic black holes in heterotic string theory,
JHEP 01 (2007) 010 [hep-th/0608182] [INSPIRE].

F. Faedo and P.F. Ramirez, Ezact charges from heterotic black holes, JHEP 10 (2019) 033
[arXiv:1906.12287] [INSPIRE].

L. Ma, Y. Pang and H. Lu, Improved Wald formalism and first law of dyonic black strings with
mized Chern-Simons terms, JHEP 10 (2022) 142 [arXiv:2202.08290] [INSPIRE].

Y. Tachikawa, Black hole entropy in the presence of Chern-Simons terms, Class. Quant. Grav.
24 (2007) 737 [hep-th/0611141] [INSPIRE].

H.S. Reall and J.E. Santos, Higher derivative corrections to Kerr black hole thermodynamics,
JHEP 04 (2019) 021 [arXiv:1901.11535] [INSPIRE].

N. Bobev, V. Dimitrov, V. Reys and A. Vekemans, Higher derivative corrections and AdSs black
holes, Phys. Rev. D 106 (2022) L121903 [arXiv:2207.10671] [InSPIRE].

D. Cassani, A. Ruipérez and E. Turetta, Corrections to AdSs black hole thermodynamics from
higher-derivative supergravity, JHEP 11 (2022) 059 [arXiv:2208.01007] [INSPIRE].

W.H. Baron, J.J. Fernandez-Melgarejo, D. Marques and C. Nunez, The odd story of
o' -corrections, JHEP 04 (2017) 078 [arXiv:1702.05489] [INSPIRE].

J.T. Liu and R.J. Saskowski, Consistent truncations in higher derivative supergravity, JHEP 09
(2023) 136 [arXiv:2307.12420] INSPIRE].

A.A. Tseytlin, Mobius infinity subtraction and effective action in o model approach to closed
string theory, Phys. Lett. B 208 (1988) 221 [INSPIRE].

M.B. Green and J.H. Schwarz, Anomaly cancellation in supersymmetric D = 10 gauge theory
and superstring theory, Phys. Lett. B 149 (1984) 117 [INSPIRE].

,25,


https://doi.org/10.1088/1126-6708/2007/01/010
https://arxiv.org/abs/hep-th/0608182
https://inspirehep.net/literature/724649
https://doi.org/10.1007/JHEP10(2019)033
https://arxiv.org/abs/1906.12287
https://inspirehep.net/literature/1741980
https://doi.org/10.1007/JHEP10(2022)142
https://arxiv.org/abs/2202.08290
https://inspirehep.net/literature/2034292
https://doi.org/10.1088/0264-9381/24/3/014
https://doi.org/10.1088/0264-9381/24/3/014
https://arxiv.org/abs/hep-th/0611141
https://inspirehep.net/literature/731773
https://doi.org/10.1007/JHEP04(2019)021
https://arxiv.org/abs/1901.11535
https://inspirehep.net/literature/1717894
https://doi.org/10.1103/PhysRevD.106.L121903
https://arxiv.org/abs/2207.10671
https://inspirehep.net/literature/2121013
https://doi.org/10.1007/JHEP11(2022)059
https://arxiv.org/abs/2208.01007
https://inspirehep.net/literature/2129589
https://doi.org/10.1007/JHEP04(2017)078
https://arxiv.org/abs/1702.05489
https://inspirehep.net/literature/1514278
https://doi.org/10.1007/JHEP09(2023)136
https://doi.org/10.1007/JHEP09(2023)136
https://arxiv.org/abs/2307.12420
https://inspirehep.net/literature/2679839
https://doi.org/10.1016/0370-2693(88)90421-2
https://inspirehep.net/literature/262157
https://doi.org/10.1016/0370-2693(84)91565-X
https://inspirehep.net/literature/15583

	Introduction
	alpha' corrections to heterotic two-charge black holes
	Two-charge black holes at leading order in alpha'
	alpha'-corrected solutions
	Dimensional reduction on S**1(y)
	Extremal limit

	Black hole thermodynamics
	Thermodynamic quantities in the micro-canonical ensemble
	Thermodynamic quantities in the grand-canonical ensemble

	Thermodynamics from the Euclidean on-shell action
	Two-charge black holes from Schwarzschild-Tangherlini
	Effective action and equations of motion
	Equations of motion

	Additional details on the procedure to find the alpha'-corrected solutions
	Dimensional reduction on a circle

