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ABSTRACT: Conventional formulation of QED since the 50s works very well for stationary
states and for scattering problems, but with newly arisen challenges from the 80s on, where
real time evolution of particles in a nonequilibrium setting are required, and quantum features
such as coherence, dissipation, correlation and entanglement in a system interacting with its
quantum field environment are sought after, new ways to formulate QED suitable for these
purposes beckon. In this paper we present a linearized effective theory using a Gaussian
wavepacket description of a charged relativistic particle coupled to quantum electromagnetic
fields to study the interplay between single electrons and quantum fields in free space, at a
scale well below the Schwinger limit. The proper values of the regulators in our effective
theory are determined from the data of individual experiments, and will be time-dependent
in the laboratory frame if the single electrons are accelerated. Using this new theoretical tool,
we address the issues of decoherence of flying electrons in free space and the impact of Unruh
effect on the electrons. Our result suggests that vacuum fluctuations may be a major source
of blurring the interference pattern in electron microscopes. For a single electron accelerated
in a uniform electric field, we identify the Unruh effect in the two-point correlators of the
deviations from the electron’s classical trajectory. From our calculations we also bring out
some subtleties, involving the bosonic versus fermionic spectral functions.
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1 Introduction

Quantum electrodynamics (QED) established in the early 50s is admittedly one of the most
successful theories in modern physics. Even in the simplest case of an electron interacting
with the vacuum state of an electromagnetic (EM) field, QED predicts with high accuracy a
wide range of phenomena from the Lamb shift [1-3] to pair production [4—6]. Conventional
formulation of QED works very well for stationary states and for scattering problems [7]. In
those applications it is convenient to calculate the statistics in momentum space to compare
with the experimental or observational data. Dealing with a stationary system at finite
temperatures one can use imaginary time formulation. For scattering problems one can
calculate the transition amplitude from an in state to an out asymptotic state.

1.1 New Challenges and new issues requiring new formulations

New challenges and developments begun in the 80s and 90s called for and empowered new
formulations for more contemporary problems, such as those in relativistic transport, quantum
radiation, and quantum information. If one wishes to follow the evolution of a nonstationary



system in real time, such as in quantum transport problems [8, 9] (e.g., in relativistic heavy
ion collision experiments [10, 11]), the asymptotic out-state cannot be stipulated at will,
because there are no asymptotic out regions at all moments in the evolution that such ‘out’
states can be well-defined. The quantum state at any moment of time ¢ > ¢ is determined by
solving the dynamics. Forcing an in-out treatment on an evolutionary problem will result in
equations of motion which are not real nor causal, see, e.g, [12, 13]. For such problems, one
needs to use the in-in (Schwinger-Keldysh or closed-time-path) formalism [8, 14-16]. The in-in
formalism is also a natural framework for treating nonequilibrium quantum processes [17, 18],
where dissipative mechanisms acquire their real-time physical meanings in a truly statistical
mechanical sense (versus identifying the imaginary parts in the transition amplitudes in
the in-out formulation). We mention radiation reaction, such as in the derivation of the
Lorentz-Abraham-Dirac or the Mino-Sasaki-Tanaka-Quinn-Wald equations [19-21, 23, 24] and
quantum processes in the early universe using the in-in formulation [25] such as cosmological
particle creation [13, 26], noise and fluctuations [27-29] and entropy generation [30-32] as
the representative main-stream problems.

In the 90s with the increasing awareness of the role quantum information concepts and
methodology may play in helping to address the fundamental issues of theoretical physics,
two kinds of quantum processes are of special interest in the study of particle-field interaction
dynamics, namely, decoherence and entanglement. Environment-induced decoherence [33]
relies on a better understanding of the effects of noise, and in the case when the environment
is a quantum field which a quantum system (like the electron) interacts with, a better
understanding of quantum noise. Quantum entanglement is intimately related to quantum
correlations. These provided a strong motive for understanding traditional field theory and
particle physics in an open quantum system perspective or for reformulating them in this
context. We mention this development because correlation, dissipation and decoherence are
indeed the main themes of this work. For a discussion of how these processes, viewed from
the nonequilibrium quantum field theory and open quantum system perspective, are rooted
in and related to each other, see, e.g., [34, 35].

1.2 Particle wavepackets for the treatment of decoherence

Having outlined the different formulations of, and described the new issues in, particle-field
interactions, let us remark briefly on how to construct a theory for a relativistic particle in
motion which can highlight the features of quantum correlations, dissipation (in this case
in the form of radiation reaction) and decoherence with clarity and economy.! Here, the
charged particles are ‘point-like’ in the spirit of classical electrodynamics [19-24, 36, 37], and
the size of the ‘point’ charge corresponds to the minimal width of the quantum mechanical
wavepacket of the particle allowed in our effective theory, which would be of the order of
the electron Compton wavelength [38].

Indeed, our effective theory is designed to be valid well below the Schwinger limit (above
which particle pairs are produced). So far the strongest background EM fields in laboratory

Tn the radiation reaction literature (see e.g., [20] and references in [21, 23, 24]) there are considerable
discussions of extended objects, with point mass or charge as a limit, and the application of effective field
theory [41, 42] in its treatment. Our preference is for conceptual and structural simplicity to facilitate direct
comparisons with experiments, such as the decoherence of single electrons in an electron microscope [43].



are those produced by intense lasers. To our knowledge, the most powerful lasers currently in
the world can at most achieve an intensity of 103 W/cm? (e.g. [39, 40]), which is well below
the Schwinger limit 102 W/cm? [4-6]. This means that the single electrons produced in a
contemporary laboratory, even though in relativistic motion, can be treated as a quantum
mechanical particle whose wavefunction can have single-particle interpretation safely, and the
linear approximation of interaction would be good enough. Note that we are not describing
the collective behavior of an electron beam consisting of a bunch of electrons interacting
with each other. Generalization of our present work to a congruence of particles could be
useful in addressing similar issues in quantum kinetic theory [8].

The effective theory in this paper would be equivalent to those describing point particles
moving in quantum fields in terms of the worldline influence functional formalism from the
semiclassal level to the stochastic limit [e.g. refs. [21, 22] with the quantum state of the
particle’s position (the ‘worldline’) initially Gaussian]. We want to see an electron with
both particle features — a localized object, and wave features — albeit not represented as
a plane wave, as is often assumed in textbooks.? We can distinguish the EM field-induced
decoherence on the particle, and the intrinsic quantum dispersion of the wavepacket present
even without the field as its environment.

1.3 Moving electrons and the Unruh effect

An accelerating single electron interacting with an EM field can be used to address important
properties of the Unruh effect [44] in the sense explained below. In 1976, Unruh showed
that a particle or atom undergoing uniform acceleration in the Minkowski vacuum of a
quantum field will experience vacuum fluctuations with a thermal spectrum. While this
effect can be related to the Sokolov-Ternov effect in QED about the spin depolarization
in storage rings [45, 46], further proposals about the motional degrees of freedom of single
electrons under high acceleration (e.g. [47]) have not offered detailed, complete calculations
in QED yet [22, 48, 49].

1.4 Some special features

The structure of our effective theory bears some resemblance with the Unruh-DeWitt (UD)
harmonic-oscillator (HO) detector theory [44, 50-52], with the internal degrees of freedom of a
UD HO detector replaced by the deviation of the charged particle from its classical trajectory
determined by the classical Euler-Lagrange equations (rather than put in by hand, as in
many UD detector theories.) To discern how our effective theory differs from the conventional
formulation of QED, we mention a few special features below:

a. Linear and Gaussian approximations. Since we are working well below the Schwinger
limit, the nonlinear QED effect should not be significant. This allows us to consider a linearized
quantum theory (although the classical background can be highly nonlinear) with Gaussian
wavepackets of the charged particle centered at the classical trajectory, while the vacuum
state of EM fields is also Gaussian [53]. To justify our use of the Gaussian approximation

2The wavefunction of our quantum mechanical particle is normalizable, unlike the conventional plane waves
in scattering problems. The probability is assumed to be conserved in the range of validity of our effective
theory.



the initial width of the particle wavepacket should be no less than its Compton wavelength
divided by the Lorentz factor of its classical motion [38]. By virtue of the linearity of our
effective theory the quantum state of the combined system if initially Gaussian will always
be Gaussian. Also by virtue of the linearity of our effective theory, our operators after the
coupling is switched on can be expanded as linear combinations of the initial operators,
each initial operator is associated with a time-dependent amplitude of the mode function.
Then we are able to write down the evolution equations for the mode functions, which are
independent of quantum states.

b. Fluctuations, dissipation, and mass renormalization. In their equations of motion,
the particle mode functions are driven by the field mode functions, which can be interpreted
as vacuum fluctuations if the quantum field is initially in the Minkowski vacuum state. Then
the particle mode function will produce something similar to the self field and radiation
reaction in classical electrodynamics. In the point-particle limit, we have to introduce a mass
renormalization on the mode functions of particle to absorb the divergence from that self
field. Then the equations of motion for the mode functions of particle looks similar to the
Lorentz-Abraham-Dirac equation in classical electrodynamics [54-57].

c. Quantum state renormalization. If we assume the particle state and field state are
pure before the particle-field coupling is switched on, then the mass renormalization due to
the particle-field coupling would violate the uncertainty relation at very early times. So we
have to renormalized the quantum state from free theory in order to keep the uncertainty
relation whenever the coupling is on.

d. Time-dependent regulators. To deal with the divergences arising in the mode sum
of the particle-deviation correlators, we introduce two kinds of the regulators. The first kind
of the regulator works like a UV cutoff suppressing the contribution from the field modes
of wavelength shorter than the Compton wavelength with length contraction [38], which
will apparently depend on the coordinate time in the laboratory frame if the speed of the
particle is varying in time. The second kind of the regulators is the cutoff of the coincidence
limit corresponding to the resolution of the experiment in terms of the particle’s proper time,
which can also be time-dependent in the laboratory frame. To derive the Unruh effect for
a uniformly accelerated charged particle, the values of the second kind regulators must be
much greater than the first kind regulator [58]. The values of these regulators are explicitly
present in our final result, just like the case of the Lamb shift in QED [2]. We set the values
of these regulators according to the setting of electron interference experiments in electron
microscopes [43]. With these values our result looks reasonable.

1.5 Key findings and organization

Extracting from the many new results we mention two main findings. One is a direct com-
parison with observations from established electron microscope experiments, identifying the
decoherence of an electron by the EM field it interacts with. The other is a hitherto unknown
novel feature in the theoretical structure of acceleration radiation and the Unruh effect.



a. Evidence of decoherence in electron interference experiments. Comparing our
theoretical results with well-established experiments we found that the purity of a single
electron in the electron interference experiment described in ref. [43] could be close to 1/2 in
the transverse direction when arriving the screen, while the purity was not seriously decreased
during the acceleration stage in the early history of the flying electron. Our result suggests
that vacuum fluctuations may play a major role in blurring the interference pattern in ref. [43].

b. Unruh effect on the motional degrees of freedom. We demonstrated that the
Unruh effect can naturally be identified in the two-point correlators of the particle’s deviation
from its classical trajectory in each direction. The calculated purity of the particle-motion
deviation in the direction of linear acceleration with the consideration of the Unruh effect
decays significantly faster than the results for the particle at rest with the flying time and
regulators replaced by those with time dilation (which corresponds to the condition that the
Unruh effect is artificially removed.) If a photoelectron is born with a highly relativistic
motion and then stopped by a negative voltage, then in the period of deceleration the electron
may behave differently from those with the Unruh effect. Moreover, we found that some
terms in the two-point correlators have a Planck factor corresponding to a fermionic bath
at the Unruh temperature, rather than a bosonic bath that the other terms correspond
to. Thus, one cannot trivially apply the Unruh effect to a system by simply introducing
a bosonic or fermionic environment.

This paper is organized as follows: in section 2 we present our effective theory for a
combined system of a spinless relativistic charged particle and electromagnetic fields, where we
quantize the theory and obtain the counterpart of the LAD equation for the mode functions
in our quantum theory. In section 3, we apply our theory to the case of a single electron
at rest. We solve the mode functions and calculate the regularized symmetric two-point
correlators of the particle, with which we obtain the purity of the particle’s reduced state and
compare our result with the electron-interference experiment in ref. [43]. Then we apply our
theory to the case of a charged particle accelerated in uniform electric fields in section 4. We
show how the Unruh effect emerges in the correlators, and compare our result on quantum
decoherence of single electrons with those in the acceleration stage in ref. [43]. Finally, we
summarize our findings in section 5.

2 Relativistic particle wavepacket interacting with quantum fields

Consider a relativistic particle of mass m, charge ¢, moving along a worldline z*, interacting
with EM fields A*. The dynamics of the combined system is described by the action
S =S, + Sr+ Sp with [36]

dzy d2 | dz do
S, = —me [dr [~ ZEEE — et [an1- 5T (2.1)
dr dr

Sr = q/d4x/d7'cilz:54 [z — 2(7)] Ayu(z)

= /dt [cho(t,z(t)) + qcilz;Ai(t,z(t))] , (2.2)

dtd3z 1 «a 9
_ _ uvo H
SF / : |: 4FHVF 5 (8MA ) :| . (23)



in the SI unit [59]. Here, F},, = 0,A,—0, A, with A* = (®/c, A) where ® and A are the ‘scalar’
and vector potentials, respectively, in the non-relativistic expressions of electromagnetism,
@ is an arbitrary constant, j, = 47 x 1077 N - A=2 is the vacuum permeability, and we are
working in Minkowski spacetime with metric 7,, = diag{—1,1,1,1}. SF is the action of
free EM fields constrained by the Lorenz gauge 0,A4* = 0. S, + S is form-invariant under
a reparametrization of the proper time 7 of the particle, 7 — 7 = 7/(7), implying that
the number of the degrees of freedom of z#(7) is 4 — 1 = 3. To fix this reparametrization
freedom, we choose the Minkowski-time gauge z° = ¢t for the particle and keep z = z/(=1:2:3)
as dynamical variables.

Let 2'(t) = 2°(t)+Z'(t) and A*(t,x) = A"(t,x)+ A*(t,x), where Z'(t) and A¥(t,x) are the
classical solutions satisfying the Euler-Lagrange equations 6.5/62(t) = 0 and §S/5A%(t) = 0
where A% (t) = A*(t,x). Later we will only quantize the deviations from classical solutions,
namely, * and A*. Recall that the vacuum state of EM fields is Gaussian, and in ref. [38],
one can see that the charge density of a Klein-Gordon wavepacket initially Gaussian with
the width greater than O(\,/7), where A, is its Compton wavelength and 7 is the Lorentz
factor of its classical motion, will be approximately a Gaussian function centered around its
classical trajectory for a long time. Thus, it is justified to assume here that in the regime
of our interest the quantum states of 7 and A* are Gaussian, and the evolution of the
combined system can be approximately described by the action expanded about the classical
solutions up to the quadratic order,

S ~ S[z, A] + /dt Lo (2.4)
where
/dtL = /dtdt Z(t )5273 2 () +
2= 52i(t)021 () | £
2 Z 7 ( 5275 AR + Z AV (1) 52—5 ARt
S 52% )0 AL (t) S A x waoy T SAR()0AK) |, ;"

= [0 0 + LY 1R -5 (.4@) ] +

oM
— 1 =0 Ax 21 Ax 27zt AX ~z~ 3 =
q/dt%: [vﬂzaiAﬁzAi + HEO AT+ 51590,0, A ]5 (x —2) (2.5)

with the linear terms of Z and A* vanishing after introducing the Euler-Lagrangian equations.
0= ¢t and so o* = (¢, 7)) = (¢,0:77), ' = 0,3, FW = 8MAV — 8Vflu,

= [d, 7 = (1— 73;?)_%, and

Here we have chosen z

_ 52
M;;(t) = nij + 2 —5 UiVj. (2.6)

The structure of (2.5) is similar to the Unruh-DeWitt detector theory [44, 50|, with the
internal degree of freedom of the detector replaced by the particle-motion deviations ¢(¢)
or their derivatives here.



2.1 Radiation reaction at the classical level

The Euler-Lagrange equations at the classical level read

O [myi(t)| = aF(2(8) 0" (2), (2.7)
Oy F"M(z) + adrd,A¥ (x) = —poqvt (t)6°(x — 2(t)). (2.8)

In the Lorentz gauge 9, A”(z) = 0, eq. (2.8) reduces to

DAL(t) = —pogt” (1)8° (x — 2(t)), (2.9)
with O = 979, = —C%af + V2. One immediately obtains a solution
AR(t) = Al (8) + ARy (1) (2.10)
where f_lﬁ)]x(t) is the external field satisfying Dﬂ_lﬁ)]x = 0, assumed to be regular around
the worldline of the charged particle, and Aﬁ}x<t) is the retarded field sourced from the
charged particle, namely,
A (1) = / cdt’ / B’ s (8, x5, X ) g ()53 (x! — 2(t')) (2.11)

with the retarded Green’s function defined by

1
(02(9,52 — V2> Gret(t, x;t',x") = 0(ct — ct') 63 (x — x'), (2.12)
or formally,
1
Gret(t,x;t' %) = 4—5(0)9(75 —t) (2.13)
7r
with the Synge’s world function o(z,2') = —3(z, — ),)(z# — 2') [68]. The above retarded

Green’s function diverges as #’ — z, implying that the self field established by the charged
particle diverges around the particle as the particle size goes to zero. Following the same
method as in [21, 51], we regularize the retarded Green’s function by a UV cutoff A as

1 /
GA(t,x; ', x') = s /8 p2e-20t0%(wa )o(t — t')0(o), (2.14)
7 T

A

rety W€ get

which approaches G, (t,x;t',x") as A — oo. Replacing the G, in (2.10) by G

~2

7
B B 21 (2) 5
Ap(t) = Ay (0) + o L [(4> A0 - Lpuo () 1O (219

ar Ve

for large A, with
¥ 1
wh = ok + 6—2171,17“ =+ C—ch,,ﬁ“, (2.16)

implying whv,, = 0. In (2.15), there seems to be a A! divergence corresponding to the EM
potential established by a point charge (® ~ r~!) around itself (r — 0). For electrons, however,



the value of the whole coefficient proportional to A! in (2.15) can be very small compared with
the electron mass [see discussions below (2.18)]. After inserting (2.10) with (2.11) and (2.14)
into (2.7), a similar A! term arises in ¢Fj, with the coefficient

Hoa?2iT ()

Adm\/T A,
which can be absorbed by the mass of the charged particle. Then we obtain the Lorentz-
Abraham-Dirac (LAD) equation [54-57],

Moy [70i(t)| = aFl) (2(0) 5% () + Ta(t) + O(A™Y), (2.18)

A

(2.17)

where the bare mass m has been considered as a constant of time,
m=m+ A, (2.19)

is the classical renormalized (or field-corrected) mass with contributions from the self field
proportional to A, and Fy o = @MX? I 8,,/71,[9} is the external EM field strengths. For single
electrons, however, the value of A,, can be very small compared with the electron mass if
we introduce a finite A [see discussions at the end of this section].

In eq. (2.18), the radiation reaction force of order AY (the LAD force) reads

252 =2
B q - Y, .
Fi = MOT/]'(C ng ’UM —+ 2072UP’UP’LU54UN
2
q~po 2 —o (=
— ngwé‘&g REAGTHIE (2.20)

I'; contains the third derivative of particle position, 9;0,0;(t) = % ;(t), which is contributed by
the AS(At)® and A'°(At)? terms in the integral [*__dt' = [°dAt in (2.11) with At =t —¢'.
Up to the LAD force Ty, eq. (2.18) can be directly derived from the LAD equation
parametrized in proper time 7 of the charged particle,
mo-, (1) = ¢Fl% (2) @ + T, + O(A™) (2.21)
with the four-velocity u# (1) = 0,2%(7), by simply replacing 0, by 70;. Here,

2 2
_ q° Lo 2 _ T
r, = ?C“gw’;@?uu = Fcogwff’@ (Y0 (0,.)] - (2.22)

Eq. (2.21) can also be obtained by the same regularization process for (2.18). When comparing
the above results parametrized in ¢ and 7, we have used

At At 7 ANZ L N2

A= [1 LA L, AP (7 (5,07)% + Zﬁ(apm n 5,,@0)) n O(At?’)] (2.23)
with A7t =77 and At =t —t/, and

T 0 0
— / dr’ = / dAT = / —ElA/t

—00 —00 'Y(t)

0 dAt 2, A2 (7. 2oL,
/ [1 + At b - S (7(17,)5[))2 + L@+ ﬁpﬁﬂ)> + O(At3)] ,

(2.24)

Q=1



where, without specifying the argument, ¥ = 5(t) is understood. We find that the ignored
radiation reaction force of order A=! in (2.18) has an extra term to the one in (2.21).
Nevertheless, from the order of A~! on, the result is expected to depend on the shape or
charge distribution of the particle if the particle has been regularized to an extended object,
and also on the form of the regularized retarded Green’s function of the field [37]. Such a
dependence on regularization scheme is negligible in the regime of our interest, and should
not be considered in our effective theory.

Recall that the action for relativistic particles S, in (2.1) is time-reparametrization
invariant. We have chosen the parameter as the Minkowski time in (2.1) (the Minkowski-time
gauge). For what we want here the proper-time gauge is not more convenient than the
Minkowski-time gauge. Indeed, to quantize a theory for relativistic particles in terms of
proper time, one needs to go through the BRST quantization procedure [60], which introduces
ghosts and other complications.

By treating the charged particle quantum-mechanically in our effective theory, we have
implicitly assumed that the probability of finding the charged particle in the Universe is
conserved, i.e., there are no new particles created or any existing particles annihilated. We
expect that our effective theory would break down beyond the charged particle production
scale. Note that in our regularized retarded Green’s function (2.14), we have em2MoP (@) o
e~ A A)Y/2[1 4 O(AT5)], where A1 sets the scale of proper length ¢A7. Thus we choose the
UV cutoff A as the reciprocal of the proper Compton wavelength A~ = h/mc of the particle,
which is reference frame independent. For an electron, ¢ = 1.6 x 107 C, m = 9.1 x 1073! kg,
Ao ~2.4x 10712 m, and so A, &~ 9.1 x 10734 kg ~ 1073m in (2.17), which is a perturbative
correction. Anyway, only the renormalized mass m is supposed to be physically measurable,
while the bare mass m and field correction A,, are not.

2.2 Quantization and counterpart of LAD force at the quantum level

From (2.4), the conjugate momenta of the deviations 7' and Ak read

08

= — mAM,. 3 AZ 4 579 AZ
Di = 50,5~ myM;;Z + q (Al +Z 8]A1> , (2.25)
, ) 1 -
Fio 95 1o (2.26)
70— 05 4, (2.27)
SOAY o
and the Hamiltonian of the quadratic part of S defined on the t-slice is given by
Hy = pi + ¢y (ﬁ;aofl;‘ + ﬁgaofxg) — Ly
MY iz | ska 12\] [ iz | slo A%
- o+ )] 5 -0 (320
2 2
HoC” ~x~i  H0C (~0\? | ~in Aix | =04 Fi 1y 2
Ty, — —— ; A AL + — FXFY
—I-zx:{ 2 Ty Ty 25 <7rx> + i3 0; Ay + Tt O X+4Mo ij x}
usin iz U i iz
—q (v Z'0; A} + - 2% 8¢6jAM) , (2.28)

where M% is the inverse matrix of M;; in (2.6), defined by M¥Mj ), = &i.



In our linearized theory described by the above quadratic Hamiltonian H, [or equivalently,
the quadratic action S = [dtLy in (2.5)], the Hamilton equations (or the Euler-Lagrange
equations) yield

O (mAMy2) = g |FLot + (F0,FL,) o + F23), (2.29)
OuFLY + a0 9, Al = —poqV" 8’ (x — 2), (2.30)

where V¥ = (—c#10;, 5 — v'3109;).
We quantize our linearized theory by promoting the perturbative variables (deviations
from their classical values) #* and A% to the operators 2° and fl;, and introducing the

equal-time commutation relations
8%, p;] = ind’, (2.31)

and
[Al, 7] = ik 8% (x — ). (2.32)
The evolution of the system is governed by the quadratic Hamiltonian H, with all the
deviations O in (2.28) promoted to the operators O. Since our effective theory is linear, the
Heisenberg equations for the operators have the same form as egs. (2.29) and (2.30) while
the deviations there are replaced by the operators.
We assume the charged particle and EM fields are not coupled until the moment ¢ = ¢g.

Then for ¢t < tg, we have ¢ = 0, and eqs. (2.25), (2.29), and (2.30) give

pi = myM;; 27, P =0, (2.33)
0 = 9, F1 + 9”9, AL, (2.34)

where 27 and A% are operators. Thus, before the coupling is switched on, p; are independent
of time, and the time dependence of the deviation from the classical worldline of the particle,
A o t ()

2'(t) = 2(to) +pj | dt —=

! o my(t)

(2.35)

with a constant ¢y < ¢y, is purely from the coefficients of p,.
As for EM fields, following the canonical quantization in the Lorentz-Feynman gauge
(@ = 1) [7], we write

A —iwt+ik-x 7(A % wt—ik-x 2 (A
A (8 = D037 [y ee R el et ikex T (2.36)
k

A=0
Pk | h
Zk:E / 2\ 2 (2.37)

with vacuum permittivity e, = (poc?) ! ~ 8.85 x 10712C2 . N~1 . m~2 and

for t < tg, with w = |k|e,

B 0071 = (2m) PV 08 (ke — k). (2.38)

,10,



Here eé‘o)k = 6} is the unit temporal vector in the ¢ direction, 6?3)1( = (0,k/|k]) is the longitudi-
nal unit vector, and 671)1( and 6?2)1( are the two orthonormal polarization vectors perpendicular

to 6’{3)1( and e’{o)k. Following the Gupta-Bleuler formalism, we will adopt the physical states
|Uphys) of EM fields in the Lorentz gauge as those satisfying ((A)l(co) — l;l(j)> |¥phys) = 0 [7]. Note
that the Minkowski vacuum state |0,,) of EM fields is a physical state.

For t > ty, the particle-field interaction has been switched on. One can write

3

> [2Lwd + 2 (0p] + 23: [Zh®8 + 25051, (2.39)
k X=0

.
—_

3 3
= 3 [ 622 + AL (13085] + 30D [A it 0B + AL (1,208, (2.40)
k

A=

<.
—
o

and the conjugate momenta

pi(t) = mAMy (£ (1) + q | A7 (1) + 270,470 (1)) , (241)
A1) = L o
0 = LB (242)
#0(t) = 8, AL (1), (2.43)
HoC

from (2.25)—(2.27). Here and below, 29 = 27(ty), p; = p;(to) and 31((’\) = IA)I(( )( to) for some
to < to [see (2.35)] are understood, and we set tg — to— for simplicity.

Compare (2.39) and (2.40) with the free operators (2.35) and (2.36), one can read off
the free mode functions as

- : : toMi(T) .
010 () = 95 Zlop () = - zi — 2.44
o2 (1) =5 o, (7 /zo WD) o) =0, (2.44)
and
—twt+ik-x
A%]zﬂ Aﬁ)}pj =0, -Aﬁ)]()\)k(t, X) = 66)1{6 o+ . (2,45)

Before the coupling is switched on (¢ < ty), one has Z}(t) = Z[io]Q(t) and Af (¢, x) = Aﬁ)m(t, X)
labeled by the collective index Q = (27, p;, (\)k).

Applying the commutation relations (2.31) and (2.32) to the Heisenberg equations, one
can see that the evolution equations for the mode functions are again in the same form
as the Euler-Lagrange equations of the deviations egs. (2.29) and (2.30) after the coupling
is switched on, namely,

O (MM 23) = q| Fay,o" + 2 (0, FL) 0" + F3 2| (2.46)
OuFb” (t,x) + a0’ 0, AL (t,x) = —ueqVs® (x — 7), (2.47)

by virtue of the linearity of our quadratic Hamiltonian H,. Here ng = 0, A — 9,A2,
VY(t) = —c2h0;,  Vi(t) = 8,2 — v 200;. (2.48)

Note that, for simplicity, we assume that the particle-field coupling in the classical equa-
tions (2.7), (2.8), and (2.18) has been switched on at past infinity without runaways. This
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would allow us to use the simple classical trajectory of a uniformly accelerated charge in
our discussion of the Unruh effect in section 4.

In the Lorentz-Feynman gauge o = 1, (2.47) can be written as
CLAB(t, %) = —uogVA(H)5° (x — 2(1)), (2.49)

where the four components = 0,1, 2,3 decouple, similar to the classical equation (2.9). Note
that here we cannot impose the condition 8,,.4f, = 0 analogous to the Lorentz gauge (9MA“ =0
at the classical level, otherwise from (2.40) we will have 8,%1“ = 0, which is inconsistent
with the commutation relation (2.32) for v = 0.

Eq. (2.49) has a general solution similar to (2.10), reading

Aq(t,x) = Afgo(t, %) + Al (8, %), (2.50)
where -
Al (%) = pog / cdt’ / P’ Grer(t,x; 1, XYV (X — 2(¢)). (2.51)
t()

Using the same regularization and renormalization as those in section 2.1, we obtain

.
q {Wf}g] (t,i(t)) y zéajpifl (1,2) + By (L2)0 2, )+ 0(A7Y),  (2.52)

for t —t, > (cA)~!. Here,
3 i 274
or; j -y
——— 0} Z) =
Z o (opzi) t 0 Fosres

n=1

2
{362 M0} 2 +2

ok vkn” + <17,- + 21217]{771@@) ﬁj] 8?232

L k= V(s \? 1
§U Vg5 + 2 (v vk> N+ 5

2
* 3

=2
Tt 28T+ D gk, 50,
() 3 1¥] 302 (2]

. 7 ~2 2
+0;05 + 0—21) Uk (40,0 + 20;05) + 6 (cvkvk> 0;0;

atzg'l} , (2.53)

and the renormalized mass m is the same as (2.19) for the classical LAD equation (2.18).
Expanding the canonical momentum of the particle (2.41) in the same way as (2.39),
we have

3 3
D) =Y [PLMF + P (05;] + D07 [Pl b + Piuc®b'| - (2.54)
k

j=1 A=0

Before the coupling is switched on, one has

Plojs (t) = 0, Plogp. (8) =", Plojoyk®) =0, (2.55)



from (2.44) and (2.33). When t > t,, the mode functions Pf, become

PEt) = myMy () 2 (1) + a| AR (1, 2(0)) + 210, AF(1)]

= My 9,2 + o [N (1, 2(0) + Z5(1)0; A7 (1)
~4

el (P o zi\ Ve o -1
_MOE O CjMijatZQ +ijivjatZQ +0(A™) (2.56)

with the self fields of A% (¢, x) and A% (t) around the position of the charged particle x — z
from (2.51) and (2.15), respectively, inserted. Here

m' =m+ 20, =m+ Ap, (2.57)

in which a physically non-measurable parameter A,, defined in (2.17) is explicitly present.
This may not be a problem. Since (2.56) contains .A,LQ, which is gauge dependent, the canonical
momentum of the particle itself would not be physically measurable.

3 Wavepacket of charged particle at rest

Consider a charged particle situated at rest in the Minkowski vacuum with zero background
fields F[g]” = 0. Let the particle’s worldline be z#(t) = (ct,0,0,0). Then its four velocity is
" = (¢,0,0,0), which yields Mij = 1;; from (2.6), and so eq. (2.52) reads

MR ZX(t) = qeFig (1, 0) + smd Z2(t) + O(A™Y) (3.1)
after the particle-field coupling is switched on at t = ¢y, and let {5 = 0 for simplicity. Here
the small parameter s is defined as

_ q2u0

= 3.2
6mem (3.2)

with unit of time. For electrons, the time scale s ~ 6.3 x 107245 corresponds to a length scale
sc = 2r9/3, where g = ¢?/(4meymec?) ~ 2.8x 10715 m is the classical electron radius. When we
apply our effective theory to electrons at rest, the length resolution ~ A~™! = \¢ ~ 2.4 x 10712
m is much greater than 7y and sc, namely, s < 1/(cA) =t ~ 8.1 x 107%! s (the electron
Compton time). Note that the regularization-scheme-dependent O(A~!) terms in (2.52)
are those with ms/(cA) times the fourth proper-time derivatives of Zgz or some product of
lower derivatives of Zsj) and z* having the same dimensions. In the approximations with
the O(A~!) terms in (3.1) neglected, therefore, the ms? terms should also be negligible [61].
In other words, the s/(cA)-, s%-, and higher-order corrections to the mode functions will

be neglected in this paper.

3.1 Mode functions

The third-derivative term in eq. (3.1) will produce unphysical self-accelerating solutions

in the absence of ‘external force’ qcﬁg]g(t, 0). To avoid those runaway solutions, assume
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that in (3.1), smdPZ{ is always a small correction to the other terms. Then inserting
moFZ(t) = qcF[O]Q(t, 0)+O(ms) to the quantum LAD force s0; {m@fZﬂ in (3.1), we obtain

md2Z5(t) = qe (1 + 50 )]:[O]Q(t 0) + O(ms/(cA), ms?) (3.3)

which is the counterpart of the Landau-Lifshitz (LL) equation [62], now at the quantum
level. The difference between (3.3) and (3.1) are beyond O(A~!) and so negligible here [61].
Solutions to (3.3) for t > to with O(A~!) neglected can be formally written as

z%):z}om(twi tde(t,f)qc(l—l—s@)}'[o]Q( 0), (3.4)

] m Ji

where mZJ[Om(t) ~ C + C't with constants C' and C from homogeneous solutions, and the
evolution kernel

K(tt)=t—1 (3.5)

is the solution to 0?K(t,f) = 0 satisfying the boundary conditions K (#,£) = 0 and
OK(t,t) = 1.
From eq. (2.45), we have

Olk ok olk
F ot x) = AR5 (t%) = QA (£ ) (3.6)
= &, (3.7)
where
. w W .

and F; 0]2F _ .7-"3[-?)]1)1 = (0. Assume that the transient during the switching-on of the particle-field
1nteract10n and the minimal time scale (cA)~! of the quantum LAD or LL equation does not
change the form of the mode functions. Then, after inserting the above .7-"][-(0)}Q into eq. (3.3)
and matching the initial condition to the free mode functions (2.44) at t =ty = o, we find

zl, = %55,, Z;J, == (t — o), (3.9)
and
ZgA)k = %8( 3 o (L= isw) fu(t, to) (3.10)
with
Fult, to) = dtK(t f)e wlewe/2
to
1 . , i
_ o —we/2 | & —iwt  —dwto) Y —iwtoy
_ . { (et = i) = Loty )| (3.11)

which goes to (t —t0)?/2 as w — 0. Here we have introduced a regulator ce > 0 to suppress
the contribution from short-wavelength fluctuations of EM fields to the correlators, which
will be calculated below.

— 14 —



3.2 Particle correlators

Suppose at ¢ = top = 0 the initial state of the combined system is p! = pI ® pl, which is a
direct product of a Gaussian state pl of the charged particle and the Minkowski vacuum
state pI = [0,,)(0,,| of EM fields. Then, by virtue of the linearity of our effective theory,
the symmetrized two-point correlators of the renormalized charged particle’s deviation from
classical trajectory split into two parts, which are labeled as P-part and F-part:?

(E(1), 27 () = Tr [p* {27(1), 57 ()} = (1), 77 ) p + (F (), 57 (), (312)

where {A, B} = $(AB + BA), under the expansion of 27(t) given in (2.39). The P-part

()27 0)p =T |pE Y {(2L0)2' + 2, 0)mr) , (22, 02" + 2] (pr) |

INY
_ Z{ Al Al’ ZJ )Z l,(t)+<]§l Al> Zj (t )Zpll,(t) +
L

(5 ) 22020, (0) + (8,2 ) 20 (0) 27, (1) (3.13)

with <@l, @l’>1 =Ty {p}){(f)l, @l/}} depends on the initial state of the particle pI only, and
the F-part

TR . 1/ i jx SRV

E 0,5 0)p = im 3 5 (2O 2000t + 20 ) 20 ) 04 BB 04)

’ (3.14)

depends on the initial state of the field pI only. In (3.14), 3=, has been defined in (2.37),
and <0M|IA)8)IA)8,)T]0M) = (27)3nMVAN)§8(k — K') from (2.38).

Substituting the mode functions Z}, obtained in section 3.1 to the above expressions,
we can calculate the two-point correlators up to O(s). For example, the F-part of the
particle-motion deviation correlator is formally

; i1 d3k d3K'
59 (1), 57 = 1 5 .
(&), 27 ) t’lgat 2we / 2w €0 %

B (Z( Wk ()Z&f)k/( )+Z{) ()220 (1) 27PNV 6% (e — 1)

h w? dw 27 i
_ ey w® dw .
27, Re t’linﬂ,/[) = 2wc/ dap/o df sin 6 x

& j & i’ % . %
%58”0 (1 — isw) fult, to) L Cen (L isw) f3(, 1) (3.15)

from (3.10). Since 6{0)k = 5(% = 0, one can see that

3 3
(A) !y N / ..
’ ] = Z n* (A)k Z k6 Nk = . (3.16)
AN=0 A=1

3The ‘P-part’ and ‘F-part’ correlators are the counterparts of the ‘a-part’ and ‘v-part’ correlators, respec-
tively, in [51] and our series of papers on the Unruh-DeWitt detectors afterward.
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From (3.8), one further has

; 2
)7 i % w )7 k % w . .
51(( )]oefA)k — ?77“ : 51({ )]og(A)JO =3 R (3.17)
and so
2m T 2
. N ok BTw S
/0 ds@/o A0 sin0ET 0 EQy o = 52T (3.18)

where k = (“sinf cos p, 2 sinfsin g, ¢ cosf) = “€3). Thus,

: , ha?nid’ 00
(E(), 5 ) p = —LT" i lim Re / dww® (14 8%0%) fult, o) f5(1 1), (3.19)
0

672c3eym? vt t)—to

where we have distinguished the lower limits of the time integrations, namely, tg in f, and
to in f3, to control the divergence.

3.2.1 Coincidence limit

In the Unruh-DeWitt detector theory, the coincidence limits ¢ — ¢t and ¢, — ¢y produce
logarithmic divergences in the two-point correlators [51, 52, 58]. Similar divergences arise
here. For example, inserting (3.11) to (3.19), (2%(t), 27 (t)) » will have a term proportional to

i lm [ W [6_w[e+i(t_t')] | emwlemilty—to)] _ p—wlerilt—ty)] _ g—wle—i(t'~to)]
t—tti—to Jo W

— lim lim [Ei(w[e it — t’)]) + Ei(w[e —i(ty — to>])

~Ei(wle +i(t — t9)]) — Ei(wle — i(t' ~ to)] ) Eozo+
= T am, [In |wo(e + i€1)| + In wo(e — i€o)|
—In Jun e + i(t — to — e0)]| — In o [e — it — to — )] | (3.20)

contributed by the w™2 terms in (3.11). Here wy is a constant with the unit of frequency,
e;1 =t —t and ey = t{, — tp are the minimal time scales that the observer can resolve for
the observation time and the initial time, respectively, in the history of the charged particle
(t —to > €o + €1 here and below.) Ei(z) = [ dy (e¥/y) is the exponential integral function
with the asymptotic behaviors Ei(z) = 7, + In|z| +  + O(2?) as |x| — 0 with the Euler’s
constant 7, ~ 0.577216, and e *Ei(zr) = 27! + 272 + O(273) as |z| > 1.

In appendix A of ref. [58], we learned that one should take € < €1, €y to get the results
with desired properties. There, the regulator € should go to zero before further calculations
with €1 are done, and so we interpret € as a ‘mathematical’ cutoff in [58]. And here, following
the argument by Bethe [2, 3] in his calculation for the Lamb shift, we set € as the electron
Compton time tc such that ce = A, for electrons at rest. Suppose € < €1, €9 really holds,
then the time-independent part in (3.20) becomes approximately — Inwge; — Inwpeg, which
looks like logarithmic divergences as wpeg, woer — 0. Nevertheless, the finite values of ¢y and
€1 would depend on experimental settings described below.
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3.2.2 The regulators

In ref. [43], Tonomura et al. demonstrated in their experiment that a train of coherent single
electrons can gradually form an interference pattern after passing through a biprism. While
our wavepacket for a charged particle at rest in vacuum would not form any interference fringes
since our wavepacket is neither for a moving particle (we have the longitudinal wavevector
ky = 0) nor for a superposition of two quantum states moving in non-parallel directions (we
have transverse wavevector ko = kg = 0), the coherent lengths in transverse and longitudinal
directions in ref. [43] can still help us to choose reasonable values for the regulators €p and €.

Due to the thermal and quantum fluctuations of the cathode, electrons just emitted
by a field-emission electron gun (FEG) operating at room temperature typically have an
energy spread AE ~ 0.3eV [63]. This implies an uncertainty At ~ h/AE ~ 1.4 x 107 s
of time tagging to the history (or the characteristic longitudinal coherence time [64]) of an
emitted electron. The same energy spread also corresponds to the longitudinal coherent
length Az, ~ vAt ~ 1.7 x 1075 m [64], which is close to the value of the longitudinal
coherence length 1 ym (corresponding to AE =~ 0.5eV) given in refs. [43, 65] as the width
of the electron wavepacket in the longitudinal direction.

The time resolution of single electron detectors can reach the order of 0.1 ns (e.g.
TimePix4 [66]), yet this is still much greater than the time scale of At. Considering At as the
ultimate time resolution in this experiment, and the single electron here is at rest (or in non-
relativistic motion in electron microscopes), let us set ¢y ~ e; = At = 1.4 x 1074 s* which is
indeed much greater than € = ¢, ~ 8.1 x 10~2!s. This fits our assumption learned from [58].

If the particle-field coupling is switched on at the initial moment tg, the w™! term in (3.11)
will produce a t?>-dependent term in the leading-order F-part correlator (3.19) as

MRe lim lim (¢ — to) (¢ — t)) / ™ weleico)
6m2c3eym? vt —to 0 " Jo

2
~— jj/Rei(t —to)

— (e —i€p)? (3:21)

for charged particles from (3.19) and (3.2) (note that pye, = ¢=2). When €y > ¢, the above
term will be negative. One may worry whether it would dominate over the t>-term in the
P-part of the particle-motion deviation correlator,
(#0).5 O)p ~ LN ¢ g2 (3.22)
[inserting (3.9) into (3.13).] If so, one would have a growing negative value of (27(t), 27'(t))
at late times, which is not a non-adiabatic transient only. Fortunately, with the values of
regulators we used earlier in this section, the negative (3.21) is just a small correction to
the positive (t — tg)? term in (3.22).
Indeed, since we have ey >> ¢, the value of the coefficient of (t — tg)? term in (3.21)
would be Cr = Rehs/[rm(e — ieg)?] ~ —hs/(mme3) ~ —1.18m?/s2. On the other hand,
according to [63], an electron wavepacket emitted by a FEG and moving in the x! direction

4For accelerated single electrons in relativistic motion, the condition €y & €; may not hold; see section 4.2.
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can be considered to have an initial width [( 223, 2 &~ 5 nm in the transverse directions,
T = 2,3, where <zT>I will be defined in (3.51). Then the coefficient of (¢ — to)? term in (3.22)
would have the value Cp = (p3);/m? = (2)* [h2/(4m?(23) ) + Sy yCF|] ~ 1.3 x 108 m?/s?
from (3.52) and (3.50) with €; ~ ¢y and m’ ~ m, and so Cp + C’F is positive.

In the longitudinal direction, the initial width of the wavepacket [(22); ]1/ ~ 1.7 pm
as mentioned gives Cp ~ 1.2 x 103 m?/s?, which is still much greater than |Cg| for ¢y ~
1.4 x 107s. So Cp + Cr keeps positive, too.

3.2.3 Regularized correlators of particle-motion deviations

With the regulators, (3.19) and (3.11) yield

(&), 27 () p = hsn,jj/ Re {111 [(77 _(60 —i)—etio]

™ €0 +i€) (€1 — i€)

€0+ € — €y — € — €y — €

otea =€ .1777(77 0 21)+O( 2)} (3.23)
€0+te N—€+ie n—e€— i€ (€0 + i€)

with n =t — to [cf. (3.20) and (3.21)]. Here we require that ¢ is no less than tg + €9 + €1, due
to the uncertainty of time-tagging to the history of the charged particle.

The P-part correlators (3.13) can be obtained straightforwardly. Suppose our initial
state has (37,57'); = 0, then (3.9) and (3.13) yield

2 i il
A~ ~q! m ~7 ~d! <p]7p]>
(F(1), 27 (t)p = 2 (87,2 )1 + 71772

after the n” — n limit is taken. Summing up (3.23) and (3.24), we get the symmetrized

(3.24)

two-point correlator of particle-motion deviation for n > €] &= ¢g > € > s,
2
(590, 9 () ~ T 5y + P e
m

h 2 2
=i [1 77—77+(61+1)”+61—1

O(s*).  (3.25
m™m €0€1 6% €0 €0 €0 + (8) ( )

3.2.4 Correlators with canonical momentum of the particle

The symmetrized two-point correlators of the renormalized charged particle’s canonical
momentum from (2.41) is
(), 57 (1) = Tr [ {87(8), 27 (0} = @ (1), 5 0)p + (D (0,5 ())p,  (3.26)

where

-/

(), ()p =

Z{( B2+ P (O, (P (1)2" +P§;/(t)p,,)}]
[
= > [N PLOPL 1) + (65 W PLOPL (1) +

Ly

(5" P]l( VP2 () + (8 20 PP (8] (3:27)

p

@ ()9 (0)p = lim > 5 [P{A)k(t)P{;)k/(t') +7>g‘k)k(t/)7>g;)k,(t)] (04,1650 10,,).

/
vt g

(3.28)
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From (2.56), the particle at rest has the momentum mode functions
. . 3 , 4
Ph(t) = maZh(t) - Ssmd} Zh(t) + g A (¢, 0) (3.29)

with Ag}j(t,O) given by (2.45). From (3.9) and (3.10), 736 read
—

J J _mi
P =0, Py, = =", (3.30)

and y ;
‘ 4 ; mog 3 j —iwt  —we
7’6)1{ = ch(kA)Jo(l — isw) {mfw - st“} + qﬁf,\)ke temwe/2, (3.31)

Substituting the above mode functions sz to (3.27) and (3.28), with (3.16)—(3.18), the closed

form of (7 (t),’ (t)) up to O(s) can be obtained by the same techniques for (27(t), 27’ (t)).
The F-part of the particle-momentum correlator reads

W07 ) = Re [ mw{ ™ o )

3m’ —we iwt! . —iwt fx 3 iw(t—t')—we
4 I e l2 [ie fo(t) — i ()] + el —I—O(s)}

_ B e [m'r[_ L SR 1 N 1 }
I T (e, —i€)2  (ep+i€)?  (n—ey—ie)?  (n—e +ie)?

m
3m/ [ 1 1 1 1 }

+ - - - + - - -
om (6 — e (—et i) | (et i) (e i0)?
31 )

s - .32
2(61_1.6)2+0<s>}, (3.32)

where the O(s!) corrections in the curly brackets cancel out. At late times (7 =t —tg > ¢y ~
€1 > €), from (3.30), (3.27), and (3.32), one has the corrected particle-momentum correlator

<mwﬂm>{’fww>+m%ﬂlVﬂ%i+@+“iik(m@

m €l € me; 2t

and at the ‘initial’ moment nn =t — ty &~ €y + €1 > € for the observer, one has

<ﬁ%+qm¢%»x['rmWﬂh+%”%”fﬂ(§—E)—2] (3.34)

m \€f € €1

It is also straightforward to obtain the correlators

i

(), 27 (1)) = (B (1), 27 (D) p + (B (1), 27 () (3.35)

of the particle momentum and deviation with

D), () = 3 [(8L 2 WPLOZT () + (5 ) P (020 (1)

LU

+(E BN PLOZ, () + ¢ 2 0 PL 20 ()] (3.36)
. . 2 . .,
(), 5 (#)) p = WIZO&RG /0 wdwe¢ /0 dip /O a6 sing PV (237 (1), (3.37)
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After some algebra, we find

G0, W) = Re{ [ 1 1

—+ —+ — = .
m € —1€  €yt+1E N —€—1E N —€ F1€

+Hor= =) (=i + e 7))
e P e a8 RN CTE0) MRS

€, —ie n—eg—ie (n—e—ie)?

which vanishes at the ‘initial’ moment 1 = ¢, + €¢;. The O(s) corrections in the above braced
brackets cancel out again. Suppose initially (p/, éj/)l = 0, then at late times (1 > €, €1),

(), 7 () — [mejh + %nﬁ' (—613 + 0(32))] ﬁﬁjn. (3.39)

The contribution from the F-part of the correlator is negative and proportional to 1/€3
in the above result.

3.3 Quantum coherence of particle state

The reduced state of the charged particle can be obtained by tracing out the field degrees
of freedom in the quantum state of the combined system. In the presence of particle-field
coupling, the reduced state of the charged particle is a mixed state. For Gaussian states of a
single charged particle considered in this paper, the purity, von Neumann entropy, and the
effective temperature of it can be computed using the uncertainty function [52]

U(T) = /|det C| (3.40)

where C is the 6 x 6 covariance matrix

oo (@i(r),ﬁm» < i<T>,ﬁj<T>>> _ (3.41)

(pi(7), (7)) (£'(7),27(7))

The purity of the reduced state of the particle then reads

p- (2 (3.42)

Since one can always diagonalize the particle sector of the quadratic Hamiltonian (2.28)
and the Gaussian states of the particle |z;) simultaneously, without loss of generality, we con-
sider the cases where the three degrees of freedom of the particle motion are decoupled. Assume
(0;,0)1 = Tr [pl{@i(fo), @3(7?0)}} oc 15 for O, 0" = z,p. Then, after the particle-field cou-
pling has been switched on, one still has (O;(t), @; () = (Oi(t), @;(t)>p+<@¢(t), @; () p x nij
from (3.25), (3.33), and (3.39) for the particle at rest. Thus,

U= ﬁ i, (3.43)
=1

where

ui(t) = (2i(t), 2i(8))(Di(1), Di(t)) — (2i (), i () (Pi(2), 2i(2)) (3.44)
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for each i« = 1,2,3 (no sum). To evaluate the quantum coherence of a particle, one may
perform interference experiments separately in different directions or independent degrees
of freedom. To compare with experimental results, it would be convenient to define the
purity for a single, independent degree of freedom as

12

whence the purity of the system is P = H?:l P;. For a general covariant matrix C, the

P; (3.45)

values of |/u; and P; could be taken after the covariant matrix is transformed into three
2 x 2 blocks of independent degrees of freedom, though their connection with experimental
results may become indirect.

Right before the particle-field coupling is switched on, one has

wilty) = (27)1 (7)1 — (20 D)1 (D, 21 (3.46)

for £y — ty— from (3.12), (3.26), and (3.35) with (2.44), (2.55). If we assume that the particle
at that time was in a pure state, the condition

2
E - ()’ = (5) (3.47

for each i would be introduced to give P = 1 initially. Around the ‘initial’ moment for the
observer 1 & €y + €] after the coupling is switched on, however, one has (27(t), 27 (t)) ~
%(,éj,éjlh from (3.23) and (3.24). Together with (3.34), we would have

2 — /N 2 _
m 22 m 9 3hsm
i~ S 2 e i /T ) 4
if €o ~ €1, and (P’ (t), 27’ (t)) is vanishing at that moment. Suppose (p;, 2;); = 0, which implies
(22); (p?); = h*/4. Then (3.48) becomes

m2m'? W2 3hsmm? (82);

R — = S— A4
i mt 4 2r m? €’ (3.49)
where % =[1- (Am/m)2]2 < 1 in the first term, and the second term in (3.49) is

negative. Thus, the u; in (3.49) must be less than h%/4, indicating that the reduced state of
the particle with these parameter values would be unphysical.

To avoid this, we noticed that the bare correlators (£2); and (p?); are not physically
measurable. Also, since FEGs produce single electrons via quantum tunneling, which is a
purely quantum effect, it is reasonable to assume that the electron just emitted by a FEG is
in a nearly pure state. Even if we put in an artificial switching function for the particle-field
interaction in our description, the non-adiabatic effect during the period of switching-on, if
any, should not hurt the purity significantly. For this reason, we assign u; = h2/4 in (3.48) at
the ‘initial’ moment n =t — ty = €g + €1 = 2¢g right after the first appearance of the single
electron. In other words, we renormalize the quantum state such that

(3.50)
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with

o= (alth + 0.2 (8) ~ (32 .51
— : m'? 3hsm
()1 = ity +€1),0'(t0)) = —5 - ome (3.52)

and <2?)I is supposed to be physically measurable in experiments. We will not ask whether

the bare quantum state of an electron satisfies (22); (p?); = h?/4, or equivalently, whether the

electrons before the particle-field coupling is switched-on was in a pure state or in a mixed state.
At late times (n > €y = €1), (3.25), (3.33), and (3.39) yield

hsm! (3 m\ | = h 2
uiz”;(_”f)[@ﬁS(lnuz(mmﬂ_l)

me; \2  m m €0€1 €5 €0

) + hsm (3 m?
Pil T 2¢2 m2e3

+

€€l €} 0
hs (3 m'\ n?
amm’ \2 m e%

For electrons at rest, A, ~ 1073m and so m’/m ~ 1+ O(1073). One can see that the above

__ h. 2
[(23>1+‘f <ln”+"2(eo+q)+zl— 1) +

(3.53)

u; will never be less than (22);(p?); for n > €.
Since 1 > € > € > s at late times, the n?/e2 term in (3.53) dominates over the (In A

€p€L

[— 1
+++) term. Suppose the initial width of the wavepacket ((£2);)2 < y/hme?/(2sm) ~ 75 pm
such that (p2); = h2/(4(22);) > hsm/(2me}) and so the first line of the right-hand-side
of (3.53) is small compared to the other terms for m’ ~ m and €; ~ ¢y. Then (3.53) can

w (@t (o= )] [0+ o] (3.5

2¢2 €l ! 2me2m

be reduced to

since m’ ~ m. The purity in the z° direction, P; in (3.45), drops from 1 significantly when
the 1 term in the above u; becomes comparable with the first term (22);, namely, when
n*hs/(2metm) ~ (£2);. Accordingly, we estimate the decoherence time in this direction as

c 6rme? [ —
T =/ - L/ (22)y, (3.55)

which is proportional to the initial width of the electron wavepacket in the z* direction,
(<2i2>1)1/2. At =t—ty =T, we have P; ~ 1/2.
Now we apply our formula to the electron interference experiment in ref. [43]. According

to [43], the distance from the source to the screen in their electron microscope is about 1.5
m, and in most of the journey the single electrons are approximately in inertial motion. The
coherent electrons tunneling out of the FEG are accelerated to a speed v ~ 50keV = 1.2 x 103
m/s ~ 0.4c, corresponding to a de Broglie wavelength 5.4 x 107'2 m and a flying time
tp ~ 1.2 x 107%s from the source to the image plane. At the speed v, an electron’s Lorentz
factor y(tp) = 1/4/1 —v?/c? is about 1.1 only, and so the electron’s time dilation is not
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significant for laboratory observers. Since the interference pattern does form on the image
plane, the electron wavepacket in [43] must have sufficiently high quantum coherence. This
means that its purity must still be of order 1 after flying for ¢, and the short acceleration
stage at early times as well as the passages through the electron lenses should not have too
much impact on the electrons’ coherence.

The diameter of the virtual source of a FEG applied in ref. [43] is about 5 nm [63, 65], so
we set the initial width of the wavepacket in the transverse directions (<2>I)1/ ?=5x%x107°
m (T = 2 or 3), which is well above A\,/7(t)) ~ 2.2 x 1072 m and justifies our Gaussian-
wavepacket approximation [38]. At the same time we set (p;, 2;); = 0 for simplicity. These
lead to a transverse spreading rate of the wavepacket v’ = m_l((ﬁi%h)lﬂ ~ 1.2 x 10* m/s.
From (3.13) with (3.9) inserted, we find (2T(t), 2T (tz)) &~ (141 um)? when the wavepacket
is arriving at the image plane. This is consistent with the transverse coherence length of
electrons, 140 pum at the screen, given in [43].

Inserting these parameter values as well as those mentioned in section 3.2.2 to the
formula (3.53) and then (3.45), we find that the purity in the transverse directions for an
electron wavepacket around the image plane is about®

h
Pr=— — ~04T. (3.56)

2\fur(tp)

It turns out that the flying time ¢ here is quite close to the decoherence time Tde ~ 1.13 x
10785 estimated by (3.55). The above result suggests that quantum decoherence by vacuum
fluctuations of EM fields may be a major source of the blurring in the interference pattern
reported in ref. [43]. For a slightly larger initial width, we get a slightly better purity which
would still be compatible with the contrast of the interference pattern measured in ref. [43].

In the longitudinal direction, almost all the parameters are the same except that the
initial width of the wavepacket is now ((2%>I)1/ > = 1.7 x 10~% m, which is much greater than

( (g)l)l/ ? and Ao /7 (ty) but much less than 75um so that our Gaussian approximation and
the approximated formula (3.54) are still good. We get

h

P,

5 ~ 0.9995, (3.57)

5

and then the purity of the single electron wavepacket centered around the image plane of the
electron microscope in [43] is P = P1PaP3 =~ 0.9995 x (0.47)% ~ 0.22.

If we have a larger time-tagging uncertainty (or a lower time resolution) for the history
of electrons in the experiment, corresponding to larger values for the regulators €; and ¢
(or a smaller value of energy uncertainty AFE for the electrons tunneling out of the FEG),
then we will get a longer decoherence time Tidc from (3.55), and the value of purity P, will
be closer to 1 for the same flying proper time 7, of single electrons.

5In the preliminary result in ref. [67], the F-part correlators are under-estimated by a factor of 4, so that
the values of P; in [67] are higher than what we obtain here.
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4 Accelerated wavepacket in a uniform electric field

Consider a uniform electric field with field tensor F! o] = = —[M 0] = = & /¢, which is constant in
spacetime. A charged particle moving with uniform acceleration in this uniform electric
field follows a classical worldline

a C a

2 2
P(7) = (Csmh‘” € co sh o, o) (4.1)

with proper acceleration a = ¢€/m. This is a solution to the LAD equation (2.21) parametrized
by the proper time 7 of the particle. Define the scaled acceleration a = a/c (in the unit of
frequency), the corresponding 4-velocity of the particle reads

ut (1) = 0.2"(7) = (ccosh ar, csinh art,0,0) = (¢, yv) = o (4.2)

such that @,u"* = —c?. In terms of the Minkowski time ¢ = %ZO(T) = a~!sinh a1, one has
nit) = (ct,cx/a_Z +12,0,0), (4.3)

7(t) = cosh ar( \/1 + sinh? a7 (t) = \/1 + (at)?, (4.4)

" (t) = (c,ctanar(t),0,0) = (c,c,0,0), 4.5

(t) = ( (1),0,0) 50 (4.5)

which yields My, = cosh? ar(t) = 52(t) and Moy = M33 = 1 with other elements vanishing,
as defined in (2.6) (so the nonvanishing elements of the inverse matrix M% are M =
1/cosh? ar(t) and M?? = M33 = 1.) Then eq. (2.52) reads

md; (V02| = qe Flg" (2(0) + smA0} [0 27| + 0(A7), (4.6)

- - N at _
7, {w?t Zﬂ = e F9%z) + 1 Floe )
s [0 27 +39(079)07 28] + O(A ™) (4.7

with s defined in (3.2) and T = 2, 3 in the directions transverse to the acceleration and velocity
of the particle. Below we use ‘longitudinal’ and ‘transverse’ correlators for the two-point
correlators of 2/ and p/ with respect to the direction of acceleration of the particle, which
should not be confused with the longitudinal and transverse degrees of freedom of EM fields A*.
4.1 Mode functions

4.1.1 Particle-motion deviation in the direction of acceleration

Assume s is sufficiently small. Applying the same iteration in obtaining (3.3) to (4.6), we have
md- [7(r)0, 22(7)| = gc3(r) (1 + 50,) Fig© (2(7)) + O(A7Y), (4.8)

where 7 = a~!sinh ™! ot from (4.1) and (4.3), 0, = ¥9;, and H(r) = coshar from (4.4).
Note that 7 here, though looks like the proper time for the particle, is simply a convenient
parameter for solving the above differential equations. Our theory is formulated in Minkowski
coordinates with the time slices parametrized by Minkowski time ¢.
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The formal solution to eq. (4.8) with O(A™!) neglected for 7 = 7(t) > 75 = 7(¢,) reads

mZ2(r) = C2 + C2tanh ar + qc / i A7 K (1,7)7(7) (1 + 50;) FIO? (2(7)),  (4.9)
T0

where Cf? and C{! are constants to be determined by the initial condition at the moment
when the interaction is switched on, and the kernel

K(r,7") =o' (tanhar — tanh a7’ (4.10)

is the solution to
0: [7*(r) 8- K (7,7)| = 0 (4.11)
satisfying the condition Kj(7/,7') = 0 and 3*(7)0;K(7,7') = 1. When ar, a7’ < 1,

K(r,7") = 7 — 1" = K(7,7') in (3.5) for the particle at rest.
Matching the initial conditions (2.44) and (2.45) for 7 = 75, we find

1
m n
Zzlj (7') %5]1, Z;J (7') = EK”(T, TO), (412)
qc
Zh(r) = TES ofi() (4.13)

with S(If\)lo = 771“5(1;)#0 given in (3.8), and

T . — ~
_ / 7K (7, F)T(F) [1 + s ik, 3 (7)] i (D gme/2, (4.14)
To
Here k, = (—w/c, k) With w = clk|, and so ik, 2"(F) = —i220(F) + ik 2! (F) = —i¥ sinh oF +
ik, < coshat and ik,z"(7) = —iwcosh a7 + ik csinh a7 from (4.1).

Substituting (4.1)—(4.5) to (2.56), the canonical momentum of the uniformly accelerated
particle in the direction of acceleration reads

P (r) = qA[O]Q( (1)) +m cosh? ar 8,24 (1) —

3 3
isrh cosh? at 9224 + o <2 sinh 2a7 + tanh a7‘> 67232} (4.15)

with O(A™1) neglected. Inserting the above results for 2§, we get

Pfj (1) = 0, PP (r) = n”@n( ) (4.16)

Zkuzl‘(T) 7we/2+ch 5o

q
{<I> ) cosh? ar ”(T) — gs coshar|l + sikl,z;”(T)}eikl‘zu(T)e_we/z} , (4.17)

where

g
D (1) = % - 5@ tanh a7 (1 4 sech®ar). (4.18)
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4.1.2 Particle-motion deviation transverse to acceleration

Eq. (4.7) can be written as

2 22(7) = geF(r) + smdy | (02 — o) Z28(r)] + O(A7Y), (4.19)
where
]:-Sr2 (1) = ]—"1[%9 (z2(7)) coshar + ]:-EPI]Q (2(7)) sinh ar. (4.20)

While the third derivative of Z? in the above equation will be treated as a perturbation,
the first derivative of Z% may be not. In fact, sa? = sa?/c?> > 1 Hz for a > 4.3 x 10%
m/s?, which is achievable in laboratories for electrons accelerated by intense laser fields
(e.g. [39, 40]). So here we treat the first derivative term in (4.19) as of leading order, and
insert mo2Z% = qcFL(1) — sa®md, 28 + O(sc) to the third derivative term s, (m@%Z?)
Then we obtain

m| (14 5%0?) 02 + 5020, | 2% = qe(1 + 50,)FL + O(A™Y), (4.21)
The formal solutions to the above equation with O(A~1) neglected for 7 > 7, read

- sa2 T
MZH(r) = OF + P50 4 g / dFK L (1,7) (1+ 80:) FR(F)  (4.22)

with constants C$ and C¥, ¢ = 1 + (sa)?, and the kernel

1 sa2 ~
K (r.7)=—(1—e % “‘T)) 4.23
nn= (1 , (4:23)
which is the solution to
GOPK | (1,7) + 8020, K| (1,7) =0 (4.24)

satisfying K| (7,7) = 0 and (0, + sa?®) K (1,7) = 1.
Matching the initial conditions (2.44) and (2.45) for 7 = 75, we find

Tj

n
ZT( )= —0], Z;;(T) = oK. (1,7), (4.25)
qc
20k Z ES pfin(T (4.26)
B 0,1
for 7 > 7y, where
fig(r / A7 K (1,7)(1 4 50:) = [ + (—1)36—%]ei’wé“ﬁ)e—we/?, (4.27)
g$q)k = gg?i)k = 0, and
Dk . Dk Dk 2)k . 2)k 2)k
£ = i (hre™ — k), E@% = (opel?* — iy l?X) (4.28)
such that
FriV(e x) = or AP V(1 x) — 0, A7 VK1 x) = efemr e (429)
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One may say 8%)1( corresponds to magnetic-field-type fluctuations, while é'%)k corresponds
to electric-field-type fluctuations from (3.7).

From (4.1)-(4.5) and (2.56), the canonical momentum of the uniformly accelerated
particle perpendicular to acceleration reads

PL(r) = qA%(-)]Q(Z(T)) +m'0_ 2} (1) — ;sm <8§ + atanh at 87>Zg. (4.30)

Inserting the above result for Z1(7) for 7 > 9, we have

2 Pi _ i (r=m0)
PZ =0, Py =nle < T (1), (4.31)
P_(r/\)k _ qeél')\)keikuiﬂ(‘r)efwe/2 1 qc Z g(k)\)TB %
B=0,1
1 3s 1 at B _—ar | jikuzH(T) ,—we/2

%(T)ka(T)—;g(lJrs@T)i[e + (-1)%e ]e w(T)e (4.32)

with / )

-m 3 3 5%
O, (1) = =~ gsa tanh at + 2 (4.33)

Since sc = 2rq/3 with the classical electron radius ro ~ 2.8 x 10~ m much shorter than
the electron Compton wavelength A\, ~ 2.4 x 10~'2 m, even if the electric field is very close
a g€ mc? 1

m2c3 . .
with which o = ¢ = = = & — =2 (electron Compton
qh c mc h 1] ( p

frequency), one will still have sa = sa/c ~ 3.87 x 107* < 1. Actually, the most powerful
lasers in the world to date can achieve an intensity of 1023 W /cm? [39, 40], the electric fields

of which produce roughly a scaled acceleration a ~ 10*3t51 at most. This means that sa

to the Schwinger limit £ =

is always a small, dimensionless parameter in our effective theory for uniformly accelerated
charges, and so in the following we will neglect the O ((sa)Q) terms and treat ¢ =~ 1.

4.2 Unruh effect

The symmetric two-point correlation function of the uniformly accelerated particle’s posi-
tion deviation can be computed by inserting the mode functions obtained in section 4.1
to (3.12), (3.26), and (3.35). For example, inserting (4.13) into (3.14), we obtain

(L (1), 2 () = (27:;,0

Oow2 duw o " : qc o(\)j 4C ok j'x | [|*
Re/o 072%/0 dgp/o do sin@ &) ZEN o fl(MA(T), (4.34)

where 7 = a~!'sinh ' at, 7/ = 7(t).
To find the result to the leading order of s, we need to calculate the integral

Iéfé, (7,7) = /wdwdgp dcosé gl(j)jB g(k/\)j/;, o142 [20(F) =20 (F) | +ika [ (7) 2 ()] ~we (4.35)

with B, B’ = 0,1. Following the same method in ref. [51], let

1220 () ik () E/ dre™ " oy (k). (4.36)
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Then we get

00 1
(7,7 = 27?/ wdwe*‘“/ dcosf x
0 —
w2 I _—ikTik' T * /
2 (1-cos?0) / dr / dr'e o (R)eL(k).  (4.37)

where we have substituted 51({)‘)105(1‘/\)1*6 = (%)2 (k)2 = (%)2 (1 — cos? ) from (3.8)
and (3.16). Inserting (4.1), writing

o) = [ 7 it g=i220(7) i 21 (7) (4.38)

oo 2T

which is simply the inverse Fourier transform of (4.36), and integrating cosf and w in
turn, we obtain

N F ) = 4c? drdk'eTRTHRT Qi g iRt —in'T!
= = 2
™) - 2F) —ice)’ — (1 (F) - 2 (7))
2 - —iR(F=F) =5 D(F+7) g A DT+RA
B ac? didD e P dl'dA e S (4.39)
i [( c )2 (20 haT hf )2}
- cosh o1 " sin — ice

with T = (F +7)/2, A= 7 —#, &k = (k+#)/2, and D = r — /. The D-Integration
gives a Dirac delta function 276(T — T) with T = (7 + 7)/2 (so 7y < T < 7). Then the
T integration yields
die—FF=F) g A giRA
717, ~’)—8c/ : _ dke A .
[% sinh? % — ice (% cosh o1 sinh a2A ' )]

(4.40)

The poles of the above integrand are located at the solutions to sinh %A = zeg‘eiaT in the
complex A—plane. Similar to the transition probability from time-dependent perturbation
theory in appendix A of ref. [58], if |ail~j | is sufficiently large, the poles obtained from
sinh % = i%ee+°‘T and those from sinh % = i%ee‘o‘T will split significantly, and one will
obtain a pole structure very different from [58, 68|

iRA
TN (7,#) ~ 82 /dme iR(7 =7 /dA c - (4.41)
{40 sinh? a(A —ie’)}

which derives the Unruh effect, as will be shown later in (4.44).

The form of (4.41) suggests that one could simply replace the exponent of the integrand
of a mode function, say, fl in (4.14), from ik, z"(7) — we/2 to ik, 2" (¥ — ie/2). However, one
cannot obtain (4.41) exactly by doing this. To bridge (4.40) and (4.41), alternatively, one may
introduce an ad hoc assumption that € ~ €'/ cosh[a(7 4+ 7)/2] in (4.40) with a small constant
¢/ to suppress the splitting of the poles we mentioned above. This requires € in (4.40) to be a
function of 7 and 7/, and so the factor e=““(7)/2 in mode function (4. 14) or (4.27) must be a
part of the mtegrand Thus, the factor e“¢ in (4.35) contributed by f (1) ”*( ") in (4.34)
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should be replaced by exp { — $€'[F/(7) + F*(7')]} with some function F. Unfortunately, we
failed to find any function F' giving either 5 [F( )+ F*(7')] ~ 1/ coshla(7 + 7')/2], or even
$[F(F) + F*(#)] x cosha(7 + 7')/2] ~ O(1) in general [e.g., for F(7) = 1/5(7) = 1/ cosh a7
from (4.4), when 0 < ¥ < 7 and a7 > 1, one has §[1/5(7) + 1/5(7')] cosh (¥ + #/) ~
3(1/ cosh aF) cosh $7 > 1)

It has been demonstrated in ref. [38] that, to keep the single-particle interpretation
applicable and the charge density distribution nearly Gaussian for a long time, the minimal
width of a Klein-Gordon wavepacket at the moment 7(t) = 7, is about A\ /7(7). Inspired
by this observation, we propose to replace the e “¢/2 factor in the mode function (4.14)
by e~we'/ 27(7)] namely, we set

et) = (4.42)

with constant ¢’ chosen as the electron Compton time ¢, in Minkowski coordinates such
that ce(t) = Ao/3(t) in (4.40) and the factor e ¢ in (4.35) becomes exp { — 4¢'[771(7) +
U]} ~ emw¢/A) . Since 7 € [ry,7] (and 7 € [74,7]) in the mode funct1on (4.14),
from (4.4), we have $[1/5(7) + 1/5(")] x cosh (7 + ') <1+ O(e) for 7 > |7g|, and so

dre—TRG—7) g R A
I (~ ~’)_80/ - v"ée e V ' )
[% sinh” % — ice’ (%19 sinh % — LC)M

(4.43)

with 9 = cosh(aT)/cosh(ar) no greater than O(1) because 7, < T' < 7. Then, for 7 >
|70], (4.43) can be approximated by (4.41). Summing over the contributions from the poles
at A = i(e' + 2mn/a) with integer n in (4.41), we obtain

) k(K2 + a?)

T amya (4.44)

I ~ ~/ ~ /dﬁefﬂﬂT 7)—ke
where £ has been renamed to x, and € = ¢, is assumed to be much smaller than 27 /«,
namely, a < 27 /t.. In the above integrand, one can find a Planck factor corresponding to a
bosonic bath at the Unruh temperature T}, = ha/(2nckg). Thus we say the behavior of the
correlator (21(t), 21(t")) of a charged particle uniformly accelerated in Minkowski vacuum is
analogous to the one moving in a thermal bath of photons at temperature Ty proportional
to its proper acceleration a, which is the Unruh effect.

Associated with (4.42), we let

co(ty) = T(ty +e€y) —1(ty), e€1(t)=7(t) —7(t—€)) (4.45)

with constants €, and €] determined by specific experimental settings in the laboratory frame.
These are consistent with the regulators in section 3 for the single electrons at rest. For
ael, ae] < 1, we have ¢y ~ €,/7[7(t,)] and €1 ~ €| /7[7(t)] from (2.23). Also, €1(t) > €(t)
for all ¢ if €] > € (= tp).

A few remarks are in order. First, by setting ¢ — € /7(7) in mode function (4.14) rather
than € /7(7), we have assumed that the frequency cutoff in a particle correlator at some
moment 7 depends on the particle motion at that moment only, but not on the history
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we

of its motion at 7 € [ry,7) in the past. So the factor e™“¢ can be moved out of the 7

integrals in (4.14) and (4.27).

Second, e=¢ = e~*¢/7(7) corresponds to the UV cutoff 5(7)/t, in frequency, or Ao/7(7)
in wavelength, which implies that the vacuum fluctuations of wavelengths much shorter than
the electron Compton wavelength in the laboratory frame can have significant contribution
to the particle correlators when 4(7) > 1. Does this alert a breakdown of our effective
theory? No: a charged particle in uniform motion in Minkowski space should not trigger pair-
productions or be recoiled significantly by field fluctuations, no matter how close the particle’s
speed is to the speed of light relative to a laboratory observer. Although the UV cutoff for a
moving electron observed in the laboratory frame is blue-shifted from the one for an electron
at rest, this does not mean a breakdown of single-particle interpretation for the electron.

Third, as we mentioned, the choice (4.42) is inspired by the observation in ref. [38], which
is about the quasi-(1+1) dimensional wavepackets in the context of relativistic quantum
mechanics only. Accordingly, in the longitudinal direction (parallel to the acceleration), we
set the regulator ce (t) = €' /3(t) = Ao /7(t) reflecting length contraction of the wavepackets
observed in the laboratory frame. How about the regulators in the transverse directions?
A reasonable choice is ce | (t) = ¢[7(t + €) — 7(t)] due to time dilation. It turns out that
for ae’ < 1 (at =1 is the Schwinger limit), one has ce | (t) =~ c€'/5(t) = ce(t). Thus it is
sufficient to take the same ce(t) = A /7(t) in all directions for single electrons.

Fourth, not every uniformly accelerated charge with the choice of regulator (4.42) can
be interpreted as experiencing the Unruh effect in (4.44), since ¥ in (4.43) can be larger
than O(1) when |T| > |7| for 7 < |7y| . If a photoelectron is ejected with F(rp) > 1 initially
and then decelerated by a negative voltage such that 7(7) < 7(7,) for a period, then in
this period its (4.43) cannot be approximated by (4.41) and so the electron may behave
differently from those with the Unruh effect in (4.44) [58]. In this paper, nevertheless, we
only consider the electrons of initial speed in the laboratory frame much less than the speed
of light. A full justification of our choice of the UV cutoff (4.42) and the Unruh effect is
left to further experiments.

Finally, the Unruh effect is often taken to be an equivalence of a uniformly accelerated
detector/atom in the Minkowski vacuum of a bosonic field and a stationary detector/atom
immersed in a bosonic thermal bath. We shall show that there is a fallacy. When one
calculates the F-part of the correlators of the canonical momentum of the particle, e.g.,
(p*(t), p* (")), one will find that in the product of P;P; the cross terms of A' and Z! contain
integrals in the form

1 s w [ S ~ = ~/ - I~ ~ > =/
(7, 7) = 27rc/wdw/ dcosé?el((/\)1 S(k)\)l’g 1% [FOR) )ik 21 (7) =2 (7)] —we (4.46)
-1
[see (4.15), (4.17), and (3.28).] Introducing (3.17), (4.38), and the same regulators in
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obtaining (4.44), for 7 > |7,|, one has

Io(7,7') = —27rZ/ w?dwe™we (T / dcosd /d“dﬂl TR o ()R

cosh aT
sinh® A + O(¢)

_ 047/d,{ld’{/e—imz+m’7~'//deABi(n—n’)T—&-%(n-i-n’)A
4m

;AR + a?

T (4.47)

Q

—imcoshaT / dr e (T =T —re

where k = (k + £’)/2 in the last line has been renamed to . The above integrand turns out
to have a Planck factor corresponding to a fermionic bath at the same Unruh temperature

Ty = ha/(2nckp).

4.3 Particle correlators

From (3.8) and (4.28), one can see that 51((’\)10 5(1‘)3’6 = —k'%T, 51(()‘)10 E(kAT)’; = “kT, and
el({/\)l E(k/\T)’; = —ik" are all proportional to sin¢ or cos ¢, which will be averaged out after

the ¢-integration in the mode sum ( f d®k) for a correlator is done. Moreover, el({’\)le&)k =0

from (3.16), and 5( )" 0 (/\)k = 8( ) (/\)k = 0 from (3.17). Thus the cross correlators between
the longitudinal and transverse motional degrees of freedom of a single electron, such as
(21(t), 2T(t")) and (p*(t),p" (t')), are all vanishing.

4.3.1 Correlators of longitudinal deviations

Inserting (4.12) into (3.13), we have

. 2
(10, 2 = F)+ LK (1), 7(00)] K [ (2, (05)] (1.48)

= (Bi(th + €)), 2.(t)) = ”%(z%h, and we will require

h2
[4<5f>1< 1t + €1), 1(to)) (4.49)

with (b (ty + €}), D1 (ty)) p ~ —3hsm/(2me}?) for an electron initially at rest [e,(t,) = €| =~ €,
cf. (3.34) and (3.50).] From (4.10), one can see that (2%(¢),2'(¢'))p with 70 = 0 saturates

I 2
to a finite constant (£2); + 75—5212“12 when ar(t) = sinh™!'at > 1. This is consistent with

the observation in relativistic quantum mechanics of a charged particle moving in uniform
electric fields [38].
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For the F-part, inserting the s’-terms of flﬂ(T) in (4.14) with K| in (4.10) as well as Zg}
n (4.44) into (4.34), then the leading order of (21(t), 21(¢')) reads

0O ~ ne S [ a0 [T [
(G + ¢ (Pe™T] e [¢(+)eo™ 4 ¢ (7)o ] e

:—Re/ et a?)

1 — e—27K/a
6 —ik+a)T _ 6( iK+Q)T, e(—in—a)r _ e(—in—a)'ro
l<+( ) —ik+ « +6-() —iKk — %

(ikta)r’ _ (ikta)T) (ik—a)T’ _ (ik—a)T)

€ e 0 NG e 0
_ , 4.50
F47> Y ] (4.50
where (4(7) = a~!(tanhar F 1). At late times, (, (1) ~ —2a~'e72°T goes to zero and

(_(7) =~ 2a~! goes to a finite constant. Let 7 — 7' = ¢; > 0 and 70— T0 = €9 > 0, then
performing the above integral on the complex k-plane and summing up the contribution
from the poles (possibly at kK = +ian, n € Z), we obtain

. {0y , hso?
(0.2 N~ x

{g(er) [~¢ e — e 1 ¢ hg(er) = CChaler)]
tg(e0) [~Cy et — (e o) 4 ¢ ¢ haleo) — ;¢ ha(eo)]

(7 = ) [ Che® ) 4 ¢ Lm0 — ¢ (L ha(r — ) + C_Cha(r — 70)
(7 = 70) [y Che ) 4 (L ¢Le ) — ¢ L ha(r = 7o) + CCLha(r — 7o)

26 ¢ ) |a(r =) L) (A = e ) ]} (451)

(1 _ e—a(T—Té)) (1 _ e—a(r'—m)

with ¢+ = ((7), ¢ = (e (7), hn(z) = 3e7** — n, and

e

When ar > 1,
5 5 hs —a(Ty+T1)
(0.2 ONF = ———gleo)e 00T, (4.53)

which is a negative and finite constant, contributed by the —g(ep)¢_¢" e~ 7+70) term in
the third line of (4.51).

The next-to-leading order in s of (£1(t), 21(#')) » turns out to be O(s€’) with € = 7/(cA) =
to compared with the leading order. Thus, according to the discussion below eq. (3.2), we
have (21(t), 21(¢)) p = (21(1), Al(t’)){ } with higher-order corrections negligible. As o — 0,
(21(t), 21 (")) o for ¢, = 0 goes back to the result (3.23) for a charged particle at rest.
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Figure 1. (Left) Time evolution of (21(t), 21(t)) (black solid curve), which is indistinguishable from
(21(t), 21 (1)) p [eq. (4.48)] here. The black dashed curve represents 10% x (21(t), 21 (¢)) z [eq. (4.51)].
The green lines represent their late-time values. (Middle) Time evolution of 1028 x (p!(t), 2(¢)) (black)
and 103! x (pl(t),21(¢))  (black dashed). (Right) Time evolution of 1057 x (p!(¢), p*(¢)) (black) and

1057 x (p'(¢),p'(t))p (black dotted). The green curve represents the scaled (10°7x) sum of (4.56)

and the late-time value of (p'(t),p'(¢))p. Here the physical parameters are in the SI units, ¢, = 0,

a=10s"" e~ ey =1.4x 1075, e ~ €] /3(t) with €] = €, the initial values (22); = (1.7 pm)?,

(p'(to + €1), ' (t0)) = h?/(4(£1)y), and (p*, 2%); = 0.

With (4.16) and (4.17), calculations for (p'(¢), 21 (¢')) and (p'(t),p*(t')) are straightfor-

ward using similar techniques. From (4.16), one has Plzj =0, and Pfj goes to a positive finite

constant at late times since CIDH — % — %sa as at — oo. Thus, the P-parts

0.2 e = Bhay o] r(e) 7)) > B0 (2 2sa) sy
O8O = Wi & 0] )]~ G (2~ 3sa) (4.59

saturate to finite constants at late times (here t, = 0), similar to the behavior of (21(¢), 21(#')) p

Some numerical results of time evolution of the particle correlators are shown in figure 1,
based on their closed-form expressions. One can see that all the P-parts of the correlators as
well as (£1(t), 21(#')) p indeed saturate at late times. However, the behaviors of (p!(t), 21 (¥')) &
and (p'(t),p*(¥'))p are different from them.

In the middle plot of figure 1, (pt(¢), 21 (#)) - seems to saturate to a negative constant
—h‘%g‘/e_aeo/(l — e720)2 when we choose 7)) = 0, €] = €|, and aey < 1. But actually, there
is a negative growing term —a(r(t) — 7] in (p'(t), 21(¢')) » at late times, though it is not
significant in the example with aey < 1 here.

For the F-part of the momentum correlator, we find that the next-to-leading order
correction to (pl(t), p*(¥')) f is O(sar) compared with the leading-order result (p!(t), p* (t’))ﬁf),
and the momentum correlator for ar > 1 and 7 > €; is approximately

o 3h 5 g
B @), p' (') p ~ gsa%ﬁ ®) %

{CI)+ {3 —2ae1 +2g(€1) — 4In(1 — e_%l)} — %@ig(el) + O(sa)} (4.56)

with e; = 7—7' given in (4.45) and &4 = limm>>1[<I>H(T)fsa%] = %(l—sa)—%sa > 0. Here,
the ® term is produced by the cross term of A! and Z! in (4.15). Its coefficient is positive
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since —2ae; becomes very small for ar > 1 even if « is large enough to make ae} > 1.5 The
®, term dominates over the <I>i term, which is negative and derived from the Z!Z! term.
Thus, at late times (at > 1), (p*(t),p (') p grows like a?g(e;(t))e?*™® ~ (Qat/el(t))Q,
as shown in figure 1 (right). In section 4.4, we will see that such a growing (p'(t), p'(t'))
will continuously decrease the quantum coherence in the direction of acceleration for a
laboratory observer at late times, as (21(t), 21(#')) saturates to a constant and (p'(t), 21 (¢'))
goes down relatively slowly.

The wavepacket in the direction of acceleration is spreading in phase space after it’s
creation. At late times, the spreading rate in the z' direction of phase space decreases,
while the wavepacket keeps spreading as 72(¢)t? in the p! direction. This is in contrast to
the behavior of the wavepacket of a charged particle at rest, which spreads as t? in the
z! direction of phase space [see eq. (3.25)], while the width in the p' direction goes to a
constant at late times [eq. (3.33)].

4.3.2 Correlators of transverse deviations

Assume (27,27, = (p",p" )y = 0 for T # T/, and (p",27); = 0 for all T and T’. In-
serting (4.25) to (3.13), one can see that the P-part of the transverse deviation correlator
(27(t), 27 (")) p eventually saturates as K| (7,70) in (4.23) goes to a constant at late times.
While this behavior looks similar to the one for (21(t), 21(#')) p in the direction parallel to
acceleration, the time scale of (27(¢), 2T (¢')) p is ¢/(sa?) ~ (sa)"'a~!, which is much longer

~1 since sa < 1 in our effective theory as

than its longitudinal counterpart’s timescale «
we mentioned below (4.33).

In calculating the F-parts of the transverse deviation correlator, the situation is more
complicated than the longitudinal ones. There are two different types of fluctuations associated
with the two different factors 51(()‘)1-0 and EIEA)TI in (4.26). From (4.28) and (3.8), it is

straightforward to see

61((A)T1 E(k)\)‘l"l* _ k%nTT/ . ka,T’, 51((A)T g(k)\)‘l"l* _ _7]{17]TT/
EIEA)TI G(T;;‘k = —iky' ", (4.57)

in addition to (3.17). After some algebra similar to section 4.2, the integrals (4.35) with
4,j" = T, T are found to be

p 87 L Ciniaany K(K? 4 a?)

ITT ( ,> = 3 277TT COSh 04(7' -+ T/) / d/ﬁ)e “{(T T )m, (458)
‘o 81 (7 k(K% + a?)

ITT ( ,) = 3 27]TT blnhoz +T /dl@e ¢ )m, (459)

5 (7,7) = I3V (7,7) in value, and Z[7 (7, 7') = ZJ, T*(7/, 7). Inserting (4.27) into (3.14),
then summing over B = 0,1 with the above formulas, the F-part of the transverse deviation

5This justifies the choice of 1 (t) in (4.45). If aer is a constant of the Minkowski time ¢, once o = a/c
gets so large that ae; > 3/2 (a > 3.2 x 10?2 m/s? for e = 1.4 x 107 **s, which is achievable for electrons
accelerated by a terawatt laser), (p*(t), ﬁl(t/)>%0) will behave like —(at)? at late times and eventually make

(p'(t), p*(t")) negative. This will violate the uncertainty relation and ruin the Gaussian state.
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Figure 2. (Left) Time evolution of electron’s (27(t),27(¢)) (black solid curve), T = 2,3, which
is indistinguishable from (2T(¢),27(¢))p in this plot. The black dashed curve represents 108 x
(27(t), 27(t)) p. (Middle) Time evolution of 10?3 x (pT(¢),27(¢)) (black) and 103! x (pT(¢), 2T (¢)) r
(black dashed). (Right) Time evolution of 10°2 x (pT(¢),p"(¢)) (black) and 10% x (pT(¢),p"(t)) &

(black dashed). The green curves represent the approximated behaviors (4.61)-(4.67). Here the

parameter values are the same as those in figure 1. The initial values for ¢y = 0 are (22); = (5 nm)? ,

(B (eb + 1), 0" (ep)) = 1?/(4(53)y), and (pr, ) = 0.

correlator becomes

AT N K™+ o
<Z (t),Z (t )> - 71_Tnt,320é4l{e/d 1_6—27m/oz/r / dr' x

{|:e—im~— o e—sa27—e(—in+sa2)1 [e—in%’ _ e—sa T e(—m-i—soaz)r } + 0(82)} ] (4.60)

One can see the Planck factor corresponding to a bosonic bath at the Unruh temperature
T}y = ha/(2nckp) in the k integral. The above 7 and 7/ integrals can be done straightforwardly
to obtain an expression similar to (4.50). Then one can sum over the contributions by the poles
at Kk =0, k = tina (n =2,3,4,---), and kK = +isa®. They are combinations of elementary
functions, the polylogarithm functions, and the hypergeometric functions. As o — 0,
(2T(t), 27 (#")) o with t, = 0 goes back to the result (3.23) for the charged particle at rest.

At very late times (sa?(7/ — 7)) > 1), the 7/ — 7 term contributed by the pole at x = 0
dominates, as the other terms in (27(t), 27 (') settle to finite constant values. Then we
have (2T (1), 27 (t')) p ~ Trm?ja)Q n"Valr(t') — 7(ty)] + constant.

In figure 2 (left), however, the transverse deviation correlators for a single electron with
a=10s"! and a(t — t;) < 10 are still not at their very late times [sa?(T — 75) < 2 x 10722].
In that plot,

— T 2
70,270 = (70,2 p = B+ i [T (@61
with (32); = (57(t) + €)), 57 (t)) and
m 2 2
=[] i~ ot et (4.62
AT/

with (pr(th + €)), pr(th)) p =~ —3hsm/(2me}?), similar to its longitudinal counterpart (4.49).
The early-time F-part of the correlator in figure 2 (where aeg < 1) is about

_hsy™ [r() = 7(to)]”

(1), 27 () e~ = 2 , (4.63)
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which is roughly 10~® times the P-part in amplitude, still a very small correction to (4.61).
The above behavior is very similar to (3.25) for a charged particle at rest at ¢ — t, > ¢, with
the Minkowski time there generalized to the proper time of the particle here.

In figure 2 (right), one can see that

~/

2
G087 = 60T~ w3 () (4.64)

m

which is not distinguishable from the P-part (p'(t),p" (t))p there. The F-part of the
transverse momentum correlator in figure 2 (aey < 1) is approximately

! , h TT/
BT, () e~ (71,07 @)~ -
mm
m/? 3 1
{3771/2042 [7(t) = 7(to)] + — + <ﬁ1’2 — 3m/m + 2m2) 2} , (4.65)
€0 €1

which is much smaller than (p'(¢),p" (t))p. The [e,(t)]72 = F%(t)/€,? term in (4.65) is
positive (m =~ m) and behaves like ¢? in figure 2 (right). It dominates over the other
two (negative) terms for at > O(1). A term with [¢;(¢)]™* in the leading order contribu-
tion (p'(t),p" (¢ ));9) is not significant yet in the plot, and will become important much
later as at gets very large. The amplitude of the next-to-leading order contribution in s,
<ﬁT(t),ﬁT,(t’)>g} ~ 9hsda?m/[2m(€;7)?], is about s?a? ~ 10~% times the leading order
contribution (4.65) in the whole interval 0 < at < 10 in figure 2 (right). As a — 0, (4.65)
reduces to (3.33).
Finally, in figure 2 (middle), one has

ml

2
G0, T ~ 670, =

YO -t a6

m

which is again not distinguishable from (pT(t),27(#'))p in the plot. The F-part of the
correlator for aep, aep < 1 is approximately

BT, 2T () g~ (BT (1), 2T ()1

%mnTT/{_WWW+<3_”’)1}. (4.67)

T m e% 2 m /) €

The above negative €y 2 term dominates the F-part in the time domain of figure 2 (middle),
while its value is very small compared with the P-part. The positive 61_1 term in (4.67) is not
significant until 5(t) ~ O[(7 — 79)¢; /2], then it takes over so that (p'(t), 27 (t’))}o} will be
approximately growing linearly since 61_1 ~ 7(t)/¢€) is roughly proportional to t at late times.
The next-to-leading order contribution (pT(t), 27’ (t’)>}1} ~ 3hs?/(4me?) is about say?(t)/7(t)
times the value of (4.67) in the whole interval 0 < ot < 10 in figure 2 (middle).

4.4 Quantum coherence of particle state

In section 4.3 we have already obtained all the correlators needed to fully describe the reduced
state of the Gaussian wavepacket of the charged particle. The uncertainty relation of the
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Figure 3. (Left) Purities of the transverse (black solid curve) and longitudinal (black dashed)
deviations against the accelerating time ¢, of a Gaussian electron wavepacket accelerated in a constant
electric field of 5x 105 V/m, or a &~ 2.9x 108s~1. Here 7, = 0, and the initial state is the same as those
in figures 2. The gray region with ¢, = 1.54 x 10™% s at the right edge represents the acceleration stage
of an electron (initially at rest) in an acceleration tube of 10 cm. (Right) Purities of the transverse
(black solid) and longitudinal (black dashed) deviations against the electric field £ (V/m) in the
acceleration tube of fixed length 10 cm. The green solid (dashed) curves in both plots represent
the purities obtained from the transverse (longitudinal) deviation correlators in section 3.3 for a
wavepacket of the same initial dimensions describing inertial single electrons with only the coordinate
effects taken into account.

particle state is again in the form of (3.43), and the purity of the particle can be factorized
into P, defined in (3.45) for the particle-motion deviation in each direction.

In [43], the electrons will be accelerated to the anode at a potential of 50 kV after they
first appear around the tip of the FEG. Suppose the acceleration tube is L = 10 cm long
for simplicity, and the electric field £ in the acceleration tube is roughly uniform. Then we
have £ ~ 5 x 10° V/m, which produces a scaled acceleration a = ¢€/(mc) ~ 2.9 x 108s71.
Assume the initial purity of the electron wavepacket is 1 and its initial speed is zero in the
laboratory frame, so t, = 7, = 0 for the worldline (4.48). From (4.1), an electron initially at
rest will spend ¢, = a~!sinhar, = \/(L/c)2 + 2L/(ac) ~ 1.54 x 1077 s in this acceleration
tube since L = (¢/a)(cosh at, — cosh0) with 7, the electron’s proper time at the end of

the tube. With the other parameter values the same as those set in section 3.3 and the
quantum-state renormalization like (3.50), we obtain the evolution of purities P, in figure 3
(left) as a function of accelerating time ¢, in the laboratory frame. At the moment of leaving
the tube, the electron will have P; ~ 0.9992 for the longitudinal deviation and Py ~ 0.9697
for the transverse deviations T = 2, 3, leading to an overall purity P = P,P,P5 ~ 0.9395.
As expected in section 3.3, the purity of electron wavepacket is not seriously decreased
during this acceleration stage.

Applying the correlators in section 3.3 for an electron wavepacket at rest with the flying
time ¢ replaced by the acceleration proper time 7, and the regulator €; substituted by (4.45),
we find Py =~ 0.9994 > 0.9992, and P+ ~ 0.9697 slightly greater than the values of P+ we
obtained above with the Unruh effect [the difference is O(107%)]. This shows that in each
direction the purity of an accelerated electron wavepacket with the Unruh effect decays faster
than the one obtained with the Unruh effect removed artificially, and such a tendency is more
significant in the longitudinal direction as shown in figure 3 (left).
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The above scaled acceleration « is so large that (52); > (p?)/(ma)?, while ae is
small so that g(e1) ~ (ae)™? > 1. From (4.48), (4.49), (4.53)—(4.56), and other results
in section 4.3.1, we have

2 _ =/ =12

(4.68)
where the contribution by (£1(t), pL(¢)) (p(t), 21(¥')) is O[($1%);/(ma)?] compared with the
leading order, and thus negligible. Then the decoherence time for the longitudinal deviation

in the laboratory frame can be estimated as

3mhel?

2

’_}/(Tldc)eaT(Tldc) ~ ——
2sm(%7);

(4.69)

for m' ~ m, such that P (T{¢) ~ 1/2. Applying (4.1) and (4.4), and inserting the parameter
values in figure 3 (left), we get T{° ~ 2.1 x 10~8 s, which agrees with the result in the plot (the
intersection of the black dashed curve and the horizontal gray line of P; = 1/2) quite well.
In the transverse directions, applying the late-time limits of the correlators from (4.61)

o (4.67), the decoherence time in the laboratory frame is estimated by

6mme,?

FT) r(TH) = || T (3, (4.70)

under the same initial conditions in obtaining (3.55) for an electron at rest. Then we get
T ~ 7.1 x 10795 in figure 3 (left).

In figure 3 (right), we show the purities of a uniformly accelerated electron against the
accelerating electric field £ with the acceleration tube of fixed length 10 cm. Again one can
see that the purity with the Unruh effect (black) in each direction is always lower than the
one without the Unruh effect (green), although those in the transverse directions are not
distinguishable in the plot (solid curves). Thus we may say that the Unruh effect enhances
decoherence, as measured by a decrease of purity. This is more significant in the longitudinal
direction (dashed curves). All the curves go to zero as £ — 0 because the acceleration time
increases as the proper acceleration decreases. For small £, the transverse purity right after
the acceleration stage is less than the longitudinal purity. Figure 3 (left) is in this regime. For
& greater than about 4.5 x 10° V/m (y(t,) > 9.8), however, the transverse purity overtakes
and keeps robust as £ increases. Quantum coherence of the particle-motion deviation in
the longitudinal direction drops very rapidly as the accelerating electric field and thus the
proper acceleration of the electron wavepacket gets larger.

5 Summary

We have constructed a linear effective theory to describe a single relativistic particle moving in
the EM vacuum. We consider the quantum state of the deviation of the particle’s motion from
its classical trajectory (shortened to ‘particle-motion deviation’) as a Gaussian wavepacket,
while the vacuum state of the EM fields is also Gaussian. The Gaussianity of the quantum
state for the whole system persists by virtue of the linearity of the theory.
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We quantized the theory in the laboratory frame, and then wrote down the quantum
counterpart of the Lorentz- Abraham-Dirac equation for the particle mode functions including
the self fields and radiation reactions after mass renormalization. We obtained the analytic
solutions of the mode functions, with which we calculated the two-point correlators of the
particle-motion deviations and their canonical momenta. Then the reduced state of the
particle can be fully determined.

Divergences arise in the mode sums over infinite degrees of freedom of the fields when
calculating the two-point correlators of the particle. To deal with the divergences, our
regularization is done by introducing a UV cutoff 1/¢ in the mode sum, and the uncertainties
of time tagging ¢y and €; for the initial and final moments in the history of the charged
particle in the coincidence limit. To exclude particle-antiparticle pair production, we set the
value of ce as the electron Compton wavelength A, for an electron at rest. We chose the values
of €g and ¢ for single charged particles according to the energy uncertainty of the electrons
produced by a field emission electron gun. With these physically meaningful and finite valued
regulators explicitly present in the correlators, we have avoided the absolute coincidence
limit and the associated divergences. Moreover, we have ¢ < ¢y, which is consistent with
the requirement we found in [58] to obtain the results relevant to the Unruh effect, and the
exact value of € would be masked by ¢y and € in our results.

We calculated the purity of the reduced state of the particle, which makes physical sense
only after quantum state renormalization. We found that the purity of a single electron in the
electron interference experiment described in ref. [43] could be close to 1/2 in the transverse
direction when it approaches the screen, while its purity is not seriously decreased during the
early acceleration stage of the flying electron. Our result suggests that vacuum fluctuations
may play a major role in blurring the interference pattern in ref. [43].

We addressed the Unruh effect on a uniformly accelerated charge. We found that, in
order to obtain the Planck factor and identify a regime satisfying the Fermi golden rule
in the Unruh effect, the effect of length contraction should be included in the UV cutoff,
namely, ce = A\, /¥(t) with 4(t) > 1 being the Lorentz factor of the particle’s classical
motion. Thus the cutoff for a particle in non-inertial motion is apparently time-dependent
in the laboratory frame. Furthermore, since the measurement time or energy uncertainty
for an electron is determined in the laboratory and is supposed to be a constant in the
laboratory time, the resolution €; in the proper time of an accelerated particle should also
be varying in the laboratory time as the electron’s speed changes. It turns out that such
an apparently time-dependent regulator is what keeps the momentum correlators positive
for large accelerations at late times, and thus this time-dependence is a necessity for the
consistency of our effective theory. However, these time-dependent regulators imply that if
a photoelectron is initially moving at ¢, at a highly relativistic speed (¥(ty) > 1) and then
decelerated by an applied negative voltage, then in the period with ¥(t) < (¢,), the electron
may behave very differently from what the Unruh effect would predict.

We also found that some terms in the two-point correlators have a Planck factor corre-
sponding to a fermionic bath at the Unruh temperature, rather than the bosonic bath that
the other terms correspond to. Thus, one cannot trivially apply the Unruh effect to a system
by simply introducing a bosonic or a fermionic environment. Finally, we demonstrated that
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the purity of the particle-motion deviation in each direction with the consideration of the
Unruh effect decays faster than the results obtained with the Unruh effect removed artificially,
and this tendency is more significant in the direction of acceleration.

For future works, using our effective theory, we are currently working on quantum
corrections to the radiations by a charge in uniform acceleration [51], circular motion [45,
46, 69, 70], and oscillatory motion [71, 72]. To get more insight, we are comparing our
calculations with those using the worldline influence functional method [22]. For treating
quantum foundation issues, this wavepacket-field theory is very adapt for investigating
fundamental problems involving dephasing or decoherence such as in the study of the
equivalence principle for quantum systems [73]. It also has good potential to be applied to
quantum entanglement problems, e.g., for atoms, charges, flavors [74-76] in quantum fields,
and after some reformulation, for mass-gravitational field systems, in the hotly promoted
gravitational entanglement experiments [77-79].
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