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1 Introduction

Lovelock’s theorem [1, 2] states that within the confines of four-dimensional spacetime,
General Relativity (GR) is the sole metric theory that propagates two tensorial degrees of
freedom, while at the same time satisfies full diffeomorphism invariance and produces field
equations with at most two derivatives acting on the metric. However, due to the dynamical
cosmological background, our existent universe spontaneously breaks time-diffeomorphism
invariance. In light of this, it is natural to ask whether the physics that aim to elucidate
our present-day cosmological mysteries could be better described by a theory which modifies
GR but, nevertheless, propagates only two tensorial degrees of freedom?

This line of inquiry has received a lot of attention over the past decade, originating with
the seminal cuscuton theory [3]. Since its inception, there have been several attempts to
formulate cuscuton-like theories, which go under the names of extended cuscuton theory [4],
minimally modified gravity (MMG) [5-12] and spatial covariant gravity with two tensorial
degrees of freedom (TTDOF) [13, 14], to mention a few. The key motivation behind this
“minimalist” approach to modified gravity is to reconcile disparities between theory and
empirical observations in the so-called dark sector without resorting to the introduction of
extra degrees of freedom. There have been a number of studies on cuscuton-like theories
revealing intriguing theoretical and observational ramifications for both cosmology and
astrophysics. A detailed review is beyond the scope of this work, but the curious reader
can explore [15-48] and the references therein.

Much progress has been made in the classification of cuscuton-like theories, whose
derivation usually involves a level of brute force while at the same time obeying some
organising principle. The standard prescription is to assume a generic Lagrangian that obeys
invariance under spatial diffeomorphism. It is a general function of the lapse N, the intrinsic
curvatures R;;, and the extrinsic curvatures K;;. The Lagrangian may also contain functions



of time ¢ and/or spatial derivatives D;. Then one can try to derive consistency conditions
motivated by a Hamiltonian analysis [6, 13] that ensure the only dynamics in the theory are
due to the two tensorial degrees of freedom. Another approach is instead to start directly from
the Hamiltonian of the theory and determine which conditions need to be satisfied so that the
scalar degree of freedom can be eliminated. Then one can build a Lagrangian which is made
up of terms which satisfy these conditions [7, 48, 49]. Alternatively, perturbative methods
can be used to impose conditions that no scalar degree of freedom propagates at each order in
the perturbative expansion [14]. All of these approaches have their merits and shortcomings.
Conditions imposed at the level of the Hamiltonian can be very useful due to their generality
but at the same time challenging to solve in order to produce viable Lagrangians. Meanwhile,
the simple structure one obtains when starting directly with a Hamiltonian analysis may be
difficult to translate into a concrete Lagrangian. In contrast, perturbative methods can be
more directly applied to the Lagrangian but may involve a certain level of tuning, albeit finite.

In this work, we adopt an alternative approach. We are interested in constructing an
effective action for the cuscuton by taking an effective field theory (EFT) point of view. This
requires us to extend the cuscuton leading action, order by order in a perturbative gradient
expansion. One difficulty with doing so is that one is required to construct an effective field
theory for a non-dynamical degree of freedom. Indeed, the typical formulation of effective
field theories relies on having knowledge of the fundamental symmetries and available degrees
of freedom. Conversely, the cuscuton lacks internal dynamics. However, what about its
underlying symmetries? In flat spacetime, the cuscuton exhibits a scalarless symmetry [50, 51],
guaranteeing the absence of propagating scalar excitations. Viewing it through a braneworld
perspective, its action can be derived from a brane probing a 5-dimensional bulk with two
time-like directions. This hints at the possibility of expressing the cuscuton as a geometric
theory of defects. Nevertheless, so far, no one has succeeded in covariantizing this symmetry.

The only remaining avenue is to extend the cuscuton theory based on its geometric
description, originally presented in [3]. This can become manifest by re-expressing the
cuscuton action as a combination of surface and volume contributions. For a scalar field with

a time-like gradient 9,6, the cuscuton action (2.1) can be written as!

So = [dlev=g[i 0,0l - V(9)] = 1 [ a6 (6) - [ dov=gV(0)

(1.1)
with  X(¢) E/(bd?’a:\ﬁ,

where « is the determinant of the induced metric on the hypersurface of constant ¢. This
way, it becomes apparent that the volume and surface terms represent the potential and the
leading order kinetic term of the cuscuton, respectively. Thus, from an effective field theory
point of view, one conceivable approach would be to try and extend (1.1) by introducing
curvature corrections to both volume and surface terms.

The action in eq. (1.1) can be understood as analogous to the surface and volume terms,
associated with the energy of soap bubbles and films in a 3-d Euclidean space. For cuscuton,
the 2-d surfaces of soap films are replaced by 3-dimensional spatial hypersurfaces of constant ¢,
living in a 4-dimensional Lorentzian spacetime (or bulk). These spacelike branes or S-branes

'For more details see [3] which is where the geometric picture of the cuscuton originated.



are understood to be topological defects, localised on a spatial hypersurface representing an
instant in time (in a particular coordinate system). They are usually taken to have no thickness
but only a surface. In general, S-branes have been studied in relation to string theory [52, 53],
but we do not make this connection here. Taking as our starting point the geometric
description in (1.1), in the new geometric description, corrections to the cuscuton kinetic
term reside on the boundaries or S-branes of the 4-dimensional picture, while the corrections
to the potential live in the 4-dimensional bulk. This setup is reminiscent to braneworld
constructions [54, 55] which are typically used to build actions with higher derivative terms
which admit at most quadratic equations of motion and therefore do not propagate any extra
degrees of freedom around the background. In braneworld scenarios, a dynamical 3-brane is
moving in a fixed 4+1 dimensional background. Our setup is different in that:

o« We assume a stack of spacelike branes living in a 4-dimensional spacetime. These are
discrete spatial surfaces that do not talk to each other (i.e., if we move one, the other
does not know). This results in the non-dynamical nature of the cuscuton field.

o We further assume that the cuscuton is a discrete field (labelling each transition) that
becomes continuous in the limit that there are many such transition interfaces, assuming
the geometry varies slowly from one transition to the next.

o To realise several such transitions, we expect the branes to interface between different
vacua. This implies that the bulks separated by the S-branes may have different
couplings, e.g., different cosmological and gravitational constants.

In this investigation, we exclusively concentrate on Lovelock terms, which include the
cosmological constant, the Einstein-Hilbert action, and higher-order Lovelock terms like the
Gauss-Bonnet term in 4 dimensions. Interestingly, while the Gauss-Bonnet term is topological
in 4 dimensions, we observe that in the continuous limit of these discrete transitions, this
term plays a role in the overall dynamics. The Lovelock terms existing within the bulk
have associated boundary terms located on the surfaces of the branes. In the continuous
limit, we discover that these terms function as “counterterms”, ensuring that the metric
carries only two degrees of freedom.

To summarise the above, in this discrete geometric picture, the cuscuton is represented
by the mismatch or discontinuities in the couplings of Lovelock terms, as we jump from
one bulk to another. The cuscuton effective action emerges in the continuous limit of these
discrete transitions. This process is explained in detail in section 3 and draws parallels
with early attempts to formulate effective actions for the study of critical phenomena in
condensed matter systems [56]. In this sense, our effective construction may initially appear
to be crude and lacking finesse. Nevertheless, it could be useful to demystify the puzzles
surrounding the cuscuton and cuscuton-like theories in general. At this stage, it is best to
consider our setup as a pure mathematical tool for building an effective cuscuton theory.
We comment more on this in section 6.

Before closing this section, it is worth mentioning that non-propagating fields appear in
other places in the literature.? Non-propagating form fields are known to play an important

2We thank C. P. Burgess for bringing these topics to our attention.



role in the EFT for Quantum Hall (QH) systems, where in this case non-propagating Maxwell
fields (2-forms) are essential in expressing how the QH state samples the topology of the space
in which the system resides [57]. Another example comes from the effective construction in
Supersymmetric Large Extra Dimensions (SLED) models, where a non-propagating 4-form
is what tells the EFT that flux in the extra dimensions is quantized [58]. The presence of
this field imposes a particular form on the low-energy potential that is precisely what is
required for it to reproduce the dimensionally reduced result. Finally, in [59] they show
that all auxiliary fields in the low energy 4-dimensional EFT of string compactifications
arise as 4-forms. This implies there is a very general connection in 4 dimensions between
non-propagating topological form fields and non-propagating auxiliary fields in 4-dimensional
supergravity. While these topics are not often discussed, they may be especially important for
the technical naturalness of theories (see [60, 61] for possible applications). Although these
subjects are interesting to explore, they come with a plethora of technical intricacies associated,
e.g., with supersymmetry and higher dimensions. On the other hand, the cuscuton serves
as a straightforward illustration of a 4-dimensional non-propagating field, offering a more
accessible avenue towards understanding how non-propagating fields may lose their dynamics.

This manuscript is organised as follows: first, we give a brief introduction of the cuscuton
in section 2 and lay down the main ingredients for the construciton of the effective cuscuton
theory in section 3. We proceed to analyse the leading terms of the effective cuscuton action
in section 4. We briefly discuss the treatment of higher-order operators in section 5 and
we conclude in section 6.

2 A brief introduction of the cuscuton

Historically, cuscuton was introduced as a scalar field characterised by an infinite speed of
sound ¢; — oo. However, it does not propagate information outside (or inside) the light
cone because it lacks a dynamical phase space. From a quantum perspective, the energy of
a cuscuton quantum excitation is given by hw = hcgsk — 0o, for any finite wavenumber k,
which implies that it takes infinite energy to carry information using cuscuton excitations.
Furthermore, it benefits from protection against radiative corrections thanks to an enlarged
set of symmetries [62, 63].

However, we should note that the limit ¢; — oo is only well defined for a restricted set of
boundary conditions. From a geometric perspective, as we see below, the cuscuton constant
field surfaces are constant mean curvature surfaces (or “Lorentzian soap bubbles”) that are
anchored on the boundary; healthy boundary conditions would require that the surfaces
do not intersect in the bulk [3]. Furthermore, an initial-boundary value problem for such a
system is only well-posed in the frame that the cuscuton is uniform, which ensures elliptic
constraint equations (rather than pathologies such as apparent instabilities, or instantaneous
modes that propagate back in time [64]).

The action is expressed in terms of a scalar field ¢ with a non-canonical kinetic term, as

S = /d4ijg<A§%R — 12VX + V(¢)>, X = —g"9,00,6, X >0. (21)

The cuscuton is a non-dynamical field satisfying constraint equations that modify the dynamics
of the fields it couples to. To see this, let us assume a flat Friedmann-Lemaitre-Robertson-



Walker (FLRW) spacetime with metric
ds? = —dt? + a?(t) da?, (2.2)

and take a look at the background equations of motion, which read

H? = évw), (2.3)

. 2 .
=2 LB ), (24)
3u2H = —V'(6), (2.5)

where the Friedmann equations are given by (2.3) and (2.4), while the last expression comes
from varying the action with respect to the scalar field. It is now clear that the scalar
field equation can be represented by a straightforward algebraic expression. We can then
solve for the first Friedmann equation to get H = /V(¢)/6 and substituting into the last
equation, we find u?,/3V (¢) = —V'(¢). Therefore, we see that the equations of motion for
GR+-cuscuton cannot be generally satisfied, and thus we need to add additional content,
i.e. matter, to the theory

H? — ptot’ (2.6)
3
where piot = pm + V(¢) with Mp = 1, to find instead that
1
V2(p) = V(d) = pm, 2.
V0 = V() = (2.7

where p,,, is the background density of matter species [15]. It is now clear that the cuscuton
has no internal dynamics, but it merely modifies the fields it couples to through constraint
equations. As an example, if we fix p,,, this consequently fixes ¢, from which it follows
that ¢ is just a function of matter density.

The cuscuton has an interesting geometric representation which was first pointed out
in [3]. Its equation of motion can be written in a covariant form, as

1 9" oy
V=9 VX

Using that the normal vector n* for constant ¢ hypersurfaces, is given by

9, {\/—79 } V(@) = 0. (2.8)

nt=—=, (2.9)

and the definition of the extrinsic curvature K = V,n#, we find that (2.8) becomes

V(o)

" (2.10)

K(¢) =

Therefore, the constant ¢ hypersurfaces are also surfaces of constant mean curvature (or
CMCs). The geometric picture that arises through this set-up is akin to soap bubbles or



films in 3-dimensional Fuclidean space. In this case, the CMC condition can be seen as the
balance between the pressure and the surface tension forces. This can be understood by
rewriting (2.10) in terms of the pressure difference across the surface, as

(/’L2A¢)Kdisc =—-AV. (211>

We thus see that 4?A¢ can be interpreted as the surface tension of the soap bubble. Eq. (2.11)
can be solved to find the surface of the soap bubble or film. The result is a discrete set of
solutions which can be determined by supplying the necessary boundary conditions.

From this we understand that the contribution to the kinetic term in (1.1) can be thought
of as summing over all such surfaces and taking the continuous limit. This motivates a
natural conjecture that the cuscuton is a fundamentally discrete field associated with spacelike
discontinuities/ topological defects in spacetime.

3 Effective cuscuton theory

3.1 Constructing the effective action

As we explained in the Introduction, the aim of this work is to extend the geometric picture
above into an effective cuscuton theory, that generalises the surface and volume terms. We
do so by putting forward the following conjecture:

The cuscuton is a fundamentally discrete ‘field’ labelling transitions in spacetime. In the
limit of many transitions, it can be approximated by a continuous field with an infinite speed
of sound. In this way, the effective cuscuton theory (ECT) emerges as a curvature expansion
of the geometric theory of a series of bulks and their boundaries.

We now explain how this picture can be realised. We consider a stack of spatial branes,
having zero thickness, labelled ¢ = 1,2,---. These can be thought of as hypersurfaces,
each representing an instant in time. For the sake of simplicity, we take only gravity to
propagate in the bulk (i.e., we turn the standard-model fields off). Assuming that these
branes live on some bulk geometry, we expect the kinetic term to be given by the surface,
whereas the potential will be given by the volume in the geometric picture. Additionally,
we expect that geometric terms due to 4-d bulk gravity, i.e., the Einstein-Hilbert term and
higher-order curvature invariants (for example, Lovelock invariants, such as the non-dynamical
Gauss-Bonnet in 4 dimensions), will have associated boundary terms living on the brane
geometry (see [54, 55, 65] and references therein).

An interpretation of this geometrical description, which can be seen in figure 1, is
that we are essentially studying the theory for consequent 3-dimensional defects in a 3+ 1
dimensional field theory, with the key idea being, the cuscuton describes discontinuous jumps
in spacetime. In this picture, we focus on the continuous limit of these discrete transitions
(i.e., we approximate the sum as an integral over the geometric invariants living on the
bulks and branes). As long as constant-¢ hypersurfaces are spacelike, we can choose the
unitary gauge, such that the scalar field is homogeneous, ¢ = ¢(t), and thus its gradient
points in the time direction.

We first give a prescription for how to realise the continuous limit of this discrete
geometric picture. The discrete action is given by the sum over all the geometric terms living



time

Figure 1. The geometric picture of the cuscuton is described by a stack of non-identical spatial
branes labeled by ¢ = 1---n. Each bulk has its own value for the cosmological constant V3, its own
gravitational strength f4, and its own value for the Lovelock couplings wyg.

in the bulks and the branes. For simplicity, let us focus only on the volume and surface
contributions to the discrete action, which can be written as

Sdise = Zv¢¢+A¢xv +ZS x c1(@)Ag, (3.1)

where V(¢, ¢ + A¢) is the volume enclosed between ¢ and ¢ + A¢ surfaces, while S(¢) is the
area of the ¢-hypersurface. Taking the continuous limit for the volume term gives

/d4$\/_ V(9), (3.2)

A

Y V6,64 8) x V()|
¢

assuming that V' (¢) is a slow-varying function of ¢. This is nothing more than the potential
V for the cuscuton. Similarly, taking the continuous limit of the surface term gives

3" S(9) x cl(qb)M\ = /dSwd¢ Ve(), (3.3)
2

Ap—0
where ﬁd3x is the 3-dimensional invariant surface element and c¢i(¢) is a slow-varying

function of ¢. To recover the 4-dimensional volume element we need to simply multiply and
divide by Ndt, where N is the lapse. Therefore, the surface contribution to the action becomes

/d?’xd¢\/_cl /d rv/—gci(o /d4ac —gci(o )\/Y (3.4)



This way, we recover the cuscuton kinetic term?® from the surface contribution in the geometric
picture.* From this it follows that all other possible gravitational terms living in the boundary
will, naturally, be coupled to the cuscuton through v/X.

Following the same prescription, we can now extend the theory by summing over the
geometric invariants living in the bulks and on the boundaries, ordered in powers of curvature.
In the continuous limit A¢ — 0, the sum becomes an integral, which we call the effective
cuscuton action (ECT):

Sper = A* / d4x\/jg[v(¢) + f(WTJ;Q +w(9) ];[Cif

XK XR XK
T TR e T ]

(3.5)

Fe(@) Y oo

where, from now on, we assume ¢ is dimensionless, and introduce a mass scale A, associated
with the UV-completion of cuscuton, which could be comparable or lower than the Planck

” indicates higher-order curvature invariants that may live in the bulk

mass. Here, “+---
and/or on the boundary. R is the 4-dimensional Ricci scalar and Rgp is the 4-dimensional

Gauss-Bonnet term, given in terms of the 4-dimensional curvature invariants:
Rgp = R? —4R"™ R, + R"P Ry po. (3.6)

The potential V' (¢) of the scalar field corresponds to the leading contribution of the volume
terms in the geometric picture, while the leading contribution to the surface terms is given
by the standard cuscuton term v X. The trace of the extrinsic curvature K;j is denoted
as K =~ K;j, with ~;; being the spatial metric, R is the intrinsic curvature (or the 3d
Ricci scalar, v Rij), and Kgp is the boundary term for the 4-dimensional Gauss-Bonnet
term [66], given by

Ko = —2(J - 2GVK), (3.7)

where
(]:EWWQKK?KT~%K KwKw—2KLK“K«—1@KV) (3.8)
3 icth 4 cd i ic dj 1] ) :

As illustrated in figure 1, in the discrete geometric picture, the effective couplings are constant
coefficients that characterise the different phases or vacua separating each successive brane.
Each bulk contains distinct values for the cosmological constant, gravitational constant and
couplings to the Lovelock terms. Likewise, every brane possesses unique values for the
coefficients of the gravitational surface terms. Whenever there is a discontinuity or jump
in the bulk couplings, there will be a corresponding surface term associated with it. In the
continuous limit, the couplings are taken to be slow-varying functions of the scalar field ¢.
However, not all effective couplings are independent. The effective couplings corresponding

3This can be understood because in the unitary gauge the role of the physical clock is played by ¢ such
that V,, is time-like. Therefore, X = —g""9,td,t = 1/N>.
“Comparing to eq. (2.1), we see that pu? = ¢1(¢) matches the original cuscuton action.



to the boundary terms for the Einstein-Hilbert and Gauss-Bonnet terms are completely
determined by the geometry [65]. In the continuous limit, this fixes the coefficients ca, ¢y, - - :

flo+A9) — f(d) _ 0f(d)

c2(¢>=AggO Ad =06 (3.9)
o w(o+Ad) —w(d)  dw(d)
C4(¢)_Aéfﬂo Ao T (3.10)

In other words, the even-labelled surface couplings represent the rate of change of the bulk
curvature couplings as we transition from one vacuum to another (in the limit where the sum
becomes continuous). In this sense, the boundary is bookkeeping that something physical
is changing. We shall see that this will play a key role in ensuring, the ECT propagates
only the two tensorial degrees of freedom. The reason is that in the continuous limit, these
boundary contributions act as counterterms to the bulk contributions, effectively eliminating
the terms responsible for propagating the scalar degree of freedom. This will be clarified in
the next section where we will closely examine the structure of the action in (3.5).

Note that the leading volume term, V(¢) describing the cuscuton potential, has no
derivatives and, therefore, no surface term associated with it. Finally, ¢3 accompanies
curvature terms that may live in each brane, which by dimensional analysis should be
included in the effective action, such as R. In the limit of constant couplings, i.e., f = MI%Z,
where Mp; = 1/v/87G is the reduced Planck mass and ¢; = —u?, we recover the leading
cuscuton action in (2.1). It is now evident that the effective action in (3.5) is simply an
extension of (1.1) containing curvature corrections to the volume and the surface terms.

To conclude this section, we have constructed a geometric effective description for the
cuscuton. Given that the original cuscuton theory (with only non-vanishing V' and ¢;, and
constant f) is a subset of the Type II MMG theories [6, 8] or the covariant spatial gravity
theories [13, 14], with only two tensorial degrees of freedom, it is natural to wonder whether
ECT also fits into (either of) these two frameworks. We shall come back to this question in
the next section, where we examine the ADM decomposition of ECT.

4 ADM decomposition of action and EOMs

As we saw in the previous section, the ECT is expressed as an expansion in the powers
of curvature. While it would be desirable to confirm the validity of our conjecture for
arbitrary powers of curvature, the treatment of higher-order curvature invariants can become
increasingly complex and technical. This would divert attention from the main focus of
this manuscript which is to introduce the reader to the geometric construction of the ECT
and outline its main features. While we shall briefly comment on the handling of higher
curvature terms (such as Rgp) and some of the technicalities associated with the elimination
of additional degrees of freedom beyond the two tensorial modes, we leave a more detailed
analysis for future work. As such, for the remainder of this work, we will focus on the
leading-terms in the ECT, namely

@R VX VXK

Seer =& [ dtoy=g|f@)55 + a0 5 +VO) el 5| @)



4.1 ADM decomposition

The action in (4.1) is given in terms of 3- and 4-dimensional objects. Ideally, it is desirable
to express these terms using a consistent framework. To facilitate this, we opt to employ the
ADM formalism [67]. The necessary ingredients of this decomposition are outlined below.

We define the normalisation n“n, = ¢ = —1 where n® is a timelike vector pointing
in the direction of increasing ¢, i.e., n, = €0,¢/vX. The induced metric is given by
g™ = ~42% —nnP and we define the extrinsic curvature Ky, = Vany —neap where Ky = Ky,
is a symmetric tensor and acceleration a, = —nPVyn® = —D,In N = —%. We will often
make use of the identity n*V,n, = 0 and that the extrinsic curvature satisfies the relation

£n7ab = 2Kab- (4.2)

With these definitions, the projections of the 4-D Riemann tensor read (see also [68], albeit
with different conventions)

(4)Rijkl = Ky Kj — Ky K, + (3)Rijkl7 (4.3)

@ Ryijn = " D Ryjp, = DiKj1, — DjKy, (4.4)
1

(4)Rinkn = nfn” (4)iju = —LnK;; + KikKjk + NDiDjN. (4.5)

Next, we use that R,3 = ¢"”"R,.3 and from this, we derive the projections of the 4-
dimensional Ricci tensor:

DRy, = KKy — 2K;"Kjo + Rij — 2 JﬁiN + Lok, (4.6)
@ Rpj = DK, — DK, (4.7)
@ Rpn = —Ki; KV + DD'N LoKi;. (4.8)
Contracting again gives an expression for the Ricci scalar
DR = K K7+ K>+ R — % +2(K — LnK), (4.9)
where
LnKij = NFDyKj + Ky D;N* + K. D;N*, (4.10)

and N' is the shift vector. Finally, in the unitary gauge, i.e. ¢ = ¢(t), we see that under
the ADM decomposition

VX = Lo, (4.11)
where the Lie derivative acting in the direction of n, is defined as

14 1

,10,



with £4¢ = 0;¢ and with our conventions,” we have that Ln¢ = N?0;¢ = 0 so that we can
safely ignore spatial derivatives acting on ¢. Finally, in terms of the ADM variables, the

extrinsic curvature and its trace can be written as follows:

1
Kij = 550y — DiNj — DjNi), (4.13)
. 1 g .
— A K. — 1] L AT
K =19Kij = 5% (7 Oryij — 2D;N ) (4.14)

respectively.

4.2 ADM analysis

Using the ADM definitions, given above, the action in (4.1) can be expressed in the 3 + 1
decomposition as

Spor = A4/d4$Nf’Y[V(¢) + C1(¢)\/AX + J;X@(KabKab +E2+ R
(4.15)
2D°D,N \/YK}

_ DD 2£nK) p—

N A2

The term proportional to D*D,N is independent of the volume form and therefore a total
derivative, while the term proportional to £, K can be integrated by parts to give

VX f(9)

Sgor = A / Az NW[V(@ +e1(9) 5 + 54 (K? - KK + R)

\/YK}
A2 |

(4.16)

2P OVEE — coa(0)

Then, by using (3.10), (4.11) and that with our conventions ¢ = —1, it is straightforward
to show that the last two terms cancel out, leaving

Sgcr = A4/d43? N\FY[V(@ + 01(<Z5)\/Ay + J;qu;)@(z — K K™ + R)] (4.17)
Given that ¢ = ¢(t) and VX = ¢(t)/N in the unitary gauge, the action (4.1) written in the
form (4.17) is nothing but a subset of the minimally-modified gravity theories MMG-II [6, 9]
having the generic form L = NF(K;j, Rij,v",t) + G(Ki;, Rij, v, t). Comparing the two, we
see that the potential and spatial curvature terms, which are coupled to f(¢), appear to be
linear in the lapse N and therefore correspond to the term N F, while the cuscuton term,
which couples to ¢1(¢), is independent of the lapse and therefore corresponds to the term
G. The classification II refers to the fact that these type of modified gravity theories have
no Einstein frame. In [6, 9] it was shown, through Hamiltonian analyses, that this type of
action propagates only two tensorial degrees of freedom.®
We can use the geometric construction of the ECT to obtain some intuition of why this
is the case. Going from (4.16) to (4.17) we found that the contributions from the surface

Here, we have assumed ¢ > 0.
6See sections 3.1 and 3.4 in [6], for a proof of this statement.
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terms, in the geometric picture, act as counterterms, i.e., they induce cancellations such that
the resulting system does not propagate a scalar degree of freedom, but simply leads to a set
of constraint equations. This becomes clearer when examining the equations of motion:

0="V(¢)— f(j)) (K? ~ Keak® = R), (4.18)
0= f(¢)(DK;“ — D;K), (4.19)

0= V(¢)vij + c1(d)V X + f(o) {KKij —2K,"Kj, — G

1 1
—3 K5 — §K2'Yij — Yij Ln K + ﬁnKij:|
+ f(9)Lnd(Kij — Knij), (4.20)

Lng | f'(9) a
\/)»(—FT(KQ—KabK b+ R), (4.21)

where (4.18) is the Hamiltonian constraint, (4.19) is the momentum constraint, (4.20) is the

0=V'(¢) - c1 (@)K

evolution of the spatial metric and (4.21) is the scalar field equation. For brevity, we have
absorbed the scale A within the couplings. Equation (4.20) is not independent; therefore, we
can directly substitute the Hamiltonian constraint (4.18) into the scalar field equation (4.21),
to find a constraint equation:

K= =507 @)+ FoR)]. (1.22)
For a flat FLRW background, the equations of motion read
0=3H?f(¢) = V(9), (4.23)
0= 1(0)(H + 3H?) + H'(0)9 - 31606 - 3V(9), (4.24)
0=3H?f(¢) —3c1(¢p) H+V'(¢). (4.25)

If we add matter into the mix, we find that the second Friedmann equation is indeed
independent. As before, we can substitute the first Friedmann equation into the scalar field
equation to find a constraint equation:

3Vi(¢) _
) 0. (4.26)

Similarly to the case of cuscuton, the ECT field equation in empty flat FLRW reduces to a

V'(¢) = c1(9)

constraint on the functions c1(¢), f(¢), and V(¢), without actually constraining the expansion
history. Therefore, we only expect a sensible cosmology, if we introduce additional matter
that changes the left-hand sides of equations (4.23)—(4.24). In this case, the field ¢ will simply
follow the expansion rate H, through the field equation (4.25).

5 Going beyond leading-order in the effective cuscuton theory

As we discussed earlier, the ECT is an expansion in powers of curvature, allowing one to
incorporate an arbitrary number of higher-derivative terms into the action, accompanied by
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the corresponding counterterms, as prescribed by the geometric picture. Supposing that our
conjecture proves valid, these counterterms should eliminate the propagation of the scalar
degree of freedom at every order, thereby ensuring that the theory retains solely the two
desired tensorial degrees of freedom. As with all EFTS, in practise, the theory is truncated
at a specific order within the perturbative expansion. This is typically decided depending
on two factors: i) the nature of the intended physical application, and ii) the energy range
that our physical experiments can feasibly probe [57].

When extending our EFT beyond the leading order, one possible option would involve
including curvature invariants, such as those discussed in [69, 70]. Unfortunately, not all
boundary terms for curvature invariants have yet been fully explored.” For this reason,
here we choose to work with terms of Lovelock type, such as the Gauss-Bonnet term whose
boundary contributions to the action were previously studied in [66]. As an added bonus,
this choice guarantees second-order equations of motion without the need of performing
field redefinitions, order by order in the preturbative expansion, which is typically the case
with other curvature invariants.

Including the Gauss-Bonnet (ignoring the ¢z term for now), the action (3.5) becomes

Seer = & [ aeNyA[V(o) + o) 55+ 1 (k0 - Kk 4 ®)

+ ‘;X’? (RGB —12K,°K°K K g — gKKacKachd — Ky KK 4 K
1
U KK = SK 16K, K Ry + 2K K R — 2K R (5.1)

+4KPYK“9R 1 pd + 8 DyD,G® + 8K DyD, K + 8K D.DyK* — 8K D, DK

— 16K D (. Dy Ko° + 8K D. DKy, + SKQbEnG“bH :

where we have performed several integrations by parts and used the relation in (3.10) to
cancel out the counterterms. We have defined the following:

Rep = R? — AR R;; + RIMR i, (5.2)
Gij = Rij — %%’jRa (5.3)

and
Aty = 5 (Aw + ), (5.4

is defined as the symmetrized sum for any two tensor indices.
Comparing this to the action in (4.17) and employing the language used in [6, 13], the
action in (5.1) is of the general form

Spor = A4/d4:p N\~F(Kij, Rij, Di,¥", L, t). (5.5)

Tt was recently suggested that they make take the form as in [71].

,13,



We anticipate, the presence of mixed space-time derivatives, (i.e., of the form D;K) will likely
modify the Hamiltonian structure of (5.1) and make it challenging to solve conditions obtained
from Hamiltonian analysis, as discussed in [6, 13]. Certainly, we did not face these issues with
the action in (4.17). Additionally, the presence of the Lie derivative in the last term of (5.1),
namely £,G, introduces complications and a Hamiltonian analysis may not be feasible due
to the mixing of time and spatial partial derivatives of the metric. Fortunately for us, the Lie
derivative drops out at the level of the equations of motion. This can be seen by following the
same procedure as in the previous section. We can extend the constraint equation in (4.22)
to include the contributions from the Gauss-Bonnet term plus counterterms, which reads

1 73
K= — =[5V + FOR+/(0)(B +0)|, (5.6)
c1(e) 12
where
1
B=12K, KKK .q+ gKKaCK“bKCdJrKabK“bKCdKCd —2K2K g K+ §K4, (5.7)
D.D,N D.DN

C'=Rp+8Dy DG +16 == (KoK= KE) 487 (K~ KpK™).  (5.8)

Indeed, we discover that the troublesome Lie derivatives can be eliminated from the constraint
equation. The terms involving spatial covariant derivatives acting on the lapse were initially
removed from the action in (5.1), through repeated integration by parts. However, these terms
have been reintroduced into the equations of motion, as one would expect. Nonetheless, the
eliminations of £,G% from the constraint equation, gives us hope that a proper Hamiltonian
analysis may be possible.?

6 Discussion

In the Introduction, we discussed various approaches to constructing cuscuton-like theories,
which have been demonstrated to be helpful in obtaining theories of modified gravity without
an additional scalar degree of freedom. These could have implications in understanding dark
energy, black holes, or even the cosmological Big Bang. Yet, it is crucial to maintain focus on
the fundamental aspects defining what makes a theory cuscuton-like. This is particularly
intriguing since the cuscuton appears in several places in physics, such as being the IR limit
to Horava-Lifshitz gravity and the UV limit (X > 1) of the (anti-)DBI action [72].

Understanding the fundamental reasons behind a theory being cuscuton-like might hold
the key to discovering something much more profound. This is the motivation of this work,
in which we extended the cuscuton theory through geometric postulates by introducing
curvature corrections to both the volume and the surface terms in the original cuscuton
action. Our assumptions involve a stack of spacelike branes, separated by 4-dimensional
bulks, conjecturing that the cuscuton, initially a discrete field, becomes continuous in the
limit; there are many such transitions.

Analysis of this effective cuscuton theory (ECT), at the quadratic level of the action,
reveals that it is a subset of Type II MMG or covariant spatial gravity theories. These

8We thank Shinji Mukohyama, for bringing this point to our attention.
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are modified gravity theories that propagate only the two tensorial degrees of freedom. We
find that, in the continuous limit, the surface contributions act as “counterterms”, inducing
cancelations that effectively eliminate terms responsible for propagating the scalar degree
of freedom.

This novel approach to constructing cuscuton-like theories serves as the manuscript’s
focus, introducing readers to its main mechanics and features. Detailed treatments of higher-
order curvature terms, such as the Gauss-Bonnet, are deferred to future work, along with the
exploration of underlying symmetries and the stability analysis of this geometric construction.

Finally, the geometric picture for the cuscuton involves a series of subsequent phase
transitions (or quantum tunnelings), which are commonly believed to become quickly non-
perturbative through bubble nucleations and collisions. One may, however, imagine that
there may be an alternative regime in this process that may be “cuscuton-like”, but we shall
refrain from commenting any further at this point, as we enter the realm of pure speculation.
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